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This paper develops a model of growth and income inequalities in the presence of imperfect
capital markets, and it analyses the trickle-down effect of capital accumulation. Moral hazard with
limited wealth constraints on the part of the borrowers is the source of both capital market
imperfections and the emergence of persistent income inequalities. Three main conclusions are
obtained from this model.
First, when the rate of capital accumulation is sufficiently high, the economy converges to
a unique invariant wealth distribution. Second, even though the trickle-down mechanism can lead
to a unique steady-state distribution under laissez-faire, there is room for government intervention:
in particular, redistribution of wealth from rich lenders to poor and middle-class borrowers
improves the production efficiency of the economy both because it brings about greater equality
of opportunity and also because it accelerates the trickle-down process. Third, the process of
capital accumulation initially has the effect of widening inequalities but in later stages it reduces
them: in other words, this mod4 can generate a Kuznets curve.

1. INTRODUCTION
It is widely believed that the accumulation of wealth by the rich is good for the poor since
some of the increased wealth of the rich trickles down to the poor. This paper formalizes
an important mechanism through which wealth may trickle down from the rich to the
poor.
The mechanism we focus on is borrowing and lending in the capital market : as more
capital is accumulated in the economy more funds may be available to the poor for
investment purposes. This in turn enables them to grow richer.' In our model, persistent
wealth inequalities arise because investment projects generate random returns and entrepreneurs do not insure themselves perfectly against this income risk.2 While in the existing
literature on endogenous income distribution the supply side of the credit market is not
explicitly modelled and the interest rate is given exogenously, in our model the equilibrium
1. What we call a "loan contract" can also be reinterpretated as an "employment contract" and our
capital market could be reinterpretated as a labour market. It is important to highlight this reinterpretation of
our model since empirically trickle-down may be as (or even more) important in the labour market. In a strippeddown model like ours it is not surprising that we cannot give a satisfactory answer to the question of what
distinguishes a credit relationship from an employment relationship, besides the difference in the timing of
monetary transfers.
2. We thus follow a distinguished transition in modelling inequalities initiated by Champernowne (1953)
and successively refined by Loury (1981) and Banerjee and Newman (1991), among others. See Cowell (1977),
Aghion and Bolton (1992) for brief overviews of this literature.
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interest rate schedule is determined endogenously by the interplay between the supply and
demand for investment funds. Endogeneizing the interest rate schedule is a necessary
modelling step in order to fully address the question of the effects of capital accumulation
on the income distribution.
When the interest rate schedule is determined endogenously it is no longer possible
to simply trace the wealth of a single individual in isolation from the rest of the economy,
since the stochastic evolution of her wealth depends on the evolution of the state of the
economy through the equilibrium interest rate schedule. As a result, the dynamics of an
individual's wealth are now nonlinear. It turns out that there are no general mathematical
methods for dealing with nonlinear Markov processes. However, we show that with
sufficiently fast capital accumulation the equilibrium interest rate schedule converges to a
fixed schedule. Once this schedule is attained standard linear methods again apply to the
stochastic evolution of an individual's wealth. We are thus able to derive sufficient conditions for the convergence of our complicated Markov process to a unique invariant distribution. This proposition is by no means obvious or general. Indeed, in related work
Banerjee and Newman (1993) and Piketty (1993) provide examples of nonlinear Markov
processes which have multiple invariant distribution^.^
The main economic insight which comes out of our analysis in this paper is that,
even though wealth does trickle-down from the rich to the poor and leads to a unique
steady-state distribution of wealth under sufficiently high rates of capital accumulation,
there is still room for wealth redistribution policies to improve the long-run efficiency of
the economy. In other words, the trickle down mechanism is not sufficient to eventually
reach an efficient distribution of resources, even in the best possible scenario. The reason
why redistribution improves production efficiency is that with redistribution the poor need
to borrow less to invest and therefore their incentives to maximize profits are distorted
less. Thus, redistribution improves the efficiency of the economy because it brings about
greater equality of opportunity and because it accelerates the trickle-down process.
However, one-shot redistributions in our model only have temporary effects. In order
to improve the efficiency of the economy permanently, permanent redistribution policies
must be set up. This observation is a direct consequence of our convergence result to a
unique invariant distribution. In contrast, one-shot redistribution policies may have permanent effects in the models considered in Banerjee and Newman (1993) and Piketty
(1993).
It is worth pointing out that the need for redistribution arises from the existence of
an incentive problem. In the absence of incentive considerations there is no need for
redistribution in our model. Our justification should be contrasted with most other motivations for redistribution in the literature which emphasize insurance or fairness considerations that must be weighed against incentive efficiency considerations (see e.g. Mirrless
(1971)).
The paper is organized as follows: Section 2 outlines the model; Section 3 characterizes the equilibrium in the capital market. Section 4 analyses the interaction between
growth and redistribution. Section 5 establishes the convergence to a unique invariant
3. The set up considered by Piketty is most similar to ours, with the interest rate also being endogenously
determined by the supply and demand for investment funds. However, the focus of Piketty's analysis is on
situations where the rate of capital accumulation is not sufficiently high for the economy to converge to a unique
wealth distribution. Rather, there exist multiple invariant distributions. When there are multiple steady-state
distributions, a one-shot redistribution of wealth may push the economy from one steady-state to another and
therefore have long-run effects. However, since little is known about the dynamics of wealth distribution in these
models, it is not always clear apriori what the long-run effects of a one-shot redistribution might be.
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distribution. Finally, Section 6 discusses redistribution and explains why the positive incentive effects of redistribution for the borrowers outweigh the negative incentive effects for
the wealthy entrepreneurs, who may see some of their accumulated wealth taxed away.
2. THE MODEL
We consider a closed economy with a continuum of identical agents of total mass 1. Each
agent lives for one period during which he or she works and invests. The resulting income is
divided between consumption and bequests. Each agent has one offspring and generations
succeed other each ad injinitum.
The only source of heterogeneity among individuals is assumed to be their initial
wealth endowments. We denote by G,(w) the distribution of wealth endowments at the
beginning of period t which results from the previous generation's bequests (where w 2 0 ) .
All the agents in the economy are endowed with one unit of labour which they supply
(inelastically) at no disutility cost.
Our detailed description of this economy begins with the technological assumptions.
At the beginning of each period t an agent has the following options:
(a) she can use her unit of labour to work on a "backyard" (or "routine") activity
which requires no capital investment. The return to this activity is assumed to be deterministic and small, equal to n > 0.
(b) alternatively, she may choose to be self-employed and invest her unit of labour
i_n a high yield "entrepreneurial" activity which requires a fixed initial capital outlay of
k = 1. The uncertain revenue from investment in this high yield project is given by4
F(k, 1) =

