
Iterated Monoidal Categories IIC. BALTEANU, Z. FIEDOROWICZ, R. SCHW�ANZL, R. VOGTIntroductionIn recent years many examples of a new kind of algebraic structure on a category have been discovered:braided monoidal categories, such as categories of representations of quantum groups (cf. [11] & [13]). It isstriking to note that there appears to be a connection between braided monoidal categories and 2-fold loopspaces similar to the one between monoidal categories and 1-fold loop spaces or between symmetric monoidalcategories and in�nte loop spaces. It is shown in [9] that the group completion of the nerve of a braidedmonoidal category is a 2-fold loop space. This result raises an obvious question: what algebraic structureon a category corresponds to an n-fold loop structure for 3 � n < 1? Unfortunately the proof of [9] shedsno light on this matter.In [10] we proposed a solution to this problem based on pursuing an analogy to the tautology that ann-fold loop space is a loop space in the category of (n � 1)-fold loop spaces. Noting the correspondencebetween loop spaces and monoidal categories, we iteratively de�ned the notion of n-fold monoidal categoryas a monoid in the category of (n�1)-fold monoidal categories. There are some subtleties involved in makingthis de�nition work: one has to de�ne \monoidal" up to a requisite degree of what category theorists call\laxness". We showed that the group completion of the nerve of an n-fold monoidal category is an n-foldloop space. But [10] raised more questions than it answered: what is the precise relation before groupcompletion of an n-fold monoidal category to an algebra over the little n-cubes operad, which as shown in [4]and [15] characterizes the notion of n-fold loop space? A priori, it is conceivable that after group completionthe nerve of an n-fold monoidal category has more structure, it might even be an in�nite loop space. E.g.the version of n-fold monoidal category investigated by Joyal and Street [11] gives an in�nite loop space forn � 3.The present paper answers this question. Our main result is that our notion of iterated monoidal categoryprecisely corresponds to the notion of an algebra over the little n-cubes operad for all n. Firstly the groupcompletion of the nerve of such a category is an n-fold loop space. Secondly one can form an operad in thecategory of small categories which parametrizes the algebraic structure of an n-fold monoidal category. Weshow that the nerve of this categorical operad is a topological operad which is equivalent, as an operad, tothe little n-cubes operad. Thus our result can be regarded as an algebraic characterization of the notionof n-fold loop space. We also note that this algebraically de�ned operad is a �nite simplicial operad and isclosely related to the Milgram construction [18] for 
nSnX.We would like to take this opportunity to thank Mike Davis for various clarifying discussions and ClemensBerger for several illuminating email conversations, which provided a key ingredient for the proof of our mainresult. We also thank the Deutsche Forschungsgemeinschaft and the Ohio State Mathematical ResearchInstitute for support during the preparation of this paper.1 n-fold Monoidal CategoriesIn this section we gradually develop the notion of iterated monoidal category. We start by recalling thestandard notion of monoidal category and de�ning a slightly nonstandard variant of the notion of monoidalfunctor.De�nition 1.1. A (strict) monoidal category is a category C together with a functor 2 : C � C ! C and anobject 0 such that1. 2 is strictly associative.2. 0 is a strict 2-sided unit for 2. 1



Amonoidal functor (F; �) : C ! D between monoidal categories consists of a functor F such that F (0) = 0together with a natural transformation�A;B : F (A)2F (B)! F (A2B);which satis�es the following conditions1. Internal Associativity: The following diagram commutesF (A)2F (B)2F (C) //�A;B2idF (C)�� idF (A)2�B;C F (A2B)2F (C)�� �A2B;CF (A)2F (B2C) //�A;B2C F (A2B2C)2. Internal Unit Conditions: �A;0 = �0;A = idF (A):Given two monoidal functors (F; �) : C ! D and (G; �) : D ! E , we de�ne their composite to be themonoidal functor (GF; �) : C ! E , where � denotes the compositeGF (A)2GF (B) //�F (A);F(B) G�F (A)2F (B)� //G(�A;B) GF (A2B):(It is an exercise to check that � satis�es the associativity condition above.) We denote by MonCat thecategory of monoidal categories and monoidal functors. Note that the usual product inCat de�nes a productin MonCat.Remark 1.2. It is usually required in standard de�nitions of the notion of monoidal functor that � be anisomorphism. As we will discuss below, it is crucial for us not to make this requirement.De�nition 1.3. A 2-fold monoidal category is a monoid in MonCat. This means that we are given amonoidal category (C;21; 0) and a monoidal functor (22; �) : C � C ! C which satis�es1. External Associativity: the following diagram commutes in MonCatC � C � C //(22;�)�idC�� idC�(22 ;�) C � C�� (22;�)C � C //(22;�) C2. External Unit Conditions: the following diagram commutes in MonCatC � 0 //��� �= C � C�� (22 ;�) 0� Coo � �� �=C //= C Coo =Explicitly this means that we are given a second associative binary operation 22 : C � C ! C, for which0 is also a two-sided unit. Moreover we are given a natural transformation�A;B;C;D : (A22B)21(C22D) ! (A21C)22(B21D):2



The internal unit conditions give �A;B;0;0 = �0;0;A;B = idA22B , while the external unit conditions give�A;0;B;0 = �0;A;0;B = idA21B. The internal associativity condition gives the commutative diagram(U22V )21(W22X)21(Y22Z) //�U;V;W;X21idY 22Z�� idU22V 21�W;X;Y;Z �(U21W )22(V 21X)�21(Y22Z)�� �U21W;V21X;Y;Z(U22V )21�(W21Y )22(X21Z)� //�U;V;W21Y;X21Z (U21W21Y )22(V 21X21Z)The external associativity condition gives the commutative diagram(U22V 22W )21(X22Y 22Z) //�U22V;W;X22Y;Z�� �U;V 22W;X;Y22Z �(U22V )21(X22Y )�22(W21Z)�� �U;V;X;Y 22idW21Z(U21X)22�(V 22W )21(Y 22Z)� //idU21X22�V;W;Y;Z (U21X)22(V21Y )22(W21Z)Remark 1.4. Notice that we have natural transformations�A;0;0;B : A21B ! A22B and �0;A;B;0 : A21B ! B22A:If we had insisted a 2-fold monoidal category be a monoid in the category of monoidal categories andstrictly monoidal functors, this would amount to requiring that � = id. In view of the above, this wouldimply A21B = A22B = B21A and similarly for morphisms. Thus the nerve of such a category would bea commutative topological monoid and its group completion would be equivalent to a product of abelianEilenberg-MacLane spaces.Remark 1.5. Recall that a braided monoidal category (also known as braided tensor category) is a categoryC together with a functor 21 : C � C ! C which is strictly associative, has a strict 2-sided unit object 0 andwith a natural commutativity isomorphism cA;B : A21B �! B21A satisfying the following properties:1. Unit Condition: cA;0 = c0;A = idA.2. Associativity Conditions: For any three objects A, B, C the following diagrams commute:A21B21C //cA21B;C''idA21cB;C OOOOOOOOOOO C21A21BA21C21B 77cA;C21idBoooooooooooA21B21C //cA;B21C''cA;B21idC OOOOOOOOOOO B21C21AB21A21C 77idB21cA;CoooooooooooWe claim that a braided monoidal category is exactly the same thing as a 2-fold monoidal category with21 = 22, � an isomorphism, and with�A;B;0;C = �A;0;B;C = idA21B21C :Assuming that 21 = 22 and that the natural isomorphism �A;B;C;D satis�es �A;B;0;C = �A;0;B;C =idA21B21C , one proceeds as follows to show that we have a braided monoidal category. In the internal3



