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AbstractThis paper is concerned with the development of techniques for massively parallelcomputation at the molecular scale, which we refer to as molecular parallelism. Whilethis may at �rst appear to be purely science �ction, already Adleman [A 94] has employedmolecular parallelism in the solution of the Hamiltonian path problem, and successfullytested his techniques in a lab experiment on DNA for a small graph. Lipton [L 94] showedthat �nding the satisfying inputs to a Boolean expression of size n can be done in O(n)lab steps using DNA of length O(n log n) base pairs. This recent work by Adleman andLipton in molecular parallelism considered only the solution of NP search problems, andprovided no way of quickly executing lengthy computations by purely molecular means;the number of lab steps depended linearly on the size of the simulated expression. SeeReif [R97a] for further recent work on molecular parallelism and see Reif [R97] for anextensive survey of molecular parallelism.Our goal is to quickly execute lengthy computations by the use of molecular paral-lelism. We wish to execute these biomolecular computations using short DNA strandsby more or less conventional biotechnology engineering techniques within a small numberof lab steps. This paper describes techniques for achieving this goal, in the context ofwell de�ned abstract models of biomolecular computation. Although our results are oftheoretical consequence only, due to the large amount of molecular parallelism (i.e., largezSurface address: Department of Computer Science, Duke University, Durham, NC 27708-0129. E-mail:reif@cs.duke.edu. This paper appears in Seventh Annual ACM Symposium on Parallel Algorithms and Ar-chitectures(SPAA95), Santa Barbara, June, 1995, pages 213-223. Published in Algorithmica, special issue onComputational Biology, 25:142-175, 1998. Supported by NSF/DARPA CCR-9725021, CCR-96-33567, NSFIRI-9619647, ARO contract DAAH-04-96-1-0448, ARPA/ISTO contracts N00014-91-J-1985, and N00014-92-C-0182 under subcontract KI-92-01-0182. This paper in postscript, can be found at http://www.cs.duke.edu/�reif/paper/Molecular.ps and �gures can be found at http://www.cs.duke.edu/�reif/paper/mole.�g.ps .1



test tube volume) required, we believe that our theoretical models and results may be abasis for more practical later work, just as was done in the area of parallel computing.We propose two abstract models of biomolecular computation. The �rst, the ParallelAssociative Memory (PAM) Model, is a very high level model which includes a Paral-lel Associative Matching (PA-Match) operation, that appears to improve the power ofmolecular parallelism beyond the operations previously considered by Lipton [L 94]. Wegive some simulations of conventional sequential and parallel computational models byour PAM model. Each of the simulations use strings of length O(s) over an alphabet ofsize O(s) (which correspond to DNA of length O(s log s) base pairs). Using O(s log s)PAM operations that are not PA-Match, (or O(s) operations assuming a ligation oper-ation), and t PA-Match operations, we can:1. simulate a nondeterministic Turing Machine computation with space bound s andtime bound 2O(s); with t = O(s),2. simulate a CREW PRAM with time boundD; withM memory cells, and processorbound P; where here s = O(log(PM)) and t = O(D + s);3. �nd the satisfying inputs to a Boolean circuit constructible in s space with n inputs,unbounded fan-out, and depth D; where here t = O(D + s):We also propose a Recombinant DNA (RDNA) Model which is a low level modelthat allows operations that are abstractions of very well understood recombinant DNAoperations and provides a representation, which we call the complex, for the relevantstructural properties of DNA. The PA-Match operation for lengthy strings of length scan not be feasibly implemented by recombinant DNA techniques directly by a singlestep of complementary pairing in DNA; nevertheless we show this Matching operationcan be simulated in the RDNA model with O(s) slowdown by multiple steps of com-plementary pairing of substrings of length 2 (corresponding to logarithmic length DNAsubsequences). Each of the other operations of the PAM model can be executed in ourRDNA model, without slowdown.We further show that, with a further O(s)log (1=�) slowdown, the simulations can be donecorrectly with probability 1=2 even if certain recombinant DNA operations (e.g. Sepa-ration) can error with a probability �: We also observe e�cient simulations can be doneby PRAMs and thus TMs of our molecular models.
Keywords: parallel computation, parallel RAM, nondeterministic computation, NP,biomolecular computation, biotechnology, DNA, recombinant DNA.2



1 Introduction1.1 Solving NP Search Problems by Molecular Parallelism.Feynman [F 61] �rst proposed doing computation via molecular means, but his idea was notbrought to test for a number of decades. The Hamiltonian path problem is to �nd a pathin a graph that visits each node exactly once; it is a special case of the Traveling Salesmanwhere the problem is to �nd the shortest such path in a network with positively weightededges. Adleman's technique [A 94] (also see comments of [G 94]) to solve a Hamiltonian pathproblem of n nodes and m edges required O(n +m) lab steps employing short DNA strandswith O(n logn) base pairs (see Subsection 6.1 for de�nition of DNA base pairs). Adleman wasthe �rst to actually do an experiment demonstrating biomolecular computation, solving byhis method the Hamiltonian path problem for a graph of 7 nodes. This was a major milestonein biomolecular computation.Lipton [L 94] showed that �nding the satisfying inputs to a Boolean expression of size ncan be done in a linear number of lab steps. His method used DNA strands with O(n logn)base pairs, and requires a number of lab steps which depends linearly on the size (rather thanthe depth) of the simulated expression. Also, Beaver [B 94] made similar use of molecularparallelism in the solution of the integer factorization problem. These contributions and thework of Adleman in molecular parallelism have considered only the solution of NP searchproblems and provided no way of quickly executing lengthy computations by purely molecularmeans. They all used an exponential number of DNA strands.Applegate and others have solved the Traveling Salesman and Hamiltonian path problemsfor problems of size well over 1,000 cities, by the use of conventional high performance work-stations; these methods avoid brute force search and use instead sophisticated heuristics. Thisindicates that even for exact solutions of NP complete problems we require a more generaltype of biomolecular computation than simply brute force search. For example, we would likethe biomolecular computation to be general enough to implement such sophisticated heuris-tics in parallel. (See also Section 1.3 for a further discussion of independent work and alsosubsequent work since this paper was presented [R 95] in the SPAA95 conference.)1.2 New Results of This Paper.Biomolecular Computations have the potential to make use of molecular parallelism, on a wideclass of computational problems well beyond NP search problems. We show that techniquesused by computer scientists in the design of parallel algorithms may be quite useful in the newarea of biomolecular computation. Since the number of elements within a test tube is limitedto a large �nite number of approximately 1020; our results are of theoretical consequence only,due to the large amount of molecular parallelism required. However, we believe that ourtheoretical models and results may be a basis for more practical later work, just as was done3



in the area of parallel computing.It may also be of interest to biochemists that our low level molecular simulations usecertain technical recombinant DNA techniques similar to those used for plasmids, which aresmall circular DNA found in bacteria (see [OP 94] page 46-69, [WGWZ 92] page 27-28, Sinden[S 94], page 129 and 168). Indeed, our construction was inspired by nature's and subsequentrecombinant DNA engineers' ingenious use of plasmids for various basic DNA manipulations.Potential applications of biomolecular computations considered in this paper include: (1)simulation of sequential space bounded nondeterministic computation, (2) PRAM emulation,and (3) parallel circuit satisfaction.The molecular models of Adleman and Lipton, as well as our RDNA model, restrict match-ing by Separation operations to complementing strings of constant length that correspond toDNA of logarithmic base pair length. This is because in the laboratory, short matches ofcomplementing strings can be done by the usual recombinant DNA techniques, but lengthymatches of complementing strings may be not done with surety.In particular, our RDNA implementations require only Separation operations using com-plementary matching of strings of length 2 which are represented in DNA as short (of lengthO(log s), where the size of the alphabet is O(s) and s is a parameter of the simulations de�nedin the abstract) DNA strings. Our RDNA simulations use encoding techniques to distinguishthe position of matched characters or substrings in strings, so we can e�ectively match longstrings by performing multiple short matches.1.3 Further Recent Related Work.Recently Baum [B 95] has described how to build a large associative memory using moleculartechniques.A number of researchers, including Csuhaj-Varju, Freund, Kari, and Paun [CFKP 95],Rothemund [Ro 95], and Smith and A. Schweitzer [SS 95] recently also independently provedthat a universal Turing Machine can be simulated by recombinant DNA operations, but gaveno proof of a general speed up by biomolecular computation. Beaver [B 95] and Papadimitriou[P 95], and Reif [R 95] independently proved that any lengthy linear space bounded sequentialcomputation can be exponentially speeded up by PMC; in particular, they also showed thatsequential Turing Machine computations with space s and time up to 2O(s) can be simulatedby PMC in polynomial time using constructions similar to our PAM simulation. In particular,Beaver [Be 95], and Papadimitriou [P 95], and our paper Reif [R 95] all made independentuse of the pointer jumping technique, which itself dates to the 1978 work of Fortune andWyllie [FW 78], who gave a parallel simulation of a space bounded TM by a PRAM. Thissame technique of pointer jumping is essential also for our molecular simulations of PRAMs.Baum [B 95] and Papadimitriou [P 95] implicitly assume a molecular model (similar to ourPAM model) for recombinant DNA which can do reliable complementary matching of lengthy(length s) DNA strings in one step; but provide no detailed implementation into DNA to4



