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Abstract
Over the past decade “freemium” (free + premium) has become the dominant business model among internet startups for its ability to acquire and monetize a large install-base with limited marketing resources. Freemium is a hybrid
strategy where a firm offers both a perpetually free but limited version of their service, and a premium version with
enhanced features that require a fee, and where firms regard the free product as a promotional tool. The model leads
to several questions interesting to marketers, which we explore in our framework. What is the right referral bonus
incentive to offer to customers? When consumers are connected to others, how can we appropriately characterize the
value of “free” customers? How does sharing influence customers’ likelihood of upgrading to the premium product?
1) How much should be spent to acquire free consumers? (Value of a Free Consumer) 2) What is the appropriate level
of incentives to encourage adoption and how much do the referrals account for the value of the consumer? (Value
of Referrals) 3) How should firms dynamically design referral incentives to maximize upgrade and usage behavior?
(Dynamic Design of Referral Incentives) We develop an empirical microfoundations-based framework to understand
dynamics of consumer behavior of plan choice, usage, and referral in the freemium setting and apply it to a novel
panel data set from a leading cloud-based storage service. Using Bayesian methodology, we estimate the structural
model and perform counterfactual analysis. We find that the value of free consumers is approximately $24 per year,
and that the existence of the referral program contributes to 65% of this value – signifying the importance of the
referral program. We explore counterfactuals to maximize the average consumer referral rate by changing the referral
incentives. Contrary to the belief that more is better, we find the existence of an optimal incentive point for referrals.
Thus, we are able to characterize both the individual value of consumers to the firm as well as the network value of
customers, providing a mechanism to capture the impact of consumer-to-consumer interactions.
Keywords: Discrete-Continuous Choice Dynamic Structural Models; Freemium; Entrepreneurship
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Introduction

Over the past decade, several software companies have increasingly turned to the subscription model for revenue
generation. Firms often offer a limited but perpetually free version of their software in order to rapidly develop a large
consumer install-base, with the expectation that users will upgrade to the paid premium version. This business model –
referred to by industry as “freemium,” a hybrid of free and premium – has been successfully adopted in Silicon Valley,
and largely popularized among the newer generation of start-ups. According to the New York Times, freemium is
one of the most prevalent business models among Web start-ups because relying on advertising as the sole stream of
revenue might not be sufficient or sustainable.1 To date, over 80% of the top grossing iOS apps have adopted the
freemium model, with the largest freemium start-ups having acquired over hundreds of millions in venture funding.23
The success of this business model has been further validated by many of the largest companies across multiple digital
sectors, from online social networking sites such as LinkedIn, to music services such as Pandora and Spotify. Even
media companies such as the New York Times (and its online pay wall) and mobile payment companies like Paypal
utilize freemium. In the offline context, some consumer banks can also be characterized as using this model, with free
checking accounts along with premium relationship accounts comprising the differentiated product offerings.
Freemium is often adopted because of its ability to attract a large number of users to its free version, i.e. as a
customer acquisition strategy. Start-up technology companies facing capital constraints often choose this strategy over
investing in advertising or using a sales force to obtain new customers. When coupled with a powerful consumerto-consumer referral invite program, its effectiveness in acquisition is often magnified since a free product is easier
to recommend. As a result, companies using this strategy see that a large percentage, often as high as 90% or more,
of their consumer base are free users who do not contribute directly to the firm’s revenues. While attracting a large
user base is vital for establishing company value, firms must generate revenue for sustainability. Hence, the challenge
requires balancing dual tasks: growing the consumer base by offering a free service and maintaining premium services
to incentivize upgrades in order to stay profitable (Needleman and Loten, 2012).
The freemium business model raises several important questions in marketing that we investigate in this study,
which uses a data set from a leading online file synchronization, backup and sharing service as its focus. Our research
questions in this context include the following:
1. Referrals: What is the right referral bonus incentive to offer to consumers? Should the firm limit the number
of referrals? Are referral bonuses complements or substitutes to upgrade decision? Should the referral bonus
increase or decrease over time? Should the firm set consumer expectations by announcing a change in referral
1 “Ad Revenue on the Web? No Sure Bet,” The New York Times, May 25, 2009.
http://www.nytimes.com/2009/05/25/technology/start-ups/25startup.html.
2 “Freemium apps continue to flourish in 2012.” IntoMobile, December 22, 2011.
http://www.intomobile.com/2011/12/22/freemium-apps-continue-flourishing-2012/.
3 TechCrunch Crunchbase for Evernote, Pandora, 37 Signals, Spiceworks, and Dropbox, accessed June 5, 2013.
http://www.crunchbase.com/company/.
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bonus?
2. Customer Value: While free customers do not provide any direct revenue to the company, they have potential
to generate revenue by either upgrading in the future, or by referring new customers who may upgrade. How can
we then value these “free” customers? Given the interconnected network of consumers, how can we characterize
customer network value? Who are the most valuable customers and what is their network value?
3. Shared Product Use: How does sharing influence customers’ likelihood of upgrading to the premium product?
Should the firm subsidize shared activities to incentivize consumers to increase their marginal use, leading to
positive externalities on other consumers, or should the firm attempt to extract correspondingly more value from
sharing activities? How does this relate to the cost of shared activities?
We use a unique panel data set of consumer activities to examine these questions relating to the freemium setting. There
are multiple sources of value consumers obtain from the service. First, their files in their accounts are synchronized
immediately across all connected devices, including computers, mobile phones and tablets. Second, the files are
backed up in the firm’s online storage repositories, and accessible from any Internet-connected computer using a web
interface. In the course of using the service, consumers add, delete and share files and also refer other consumers to
the service; however, the primary revenue generating activity is when consumers upgrade from a free to a premium
account, allowing for more storage capacity.
We develop a framework to characterize the dynamic behaviors of consumers in this setting, accounting for their
motivations to undertake these various activities in their accounts. Consumers using the free version of the product
in each period choose whether to upgrade to an annual or monthly plan that provides them an increased storage
quota. In addition to this decision, they also have the choice of referring a friend, and obtain a referral bonus quota
if the friend becomes a customer of the firm by subscribing to either the free or premium service. Consumers can
also choose to delete files to maintain the limited space in their account, freeing up storage for future use. Thus,
in the model consumers obtain a flow utility from the amount of storage current used, as well as decision or action
utilities corresponding to the addition, deletion or sharing of files, and face a potential disutility related to the decision
to upgrade their service by paying a price. Note that the benefits of upgrading accrue over time, since the action
increases the constraint on storage from the free quota (2 GB) to the premium quota (50 GB). In this setting, intertemporal dynamics and trade-offs play a very significant role, since the consumer has to predict future usage (and
available storage) in determining the tradeoff of current decisions on upgrading, deleting or referring friends weighted
against the costs of those decisions. Thus, we model consumers to be forward-looking, in order to trade off the cost of
upgrading to a premium plan with the cost of finding and determining older files to delete, when newer content needs
to be synchronized over time, as well as the likelihood that they would hit the limit of the free product. Consumers
refer friends to the service, and while they receive a referral bonus when the friend joins, the referring consumer is not
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able to control the timing of joining, and thus forms an expectation over how many of her referred friends might join
during each usage period. Our microfoundations-based model thus incorporates discrete and continuous choices for
consumer upgrade, usage, and referral behaviors.4
The estimation of our dynamic structural model involves several computational challenges, given that the state
space has both continuous (amount of usage) and discrete (type of plan, referrals accepted by friends) dimensions.
In addition, whereas upgrading and referral behavior are discrete choices, the amount of files to delete to create
free storage space is a continuous decision, complicating the modeling and estimation process. We find that our
likelihood function is highly irregular and jagged, making it important to use a robust method to obtain the global
maximum. We use a conjunction of different approaches to overcome these computational and estimation-related
challenges. First, we use a Bayesian methodology, using a modified version of the Imai-Jain-Ching (IJC) algorithm
(Imai et al., 2009) that helps deal with the complex, highly irregular likelihood function. Second, we make extensive
use of quadrature approaches to computing integrals for the likelihood to improve accuracy and computational time.
Finally, to deal with the constrained continuous decision, we use analytical inversion to obtain the exact value of
the unobservable shock corresponding to the decision using a stochastic Euler-equation based approach. In contrast,
the grid inversion technique used by Timmins (2002) is not only more computationally demanding, but depends
significantly on the accuracy of the discretization, and its use in a setting with highly non-monotonic likelihood like
ours could be problematic.
We find that consumers on average obtain significant flow utility from having an amount of storage to synchronize
and back up their files, which is expected since it is the primary value of the service. They also have a high and convex
cost of deleting files, likely from being able to pick appropriate files that are no longer needed in order to maintain
sufficient free storage capacity for future usage. Consumers also have a negative utility, or a cost of referring friends
to the service, and weigh that against the probability that the referral will be accepted as well as the firm’s offered
amount of increase in baseline quota from the referral bonus incentive.
With these estimates, we then simulate counterfactuals that help deconstruct the consumer value to consumer
personal usage and referral behavior, and in turn, we examine the impact of changing various design policies on
consumer value. We find that the lower-bound estimate of the value of a free consumer is approximately $2. 35%
of this value is attributed to the purely personal usage aspect of the service, and 27% of the value can be attributed
to purely referral aspect of consumers. A more unexpected finding lies in early evidence of a referral-personal usage
synergistic effect, in which the existence of a referral program actually encourages consumers to store more files
on average, and thereby increases the probability that a consumer will upgrade at any given period. This aspect is
attributed to 38% of the free consumer value.
4 While we currently account for the value from personal usage and WOM referral, we can establish a lower-bound value of the consumer value,
and will extend these results to incorporate the tradeoffs associated with social sharing in this work.
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Examining the impact of changing referral incentives is crucial because it can change the speed of product adoption, and therefore help the firm rapidly reach a critical mass of install-base. Even without considering the cost of
supporting free consumers, we find that giving away too much referral incentive may actually decrease the overall
output of referrals. If a consumer can receive the same amount of bonus space for one referral, which is sufficient for
use, then what motivation is there to send out another two or three? Furthermore, even if an optimal referral amount
exists, the firm is not limited to statically changing the incentives for perpetuity. If the firm’s object is to maximize
growth, but can only support enough referral bonus for a limited amount of time, should the firm choose a ramp-up
or ramp-down strategy in terms of releasing the bonus incentive? Should the firm announce the bonus ahead of time,
encouraging consumers to be anticipate the change? These are important questions without clear intuition but can be
answered with counterfactual simulations. We find that the shape of the consumer response of referral incentives is
an inverted-U, implying that the firm should neither offer too small of an incentive (MB) because consumers may not
find it worthwhile to refer anyone, nor too large of an incentive, because it may limit consumers’ motivation to send
out higher numbers of referral invites. We find the optimal static incentive amount to be approximately 500MB, which
is double the amount observed in our data.
From, a managerial perspective our findings have several implications. The existence of a large proportion of
free consumers makes it difficult to assess firm value and future potential for a start-up entrepreneurial firm: the firm
observes zero cash flow from free consumers, making it impossible to accurately project the future stream of cash flow
for a majority of the consumer base. Without an accurate understanding of consumer value, it is difficult to price the
product. Additionally, firms are often reluctant to drastically change the price of premium plans in fear of initiating
backlash from existing consumers. Therefore, at best, firms can run small-scale pricing experiments on a limited
subset of its consumers in a static setting in order to inform price change. However, because the profitability of these
services depend heavily on repeated consumer visits and usage of features, without a model of consumer behavior, it is
difficult to predict how consumers will respond in usage behaviors in order to compensate for the change in price. To
further complicate the question of pricing, the existence of referrals and social features actually links the behavior of
consumers together, therefore making it even more difficult to account for these factors in a pure experimental setting.
Taking a narrow view of the consumer can be highly inaccurate. Past research has shown that it is more expensive
to acquire a new consumer than to maintain a current one. Firms that assign negligible worth to free consumers
risk losing an important opportunity to maximize benefit from the self-perpetuating consumer base inherent to the
freemium model, especially because it takes a long time for a free consumer to upgrade to the premium product. The
value of the free consumers can be derived from three possible areas. The first area is their personal usage level. The
more that a consumer uses the service, the more likely they will upgrade over time. This is the central assumption
that many firms make when they utilize the freemium model, hoping that free consumers will eventually convert into
premium consumers. Secondly, for services where social features exist, the social usage of these features can also
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contribute to consumer value. If two free consumers are sharing with each other over time, the social act of sharing
actually contributes to the probability that both consumers will eventually convert to premium consumers. Lastly, free
consumers add value via Word-of-Mouth (WOM) referrals. More specifically, in the context where a referral program
exists, free consumers bring in other consumers, and over time, other consumers may eventually convert to premium
consumers. We provide a method to calculate the customer network value (CNV) of these free consumers, and the
firm can account for and use this information in designing products more appropriately for their customers.
Our work has several limitations that can be explored for future research. First, we currently model consumer
behavior conditional on adoption of the service. This can be allayed in the future by modeling the consumer’s choice
of adopting the service. In addition, the data set is from a period where this firm had minimal competition, so we do not
model an outside option – allowing consumers to only choose between free and premium plans. It will be interesting to
examine the competitive effects of this in the future. On the social usage front, sharing often begins when consumers
form links with each other by sending share folder invites. We neither model that process nor distinguish with whom
the consumers are sharing. Our specification examines only the magnitude of total inbound social usage and is agnostic
to the type of individuals with whom consumers share files.