associativity diagram take V = W = 0 and obtain that �U;X;Y;Z = idU21�0;X;Y;Z. Then take X = Y = 0and obtain that �U;V;W;Z = �U;V;W;021idZ . Combining these two facts, one obtains that�A;B;C;D = idA21cB;C21idD; (�)where cB;C = �0;B;C;0. Then take U = Z = W = 0 in the internal associativity law to get the �rstassociativity law for c, and take U = Z = X = 0 to get the other one. With the additional conditions wehave here the external associativity law is super
uous.Conversely given a braided monoidal category, we can de�ne a 2-fold monoidal structure by (�).Remark 1.6. Joyal and Street [11] considered a very similar concept to our notion of 2-fold monoidalcategory. They loosened our requirement that the two operations 21 and 22 be strictly associative with astrict unit by only requiring these conditions to hold up to coherent natural isomorphisms. More signi�cantlythey required the natural transformation �A;B;C;D to be an isomorphism. They then showed that such acategory is naturally equivalent to a braided monoidal category. Brie
y given such a category one obtainsan equivalent braided monoidal category by discarding one of the two operations, say 22, and de�ning thecommutativity isomorphism for the remaining operation 21 to be the compositeA21B //�0;A;B;0 B22A //��1B;0;0;A B21A:Our requirement that the operations be strictly associative and unital are not signi�cant restrictions andwere adopted for convenience and simplicity. One can always replace categories with operations which areassociative and unital up to coherent natural isomorphisms by equivalent categories with strictly associativeand unital operations.There is now a pretty obvious way to de�ne the notion of a 2-fold monoidal functor between 2-foldmonoidal categories F : C ! D. It is a functor together with two natural transformations:�1A;B : F (A)21F (B)! F (A21B)�2A;B : F (A)22F (B)! F (A22B)satisfying the same associativity and unit conditions as in the case of monoidal functors. In addition werequire that the following hexagonal interchange diagram commutes:(F (A)22F (B))21(F (C)22F (D)) //�F (A);F(B);F(C);F (D)�� �2A;B21�2C;D (F (A)21F (C))22(F (B)21F (D))�� �1A;C22�1B;DF (A22B)21F (C22D)�� �1A22B;C22D F (A21C)22F (B21D)�� �2A21C;B21DF ((A22B)21(C22D)) //F (�A;B;C;D) F ((A21C)22(B21D))We can now de�ne the category 2-MonCat of 2-fold monoidal categories and 2-fold monoidal functors,and then de�ne a 3-fold monoidal category as a monoid in 2-MonCat. From this point on, the iteration ofthis notion is quite straightforward and we arrive at the following de�nitions.De�nition 1.7. An n-fold monoidal category is a category C with the following structure.1. There are n distinct multiplications 21;22; : : : ;2n : C � C ! Cwhich are strictly associative and C has an object 0 which is a strict unit for all the multiplications.4



2. For each pair (i; j) such that 1 � i < j � n there is a natural transformation�ijA;B;C;D : (A2jB)2i(C2jD)! (A2iC)2j(B2iD):These natural transformations �ij are subject to the following conditions:(a) Internal unit condition: �ijA;B;0;0 = �ij0;0;A;B = idA2jB(b) External unit condition: �ijA;0;B;0 = �ij0;A;0;B = idA2iB(c) Internal associativity condition: The following diagram commutes(U2jV )2i(W2jX)2i(Y 2jZ) //�ijU;V;W;X2iidY 2jZ�� idU2jV 2i�ijW;X;Y;Z �(U2iW )2j(V 2iX)�2i(Y 2jZ)�� �ijU2iW;V 2iX;YZ(U2jV )2i�(W2iY )2j(X2iZ)� //�ijU;V;W2iY;X2iZ (U2iW2iY )2j(V 2iX2iZ)(d) External associativity condition: The following diagram commutes(U2jV2jW )2i(X2jY2jZ) //�ijU2jV;W;X2jY;Z�� �ijU;V 2jW;X;Y2jZ �(U2jV )2i(X2jY )�2j(W2iZ)�� �ijU;V;X;Y 2j idW2iZ(U2iX)2j�(V 2jW )2i(Y2jZ)� //idU2iX2j�ijV;W;Y;Z (U2iX)2j(V 2iY )2j(W2iZ)Finally it is required that for each triple (i; j; k) satisfying 1 � i < j < k � n the (big!) hexagonal interchangediagram commutes. SSSSSSSSw? ?
��������/
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((A12jB1)2k(A22jB2))2i((C12jD1)2k(C22jD2)) ((A12kA2)2i(C12kC2))2j((B12kB2)2i(D12kD2))�jkA1;A2;B1;B22i�jkC1;C2;D1;D2 �ijA12kA2;B12kB2;C12kC2;D12kD2((A12kA2)2j(B12kB2))2i((C12kC2)2j(D12kD2))
((A12jB1)2i(C12jD1))2k((A22jB2)2i(C22jD2)) ((A12iC1)2k(A22iC2))2j((B12iD1)2k(B22iD2))�ikA12jB1;A22jB2;C12jD1;C22jD2 �ikA1 ;A2;C1;C22j�ikB1;B2;D1;D2

((A12iC1)2j(B12iD1))2k((A22iC2)2j(B22iD2))�ijA1;B1;C1;D12k�ijA2;B2;C2 ;D2 �jkA12iC1;A22jC2;B12iD1;B22jD25



De�nition 1.8. An n-fold monoidal functor (F; �1; : : : ; �n) : C ! D between n-fold monoidal categoriesconsists of a functor F such that F (0) = 0 together with natural transformations�iA;B : F (A)2iF (B)! F (A2iB) i = 1; 2; : : : ; nsatisfying the same associativity and unit conditions as monoidal functors. In addition the following hexag-onal interchange diagram commutes:(F (A)2jF (B))2i(F (C)2jF (D)) //�ijF (A);F(B);F(C);F (D)�� �jA;B2i�jC;D (F (A)2iF (C))2j(F (B)2iF (D))�� �iA;C2j�iB;DF (A2jB)2iF (C2jD)�� �iA2jB;C2jD F (A2iC)2jF (B2iD)�� �jA2iC;B2iDF ((A2jB)2i(C2jD)) //F (�ijA;B;C;D) F ((A2iC)2j(B2iD))Composition of n-foldmonoidal functors is de�ned in exactly the same way as for monoidal functors. Howeverthere is an additional exercise to check that the resulting composite satis�es the hexagonal interchangediagram.It is pretty straightforward to check that an (n+ 1)-fold monoidal category is exactly the same thing asa monoid in n-MonCat, the category of n-fold monoidal categories and functors. Note that the hexagonalinterchange diagrams for the (n+ 1)-st monoidal operation regarded as an n-fold monoidal functor is whatgives rise to the giant hexagonal diagrams involving 2i, 2j and 2n+1.Remark 1.9. Recall that a symmetric monoidal category is de�ned in the same way as a braided monoidalcategory, subject to the additional requirement that the commutativity isomorphismcA;B : A2B �=�! B2Asatisfy the symmetry condition cB;A = c�1A;BIt is easy to see a symmetric monoidal category is n-fold monoidal for all n. One merely has to take21 = 22 = � � � = 2n = 2and de�ne �ijA;B;C;D = idA2cB;C2idDfor all i < j.Remark 1.10. Joyal and Street [11] arrived at pretty much the same de�nitions as we do in their context.Because of their insistence that the interchange natural transformations �ijA;B;C;D be isomorphisms, howeveras they observed, for n � 3 such a notion is equivalent to the notion of symmetric monoidal category, by anargument similar to that of Remark 1.6. Thus the nerves of such categories have group completions whichare in�nite loop spaces rather than n-fold loop spaces. In Remark 3.15 we will give a homotopy theoreticinterpretation of this phenomenon. 6



