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Abstract
Fringe analysis is a technique used to study the average behavior of search trees. In this
paper we survey the main results regarding this technique, and we improve a previous asymptotic
theorem. At the same time we present new developments and applications of the theory which
allow improvements in several bounds on the behavior of search trees. Our examples cover
binary search trees, AVL trees, 2-3 trees, and B-trees.
Categories and Subject Descriptors: F.2.2 [Analysis of Algorithms and Problem Complexity]: Nonnumerical Algorithms and Problems { computations on discrete structures; sorting
and searching; E.1 [Data Structures]; trees.
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1 Introduction
Search trees are one of the most used data structures to manage dynamic data sets. To study their
average-case performance, there exist several analytical techniques. Classical ones are generating
functions coupled with di erential equations, which use complex analysis to obtain asymptotical
results. These techniques are covered in many textbooks like [Knu73, GK81, VF90, Mah92]. In
this survey we present another technique, called fringe analysis, which is not covered by standard
textbooks, and is mainly used for the average-case analysis of balanced search trees.
Fringe analysis was formally introduced by Yao in 1974 [Yao74, Yao78] and was also discovered
independently by Nakamura and Mizoguchi [NM78]. However, the rst fringe type analysis was
done by Knuth [Knu73, Solution to problem 6.2.4.10, pages 679-680]. Fringe analysis is a method
used to analyze search trees that considers only the bottom part or fringe of the tree. From the
behavior of the subtrees on the fringe, it is possible to obtain bounds on most complexity measures
of the complete tree and some exact results.
Classical fringe analysis considers only insertions, and the model used is that the n! possible
permutations of the n keys used as input are equally likely. A search tree built under this model is
called a random tree. This is equivalent to saying that the n-th insertion has the same probability
of falling in any of the n + 1 leaves of the tree.
This technique has been applied to almost all search trees and related problems:

 variants of binary search trees [BY91, PM85, Pob93],
 2-3 trees [Yao78, Bro79b, EZG 82, BYP85, VD76, LW79],
+

 AVL trees [Bro79a, Meh82, GZ82, BYGZ92],
 multiway search trees and variants [CIOW81, BY87b, CP88, BYC92],
 B-trees [Yao78, NM78, EZG 82, Wri85], its variants [BY89a, BYL89, Fre79, BY89b, CK86,
+

BY90b, BY90a], and related operations (concurrency for example),

 symmetric Binary B-trees [ZOG85],
 1-2 trees [OW80, OS80, Oli81],
 red-black trees [GS78],
 generalized search trees [MP84, CG87],
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 bounded disorder les [Mat90, BY94], and
 external sorting [CGMP91].
The typical measures obtained are bounds in the expected number of nodes, several probabilities
of events happening during an insertion, expected space utilization, etc [GBY91]. Also it is possible
to obtain bounds for the height of the tree [Ziv82, EZG+82, BY85] or probabilities related to
concurrent access to the tree [KW80, EZG+82, BYP85]. Table 1 shows some upper and lower
bounds for the fraction of height balanced nodes and the probability of a rotation in AVL trees,
and the fraction of internal nodes (with respect to all the n keys stored) and the probability of a
split in 2-3 trees and B-trees of order m (internal nodes can hold between m and 2m keys). We
also include the storage utilization for the case of 2-3 and B-trees. Some of these results require
that n be large.
Measure (n ! 1)
AVL-trees
Fraction
of nodes
[0.5637, 0.7799]
Probability
of rotation/split
Storage
utilization

2-3 trees
[0.7377, 0.7543]

[0.3784, 0.7261] [0:7212; 0:5585 + 0:03308 log2 (n + 1)]
|-

[0.6629, 0.6778]

B-trees
m ln 2 + O(m
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Table 1: Main results obtained with fringe analysis.
Some attempts to include deletions into the analysis had been made for AVL-trees [Meh82], and
B-trees [Miz79, QK80, BY87a, JS89]. However, the random model does not apply after deletions,
and a di erent model must be used.
In this review we give an unifying view to several variations of fringe analysis, and we present
the complete solution for a fringe analysis type recurrence. Some theorems and proofs are included
to keep the text self-contained and/or because they are contained in papers that are dicult to
obtain. Fringe type recurrences can be applied to the analysis of any class of search trees, ranging
from binary search trees to B-trees. The asymptotic solution shows a fast convergence of the process
3

to the steady state. The connection between fringe analysis and urn processes shows also that the
variance tends to 0 with high probability.