Related Literature
Our work intersects multiple domains of literature from a substantive viewpoint: consumer-to-consumer referrals,
product sampling, product line design and customer lifetime value. In terms of referral incentives, past works have
recognized the importance of managing referral programs (Buttle, 1998; Silverman, 1997). Biyalogorsky et al. (2001)
explored the design of optimal referrals, and Ryu and Feick (2007), through experiments, showed that for strong
brands, it is good to reward both the sender and the receiver of the referral in order to maximize referral rates, which
is true of the referral program of our context.
Another related literature is product sampling. Prior studies on digital goods focused on the fact that they are
experience goods, and contended that consumers require time to learn the value of these goods and services (Jain
et al., 1995; Heiman and Muller, 1996; Lehmann and Esteban-Bravo, 2006; Heiman et al., 2001; Chellappa and
Shivendu, 2005). Therefore, firms can influence the propensity of a consumer to adopt a service by providing free
trials. Our context, however, differs temporally. In lieu of offering a limited-time free trial, the freemium model offers
a perpetually free product, which can end up serving as a close substitute. Therefore the issue of cannibalization of
the premium product is of significant concern. A growing body of literature is emerging that tackles these issues in
the form of theoretical models that explore the economics of freemium (Niculescu and Wu, 2013), but given that the
dynamic long-term effects are of first-order importance, the paucity of empirical (and even theoretical, with a few
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exceptions) research is striking.
In the CLV literature (Berger and Nasr, 1998; Gupta et al., 2006a; Fader et al., 2005; Schweidel et al., 2011),
firms consider consumers based on a recurring stream of revenues, leading to a “lifetime” value associated with each
consumer. Firms can then determine their acquisition and retention strategy based on these value estimates. The value
of free customers has also been examined by Gupta et al. (2006b), who evaluate the average of aggregate value of
buyers (to sellers and the two-sided platform) in an eBay-like online market place context, where the primary driver
of the value of the free consumer comes from the nature of the two-sided platform, and the marketplace obtains fees
from sales of goods that buyers bid and purchase from sellers.
From a methodological perspective, our work follows the stream of dynamic discrete-choice structural models
(Miller, 1984; Rust, 1987; Wolpin, 1987). To our knowledge, while there are other models of discrete and continuous
choice models (Hanemann, 1984; Song and Chintagunta, 2007), we are one of the first studies in Marketing to incorporate multiple discrete and continuous actions in a dynamic structural model and to estimate it using a technique that
recovers the value function. While Bajari et al. (2007) and Ryan (2012) use BBL to estimate a dynamic structural
model with both discrete and continuous actions, their estimation procedure fails to recover the value function of consumers. In addition, we present an analytic solution to the continuous action using the Euler Equation and Envelope
Condition in order to ease the computational burden by avoiding having to numerically maximize over all possible
continuous actions per discrete-choice action. Several authors have examined constrained continuous choices, most
notably Timmins (2002), who uses discretization in conjunction with grid inversion to obtain the unobservable shock
corresponding to the continuous choice. The closest work to ours in terms of discrete-continuous actions and analytic
solution is Michelangeli (2008). However, the author’s work differs in two aspects: 1) the model is a finite-horizon
dynamic programming model, and the approach is not readily applied to our infinite-horizon context, and 2) the author
uses measurement errors associated with the continuous action, and therefore also limits the ability to conduct a wide
range of counterfactuals. Because a major focus of our approach lies in the ability to conduct many counterfactual
simulations, our model includes the ability to incorporate discrete and continuous actions with structural errors and to
recover the value function.
Next, we detail the institutional context and the relevant features of the service. In section three, we describe the
details of the data set that we use, as well as model-free evidence that supports our initial conjectures of the value of
free consumers. In section four and five, we describe the model and the estimation procedure. In section six, we present
the estimation results and the findings of various counterfactual analyses. Lastly, we conclude with a discussion of the
managerial implication and limitations of this research.
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2

Institutional Setting

The freemium company that provided the consumer data is a leading online storage company that stores consumer
files in the cloud that synchronize across multiple devices (e.g. laptop, desktop, and mobile phone). The company was
founded in the 2000s and currently has hundreds of millions of users world-wide. Later in 2012, major competitors
(such as Apple) entered the space by introducing similar versions of the service.5 During the time period of our data,
the cloud storage industry was fragmented amongst smaller providers. However, our focal firm quickly emerged as an
important player in the consumer storage and syncing industry, while many potential competitors acted primarily as
security and backup services. Therefore, for our purpose, we regard the firm as a monopoly growing a captive user
base.
The value proposition of the service is for consumers to store and sync files in the cloud and to share files with other
users. Consumers do this by installing an application on their desktop. This application appears as a special folder on
the consumer’s desktop. Consumers can then add files to their account by simply dragging files into the folder, as one
would do with any normal folder. Once the files are added to this folder, a copy of the files are then transferred onto
the firm’s servers and can be accessed through all of the devices that a consumer has the service software installed,
or via an online interface (similar to the workings of a web-mail interface). While a consumer can access their files
through different means (e.g. desktop, mobile devices, or web interface), the primary method that consumers use to
access the service at the time of our observation is via their desktop, and therefore we focus on this point of usage in
our analysis.
Once the files are stored in the account, they take up space that counts towards an account quota. When signing
up, all consumers are presented with the choice of three different plans: Free, Premium-Tier-1 and Premium-Tier2. Free is the basic plan where the consumer receives 2GB of quota; Premium-Tier-1 and Premium-Tier-2 are the
premium plans where consumers would receive 50 and 100GB of storage, respectively. These premium plans work on
a subscription basis, with the options of payment plans of monthly or yearly. The pricing and payment plan scheme is
listed in Table 1. A majority of the upgraded consumers choose the Free and Premium-Tier-1 plans, and therefore we
focus our analysis on these two plans, referring to the Premium-Tier-1 plan as the premium plan hereafter.
Plan
Free
Premium-Tier-1
Premium-Tier-2

Monthly
$9.99/Month
$19.99/Month

Yearly
$99/Year
$199/Year

Referral Incentive
250MB/Referral Accepted
500MB/Referral Accepted
500MB/Referral Accepted

Table 1: Price/Referral Incentive by Payment Plans
When a consumer runs out of space, any files that a consumer adds into the service will no longer be uploaded
to the server. Most importantly, all file synchronization stops, and since this is the primary value proposition of the
5 All

of these other competing services also use the freemium model.
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service, the software is rendered virtually useless to the consumer. This is costly to the consumer, because then a
consumer must take the time out to decide which files are not important, and move files out of their full accounts. And
even after doing so, it will take time for the account to return to its functionality, as additional time is required for the
local folders to resynchronize with the cloud account, proportional to the amount of files removed. Therefore, from
conversations with consumers, most users tend to leave “cushion space” in their account. We observe this behavior in
a majority of the consumers in the data.
To make space available in the data, a consumer has several choices to make. She can either a) delete files from her
account, b) send referral invites to other consumers to join the service, or 3) choose a plan with higher quota. To delete
files from her account, a consumer moves or deletes files from their account folder. This change is then synchronized
onto the firm’s servers.
A consumer can also earn additional storage space through the referral invite program. In order to use the referral
program, a consumer can send out a unique link to other consumers who have yet to join; this unique link includes
an identification number that links the invites back to the original sender. There is no limit on the number of referral
invites that one can send out, but for the referral to count towards their quota bonus, the friends must join using the
attached, unique link. In addition, the referral invite works “both ways”, in that a consumer joining through the original
invite also receives an additional 250MB of space. Hence, senders have the incentive to always include a link with
their word-of-mouth, and receivers have the incentive to join via the links.6 Therefore, while there may be some cases
that consumers will not be identified as “referred” consumers in our data and bias our results of the effect of WOM and
the usage behavior of non-referred consumers, this problem may be at a minimum. A consumer accepts the referral
invite by signing up for the service. Once this is done, the original sender receives credit for the invite acceptance
and earns the additional space. The level of additional space one receives depends on the plan that one has chosen, as
shown in Table 1. While this is a very effective way for consumers to gain space, a consumer can only receive credit
for a maximum of 32 acceptances.7
Another key feature is for consumers to share files with existing consumers. For instance, if Alice wishes to share
files with Bob, Alice would 1) create a sub-folder within their account, 2) send a share folder invite to Bob, and 3)
place files into the shared folder. Once Bob accepts the share folder invite, whatever files exists in the share folder is
then automatically synchronized across both Alice and Bob’s accounts and will also count towards the quota on both
6 One might be concerned that this incentive system may encourage consumers who are already planning to join to actively seek out invites from
other consumers. If this were the case, then these “willing” consumers may already have a favorable disposition towards the service, and are more
likely to behave favorable towards the service (i.e. use the service heavily, send out more invites, more likely to upgrade to a plan later on). We
acknowledge that this will bias our results upward and one way to possibly check for the existence of this behavior is to conduct surveys on existing
consumer population.
7 As with any reward system, we have to be aware of of consumers trying to gain more space by “gaming” the system, mainly by creating clone
accounts using additional email addresses. The firm is aware of this, and spends significant resources exactly to correct these gaming behavior
in consumers by not rewarding false referrals. For instance, they can verify the source of two very different emails from the same consumer by
verifying if these clone accounts install the software on the same device using machine footprints such as MAC addresses. Because of the efforts
from the company in correcting gaming behavior, we assume that the integrity of our data is not comprised by this behavior.
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consumer’s account. While it is possible for consumers to share files with consumers who have not adopted using
a special “Public” folder, a majority of the sharing is through this aforementioned private share folder feature, and
therefore we focus the social usage extension on this. While our model currently does not account for this, we discuss
how to account for consumer social usage in section 4.8, the model extension for social usage.
Up to this point, we have focused primarily on the service from the consumer’s perspective. It is now helpful to
describe the firm’s strategy decisions relating to the product: price and length of subscription plans, size of plan quotas,
and size of referral incentives. Before the company’s public launch, the firm ran pricing experiments on small subsets
of its consumers in order to set the current pricing and timing plans. These experiments assumed that the consumer’s
behavior is static over time, and does not change during the observed period of data. Running counterfactuals off
existing data is especially helpful in a setting like this to help inform the product design process. With the incorporation
of customer heterogeneity, our methodology allows for them to rank order consumers according to the CLV, and then
retroactively study the usage data for the most heavily used features of the most valuable consumers. Then, they can
allocate company resources to make certain features easier to use (i.e. easier to share, easier to delete). The data-centric
design philosophy is fairly popular among Silicon Valley start-ups, especially with online-gaming firms. Companies
like Zynga have teams of data analysts to guide their game design decisions.

