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Abstract

We investigate a new research area: we are interested in the ultimate thermodynamic cost of computing from x to y. Other than its fundamental importance, such research has potential implications in miniaturization of VLSI chips
and applications in pattern recognition.
It turns out that the theory of thermodynamic cost of computation can be
axiomatically developed. Our fundamental theorem connects physics to mathematics, providing the key that makes such a theory possible. It establishes
optimal upper and lower bounds on the ultimate thermodynamic cost of computation.
By computing longer and longer, the amount of dissipated energy gets closer
to these limits. In fact, one can trade time for energy: there is a provable timeenergy trade-o hierarchy. The fundamental theorem also induces a thermodynamic distance metric. The topological properties of this metric show that
neighborhoods are sparse, and get even sparser if they are centered on random
elements. The proofs use Symmetry of Information in a basic way.
These notions also nd an application in pattern recognition. People have
been looking without success for an objective notion of cognitive distance to
account for the intuitive notion of `similarity' of pictures. Thermodynamic
considerations lead to a recursively invariant notion of cognitive distances. It
turns out that the thermodynamic distance is a universal cognitive distance
which discovers all e ective features used by any cognitive distance whatsoever.
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1 Introduction
Computers can be regarded as engines that dissipate energy in order to process information. The ultimate limits of miniaturization of computing devices, and therefore the speed of computation, are governed by unavoidable heat increase through
energy dissipation. Such limits have already been reached by current high density
electronic chips [18]. Therefore, the question of how to reduce the energy dissipation
of computation determines future advances in computing power.
In the early fties, J. von Neumann [22] thought that a computer operating at
temperature T must dissipate at least kT ln 2 Joule per elementary bit operation
(about 3  10?21 J at room temperature), where k is Boltzmann's constant. Around
1960, R. Landauer [14] more thoroughly analyzed this question and concluded that
it is only `logically irreversible' operations that must dissipate energy. An operation
is logically reversible if its inputs can always be deduced from the outputs. Erasure of
information is not reversible. Erasing each bit costs kT ln 2 energy, when computer
operates at temperature T . Solidly based on principles of physics, we develop a
mathematical theory of the thermodynamic cost of computation.
 Firstly, the minimum thermodynamic cost of a computation is the sum of
the energy involved in the providing (inverse erasure) the extra bits required in the
course of a computation plus the destroying (erasure, [5]) of the generated garbage
bits. This corresponds to the nonreversible part of the computation, and according
to Landauer's principle only this nonreversible part of computation dissipates heat.
We axiomatize this in terms of e ective computations. Our \Fundamental Theorem"
gives tight upper and lower bounds on the ultimate limits of the thermodynamic cost
of e ective computations, and makes a full theory of thermodynamics of computation
possible.
 It has been stated before on the evidence of physical analogies that slow computations may dissipate less energy|like slower moving billiard balls in water generate less friction, [5]. We mathematically prove this statement to be true: there
is a proper time-energy trade-o hierarchy of diminishing energy costs using increasing time of computation. Essentially, like in real life, garbage (like disposable
information) needs to be compressed before it is destroyed, and this costs time.
 An e ective distance is a distance which can be computed by a Turing machine.
To compute an e ective distance we have to spend some minimal thermodynamic
cost, the e ective thermodynamic distance. Thermodynamic distance is symmetric
and induces a distance metric. We analyze the topological properties of this metric.
This topology is sparse: each d-ball contains at most 2d elements. (Compare this
with a 1-ball around each x 2 f0; 1gn contains n elements in f0; 1gn for Hamming
distance.) The more random an object is, the less elements of the same size there
are in a d-ball around it; if it is completely random then this number of elements is
about 2d=2 . Finally, in each set of size d almost all pairs of elements have distance
2d (which is also the maximum if the set is recursively enumerable).
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 Given two pictures, are they similar? Answering such question is all what
Pattern Recognition is about. Whatever we mean by picture similarity or picture
distance is the rst fundamental question that must be dealt with in pattern recognition. For example, Hamming distance is way o between positive and negative
prints of the same image: in this case, Hamming distance is the largest, while the
pictures are cognitively close to human eyes.
This is a question about cognition. Up till now no objective measure for cognitive
distance has been found [23]. Intuitively, the minimal cognitive distance between
two objects corresponds to the minimal amount of work involved in transforming
one object into the other|by brain or computer.
The thermodynamic cost measure readily induces a mathematical theory for a
recursively invariant notion of cognitive distance that was seemingly unde nable for
the long history of pattern recognition. We show that the class of cognitive distances
contains a universal cognitive distance, which turns out to be the thermodynamic
distance. This universal cognitive distance minorizes all cognitive distances: if two
pictures are d-close under some cognitive distance, then they are O(d)-close under
this universal cognitive distance. That is, it discovers all e ective feature similarities
between two objects.