2 Connection with n-fold Loop SpacesIn this section we sketch a proof of our assertion that the group completion of the nerve of an n-foldmonoidal category is a n-fold loop space. The proof closely mimics Thomason's [27] proof for the analogousconnection between symmetric monoidal categories and in�nite loop spaces. That proof in turn is based onSegal's ideas [23]. Our proof sketch omits some important details which depend on the coherence theoremfor n-fold monoidal categories which we will discuss in Section 4. Later on in section Section 6 we will givean alternative proof of our assertion based on the operad approach to n-fold loop spaces due to May [15].Segal showed that a space Y is homotopy equivalent to a 1-fold loop space if and only if one can constructa \bar construction on Y up to homotopy." This means a simplicial space X� : �op ! Top (where Top isthe category of compactly generated spaces) with X1 = Y and satisfying1. There is a homotopy equivalence Xn '�! (X1)n induced by certain iterated face maps and X0 iscontractible.2. The multiplication induced by (X1)2 ' � X2 d1�! X1 admits a homotopy inverse. (This holds if �0(X1)is a group and if X1 is numerably contractible, eg. a CW-complex.)Moreover he showed that the geometric realization jX�j is an up-to-homotopy delooping of X1 = Y ,ie. 
jX�j ' X1 = Y . It was subsequently shown [17] that if condition (2) is omitted, then under somemild additional homotopy commutativity assumption H�(
jX�j) is obtained from H�(X1) by inverting theelements of �0(X1) � H0(X1). This relation is usually referred to as saying that 
jX�j is the group completionof X1. Simplicial spaces satisfying condition (1) are referred to as special �-spaces.Segal also noted that one could formulate categorical versions of these concepts. For instance a special�-category is a simplicial category C� : �op ! Cat satisfying1. There is an equivalence of categories Cn '�! (C1)n induced by certain iterated face maps and C0 has ainitial/terminal object.Since the nerve construction preserves products and sends categorical equivalences to homotopy equivalences,the nerve of a special �-category is a special �-space.Segal noted that a strictly monoidal category C naturally gives rise to a special �-category C� withCn = (C)n via the bar construction. If the monoidal structure is not strictly associative, then one can stillconstruct a special �-category C� but with Cn ' (C)n. Here one has to use the extra 
exibility of allowingcategorical equivalences rather than isomorphisms. (This is not critical in this case, since monoidal categoriesare equivalent to strictly associative ones. When one attempts to put symmetric monoidal categories in thisframework one encounters the problem that commutativity can not be made strict.)Segal's construction of special �-categories in the absence of strict algebraic relations (like associativity)was incomplete and ad hoc. This was remedied by Thomason [27], who noted that this construction couldbe done in two steps. First one can construct a lax functor C� : �op ! Cat such that Cn = (C1)n. Next onecould use the result of Street [26], which states that for any category I and any lax functor F : I ! Cat,one can construct an equivalent strict functor bF : I ! Cat. This functor bF is called the Street recti�cationof the original lax functor F . Applying this to the lax functor C� : �op ! Cat, one obtains a strict functorbC� : �op ! Cat, which is the desired special �-category.While Segal never explicitly considered n-fold loop spaces except in the special cases n = 1 and n =1,as noted by Dunn [7], his ideas can easily be adapted to this case. One needs to consider special (�)n-spaces.These are the same thing as n-simplicial spaces X������ : �op��op�� � ���op ! Top satisfying the condition1. There is a homotopy equivalence Xp1;p2 ;:::;pn '�! (X11:::1)p1p2 :::pn induced by certain iterated facemaps.We call such functors special (�)n-spaces. From Segal's results in the 1-fold loop case, we easily see thatfor a special (�)n-space X������ that 
njX������j is a group completion of X������. The notion of special(�)n-category can be formulated similarly.Theorem 2.1 An n-fold monoidal category C determines a lax functor C������ : �op��op�� � ���op ! Catsuch that Cp1;p2 ;:::;pn = Cp1p2 :::pn . 7



Proof: The lax functor C������ is already speci�ed on objects of (�op)n. We begin to de�ne the lax functoron morphisms of (�op)n by �rst considering morphisms of the special form(id; : : : ; id; �; id; : : :; id) : (p1; : : : ; pi�1; qi; pi+1; : : : ; pn) �! (p1; : : : ; pi�1; pi; pi+1; : : : ; pn)which have only one nontrivial component � : qi ! pi in �.Recall that given a morphism � : pi ! qi in �op and a strict monoidal category A, the bar constructionde�nes a corresponding functor Api ! Aqi . Now consider the category A = Cpi+1pi+2:::pn as a monoidalcategory with respect to the i-th operation 2i applied componentwise. This de�nes a functorCpipi+1:::pn = Api //�� Aqi = Cqipi+1 :::pnNow taking the p1p2 : : : pi�1-fold product of this functor with itself gives a functorCp1;p2;:::;pn = Cp1p2:::pn //(��)p1p2:::pi�1 Cp1:::qi :::pn = Cp1;:::;qi;:::;pnwhich we de�ne to be the value of the lax functor C������ on the morphism (id; : : : ; id; �; id; : : : ; id).Now given an arbitrary morphism (�1; �2; : : : ; �n) : (p1; p2; : : : ; pn) �! (q1; q2; : : : ; qn) in (�op)n wede�ne its value under C������ to be the resulting composite functor.Cp1;p2 ;:::;pn �! Cq1 ;p2;:::;pn �! � � � �! Cq1;q2;:::;qn�1 ;pn �! Cq1;q2;:::;qn�1 ;qnWe claim that this de�nes a lax functor C������ : �op ��op � � � � ��op ! Cat. To see this suppose weare given two morphisms � = (�1; �2; : : : ; �n)� = (�1; �2; : : : ; �n)in (�op)n and consider the composite �� = (�1�1; �2�2; : : : ; �n�n)By de�nition the value of C������ on �� is the functor given by the composite of the induced functor(�1�1; id; : : : ; id)�followed by (id; �2�2; id; : : : ; id)�etc. Since C������ is a functor when restricted to morphisms having the form that all but one component istrivial, (��)� can be further decomposed as the composite(�1; ; id; : : : ; id)�(�1; ; id; : : :; id)�followed by (id; �2; id; : : : ; id)�(id; �2; id; : : : ; id)�etc. Similarly ���� breaks up as a composite of exactly the same functors, but composed in a di�erent order.Thus to construct a natural transformation ���� ! (��)� it su�ces to construct natural transformations(id; : : : ; id; �i; id; : : : ; id)�(id; : : : ; id; �j; id; : : : ; id)� �! (id; : : : ; id; �j; id; : : : ; id)�(id; : : : ; id; �i; id; : : : ; id)�where the indices i; j indicating the location of the nontrivial components satisfy i < j and �i : pi ! qi,�j : pj ! qj are arbitrary morphisms in �op. 8