3

Data

The goals of this section are to show the characteristics of our data set and to describe the model free evidence that
will help us identify the structural model that will be described in the next section. We obtained a sample of 1,363
anonymous consumers who joined during in the first two years of the firm’s using a second-degree snowball sampling
methodology. We underwent the following procedures to acquire the total sample of consumers:
1. Randomly sample a seed set of 50 people who have joined in the random sample seed window (Seed Group).
2. Add consumers who are connected (shared files or invited by) to Seed Group (1st Degree Group).
3. Add consumers who are connected to 1st Degree Group (2nd Degree Group).
The random sample seed window includes the first two years after the launch of the service. We then obtain all
of these consumers’ user activities from their join date until December 31, 2011. Our panel data includes the detailed
click-stream data of these consumers over the four year period, which we aggregated into a weekly level. We observe
a suite of consumer behaviors that are relevant to our problem.8 These activities include:
• Total number of files stored and the amount of storage.
8 In

order to protect the confidential nature of the data, usage statistics such as addition, deletion and storage have been normalized to the
maximum observed number in the series in Table 2.
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• Amount of files deleted.
• Total amount of storage added.
• Number of referral invites that are sent to consumers who have not already joined the service.
• Number of referrals accepted each week.
• Plan choice and payment plan when upgrading.
While we cannot disclose the exact percentage of premium to total consumers, many freemium companies observe
premium-to-total consumer ratios ranging from the single digits to over ten percent.
Statistic
Number of Consumers
Total # of Observations
Time Periods
Average Addition
Average Deletion
Average Storage
Average Referral Sent
Average Referral Accepted
Average Referral Rate (Sent/Accepted)

Mean Across Sample
1,349
155,279
115.107
0.0167
0.0131
0.0121
8.503
1.831
0.169

SD
18.527
0.0557
0.0502
0.0542
48.76
7.626
0.321

MIN
93
0
0
0
0
0
0

MAX
206
1
1
1
966
155
1

Table 2: Summary Statistics of Consumers

3.1

Model-Free Data Patterns

In this section we examine the data patterns of consumer behavior with the goal of clarifying the key data features
that our model needs to characterize and inspire the major design choices of our model. Ultimately, we observe two
patterns in the data that justify the value of a free consumer. First, consumers upgrade themselves over time as they
become closer to reaching quota. This is the first value of the free customer. Second, even if free consumers never
upgrade themselves, they may recruit an additional consumer whom may eventually upgrade.

3.1.1

Free Customers Upgrade Over Time From Personal Usage

First, we first examine the ratio of free to premium consumers over time. The left panel of Figure 1 shows that the
growth of free consumers greatly outpaces the growth of the premium consumers. This indicates that free consumers
cannot be overlooked. There are more consumers who begin as free consumers and convert to premium than there are
consumers who join as premium consumers from the beginning.
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Figure 1: Upgrade Patterns

The middle panel confirms that a majority of consumers upgrade after using the service for several weeks. There
are only two consumers out of the entire group of premium consumers in our sample who upgrade within the first
six weeks of joining the service. The graph on the right shows the growth of the aggregate consumers storage within
their first 90 weeks. This graph is from the perspective of the consumers, in that we see the average storage used per
consumer grow over time. This suggests that consumers begin using the service as free consumers and later upgrade
to a premium plan once they store enough files.
The customer mix, i.e. the fraction of consumers who choose the premium product is a critically important variable
in the freemium business model. We detail the dynamic variation of the consumer mix in Figure 2. We observe a nonmonotonic inverted-U-shaped pattern for the fraction of premium users, suggesting that the firm would have to be
patient for customer acquisition to be converted to revenues. If the company incurs costs for each “free” customer,
then it might well see diminishing profitability when the fraction of premium customers drops over time.
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Proportion of Premium Users Over Time
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Figure 2: Dynamics of Customer Mix over Time

3.1.2

Free Customers Bring in Premium Customers Through Referral Invites

We now examine the consumer referral behavior and whether referral invites recruit consumers who later convert
to premium consumers.

The goal of referrals is to bring in new consumers, with the hope that these consumers

will upgrade to premium. Informal interviews with management indicate that 1) the referral program is effective at
acquiring new consumers and 2) the growth of referral parallels with the number of new consumers. The latter reflects
the viral nature of referral invites, as the number of consumers has the potential to grow exponentially with a viral
coefficient greater than 1.
First, the top left panel in Figure 3 shows the ratio of consumers who joined directly versus those who joined
through referrals. From this graph we observe that referral consumers reach almost 40% of the number of consumers
who joined directly, and the proportion is increasing over time. This confirms the company’s belief that the referral
program is quite effective. Furthermore, in the top right graph we juxtapose the total number of referrals sent alongside
the number of referred consumers. We see that the number of referred consumers begins small, and that the slope of
growth increases dramatically from weeks 60 to 114.9 This further endorses the significant impact of the referrals.
Interestingly, it takes only a few referrals to obtain a large influx of new consumers, suggesting that even small
increases in referral rates can have cascading effects.
9 The

number of new consumers stops at week 114 because that is the cut-off point in any new consumers our sampling scheme.
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Figure 3: Referral Data Patterns

Along the theme of viral growth, in the bottom left panel we see that the average number of referrals sent by
referred consumers is greater than the number of consumers who joined directly. This is added confirmation of the
potency of the referral program, and evidence of the rapid snowball effect of the original referral sent by the consumer
who joined directly. The bottom right panel, perhaps the most interesting of the four, shows that the total number of
referral invites sent by consumers before they upgrade greatly outnumbers the total invites sent by consumers who
have upgraded to a premium plan. This confirms our intuition that the success of a referral program will depend on a
large number of free consumers willing to send out invites.
Lastly, in Figure 4, we plot the aggregate growth of premium consumers alongside the growth of the premium
consumers who are referred by other consumers. Overall, the referred consumers account for over twenty percent of
all premium consumers, indicating that there is a significant value to the referral program.

Figure 4: Breakdown of Premium Customers Who Joined Directly vs. Referred.
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4

Model

The freemium business model is defined as a firm offering at least two differentiated variations of their service, one
version with limited features but perpetually free, and the other versions with enhanced features at the cost of a
subscription fee. The free and premium plans are identical in terms of quality, and the products differ only in terms of
the additional premium features offered (e.g. increased storage capacity).

4.1

Motivation for Structural Modeling and Sources of Dynamics

A majority of users of freemium services are non-paying consumers who are initially enticed by the free plan. The
most valuable asset of free consumers remains in their potential—the potential to upgrade, the potential to refer friends
to join the service. Understanding the factors that influence such consumer behavior over time is key to the success
of freemium. A structural model that characterizes the dynamic response of consumer behavior is therefore critical
for the following reasons. First, we need to account for three different consumer choices – referral, plan-choice and
deletion – in an integrated model of consumer behavior. Customers send out referral invites to share their enthusiasm
for the product with friends and to earn additional free space. However, their motivation to upgrade or delete can
be diminished by the extra space earned from referrals. In addition, consumer deletion behavior inherently differs
according to their chosen plans. Those who have chosen the free plan may have to delete more in order to maintain
enough space to store files, and those who have chosen the upgraded plan do not have to delete much due to the wealth
of new space. The three decisions are endogenous, and we need a methodology that can account for this.
Second, we need a structural model because we wish to conduct counterfactual experiments to simulate the value
of the free consumer and to observe the effects of changing firm policies on consumer behavior. With atheoretical
models, the outcomes of changes in certain product design variables, such as price, free quota size, and referral
incentives, cannot be readily characterized as there are often no variations in these variables during the observed data
period. A model based on microfoundations of consumer behavior uses theory about consumer behavior to recover
primitives of consumer preferences, which are likely to be invariant to changes in these product design and other
policy variables. These preference parameters can then be used to evaluate how consumers would make choices in a
counterfactual scenario, enabling us to provide recommendations that are under managerial interest.
A fundamental process we need to account for in our model is the inter-temporal tradeoff in upgrade, referral, and
deletion behavior. The source of dynamic behavior comes from a combination of three factors: a) uncertainty in file
addition, b) uncertainty in ease of upgrade, deletion and referral, and c) substantial penalty of a full account.
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4.1.1

Uncertainty in File Addition

First, consumers face uncertainty when anticipating the number of additional files needed for storage each period, as
some weeks require less than others. In order to store files, a consumer requires space, and therefore must select a plan
that fits the amount of data she will receive in the current period. When faced with the space constraint, a consumer
can either upgrade to a higher-space plan, gain additional space from referring others to join, or delete files to make
space.

4.1.2

Uncertainty in Ease of Upgrade, Deletion and Referral Decisions

The upgrade decision is complicated by dynamic factors that facilitate or complicate the decision to upgrade to a
premium plan from week to week. We see these examples of weekly unobserved factors from our discussion with
current consumers. One such example is a consumer waiting for budget approval so he can pay for the premium
plan. For all of the weeks prior to the budget approval, it is “harder” for the consumer to upgrade. However, once the
budget is approved, even if a customer’s usage is not close to quota, he upgrades. Another example is a consumer who
anticipates leaving for an upcoming trip. It is easier for consumers to upgrade while in front of a computer, compared
to when they are away during vacation.
If a consumer chooses not to upgrade, she has the choice to gain more space from deleting files. However, in
the same manner as upgrades, consumers also faces an uncertainty in the ease of deletion. Users of the service have
expressed that certain weeks are easier to delete while other weeks are harder (i.e. deadlines at work or exams at
school), and we observe this lumped deletion pattern in the data. This causes the user to continually make the trade-off
of whether to upgrade today in order to save the streams of deletions that she has to make in the future. Therefore at a
certain point it may be optimal for a consumer to upgrade in order to outweigh the cost of continually deleting in the
future.
A consumer faces two forms of uncertainty with regard to referrals. The first is the ease of referral from week to
week. Second is the uncertainty of when the invitation will be accepted. Therefore, a consumer cannot simply send
out invites the week that she runs out of space, and must consider in advance how likely her invites will be accepted
and if her usage will be sufficiently below quota by the time the additional free space is acquired.