1.1 Related Work

There is a large body of proposals for e ective physical realization of (almost) energy
free reversible computing. Among others, this has been analyzed with respect to
bistable magnetic devises for reversible copying/canceling of records in [14] and
Brownian computers [12], for Turing machines and Brownian enzymatic computers
[3, 4, 6], with respect to reversible Boolean circuits by [9], for molecular (billiard ball)
computers by [21], Brownian computing using Josephson devices in [16], quantum
mechanic computers in [1, 2, 17] and notably by R. Feynman [7, 8]. All these models
seem mutually simulatable. For background information, see [5].
In the last three decades there have been many partial precursors and isolated
results to the complete mathematical theory developed in this paper. However, it
is the formulation of our Fundamental Theorem E (x; y)  K (xjy) + K (yjx) that
provides the key to the theory of thermodynamics of computation. Technically, this
theorem is also nontrivially stronger than, and implies all, previous results on this
issue which are comparable. Informally, E (x; y) is the optimal thermodynamic cost
of computing y from x, and K (xjy) is the length of the shortest e ective description
of x given y.
At least in [5] Kolmogorov complexity was used in the analysis of reversible
computing. In [19] a Kolmogorov complexity based metric for picture similarity was
proposed (which is too complex), without clear justi cation or further results. One
of us, stimulated by that paper, proposed (but did not publish) the proper de nition
K (xjy) + K (yjx) of universal cognitive measure (presented in this paper) in 1988,
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but did not obtain any further results on it. With respect to cognitive distance,
we are not aware of further comparable work: all previous work involves ad hoc
approaches, and no objective measure has been proposed [23].
The closest in spirit, and most important stimulation, is the work of W. Zurek [25].
Since he does not provide a formal model, and charges costs in di erent ways in
di erent places, we need to interpret his work in our model to obtain a proper comparison with our results. He established that the ultimate thermodynamic cost of
erasure of a record x, provided the shortest program of length K (x) for x is given,
has an upper bound of K (x) (units of kT ln 2). Since we charge both for the provided bits and for the erased bits, this says E (x; )  2K (x). Moreover, he gives a
lower bound on the thermodynamic cost of computing y from x of K (xjy). In our
terminology this is E (x; y)  K (xjy). He gives a thermodynamic distance assuming
that K (xjy) + K (yjx) bits are provided, which also have to be erased. This shows
E (x; y)  2K (xjy) + 2K (yjx) (his information metric).

2 Thermodynamics of Computation
Many physical realizations of reversible computing devices, dissipating almost no
energy in theory, have been proposed (see references in Section 1.1). For example, one basic issue is that almost energy free copying of records, and cancelling of
one record with respect to an identical record provided it is known that they are
identical, is physically realizable. Such operations are logically reversible, and their
energy dissipation free execution gives substance to the idea that logically reversible
computations can be performed with zero energy dissipation.
According to currently accepted physical viewpoints that the unavoidable thermodynamic cost, incurred by a computation which replaces input x by output y, is
at least the number of irreversibly erased bits, each unit counted as kT ln2.
Complementary to this idea, if such a computation uses initially irreversibly
provided bits apart from input x, then they must be accounted the same cost as that
for irreversible erasure. Namely, providing extra records from external media can
be viewed as irreversible inverse erasure: to get rid of them we have to irreversibly
erase them. Because of the reversibility of the computation, we can also argue by
symmetry. Namely, suppose we run a reversible computation starting when memory
contains input x and additional record p, and ending with memory containing output
y and additional garbage bits q. Then p is irreversibly provided, and q is irreversibly
deleted. But if we run the computation backward, then the roles of x; p and y; q are
simply interchanged.
Thus, we consider the following axioms as the codi cation of abundant concrete
evidence in the form of a formal basis on which to develop a theory of computation
thermodynamics in the manner of statistical mechanics or thermodynamics.
Axiom 1 Reversible computations do not incur any thermodynamic cost.
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Axiom 2 Irreversibly provided and irreversibly deleted bits in a computation incur