2 The Theory of Fringe Analysis
The theory of fringe analysis was formalized in Eisenbarth et al. [EZG+ 82]. The fringe of the
tree is de ned in terms of a nite collection C of trees. A collection C is closed if the e ect of an
insertion only a ects the subtree of the fringe in which it is performed, and produces one or more
members of the same collection.



 

Type 1
Type 2
Figure 1: 2-3 tree fringe collection of height one.


 

 



 



 

Fringe

Figure 2: A 2-3 tree and its fringe of height one.

Example 1. Figure 1 shows a tree collection that de nes a fringe of height one in a 2-3 tree, while

gure 2 shows a 2-3 tree and the fringe corresponding to this collection. The composition of the
fringe can be described by the number of subtrees of each type [Yao78], or by the probability that a
randomly chosen leaf belongs to each member in C [EZG+ 82]. This process de nes a Markov chain
[EZG+ 82]. Let n be the number of keys in the tree, Ai (n) be the expected number of subtrees of
type i in the fringe, Li the number of leaves in type i, and
Pi (n) = Ani(+n)1Li
be the probability of a leaf belonging to a subtree of type i in a random 2-3 tree with n keys.
An insertion in a type I subtree produces a type II subtree, while an insertion in a type II
subtree produces two type I subtrees. So,
A1 (n) = A1(n ? 1) ? P1(n ? 1) + 2P2(n ? 1) and
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A2 (n) = A2(n ? 1) ? P2(n ? 1) + P1 (n ? 1) :
Using only Pi (n) and matrix notation we have





P~ (n) = I + n +1 1 H P~ (n ? 1) ;

where I is the identity matrix and H is called the transition matrix, given by

2
H = 4 ?3

3

45
:
3 ?4

By replacing the condition P1 (n)+ P2 (n) = 1 in the above recurrence, we obtain only one recurrence
in P1(n), namely
P1 (n) = P1 (n ? 1) + n +1 1 (4 ? 7P1 (n ? 1)); P1 (1) = 1 :
Note that if P1 (n ? 1) = 4/7 then P1 (n) remains constant. Iterating the recurrence we see that
P1(6) = 4/7, giving P~ (n) = [4/7; 3/7]T for n  6 (a formal solution is given later).
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In general, H = H2 ? H1 where H2 represents the transitions from one type to another type,
that is, h2 ij is the the probability that an insertion in type j produces one or more subtrees of type
i times the number of leaves of type i created; and H1 = diag(Li) + I represents the leaves lost by
each type after an insertion plus one. It is not dicult to see that det(H) = 0.
A fringe analysis is connected [EZG+ 82], if there exist Hi such that det(Hi ) 6= 0, where Hi is
the matrix H with the i-th row and i-th column deleted.
The asymptotic solution to a connected fringe analysis, as shown later, is given by

P~ (n) = ~x + O(nRe(2 ) logm?1 n) ;

P

where ~x is the solution to H~x = 0, normalized such that xi = 1, and 2 is the second largest
eigenvalue in absolute value with Re(2) < 0 and multiplicity m (the largest eigenvalue is always
0 with multiplicity 1) [EZG+ 82, BYG90].
In many cases, it is possible to use the structure of H to simplify the solution of the system of
equations [BYP85]. In the following paragraphs we give the exact solution of the recurrence for all
n, and its asymptotic solution.
We start from the matrix recurrence equation


P~ (n) = I + n +1 1 H P~ (n ? 1) :
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Let m be the dimension of the recurrence. Because the rank of H is m ? 1, we include the condition
P
that i Pi (n) = 1, to obtain the following equation (P~ now has one component less)