4.1.3

Substantial Penalty of a Full Account

Lastly, a final source of dynamics is the need to anticipate periods of increased use. The consequences of a full folder
in a customer’s account include termination of file syncing and subsequent freezing of the account, which renders the
service essentially useless. Therefore, our model should account for the fact that the consumer incurs a substantial
cost due to the sudden drop in the entire value proposition of the service.

16

4.2

Consumer Decisions

The main value proposition of the service is to help consumers store and sync files in cloud storage (for now we have
yet to incorporate social usage). To do this, consumers need storage space in their accounts. The size of this account
depends on the different plans that consumers choose. At the time of the data set, the company offered two different
plan sizes relevant to our research: 1) 2 GB for free and 2) 50 GB for $9.99/month
In each time period t (week), a consumer i ∈ {1, ..., N} chooses three decisions to maximize her utility: 1) whether
to upgrade to a premium plan or remain a free consumer, 2) how many consumers to send referral invites, and 3) how
many MB’s of files to delete from her personal folder. The time line of events can be summarized in Figure 5 and is
elaborated below.

Figure 5: Time Line of Events

At each week t, a consumer i:
1. Observes exogenous shock ait , the amount of files needed to be added.
2. Observes discrete-choice upgrade/referral shock εit (yit , rit ) and chooses decisions yit and rit simultaneously.
3. Observes continuous-choice deletion shock νit and chooses decision dit .
4. ra realizes at the end of the week based on the total number of outstanding invitations (Rit − Rait ).
5. Update state variables xit , zit , Rit , Rait .
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At the beginning of the period t, a consumer observes ait , the amount of files (MB) that needs to be added to her
personal folder. We start the period with the exogenous addition because it is a natural departure point for the consumer
process. Addition of files is the fundamental value proposition of the service and all other consumer decisions depend
on the amount of files that need to be added. Then, the consumer makes the joint decision of plan choice (yit ) and the
number of referral invitations to send (rit ). For the upgrade option, we specifically look at three options:

yit =





2, if customer upgrades with the yearly payment option,




1, if customer upgrades with the monthly payment option,






0, if customer does not upgrade.

For options y = {1, 2}, a consumer upgrades from a free to a premium plan and pays a price Pm and Py , respectively.
We model both the plan price and the plan length because they are both policies that can be changed by the company
and therefore are subjects of interest in the counterfactual simulations.
Simultaneously, a consumer determines the number of referral invitations to send to other consumers who have yet
to sign up. This is modeled as a discrete count variable bounded by Rmax :

rit ∈ {0, 1, ..., Rmax }.
Then, a consumer observes the continuous-choice specific deletion shock ν. This is interpreted as the weekly
unobserved factors that make deletion easier or harder. For instance, one week a consumer may find it harder to delete
from her folders because she is traveling for work, so ν would be a low value. Another week could be spring cleaning,
which makes it easier for a consumer to delete unnecessary files, rendering ν high.
After these decisions and shocks are realized, the consumer then realizes the value of ra , the number of accepted
referrals in the current period. ra follows a binomial distribution, with the parameters: 1) pa , the empirical acceptance
probability in the population, and 2) Rit − Rait the number of outstanding referral invites, where Rit is the cumulative
number of referral invites sent, and Rait is the cumulative accepted referral invites. Lastly, the four state variables xit ,
zit , Rit , and Rait are updated at the end of the period. x is the cumulative amount of space used in a consumer’s account,
and z is the number of premium plan weeks left in their account. By default, z is 0 for all consumers who are in the
free plan.

4.3

Period Utility Function

Now we describe how each part of the time line component contributes to a consumer’s period utility. Note that the
consumer’s decision making process is not solely based on this utility, but is based on inter-temporal trade-offs as
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described in §4.6. We suppress the i subscript for expositional clarity, even though the model is at an individual level.
At each time period t , a consumer gains utility from having files stored in their account and from having folders that
are free of files they no longer need. In addition, they incur a cost for the effort to delete files, to pay to upgrade
to a premium account, and to send out referral invites to their friends. We express the components in the following
equation:

Storage Utility Deletion Utility Referral Utility
z }| {
z}|{
z}|{
u(Dt , St ,εt , ν; Θ) =
θ xt
+ dt νt + αdt2 +
ρrt2
+
(α p Pm 1[yt = 1] + α p Py 1[yt = 2]) +εt (yt , rt )
|
{z
}
Upgrade Utility

(1)

where Dt is the vector of decision variables such that Dt = (yt , rt , dt ), St is the vector of observable state variables
such that St = (xt , zt , Rt , Rta ) . εt is the vector of discrete-choice private shocks related to the joint upgrade and referral
decision, where εt = (εt (y = 0, r = 0), ..., εt (y = 2, r = rmax )). Θ is the vector of structural parameters to be estimated
such that Θ = (θ , α, α p , ρ). The storage utility term, a flow utility, contributes to a consumer’s utility each period that
files are stored in the account.10 The deletion, referral and upgrade utility terms, all action utilities, only contribute
to a consumer’s utility when the actions are taken each period. Below we examine each of these components of the
consumer’s utility.

Utility from Using the Service (Storage Utility)
At each period, a consumer receives utility from using the service. xt denotes the cumulative MB used for personal
folder storage. While one can assume various functional forms on this benefit, we assume a linear benefit specification
on xt for parsimony, since we wish to simply capture the relationship that consumers gain more utility from having
more files in their folder.

Utility from Deletion
The utility specification must satisfy three aspects:
1. Consumer incurs a cost of deleting files.
2. A consumer can only delete as much as there are files in the folder.
10 The

flow utility here is similar to a consumer receiving flow utility in each period after purchasing a durable good (e.g. a car or television).
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3. A consumer is forced to delete the amount of files that causes the account to exceed plan quota.
We employ a flexible quadratic utility form for deletion to capture the potential convex cost to deletion. The maximum
amount that a consumer can delete at any period is capped by xt + at , the amount of files in a consumer’s account at
time t. The constraints on how much a consumer can delete is enforced implicitly in the constraint correspondence in
the value function specified in the dynamics section below.

Utility from Referring Other Customers
The utility from referring other consumers must reflect three aspects:
1. For each accepted referral, the consumer gains the referral bonus quota m MB’s of space.
2. A consumer faces an uncertainty about the acceptance of each referral.
3. The consumer incurs a transactional and reputational cost for inviting another consumer.
rt is the number of referral invites that a consumer sends at time t. The benefit of an accepted referral is reflected in
the state variable Qit . The uncertainty that customer faces with regard to how many referrals will be accepted in each
period is captured via the binomial distributed shock ra , with parameters n = Rt and p = pr , that the customer realizes
at the end of each period. Lastly, ρ is the coefficient of the convex transactional cost that a customer incurs for sending
out an additional invite. The convex cost reflects the fact that it becomes increasingly difficult for customers to think
of an additional friend to invite in any given week.

4.4

Alternate Configurations of Decision Timing

While decision timing is unlikely to significantly alter the results of a dynamic infinite horizon model, we still discuss
the implications of other possible orders of the consumer decisions. First we consider the placement of the deletion
decision. There are two possibilities: 1) place the deletion decision before the upgrade/referral decisions or 2) model all
three decisions simultaneously. First, if we were to place deletion first, we would be assuming that customers have the
same deletion behavior regardless of whether they opt for status quo or they gain more space from upgrading/referring.
Given the institutional context, this is inconsistent with their understanding of actual consumer deletion behavior – a
key reason why customers refer or upgrade is because they want more storage space. Therefore, customers do not
need to delete as much in a premium plan than a free plan.
In addition, we consider the ordering of placing the ra variable after all of the major decisions. The reason for this
is that a majority of the realized acceptances, as observed in the data, do not come immediately after the invitations
are sent out. Therefore, it is important to capture this uncertainty in referral acceptance that customers face when they
make the upgrade, referral and deletion decisions. There are two other places we can place this variable: 1) at the
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beginning of the period, or 2) between the upgrade/referral decision and deletion decision. In the first case, since we
have a dynamic model, we end up with the same Bellman equation as if we had placed the realization in the end. As
a result, the implications of the model stay the same. If we were to place ra between the upgrade/referral and deletion
decision, then we would specifically assume that the referrals per period must be realized before a customer makes
the deletion decision. This is a strong assumption, since it assumes that the uncertainty in referral acceptance has no
effect on a customer’s deletion decision. Aside from being a stronger assumption than what is currently assumed, this
also makes the solution of the value function more complex. As a result, we settled on our current specification of the
time line as a fairly reasonable assumption.

4.5

State Evolution

The state variable xt keeps track of the total amount of files in MB’s that is stored in a consumer’s account. This is
updated via the linear law of motion xt+1 = xt + at − dt , which is simply the sum of the amount of files observed at the
beginning of the period and the observed addition amount, subtracted by the amount deleted in the particular period.
The state variable zt keeps track of the number of periods until the consumer’s next payment. zt is set to 52 if the
consumer chooses plan 2, and it is set to 4 if he chooses plan 1. zt decreases by 1 each period. The state evolution for
zt is specified as:

zt =





0,







52,

zt−1 = 0 ∧ yt = 0
zt−1 = 0 ∧ yt = 2




4,
zt−1 = 0 ∧ yt = 1







zt−1 − 1, zt−1 > 0
Only a portion of the referral invites are actually accepted, and we keep track of the total number of successful
invites as Rta . Rmax is the empirical number of maximum per-period invitations in the data. Whenever an invite is
accepted, a consumer gains an additional m MB’s of space to their quota. More specifically, we define the variable
Qit as a function of the total number of successful invites (Rait ), the baseline amount of space (Q f ree ), referral bonus
capacity (m), and incremental amount of space provided by the premium plan (Q premium ):

Qit = Q f ree + mRait−1 + 1[zit ≥ 1 ∨ yit = 1 ∨ yit = 2]Q premium
The following Table summarizes the state variables and the corresponding laws of motion.
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State Variable and Shocks

Description

Type

Law of Motion

xit

Cumulative MB used in Personal Folders

Observed

xit+1 = xit + ait − dit

Rit

Cumulative number of referrals sent

Observed

Rit+1 = Rit + rit

Rait

Cumulative number of accepted referrals

Observed

a
a
Ra
it+1 = Rit + rit

zit

Number of premium weeks left

Observed

zit+1 = zit − 1

Qit

Total Quota

Observed

premium
Qit+1 = Q f ree + mRa
it + 1[zit ≥ 1]Q

εit (y, r)

Upgrade and referral decision shock

Unobserved

Type I Extreme-Value(0,1)

νit

Deletion decision shock

Unobserved

Log-Normal(0,1)

ait

Addition shock

Observed

Log-Normal(µa ,σa2 )

Next, we describe the full dynamic model.