unit cost each.
Axiom 3 In a reversible computation which replaces input x by output y, the input
x is not irreversibly provided and the output y is not irreversibly deleted.
Axiom 4 All physical computations are e ective.
We emphasize that the rst three axioms are solidly based on principles of
physics. Axiom 4 is simply a form of Church's Thesis: the notion of physical computation coincides with e ective computation which coincides with the formal notion
of Turing machines computation.
We will be talking about the ultimate limits of energy dissipation by computation. Since these limits will be expressed in the number of bits in the irreversibly
provided records and the irreversibly erased records, by Axioms 1{3, we consider
compacti cation of records. Rather as in analogy of garbage collection by a garbage
truck: the cost is less if we compact the garbage before we throw it away.
The ultimate compacti cation which can be e ectively exploited is expressed in
terms of Kolmogorov complexity. This is a recursively invariant concept, and to
express the ultimate limits no other notion will do. Consequently, this mundane
matter of energy dissipation of physical computation is unavoidably linked to, and
expressed in, the pristine theoretical notion of Kolmogorov complexity.

2.1 The Invariant Notion of Thermodynamic Cost

We need the following notion. The Kolmogorov complexity, [13, 26, 15], of x is the
length of the shortest e ective description of x. Formally, this can be de ned as
follows. Let x; y; z 2 N , where N denotes the natural numbers and we identify
N and f0; 1g according to the correspondence (0; ); (1; 0); (2; 1); (3; 00); (4; 01); : : : .
Hence, the length jxj of x is the number of bits in the binary string x. Let T1 ; T2 ; : : :
be a standard enumeration of all Turing machines, let 1 ; 2 ; : : : be the enumeration
of corresponding partial recursive functions. So Ti computes i . Let jTi j be the
length of self-delimiting code for Ti . Let <  > be a standard invertible e ective
bijection from N  N to N .

De nition 1 The Kolmogorov complexity of x given y (for free) is
K (xjy) = minfjpj + jTi j : i (< p; y >) = x; p 2 f0; 1g ; i 2 Ng:
Axioms 1-4 leads to the de nition of the thermodynamic cost of a computation as
the number of bits we added plus the number of bits we erased in computing one
string from another. Let R1 ; R2 ; : : : be a standard enumeration of reversible Turing
machines, [3], and let = 1 ; 2 ; : : : be the corresponding standard enumeration of
partial recursive functions.
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De nition 2 Let be a function computed by a reversible Turing machine. The

thermodynamic cost E (x; y) of computing y from x is
E (x; y) = minfjpj + jqj : (< x; p >) =< y; q >g:
We denote the class of all such cost functions by E .

We call an element of E a universal thermodynamic cost function, if for all 2 ,
E 0 (x; y)  E (x; y) + c ;
for all x and y, where c is a constant which depends on but not on x or y.
Standard arguments from the theory of Turing machines show the following.

Lemma 1 There is a universal thermodynamic cost function in E . Denote it by .
Proof. In [3] a universal reversible Turing machine U is constructed. The
0

function 0 is the function computed by U . 2
Two such universal (or optimal) functions 0 and 00 will assign the same thermodynamic cost to a computation apart from an additive constant term c which is
independent of x and y. We select a reference universal function 0 and de ne the
thermodynamic cost E (x; y) of computing y from x as
E (x; y)  E 0 (x; y):
In physical terms this cost is in units of kT ln 2, where k is Boltzmann's constant,
T is the absolute temperature in degrees Kelvin, and ln is the natural logarithm.
Because the computation is reversible, this de nition is symmetric: we have
E (x; y) = E (y; x).

2.2 Ultimate Thermodynamic Cost of Computing y from x

Now let us consider a general computation which outputs string y from input string
x. We want to know the minimum thermodynamic cost for such computation. This
leads to the following theorem, which forms the basis of our theory.