~P (n) = I + 1 T P~ (n ? 1) + 1 F~ ;
n+1
n+1
where T = H(m?1)(m?1) ? H0 where H(m?1)(m?1) denotes the principal minor of H, F~ is the last
column of H up to the (m ? 1)-th row, and H0 is a (m ? 1)  (m ? 1) matrix where every column
is equal to F~ . In the sequel of this paper Xn = (X ? (n ? 1)I)   (X ? I)X denotes descendent
factorials over matrices.
Theorem

by

2.1 The solution for a connected fringe analysis of a closed collection of trees is given

n+1
n+1 ~
P~ (n) = ?T?1 F~ + ((?n 1)
+ 1)! (?T ? I) C ;
with C~ obtained from the initial condition P~ (n0 ) = [1; 0; 0; :::; 0]T ; where n0 is the number of

elements in the smallest subtree type of the fringe collection.

Proof: Introducing the generating function (see [Knu69, page 86])
X~ n
~
P (z) =

n0

P (n)z ;

in the matrix recurrence, we obtain the following rst order linear di erential equation
1 F~ ;
dP~ (z) =  2z ? 1 I + 1 T P~ (z) +
dz
z(1 ? z) 1 ? z
z(1 ? z)2

whose solution is

P~ (z) = z1 e?(T+I) ln(1?z) C~ ? z(1 1? z) T?1 F~ ;

where C~ is obtained from the initial condition.
For n  n0 , we have

k
X
P~ (n) = [z n]P~ (z) = ?T?1 F~ + (?T ? I)k [z n+1 ] ln (1k!? z) C~ ;
k0

where [z n ]P (z ) denotes the coecient in z n of P (z ). But
k
n
[z n ] ln (1k!? z ) = (?n1)! S (nk) ;
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for n  k where S (nk) denotes Stirling numbers of the rst kind [Knu69, page 65]. Therefore, for

n  n0

or [Knu69, page 65]

+1
n+1 nX
(k )
k~
P~ (n) = ?T?1 F~ + ((?n 1)
+ 1)! k=0 S n+1 (?T ? I) C ;

n+1
n+1 ~
P~ (n) = ?T?1 F~ + ((?n 1)
+ 1)! (?T ? I) C :

A preliminary version of this theorem was presented in [BYG90].
Example 2. In Example 1, we have P~ (1) = [1; 0], T = ?7, F = 4 and C = 1/35, obtaining

? z )6 ;
P (z) = 7z(14? z) + (1 35
z

!

or

n
P1(n) = 47 ? (?351) n +6 1 :
Note that the second term is 0 for n > 5.

2

The next step is to obtain the asymptotic behavior of the solution. Let R = ?T ? I. We want
the asymptotic value of
+1
n+1 nX
(k )
k~
S
~(n) = ((?n 1)
n+1 R C
+ 1)!
k=0

Theorem

2.2 Asymptotically, every component of ~(n) is
O(nRe(1) logm?1 n) ;

where 1 is the eigenvalue of T with largest real component, and m is its multiplicity. Note that
1 is equal to the the second largest eigenvalue of H and that Re(1) < 0.

Proof: We decompose R in its upper normal Jordan form [Gan59, Vol. 1, pages 152, 200-202]
R = P J P?

1

with J being an upper-diagonal matrix obtained from the eigenvalues of R. Then, we obtain
+1
n+1 nX
(k )
k ?1 ~
~(n) = P ((?n 1)
+ 1)! k=0 S n+1 J P C :
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Therefore, we have summations of the form

!

+1
n+1 nX
k k?j
(k )
Mj = ((?n 1)
+ 1)! k=0 S n+1 j  :

By using a well known combinatorial relation [Knu69, page 65, equation 40] we have

M0

= (?1)n+1



!

n+1 :

From Eisenbarth et al. [EZG+ 82] we know that Re() > 0 for  an eigenvalue of ?T. If  is an
integer we have M0 = 0 for n  . If  is not an integer (that is,  is real or complex), we have
[Knu69, page 15]

M0

= (?1)n+1

!