4.6

Dynamics in Consumer Decisions

The dynamics in the consumer’s decisions stem from the inter-temporal tradeoff of the consumer’s current benefit
versus the future benefits of upgrading to a premium account, deleting files to gain free space, and referring other
consumers due to social and practical benefits. We therefore model this tradeoff as the sum of discounted future period
utilities:
"
max Ea,ra ,ε
(y,r)


 #
∑ β t Eν max u(Dit , Sit , εit , νit ; Θ) |Sit
∞

d

t=0

(2)

where β is the assumed discount factor for all consumers, and the utility function is specified in Equation 1. The
solution to the above dynamic programming problem is the same as the solution to the Bellman equation, which is
hereby referred to as the value function:

V (S, ε,a; Θ) = max Eν

max

d∈H(x,z,a,Ra )

y,r∈Γ(z)




0 0 0
u(D, S, ε, ν; Θ) + β ES0 ,ε 0 ,a0 V (S , ε , a ; Θ

(3)

The integrated Bellman equation, EV , expresses the fixed-point that we solve to derive the solution of the expected
value function with the discrete-choice shocks ε as well as a integrated out:

EV (S; Θ) = Ea,ra ,ε


max Eν

y,r∈Γ(z)

max

d∈H(x,z,a,Ra )


u(D, S, ε, ν) + β EV (S0 ; Θ)

(4)

The difference in interpretation for the expected value function is that it is the value function prior to consumers
observing all shocks, and therefore is expressed only as a function of the state variables S. Γ(z) is the the choice set
for the discrete decisions y and r, specified as (y, r) ∈ Γ(z) where:
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Γ(z) =




{0, 1, 2} × {0, ..., Rmax }, z=0


{0} × {0, ...Rmax },

,

otherwise

again reflecting the fact that when a consumer is already on the premium plan (z > 0), she has no choice to make
regarding the product and so the plan is trivially set to 0.
The choice set for the continuous deletion decision d is specified as H(x, z, a, Ra ):

H(x, z, a, Ra ) = [max(0, x + a − Q(z, Ra )), x + a] ,

reflecting the fact that consumers cannot delete more than the total amount stored, and must delete a sufficient amount
so that they do not exceed their quota, e.g. when the consumer has stored x = 1.5 GB and wants to add a = 1 GB, and
has a baseline quota of Q(0, 0) = 2 GB, then, she must delete at least 0.5 GB (x + a − Q(0, 0)) of data in order to stay
within the limit. Observe that if the consumer had chosen to upgrade earlier in the period to an annual premium plan,
she could have chosen y = 2 resulting in z = 52 and a corresponding quota of Q(52, 0) = 100 GB, allowing for a much
higher degree of flexibility.

4.7

Identification

α p is the price coefficient and is identified primarily by yt , the upgrade decision. It would be highly negative if the
average number of upgrade from week to week is low. Note that given the fact that the price does not change in the
entire observation period, we identify this parameter from the population of consumers who eventually upgrade. In
addition, the dynamics in the xt ’s in conjunction with the yt ’s also help identify this parameter. If the magnitude of
α p were high, then we would see more occurrences of xt ’s that are close to the free quota, meaning the consumers
will only upgrade when they are close to quota. However, α p would be low if, on average, upgrades occur when the
average level of xt ’s are low.
θ is the marginal utility of storage. It would be high in magnitude if the average level of xt is high in conjunction
with low levels of dt . The parameter would be low in magnitude if the average level of xt ’s is low, and we see high
levels of dt . This parameter is identified via the dynamics in x’s and d’s. We would not be able to separately identify
this parameter from α, the cost of deletion, if the problem were static.
α is the cost to deletion. This parameter is identified from the variation in a consumer’s weekly deletion behavior. The parameter would be highly negative if the average amount of deletion is low, meaning it is very costly for
consumers to delete. On the other hand, the parameter would be low if the average d were high from week to week,
meaning that it is not very costly for consumers to delete.
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Lastly, ρ is the quadratic cost to referral. The parameter is identified from the weekly variation in r, the consumers’
referral behavior. The parameter would be highly negative if the average amount of referrals is low, meaning that it is
costly for consumers to invite other consumers. The parameter would be low in magnitude if the average amount of
referrals is high, meaning that it is not very costly for consumers to send out invites.

4.8

Model Extension: Social Usage

We now describe the extension to include sharing (social usage) in our model. Social usage is defined as when
consumers use the service to share files with other existing consumers. The incorporation of social usage in our
model makes dynamics even more important, as consumers face additional uncertainty regarding how many files other
consumers will add to their jointly shared folders. In order to avoid the scenario where another consumer suddenly
shares a large amount of data that maximizes both parties’ quota, thereby suspending the accounts, consumers must
have the foresight to ensure adequate free space by early upgrading, sending out referrals, and deleting files. In order to
delineate the decisions from the old model, we now redefine several variables in order to make the distinction between
personal and social decisions and shocks. We place a p and s superscript to the variables xit ,ait , dit , and νit , to make
the distinction between personal and social versions of the storage state variable, addition shock, deletion decision,
and the deletion-specific shocks. For instance, aitp now denotes the amount of files added to personal folders and asit ,
the amount added to social folders. We now outline the extensions to different parts of our models in order to account
social usage.

4.8.1

Modification to Consumer Decisions and Time Line

In each time period t (week), a consumer i ∈ {1, ..., N} chooses one additional decision to maximize her utility – dits ,
the amount of files to delete from shared folders. There are three components that are added to the original time line,
and now the time line is:
1. Observes exogenous shocks aitp , the amount of files that need to be added to a consumer’s personal (any nonshared) folders, and asit , the amount of files added to their shared folder by the shared neighbors.
2. Observes discrete-choice upgrade/referral shock εit (yit , rit ) and chooses decisions yit and rit simultaneously.
3. Observes continuous-choice deletion shocks νitp and νits , and chooses decisions ditp , and dits simultaneously. νitp
and νits are factors, unobserved to the researcher, that affect a consumer’s personal (ditp ) and social deletion
decisions (dits ).
4. ra realizes at the end of the week based on the total number of outstanding invitations (Rit − Rait ).
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5. Update state variables xitp , xits , zit , Rit , Rait , where xitp and xits are now the total amount of space stored in the
personal and social folders.
The modified time line can be seen in Figure 6.

Total Plan Quota

Modifications to Time Line

Free Plan (2GB)
Bonus
Space
From
Referral

OR

•
•

Premium Plan (50GB)

•
Consumer observes amount of space used
(personal storage + social storage). Free space
is determined by the plan Quota.

Files are stored and amount of
used space updates (for both
personal and social folders).
Referral gets accepted or
rejected. -- consumer gets credit
for 250MB per referral accepted.
Total Plan Quota updates from
plan choice (Free or Premium)
and referral outcome.

Wants to add files
to personal folders.

Begin period

Consumer
adopts the
service by
choosing a
plan. Installs
software on
computer.

End period

Observes files
added (by self or
by neighbors) into
social folders.

Consumer:
• Observe factors that affect
upgrade and referral
decisions.
• Form expectation on how
much they will delete from
both personal and social
folders.
• Decide whether to upgrade
to Premium or stay in Free
Plan.
• Decide how many people to
invite via referral program.

Consumer:
• Observe factors that affect the
amount to be deleted from both
the personal and social folders.
• Decide the amount to delete from
both personal and social folders.

To a new period

Figure 6: Modified Time Line of Events.

Next, we discuss the modification to the utility specification to incorporate social usage.

4.8.2

Modification to the Utility Specification

Let ψ(xtp , xts ; θ ) be the utility contribution of storage, specified as

ψ(xtp , xts ; θ ) = θ1 xtp + θ2 xts ,

where θ = (θ 1 , θ2 ), is the vector of coefficients of the benefit of file storage. Following our reasoning in the model
section, we assume linear, first-order effects of storage of files in personal and social folders.
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The modification to the utility contribution from personal and social deletion is straight-forward, as we employ a
flexible quadratic utility for both deletion actions. Let χ d (dtp , dts , νtp , νts ; α) be the deletion utility, specified as

χ d (dtp , dts , νtp , νts ; α) = dtp νtp + α1 dtp

2

+ dts νts + α2 (dts )2 ,

where α = (α1 , α2 ), is the vector of coefficients of the personal and social deletion cost. Including the above
modifications, we arrive a new version of the utility specification from Equation 1:

u(Dt , St ,εt , νtp , νts ; Θ) = ψ(xtp , xts ; θ ) + χ d (dtp , dts , νtp , νts ; α) − ρrt2 +
α p Pm 1[yt = 1] + α p Py 1[yt = 2] + εt (yt , rt ).

(5)


The maximum amount that a consumer can delete at any period is capped by xtp + atp + xts + ats , the total amount
of files in a consumer’s personal and social folders at time t. As before, the constraints on how much a consumer can
delete is enforced implicitly in the constraint correspondence in the value function specified in the Bellman equation.


The state vector St and decision vector Dt are now St = xtp , xts , zt , Rt , Rta and Dt = yt , rt , dtp , dts .
4.8.3

Modification to the Dynamic Model

There are two changes to the dynamic model specification. The first is in the laws of motion for the state variables xtp
and xts , and the second change is the specification of the expected value function from Equation 4.
First, since the storage state variable has now been split into two state variables xtp and xts , their laws of motion
must be specified as well. We take the linear transition law from before and apply it to both variables, such that
p
s
xt+1
= xtp + atp − dtp and xt+1
= xts + ats − dts .11 The consumer in this shared usage model thus has an additional

decision, on how much to delete from social usage folders. She implicitly makes a tradeoff between deleting personal
documents and files versus shared files, which could potentially have implications for usage by others.
Second, in the expected value function, we have to take additional expectations as and ν s , which are the shocks
corresponding to the social additions and deletion of files that are socially shared. The inner-maximization problem is
over the vector of deletion decisions d = (d p , d s ) .

EV (S; Θ) = Ea p ,as ,ra ,ε
11 Since


max Eν p ,ν s

y,r∈Γ(x,z)

max

d∈H(x p ,xs ,a p ,as ,z,Ra )

xt = xtp + xts , we do not need to store xt as an additional state variable.
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u(D, S, ε, ν , ν ) + β EV (S ; Θ) .
p

s

0

4.8.4

Additional Analyses to be Conducted

With the social usage extension, a number of additional research questions can then be answered.
• Value of the Free Consumer: what is a more accurate assessment of the value of a free consumer?
• Value of the Social Feature: what is the value of the ability of sharing with consumers over time? Does this
value increase or decrease over time? How does it compare with the referral program?
We hypothesized that one of the major sources in which free consumers deliver value is their act of sharing with other
consumers. The more that a consumer shares with another, the higher the probability that each consumer will upgrade.
Therefore, by having the social usage portion incorporated into our model, additional counterfactuals can actually
be conducted to assess a more accurate value of the free consumer and how this value is deconstructed with regard
to personal usage, referrals, and social usage. We also expect to investigate how this value changes over time. As
consumers share with an increasing number of people over time, we might expect that the value of the social feature
may increase over time as well. Incorporating the social feature into this model allows us to test this empirically.

4.9

Model Extension: Heterogeneity

In this section, we outline the specification of observed consumer in our utility model. As before, we index consumers
by i, such that i ∈ {1, ..., N}. We extend all but the price coefficient parameter to be individual-specific according to
the following specification:

u(Dit , Sit ,εit , νit ; Θ) = θi xit + αi dit2 + dit νit +
αip Pm 1[yit = 1] + αip Py 1[yit = 2] + εit (yit , rit ) + ρi rit2 ,

(6)

where we define the vector of parameters Θi = {Ξi , α p }, and Ξi is the vector of individual-level parameters such
that Ξi = {θi , αi , αip , ρi }. We further define a distribution over Ξi such that:
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where µθ ,µα , µα p , and µρ are parameters that represent the population-level mean for θi , αi , αip , and ρi , and Σ is
the population-level covariance matrix. We assume independent, diffuse normal priors on the µ’s (P(θi , αi , αip , ρi ) =
27

P(θi )P(αi )P(αip )P(ρi ) and a diffuse Inverse-Wishart prior on Σ.