r with probability p
0 with probability 1 -p

if k z L = 1 and 1 2 1;

F(k, 1 ) = 0 otherwise;
The probability of success p can be influenced by the individual's effect. We denote by
C(p) the effort cost of reaching probability p, and for computational simplicity we only

4. The high-yield technology defined by (2.1) corresponds to an extreme form of U-shaped average cost
curve with respect to capital outlays. What is important for the analysis that follows is that the cost function is
U-shaped; and especially that the production technology exhibit diminishing returns. The specific form chosen
in the text is otherwise not important.
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consider the quadratic cost function
rp'
C(p) = 21,

where a e (0, I].

(c) the agent's initial endowment of capital w, can be used in the entrepreneurial
activity or it can be invested in an economy-wide mutual fund. The equilibrium unit
(gross) return of this mutual fund, A,, is determined endogenously by equating aggregate
savings with aggregate investment. As in Diamond (1984) or Green (1987) we suppose
that there is free-entry into the mutual fund market so that all extra-normal profits from
the intermediation activity are competed away and borrowers obtain funding in exchange
for an expected unit repayment on the loan of A,.
To complete our description of the model, we must specify individual preferences and
the chronology of the main events of an agent's life. We assume that agents are riskneutral and their utility depends only on consumption and bequests. We assume that
parents have "warm-glow" preferences over bequests (see Andreoni (1989)). That is,
parents derive utility by giving to their children, independently of the extent to which their
children actually benefit from the bequest.
The chronology of an agent's main events and decisions in her life is as shown in
Figure 2.

tInvestment,
occupation choice
and effort choice

Return from
investment

t+
Consumption/bequest
decisions

At the beginning of each period each individual decides to invest her unit of labour
and her inherited wealth w, in one (or two) of the above activities. At the end of her
lifetime, the individual allocates her net final wealth between consumption and bequests.
Agents are assumed to have Leontieff preferences over consumption and bequests,' so
that optimal bequests are a linear function of end of period wealth. Let w(tf) denote
wealth at the end of period t, then b,+ = w,+ = (1 - 6)w(tf ).
3. STATIC EQUILIBRIUM IN THE CAPITAL MARKET

We shall assume that, initially at least, the aggregate wealth in the economy is not high
enough for all individuals to be able to invest in their high yield entrepreneurial projects.
Assumption I

The economy should comprise three classes of agents, at least in the early periods6:
5. Ex-ante, preferences have the form U=min {(I - 6 ) c ;6 b ) - C(p), where c, b, C(p) denote respectively
the agent's consumption, bequests and effort cost; (C(p) = O whenever the individual does not engage in entrepreneurial activities).
6. This heuristic claim will be formally established in the remaining part of the section.
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Middle-class
borrowers
FIGURE
3

Very wealthy
lenders

the very wealthy (with initial wealth w, > 1) who have enough funds to invest both in their
high-yield project and in the projects of other agents via the capital market; the middleclass composed of agents investing only in their own high-yield project but who need to
complement their initial wealth w,< 1 with a loan of (1 - w,) to cover the set up cost
=
;
1; finally the poor who do not invest in their own project. This is illustrated in Figure 3.
The equilibrium terms at which the middle-class will borrow are determined by
equalizing the aggregate demand for funds (emanating from this class) with aggregate
supply (from the very wealthy and the poor).
Second, we assume that the (effort-driven) probability of success p is not observable,
and that
Assumption 2
A borrower's repayment to her lenders cannot exceed her end of period wealth.
Thus, the incentive problem here is a moral hazard problem with limited wealth
constraints, as in Sappington (1983).
3.1. The optimal lending contract
An optimal investment contract between a borrower with initial wealth w< 1 and his
lender(s) will then specify a repayment schedule R(w) such that:
R(w) =

(1 - w)p(w) if the project succeeds;
if the project fails,

where (1 - w) is the amount borrowed and p(w) is the unit repayment rate.
Given this contract, a borrower chooses p to maximize her expected revenue net of
both repayment and effort costs

The solution is given by

We see from equation (3.2) that when p(w) is fixed and independent of w the lower
the borrower's initial wealth the less effort she devotes to increasing the probability of
success of her project. The more individuals need to borrow in order to invest, the less
incentives they have to supply effort since they must share a larger fraction of the marginal
returns from effort with lenders.
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The very wealthy, who do not need to borrow in order to invest in their own project,
supply the first-best level of effort since they remain residual claimants on all returns from
such effort
w 2 1 => p(w) = arg max ( p r - C ( p ) )= # ' ( w ) ,
This implies that only those individuals who need to borrow funds to invest in their
project actually choose to do so; the very wealthy prefer not to borrow in order to achieve
first-best efficiency.'
So far we have treated the repayment schedule p as independent of the initial wealth
w. However, since the risk of default on a loan may vary with the size of the loan, the
unit repayment rate p must vary with w to reflect the change in default risk.
In equilibrium, all loans must yield the same expected return, so that the following
condition must hold

where A , is the equilibrium unit rate of return of the mutual fund. We assume that A , is
a certain r e t ~ r nCombining
.~
(3.2) and (3.4),the required repayment rate p(w) must satisfy

From equations (3.2), (3.4) and (3.5) one derives the important proposition, that
even when p(w) varies with w, effort supply is increasing in w.
Proposition 0. In equilibrium effort supply is increasing in w :pr(w)> 0.
Proof. From equation (3.4) we know that p(w) = A , / p ( w ) . Thus the sign of pr(w)
is given by the sign of { - p ' ( w ) ) . Define the function

The left-hand intersection point off ( p , w ) with the horizontal line A , defines the solution
p(w) to equation (3.5), see figure 4.
This solution is given by
p ( w ) = ~ l -,/IIt is easy to see that p'(w) <0.