justify this assumption. To abide by the molecular models of either Adleman, Lipton, or ourRDNA model, implementations in DNA which do complementary matching of length s DNAstrings in a single step, (without the encoding techniques developed in our RDNA simulation)would appear to be restricted to only very short string segments, in particular of logarithmiclength; thus allowing the simulation of only logarithmic space sequential computations.In contrast, our paper considers simulations in the very high level PAM model, and wehave described in detail its implementation by recombinant DNA operations. The molecularsimulation proof of Beaver [Be 95] may also be feasible. To implement his simulation inDNA, he executes a DNA string-editing operation on length O(s log s) DNA strings usingO(s) recombinant DNA operations, each of which does site-directed (local) mutagenesis (see[WGWZ 92], page 192-193, [OP 94], page 191-206, and Chapter 5 of [SFM 89]).1.4 Organization of the Paper.In the Introduction we have we have reviewed previous results in the solution of NP problemsand Circuit Satisfaction by Molecular Parallelism, and described our proposed applicationsof Biomolecular Computation. In Section 2 we describe abstract models for biomolecularcomputation including the previous Models of Lipton and Adleman, as well as our ParallelAssociative Memory (PAM) Model. In Section 4 we describe fast parallel molecular simulationin our PAM model of lengthy space bounded nondeterministic sequential computations, ofparallel RAMs and satisfaction of circuits.Further, we describe simulations of the PAM model by conventional computation models.In Section 5, we de�ne our Recombinant DNA (RDNA) Model, and we describe implementa-tion of our PAM algorithms in the RDNA model. In Section 6 we describe implementationof our RDNA Model algorithms in recombinant DNA. In Section 7 we discuss some openproblems. In the Appendix Section 9 we discuss recombinant DNA and RNA manipulationtechnology, and the Appendix Section 10 consider the resource bounds limiting BiomolecularComputation.2 Abstract Molecular ModelsHere we discuss a number of abstract models for biomolecular computation. We will �rstdescribe our PAM Model. Then we will brie
y discuss and compare Lipton and Adleman'sbiomolecular computation models and operations. The main di�erence between these modelsis the introduction of the PA-Match operation ./ in our model, which is essentially identicalto the join operation (also denoted ./) for relational databases, except that our PA-Matchoperation is done with respect to encoded strings. Later in Sections 5 and 6 we describe thee�cient implementation of this PA-Match operation by recombinant DNA.5



2.1 The PAM Model for Biomolecular Computation.Here we propose an apparently more powerful abstract model of biomolecular computation,which we call the Parallel Associative Memory (PAM) model. Our PAM model is an extensionof the Model of Lipton [L 94] and Memory model of Adleman [A95] to allow for more dynamicchanges in the memory. In particular, we give (a) an extension of the Separation operationto allow for pattern strings of constant length c0 = O(1); and (b) a Parallel AssociativeMatching (PA-Match) operation. This operation maps naturally to lower-level recombinantDNA operations and distills the computational essence of lower-level operations involvingcomplementary matching.A multiset is a collection of elements that may be repeated. (Set operations such as unioncan be generalized to multisets in the natural way.) A Test Tube T is de�ned to be a multisetwith elements � from a �nite set E . For the PAM Model, it su�ces that an element of a TestTube be just a string used to model the information content of a DNA strand, so we let theset E , of all possible elements a Test Tube, be the set of strings over a �nite alphabet �.We �x the alphabet � = f�0; �1; : : : ; �n�1; ��0; ��1; : : : ; ��n�1g; of 2n distinct symbols wherefor each i; the symbols �i; ��i will be called complements (these will be use to model Watson-Crick complementary pairing). Here n is a parameter used throughout the paper to denote thenumber of distinct complementing symbol pairs in �. For each symbol � 2 �; we also let�� = �i if � = ��i: Note that the � has 2n elements, whereas the number of DNA base pairs is4. Hence a string over � of length k may be used to represent the information content of aDNA or RNA chain of k log4(2n) = k2 log(2n) base pairs.Our PAM model will allow any of the below operations to be executed in one step.1. Merge. Given tubes T1; T2, produce the union T1 [ T2:2. Copy. Given a tube T1, produce a tube T2 with the same contents.3. Detect. Given a tube T , say 'yes' if T contains at least one element and say 'no' if itcontains none.4. Separation. Given a tube T and a string � of length at most c0 = O(1) symbols of �,produce a tube consisting of all strings of T which contain �; and also a tube consisting�This de�nition of the the set E , to be a set of strings over a �nite alphabet, is all we require for ourcomplexity and simulation results for the PAM Model. In general, it may be useful in other Models toallow an element of a Test Tube to be any �xed, �nite representation of a molecule; the representation maybe used to model both the information content as well as certain structural properties of a molecule. Forexample, in our RDNA model, which we de�ne in section 5, an element of a Test Tube is a structure, whichwe call a complex, used to model the information content and certain key properties (such as hybridizationand secondary structure) of the 3D structure of single or double stranded DNA, or RNA that may not wellrepresented simply by linear strings. Other representations for elements of a Test Tubes might be used tomodel key properties of the 3D structure of protein or even inorganic material.6



of all strings of T which do not contain �: To decrease the likelihood of separation errorsby mismatches, we restrict the Separation operation to match with a pattern string �of only constant length; in fact all our simulation results require only that the patternlength be c0 = 2: For example, if the string � is not too long, we can separate all singlestranded DNA of the form ���:5. PA-Match. Given tubes T; T 0, apply the operation ./, de�ned in subsection 2.2, to yieldthe tube T ./ T 0:2.2 Parallel Associative Matching.Let E be the set of all possible elements a Test Tube, which we will view as strings over alphabet� of size 2n: Fix a �nite associative match alphabet A of size a = jAj (not to be confusedwith the alphabet � used by elements of Test Tubes). Let As be the set of strings of lengths over A: For each � 2 As; let E(�) 2 E denote an element of a Test Tube which providesan encoding (i.e., a unique �nite representation) of the string �: Also, for each �; � 2 As; letE(�; �) 2 E denote an element of a Test Tube which provides an encoding of the ordered pairof strings (�; �): Thus E is a mapping from strings and pairs of strings over A to E :For each �; �; � 0; 
 2 As; we de�ne the PA-Match operation ./ to be E(�; �)./ E(� 0; 
)=E(�; 
) when � = � 0; and the operation ./ yields no value if � 6= � 0: Special cases of thePA-Match operation are E(�) ./ E(� 0; 
) = E(
) and E(
; � 0) ./ E(�) = E(
) where � = � 0;and the operation ./ again yields no value if � 6= � 0: For two tubes T; T 0 consisting of stringsencoding pairs by E(�;�); let T ./ T 0 = fx ./ x0j x 2 T; x0 2 T 0g: Thus the PA-Matchoperation is essentially identical to join operation for relational databases, except that theoperation is done with respect to sets of encoded strings rather than relations.2.3 Comparison With The Models of Lipton and Adleman.Lipton [L 94] de�ned the �rst abstract model of biomolecular computation. The elements ofhis Test Tubes are strings as in the PAM model of Subsection 2.1. His model, which we willcall the Test Tube Model, allows the unit step execution of any of the operations Merge, Copy,Detect, and Separation, as well as a ligation operation that allows formation of the contents ofthe initial Test Tubes by combining matching strings (for details, see [L 94]). The subsequentMemory model of Adleman [A95] allowed all of the operations of Lipton's Model, except withonly an implicit Copy (or Amplify) operation, and allowed Test Tubes to have a more generalclass of elements beyond just strings. It should be emphasized that the PA-match operationis a signi�cant generalization of the Detect and Separation operations of the Lipton/Adlemanmodels.
7



2.4 Resource Bounds of Abstract Molecular Models.The key resource bounds of our (and the previous) abstract models for biomolecular compu-tations are:1. Number of steps L required by a molecular algorithm,2. size jT j of the test tube T which is the total number of elements of T including replica-tions, and3. maximum size of an element of the test tube T:3 PAM ComputationsHere we give some technical de�nitions and constructions that will be used in the proofs ofour simulation results.3.1 A Standard String Encoding of String Pairs.To encode strings of length s over the pattern matching alphabet A for our PA-Match oper-ation, let each character � 2 A be represented as a number in f0; : : : ; a � 1g: We de�ne theencoding alphabet � = f�0; �1; : : : ; �n�1; ��0; ��1; : : : ; ��n�1g where n = 2sa + 8 + c1; wherec1 = O(1): (The last 8 + c1 distinct characters of � are not actually needed for our PAMsimulations, but will be used in the RDNA implementation of the PA-Match operation.)We encode each string � 2 As; where � = �1 : : : �s; as E(�) = E1(�1) : : : Es(�s) whereEi(�i) = ��i+(i�1)a; and we also de�ne a distinct alternative encoding Ê(�) = Ê1(�1) : : : Ês(�s)where Êi(�i) = ��i+(i�1+s)a for each i = 1; : : : ; s:We reserve 8 distinct padding symbols: #j = �2sa+j and #0j = �2sa+j+4 for j = 0; : : : ; 3.The padding symbols #j;#0j where j = 0; : : : ; 3 will be termed distinguished padding sym-bols. Then to encode any string pair �; � 2 As for the PA-Match operation, we will gen-erally use a standard encoding which may be a length 2s + 4 string of the form E(�; �) =#1E(�)#0#00Ê(�)#2: Note that this standard encoding consists of a string of distinct sym-bols, and moreover, from each symbol we can determine its position in the original strings�; �:We will also extend the de�nition of standard encodings to allow standard encodings touse the above form with any �xed permutation of the symbols of �. Note: this extension of thestandard encoding will be of technical use in the proof of Lemma 5.1, where we implement thePA-Match operation, and we will require only those additional standard encodings derivedby permuting the distinguished padding symbols or permuting together all symbols �k withthe symbols �k+sa; for all k = 0; : : : ; sa � 1: This standard encoding will be used in thecomputational simulations we construct in this paper.8