θi , αi , αip , and ρi are identified from the individual-level variations across time in storage (xit ), distance to quota
(Qit − ait − xit ), deletion activity (dit ), and referral activity (rit ) in our panel data. Our panel data has a considerable length in consumer activity, as we observe individual-level consumer behavior over a four-year period. Even
aggregated at the weekly level, all consumers have at least 93 weeks of data.
With regard to ait , the difference now is that the consumer simply forms an expectation over the empirical distribution of her own {aik }t1 draws, up to the most current week, as opposed to forming the expectation over the empirical
distribution over the entire population. In addition, we estimate the pir parameter, which is the individual-level referral
acceptance probability. This is identified from the variation in the history of referrals sent and referrals accepted for
an individual consumer.
As in the homogeneous case, consumers form expectations over the private draws of εit , which are i.i.d. type-1
extreme value, and νit , log-normal distributed, which are both common across the population. Standard assumptions
from the single-agent dynamic structural literature, such as conditional independence of shocks, still hold.

5

Estimation

The structural parameters Θ = (θ , α, α p , ρ) represent the benefit to storage, deletion cost, price coefficient, and the referral cost. Our model and setting present several challenges in estimation: a) large state space, b) discrete-continuous
decisions, and c) jagged likelihood. We considered several possible estimation approaches; we explain why we decided to use the Bayesian Imai-Jain-Ching (Imai et al., 2009) method (IJC), and we discuss how IJC alleviates the
aforementioned challenges.
We begin with a choice from two common classes of estimation approaches: iteration-based methods in the tradition of Rust (1987) or simulation based two-step methods that follow the tradition of Hotz and Miller (1993); Hotz
et al. (1994). The advantage of the first method is that we obtain an estimate of the value function at the end of
the estimation process, but this comes at a higher computational cost than the simulation-based methods. While the
simulation-based methods are computationally light, such as BBL (Bajari et al., 2007) and POB (Pakes et al., 2007),
their accuracy heavily depends on being able to correctly recover the primitives of the agent’s policy function in the
first step, as any errors in the first step will propagate into the second step and potentially become magnified through
the simulation process.
The fundamental idea of the iteration-based estimators is to nest a fixed-point iteration step within the maximization step of MLE. First, one solves the value function of the consumer dynamic programming problem via a fixed-point
iteration of the Bellman equation for a given parameter guess. The solution to the fixed-point is a contraction-mapping
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and therefore, under regularity conditions, we are guaranteed to find a unique solution to the value function. In the second step of the procedure, conditional on solving the value function, the problem is a traditional maximum-likelihood
estimation problem, and one can proceed using tradition optimization routines to obtain a consistent estimate of the
structural parameters. The algorithm iterates through these two steps for every guess of the parameter value. This
procedure, referred to as the Nested Fixed Point estimator (NFXP), is the work horse in estimating many dynamic
discrete-choice structural models. Rust (1987) provides proofs of convergence and the properties of the estimator.
Our setting presents a few immediate estimation challenges. First, the NFXP estimator is computationally demanding because it fully solves the Bellman equation at every guess of the parameter value. In addition, the fixed-point
iteration must be solved across all states, and therefore the computational time for each iteration of the NFXP increases as the size of the state space grows.

The IJC algorithm alleviates this computational challenge. It does so

by 1) evaluating the fixed-point iteration once per guess of the parameters and stores a collection of these values and
2) approximating the value function by using a history of past stored value functions weighted by kernels. Another
state-of-the-art estimation algorithm one can use is the Mathematical Program with Equilibrium Constraints (MPEC)
algorithm (Su and Judd, 2012). While MPEC also has a lighter computational burden of estimating dynamic discrete
choice model over the traditional NFXP, it requires user-supplied specifications of the constraint sparsity patterns in
order to fully take advantage of the speed gains. Since we wanted an approach that offers the computational advantages as well as the benefits of Bayesian estimation, we opted for IJC. One of these benefits is the ability to specify a
rich specification of heterogeneity, which we describe in section 4.9. This is another advantage over BBL, where we
would have been restricted to a limited heterogeneity specification.
Furthermore, at each evaluation of the fixed-point iteration, we reduce the number of states, that we have to evaluate
the value function over, by using shape-preserving splines. The spline approximates the value function by only having
to evaluate the value function over a small subset of states (knots), and then “fills-in” the rest of the value function over
all states. Lastly, we gain an additional computational saving by avoiding the calculation of the numerical integral over
the entire support of a and ν. To do this, we use two independent Gaussian quadratures to approximate the integrals
over a subset of the support over a and ν. This idea is similar to that of using splines, where the Gaussian quadrature
makes a polynomial approximation of the function over a small number of nodes, a subset of the entire support of a
and ν.
Another challenge to tackle is the discrete-continuous choice aspect of the model. IJC, like NFXP, is designed
to estimate dynamic models with discrete-choice controls. In order to handle the continuous-choice control in our
problem, we combine the IJC algorithm with a likelihood modification derived from the Euler equation in the spirit
of the continuous-choice dynamic models described in the macroeconomics literature.

We obtain log-likelihood

values of the continuous-choice shock ν in a grid-inversion fashion as Timmins (2002). We discuss the details of the
grid-inversion in the likelihood specification section below.
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Lastly, a consequence of using the grid inversion technique is that the likelihood can be jagged and multi-modal.
Therefore, not only does the likelihood not have a analytic derivative, but the jagged likelihood can cause traditional
gradient-based optimization methods to become fixed at local maxima. Therefore, in practice, the model from Timmins
(2002) is best estimated using comparison methods with multiple starting values. Once the optimizer is in the locality
of a globally optimal region, only then can one trust gradient-based methods to find the global optimum. This can be
computationally demanding and can take a bit of a coordination effort in order to ensure one finds the global optimum.
In addition, if the number of parameters of one’s discrete-continuous model is high, then estimating this model using
traditional gradient methods would be practically infeasible. The IJC method can handle this challenge since Markov
Chain Monte Carlo’s (MCMC) stochastic optimization nature is robust to complex likelihood shapes that are highly
non-monotonic and can handle parameter space with high dimensionality Imai et al. (2009). We have verified this in
our own context with extensive Monte Carlo simulations, and find that global optimum is achieved regardless how
jagged the likelihood is.
To tackle all of the estimation challenges, we use a modified version of the Bayesian Imai-Jain-Ching (IJC) algorithm, in conjunction with several state-of-the-art numerical computation techniques, such as Gaussian quadratures
and splines, to estimate a discrete-continuous choices dynamic structural model in a Bayesian fashion. The IJC algorithm is a variant of MCMC. It builds upon MCMC methods, based on full likelihood estimation, in that it uses
Gaussian kernels and a stored histories of stored pseudo-value functions to approximate the true value function. It provides the benefits of MCMC while alleviating the heavy computational burden of a estimating full-solution Bayesian
dynamic discrete choice model with forward looking agents that requires solving the Bellman equation at each MCMC
iteration.
The IJC algorithm is a modified version of MCMC, and it follows these four steps at every MCMC iteration k:
1. Draw proposed parameter values, Θ∗k .
2. Evaluates pseudo-Expected Value Functions (pseudo-EVF) at currently proposed parameters and the last ac˜ (D, ·, Θ∗k ),EW
˜ (D, ·, Θ∗k−1 ). These pseudo-EVF’s are approximations to the Expected
cepted parameters, EW
Value Function in Equation 4, and they are constructed using previously stored pseudo-Value Functions, from
H k = {Θ∗l , W̃ (·, ·, Θ∗l )}l=k−1
l=1 , via kernel methods. This is the key innovation of IJC.
3. Calculates pseudo-likelihood values at the currently proposed parameters and the last accepted parameters,
˜ (·, ·, Θ∗k )) and L̃(Θ∗k−1 , EW
˜ (·, ·, Θ∗k−1 )), using the pseudo-EVF’s calculated in the previous step.
L̃(Θ∗k , EW
These likelihood values are used in a traditional Metropolis-Hastings step, to decide whether to accept or reject
Θ∗k . Since the prior and the pseudo-likelihood are not conjugate, we cannot obtain a closed-form distribution
on the posterior, and therefore we cannot use a Gibbs sampler.

30

4. Create a new pseudo-Value Function W̃ (·, ·, Θ∗k ) by evaluating the Bellman operator on Equation 3. This is
then added to the history of past proposal parameters and pseudo-Value Functions, H k . In the specific context
of a dynamic discrete-choice problem from Ching et al. (2012), the pseudo-Value Function is referred to as the
pseudo-Emax function.

5.0.1

Likelihood Specification

Now we explain the formation of the likelihood specification. With the standard conditional independence assumption,
the individual likelihood for the model can be specified as:

T

T

Li (Θ) = ∏ P(yt , rt , dt |xt , zt , Rt , Rta , at ; Θ) = ∏ P(yt , rt |xt , zt , Rt , Rta , at ; Θ)P(dt |yt , rt , xt , zt , Rt , Rta , at ; Θ),
t=1

t=1

where P(yt , rt |xt , zt , Rt , Rta , at ; Θ) is the likelihood contribution from the consumer’s discrete choices: plan-choice
(y) and number of referral invites (r). We are able to factor the joint likelihood P(yt , rt , dt |xt , zt , Rt , Rta , at ; Θ) into the
products of P(yt , rt |xt , zt , Rt , Rta , at ; Θ)
and P(dt |yt , rt , xt , zt , Rt , Rta , at ; Θ) due to the timing assumption: consumers make the y and r decisions simultaneously,
before the decision d. Assuming ε(y, r) to be distributed type I extreme value, the functional form of the likelihood
can be expressed as:

P(yt , rt |xt , zt , Rt , Rta , at ; Θ) =



exp(V jk (xt , zt, , Rt , Rta , at ; Θ))
∑m ∑n exp(Vmn (xt , zt , Rt , Rta , at ; Θ)

1[yt = j,rt =k]
,

where the discrete-choice specific Value Function V jk (x, z, R, Ra ; a; Θ) is:

a

V jk (x, z, R, R ; a; Θ) = Eν


max

d∈H(x,z,a,Ra )


u(x, z, R, R ; ν; y = j, r = k, d; Θ) + β EV (x , z , R R ; Θ) .
a

0

0

0 a0

Next, the P(dt |yt , rt , xt , zt , Rt , Rta , at ; Θ) is the likelihood contribution from the continuous choice: deletion (d).
Since we have a monotonic relationship between d and ν, it is possible to invert values of ν from observed values of
d through g(·), the first order condition from the deletion sub-problem. The likelihood can then be formed as:

P(dt |yt , rt , xt , zt , Rt , Rta , at ; Θ) = P(νt = g−1 (yt , rt , xt , zt , Rt , Rta , at , dt )|yt , rt , xt , zt , Rt , Rta , at ; Θ)

∂ g−1 (·)
.
∂d

From Timmins (2002), the continuous-choice shock ν can be inverted from the policy function d ∗ = g(y, r, x, z, R, Ra , a, ν)
for given values of all the other actions and state variables. Once the ν is recovered, it can then be evaluated at the
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density function of the specified distribution of P(ν|·) in order to get the likelihood contribution.
For our particular specification of the utility function and the transitions, the model is part of the class of dynamic
programming problems called Linear-Quadratic problems. For this class of models, one can derive an analytic solution
to the continuous choice portion of the value function by using a combination of the first order conditions and the
Envelope Theorem. The resulting Euler equation gives the analytic solution for d ∗ , the optimal amount of deletion,
and it can be specified as follows:




β θ − ν(1 − β )
d (y, r) = max min
, x + a , x + a − Q(z, r) .
2(1 − β )α
∗

The min and max statements simply provide the boundary constraints, derived from the correspondence constraint,
on the optimal d ∗ amount. The min on the x + a simply ensures that a consumer cannot delete more than the current
amount in the consumer’s account, and the max on x + a − Q(z, r) ensures that consumers are forced to delete excess
files that puts the account usage over current quota. The derivation of this expression, the ν inversion expression
g−1 (·), and the Jacobian term

5.1

∂ g−1 (·)
∂d

can be found in the appendix.