!

n ?  ? 1 = ?(n ? ) :
=
n+1
? ? 1
?(?)?(n + 1)


Therefore, asymptotically, we have
?(+1)

M0 = n?(?) + O(n??2 )
(see [AS72, page 253] for details about the ? function).
Analogously, we obtain





Mj = ( (n ? ) ? (?))j + O(1/n) M0 = O(M0 logj n) ;
where (x) = dxd (ln ?(x)) = ln n + O(1) [AS72, page 259].
But if  is an eigenvalue of T, then ?( + 1) is an eigenvalue of ?T ? I. Then, we can state
that every component of ~(n) is
O(nRe(1) logm?1 n) ;
where 1 is the eigenvalue of T with largest real component, and m is its multiplicity.
In all the analyses that appear in the literature, the multiplicity of the second eigenvalue is
1. However, in general this may be not true. For example, the following transition matrix has
2 = 3 = ?3, and
3
2
?
1
1
2
7
6
H = 664 1 ?2 1 775
0 1 ?3
with the steady state solution P~ = [5/9; 1/3; 1/9]T .
8

Example 3. For the second order analysis of 2-3 trees [Yao78, EZG 82] (a seven type collection),
the second eigenvalue of H is ?6:55 + 6:25i, and then, the order of each component in ~(n) is
+

proportional to

99:01 cos(6:25 ln n)n?6:55 + O(n?7:55) :
Note that the periodic term has logarithmic period (complex part of 2).
In many cases it might be dicult to obtain the second eigenvalue exactly, if the order of the
matrix is bigger than 4. It might even be dicult to obtain it numerically for a large matrix. In
those cases, we can use theorems that bound the eigenvalues of a matrix (for example, Gerschgorin's
theorem [Wil65, Chapter 2, S 13]). In our example, from the T matrix we can obtain Re(1)  ?2,
which is far from ?6:55, but good enough for asymptotic purposes. Another application of these
bounding techniques can be found in [BYG89].
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3 Weakly Closed Collections
For some classes of balanced trees, an event on the fringe may depend on events happening outside
the fringe. In that case unknown probabilities are introduced to handle this problem. For example,
in AVL trees, the composition of the fringe may change due to rotations involving nodes outside
the fringe [Meh82, GZ82, BYGZ92].
The following theorem extends Theorem 2.1 to the case of having unknown probabilities [BYGZ92].
Theorem

3.1 Let tin be m unknown probabilities. The solution to a recurrence of the form
m
X
P~ (n) = (I + n +1 1 T)P~ (n ? 1) + n +1 1 F~ + n +1 1 tin? G~ i ;

where F~ and G~ i (i = 1::m) are constant vectors, is
n+1
n+1 ~
P~ (n) = ?T?1 F~ + ((?n 1)
+ 1)! R C

+

?
m nX
X

1

i=1 kn0

(?1)n?k tik

n?X
k?1
j =0

1

i=1

Rj Tn?k?j?
~
(n ? j + 1)(n ? k ? j ? 1)!j ! Gi
1

where R = ?T ? I, and C~ is obtained from the initial condition P~ (n0 ) = [1; 0; 0; :::; 0]T ; where n0
is the number of elements in the smallest subtree type of the fringe collection.

If tin  ti for all n  n1 , we have

P~ (n)  ?T?1

!
m
X
i
F~ + t G~ i + O(1/n)
i=1

9

for some n1 > n0 . A similar relation holds if tin  ti .
Example 4. The smallest weakly AVL tree collection involves three types and one unknown
probability [GZ82, BYGZ92] ( gure 3). This collection is non-ambiguous, that is, a subtree is a
type I subtree only if does not belong to a type II or a type III subtree. Otherwise, it is possible
to show that this collection is closed if it is an ambiguous collection [GZ82].