4 A f ar
( 1 - w ) J2(1r _ w)'

II

7. The existence of a fixed-cost indivisibility in the entrepreneurial technology might creste incentives for
our risk-neutral individuals to buy lotterjes. For example, an agent with initial wealth w<k would take the
lottery: (invest 0 with probability 1 - w / k ; invest k with probability w/k). For the sake of expositional clarity
we shall rule out lotteries in the analysis below.
8. Because they are all risk-neutral, lenders will never invest in a high-yield project whose expected repayment revenue is strictly less than the market rate of return A , .
9. Since a continuum (number) of i.i.d. projects are being financed by the mutual fund, one can appeal
to the law of large numbers and assume without loss of generality that the expected rate of return A , accruing
to investors in the mutual fund is a safe rate of return. Introducing even a little amount of risk-aversion into
individual preferences would suffice to rule out random rates of return in equilibrium.
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Because effort supply is decreasing when the agent borrows more, the unit repayment
p(w) must be commensurately increased to ensure that the lender obtains the same expected
repayment. In other words, the poorer the borrower, the higher is her unit repaymentp(w)-to compensate for a lower probability of repayment, p(w).
When

there is no solution to equation (3.5). This means that the maximum expected return on
a loan 1 - w, with w < w, is strictly less than A,. Thus all agents with wealth WE[O,
w(A,)]
won't be able to borrow, even if they want to borrow.
Definition. We say that there may be credit rationing in the capital market when
w(A,)> 0. All agents with wealth W E [0,w(A,)]are said to be credit rationed if they would
like to borrow but cannot since they cannot guarantee a return of A,.
As will become clear in section 5, Proposition 0 is of fundamental importance for the
wealth dynamics. Indeed, a consequence of this proposition is that an individual's bequest
is stochastically increasing with her inherited wealth, so that the iterated map representing
the dynamics of a lineage's wealth distribution is monotonic in the lineage's initial wealth.
3.2. Equilibrium credit rationing

When w(A,)> O it does not follow that all agents with wealth WE[O,
w(A,)] are credit
rationed, since all these agents may actually prefer not to undertake the high-yield project
and borrow. The higher the cost of capital, A,, the less attractive it is to borrow and the
more attractive it is to lend. Thus, we should expect that no credit-rationing takes place
in equilibrium when A, is high.
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More formally, let $=+(A,) denote the initial wealth endowment of an individual of
generation t who is indzyerent between borrowing and lending. We have
The L.H.S. of (3.6) is the expected utility from being a borrower {using the fact that
p(GIp(6) = A , ), the R.H.S. of (3.6) is the expected utility from being a lender.
We can rewrite the above indifference condition as

Lemma 1. All individuals with initial wealth w < $ strictly prefer to be lenders; all
individuals with initial wealth w E($, 1) strictly prefer to be borrowers. Moreover, G = $ ( A )
is increasing with the market rate of return A.
Proof. Let 8 ( p )=pr - C ( p )- 1. By assumption 8 ( p ) is concave, which implies that
8 is increasing on [0, a] since a=plb=arg max B(p). The lemma then follows from the
fact that p(w) <p'b= a for a11 w < 1 and that p(w) is increasing in w on that same wealth
interval. 11
Now we can both determine the equilibrium rate of return A, on the capital market
and characterize the situations in which credit-rationing occurs in equilibrium. The net
suppliers of funds are first the wealthy, with initial wealth w > 1 ; they put ( w - 1 ) in the
mutual fund; second, the poor who either are denied access to borrowing (w < w(A,) =
1 - ur/4A,) or prefer to lend rather than borrow on the capital market ( w < $ ( A , ) ) ; they
put w in the mutual fund. The aggregate supply of funds on the capital market, for given
A,, is then equal to

So

+(A,)

S ( A r )=

wdGr( w )+

jlm

( W - l)dGr( w ) .

(3.8)

where $(A,) =max (%(A,),$ ( A , ) ) is increasing in A , .
By complementarity, the aggregate demand for funds at the same market rate of
return A, is equal to
1

D(A,)=j

(i-w)dG,(w).

(3.9)

fi(A,)

Clearly, S ( A , ) is increasing in A, and D(A,) is decreasing in A,. Thus, an equilibrium rate
of return corresponding to the wealth distribution G, ( w ) , whenever it exists, is uniquely
defined by
The description of the capital-market equilibrium at each period t is now completetl.
Credit-rationing occurs in equilibrium whenever the set of poor individuals who would
prefer to borrow but are denied access to credit is non-empty, i.e. whenever
w(A,) > max (0, @ ( A , ) ).
Then all individuals with wealth
are credit-rationed.

(3.11)
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The following proposition characterizes the situations in which condition (3.1 1) is
satisfied.
Proposition 1.

Proof.

There is credit-rationing in equilibrium whenever

See Appendix.