3.2 Initial Contents of the Test Tubes in the PAM Computations.We assume a PAM Computation may begin with a �nite set of initial Test Tubes which arerestricted to contain sets of form As for some �nite alphabet A; that is all strings of a givenlength s over A. Some of these initial Test Tubes are distinguished as input Test Tubes,whose strings are standard encodings that provide the input to the PAM Computation. Theremaining initial Test Tubes do not necessarily need be sets of standard encodings. Wehave thus chosen essentially the weakest initial assumption possible that can be made. (Analternative assumption, used by Lipton [L 94] and Adleman [A95], and sometime called theligation model, would be to allow Test Tubes to be constructed by ligations of a �nite set ofoligos.)3.3 Constructions of EncodingsLemma 3.1 Given a Tube T consisting of a subset of E(As) (not necessarily a set of standardencodings), a test tube can be constructed in O(s) Separation and Merge operations, consistingof all elements of T such that1. there is one and only one symbol at each position i in an encoding, and2. the symbols in an encoding are listed consecutively.Note that this Lemma is immediate if we assume the ligation model mentioned in 3.2,however, our weaker assumptions for the PAM model require that we provide a proof.Proof: We initialize with test tube T0 = T: We will recursively construct a sequence of testtubes T0; T1; : : : ; Ts, where we construct each Ti by restricting the contents from Ti�1:For i = 1; : : : ; s; do1. For each character u 2 A; construct tube Ti[u] by copying Ti�1 and applying the Sepa-ration operation with the character �u+(i�1)a: Then construct a test tube Ti;1 that is themerge of all these test tubes [u2ATi[u]. (This ensures that each encoded con�gurationhas an encoding of a con�guration symbol at position i:)2. If i = s then let Ti = Ti;1 and else doFor each pair of characters u; v 2 A; construct tube Ti[u; v] by copying Ti;1 and applyingthe Separation operation with the length 2 string �u+(i�1)a�v+ia: Then construct a testtube Ti that is the merge of all the test tubes [u;v2ATi[u; v]. (This ensures that eachencoding of a con�guration has its symbols listed consecutively. Note that this is theonly place in our PAM simulations where we need to apply the Separation operationwith the length 2 string rather than to a single character. This step is not actuallyneeded in our PAM simulations if we extend the standard encoding to allow for allpossible permutations of the encoded symbols.)9



OUTPUT Ts3.4 Shift-invariant predicate Testing in the PAM Model.Fix c = O(1) distinct integer shift constants �1; : : : ; �c � 0: Let an index i be applicable iffor j = 1; : : : ; c all the indices i + �j are in the range from 1 to s; note that this occurs if1 � i + max1�j�c �j � s: A set of strings S � As is de�ned by a shift-invariant predicate ifthere exists a predicate p(x0; x1; : : : ; xc) and shift constants �1; : : : ; �c such that S = f� 2 Asjp(�i; �i+�1 ; : : : ; �i+�c) holds for each applicable i = 1; : : : ; s � 1g: In other words, for each� = �1 : : : �s; where �1; : : : ; �s 2 A; we have � 2 S i� the predicate p(�i; �i+�1 ; : : : ; �i+�c)holds for each applicable i = 1; : : : ; s� 1:Lemma 3.2 Given a Tube T consisting of a subset of E(As); for any set S de�ned by ashift-invariant predicate, a test tube E(S)\T can be constructed in O(jAjc+1s) Separation andMerge operations.Proof: By Lemma 3.1, given a Tube T consisting of a subset of E(As); a test tube T 0 canbe constructed in O(s) Separation and Merge operations, consisting of all elements of T suchthat there is one and only one symbol at each position i in an encoding, and the symbols inan encoding are listed consecutively. We initialize with test tube T 00 = T 0: We will recursivelyde�ne a sequence of test tubes T 00; T 01; : : : ; T 0s, where we construct each T 0i by restricting thecontents from T 0i�1:For i = 1; : : : ; s; doIf i is not applicable then let T 0i = T 0i�1 else if i is applicable then do1. For each u0; : : : ; uc 2 A such that p(u0; : : : ; uc) holds, construct tube T 0i [u0; : : : ; uc] bycopying T 0i�1 and applying the Separation operation �rst with the character �u0+(i�1)a,then characters �uj+(i+�j)a for j = 1; : : : ; c:2. Then construct a test tube T 0i that is the merge of all these test tubes [u0;:::;uc2AT 0i [u0; : : : ; uc].(This ensures that the shift-invariant predicate is applied at each applicable position.)OUTPUT T 0sLet a relation R � As�As be de�ned by a shift-invariant predicate if the set f��j(�; �) 2Rg is de�ned by a shift-invariant predicate. (For example the set S = f�� j� = �; for�; � 2 f0; 1gsg and thus relation R = f(�; �) j� = �; for �; � 2 f0; 1gsg are de�ned by ashift-invariant predicate that just tests, for all i = 1; : : : ; s, that the ith characters of � and �are the same.) By a simple extension of the proof of Lemma 3.2, it follows:10



Lemma 3.3 Given a Tube T consisting of a subset of E(As�As); for any relation R de�ned bya shift-invariant predicate, a test tube consisting of E(R)\T can be constructed in O(jAjc+1s)Separation and Merge operations.Note that jAj; c are constants in all applications of this Lemma within this paper.4 Computations using the PAM modelHere we will give simulations of sequential and parallel computations by using the PAMModel.These simulations are surprisingly succinct. We will need some further description to showthat we can implement the PA-Match operation by recombinant DNA techniques. This turnsout to be a nontrivial task, and is the main technical contribution of the remaining portion ofour paper. In the following section 5 we show that the below Theorem 4.1 also holds for ourRDNA model, and in section 6 we show the simulation, at least up to a certain size, can bedone in recombinant DNA by conventional biotechnology operations.4.1 Simulation of Lengthy Sequential Computations.Theorem 4.1 A nondeterministic Turing Machine computation with space bound s � thelength of the input string, and time 2O(s) can be executed in our PAM Model using O(s)PA-Match steps and O(s log s) other PAM steps, employing strings of length O(s).Proof: Fix a sequential nondeterministic Turing Machine (TM) (See Hopcroft and Ullman[HU 79] for the formal de�nition of a nondeterministic TM and relevant computational com-plexity theory.) which we wish to simulate. Let = be the set of instantaneous descriptions(also known as con�gurations) of the TM. Let Q, � be the constant size state set and tapealphabet of the simulated machine. In the following we assume w.l.o.g. the TM uses onlyone read/write tape. (See �gure 1.) We will represent each con�guration I = I1 : : : Is as theconcatenation of characters I1; : : : ; Is over an alphabet A of size a = (jQj+1)j�j = O(1) wherefor each i = 1; : : : ; s the character Ii encodes (1) the contents of the memory cell in locationi; (2) the state of the �nite control if the head is scanning the ith cell, and otherwise a distin-guished symbol not in Q indicating the head is not scanning that cell. Each con�guration Iwill thus have length s: (See �gure 2.)Let NEXT � = � = be the next move relation of M: We will assume that once in the�nal con�guration If , the TM stays in the �nal con�guration: so (If ; If) 2 NEXT and if(If ; I) 2 NEXT then I = If : For each t � 1; let NEXT (t) � =�= be the t0th move relationof the TM; that is (I; I 0) 2 NEXT (t) i� I 0 is reachable from I by t execution steps of the TM,where I; I 0 2 =: By well known complexity theory results (see Hopcroft and Ullman [HU 79])the time bound of the TM can be assumed to be upper bounded by 2cs for some constantc � 1: 11



To encode any con�guration pair I; I 0 2 =; we will assume here, without loss of generality,a standard encoding for the PA-Match operation, E(I; I 0) = #1E(I)#0#00Ê(I 0)#2:(Note: recall that the de�nition of the standard encoding subsection 3.1 allowed also forany �xed permutations of the symbols of �: Repeated application of the operation ./ willactually require us to use distinct standard encodings E;E 0; E 00; as de�ned in the proof ofLemma 5.1, which simply di�er by �xed permutations of the padding symbols of �: But byProposition 5.1, we can convert between these in O(1) basic operations of the RDNA model.So for sake of clarity of notation in the PAM algorithm below, we will ignore in this subsectionthese slight variants of standard encoding and just use the same symbol E for each.)We assume that the initial and �nal con�gurations, I0; If have distinct symbols, so that inO(s) Separation operations and a Detection operation, we can determine whether E(I0; If) isin a given test tube. Let T (k) = fE(I; I 0)j(I; I 0) 2 NEXT (2k)g for each k � 0: Note that T (k)= T (k�1) ./ T (k�1): The simulation has 3 phases:1. Initialization: construction of T (0):2. For each k = 1; : : : ; cs; do PA-Match: T (k) = T (k�1) ./ T (k�1):3. Final Detection: test if there is some E(I0; If ) 2 T (cs) where I0; If are the initial, �nalcon�gurations of the TM.4.2 Initialization of the Space Bounded Simulation.Here we provide the details of Step 1 in the TM simulation algorithm given in the proof ofTheorem 4.1. It will be instructive to consider �rst a simpler construction:Proposition 4.1 The tube fE(I)jI 2 =g can be constructed in O(s log s) steps in the PAMmodel, without use of the PA-Match operation.Proof: We will begin with test tube E(As)=fE(I)j I 2 Asg de�ned by the trivial shift-invariant predicate that is true everywhere. Recall that we encode a symbol u within E(I) as�u+(i�1)a: Given a tube T; and integer i where 1 � i � s; let Si (S 0i; respectively) be the set ofcharacters �u+(i�1)a 2 �; where u 2 A is a character in the ith position of the con�gurationthat encodes that the head is (is not, respectively) scanning cell i: Note that both sets Si; S 0iare of constant size � a = jAj: Let Si(T ) (S 0i(T ); respectively) be the procedure that outputsthe merge of all tubes derived from T by applying the Separation operation on any �u+(i�1)ain Si (S 0i; respectively).Without loss of generality, we can again assume s is a power of 2. For each k = 1; : : : ; log s;subdivide f1; : : : ; sg into a set Dk of 2k disjoint consecutive intervals, each of size s=2k: Thereare a total of s log s such intervals. For each such interval d 2 Dk; de�ne S 0d(T ) to be derivedfrom T by applying S 0i consecutively for each i; 1 � i � s; not in d:12