Thus we have to construct a natural transformation from the top-right to the left-bottom of the followingdiagram: �(Cpj+1 :::pn)pj�p1p2 :::pj�1 //(��j )p1p2:::pj�1 �(Cpj+1 :::pn )qj�p1p2:::pj�1�(Cpi+1 :::pn )pi�p1p2:::pi�1�� (��i )p1p2:::pi�1 �(Cpi+1 :::qj :::pn )pi�p1p2:::pi�1�� (��i )p1p2:::pi�1�(Cpi+1 :::pn )qi�p1p2 :::pi�1 �(Cpi+1 :::qj :::pn )qi�p1p2:::pi�1�(Cpj+1 :::pn )pj�p1:::qj :::pj�1 //(��j )p1 :::qj :::pj�1 �(Cpj+1 :::pn)qj�p1:::qj :::pj�1(The vertical equality signs in the diagram are actually canonical permutations.)Now to construct a natural transformation between two functors taking values in a product of categories,it su�ces to construct a natural transformation separately in each component of the product. Thus we mayas well assume thatp1 = � � � = pi�1 = qi = pi+1 = � � � = pj�1 = qj = pj+1 = � � � = pn = 1To simplify the notation a little bit, we denote pi = r and pj = s. Then the previous diagram simpli�es to(Cr)s //�=�� (��i )s (Cs)r //(��j )r Cr�� ��iCs //��j CNow ��i and ��j , being induced maps in the bar construction, have to have the general form:��i (A1; : : : ; Ar) = Ak2iAk+12i : : :2iAk+u :=Q2ik�x�k+uAx��j (B1; : : : ; Bs) = Bl2jBl+12j : : :2jBl+v := Q2jl�y�l+v ByNow if we track an arbitrary object across the top and right of this diagram we obtain(Cxy) 1�x�r1�y�s � // �Q2jl�y�l+v Cxy�1�x�r_��Q2ik�x�k+u �Q2jl�y�l+v Cxy�On the other hand if we track it across the left and bottom we obtain:(Cxy) 1�x�r1�y�s_���Q2ik�x�k+uCxy�1�y�s � // Q2jl�y�l+v�Q2ik�x�k+uCxy�9



It is clear that there is a natural transformation, built out of repeated applications of �ij,Q2ik�x�k+u�Q2jl�y�l+v Cxy� �!Q2jl�y�l+v�Q2ik�x�k+uCxy�Lastly we must verify that the natural transformations ���� ! (��)� we have just constructed satisfy acertain associativity condition. To see this we rely on the coherence theorem for n-fold monoidal categories,which we will state and prove in the following two sections. That theorem states that any diagram built outof the natural transformations �ij must commute.Theorem 2.2 The group completion of the nerve of an n-fold monoidal category is an n-fold loop space.Proof Sketch: By the preceding theorem, we have a lax functorC������ : �op ��op � � � � ��op ! Catsuch that Cp1;p2;:::;pn = Cp1p2:::pn . Now apply Street recti�cation to obtain a genuine functorbC������ : �op ��op � � � � ��op ! Cat;with bCp1;p2;:::;pn ' Cp1p2 :::pn . Taking nerves we obtain a functor B bC������ : �op � �op � � � � � �op ! Top,with B bCp1;p2;:::;pn ' (BC)p1 ;p2;:::;pn . Thus B bC������ is a special (�)n-space, and the result follows.3 Free n-fold Monoidal Categories and Their Associated Operad:Statement of Main ResultsIn this section we consider an alternative and more precise way of relating n-fold monoidal categories ton-fold loop spaces: via operads. First of all we consider free n-fold monoidal categories and construct anassociated operad which acts on nerves of n-fold monoidal categories. We then discuss the relation of thisoperad to Milgram's permutohedral construction used to approximate free loop spaces, and to the littlen-cubes operad of Boardman and Vogt.De�nition 3.1. Let C be a small category. By FnC we will denote the free n-fold monoidal categorygenerated by C. FnC may be constructed as follows. As objects one takes all �nite expressions generated bythe objects of C using associative operations 21, 22, : : : 2n. For example(((C121C221C3)22C422(C523C6))22C7)23(C822C9)Included among such possible expressions is the vacuous expression, denoted 0, which serves as the unitobject. The morphisms of FnC are �nite composites of all possible �nite formal expressions generated bythe morphisms of C and symbols �ijA;B;C;D with 1 � i < j � n and A, B, C, D objects of FnC, using theassociative operations 21, 22, : : : , and 2n. Two such composites of formal expressions are identi�ed if andonly if one can be converted to the other by repeated use of various functoriality, naturality and associativitydiagrams. (This is a special case of forming a colimit in theories, cf. [4, p. 33 Prop.2.5].)As a special case we may take C to be a �nite set whose elements are taken to be the objects, withthe morphisms understood to be just the identities of these objects. We will denote by Mn(k) the fullsubcategory of Fnf1; 2; : : :; kg whose objects are expressions in which each element 1, 2, : : : , k occursexactly once. For example (2211)223 is an object ofMn(3) but not ofMn(4), whereas (1222)211 is notin anyMn(k). The symmetric group �k acts freely on Mn(k) via functors, by permuting labels on bothobjects and morphisms. It is easy to see that for any category CFnC �= ak�0Mn(k)��k CkIn particular Fnf1g �= ak�0Mn(k)=�k10