/I

This result, depicted in Figure 5, may appear somehow surprising, especially in light
of the existing literature on credit-rationing (see Stiglitz and Weiss (1981) and Bernanke
and Gertler (1989)).
Indeed, this literature predicts that credit-rationing is more likely when the cost of
capital is high while here we predict the opposite. The main reason why our prediction
differs from the existing literature is that the identity of lenders and borrowers is fixed
exogenously in all existing models of credit-rationing, while in our model agents can choose
to be borrowers or lenders. Their choice depends on the size of inherited wealth and the
rate of return on the capital market.'' When the cost of capital (or market return), A,, is
high, poor agents prefer to lend at rate A, ; this rate is highly favourable to lenders and
highly unfavorable to borrowers, especially those who need to borrow large amounts.
Conversely, when the cost of capital A, is low (that is sufficiently close to 1) and the
lending terms are shifted in favour of the borrowers, the same poor agents prefer to borrow
at such a low rate but may be denied access to credit. This explains why credit-rationing
is more likely to occur when the cost of capital is low. Finally, when A,sar/4, the cost
of capital is sufficiently low that it is worth lending to all borrowers with wealth w 2-0.
10. We obtain the same conclusion as Stiglitz-Weiss and Bernanke-Gertler if, as they implicitly do, we
assume + ( A , ) = 0.
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4. THE EVOLUTION OF EQUILIBRIUM INTEREST RATES

Once the equilibrium unit cost of borrowing in period t, A,, has been determined one can
specify the stochastic process of lineage wealth as follows.
Let a, denote the cut-off wealth level below which individuals are either unwilling or
unable to invest in the risky project (that is, G,=min (@(A,),w(A,)). Then
For W,E [0, GI], w,+

= (1 - 6 )(A,w,

+ n) with probability one;

For wt€[Gt, mI, ~ r + ! = f r ( ~or),
t,

(4.1)

where

(a) 8 , (0,
~ 1) is an i.i.d. variable that refers to the high yield project being successful
(8, = 1) or unsuccessful (8, = 0). Recall from Section 3 that the probability distribution
for 8, when w, = w is given by
prob (Or= l/w) =h(l, w)

=afor w z l ;
=p(w) for w < 1,

and
prob (8,= O/w) = h(0, w) = 1 - h(1, w).

fr(w, 1)= (1 - 6)(r- (1 - w)A,)
fr(w,l)=(l-6)(r-(1-w)p(w))

for w L 1;
forw<l,

and

Given that the economy comprises a continuum of agents and that the random returns
on each risky project (with equity participation by the entrepreneur of w) are independently
identically distributed, the aggregate wealth level and its distribution function can be
interpreted as deterministic variables, by the law of large numbers. The wealth distribution
G,+ in period t + 1 is then obtained from the distribution in period t as follows.
Consider an individual with an inherited wealth of w,+ . This wealth can come from
a parent who successfully invested in the risky project, in which case the parent's initial
wealth was
w,=y/,(w,+~,1) where y / , ( . , l ) = f i l ( . , 1).
Or it can come from a parent who invested unsuccessfully in the risky project, in
which case the parent's initial wealth was

Finally, it can come from a parent who did not invest in the risky project, who had initial
wealth
W=-

'

'

--

(w'+l

A, 1 - 6

This latter possibility only arises if w, < G, .

n).
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Then the wealth distribution in period (t+ 1) is simply obtained by adding up the
total mass of lineages who end up with wealth less than w,+ In the special case where
G, = 0" one obtains

where the fraction of successful and unsuccessful parents, respectively h(x, 1) and h(x, 0),
have been specified above.
The dynamics of the wealth distribution, together with the determination of the
equilibrium cost of capital A,, fully describe the evolution of the capital market and the
evolution of lineage wealth over time.
We shall mostly be interested in the evolution of this economy under conditions of
rapid capital accumulation. Namely, we shall assume that the returns on individual projects
(r) and the saving propensity of individuals (1 - 6) are both sufficiently large that
Assumption 3

Now, it is easy to see that, in the absence of credit-rationing, the economy will grow until
all investment opportunities have been exploited. Indeed, take any period in which some
investment projects have not been undertaken. This cannot be a long-run equilibrium:
first, since p(O)r(l - 6 ) > (ar/2)(1- 6)>1,by Assumption 3 all individuals who are
undertaking a risky project will, as a group, leave more wealth than they started out with
to their offspring. There will thus be more funds available to finance risky projects at the
end of the period and thus, whenever the equilibrium cost of capital A, is strictly greater
than 1, A,+, will necessarily be strictly lower than A, and more risky projects will be
financed in period t + 1. If the cost of capital, A, is equal to 1, Assumption 3 implies that
all individuals choose to invest in the risky projects rather than in the safe activityI2.
Therefore, all the investment opportunities will end up being exploited. Once all investment
opportunities have been exploited growth tapers off and the cost of capital stays at the
lower bound A = 1.
There is an important proviso to this convergence argument: even if there is no creditrationing with A = 1, there may be credit-rationing along the development path where
A, > 1. The persistence of credit-rationing along the development path may prevent further
risky investments from being undertaken even when more funds become available for such
investments. This, in turn, creates problems with our convergence argument and with the
existence of a unique steady-state. We shall briefly return at the end of this section to
these problems. The next assumption, which is again satisfied under joint conditions of
high productivity and high saving propensity, that is under fast capital accumulation,
11. When aggregate wealth accumulation is sufficiently rapid, the economy ends up with $,SO after a
finite number of periods. See Proposition 2 below.
12. More precisely, the poorest individual will strictly prefer to invest in the risky project if and only if:
But the L.H.S. of the above inequality is greater than

since p(0) > a/2. That iar - 1 > n is in turn clearly implied by Assumption 3.
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removes the difficulties that might result from credit-rationingI3 and thus guarantees convergence of the economy to a no-growth/low interest rate steady-state equilibrium. In
making such an assumption, we are de facto focusing our attention on the most favourable
case for trickle-down.I4 Nevertheless, as we shall argue in Section 6 below, even in that
case, laissez-faire trickle-down does not work optimally and therefore it leaves room for
efficiency improving redistribution policies. So, let us assume
Assumption 4

One can then establish
Proposition 2.
finite time.
Proof.