Note that D1 consists of two intervals f1; : : : ; s=2g and fs=2 + 1; : : : ; sg and it is easyto construct S 0f1;:::;s=2g(T ) in s=2 Separation operations by simply applying the Separationoperation in sequence for every �u+(i�1)a in Si for i = s=2+1; : : : ; s: Similarly, we can constructS 0fs=2+1;:::;sg(T ) in s=2 Separation operations by simply applying the Separation operation insequence for every �u+(i�1)a in Si for i = 1; : : : ; s=2: Thus in a total of s Separation operationswe have constructed both S 0f1;:::;s=2g(T ) and S 0fs=2+1;:::;sg(T )We can generalize the above construction for k = 1 as follows: For each k = 2; : : : ; log s;and for each d 2 Dk, let d0 be the unique interval in Dk distinct from d which the sameinterval of Dk�1 as d, and let d00 be the interval of Dk�1 that does not contain d. (Forexample, for k = 2, the set Dk consists of four intervals f1; : : : ; s=4g, fs=4 + 1; : : : ; s=2g,fs=2+1; : : : ; s3=4g, fs3=4+1; : : : ; sg. Each d 2 Dk is of the form d = fjs=4+1; : : : ; (j+1)s=4gfor some j 2 f0; : : : ; 3g: Then d0 = f(j + 1)s=4 + 1; : : : ; (j + 2)s=4g if j is even and otherwised0 = f(j � 1)s=4 + 1; : : : ; js=4g. Also, d00 = fs=2 + 1; : : : ; sg if the interval d is contained inf1; : : : ; s=2g, and else d00 = f1; : : : ; s=2g.)Then we construct each S 0d(T ) by applying the Separation operation on each �u+(i�1)a insequence for all the s=2k elements i 2 d0, starting from S 0d00(T ). Hence, by this divide andconquer method, we can construct all the S 0d(T ) in a total of s Separation operations for eachk, for a overall total of O(s log s) Separation operations for for all k = 1; : : : ; log s:Note that the test tube S 0fig(T ) is equivalent to applying S 0j consecutively for each j; 1 �j � s; where j 6= i: Thus HEADi = Si(S 0fig(T )) encodes con�gurations where the headis scanning position i: The tube fE(I)jI 2 =g is the merge of the tubes HEAD1(T ); : : : ;HEADs(T ).A construction nearly identical to the proof of Proposition 4.1 gives:Proposition 4.2 The tube fE(I; I 0)jI; I 0 2 =g can be constructed in O(s log s) steps in thePAM model, without use of the PA-Match operation.Proof: We will begin with test tube T0 = E(As � As)=fE(I; I 0)j I; I 0 2 Asg de�ned bythe trivial shift-invariant predicate that is true everywhere. Recall that we encode a symbolv within Ê(I 0) as �v+(i�1)a+a: We apply the procedure of Proposition 4.1 and then apply amodi�cation of the procedure of Proposition 4.1 where each separation on any character ofform �v+(i�1)a; where 1 � i � s; is replaced with separation on the character �v+(i�1)a+a:Finally, to implement the state-transition function of the Turing machine, we observe:Proposition 4.3 There is relation R � As � As de�ned by a shift-invariant predicate suchthat fE(I; I 0)j(I; I 0) 2 NEXTg = fE(I; I 0)jI; I 0 2 =g \ E(R)Proof: For each state transition � from a given state q 2 Q; where the read/write head is atposition i; the transition depends only on value of the cell at position i, and on the next move,13



the read/write head can only move one cell to the right or left. Thus given standard encodingE(I; I 0) where I; I 0 2 =; to choose those E(I; I 0) such that (I; I 0) 2 NEXT; we need only testa predicate depending on the values at a given location within E(I; I 0), and predeterminedlocations within of E(I; I 0) of shifted distance sa� 1; sa; sa+ 1:By Lemma 3.3, we can construct in O(s) steps of the PAM model a Tube consisting offE(I; I 0)j(I; I 0) 2 NEXTg = fE(I; I 0)jI; I 0 2 =g \ E(R):Hence we have shown:Lemma 4.1 The initialization, where we construct test tube T (0); can be done in O(s log s)steps in the PAM model, without use of the PA-Match operation.Note that each of the main simulation steps of our algorithm are simply the executionof the PA-Match operation, which is a primitive of our PAM model, taking by de�nition 1step. It is interesting to note that the molecular simulation algorithm we have given is similarto the parallel simulation due to Fortune and Wyllie [FW 78] of a space bounded TM by aPRAM; where we have replaced the pointer jumping operation by our PA-Match operation.This seems to indicate that the techniques used by computer scientists in the design of parallelalgorithms may be quite useful in the new area of biomolecular computation. It should benoted however that pointer jumping of the relation NEXT entails test tubes of very largesize. In particular, the TM simulation of Theorem 4.1 requires test tubes of size a2s; wherea = (jQj+ 1)j�j: This implies our result is of theoretical interest only.Note that the ligation operation of the Adleman and Lipton models can be easily used toform in O(s) steps the input test tube of Step 1. Thus with the ligation operation, the timebounds of Theorem 4.1 decrease to O(s) steps.4.3 Simulation of Parallel RAMs.A parallel RAM (PRAM) is a generalization of the usual sequential Random Access Machine(RAM) to allow P sequential RAM processors to execute in parallel in lock step; for furtherdetails see Fortune and Wyllie [FW 78], J�aJ�a [J 92], Reif [R 93]. (See �gure 3.) A CREWPRAM allows concurrent reading of any location by multiple processors, but only allowsprocessors to do concurrent writing of distinct locations at the same time. We assume thereare M shared memory locations, indexed by the integers f1; : : : ;Mg where all the processorscan read and write, and each processor has a constant number of registers. Each memorylocation and register can hold a b = O(logM) bit integer. We assume the processors canexecute unit cost arithmetic operations on b bit binary numbers. For simplicity, each PRAMprocessor is assumed to have a �nite state control with a constant number of states, where thestate of a processor does not include the value of its registers. Depending on its state, eachPRAM processor can in one step make a state transition (the state transition can depend onthe value of the registers) and apply the following operations:14



1. apply an arithmetic operation on a pair of its registers and put the result in another ofits registers,2. load the value stored at a speci�ed shared memory location into a register, and3. write a value stored at a register into a speci�ed memory location.Fortune and Wyllie [FW 78] have given a simulation of a PRAM with time bound D bya O(D2) space bounded TM. Hence by combining this result with our simulation of spacebounded TMs by the PAM model stated in Theorem 4.1, we have that a PRAM with timebound D can be simulated in O(D2) steps in the PAM model. However, a direct simulationgives much better bounds. A PRAM, where each location of memory is written on each timestep by a unique processor, will be called a dynamic memory PRAM (such a PRAM su�cesfor many applications, including the proof of Corollary 4.1).Theorem 4.2 A dynamic memory CREW PRAM with time bound D; M memory cells, andprocessor bound P �M can be simulated using O(D+s) PA-Match steps and O(s log s) otherPAM steps using strings of length O(s); where s = O(log(PM)):Proof:Without loss of generality, with a constant factor increase in time bounds of the PRAM, wewill simplify the sequence of the PRAM operations by assuming that each processor has a singedistinguished cache register and on each state transition, each processor executes the followinground of operations in lock-step: (1') writes from the cache into a memory location, (2') thenreads another distinct memory location into the cache, (3') and applies an arithmetic operationon the registers, (4') then changes state as speci�ed by the state transition function (dependenton the value of one of the registers). Since we are simulating an exclusive-write PRAM, oneach round, each location of memory can be assumed to be written by a unique processor.We will let = be the set of all possible instantaneous descriptions (i.e., con�gurations) of anyprocessor; each con�guration I 2 = will be a s = O(log(PM)) length binary string encoding1. the processor (identi�cation) number in f1; : : : ; Pg,2. the current state of the processor, and3. the contents of its registers.We can assume the state transition function is the same for all the PRAMs, and that they allstart at the same state, but the initial value of their cache register is their processor number.The input and output of the PRAM will be given by the memory locations at times 0 and D;respectively. Let V be the set of all 2b �MO(1) possible values of any register or memory celland let LOC be the set of all M possible memory locations; we will assume each value v 2 V15



and each address a 2 LOC are also represented as s length binary strings. Let s0 � cs for aconstant integer c � 1: To encode any s0 length binary strings �; � 2 f0; 1gs0; we will use herestandard encodings de�ned in subsection 3.1: E(�) and = E(�; �) = #1E(�)#0#00Ê(�)#2:over the alphabet �: We will now require a slightly larger encoding alphabet: �0 = � [f#̂0; #̂00; #̂1; #̂2g; where #̂0; #̂00; #̂1; #̂2 are distinct symbols not in �. Let Ê( ) = #̂1Ê(�)#̂0#̂00E(�)#̂2:Given also any �0 2 As0; will de�ne a secondary encoding (to be applied just once recursivelyon the second argument), E1(�0;  ) = #01E(�0)#3#03Ê( )#02:Note that this encoding simply di�ers from the form of the standard encoding by �xed permu-tations of the distinguished padding symbols #i;#0i,i = 0; : : : ; 3 of �; and it uses the distinctpadding symbols #01;#02;#3;#03 instead of the padding symbols #0;#00;#1;#2 used by thestandard encoding. Recall that for strings �; �; � 0; 
 2 As0 the PA-Match operation givesE(�; �)./ E(� 0; 
)= E(�; 
) and E(�) ./ E(� 0; 
) = E(
; � 0) ./ E(�) = E(
) when � = � 0;and the operation ./ yields no value in the case � 6= � 0: We also naturally generalize the PA-Match operation, so that for strings �; �; � 0 2 As0 and  = E(�; �), the generalized PA-Matchoperation gives:� E(�) ./ E1(� 0; E( )) = E( ) when � = � 0; and the operation ./ yields no value in thecase � 6= � 0:� Also, E1(�;E( ))./ E( 0)= E(�) when  =  0; and the operation ./ yields no value inthe case  6=  0:From the state transition function of the PRAMs we can de�ne the following:� Let LOAD = fE1(I 0; E(I; v))j con�guration I 0 2 = is derived from con�guration I 2 =by having the processor speci�ed by I load value v 2 V from memory into the cacheregisterg:� Let WRITE = fE1(I; E(a; v))j at con�guration I 2 =; the processor speci�ed by Iwrites value v 2 V into memory location a 2 LOCg:� Let READ = fE1(I; E(I; a))j at con�guration I 2 =; the processor speci�ed by I readsthe value at memory location a 2 LOCg:� For each time step t; 0 � t � D;{ let the memory cells be encoded as T (t)m = fE(a; v)j at time t location a 2 LOCcontains value v 2 V g; and 16