If C is already n-fold monoidal, then we have a natural evaluation functor FnC ! C which gives rise tofunctors Mn(k)��k Cn �! CAs a special case we get mapsMn(k)�Mn(i1)�Mn(i2) � � � � �Mn(ik) �!Mn(i1 + i2 + � � �+ ik)by replacing the labels f1; 2; : : :; ijg inMn(ij) with the labels fi1+i2+� � �+ij�1+1; : : : ; i1+i2+� � �+ij�1+ijg.This gives fMn(k)gk�0 the structure of an operad in the category of small categories, with a natural actionon n-fold monoidal categories. Since the nerve construction preserves products, the nerve of this categoricaloperad is a topological operad, which we also abusively denoteMn, and this operad acts on nerves of n-foldmonoidal categories.De�nition 3.2. It will be convenient to be a bit more general and consider categories Mn(S), where Sis an arbitrary �nite set. Again we de�ne Mn(S) to be the full subcategory of the free n-fold monoidalcategory Fn(S) whose objects are expressions in which each element of S occurs precisely once. Obviouslyany bijection S �= S0 extends to an isomorphism of categories Mn(S) �= Mn(S0). If S � T , there is arestriction functorMn(T ) !Mn(S), induced by the functor Fn(T ) ! Fn(S) which sends the elements ofT � S to 0.The following is an amusing exercise for the reader:Exercise 3.3.Let ank denote the number of objects inMn(k)=�k. Then an0 = an1 = 1, an2 = n, an3 = 2n2�n,an4 = 5n3 � 5n2 + n and we have the recurrence relationank = nan1ann�1 + n�1Xi=2(n � 1)ani ank�iThe ratios ank+1ank slowly increase to a limit of 2n� 1 + 2pn2 � n. Thus the number of objects inMn(k) isk!ank .While it may seem from the de�nition that the operads Mn(k) are some in�nite-dimensional abstractalgebraic monstrosities, this is not the case. They are actually nice compact polyhedra.Example 3.4. It is not di�cult to see that Mn(2) is the (n � 1)-dimensional octahedron and thushomeomorphic to Sn�1. (By (n � 1)-dimensional octahedron we mean the boundary of the convex hullof f�e1;�e2; : : : ;�eng, where e1; e2; : : : ; en is the standard basis for Rn.) ClearlyMn(2) is generated bythe morphisms �ija;0;0;b and �ij0;a;b;0, where a 6= b 2 f1; 2g and 1 � i < j � n. The \Giant Hexagon" showsthat this set of morphisms is closed under composition. We thus obtain the following picture for the nerve
11
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JJ�231002 ������������������������������������ �230120��������������������2231and this picture obviously generalizes toMn(2) for all n.If we hope to get similar nice pictures ofMn(k) for k > 2, we need a better description of the categoriesMn(k) than that given in the de�nition. It is a priori very di�cult to determine when two di�erent formalexpressions describe the same morphism in the category. What we are dealing with, in e�ect, is the wordproblem for a category described by generators and relations. To present the solution to this word problemwe need the following preliminary de�nition.De�nition 3.5. If a and b are distinct elements of f1; 2; : : : ; kg and A is an object ofMn(k), we say thata2ib in A if the restriction functorMn(k)!Mn(fa; bg) sends A to a2ib.Theorem 3.6 (Coherence Theorem for n-fold Monoidal Categories) Let A and B be objects ofMn(k).Then1. There is at most one morphism A! B2. A necessary and su�cient condition for the existence of a morphism A ! B is that for any twoelements a; b in f1; 2; : : : ; kg if a2ib in A, then in B either a2jb for some j � i or b2ja for somej > i.Example 3.7. There is a morphism A = (2223)211 �! 2221223 = B inM2(3) since� 2211 in A and 2221 in B� 3211 in A and 1223 in B� 2223 in A and 2223 in B 12



but there is no morphism from A to C = 1223222 since 2223 in A, while 3222 in C.Remark 3.8. The �rst part of the Coherence Theorem asserts that any diagram built out of the naturaltransformations �ij must commute. The necessity of the conditions in the second part of the CoherenceTheorem is forced by existence of the restriction functors Rfa;bg : Mn(k) ! Mn(fa; bg), ie. if there is amorphism A! B in Mn(k), then there must be a morphism Rfa;bg(A)! Rfa;bg(B) in Mn(fa; bg). It is farfrom obvious however, that these conditions are su�cient to insure the existence of a morphism A! B.Remark 3.9. The coherence theorem implies that the topological operad spacesMn(k) are nerves of �niteposets, and hence are compact polyhedra.De�nition 3.10. We de�ne the Milgram subspace J n(k) to be the full subcategory ofMn(k) whose objectsare contained in the free monoid with respect to 21 on the free monoid with respect to 22 : : : on the freemonoid with respect to 2n on the set f1; 2; : : : ; kg. Thus the objects of J n(k) look like((: : :23 : : : )22 : : : )21 : : :21((: : :23 : : : )22 : : : )ie. the operation 21 can only occur at the outermost level, the operation 22 can only occur at the nextlevel, : : : , the operation 2n can only occur at the innermost level. Equivalently we can de�ne the Milgramsubspace to be the full subcategory ofMn(k) consisting of objects which can be written without parenthesesusing the operation precedence rules: 2n has the highest precedence, 2n�1 has the next highest precedence,: : : , 21 has the lowest precedence.Remark 3.11. The collection of Milgram subspaces fJ n(k)gk�0 is not a suboperad of the categoricaloperadMn. It is only closed under the actions of the symmetric groups and the unit mapssj : J n(k) �! J n(k � 1) j = 1; 2; : : : ; k:In other words J n(k), or rather its nerve which we also denote by J n(k), is a preoperad in the sense ofBerger [2]. This structure is su�cient to de�ne the premonad constructionJn(X) = 0@ak�0J n(k)��k Xk1A, �where X is any based space. If J n were an operad, this construction would be a monad, but this isn't thecase here. The notion of preoperad and the associated premonad construction were introduced in [6], wherepreoperads are called \coe�cient systems" (also cf. [15]).In [18] Milgram de�ned a constructionJn(X) = 0@ak�0 (Pk)n�1 �Xk1A, �on based spaces X, where Pk denotes the permutohedron: the convex hull in Rk of the �k orbit of a pointsuch as (1; 2; : : : ; k), all of whose coordinates are distinct. (Pk is a k � 1-dimensional cell. Milgram uses thenotation C(k + 1) to denote Pk.) He showed that if X is connected, then Jn(X) has the weak homotopytype of 
n�n(X).Theorem 3.12 For all spaces X, there is a natural homeomorphismJ2(X) �= J2(X):13



Unfortunately for n > 2 this does not hold. It turns out that our construction Jn(X) is a natural quotientof Milgram's construction, and may be thought of as a sort of thin version of the Milgram construction.To understand the connection between Jn(X) and Jn(X), we have to consider yet another variant formof the Milgram construction, which we will call the thick Milgram construction and denote eJn(X). This isde�ned as the premonad construction on a preoperad f eJn(k)gk�0 whereeJn(k) = Pn�1k ��k� �where the equivalence relation glues together the k! copies of Pn�1k along certain codimension 1 faces in theboundary.Theorem 3.13 1. There are natural quotient mapseJn(X) q1�! Jn(X) q2�! Jn(X)which are homotopy equivalences.2. Each of the variant forms of the Milgram construction arises from a preoperad having the generic formD(n�1)(k�1) ��k. �where the equivalence relation glues together k! copies of the (n�1)(k�1)-dimensional disk D(n�1)(k�1)along certain codimension 1 faces in the boundary. The quotient maps q1 and q2 induce equivalencesof preoperads.We would like to note that an earlier version of this paper su�ered from some confusion about the relationbetween the Milgram construction and the preoperad fJ n(k)g. We would like to thank Clemens Berger forclearing up this point.Our main result is the followingTheorem 3.14 There is a chain of operad equivalencesMn(k) ' � hocolimMn(k)F '�! colimMn(k)F ',! Cn(k);where Cn(k) denotes the little n-cubes operad of Boardman and Vogt (and F :Mn(k) ! Top is a functorwe construct in Chapter 6). Moreover the inclusion of the Milgram preoperad J n(k) in the operad Mn(k)is an equivalence of preoperads.This gives a more de�nitive way of showing that the group completion of the nerve of an n-fold monoidalcategory is an n-fold loop space. For the proof we have given in the preceding section leaves open thepossibility that the group completion of the nerve of an n-fold monoidal category might have more structurethan that of an n-fold loop space (eg. perhaps it might be an in�nite loop space). This is a serious possibility,since as we have noted in Section 1, slightly variant de�nitions of the notion of n-fold monoidal category doindeed correspond to in�nite loop spaces rather than n-fold loop spaces. The proof based on Theorem 3.14rules out this possibility, since it shows that the free n-fold loop spaces 
n�nX, where X is a discrete spacedo arise as group completions of n-fold monoidal categories. In a subsequent paper we will show that in factany n-fold loop space can be realized in this way.Remark 3.15. Joyal and Street [11] noted that their theory of iterated monoidal categories collapses tothe theory of symmetric monoidal categories when n > 2. The reason for this is that their theory requiresthat the interchange natural transformations �ijA;B;C;D be isomorphisms. Hence the categorical operad fortheir theory is essentially obtained from our operad Mn by inverting all the morphisms. But inverting allthe morphisms in a category has the e�ect of killing o� all the higher homotopy groups of its nerve, leavingonly the fundamental group intact (cf. Quillen [20]). But according to Theorem 3.14 the homotopy groupsofMn are isomorphic to those of Cn. The spaces of C2 are K(�; 1)'s whereas the spaces of Cn are simplyconnected for n > 2. Thus inverting all the morphisms inM2 does not change its homotopy type, since all14