type I
type II
type III
Figure 3: Weakly closed AVL tree collection.
The composition of the fringe is changed due to a rotation outside the fringe if an insertion
happens in one of the leaves shown in gure 4 with dashed lines.
Rotation
Figure 4: Insertions that depend on an unknown probability.
The recurrence equation for this case is [BYGZ92]

2
2 3
31
0
?
3
0
2
66
66 ?4 77
77CC
B
t
1
n
?
~
~P (n) = B
B@I + n + 1 64 3 ?4 3 75CA P (n ? 1) + n + 1 64 0 75 :
0 3 ?5
4
1

From Brown's result [Bro79b] we have that P2 (n) = 3/7 and P1 (n) + P3 (n) = 4/7 for n > 5,
reducing the problem to a recurrence in only one variable [BYGZ92]:


n?1
P1 (n) = P1 (n ? 1) 1 ? n +5 1 + 7(n 8+ 1) ? 4nt+
1
with P1 (6) = 0. The solution is, for n > 5,
8 ?4
P1 (n) = 35

nX
?1

(j + 1)4 t :
5 j
j>4 (n + 1)

If tn converges for large n, we obtain

8 ? 4t1 + O(1/n) :
P1(n) = 35
5
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Note that with a bigger fringe collection, we can obtain tn . However, other unknown probabilities appear [GZ82, BYGZ92]. If we can prove that there is a fringe collection without unknown
probabilities, capturing the subtrees of tn , or a fringe collection in where tn does not depend in
other probability, that would imply that tn converges. However, it seems that this does not happen,
and there is always an event above the fringe collection that modi es the fringe. Therefore, it may
be possible that tn oscillates around an average value.
2

4 Including the Level Information
As in Knuth's analysis [Knu73, problem 6.2.4.10], it is possible to include information about the
level of a leaf. This is formalized in Poblete and Munro to study locally balanced search trees
[PM85], and has been used to study binary search trees [BY91, CG87] and multiway trees [BY87b,
CP88, BYC92].
In this case, we de ne Pi (n; k) as the average number of leaves belonging to subtrees of type i
at level k in a tree with n elements.
Again, the insertion process de nes a set of recurrences. Introducing the generating function
Pi (n; y) = Pk Pi(n; k)y k the following matrix recurrence is obtained:


~P (n; y) = I + 1 H(y) P~ (n ? 1; y)
n+1
with the initial condition P~ (n0; y ) = F~ (y ).
As before, the solution is
n+1 ~
P~ (n; y) = ((?n 1)
+ 1)! (?H(y ) ? I) D(y )
n+1

with D~ (y ) obtained from the initial condition.
Note that P~ (n; 1) gives the probability of nding a leaf of each type. The matrix H = H(1) has
0 as maximal eigenvalue with multiplicity 1, and all the others have negative real part [EZG+82,
PM85]. Then, P~ (n; 1) has the same asymptotic solution as P~ (n).
More interesting is how to extract information from P~ (n; y ) about the external path length of
the tree. Let Cn;k be the probability that k comparisons are needed for an unsuccessful search in
a tree with n keys. Clearly,
X
Cn;k = Pi (n; k) :
i
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Introducing the generating function

Cn(y) =

X
k

Cn;k y k ;

we have

Cn (y) = P~ (n; y)  ~1
where  denotes the dot product of two vectors and ~1 is a vector with all its elements equal to 1.
The expected number of comparisons for an unsuccessful search is
X
d (C (y )) j = C 0 (1) :
C n = k Cn;k = dy
n
y=1
n
k

Following Theorem 2.1, we have that the higher order term is given by 1 (1), with multiplicity
1. Then, ignoring lower order terms
1 (y ) + 1)
P~ (n; y) = ?(?(?n?(y))(
n + 1)! ~x(y)
1
P
where ~x(y ) is the solution of H(y )~x(y ), such that i xi (1) = 1. Then
1 (y ) + 1)
C~ n(y) = ?(?(?n?(y))(
n + 1)! :
1
Taking the derivative with respect to y , and evaluating in y = 1 we obtain