Given Assumptions 3 and 4 the cost of capital A, converges to 1 in

See Appendix.

I/

In words, as more capital is accumulated (and is accumulated quickly enough) there
are more and more funds available in the economy to finance a smaller and smaller pool
of borrowers. Thus the equilibrium lending terms are progressively shifted in favour of
borrowers.
This effect of capital accumulation on the evolution of A, can give rise to a Kuznets
curveI5 type relation between growth and wealth inequality: indeed, to the extent that in
the early phases of development the lending terms are favourable to the lenders (A, is
initially high if aggregate wealth is small) the wealth of rich lenders (with w > 1) grows
relatively faster.I6 In later stages of development we know from Proposition 2 that lending
terms become more favourable to borrowers so that the wealth of the middle-class tends
to catch up with that of the rich whilst an increasing fraction of the poor can borrow and
thus invest in their own individual projects.'7 In other words, initial phases of growth tend
to increase inequalities while later stages tend to reduce them. This Kuznets effect is
reinforced by the existence of capital market imperfections, since the higher the cost of
capital, A,, the more rapidly the (second-best) probability of success p(w) increases with
the initial wealth of borrowers w. Whereas the first-best probability of success is the same
for all investors and equal to a (see Aghion and Bolton (1993)).
13. This assumption does not rule out credit rationing everywhere along the adjustment path, but it rules
out credit rationing for low enough interest rates: that is, assumption A4 implies that y(A,) 20 for A, sufficiently
close to I.
14. Indeed, in less favourable cases where there is a multiplicity of steady-state equilibria, some of these
steady-states are necessarily inefficient (from the point of view of surplus maximization) and therefore reflect
immediately a failure of the trickle-down mechanism.
15. See Glomm-Ravikumar (1994) for a good survey of recent theories of the Kuznets curve.
16. This is all the more true since the less favourable lending terms for the middle-class borrowers has a
negative effect on their effort supply relative to the first best effort.
17. The emergence of a Kuznets curve in our model depends on the entrepreneurial technology having
decreasing returns for high values of k. The introduction of increasing returns or of technological progress
opening new investment opportunities to the rich, tend to counter the Kuznets effect obtained in this model.
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5. THE LIMIT WEALTH DISTRIBUTION
In this section we determine the long run behaviour of the wealth distribution in the
general case where O < a < 1, under Assumptions 1 and 3. We know from Proposition 2
that when these assumptions hold, A,+1 in finite time. Accordingly, our analysis here
starts at the earliest date for which A, = 1. We denote that date T. We begin by considering
the long run evolution of lineage wealth for a single lineage in this economy. We show
that the probability distribution of lineage wealth converges to a unique stationary distribution. This stationary distribution can be interpreted as the long run wealth distribution
for the economy since all lineage wealth processes are identically and independently distributed, and since there is a continuum of lineages. To establish the convergence of the
probability distribution of lineage wealth to a unique stationary distribution we appeal to
recent results of convergence for monotonic Markov processes in Hopenhayn and Prescott
(1992). The evolution of lineage wealth when A,= 1 is entirely described by

where

f (w, O)=max (0, (1 - 6)(w- 1))

[Recall that 8 , ~ { 01)
, is an i.i.d. random variable that refers to the high yield project
being successful (8,= 1) or unsuccessful (8,= 0) ; and that prob (8, = l/w) =p(w) =
1 - prob (8, = O/w) for all w.]
Let @ denote the highest sustainable wealth level, defined by: f (w, 1) =I?, i.e.
13= (r - l)(l - 6)/6-' (see Figure 6 below) ; let W= [0, w] and let R denote the set of
Borel subsets of W.
Given that the random variable 8, is i.i.d., the stochastic process of lineage wealth
described by (5.1) is a stationary linear Markov process. The corresponding transition
function : P : W x R +[O, 11 is simply defined by
P(w, A) = prob { f (w, 8) EA), for all Bore1 subsets A ER.

(5.2)

We shall describe the long run dynamic behaviour implied by P ( . , . ) by determining
the existence of a unique invariant distribution G.
Notation. For any wealth distribution G(. ), let T*G(.) be the Markov transformation of G defined by

S

T*G(A) = P(W, A ) ~ G ( w ) ,

(5.3)

for all Borel subsets A c W.
Definition. A wealth distribution G on W is invariant for P if for all Borel subsets
A c W, one has the equality

To see intuitively why an invariant distribution G(- ) exists for our Markov process
of lineage wealth it is helpful to look at Figure 6.
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As can be seen from Figure 6, if lineage wealth at some date t is such that w,> 13,
then in finite time it can only shrink to a level less than or equal to @, the highest sustainable
wealth level. This wealth level can only be maintained if the high-yield project's returns
are the highest possible. Once lineage wealth is less than or equal to @ it can never exceed
@ but the Figure 6 suggests that it may take any value in the interval [0, $1 with positive
probability. Thus, any (measurable) subset of [0, @] may be visited an infinite number of
times on average by the lineage wealth w,. In the theory of Markov chains with a finite
number of states existence of a unique invariant distribution is obtained only if the state
variable can move from any recurrent state to any other with positive probability (see for
example Cinlar (1975)). The above figure suggests that wealth lineages may move from
any (measurable) subset [0, @I to any other (measurable) subset of [0, @I and thus one
might expect this Markov process to have a unique invariant distribution.
As it turns out, one can indeed establish the following result.

Proposition 3. There exists a unique invariant distribution G for the Markov process
corresponding to P(w, A ) . Moreover, for any initial wealth distribution Go, the sequence
(T*)"(G~)converges "weakly"18 to G.
ProoJ:

See Appendix.