its higher homotopy groups are trivial anyway. But inverting the morphisms ofMn for n > 2 kills o� allthe homotopy, rendering them into trivial categories, which endows iterated monoidal categories on whichthey act with a symmetric monoidal structure.A related result isTheorem 3.16 There is a chain of operad equivalencesMn '�! K(n) '�! �(n)where K(n) denotes the n-th �ltration of Berger's complete graph operad (cf. [2]) and �(n) is the n-th Smith�ltration of the operad which parametrizes (strict) symmetric monoidal categories (cf. [24]).Remark 3.17. The homotopy type of the Milgram preoperad in the case n = 2 was determined by Salvetti[22], in the more general context of complements of hyperplane arrangements (also cf. [5]).4 The Coherence Theorem for n-fold Monoidal CategoriesThis section is devoted to the proof of Theorem 3.6, the coherence theorem for n-fold monoidal categories.Before we proceed to the proof however, it will be convenient to reformulate the theorem.De�nition 4.1. Let cMn(k) denote the category with the same objects as Mn(k), but whose morphismsare as given in Theorem 3.6. That is, there is a (unique) morphism between objects A ! B if and only iffor any two elements a; b in f1; 2; : : : ; kg if a2ib in A, then in B either a2jb for some j � i or b2ja for somej > i. Note that by de�nition cMn(k) is a poset. More generally, following De�nition 3.2, we can de�nea similar category cMn(S) for any �nite set S. Note that if S and T are disjoint, then there are inducedfunctors 2i : cMn(S) � cMn(T ) �! cMn(S q T )for i = 1; 2; : : : ; n.It follows immediately from Remark 3.8 that there is a functor�nS :Mn(S) �! cMn(S)given by the identity on objects (which we will denote simply as �nk if S = f1; 2; : : : ; kg). Then the followingis an obvious reformulation of Theorem 3.6Theorem 4.2 (Reformulation of the Coherence Theorem for n-fold Monoidal Categories) Thefunctor �nS :Mn(S) �! cMn(S)is an isomorphism of categories.As we noted in De�nition 3.2, sinceMn(S) only depends on the cardinality of S, it su�ces to prove thecoherence theorem for �nk . However it is convenient to recast our basic induction hypothesis in terms of �nS:IH 1 We assume that �nS is an isomorphism for every proper subset S � f1; 2; : : :; kg.We note that the coherence theorem is trivially true when k = 1 and the octahedral picture of Mn(2)given in the preceding section shows that it is also true when k = 2. This starts our induction going.De�nition 4.3. If A2iB is an object in Mn(S), we denote by jAj the subset of S consisting of all thegenerators present in A. Thus by de�nition S = jAj q jBjWe will say that A 2Mn(T ) is a partial object ofMn(S) if T � S.We begin with a few basic observations about the categoriesMn(k).15



Lemma 4.4 Suppose that X is an object ofMn(S) and that there is a partition S = S1 q S2 such that forany x 2 S1 and any y 2 S2, x2iy in X. Then X has a decompositionX = X12iX2with jX1j = S1 and jX2j = S2.The proof is left as an easy exercise for the reader. (Hint: use induction on the cardinality of S.)De�nition 4.5. Let A and B be two partial objects inMn(k).1. The di�erence A� jBj is the restriction of A toMn(jAj� jBj), ie. it is the object obtained from A byzeroing out all generating objects of A which are also present in B.2. The intersection A \ jBj is de�ned to be A � jA � jBjj, ie. the object obtained from A by zeroing outall generating objects of A which are not present in B.Proposition 4.6 Let f : A2iB �! C2jD be a morphism inMn(k).1. If A, B, C and D are all di�erent from 0, then j � i;2. If j = i and card(jAj) = card(jCj) then there exist two morphisms g : A �! C and h : B �! D inMn(jAj) and Mn(jBj), respectively, such that f = g2ih (we shall call such a morphism f a 2i{splitmorphism).3. If j = i and card(jAj) > card(jCj) then there exist two morphisms g : A ! C2i(A � jCj) andh : (A � jCj)2iB ! D so that f factors as the compositeA2iB //g2iidB C2i(A� jCj)2iB //idC2ih C2iD4. If j = i and card(jAj) < card(jCj) then there exist two morphisms g : B ! (C � jAj)2iD andh : A2i(C � jAj)! C so that f factors as the compositeA2iB //idA2ig A2i(C � jAj)2iD //h2iidD C2iDProof: By de�nition any morphism inMn(k) is a composition of nontrivial morphisms of the form �ijX;Y;Z;Wand f12if2 where exactly one of f1 or f2 is an identity map (of a nonzero object). We shall refer to suchmorphisms as indecomposable morphisms. To prove part (1) it su�ces to prove it for indecomposablemorphisms. Now the assertion is evidently true for indecomposable morphisms of the form f12if2. Fornontrivial morphisms of the form�ijX;Y;Z;W : (X2jY )2i(Z2jW ) �! (X2iZ)2j(Y2iW )the outer operation in the source object is i and the outer operation in the target object is j > i, since bythe unit conditions �ijX;Y;Z;W is the identity if any of the objects X2jY , Z2jW , X2iZ, Y 2iW are equal to0. To check part (2), note �rst that the conditions j = i and card(jAj) = card(jCj) imply that jAj = jCjand jBj = jDj. For otherwise there would have to exist elements x 2 jAj \ jDj and y 2 jBj \ jCj and thenwe would have x2iy in the source object A2iB but y2ix in the target object C2iD, which is precluded bythe very existence of the functor �nk . If we then factor f into indecomposable morphismsA2iB �! X1 �! X2 �! � � � �! Xm�1 �! C2iD;it follows directly from Lemma 4.4 that each intermediate object Xr has a decompositionXr = X 0r2iX 00r withjX 0rj = jAj = jCj and jX 00r = jBj = jCj. This reduces proving part (2) to the case when f is indecomposable.16