{ let the processor con�gurations be encoded as T (t)p = fE(I)j at time t the processorspeci�ed by I is in con�guration I 2 =g:Note that the arithmetic operations, executed by any processor of the PRAM, are assumedto be on b = O(logM) bit numbers, and so can be certainly computed in space O(logO(1) b) �O(s) = O(log(PM)) by a deterministic TM. These arithmetic operations are encoded into theTubeWRITE: Thus tubes LOAD; WRITE; READ; T (0)m ; T (0)p can each easily be constructedin space O(s) = O(log(PM)) by a deterministic TM. By our simulation of space boundedTMs by the PAM model stated in Theorem 4.1, it follows:Lemma 4.2 The tubes LOAD; WRITE; READ; T (0)m ; T (0)p can all be constructed in ourPAM Model using O(s) PA-Match steps and O(s log s) other PAM steps using strings of lengthO(s):Since we have assumed that each location of memory is written on each time step by a uniqueprocessor, observe that at time step t + 1 � D; the memory cell encoding T (t+1)m is givenby the Tube containing all E(a; v) such that the processor speci�ed by con�guration I 2 =writes value v 2 V into memory location a 2 LOC at time t: By our de�nition of WRITE;it immediately follows that the memory cell encoding can be recursively de�ned asT (t+1)m = T (t)p ./ WRITE:Also observe that by our de�nition of READ; it also immediately follows that T (t)p ./ READis a Tube containing those E(I; a) such that the processor speci�ed by con�guration I 2 =reads the value at memory location a 2 LOC at time t: Thus(T (t)p ./ READ) ./ T (t)mis a Tube containing those E(I; v) such that the processor speci�ed by con�guration I 2 =reads the value v from a memory location at time t: Hence by our de�nition of LOAD (andsince we have assumed the order described above for the READ, LOAD and state transi-tion operations executed by each processor on each step), we conclude that the processorcon�gurations can be recursively de�ned asT (t+1)p = LOAD ./ ((T (t)p ./ READ) ./ T (t)m ):Since these recursive de�nitions use only the PA-Match operation, we have:Lemma 4.3 For each time step t; 0 � t � D; given the tubes LOAD; WRITE; READ; T (t)m ;T (t)p ; then the tubes T (t+1)m ; T (t+1)p ; can all be constructed in our PAM Model by O(1) PA-Matchsteps. 17



Theorem 4.2 follows immediately from Lemmas 4.2, 4.3.The fan-out of a Boolean circuit is the number of gates that directly use the output valueof a given gate. Theorem 4.2 combined with the nondeterministic TM simulation of Theorem4.1 together imply thatCorollary 4.1 Determining the satis�ability of a Boolean circuit constructible in s space withn inputs, unbounded fan-out, and depth D; can be done in our PAM Model using O(D + s)PA-Match steps and O(s log s) other PAM steps using strings of length O(s):Note that the initial Step 0 of the proof of Theorem 4.2 can easily be done in O(s) stepsassuming the ligation operation of the Adleman and Lipton models is used to form the inputtest tubes. Thus with the ligation operation, the time bounds of Theorem 4.2 and Corollary4.1 reduce to O(D + s) PA-Match steps and O(s) other PAM steps.5 A Model for Recombinant DNAOur previously de�ned PAM Model is quite expressive and powerful for describing biomolec-ular computations at a very high level. Here we de�ne a low level, but still abstract, model ofbiomolecular computation we call the Recombinant DNA(RDNA) Model. The RDNA modelallows for operations which are abstractions of very well understood recombinant DNA oper-ations (these include operations in which covalent bonds are broken and made, e.g. cleavageand ligation) as well as basic operations of molecular biology (separation, detect, denature,etc.).The RDNA model provides a representation, which we call the complex, for the relevantstructural properties of DNA or RNA. We use complexes to give rigorous de�nitions of theRDNA operations. Our RDNA model is related to the PAM model, where we allow the PAMoperations Merge, Copy, Detect, and Separation, but we disallow the PA-Match operation,and allow the following additional operations (which will be de�ned in detail in subsection5.2):1. Cleavage or cutting of strands based on short patterns,2. Annealing of single stranded linear structures into complex structures,3. Ligation to form covalent bonds, and4. Denature of complex structures into single stranded linear structures.The RDNA Model is thus a bridge between the PAM Model and the actual recombinant DNAoperations done in a laboratory. Although the RDNA Model is abstract (for example thestrings of the model are over an alphabet that grows as 2n but DNA has an alphabet of size18



4, and we do not directly refer to the underlying organic chemistry), nevertheless our modelis su�ciently low level to ensure that only very well understood recombinant DNA operationsare allowed as basic operations. The actual recombinant DNA operations done in laboratorieshave been changing over time and have certain limitations (volume of test tube, etc.) that cannot be well described by an abstract model such as RDNA that has a precise mathematicalde�nition, as required for our simulation proofs.We will prove that the PAM Model can be simulated by the restricted RDNA Model withonly an O(s) factor slowdown, which implies our low level restricted RDNA model gets withina linear factor of the same bounds for simulations of conventional sequential and parallelcomputations as our high level PAM Model. In the following section we discuss in some detailhow each operation of the RDNA model can be implemented by recombinant DNA operationsin a laboratory, at least up to certain size parameters.5.1 Complexes.As in the previous abstract model PAM of biomolecular computation, we de�ne an alphabetof distinct symbols � = f�0; �1; : : : ; �n�1; ��0; ��1; : : : ; ��n�1g: A graph with directed edges iscalled a digraph. A string � over � has a naturally de�ned labeled digraph G(�) consistingof a simple (non repeating) directed path of length j�j whose consecutive directed edges arelabeled with the consecutive characters of �; from �rst to last. (Note that in the special caseof DNA, the direction of a path models the 30� 50 or 50� 30 orientation of the DNA chain; seeSubsection 6.1.)Fix a �nite set S of k �nite strings over �; which may include linear strings and also stringloops. The digraph G(S) is de�ned to be the union of the k disjoint labeled digraphs G(�)for each � 2 S; hence G(S) consists of k disjoint directed paths labeled with the strings of S:We de�ne here a labeled pairing of the edges of G(S) to be a set � of unordered pairs ofdistinct directed edges of G(S) such that (1) no directed edge appears more than once in �;(2) each of the pairs of edges in � have complementary character labels in reversed order. Tomodel the Annealing process of DNA; we de�ne a complex over S to be the pair (S; �); where� is a labeled pairing of G(S):Note that each pair of directed edges f(i; j); (j 0; i0)g 2 � point in the opposite direction,as occurs in DNA, when segments of two DNA chains with opposite 30 � 50 and 50 � 30 orien-tations are matched by Watson-Crick complementation. The complex (S; �) has a naturallyde�ned annealed digraph G(S; �) derived from digraph G(S) by merging together the verticesi; i0 and merging together the vertices j; j 0 for all labeled pairs f(i; j); (j 0; i0)g in �, so theresulting digraph has edges in both directions between the two merged nodes. (Note thatthree nodes may be merged into one, for example j and j 0 would be merged with j 00 if thepair f(j; k); (k0; j 00)g is in �, in addition to the pair f(i; j); (i0; j 0)g.) The annealed digraph isuseful in characterizing unlikely complexes, as mentioned below. But for technical reasons,we will later de�ne the denature and ligation operations using the graph G(S) and �, rather19



than using directly the annealed digraph G(S; �).The complex (S; �) is a linear complex if � = fg so the digraph G(S) is a set of simpledirected paths. The complex (S; �) is a loop complex if � = fg and the digraph G(S) is a loop(for example, if S consists of two strings so G(S) has only two paths p1; p2 (where one is oflength at least 2) and � pairs both the �rst edges of p1; p2 as well as the last edges of p1; p2).(See �gure 4.)Let COMPLEX(S) be the set of all possible complexes over S: De�ne the set of strings Sto be simple if COMPLEX(S) has only the linear complex. Also de�ne a single string � to besimple if the singleton set f�g is simple; hence it has no self pairing in any possible complexcontaining only itself, and so it contains no pair of complementing symbols.Note that COMPLEX(S) may contain structures that actual DNA may not allow, at leastin low potential energy states. For example, DNA in a low potential energy state does notusually bend more than a few degrees per base pair (see Sinden [S 94]), so DNA in a lowpotential energy state usually has no loops of length less than a few dozen base pairs. Wewould like to de�ne a notion of feasible complexes that (a) re
ects physical constraints and (b)is also computationally e�cient to verify. (For example, we might require that the annealeddigraph G(S; �) has an embedding to a 1-dimensional manifold in <3 (in 3-space) with a �xedupper bound on the curvature. Alternatively, we might bound the potential energy (due tocurvature) of the allowed embedding. This latter constraint is the correct physical constraintthat should be satis�ed. However, testing either of these restrictions appears to be very timeconsuming.)Therefore, we will de�ne the set of feasible complexes = FCOMPLEX(S) to be the set ofcomplexes (S; �) of COMPLEX(S) whose graph G(S; �) has no cycles of length less than theconstant c1 (this is the same constant c1 as de�ned in 3.1).A feasible complex may be used to model both the information content and also the 3Dstructure of single or double stranded DNA, or RNA, including hybridization and secondarystructure. We will employ feasible complexes to allow us model the e�ect of various recombi-nant DNA operations, and thus to provide rigorous de�nitions of the RDNA operations.5.2 Operations of the RDNA Model.In the RDNA Model, we de�ne a tube to be a multi-set of feasible complexes over sets ofstrings over �: The RDNA Model allows the following previously de�ned PAM operations:1. Merge,2. Copy, which duplicates the contents of a given tube consisting of only linear complexes,3. Detect, and4. Separation, where (a) to decrease the likelihood of Separation errors by mismatches, weagain restrict the Separation operation to match with strings of length at most c0 = O(1);20