Theorem 1 (Fundamental theorem) Up to an additive logarithmic term ,
1
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Proof. We prove rst an upper bound and then a lower bound.
Claim 1 E (x; y)  K (yjx) + K (xjy) + 2[K (K (yjx)jy) + K (K (xjy)jx)].
Proof. We start out the computation with programs p; q; r. Program p

computes y from x and jpj = K (yjx). Program q computes the value K (xjy) from
x and jqj = K (K (xjy)jx). Program r computes the value K (yjx) from y and jrj =
K (K (yjx)jy). The computation is as follows.
1. Use p to compute y from x producing garbage bits g(x; y).
2. Copy y, and use one copy of y and g(x; y) to reverse the computation to x and
p. Now we have p; q; r; x; y.
3. Copy x, and use one copy of x and q to compute K (xjy) plus garbage bits.
4. Use x; y; K (xjy) to dovetail the running of all programs of length K (xjy) to
nd s, a shortest program to compute x from y. Doing this, we produce more
garbage bits.
5. Copy s, and reverse the computations in Steps 4, 3, canceling the extra copies
and all garbage bits. Now we have p; q; r; s; x; y.
6. Copy y, and use this copy to compute the value K (yjx) from r and y producing
garbage bits.
7. Use x; y; K (yjx), to dovetail the running of all programs of length K (yjx) to
obtain a copy of p, the shortest program to compute y from x, producing more
garbage bits.
8. Delete a copy of p and reverse the computation of Steps 7, 6 cancelling the
super uous copy of y and all garbage bits. Now we are left with x; y; r; s; q.
9. Compute from y and s a copy of x and cancel a copy of x. Reverse the
computation. Now we have y; r; s; q.
10. Erase s; r; q.
We started out with additional shortest programs p; q; r apart from x. We have
thermodynamically erased the shortest programs s; q; r, where jsj = K (xjy), leaving
only y. This proves the claim. 2
Note that all bits supplied in the beginning to the computation, apart from input
x, as well as all bits thermodynamically erased at the end of the computation, are
random bits. This is because we supply and delete only shortest programs, and a
shortest program p satis es K (p)  jpj, that is, it is maximally random.

Claim 2 E (x; y)  K (yjx) + K (xjy).
7

Proof. To compute y from x we must be given a program to do so to start out
with. By de nition the shortest such program has length K (yjx).
Assume the computation from x to y produces g(x; y) garbage bits. Since the
computation is reversible we can compute x from y and g(x; y). Consequently,
jg(x; y)j  K (xjy) by de nition [25]. To end the computation with y alone we
therefore must thermodynamically erase g(x; y) which is at least K (xjy) bits. 2
Together Claims 1, 2 prove the theorem.
2
Erasing a record x is actually a computation from x to the empty string . Hence
its thermodynamic cost is E (x; ), and given by a corollary to Theorem 1.
Corollary 1 Up to a logarithmic additive term, the thermodynamic cost of erasure
is E (x; ) = K (x).

2.3 Trading Time for Energy

In order to erase a record x, Corollary 1 actually requires us to have, apart from
x, a program p of length K (K (x)jx) for computing K (x), given x. The precise
bounds are K (x)  E (x; )  K (x) + 2K (K (x)jx). This optimum is not e ective,
it requires that p be given in some way. But we can use the same method as in the
proof of Theorem 1, by compressing x using some time t. Let K t (x) be the length
of a shortest program xt which can be constructed from x in t steps.

Theorem 2 (Thermodynamic cost of e ective erasure) If t is a time bound
such that K (tjx) = O(1), then erasing an n bit record x can be done at thermodynamic cost K t (x) bits,

Proof. Initially we have input x in memory.
1. Use x to compute t. Copy t and reverse the computation. Now we have x and
t.
2. Use t to dovetail the running of all programs of length less than x to nd the
shortest one halting in time t with output x. This is xt . The computation
has produced garbage bits g(x; xt ). Copy xt , and reverse the computation to
obtain x erasing all garbage bits g(x; xt ). Now we have x; xt ; t in memory.
3. Compute t from x, cancel one copy of t, and reverse the computation. Now
we have x; xt in memory.
4. Erase x using xt by the standard method, and then erase xt irreversibly.
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2

E ective compression methods are given in [20, 24, 11]. For example [11], if L is a
context-free language, then each x in L can be compressed logarithmically in polynomial time. Note that thermodynamic cost in this way introduces another interesting
measure on languages. Languages that dissipate less energy can be accepted faster,
theoretically, than those languages that dissipate a lot of energy (which slows down
the computation).