By the argument of the preceding paragraph, f would then have to have the form f = f12if2, for somepossibly di�erent 2i decomposition of the objects A2iB and C2iD. But in that case an easy argumentusing induction hypothesis (IH.1) shows that the decomposition f = f12if2 can be reparanthesized to adecomposition f = g2ih of the requisite form.To check part (3), we �rst demonstrate that f factors through an object X2iY2iZ such that jXj = jCj,jY j = jAj � jCj and jZj = jBj. Begin by factoring f asA2iB f1�!W f2�! C2iDwith W having a maximal number of 2i summands. Now factor f2 into indecomposable morphisms asW = U0 �! U1 �! U2 �! � � � �! Um = C2iDWe claim that for each Up and any decomposition Up = U 0p2iU 00p there is a corresponding decompositionW = W 02iW 00 with jW 0j = jU 0pj and jW 00j = jU 00p j. If not, let Up be the �rst object in the chain having adecomposition Up = U 0p2iU 00p incompatible with W . Since the morphismUp�1 �! Upmust be 2i-split, there is another decomposition Up = V 0p2iV 00p which is compatible with Up�1 and hencewith W . Let W = W 02iW 00 be the compatible decomposition with jW 0j = jV 0pj and jW 00j = jV 00p j. Thenaccording to part (2) f2 factors asW = W 02iW 00 //f 022if 002 Up = V 0p2iV 00p // C2iDThen the incompatible decomposition Up = U 0p2iU 00p must give either a decomposition of V 0p which is incom-patible with that of W 0 or a decomposition of V 00p which is incompatible with that of W 00. In the �rst caseIH.1 produces an intermediate object G0 between W 0 and V 0p with more 2i summands than W 0. Hence ffactors through G02iW 00 which has more 2i summands than W , which contradicts our choice of W . In thesecond case we obtain a similar contradiction. This proves the claim. Applying this to the decompositionUm = C2iD, we obtain a compatible decomposition W = X2iT with jXj = jCj and jT j = jDj.A similar argument on f1 yields another decomposition W = S2iZ with jSj = jAj and jZj = jBj.Combining the two decompositions yields the desired decomposition W = X2iY2iZ with jY j = jAj � jCj.Then (2) yields a factorization of f asA2iB //g12ig2 X2iY2iZ //h12ih2 C2iDfor some morphisms g1 : A �! X2iY , g2 : B �! Z, h1 : X �! C and h2 : Y2iZ �! D. This yieldsanother factorization of f asA2iB //g02iidB C2iY2iB //idC2ih0 C2iDwhere g0 = (h12iidY )g1 : A �! C2iY and h0 = h2(idY2ig2) : Y2iB �! D. Then IH.1 yields a furtherfactorization of g0 as A //g C2i(A � jCj) //idC2i l C2iY :Then the desired factorizationA2iB //g2iidB C2i(A� jCj)2iB //idC2ih C2iDis obtained by setting h = h0(l2iidB). This concludes the proof of (3). The proof of (4) is similar. 2Remark 4.7. The results listed in Proposition 4.6 are also true in the category cMn(k), but in this case theyfollow immediately from the conditions that have to be satis�ed by any two objects which are, respectively,the source and the target of a certain morphism. 17



Remark 4.8. By similar arguments one can show that given any morphism f : A2iB �! C2iD inMn(k)with i = 1 or i = n, there are compatible 2i decompositions of the source and target, and hence by (2) fhas a nontrivial decomposition f = f12if2.De�nition 4.9. Let � : A2iB �! C be a morphism in cMn(k) with jAj having cardinality p and jBj havingcardinality q (so p+ q = k). We say that � is a strong (p; q){shu�e if :C � jBj = A and C � jAj = BNote that this means that the order in which the generating objects appear in C is a (p; q){shu�e (in thestandard sense) of the order in which they appear in A and B. However it means that in addition theoperations appearing in C are in some sense the operations appearing in A and B shu�ed together.Remark 4.10. The notion of strong shu�e de�ned above assumes implicitly the existence of at most onemorphism between any two objects of the category cMn(k). This is why we cannot de�ne it a priori in thecategoryMn(k).Proposition 4.11 Let � : A2iB �! C be a morphism in cMn(k). Then the following conditions areequivalent :1. � is a strong shu�e;2. There is no nontrivial factorization of � asA2iB //�12i�2 X2iY //� Cwith �1 : A �! X and �2 : B �! Y .Proof: Let A0 and B0 denote, respectively, the objects C � jBj and C � jAj. Then � obviously factors asA2iB �! A02iB0 �! C:Therefore conditions (1) and (2) are equivalent. 2De�nition 4.12. An object (or a partial object) A inMn(k) is called :1. 2i{reducible if it can be expressed nontrivially as A12iA2;2. 2i{irreducible if it is not 2i{reducible.De�nition 4.13. A morphism f : A2iB �! C2rD in Mn(k) (or a morphism � : A2iB �! C2rD incMn(k)) is called :1. irreducible if r > i and all the objects through which f ( or �) factors nontrivially are 2j{irreduciblefor all j 2 fi; i+ 1; :::; r � 1g;2. reducible if it is not irreducible.As we shall see below, we can't get very far with our basic induction hypothesis (IH.1). We have to usedouble induction, the second inductive hypothesis being related to the outermost operation in the targets ofthe morphisms to be considered. More precisely, we need :18



IH 2 Let r � 2 be a positive integer. Then�nS : HomMn(k)(A;B) �! Hom bMn(k)(A;B)is a bijection, whenever B is 2j{reducible with j < r.Remark 4.14. Note that according to Remark 4.8 and Proposition 4.6 if j = 1 and B = B121B2, then thereis a compatible splitting A = A121A2 and any morphism f : A! B inMn(S) must also split f = f121f2.Thus in this case, our �rst induction hypothesis (IH.1) implies that �nS is a bijection. This starts our secondinduction hypothesis. Note also that this argument proves more: namely that �nS is bijective on morphismswhere the source and target have the same outermost operation 2r and compatible 2r splittings. Moreoverthis also holds when the source and target have the same outermost operation even when there are nocompatible splittings. For by Proposition 4.6 parts (3) and (4), in that case one can insert a canonicalintermediate object having splittings compatible with both source and target through which all morphismsmust factor.Lemma 4.15 1. Let � : A2iB �! C be a strong shu�e in cMn(k), with C 2r-reducible. Then forany splitting C = C12rC2 there are (possibly trivial) splittings A = A12rA2 and B = B12rB2 andmorphisms g1 : A12iB1 �! C1 and g2 : A22iB2 �! C2 inMn(k) such that � lifts to the compositeA2iB = (A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //g12rg2 C12rC22. Any diagram of the form A2iB //�irA1;A2;B1;B2�� �irA01;A02;B01;B02 (A12iB1)2r(A22iB2)�� g(A012iB01)2r(A022iB02) //h Cwith both �irA1;A2;B1;B2 and �irA01;A02;B01 ;B02 nontrivial, commutes inMn(k).Proof: Note �rst that the objects A, B, C can be decomposed into 2r{irreducible objects as follows :A = A12rA22r : : :2rAsB = B12rB22r : : :2rBtC = C12rC22r : : :2rCuwith s; t � 1 and u � 2. Since � is a strong shu�e there exist nondecreasing functions� : f1; 2; :::; sg �! f1; 2; :::; ug� : f1; 2; :::; tg �! f1; 2; :::; ugde�ned, respectively, by the relationsjAj j � jC�(j)j, for all j 2 f1; 2; :::; sgjBj j � jC�(j)j, for all j 2 f1; 2; :::; tgThen C1 = C12rC22r : : :2rCvC2 = Cv+12rCv+22r : : :2rCufor some v. Now de�ne the objects A1, A2, B1, B2 byA1 := 2rfAj j �(j) � vgA2 := 2rfAj j �(j) > vg B1 := 2rfBj j � (j) � vgB2 := 2rfBj j � (j) > vg19