all our RDNA simulations again require only c0 = 2; and (b) we assume for simplicitythat the Separation operation is only applied to tubes of linear or loop complexes (notethat we might have de�ned the Separation to be a more general operation that allowsus to identify a complex that has a strand sigma which happens to be annealed to itscomplement, but this may not always be feasible in practice).and also allows the following further operations (note that we use complexes to give rigorousde�nitions of these RDNA operations):4. Selection: select complexes of a speci�ed size (the size is the number of nodes of thecomplex),5. Cleavage: given a tube T; a symbol � 2 �, and nick 2 fbefore, afterg; produce a newtube T 0 such that for each complex (S; �) in T; we substitute a new complex (S 0; �0) derivedfrom (S; �) as follows: at each directed edge e of G(S; �) labeled � we cleave the vertex wheree is located, either just before or just after e; as speci�ed by nick: (See �gure 5.) This Cleavageoperation may be speci�ed to be either double stranded or single stranded; in former case it isrequired that there be also a reverse edge between the same vertices as e in opposite direction,in the latter case it is required that there be no such reverse edge (if unspeci�ed, we alloweither case). We assume that the Cleavage operation be applied to a (small) constant subsetof the symbols of the alphabet �, which will be called cleavage symbols. This require a distinctrestriction enzyme for each of the small number of cleavage symbols.6. Annealing: given a tube T; where S is the set of all strings appearing in complexesin T; let FCOMPLEX(S) be the set of all possible feasible complexes over S: We constructa new tube T 0 by taking from FCOMPLEX(S) all complexes that use matching betweencomplementary pairs of strings of length � c0, and also indeterministically choosing anyfurther elements of FCOMPLEX(S); that is we allow for the possibility, but not the surety, ofany further subset of elements of FCOMPLEX(S) to be chosen. Thus the Annealing operationallows for the surety matching of Watson-Crick complementary subsequences of length � c0,which is the only case that our algorithms will use (we can extend this de�nition to allow alsothe possibility of longer matches, and then it would be up to the algorithm designer to showthat an RDNA algorithm is correct no matter what possible longer matches are made).(Note. Depending on the number of strings appearing in complexes that can anneal,it may take a long time (or be unlikely over a short time duration) for one DNA string tomeet another before annealing. This can be remedied by increasing the volume, so with theresulting large redundancy at least every instance of pairs of strings appearing in complexesthat can attempt to anneal. This increase in volume makes our implementation of the PA-MATCH operation of theoretical consequence only, due to the large test tube volume requiredto insure annealing of many pairs of strings).7. Ligation: We will modify the set S as follows: For each linear strings s; s0 2 S,let end(s) be the last edge of of the path p de�ned by the subgraph G(fsg) of G(S), andlet begin(s0) be the �rst edge of the path p0 de�ned by the subgraph G(fs0g) of G(S). To21



implement ligation, we will replace s; s0 with their concatenation s � s0 in the case there is astring s00 2 S with consecutive edges e; e0 where fe;end(s)g 2 � and fe0;begin(s0)g 2 �. (Notethat both pairs fe;end(s)g and also fe0;begin(s0)g point in the opposite direction, as occursin DNA, when segments of two DNA chains with opposite 30 � 50 and 50 � 30 orientations arematched by Watson-Crick complementation, and the edges end(s);begin(s0) abut. Thus theedges end(s);begin(s0) are ligated. Also note we can easily extend this de�nition to allow forblunt end ligation, but that operation is not required for our results.)8. Denature: given a tube T; for each complex (S; �) in T; we substitute the set ofcomplexes f(f�g; fg)j � 2 Sg. Thus the Denature operation transforms a tube of complexesinto a tube of linear and loop strings.5.3 RDNA simulation of the PAM model.Theorem 5.1 The PA-Match operation of the PAM model on strings of length s can besimulated in our RDNA model, with a O(s) factor slowdown over the total step bound of thePAM Model. Each of the other operations of the PAM model can be executed in our RDNAmodel without slowdown.Proof: All but one of the operations of our RDNA model are those of the PAM Model. How-ever, the PA-Match operation requires detailed justi�cation, to allow for its implementationby recombinant DNA. (In particular, note that a construction that attempts to match in onestep lengthy Watson-Crick complementing pairs of lengthy subsequences is not feasible, dueto the di�culty of insuring such lengthy matches in DNA.)We will show that the execution of our PA Match algorithm in the RDNA model only usesseparation operations and annealing operations on strings of length � c0 = 2, and there areno possible matches of length longer than 2: Thus the correctness of our PA Match algorithmonly depends on the surety of matches of length � c0 = 2, which is an assumption of ourRDNA model. The correctness of our PA Match algorithm does not depend on the suretyof matches longer than c0, and moreover, also does not depend on an assumption that thereare no matches longer than c0. An incorrect PA Match algorithm in the RDNA model might,perhaps due to the redundant use of matched symbols, depend on an assumption (which wedo not make) that there are no matches longer than c0.Lemma 5.1 We can implement the PA-Match operation using O(s) lab steps in the RDNAmodel.Proof: In this section, for the characters within the complexes of a Tube in the RDNAmodel, we use an alphabet of distinct symbols � = f�0; �1; : : : ; �n�1; ��0; ��1; : : : ; ��n�1g; wheren = 2sa+8+ c1: Let A be a constant size a = jAj alphabet for the strings used for PA-Match.For two tubes T; T 0 containing linear complexes (i.e. strings) encoding pairs by E(�;�);22



we wish to construct, by O(s) operations in the RDNA model, the tube T 00 = T ./ T 0 =fE(�; 
)jE(�; �) 2 T;E(�; 
) 2 T 0g:To encode in T any string pair (�; �) we will assume, without loss of generality, the stan-dard encoding E(�; �) = #1E(�)#0#00Ê(�)#2; where we have reserved the 8 distinct paddingsymbols #j = �2sa+j and #0j = �2sa+j+4 for j = 0; : : : ; 3: Recall in the de�nition of a standardencoding in subsection 3.1, we allowed a standard encoding to use any �xed permutation ofthese padding symbols. To encode in T 0 any string pair (�; �) we will use a (slightly modi�ed)standard encoding E 0(�; �) = #01E(�)#0#00Ê(�)#02: Also, to encode in T 00 any string pair(�; �) we will use a (slightly modi�ed) standard encoding E 00(�; �) = #1E(�)#0#00Ê(�)#02:These (slightly modi�ed) standard encodings will not make any signi�cant change in the en-codings, but for technical reasons they will be useful in our cutting and splicing operations toimplement PA-Match in the RDNA model.The distinguished padding symbols can easily be permuted. For example, suppose we aregiven as input a set tube with contents in standard encoding E (with single strands). Thento convert the last symbol of each encoded string from #2 to #02; we apply the following 6RDNA operations:1. Cleavage just before #2; followed by2. Merging the result with a �xed test tube containing length 2 strings of the form f��u+(2s�1)a �#02ju 2Ag [ f#02g;3. Annealing and Ligation (thus forming segments of double-strands),4. Separation with match symbol #02;5. Selection of size 2s+ 4; followed by6. Denature (into single-stranded sequences).It is easy to verify that in the resulting test tube the distinguished padding #2 has beenedited to be #02; as required in this example. The other operations required to convertbetween standard encodings E;E 0; E 00 are similar, so we have:Proposition 5.1 We can convert between standard encodings E;E 0; E 00 in O(1) basic opera-tions of the RDNA model.Taking into account these (slightly modi�ed) standard encodings, for each �; �; � 0; 
 2 As;we require the PA-Match operation ./ to give E(�; �) ./ E 0(� 0; 
) = E 00(�; 
) if � = � 0; andotherwise, if � 6= � 0; the operation ./ yields no value. Hence, using these standard encodings,we have:(#1E(�)#0#00Ê(�)#2) ./ (#01E(� 0)#0#00Ê(
)#02) = #1E(�)#0#00Ê(
)#0223



if � = � 0; and otherwise no value. Let � = �2sa+8�2sa+9 : : : �2sa+7+c1 be the string listing thelast c1 distinct symbols of �: For any linear string �; let LOOP(�) denote a string loop derivedfrom � by connecting the end to the start. Recall that we have assumed feasible complexes tohave no cycles of length less than a constant c1 (for example 40 to 100 base pairs will su�ceto allow for the easy (i.e. with small force) bending of a DNA chain into a loop; see Sinden[S 94]).INPUT: Tubes T and T 0:INITIALIZATION: We assume we have prepared �xed test tubes: T0[0]= f �#0 �#00;T0[1]= f �#2 �#01g; T0[2]= f �#02�� �#1g; where the notation fag indicates a multiset containingmultiples of the given string a. (Note: To ensure the complementation required for ourAnnealing and Ligation steps, complexes derived from prepared tubes T0[0], T0[1], T0[2] willbe assumed to have opposite orientation than the complexes of the input tubes T; T 0; e.g. in thecase of DNA, the tubes T0[0]; T0[1]; T0[2] have DNA strands de�ned in 50� 30 orientation fromthe strings given above, whereas tubes T; T 0 have DNA strands de�ned in 30 � 50 orientationfrom their given strings).STEP 1. (See �gure 6.1) LetT1 = fE(�; �)E 0(� 0; 
)jE(�; �) 2 T;E 0(� 0; 
) 2 T 0gbe the test tube constructed by1.1 Merging T and T 0 and T0[1]; and then1.2 applying the Annealing and Ligation operations (thus forming segments of double-strands), followed by1.3 the Denature operation (resulting in single-stranded sequences),1.4 applying the Separation operation and yielding a tube with complexes containingneither the character �#2 nor �#01; and �nally,1.5 Selection of size 2(2s+ 4) = 4s+ 8:COMMENT. The resulting test tube will contain simple complexes with single-strandedsequences of the formE(�; �)E 0(� 0; 
) = #1E(�)#0#00Ê(�)#2#01E(� 0)#0#00Ê(
)#02for each E(�; �) 2 T; E 0(� 0; 
) 2 T 0:This is because after Annealing and Ligation, we will get complexes from elements ofT; T 0; T0[1]; and joined to form double-stranded segments at the complementing pairs #2; �#2and #01; �#01:After Denature, the resulting tube contains single-stranded sequences E(�; �)E 0(� 0; 
)for each E(�; �) 2 T; and E 0(� 0; 
) 2 T 0 and the same resulting tube also contains �#2 �#01:The Separation operation eliminates �#2 �#01 from the tube.STEP 2. (See �gure 6.2) Here we will construct in O(s) steps, by applying the proof ofLemma 3.3, the tubeT2 = fE(�; �)E 0(� 0; 
)jE(�; �) 2 T;E 0(� 0; 
) 2 T 0; � = � 0g:24