Estimation Challenge with the Social Usage Extension

The biggest challenge with the social usage modification is the increased computational burden in the estimation
process. The increase in the state space and the two additional integrals increase the number of functional evaluations
that we need to compute at each iteration of the IJC algorithm. One possible additional innovation to lighten the
computational complexity of the estimation is to treat the state variables x p and xs as continuous state variables.
Fortunately, IJC allows for the natural extension of incorporating continuous state variables. The conversion into
continuous state variables means that we only have to compute the expected value function at one value of x p and xs
at each IJC iteration. Since we draw values of x p and xs from uniform distributions spanning the full support of these
state variables, we will have values of the expected value function over a full range of values of x p and xs over many
IJC iterations. Note that this approach implicitly assumes smoothness of the value function in the continuous state,
and given our institutional setting, this seems like a reasonable assumption. As long we can store a sufficient number
of these values, IJC can approximate the expected value function by interpolating over a weighted sum of the past
history of expected value function evaluations using a kernel method. Currently, we are in the process of estimating
and performing robustness checks on this extension.
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6
6.1

Results
Parameter Estimates

In this section, we present the results of our estimation. We obtained these values through 10,000 iterations of the IJC
algorithm with three independent chains using random initial values. Convergence of all chains are assessed visually
and using the Gelman-Rubin statistic (Gelman and Rubin, 1992). We present the parameters in Table 3, and they are:
• θ : consumer’s benefit to storage
• α: consumer’s deletion cost
• α p : consumer’s price coefficient
• ρ: consumer’s referral cost
Variable
θ : Benefit to Storage
α: Deletion Cost
α p : Price Coefficient
ρ: Referral Cost

Estimate
0.376
(0.375, 0.377)
-0.055
(-0.0577, -0.0539)
-1.917
(-2.500, -1.421)
-11.339
(-11.802, -10.942)

Table 3: Bayesian IJC Estimates (95% HPD in parentheses)

All of the signs of the parameters are as expected. In addition, the 95% highest posterior density intervals for all of
the variables do not include zero, indicating that all the variables significantly contribute to consumer’s utility in terms
of upgrade, deletion and referral decisions. We now explain the intuitive implications of each parameter, with the first
parameter contributing as a flow utility and the last three contributing as action utilities.
First we examine the parameter θ , which is the benefit to storage. This parameter is the linear benefit to a consumer
having files stored in their account folder. The positive coefficient indicates that consumers, on average, receive
positive flow utility for having megabytes of files stored in their folders overtime. This positive coefficient indicates
that consumers get value from having files stored over time as opposed to simply adding files into the folder temporarily
and then using the service to purely transfer files between different computers and mobile devices.
α denotes the cost of deletion. The negative coefficient indicates that consumers have convex cost to deletion.
This means it becomes incrementally more costly for consumers to delete files as the amount of files needed to be
deleted increases. In other words, consumers prefer many weeks where they delete a modest amount as opposed to a
few weeks of a large amount of deletion. This type of “smoothing” behavior indicates that the firm may wish to think
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about ways to profit from a different storage accounting scheme where, in lieu of establishing a quota for the total
amount of storage per month, the firm can adjust an upload/download bandwidth scheme. Other existing freemium
companies such as Evernote use such an approach.
Next, α p is the price coefficient. This parameter denotes how price sensitive the average consumers may be.
The negative value of this estimate is as expected and indicates the magnitude of the costs that consumers must bear
when upgrading to a premium plan. Lastly, ρ is the cost of referral for consumers. This cost could be attributed to
the cognitive, social, and other costs of actually sending out invitations to friends. The quadratic nature of this term
reflects the fact that, as each consumer sends more and more referrals per week, it becomes harder to think of more
friends who do not already have invitations. We see that the highest posterior density intervals for this coefficient
do not overlap zero, indicating that there are significant efforts that consumers have to bear in order to send out
referral invites. The benefit for each referral is accounted by an expectation of referral bonus quota included in the
correspondence constraint (H(·)) in the dynamic problem of Equation 4. The quota increases according to a specified
referral incentive amount (250 MB).

6.2

Counterfactuals

In this section, we present the results of the counterfactual simulations generated from the estimated parameters. The
goal of these “what-if” analyses is to see the effects of changing key design variables on profits and consumer usage
behavior. These design parameters include changing the price charged for the premium plans, and the magnitude and
timing of referral incentives. We conduct the simulations with two objectives in mind: profit maximization and referral
maximization.

6.2.1

Impact of Referrals on Value of a Customer

In this section, we run a counterfactual to gain a better understanding of the value of a free consumer. More specifically,
we find the value of the free consumer from their referral effects. In order to calculate this, we conduct a counterfactual
where the referral program does not exist.12 We generate 1,000 identical free consumers, each starting out by choosing
the free plan, and then we simulate their behavior for 115 weeks (average number of weeks observed in the data). We
then compare the number of consumers who upgrade in this setting, and compare it with the baseline setting where the
referral program does exist.13 The difference in the fraction of consumers who upgrade is characterized as the average
12 We operationalize this by 1) making ρ take on a large negative magnitude, 2) making the referral bonus quota per referral to be 0, and 3) setting
the Rmax = 0
13 We simulate the baseline setting by using the estimated primitives and setting all incentives to mirror the conditions in the actual data. We
do this instead of subtracting the counterfactual from the actual data in order to minimize errors from simulation and model fit. In an additional
effort to minimize simulation error, we use the the same sequence of draws for a, ν, ε for both the baseline counterfactual and the No-Referral
counterfactual. To calculate the baseline counterfactual, we do the following three steps:

1. Start 1,000 baseline consumers on the free plan, then simulate for 115 periods for each consumer.
2. For each period, we sum up the total number of referrals accepted.
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value of a free consumer based on referrals, and accrues even if these consumers never upgrade. We can then interpret
this value as being a lower bound since some of these consumers will upgrade over time.

Total Number of Premium Consumers
Organic Premium Consumers
Referred Premium
Total Referrals Sent
Referrals Gained from Referred
Total Deletion Amount in Free Plan (Organic)
Total Deletion Amount (Both)
Total Storage Amount in Free Plan Per Consumer (Organic)

Baseline Scenario
182
132
50
914
250
1,975 GB
4,358 GB
13.45 GB

No-Referral Scenario
64
64
0
0
0
2,568 GB
3,094 GB
12.91GB

Table 4: Comparison of Referral and No-Referral Program Counterfactuals
We now examine the results of this counterfactual in Table 4. There are a few interesting observations. First,
the amount of consumers who upgraded from the referred batch alone is almost as many as the number of premium
consumers in the No-Referral scenario. This is interesting because it indicates that the value of the consumer from
referrals alone is substantial, as the referral program brings in consumers that accounts for 27% of the total number of
premium consumers.
Second, we observe that in order to compensate for the amount of space that would have been gained from the
referrals, consumers in the No-Referral scenario delete more, and therefore deletion is a closer substitute to referral
than upgrades are. This is as expected, since consumers need to make space, and without the means to gain space from
referrals their only other option is to delete more. We see this by comparing the total amount of deletion in the original
1,000 consumers who joined by themselves (Organic) during the periods when they are in the free plan. We see an
increase of more than 25% in deletion in the No-Referral scenario. The implication of this is that when consumers
have a lower amount of storage per period, each consumer will also have a lower probability of choosing the premium
plan per period. By summarizing the history of total storage for all consumers in the free plan (excluding space gained
from referrals) and comparing this amount across both the Baseline scenario and the No-Referral scenario, we see that
this is indeed the case. What is interesting about this is that the Organic consumers end up storing 3% more files with
the existence of a referral program. This is true even after we subtract the additional amount of files they store in the
extra storage space they gain from the referral program.
Last and perhaps most importantly, there are twice as many consumers from the Organic consumers who upgrade
in the baseline condition, meaning that the extra space they get from the referrals actually makes them more likely
to upgrade in the long run, even if they do not end up using the extra space from referrals. What is counterintuitive
about this is that typically referral programs in freemium firms are seen as an impediment to consumer upgrading to
a premium version. It is viewed as a pure customer acquisition tactic via Word-of-Mouth. However, we see evidence
3. For each incremental referral accepted each week, we simulate an additional consumer for the remainder of the periods.
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that the presence of referral programs, if geared to drive engagement and usage, may work to increase the number
of consumers choosing a premium plan. We explore the implications of changing referral incentives in the optimal
referral counterfactuals found in section 6.2.3.
Synthesizing these observations, we estimate the value of a free consumer per month to be an average of $2
(182*$9.99/1000 Consumers). This value comes from generating 1,000 free consumers and simulating their various
consumer behavior over the average number of observed periods in our data. 35% of this value comes from the free
consumers using the service in isolation and who would eventually upgrade in absence of any other effects. 27% of
this value is from the free consumers bringing in other consumers who eventually choose a premium plan. Another
38% of this value comes from a synergistic effect of consumers using the service for more storage than they would
have without the additional space they gain from the referrals. This translates to the fact that a total of 65% of the free
consumer value comes from the existence of a referral plan.