Corollary 2 A lower bound on the thermodynamic cost of erasure is given by:
E (x; )  tlim
K t(x) = K (x):
!1
Essentially, by spending more time we can reduce the thermodynamic cost of
erasure of xt to its absolute minimum. In the limit we spend the optimal value
K (x) by erasing x , since limt!1 xt = x . This suggests the existence of a tradeo
hierarchy between time and energy. The longer one computes, the less energy one
spends. This can be formally proved.
Let E t (x; y) be the minimum energy computing from x to y in time t. Formally,

E t (x; y) = p;qmin
fjpj + jqj : 0 (< x; p >) =< y; q > in  t(jxj) stepsg:
2N

Theorem 3 (Energy-time tradeo hierarchy) For each y and each large n and

b > 3n=b + O(log n), there is a string x of length n, and t1 (n) < t2 (n) < : : : < tm(n),
such that, for m = n=b,
E t1 (x; y) > E t2 (x; y) > : : : > E tm (x; y):

Proof. For simplicity, here we will only give the proof for y = . Given n, we

will construct a string x satisfying the requirements of the theorem. String x will
be constructed in m steps, and x will contain m blocks x1 ; x2 ; : : : ; xm each of length
b = n=m. The idea is to make these blocks harder and harder to compress. De ne,
for 1  k  m,
tk (n) = 2kn :
In our construction, we will enforce the following things:
 All m blocks can be compressed i given enough time. Precisely, xk can be
compressed to constant size given tk+1(n) time, but xk cannot be compressed
at all given tk (n) time, where n = jxj.
 No \collective compression". I.e., if xk cannot be compressed in time t then
xk : : : xm , as a single string, cannot be compressed in time t either. In the
construction, we will use only pre xes from strings in set Sk which contains
strings that are not compressible at step k.
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The Construction.
Step 0.
Let S0 be the set of all strings of length n, and t0 (n) = 0.
Step k + 1 (for 0  k < m).
Assume that the rst k blocks x1 ; : : : ; xk of x are already constructed and
we have jSk j  2n?kb?2k , where Sk contains strings of length n ? kb which
cannot be computed from programs of size less than n ? kb ? 2k in time tk (n).
We now construct xk+1 using strings in Sk . Let s be the string of length b
such that
jfs0 : ss0 2 Sk gj  2n?(k+1)b?2k :
(1)
Such s exists (Claim 3). Set xk+1 := s.
We now construct Sk+1 from Sk . Let Sk0 = fs0 : xk+1 s0 2 Sk g. We have
jSk0 j  2n?(k+1)b?2k by Equation 1. Simulate each of the programs of length
less than n ? (k + 1)b ? 2k ? 1 for tk+2 (n)=2 steps. Let Sk+1 contain all strings
s of length n ? (k + 1)b such that s 2 Sk0 and s is not an output of above
simulations. We have jSk+1 j  2n?(k+1)b?2(k+1) .
End of Construction.

Claim 3 There is a string s of length b such that
jfs0 : ss0 2 Sk gj  2n? k

b?2k :

( +1)

Proof. If this claim is not true, the number of elements in Sk must be less

than

contradiction. 2

2b 2n?(k+1)b?2k = 2n?kb?2k ;

Claim 4 For each k = 1; : : : ; m, block xk can be generated by a constant sized
program in time n1 tk+1(n),

Proof. To prove the claim, we notice that we can construct Sk in Pki ti(n)
=1

steps. This is less than 21n tk+1(n) steps. Then we can nd xk in less than 21n tk+1 (n)
steps. In total, this is less than n1 tk+1 (n) steps. Thus in time n1 tk+1(n), given k, we
can compute xk by a constant size program. 2

Claim 5 Recall b = n=m.
1

1. K n tk+1 (x)  n ? kb  O(log n).
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2. n ? kb ? 2k  O(log n)  K tk+1 (x).