/I

The proof is a straightforward application of Hopenhayn and Prescott's (1992)
analysis of existence, uniqueness and convergence properties of monotonic stochastic
processes. Indeed, an immediate consequence of Proposition 0 (that is, of the fact that
effort supply is increasing in wealth) is that the transition function P(w, A ) is increasing
in w in terms of first-order stochastic dominance.
The unique invariant distribution G derived in Proposition 3 satisfies the following
equation

18. The term "weakly" refers to the weak-* topology on the set of wealth distributions over the interval

[O,@I.
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where :

and

In particular, when 0 < a < 1, the unique stationary distribution G has full support on
[0, $1, so that some wealth inequality remains in the long run. Therefore, despite the
trickle-down nature of growth in this model, wealth inequalities cannot be completely
eliminated in the long run. One might be tempted to argue, however, that the long run
wealth inequalities are unimportant since the Markov-operator T associated with the
transition probability P is ergodic, which means that in the long run all lineages fare
equally well on average. It is therefore unnecessary or even counter-productive, one would
argue, to redistribute wealth in the long run. If all lineages are equally well off on average
in the long run then on the basis of distributive justice alone there seems to be little reason
to redistribute wealth. Moreover, a one-time distribution can only have temporary effects
as the distribution of wealth tends to move back towards the stationary distribution.
However, we shall argue in the next section that permanent redistribution policies
can improve the productive efficiency of the economy. By redistributing wealth the government can equalize opportunities of investment and thus improve productive efficiency. To
illustrate this point we shall compare the stationary distribution obtained in our economy
with the stationary distribution obtained in a first-best-economy.

6. THE CASE FOR A PERMANENT REDISTRIBUTION O F WEALTH
In a first-best world, a borrower can commit to choosing effort level p = a.I9 Thus, wealth
accumulates faster over time than in a second-best economy where p(w) <a for all w < 1.
Moreover, it is straightforward to establish a stronger result than Proposition 2 for the
first-best economy; that is, under weaker assumptions than 3 and 4, there exists T < co
such that J," wdG, (w) > 1 and A, = 1 for all t 2 T. As in the second-best economy, one can
show that the stationary Markov process of lineage wealth for the first-best economy has
a unique invariant probability measure. Thus, we can define the stationary wealth distribution for the first-best economy, as follows

We are now in a position to compare the stationary wealth distributions in the first-best
and second-best economies, GFB and GSB, where GFB is given by T:BG= G and GSB is
defined by T*G= G.
19. How can a borrower commit to choosingp=a? In practice this is often impossible but one can imagine
a world in which the borrower's choice of effort can be easily monitored at low cost; then, for example, the
loan contract can specify that the borrower may not obtain the payoffs (net of repayments) from his/her
investment if he/she is seen not to choose p = a. The threat of such a punishment is clearly more effective when
the agent borrows less since then his/her payoffs (net of repayments) are higher. Thus, as long as monitoring
of effort involves costs an agent wishing to borrow less is going to be served before an agent wishing to borrow
more since the lender must incur smaller costs of monitoring for the agent borrowing less.
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Proposition 4. The second-best stationary distribution is dominated by the first-best
stationary distribution :

GsB(w) 2 G,(w)

for all w,

the inequality being strict for all w < r(1- 6).
Proof.

See Appendix.

11

In steady-state equilibrium the second-best economy has both a lower output per
capita and a wealth distribution which puts more weight on poorer individuals than the
first-best economy (the latter observation follows from the fact that in steady state both
wealth distributions have the same support). The source of the problem is, of course,
moral hazard with limited wealth. Because borrowers cannot appropriate the full marginal
return of their effort-investment, they tend to underinvest in effort and therefore they tend
to get lower expected returns than wealthier agents who do not need to borrow to invest.
There is a natural policy response available to correct this productive inefficiency: redistribute wealth permanently from the rich lenders to the poor and the middle-class who
need to borrow funds to invest. The positive effect of such redistribution is to equalize
opportunities by letting all agents have access to profitable activities on similar terms.
Note that redistribution is desirable here not because it is an ex-post Pareto-improvement,
but because it increases productive efficiency2'.
One might argue that redistribution is undesirable, because of the disincentive effect
it might have on effort supply of the rich and because redistribution could be undone by
a corresponding change in individuals' bequest decisions.
Concerning first the issue of effort supply, one can easily design a redistribution policy
that increases the output and effort of the subsidized borrowers by more than it decreases
the output and effort of the taxed rich, thereby increasing aggregate productive efficiency
of the overall economy. For example, suppose that, starting from the second-best invariant
distribution GsB, the government imposes a profit tax on the returns r earned by a unit
mass of rich individuals and uses the proceeds of this tax in order to increase the initial
wealth of a unit mass of borrowers from w to say w E . Since only a fraction a of rich
investors do generate positive returns r on their risky investments, each successful investor
must pay a profit tax at least equal to &/a if the government's budget balance is to be
preserved. Let p, and pk denote the effort of a rich individual respectively before and after
the above redistribution policy has been introduced. Similarly, let pp and pl, denote the
effort supplied by a borrower with initial wealth w respectively before and after the subsidy.
We have2' C'(p,) = r and C'(p',) = r - &/a hence

+

20. Pareto-improvements can always be achieved through private contracting. No state intervention is
necessary for redistribution unless some agents are made worse off (ex-post) by the redistribution policy. This
is typically what happens in this model. Note also that state invervention may be justified even when it does
not achieve a Pareto-improvement. A good example of such state invervention is enforcement of property rights.
Any tightening of enforcement of property rights benefits the owners but hurts the thieves. Thus, such a tightening
is not Pareto-improving.
21. Note that future expected subsidies in the event that an agent does badly do not affect effort supply.
The reason is once again that we do not assume a Ricardian model of bequests. We have assumed a "warmglow" motive for bequests, so that an increase in future subsidies of poor children does not reduce the parents
incentive to accumulate wealth.
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and C'(pp) = r -p(w)(l - w), C'(p>) = r -p(w