P

C n = 01(1) Hn+1 + O(1)  01(1) ln n

where Hn = ni=1 1/i denotes the harmonic numbers. This result was obtained in a di erent way
by Poblete and Munro [PM85]. Recently, Poblete [Pob93] extended the result shown above to a
general multidimensional case. That is, given a random variable X~ (n), with generating function

X~ (n; y) = ~c(y)A~ (n; y)
where A~ (n; y ) is the generating function of the number of subtrees of each type on the fringe, and
~c(y) is a nonzero row vector of polynomials in y with non-negative coecients. Then, if H(y) is
the transition matrix of the insertion process, and H(y ) has a dominant eigenvalue 1(y ) at y = 1,
and 1(y ) 6= ?1; ?2;    when y ! 1, we have

X (n) = 01(1) (n + 1(1)) + O(1) :
A similar result holds for the variance, and it is shown that the probability distribution of X~ (n)
converges weakly to the normal distribution.
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Rotation
Figure 5: Local balancing in a binary search tree

Example 5. The simplest local balance restructuring in a binary search tree is to perform a

rotation whenever a son is appended to a node without a brother [PM85]. This case is depicted in
gure 5, where a rotation is performed if an insertion falls on one of the shaded leaves.
There are two types of subtrees (see gure 6) that de ne three types of leaves, which we denote
A, B and C .
A

A

type I

C
B

B

type II
Figure 6: Type of subtrees

C
B

B

Noting that the number of leaves of type C at level k is half the number of leaves of type B at
level k + 1, we can express the problem only as a function of leaves of type A and B . The matrix
recurrence in the generating functions is then [PM85] (P1(n; y ) = A(n; y ); P2 (n; y ) = B (n; y ))

0
31
2
?
3
6
1
5A P~ (n ? 1; y)
P~ (n; y) = @I + n + 1 4
2y 4

with initial condition P~ (1; y ) = [y; 0]T .
p
The eigenvalues of H(y ) are ?7/2  1 + 48y/2. Computing the derivative and evaluating in
y = 1, we have
H + O(1)  1:188 log2 n :
C n = 12
7 n+1
This should be compared with 1:386 log2 n for random binary search trees and log2 n for completely
balanced binary trees.
2

5 Fringe Analysis, Markov Chains, and Urn Processes
Although it is not explicit, a fringe analysis recurrence is equivalent to a Markov chain, and the nal
expected probability vector can be considered as the steady state solution of a nite Markov chain
13

without absorbing states [KS83]. For that reason, it is not surprising to nd that the probability
distributions involved converge to normal laws. On the same vein, fringe analysis was connected to
urn processes, when Bagchi and Pal [BP85] proved that the two type collection of Example 1 can
be described as an urn process which converges to a normal distribution with variance converging
to 0 as n approaches in nity.
Aldous et al. [AFP88] formalized the relation between fringe analysis and urn processes. This
relation holds provided that the matrix H2 is irreducible. This is the case for any reasonable
insertion algorithm, due to the cyclic nature of the process, and is equivalent to the notion of
connected fringe analysis.
They state the following theorem (in a slightly di erent way)
Theorem

solution of

5.1 In a connected fringe analysis, P~ (n) ! ~x almost surely as n ! 1, where ~x is the
P

H~x = 0

normalized such that i xi = 1.

That is, all previous bounds obtained for the expected value of a measure depending linearly on
~x, are also valid for the measure itself as a random variable. Further results on this line are given
in [Gou89].
Example 6. From the above theorem, we have now that E (1/x) ! 1/E (x) as n ! 1 for a
random variable x. This fact allows us to improve the bounds for the expected storage utilization
in B-trees [EZG+82]. So, for a B-tree of order m, we can now state
ln 2 ? 2 ln42m? 1 + O(m?2 )  U  ln 2 + 41m + O(m?2) :
The approximate value of 2 ln 2 ? 1 is 0.3863.
Using an over ow technique in the last level, that splits a node only when itself and its brothers
are full, we obtain
3  1
U = 1 ? ln 2 ? 2 4m + O(m?2 ) :

2

Other improvements of this kind are given in [Pal90].
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