Proof. We rst prove Item 1, K n1 tk+1 (x)  n ? kb  O(log n). Since n tk (n)
1

+1

is sucient to simulate above construction
to the end of step k by Claim 4, this
1 tk+1
n
produces the rst k blocks of x. Thus K
(x)  n ? kb  O(log n).
We next show that Item 2, K tk+1 (x)  n ? kb ? 2k ? O(log n), by contradiction.
Suppose K tk+1 (x) < n ? kb ? 2k ? p log n, p is a constant large enough. Then in
tk+1 (n) time, with a program of size n ? kb ? 2k ? p log n can print x. Thus a program
of size n ? kb ? 2k ? (p ? 1) log n can print xk+1 : : : xm 2 Sk+1 in time tk+1 (n). This
contradicts to the construction, since the strings in Sk+1 are not compressible in
time tk+1 by more than 2(k + 1) + O(1) bits. 2
With time n1 tk+1 (n), we can compress x to size n ? kb  O(log n). Thus by a
reversible computation, using methods developed earlier in this paper, we need only
to erase n ? kb  O(log n) bits in order to erase x in tk+1(n) time. Precisely,
Claim 6 If in t steps we can compute from s to s0 and from s0 to s, then E O(t) (s; ) 
js0j.
Proof. We show how to erase s by erasing js0j bits in O(t) time.
1. Reversibly compute s0 from s, with garbage g(s; s0 ), using t steps.
2. Copy s , then reverse the computation of Item 1, absorbing the garbage bits
g(s; s ), using at most O(t) steps.
3. Reversibly compute from s0 to s, with garbage g(s0 ; s); then cancel a copy of
s, using at most O(t) time.
4. Reverse the computation of Item 3, absorbing the garbage bits g(s0 ; s), then
remove s0 irreversibly, using at most time O(t).
In total, above erasing procedure uses less than O(t) steps and erases s0 bits. Thus
E O(t) (s)  js0 j. 2
Thus, by Claim 5(1) and Claim 6, we have

E tk+1 (x; )  n ? kb  O(log n):

(2)

On the other hand, with time tk (n), by Claim 5(2), we have

K tk (x)  n ? (k ? 1)b ? 2(k ? 1)  O(log n):
Thus, by a time-bounded version of Corollary 1, we must erase at least n ? (k ?
1)b ? 2(k ? 1)  O(log n) bits. That is,

E tk (x; )  n ? (k ? 1)b ? 2(k ? 1)  O(log n):
11

(3)

By Equations 2 and 3, and the assumption that b > 3n=b + O(log n), we conclude,
for 1  k < m,
E tk (x; ) > E tk+1 (x; ):
2
When y = , Theorem 3 gives a time-energy tradeo hierarchy for erasure.

2.4 Tough Guys Have Less Neighbors, Thermodynamically

A major property of E (x; y) is its symmetry, E (x; y) = E (y; x).
It is easily veri ed that E : N  N ! N is a distance function. Up to
a logarithmic additive term we have E (x; y)  0 with equality only for x = y;
E (x; y) = E (y; x); and E (x; z)  E (x; y) + E (y; z).

De nition 3 We call E (x; y) the thermodynamic distance between x and y.
Random objects x have sparsely populated neighborhoods. Indeed, the following
Theorem 4 says that if x of length n has complexity K (x)  n, then there are at
most 2d=2 elements y of length n within thermodynamic distance d.
The more random a string is, the less number of strings of the same length are
nearby. In fact, an object x must be compressible by d bits so that K (x)  n ? d
before there can be about 2d elements y of length n within thermodynamic distance
d.