6.2.2
6.2.3

Referral Maximization

Most firms are interested in the freemium business model since, when paired with referral incentives, it has the potential to help the firm grow its consumer base rapidly. Since the most important stated goal for any early stage company
is to gain traction in obtaining a large user base, it is of interest for firms to understand how to make this process more
effective. First, we explore what would happen if we were to change the referral incentives offered for each accepted
referral invite per consumer. The default amount that is given to each referral during our observation is 250 MB per
invite accepted. We vary the incentive across a wide range, from as little as 50 MB per referral to as large as 3 GB per
referral. The results of the counterfactual are presented in Figure 7.
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Figure 7: Change in Referral Incentives on Percent Change in Average Referrals Sent (MB/Referral Accepted)

First, note that the indicated confidence intervals for each of the changes in referral incentives are different from
each other. This indicates that there are significant differences in the percent change in average referrals sent given
change in referral incentives. Furthermore, as we increase referral incentives, we see an increase in the number
of referrals sent, and after 450-500MB of incentive, the average number of referrals sent actually decreases. This
indicates that the maximal amount of referral incentive lies around 500 MB if our goal is to increase the average
number of referrals sent. If the firm gives too much space for the referral incentive, they are not encouraging more, but
rather fewer referrals. This is because if a consumer can gain enough free space with only one referral, why go through
all the trouble of inviting more? In addition, the increase in referrals also comes at the cost of decreasing upgrades.
As consumers get more free space from referrals, they are less likely to upgrade, as indicated by Figure 8.
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Figure 8: Change in Referral Incentives on Percent Change in Upgrade Rate

6.2.4

Dynamic Trajectories of Referral Incentive

In the previous section, we assumed that the trajectory of referral incentives is static. This means that once the firm has
decided a particular referral incentive, it is given to the consumer forever. For the following simulations, we explore
the case where the firm offers incentives in different orders and gives higher incentives during a promotional period.
We design the counterfactual along two dimensions: 1) announcement of bonus, and 2) sequential order of bonus.
To conduct the simulation, we generate 1,000 consumers for 100 weeks, all observing the same exogenous shocks in
order to reduce simulation error. We simulate the scenarios where the firms start out with the default referral incentive
of 250 MB per referral accepted, and then ramp up to 500 MB per referral accepted at week 50 and the reverse (ramp
down). We also simulate whether the firm announces this referral change at the beginning of week 1 or not. Table 5
summarizes the number of consumers who choose a premium plan in the 100 weeks, and the total amount of deletion
and referrals sent across all people.
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No. of Premium Consumers

Amount of Deletion

Amount of Referrals

109
182
132
129

2.97 GB
3.06 GB
3.08GB
3.09GB

982
606
708
670

Announce - Ramp Up
Announce - Ramp Down
No Announcement - Ramp Up
No Announcement - Ramp Down

Table 5: Dynamic Trajectory Results

An examination of Table 5 suggests that the maximum in terms of referral maximization and profit maximization
both are with the Announce strategies, indicating that it is potentially better to announce your incentive change ahead
of time depending on your goal. If the goal of the firm is to grow a user base and encourage consumers to send out
referrals, then the best strategy is the Announce-Ramp-Up strategy. We can see that there is almost a 50% increase
over the Announce-Ramp-Down strategy. However, this is at the cost of drastic decrease in upgraded consumers.
This makes sense because on average many more consumers are gaining additional space from 1) increase space per
referral accepted, and 2) increased overall number of referrals sent. In terms of profit optimization, we see that the
strategy that yields the highest number of premium consumer is the Announce-Ramp-Down. This can almost be seen
as a “introductory offer” referral bonus, where in the first year of a consumer’s tenure, they will have an additional
incentive to send out referrals, and after the first year, they will resume a “default” incentive. What is interesting with
this strategy is that one would have expected this to yield a higher total lifetime referral number, but instead, it is
yielding more consumers to upgrade simply because the initial additional bonuses are actually motivating consumers
to use the service more often (via increased storage). The results from the dynamically changing referral incentives
show that there are more options to experiment with how to give the referral incentive change. Optimizing profit and
referrals along the dimensions of 1) when to announce the incentive change and 2) when to actually give the incentive
are questions worthy of future investigation.

7

Discussion and Limitations

In this study, we present a dynamic structural model of consumer upgrade, usage, and referral behaviors as a framework
to develop a deeper understanding of the freemium business model. We hypothesize that the value of consumers come
from three sources: 1) consumers eventually convert to premium over time, 2) consumers bring in others via the
referral program who then convert to premium consumers, and 3) consumers convert to premium product because
of increasing usage of social features. We find that the value of a free consumer to be $2 per month. In addition,
we find that over 65% of the $2 value is attributed to the existence of the referral program alone – indicating that
the effect of a referral program is quite significant. We look further into the possibility of profit maximization and
referral maximization with additional counterfactual simulations. We discover two important findings: 1) existence
of a static optimal incentive for referral is double the current amount, and 2) the best way to optimize referrals is to
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announce and ramp-up a referral incentive change. In addition to the substantive finding, we provide a way to account
for the network value of consumers via counterfactual simulations. We also incorporate the dynamic structural model
literature by demonstrating a way to incorporate both discrete and continuous actions into an integrated model that
allows for the recovery of the value function.
Our findings can inform managers in several ways. First, we confirm the critical importance of the referral program
in its contribution not only to the growth of user base (via more referrals), but also to the dynamic lifetime value of
consumers, which help to accurately assess the value of the firm. Secondly, the referral incentive is a viable managerial
control to experiment with and increase according to our static optimal counterfactual.
A limitation of this work is that we currently do not model consumers switching to the outside option, so therefore
we can only assume the results hold for a firm acting as a monopoly with a captive user base. Since the acquisition of
this data set, the industry has become an oligopoly, so we need to treat the pricing results with some caution. Future
work may incorporate the pricing choices of competitors in order to arrive at a better pricing strategy. Another limitation of our work is that our model does not account for consumer heterogeneity. Therefore, we lose the ability to
segment consumers by ranking the most valuable free consumers and then examining their choice behavior. Additionally, a model with heterogeneity will allow us to compare the differences in the decomposition of the their consumer
value into the personal, referral, and social components among the most valuable consumers and the least valuable
consumers. This may lead to more insights about the intrinsic nature of networked consumer lifetime value. Fortunately, the chosen Bayesian IJC framework allows for a natural extension for incorporating heterogeneity. In addition,
the panel nature and the abundance of our data should ensure that our model will less likely be over-parametrized.
Lastly, we have yet to account for social usage of consumers. A major usage component of the service is to help
consumers share files with each other. Therefore, one can imagine that a portion of the customer lifetime value can be
apportioned to the mutual sharing between consumers. Our model does not currently account for this shared usage,
and one might speculate that our current estimate of a free consumer may be under-biased. We acknowledge this current limitation of our model and therefore that the results we present may been interpreted as a potential lower bound
on the value of free consumers. However, by showing that the value of these free consumers do exist, we show that
this area of research is worthy of future investigation.
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A

Appendix

A.1

Derivation of Optimal Deletion and Jacobian

Take Equation 4, the Expected Value Function, and we define V d (S, a, ν; y, r; Θ) to be the solution to the innermaximization problem over the continuous action d:
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and therefore specifying V d (·) in integral form is:

ˆ ˆ
V d (x, z, R, Ra ; a, ν; y, r; Θ) =

max

d∈H(x,a,z,Ra )

u(·) + β

ˆ

ˆ
max

a0

ra0

ε0

y0 ,r0

ν0

V d (x0 , z0 , R0 , Ra0 , a0 , ν 0 ; y0 , r0 ; Θ)

dPν 0 + ε 0 (y0 , r0 )dPε 0 dPra0 dPa0 .

(7)

Assuming optimal discrete choice solutions of y, r, y0 and r0 , now we take the derivative of 7 to obtain a first-order
condition with respect to the continuous action d:

∂ u(·)
∂ x0
FOC:
+β
∂d
∂d

ˆ ˆ

ˆ

ˆ
max

a0

ra0

0 0
ε 0 y ,r

ν0



Vxd (x0 , z0 , R0 , Ra0 ; a0 , ν 0 , y0 , r0 ; Θ)dPν 0 + ε 0 (y0 , r0 )

dPε 0 dPra0 dPa0 = 0.

Where Vxd (·) is the derivative of Equation 7 with respect to x. In addition, the Envelope Condition holds at optimal
value of d, therefore we have an expression for Vxd (·):

EC: Vxd (S; a, ν, y, r; Θ) =

∂ u(·)
∂ x0
+β
∂x
∂x

ˆ ˆ

ˆ

ˆ
max

a0

ra0

0 0
ε 0 y ,r

ν0



Vxd (S0 ; a0 , ν 0 , y0 , r0 ; Θ)dPν 0 + ε 0 (y0 , r0 )

dPε 0 dPra0 dPa0 .

Given that the law of motion for the state space x is x0 = x + a − d, we have that
the FOC, EC,

∂ x0
∂d

, and

∂ x0
∂x

, we arrive at the following equations:
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∂ x0
∂d

= −1 and

∂ x0
∂x

= 1. Combining

∂ u(·)
=β
∂d

ˆ ˆ

ˆ

ˆ



max

a0

ra0

0 0
ε 0 y ,r

ν0

Vxd (x0 , z0 , R0 , Ra0 ; a0 , ν 0 , y0 , r0 ; Θ)dPν 0 + ε(y0 , r0 )

Vxd (x, z, R, Ra , a, ν, y, r, Θ) −

dPε 0 dPra0 dPa0

∂ u(·) ∂ u(·)
=
.
∂x
∂d

(8)

(9)

Now we have everything we need to find the analytic expression. Since the form of the utility function is quadratic
and transition law is linear, V d (·) is of a linear form in the state variables and shocks:

V d (x, z, R, Ra , a, ν, y, r; Θ) = κ · Γ,
where κ = (κ1 , ..., κ8 ) , a vector of constants, and Γ = (S, a, ν), a vector of the state variables, and exogenous
shocks. From this, advance the time period by one, we arrive at:

V d (x0 , z0 , R0 , Ra0 , a0 , ν 0 , y0 , r0 ; Θ) =κ1 (x + a − d) + κ2 (1[y = 2] · 52 + 1[y = 1] · 4 + 1[y = 0] · (z − 1))+
κ3 (R + r) + κ4 (Ra + ra ) + κ5 a0 + κ6 ν 0 + κ7 y0 + κ8 r0 .

Taking the derivative with respect to x would simply yield:

Vxd (x0 , z0 , R0 , Ra0 , a0 , ν 0 , y0 , r0 ; Θ) =κ1 .

(10)

Now we have an expression for Vxd (x0 , z0 , R0 , Ra0 , a0 , ν 0 , y0 , r0 ; Θ), we come back and solve for this below. Next,
recall the utility function from Equation 1, taking the derivative w.r.t d and x, we plug back into Equation 8 to arrive
at:

ˆ ˆ
2αd + ν =β
κ1 =

ˆ 

ˆ
max

a0

ra0

ε0

y0 ,r0


κ1 dPν + ε(y , r ) dPε 0 dPra0 dPa0
0

ν0

0

0

2αd + ν
.
β

where K is the total number of y-r combination of choices. Now, combine all of the above into Equation 9 yields:
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κ1 − θ =2αd + ν
2αd + ν
− θ =2αd + ν
β
2αd + ν =β (2αd + ν + θ )
βθ
=2αd + ν
1−β

(11)

At this point, we can solve for d to get the optimal deletion policy function d ∗ :

d∗ =

β θ − ν(1 − β )
2(1 − β )α

(12)

The policy function only depends on the exogenous shock ν and primitives. However, the derivation from above
assumes that our solution is not a corner solution. Therefore we include the boundary conditions, which depends on
the states, to ensure the optimal d ∗ value is in the feasible region:




β θ − ν(1 − β )
d ∗ = max min
, x + a , x + a − Q(z, Ra ) .
2(1 − β )α
To obtain the ν inversion expression g−1 (·) that we use in the likelihood expression, we simply solve the Equation
11 in terms of ν instead of d. Thus we have:

ν ≡ g−1 (·) =
To obtain the Jacobian

∂ g−1 (·)
∂d

βθ
− 2αd.
(1 − β )

, we simply take the derivative of the above ν inversion expression and obtain:
∂ g−1 (·)
= 2α
∂d
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