+ &)(I- w + E), hence

r
a

z- hl(w)&for E sufficiently small,
where

That p>-pp > p R-pk simply follows from the fact that hl(w) = (2/ra)(l /h(w)) > 2/a, so
that

We thus obtain a net gain in aggregate productive efficiency from a policy that would
permanently implement the redistribution suggested in this example.22In addition, since
individual preferences over bequests are assumed to be "warm-glow", a [proportional]
tax on beginning of period wealth of rich individuals would reduce the disincentive effects
of taxation on the rich relative to those given in the example.
This brings us to the second potential objection to redistribution, that subsidies and
bequests may be perfect substitutes. However, when parents have "warm-glow" preferences
for bequests, we know from Andreoni (1989) that bequests and subsidies are imperfect
substitutes. Therefore the disincentive effect of subsidies on bequests will not be complete.23
It is worth noting here that empirically the "warm-glow'' model of bequests tends to
perform better than the Ricardian model. For example one prediction of the Ricardian
model is that in a growing economy (with technical progress) bequests should be negative
on average. Similarly, parents should leave more to the worst-off children. None of these
predictions are empirically verified. Note that the "warm-glow" model would predict
positive bequests even in a growing economy and equal division among children even
when the latter are not equally well off.
An important consequence of Proposition 3 is that one shot redistributions cannot
have long-lasting effects in the sense that they do not affect the unique invariant distribution
G s e This in turn follows from the convergence result. Permanent redistribution policies
must be set up in order to durably improve the efficiency of the economy in steady statez4.
Temporary redistribution policies may, however, help the economy achieve its long-run
steady-state faster; in other words, the government can improve productive efficiency
along the growth-adjustment path.
22. This example may seem to rely heavily on the cost function C ( p ) being quadratic. However its conclusion can easily be generalized to the case where C is sufficiently convex.
23. Even if agents had Ricardian preferences, subsidies and bequests are not necessarily perfect substitutes
because parents may be wealth constrained and thus unable to borrow to bequeath to their children. In that
case they won't cut back their bequests when their children receive a greater subsidy.
24. The idea that redistribution policies may have positive incentive effects has already been suggested by
Bernanke and Gertler (1990), among others. However their discussion does not take into account the lending
side of the capital market. In particular, it ignores the potential disincentive effects that redistribution might
have on the lenders. Moreover, their analysis remains purely static and does not distinguish between a one-shot
and a permanent redistribution policy.
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To see this, let MI be the aggregate wealth in period t. Then M,+ I in the second-best
economy is given by

It is clear from this expression that the growth rate [M,+I- M,/MI] depends not
only on the stock of wealth in period t but also on its distribution. Thus, the process of
capital accumulation affects and is affected by the distribution of wealth. In the first-best
economy, on the other hand, the growth rate is not affected by the distribution of wealth.25
To see this, formally replace GI by v, 5 G,,p(w) by a zp(w) and A, by ((ra/2) - n) 2 A, in
(6.5), to obtain

Comparing (6.5) and (6.6) one observes that growth in the second-best economy is always
slower than in the first-best economy. However, through (costless) redistribution of wealth
one can always achieve the first-best growth rate in the second-best economy. If per capita
wealth M I < 1, the first-best growth rate is achieved by letting a mass MI of agents start
out with w = 1 and the other agents have w = 0. This form of redistribution may actually
increase inequalities.26 If M,> 1, the first-best is achieved by letting all agents have
w = MI. That is, the first-best is achieved by implementing perfect equality.

APPENDIX
Proof of Proposition 1
Let

Using the formula for p*(w), we have for all A

Hence

which in turn implies that

25. That the distribution of wealth does not affect the aggregate wealth M I + , in the first-best is not
surprising since all individual investors supply the same effort p = a and achieve the same random return (r with
probability a, 0 with probability 1 - a ) independently of their initial wealth. This is no longer true in the secondbest world where a borrower's probability of success p(w) is strictly increasing with her wealth kv.
26. The need for such (inequality increasing) redistribution within the wealth interval [0, 11 disappears if
one allows for lotteries: in that case the unique invariant distribution should have mass points at 0 and 1, but
the negative incentive effects of borrowing for those agents with wealth w=O would still call for redistribution
of wealth away from rich lenders (with w > 1).
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Now we know from Lemma 1 that the wealth level +(A) at which individuals are indifferent between
borrowing and lending, satisfies equation (3.7), or equivalently
V(p(+)A)) = A, + n.
The proof of Proposition 1 is now straightforward: first, the two wealth schedules w(A) and @(A) intersect
at a market rate A* such that
V(P(W(A*)))= V(P(+(A*))).
Using equations (Al) and (A2), we obtain the unique solution
~*=iar-n-1.
Using equations (Al) and (A2), again, we have, for all A,>A*

or: @(A,)> w(A,) since both V and p are increasing over the relevant range of variables. Similarly, whenever
w(A,) $0. This completes the
A, <A* we must have +(A,) < w(A,) by the same reasoning. Finally, A, $ar/4
proof of Proposition 1. 11
Proof of Proposition 2
The proof proceeds in three steps.
Step 1. The cost of capital A, cannot remain above 1/(1- 6 ) for more than afinite number of periods.
Suppose indeed that A,> 1/(1-6) for infinitely many t.
Then all investors in risky projects would see their expected lineage wealth increase over time, by an amount
uniformly bounded away from zero.
More formally, if w, denotes the initial wealth of an investor (w,L$,), we have, when A,> 1/(1- 6 ) :