Theorem 4 (Topology of Randomness) Let x; y 2 N have length n. For each

x the number of y's such that E (x; y)  d is 2 with
= n + d ?2 K (x)  O(log n);
while n ? K (x)  d. For n ? K (x)  d we have = d  O(log n).
Proof. Let K (x) = n ? (n). In the remainder of the proof all (in)equalities
involving complexities hold up to an O(log n) additional term.
() We show that there are at least 2(d+(n))=2 elements y such that Theorem 4
holds. Let y = x z with jz j = (n) and x is the rst program for x which we nd by
dovetailing all computations on programs of length less than n. We can retrieve z
from y using at most O(log n) bits. There are 2(n) di erent such y's. For each such
y we have K (xjy) = O(1), since x can be retrieved from y using x . Now suppose
we further divide y = uw with juj = l=2 and choose u arbitrary. Then, the total
number of such y's increases to 2(n)+l=2 .
These choices of y must satisfy E (x; y)  d. Clearly, K (yjx)  (n) + l=2.
Moreover, K (xjy)  l=2 since we can retrieve x by providing l=2 bits. Therefore,
K (xjy) + K (yjx)  l=2 + (n) + l=2:
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Since the lefthand side has at most value d, the largest l we can choose is, up to the
suppressed additional term O(log n), given by l = d ? (n).
This puts the number of y's such that E (x; y)  d at least at 2((n)+d)=2O(log n) .
(Since l must be nonnegative, we can at most choose (n)  d, which gives a greatest
number 2d of y's for (n) = d. This corresponds to Theorem 5)
() Assume, to the contrary, that there are at least 2(d+(n))=2+c elements y such
that Theorem 4 holds, with c some large constant. Then, for some y,
(4)
K (yjx)  d +2(n) + c:
By assumption
K (x) = n ? (n); K (y)  n:
By symmetry of information [26]

K (x) + K (yjx) = K (y) + K (xjy);
and substituting we nd
But this means that

n + d ?2(n) + c  n + K (xjy):

K (xjy)  d ?2(n) + c;
which, by Equations 4 and 5, contradicts

(5)

K (xjy) + K (yjx)  d:

2

If we consider strings of all lenghts, then there is a xed approximate number of
y's within optimal thermodynamic cost d of x. This property will be very useful in
de ning cognitive distance.

Theorem 5 (Topology) Let x; y 2 N . For all x the number of y's satisfying
E (x; y)  d is at least (2d ) and at most 2d .
Proof. () Assume the converse. Then for some x and d, the number of y's for

which E (x; y)  d exceeds 2d . Consequently, there is a y0 such that K (y0 jx)  d.
Since E (x; y0 )  K (y0 jx) + K (xjy0 ) and K (xjy0 ) > 0 we have a contradiction.
() Consider the set of y's of the form xpR , where pR is the reversal of a selfdelimiting program p. Then K (xjy) = O(1), K (yjx) = K (pjx) + O(1). Hence,

d  E (x; y)  K (xjy) + K (yjx) = K (pjx) + O(1):
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For any xed x there are at least (2d ) distinct p's which satisfy K (pjx)+ O(1)  d,
and hence there are also that many y's. 2
It turns out that in every set of low complexity almost all elements are far away
from each other. The complexity K (S ) of a set is the length of the shortest binary
program that enumerates S and then halts.

Theorem 6 (Diameter of sets) Let S be a set with K (S ) = O(log d) and with

jS j = 2d . Almost all pairs of elements x; y 2 S have distance E (x; y)  2d, up to an
additive logarithmic term.

Proof.

By the conditions in the theorem, for all x 2 S we have K (x) 
dO(log d). There are 2d ?2d?c elements x in S which have complexity K (x)  d?c.
Let Sc be the set of these x's. For any x in Sc, there are at least 2d ? 2d?c+1 elements
y 2 Sc such that K (yjx)  d ? 2c. By symmetry of information,
K (x) + K (yjx) = K (y) + K (xjy)  O(log d):
Hence, for c = log d we have K (xjy)  d ? O(log d). That is, by Theorem 1, we have
E (x; y)  2d ? O(log d);
for at least
(2d ? 2d?log d )(2d ? 2d?2 log d ) = 22d (1 ? d1 ? d12 + d13 ):
pairs x; y 2 S . 2
A similar statement can be proved for the distance of an x (possibly outside S )
to the majority of elements y in S . If K (x)  n, then for almost all y 2 S we have
E (x; y)  n + d ? O(log dn).