COMMENT. We wish to Separate out allE(�; �)E 0(� 0; 
) 2 T2with � = � 0: Note that we have restricted the Separation operation in our Models to matchwith a pattern string over � of only constant length, and so at least s such Separation opera-tions are required to do the required associative matching with the strings of length s. To dothis, we observe:Proposition 5.2 There is a relation R0 � As�As de�ned by a shift-invariant predicate suchthat T2 = T1 \ E(R0):(In particular, the shift-invariant predicate just tests, for each i = 1; : : : ; s, if the ith charactersof � and � 0 are the same in the encoding.) By Lemma 3.3, we can construct in O(s) Separationand Merge operations the Tube T1 \ E(R0):STEP 3. (See �gure 6.3) LetT3 = fLOOP (E(�; �)E 0(� 0; 
)�)jE(�; �) 2 T;E 0(�; 
) 2 T2gbe the test tube constructed by3.1 Merging T2 and T0[2]; and then3.2 applying the Annealing and Ligation operations (thus forming segments of double-strands), followed by3.3 the Denature operation (resulting in single-stranded sequences),3.4 applying the Separation operation yielding a tube with complexes containing neitherthe character �#1 nor �#02:(we may optionally apply also Selection of size 2(2s+ 4) + c1 = 4s + 8 + c1, but this hasno e�ect if there are no errors.)COMMENT. The resulting test tube will contain simple complexes with single-strandedloops of the formLOOP(E(�; �)E 0(� 0; 
)�) = LOOP(#1E(�)#0#00Ê(�)#2#01E(�)#0#00Ê(
)#02�)for each E(�; �) 2 T;E 0(� 0; 
) 2 T 0:This is because after Annealing and Ligation, we will get cyclic complexes from elementsof T2; T0[2]; and joined to form double-stranded segments at the complementing pairs #1; �#1and #02; �#02: After Denature, the elements of E(�; �) 2 T;E 0(�; 
) 2 T 0 and � are composedof single-stranded cyclic complexes of the form LOOP( E(�; �)E 0(�; 
)�) as well as �#02 �#1:The Separation operation eliminates the linear complexes �#02 �#1:Note: the Separation step in Step 3 decimates the population of the Test Tube, thusrequiring in practice the use of Ampli�cation.STEP 4. (See �gure 6.4) Let T4 be the test tube constructed by4.1 Cleavage in the T3 tube just after #0;25



4.2 applying the Separation operation to the resulting tube, to obtain a tube not containingthe character #2:COMMENT. The Cleavage will result in linear complexes with single-stranded sequencesof the form #00Ê(
)#02�#1E(�)#0 and also of the form #00Ê(�)#2#01E(�)#0 for eachE(�; �)2 T; E 0(�; 
)2 T 0: The Separation operation eliminates the linear complexes of form#00Ê(�)#2#01E(�)#0: The resulting test tube T4 contains linear complexes of the form#00Ê(
)#02�#1E(�)#0 for each E(�; �) 2 T; E 0(�; 
) 2 T 0:STEP 5. (See �gure 6.5) Let T5 be the test tube constructed by5.1 Merging T4 and T0[0]; and then5.2 applying the Annealing and Ligation operations (thus forming segments of double-strands), followed by5.3 the Denature operation (resulting in single-strands),5.4 applying the Separation operation yielding a tube with complexes containing neitherthe character �#0 nor �#00; and �nally,5.5 Selection of size 2s+ 4 + c1:COMMENT. The resulting test tube will contain simple complexes with single-strandloops of the formLOOP(#00Ê(
)#02�#1E(�)#0)for each E(�; �) 2 T;E 0(� 0; 
) 2 T 0:This is because after Annealing and Ligation, we will get cyclic complexes from elementsof T4; T0[0]; and joined to form double-stranded segments at the complementing pairs #0; �#0and #00; �#00: After denature, the elements of E(�; �) 2 T;E 0(�; 
) 2 T 0 and � are composedas single-stranded cyclic complexes of the form claimed. The Separation operation eliminatesthe linear complexes �#0 �#00:STEP 6. (See �gure 6.6) Let T6 be the test tube constructed by6.1 Cleavage in test tube T5 just after #02 and just before #1; and6.2 applying the Separation operation yielding a tube with complexes not containing the�rst character �2sa+6 of �:COMMENT. The Cleavage will result in linear complexes of the formE 00(�; 
) = #1E(�)#0#00Ê(
)#02for each E(�; �) 2 T; E 0(�; 
) 2 T 0; and also of the form �: The Separation operationeliminates the linear complexes of form �: The resulting test tube T6 will contain only linearcomplexes of the formE 00(�; 
) = #1E(�)#0#00Ê(
)#02for each E(�; �) 2 T; E 0(�; 
) 2 T 0:OUTPUT T ./ T 0 = T6:Observe that, due to our use of distinct padding symbols, we have de�ned our PA Matchalgorithm so it only uses matches of length � c0 = 2, and there are no possible matches oflength longer than 2: Thus the correctness of our PA Match algorithm only depends on thesurety of matches of length � c0 = 2, which is an assumption of our RDNA model. (Also,26



note that this implies that the correctness of our PA Match algorithm does not depend on thesurety of matches longer than c0, and also does not depend on an assumption that there areno matches longer than c0.)A similar, but slightly simpler, construction can be used to implement the special casesof the PA-Match operation T ./ T 0 where the elements of one of the input tubes T or T 0are of the form E(�) for � 2 As; and the elements of other tube are of the form E(� 0; 
) for� 0; 
 2 As:6 Implementation by Recombinant DNAWe brie
y review the usual Recombinant DNA technology, and its application to our oper-ations. We will observe that the basic operations of the RDNA model can be done, at leastup to a certain size, by recombinant DNA using conventional biotechnology engineering tech-niques. A number of the operations of our RDNA model are those of the Memory model ofAdleman, and their lab implementation by recombinant DNA techniques are detailed in hispapers [A 94, A95]. In particular, he has shown that each of the operations Merge, Detect,Separation, and Amplify can be done in O(1) lab steps by recombinant DNA operations whichcan be considered to be basic operations in our RDNA model. are now strings (or possiblycircular lists)6.1 DNA Base Pair Sequences: Their Orientation and Comple-ment.We will require some elementary de�nitions. DNA is a linear polymer composed of two com-plementary linear sequences of bases: adenine(A), cytosine(C), guanine(G), and thymine(T).Watson-Crick complementary pairing is denoted by bars: �A = T; �T = A; �G = C; �C = G:The Watson-Crick complementation describes the Hydrogen bonding between distinct sub-sequences of base pairs of DNA molecules. A DNA (base pair) string is a string over thealphabet of DNA bases fA; T;G; Cg: The DNA base sequence provides the information con-tent of the DNA strand in base 4. The unit measure of length of a DNA strand is given interms of number of base pairs (bp). A DNA strand has two distinguished ends which give theDNA strand polarity:1. the 30 end, with normally a hydroxyl group (30 OH), and2. the 50 end, with normally a phosphate group (50 PO4).This polarity is represented in the RDNA model by directed edges and directed paths. Thetwo DNA strings �,�� are de�ned to be Watson-Crick complementary where �� denotes theWatson-Crick complementation of the characters of the string �. Two subsegments of DNAstrands can be joined by hydrogen bonds if the DNA strands are put in opposite 30 � 50 and50 � 30 orientation, the corresponding base sequence strings being Watson-Crick complemen-27



tary. Due to Watson-Crick complementation, the DNA molecule may form complex structureswhich may be singly or doubly stranded, or may contain segments that are doubly stranded.The COMPLEX of our RDNA model is used to represent these possible DNA structures.In the RDNA model the direction of a path models the 30 � 50 or 50 � 30 orientation of theDNA chain. For example if we associate a DNA string with the 30 � 50 orientation of thecorresponding DNA strand, then the 30 end is associated with the start of the string and the50 end is associated with the end of the string.Certain recombinant DNA techniques, such as Ampli�cation, require the DNA strings tobe nondegenerate in a well understood sense. (On the other hand, certain other recombinantDNA operations use the degeneracy of a DNA string.) A string of even length is a palindromeif it is of the form ��R where �R is the reverse of string �: A string has a replication of astring � if it has two occurrences of �: A DNA strand is generally considered nondegenerate ifit is free of palindromes, replications, and pairs of Watson-Crick complementary subsequences(or their reverses) above some proscribed small length � and else degenerate. (See �gure 7.)To implement our RDNA model in actual DNA, we will represent each character of �by a DNA strand (also known as a oligonucleotide) of length c3 logn; for some constantc3 � 1: If we use degenerate DNA strings to encode pairs of con�gurations, these may formcomplex structures, including self loops, that are not allowed for certain recombinant DNAoperations. Adleman [A 94] and Lipton [L 94] have noted that we can use a random stringover fA; T;G; Cg of length 2 logn to represent each character of �; and the resulting DNAstrings are nondegenerate with high likelihood 1 � n�c; for a constant c � 1: Also, it is easyto show that with high likelihood, that each pair of such random strings di�er in 
(logn) oftheir bits. Hence a string over � of length k may be used to represent the information contentof a DNA or RNA strand of k log(2n) base pairs and the base pair length of a string � over �is a multiplicative factor of log(2n) times the length of �: In the following, we let � denote ashort DNA string for length c0c3 logn � O(logn) (such a string can be encoded as a string oflength � c0 in the alphabet � of the PAM or RDNA Models.)6.2 Primitive Operations used in Recombinant DNA.There are a vast number of known recombinant DNA techniques; however the techniques wewill employ are few, and are now routine. We have provided references to texts and a labmanual [SFM 89]; this and other lab manuals detail the elementary lab steps required formost recombinant DNA operations, and also have voluminous references to articles on thesewell understood techniques.1. Merge can be done by simply combining the contents of the given test tubes and mixing.This can be facilitated by ultrasonic mixing devices.2. Copy, which duplicates the contents of a given tube consisting of only linear complexes,can be done by Ampli�cation via the polymerase chain reaction (PCR), (see [WGWZ 92]28