The last inequality follows from the fact that p(0) = A/p(O) 2 2 A l r .
Also, whenever A,> 1/(1-6), the fraction of the population with wealth w,>$, is uniformly bounded
away from zero. To see this, suppose instead that the fraction of investors was not bounded away from zero.
One could then exhibit a subsequence ( t k ) from the infinite set {t/A, > 1/(1- 6 ) } , such that the total mass of
; dG,,+O as tk+m. But then, as tk+m, there would eventually be an excess supply of funds unless
investors 1
A,,+ 1. ~ o G e v e r having
,
A,,+ 1 contradicts the fact that A,, > 1/ ( I - 6 ) for all tk.
It follows from the above two remarks that whenever A,> 1/(1-6), the total wealth of investors will
increase by an amount which is uniformly bounded away from zero. In all other periods where A,$1/(1-6)
investors (i.e. with initial wealth w,>$,) will still get richer on average, although by a smaller amount:
E(w,+,/w,>$,)-w,ZA,(l-6)Zl-8>0,since A, is bounded below by 1.
Thus if A,> 1/(1-6) for infinitely many t, the total wealth of investors would go to ( + a ) over time, so
for t sufficiently large there would necessarily be excess supply of funds in the economy; this in turn implies
that A, cannot remain indefinitely above 1/(1- 6 ) . /I
Step 2.

Under assumption A4, there cannot be credit-rationing when A,€ [l, 1/ ( I - 6 )]

Indeed, credit rationing can only occur at wealth levels less than w(A,). But since the w(.) function is
increasing in A, we have w(A,)sw(l/(l- 6 ) ) for A , s 1/(1- 6 ) . Finally, by Assumption 4, w ( l / ( l - 8 ) ) < 0 .
This establishes Step 2.27 I/
Step 3. A,= 1for t sufficiently large.

27. A weaker condition for avoiding credit-rationing is, from Proposition 1:
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This step follows immediately from: (a) Assumption 3 which implies that, abstracting from credit-rationing
considerations, the cost of capital A, shall converge to 1 in finite time; (b) Assumption 4, which rules out the
possibility of credit-rationing for A, 5 1/(1 - 6 ) ; (c) Step 1, which guarantees that A, falls below 1/(1 - 6 ) in
finite time. This establishes Proposition 2. 11
Proof of Proposition 3
Lemma 1. (Monotonicity of P ) The transition function P(w, A) is increasing in itsjirst argument w in the
following
(jirst-order stochastic dominance) sense: For
all (w, w') E w2, w $ W' => VX E W,
P(wl, 10, XI)SP(w, 10, XI).

Proof of Lemma 1. This follows immediately from Proposition 0. More specifically, we have for all
(x, W)Ew2
P(w, [O, XI)= ~ ( w ) l f l ~ , l ,(1< -~(w))l,lw,o'<.~,
~+
where
Inn,.e)cx

=1

iff(w, 0) < x

=O otherwise.

Thus, for all (w, w ' ) ~w2 such that w ' z w, we get

The first term is negative sincep(wf)zp(w) [Proposition 0] and f (w, 1) >f (w, 0) (success is better than failure).
The second and third terms are also negative since f (w', 0) g ( w , 8 ) for w'z w.
This establishes Lemma 1. //
Lemma 2. (Monotone Mixing Condition) The monotonic transition function P satisjies the following
property:
For any w*E(O,W) there exists an integer m such that:

P"'(0, [w*, $1) > 0 and P ( W , [0, w*]) > oZ8.
In words, even the poorest individual will have his lineage wealth end up above w* after m consequent successes;
similarly, even the richest individual will have his lineage wealth end up below w* after m consequent failures.
Proof ofLemma 2. Take any w * ~ ( 0W).
, Then, since (f (w, 1) -w) is always strictly positive and continuous on [0, w*], it remains uniformly bounded below by some positive number a . Thus, there exists an integer
nl such that: n 2 nl of'"'(0, 1) > w* , where f ( . , 1) denotes the n-th iterate off ( . , I ) . ' ~
Similarly, since [w- f (w, O))] is strictly positive and continuous on [w*, 4 , it remains uniformly bounded
0) <w*, where
below by some positive number p. Thus, there exists an integer no such that: n z n o of In'($,
f '"I(. , 0) denotes the n-th iterate off ( . ,0).
Let m =max (no, nl ). We have

'"'

and
P(W, [0, w*]) 2 (1 -p(W))"'>O.
This establishes Lemma 2.

/I

From here on, the proof of Proposition 3 proceeds in two immediate steps.
28. where F ( w , A) denotes the probability of reaching A from w after m generations (i.e. after m iterations
of the Markov Process defined by P).
29. nl is less than or equal to the smallest integer n such that n . a > w*. Similarly no is at most equal to
the smaller integer n such that W - np < w*.
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Step 1. Existence

The existence of an invariant distribution G for the Markov process defined by P(w, A) follows immediately
from the monotonicity of P established in Lemma 1 and from Hopenhayn-Prescott's Corollary 4. 11
Step 2.

Uniqueness and Convergence

This step follows from the monotonicity of P (Lemma I), its monotone mixing property (Lemma 2), and
Hopenhayn-Prescott's theorem 2 and Corollary 2.
Proposition 3 is now fully established. 11
Proofof Proposition 4 From (5.4) and (6.1) we have

Since y(w, 1) < y(w, 0)30and p(x) $a, we have
T*GsB(w)= GSB(W)L TZBGSB(w),
with a strict inequality if y(w, 1) < 1 or equivalently if w < r(l - 6 ) .
Since TB
: is increasing we also have
TZBGSB(W)
L TA ( T:BGsB(w)),
and more generally
T&GSB(w)2 T:iGsB(w), for all n > I.
(T*" denotes the n-th iterate of T*).
Since T:iGsB converges weakly to G, when n + + w (as in Proposition 3), we know that eventually
GsB(w) 2 GFB(w)for all w, with a strict inequality for w < r(l - 6 ) . This establishes Proposition 4. 11
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