3 Cognitive distance
Let us identify digitized black-and-white pictures with binary strings. There are
many distances de ned for binary strings. For example, the Hamming distance and
the Euclidean distance. Such distances are sometimes okay. For instance, taking a
binary picture, and you change a few bits on that picture, then the changed and
unchanged pictures have small Hamming or Euclidean distance, and they do look
similar. However, this is not always the case. The positive and negative prints of
a photo have the largest possible Hamming and Euclidean distance, yet they look
similar in our eyes. Another example, if we shift a picture one bit to the right, again
the Hamming distance may increase by a lot, but the two pictures remain similar.
Many books on pattern recognition try to de ne picture similarity. But up to
now, no de nition is even close to a satisfactory de nition of cognitive similarity.
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Indeed, we do not even know what we mean by cognitively similar. This is an
intuitive notion which has no mathematical meaning. In fact, the intuitive `cognitive
distance' can hardly be regarded as one de nite measure since di erent people see
things di erently. One man's meat may be another man's poison.
Given two pictures x and y, a rst thought to us was to de ne the distance from
x to y as K (yjx). But then one immediately notices that this is not symmetric. A
few years ago, one of the authors and Zurek [25] proposed measure K (yjx)+ K (xjy).
But why? The solution is in thermodynamics of computation.
To make our approach relevant for human cognition we will assume that human
eyes (and brains) process information like a computer. Such an assumption suces
for arti cial intelligence and pattern recognition in which we deal only with arti cial
eyes and computer vision. We shall equate the work done to compare x with y with
the thermodynamic cost of comparing x with y. E (x; y) is the minimum thermodynamic cost which any e ective process needs to spend in comparing x with y. It is
a recursively invariant objective notion and cannot be improved.
We are ready to de ne cognitive distance. A distance measure must be nonnegative, symmetric, and satisfy the triangle inequality. This is not sucient since a
distance measure like d(x; y) = 1 for all x 6= y must be excluded. For a distance to
make sense, it must be able to discriminate minority of strings that are similar to a
given string x from majority of strings that are not similar to x.
We consider only e ectively computable distances. Our de nition will not be
suitable to situations when a distance function is not computable. For human vision, it may be unclear if man can compute more than computers. But in pattern
recognition and computer vision, our assumption is simply a consequence of universally accepted notions of e ectiveness. This leads to Item 4 in the de nition of
cognitive distance.
The thermodynamic cost of the shortest e ective distance between x and y is
E (x; y). According to Theorem 5, for each x, the number of elements that are within
distance d to x is at most 2d . We want cognitive distance to be thermodynamically
computable, and hence set this number as an upper bound on the number of elements
in a d-ball around x. This requires Item 5 in the de nition of cognitive distance.

De nition 4 Cognitive distance, D, is a total function, N  N ! N , such that
1.
2.
3.
4.
5.

8x; y; D(x; y)  0, with equality holding only for x = y;
Symmetry: 8x; y; D(x; y) = D(y; x);
Triangle Inequality: 8x; y; z; D(x; y)  D(x; z ) + D(z; y);
for each x, the set fy : D(x; y)  dg is recursively enumerable; and
for each x, jfy : D(x; y)  dgj  2d .
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Can the thermodynamic distance metric be expected to behave as a cognitive
metric? Let D be the class of cognitive distances.

De nition 5 ? 2 D is a universal cognitive distance if for each D 2 D, we have
?(x; y) = O(D(x; y)) for all x; y 2 N .

Theorem 7 (Optimal cognitive distance) The function E (x; y) is a universal
cognitive distance function.

Proof.

We rst prove that E is a cognitive distance. Items (1)|(3) of the de nition
are trivially satis ed since E is a distance function. Item (4) is satis ed since E is
enumerable. Item (5) is satis ed by Theorem 5.
Secondly, it needs to be proved that E is optimal. For any D 2 D, by Item
5 of De nition 4, we have jS j  2d , where S = fy : D(x; y)  dg. Given x, we
can recursively enumerate the set S , and identify y by its index in S . Therefore,
K (yjx)  d + O(1). Since D is symmetric, we derive similarly K (xjy)  d + O(1).
Hence,
E (x; y) = K (xjy) + K (yjx)  2D(x; y) + O(1):
2
In this sense, E (x; y) is the optimal cognitive distance. If x and y are d-close
under any cognitive distance D, then they are also 2d-close under E . That is, E
will account for similarity according to any cognitive measure. This distance is the
ultimate e ective similarity criterion.
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