p. 79 and [SFM 89], Chapter 1, and also [Ro 94, Bar 94] for high yield PCR) resultingin the replication of given DNA strands. Ampli�cation can also be of use in the practicalimplementation of our simulation results as an aid to decrease errors.3. Detect is a standard operation molecular biology (e.g., [SFM 89]) which generally ispreceded by Ampli�cation.4. Separation, by use of synthetic oligonucleotide probes (these probes may be attachedto magnetic beads or attached to a structure; see [SFM 89], Chapter 11) containinga predetermined short subsequence. (If the matched subsequence is too long, we canget separation errors by mismatches.) The Separation operation can also be used inparallel, to allow for Separation of DNA strands containing as a subsequence any of aset of strings.5. Selection of DNA strands of given length of base pairs. This can be done by variousmethods (e.g. by use of gel electrophoresis; see [SFM 89], Chapter 4) which select bymolecular weight. To ensure accuracy, the Selection must not be more than a fewhundred base pairs.6. Cleavage (see [WGWZ 92],page 64, [OP 94], Chapter 3, [SFM 89], Chapter 5.10 and[Ro 78]) and other operations using restriction endonucleases that nick (i.e. splice) adouble strand of DNA at predetermined locations. These locations are determined byWatson-Crick complementary matching with a short pattern depending on the Cleavage.For example, if the string � is not too long or degenerate, a DNA restriction endonucleasecan be found that matches to the string �, and cleaves each strand of the DNA justafter or just before any instance of that string �: The cleavage may be the same for bothstrands, and if so the cleavage is called blunt ended, and otherwise the cleavage is calleda cohesive overhang. The cleavage can done also on single strands either by (i) certainrestriction endonucleases (however, the number of known restriction endonucleases forsingle strands is very limited, and they do so at a very low rate), or more commonly,(ii) by creating a short double strand segment within the single strand by annealing astrand complementing the restriction pattern, and then applying the required restrictionendonucleases that nicks this double strand segment as required. For example, if anappropriate restriction endonuclease is added to the contents of a test tube containingmultiple DNA strings ���; the result will be a test tube containing multiple DNA ��and �: (See again �gure 5.)7. Annealing of single stranded DNA into complex structures including double strandedDNA via cooling (see [SFM 89], Chapter 11.8). For example, if the DNA string � isnot too long and does not appear in �, and if the contents of a test tube containingmultiple single stranded DNA with the string (in 30 � 50 orientation) �� is combined29



with the contents of another test tube containing multiple single stranded DNA with thestring (in 50 � 30 orientation) ���, and cooled appropriately. (The Annealing allows formatching of Watson-Crick complementary subsequences. The schedule of cooling mustbe carefully controlled to avoid excessive mismatches.) Then the two DNA strands willbe joined (in opposite 30�50 and 50�30 orientation) at �; ��: (See �gure 7.) If the strandsare su�ciently long, such Annealing may also result in various types of DNA structuresincluding loops; for example if the strings �; �0 are not too long, and do not appear in�; �, and if one of the strings �; � are su�ciently long (approximately 40 to 100 basepairs (bp); see Sinden [S 94]), and if the contents of a test tube containing multiplesingle stranded DNA with the string (in 30 � 50 orientation) ���0 is combined with thecontents of another test tube containing multiple single stranded DNA with the string(in 50 � 30 orientation) �����0; and cooled appropriately, then the two strands will bejoined at �; ��0 and also at �0; ��0 thus forming a DNA loop. (See �gures 8 and 9.)8. Ligation uses a ligation enzyme to covalent bond annealed double stranded DNA (see[SFM 89], Chapter 11.8).9. Denature of double stranded DNA into single-stranded DNA via heating.Separation, Cleavage, Annealing and Ligation operations based on complementary match-ing can be used to implement DNA string-editing, also known as site-directed or localizedmutagenesis (see [OP 94], page 191-206, [WGWZ 92], page 192-193, and [SFM 89], Chapter5) however DNA string-editing using these recombinant DNA operations is only applicable tovery short pattern strings.7 Open ProblemsOur simulation of the PA-Match operation in the RDNA model uses techniques similar (atleast in certain technical details) to those used for small circular DNA found in bacteria knownas plasmids.1. Are there other recombinant DNA techniques used by bacteria or related living formsthat can be of use in biomolecular computation? Our simple loop construction is notthe only way of proving Lemma 5.1; other alternative constructions can be made using asimple loop plus dangling end segments (and can use a variant of our standard encodingwith the pair of pattern strings reversed); however all such constructions also appear torequire at some stage some variant of our use of a loop or cyclic substructure and somevariant of our standard encoding.2. It is an interesting open question to determine if such techniques are inherent in anysimulation of the PA-Match operation in the RDNA model. Other open problems in-clude: 30
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9 Appendix: Recombinant DNA Technology.In the last decade, there have been revolutionary advances in the �eld of biomedical engineer-ing, particularly in recombinant DNA and RNA manipulation. Basic principles of recombinantDNA technology are described in Watson, Gilman, Witkoski, Zoller [WGWZ 92] (along witha detailed account of the history of discovery), as well as in Watson, Hoplins, Roberts, et. al.[WHR 87] and Old and Primrose [OP 94]. Detailed theoretical discussions of dynamics, ther-modynamics, and structure of DNA, RNA and certain proteins are given by Brooks, Karplus,and Pettitt [BKP 90] and Sinden [S 94].Due to the industrialization of the biotechnology �eld, laboratory techniques for recombi-nant DNA and RNA manipulation are becoming highly standardized, with well written labmanuals (e.g. [SFM 89]) detailing the elementary lab steps required for recombinant DNA op-erations. Thus these recombinant DNA operations which where once considered highly sophis-ticated are now routine. As a further byproduct of the industrialization of the biotechnology�eld, many of the constraints (such as timing, pH, and solution concentration, contaminationetc.) critical to the successful execution of these recombinant DNA techniques are now verywell understood, both theoretically and in practice.Biological researchers have recently made very creative use of recombinant DNA techniquesfor various biological applications (these are unrelated to computation, but using what mayperhaps be viewed in hindsight as biomolecular computation techniques); for example thework by Alper [Alp 94] in drug discovery. Also, Bartel and Szostak [BS 91] isolated newribozymes from a large pool of random sequences and Eigen and Rigler [ER 94] developedtechniques for sorting molecules by closeness metrics.10 Appendix: Limitations of Biomolecular Computa-tion.Molecular computation seems to have certain advantages of scale over conventional methodsof computation; nevertheless if biomolecular computations simply utilize the current and wellestablished lab methods of recombinant DNA manipulation, they have some severe limita-tions. In fairness we must also take into account many factors, such as the bit width of theconventional computations, as well as volume limitations and errors of biomolecular compu-tation. So the full potential of biomolecular computation is by no means well understood orrealized.The main bounding parameters of biomolecular computations are:1. Total number of distinct elements of a test tube T . This may be the most importantlimitation since the volume of the test tubes to be processed can be at most some smallnumber of liters, unless industrial size operations are to be done. Thus the number of34



distinct elements of a test tube is limited to some number not much more than 1020. Thislimits the size of NP search problems that may be solved by biomolecular computationusing brute force search techniques: this number of distinct elements would allow forthe encoding of all 66 bit strings and hence brute force search on SAT problems with upto 66 boolean variables. This upper bound on number of distinct elements of a test tubelimits the tape length s of the Turing Machines that may be simulated by our techniquesto at most 33.2. Time duration � of each lab step. The time duration � of each lab step is limited bythe time required for basic recombinant DNA operations required to ensure that thenumber of inclusion and exclusion errors are not excessive. While some operations, suchas the Merge of test tubes by mixing, can be done in at most a few seconds, the times ofoperations (such as Separation, Cleavage, Annealing, Ligation, Denature) depending oncomplementary matching of DNA substrings are strongly dependent on (a) the length ofrequired match, and (b) the allowed number of errors of matching (and may also dependon temperature, pH, solution concentration, and possibly other parameters). In general,annealing times increase with the number of unique DNA sequences in a population. Ifthe required length of matching is small and the allowed error rate is moderate, thenannealing times can range from a minute up to a few hours. Thus the time duration �is considerably more than the step rate of a conventional machine, e.g., a 100 megahertzhigh performance workstation runs at a factor 108 faster step rate. But the potentialadvantages of molecular parallelism over sequential computation may outweigh this steprate disadvantage.3. Number of lab steps L required by a molecular algorithm. Due to the extremely slowstep rate of the lab operations, the number of steps should be very small.4. Length of complementary matching in DNA strings, e.g. by associative matching oper-ations.In conventional recombinant DNA operations, complementary matching in DNA stringsis generally done on sequences of small length. In fact, all the basic lab steps whichwill be discussed here can be done in moderate time duration, in part since we will onlymatch DNA strings of very short length.5. Energy. There is a very large potential advantage with respect to energy consumption.Certain of the molecular computing operations we consider, such as Separation, may op-erate at approximately 10�19 Joules per operation. Other operations, such as denaturingand annealing, which use heating or cooling, may require signi�cantly more energy. Incontrast, conventional electronic computers may operate in the range of 10�9 Joules peroperation. 35



6. Error induced by the operations. It is well understood how to cope with certain errorsthat may arise in biomolecular computations.For example, for certain operations such as ampli�cation the DNA strands must benondegenerate: strands must be free of lengthy palindromes, replications, and Watson-Crick complementary subsequences. (Still, degenerate strands can be of speci�c usein certain procedures.) However, there remain other possible errors, due to inadvertentcontamination and other factors, including the unsuccessful execution of each operation.Adleman [A95] has considered the accuracy of the operations, and argued in detail thatconventional techniques would su�ce to limit the errors in a restricted set of applications.
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