Then clearly there are morphisms A12iB1 �! C1 and A22iB2 �! C2 in cMn(k). By IH.1 these morphismshave lifts g1 : A12iB1 �! C1 and g2 : A22iB2 �! C2 inMn(k). It is immediate thatA2iB = (A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //g12rg2 C12rC2is a lift of �.To prove part (2) we begin with a de�nition. We say that the chain inMn(k)A2iB = (A012rA02)2i(B012rB02) //�irA01;A02;B01;B02 (A012iB01)2r(A022iB02) //h Cis subordinate to the chainA2iB = (A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //g Cif there exists a splitting A01 = A12rA001 and B01 = B12rB001 . We �rst show that the diagram in part (2) iscommutative in this case. In other words, if one chain is subordinate to the other then their composites areequal.Note that our hypothesis implies that A2 = A0012rA02 and B2 = B0012rB02. The existence of the morphismsg : (A12iB1)2r�(A0012rA02)2i(B0012rB02)� �! Ch : �(A12rA001)2i(B12iB001 )�2r(A022iB02) �! Cimplies the existence of a morphism(A12iB1)2r(A0012iB001 )2r(A022iB02) �! Cin cMn(k) which according to Remark 4.14 has a unique liftl : (A12iB1)2r(A0012iB001 )2r(A022iB02) �! CinMn(k). This then yields the following diagram inMn(k)(A12rA0012rA02)2i(B12rB0012rB02)ttiiiiiiiiiii **UUUUUUUUUUU(A12iB1)2r�(A0012rA02)2i(B0012rB02)�**UUUUUUUUUUU
��g 333333333333333333333333333333

3333333 1/.-,()*+ �(A12rA001)2i(B12iB001 )�2r(A022iB02)ttiiiiiiiiiii
�� h������������������������������

�������(A12iB1)2r(A0012iB001 )2r(A022iB02)
�� l2/.-,()*+ 3/.-,()*+Cwhere the unlabelled arrows are those which occur in the external associativity diagram. Then the left handside of the diagram is one of our given chains and the right hand side is the other (subordinate) one. Thisdiagram commutes because all the inner diagrams commute: the square (1) by the external associativity lawand the two triangles (2) and (3) by Remark 4.14. 20



Now given two arbitrary chainsA2iB = (A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //g CA2iB = (A012rA02)2i(B012rB02) //�irA01;A02;B01;B02 (A012iB01)2r(A022iB02) //h Cone can construct a third chain A2iB�� �irA1\jA01j;A�jA1j\jA01j;B1\jB01j;B�jB1j\jB01j�(A1 \ jA01j)2i(B1 \ jB01j)�2r�(A � jA1j \ jA0j)2i(B � jB1j \ jB01j)� //l Cprovided that A1 \ jA01j and B1 \ jB01j are not simultaneously 0. (Again we use Remark 4.14 to construct l.)In this case both of the given chains are subordinate to this third one, hence the composites of the two areboth equal to the composite of the third, and thus equal to each other.The remaining case is that both A1 \ jA01j = 0 = B1 \ jB01j. In this case we may assume without loss ofgenerality that A01 = 0 = B1. Then again using Remark 4.14 we can again construct a third chainA2iB //�irA1;A2;B01;B02 (A12iB01)2r(A22iB02) //l CThis time the third chain is subordinate to both of the original ones, and again we get that their compositesare equal. This completes the proof of part (2).Lemma 4.16 If f : A2iB �! C is an irreducible morphism inMn(k), with C 2r-reducible, then :1. A and B are 2i{irreducible objects (inMn(jAj) and Mn(jBj), respectively);2. f factors as a composite :(A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2)�� gC12rC2with �njC1j(g1) and �njC2j(g2) strong shu�es, where g1, resp. g2 are the restrictions of g to A12iB1,resp. A22iB2;3. �nk (f) is a strong shu�e in cMn(k).Proof: Note �rst that the irreducible morphism f can be obviously written as a composite(A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2)�� gCdue to the structure of its source.Next we shall prove that A is 2i{irreducible. If not, then one of the objects A1 and A2 must be equal to0 and the other one must be 2i{split. Without loss of generality we may assume A1 = 0 and A2 = A212iA2221



with both A21 and A22 di�erent from 0 (since the other case follows from a similar argument). Then themorphism �irA1;A2;B1;B2 = �ir0;A212iA22 ;B1;B2 can be written as the compositeA212iA222i(B12rB2) //idA212i�ir0;A22;B1;B2 A212i(B12r(A222iB2))�� �ir0;A21;B1;A222iB2B12r(A212iA222iB2)according to the internal associativity law, contradicting the irreducibility of f . Thus A must be 2i{irreducible. In a similar way one can obtain the same property for B, �nishing the proof of (1).Next, suppose that at least one of the morphisms �njC1j(g1), �njC2j(g2) is not a strong shu�e. Then, as inthe proof of Proposition 4.11 and using Remark 4.14, g can be factored as(A12iB1)2r(A22iB2) //(a12ib1)2r(a22ib2) (X12iY1)2r(X22iY2) //g0 Cwith at least one of the morphisms a1, b1, a2, b2 di�erent from the corresponding identity, and we obtainthe following commutative diagram (by the naturality of �ir) :(A12rA2)2i(B12rB2) //�irA1;A2;B1;B2�� (a12ra2)2i(b12rb2) (A12iB1)2r(A22iB2)�� (a12ib1)2r(a22ib2)(X12rX2)2i(Y12rY2) //�irX1;X2;Y1;Y2 (X12iY1)2r(X22iY2)contradicting the irreducibility of f and completing the proof of (2).To prove (3) assume that �nk(f) is not a strong shu�e. Then we can factor �nk (f) asA2iB �! A02iB0 ��! C:From the fact that �njC1j(g1) and �njC2j(g2) are strong shu�es and Proposition 4.6, it follows that any splittingA0 = A012rA02 corresponds to a splitting A = ~A12r ~A2, and similarly that any splitting B0 = B012rB02corresponds to a splitting B = ~B12r ~B2. According to Lemma 4.15 (1), � can be lifted to a compositeA02iB0 = (A012rA02)2i(B012rB02) //�irA01;A02;B01;B02 (A012iB01)2r(A022iB02) //h CPick the corresponding splittings of A = ~A12r ~A2 and B = ~B12r ~B2, then use IH.1 to lift to morphismsl1 : ~A1 ! A01; l2 : ~A2 ! A02; l3 : ~B1 ! B01; l4 : ~B2 ! B02:Then we have the following diagram inMn(k)A2iB //�irA1;A2;B1;B2**�ir~A1; ~A2; ~B1; ~B2TTTTTTTTTTTTTTTTT�� (l12rl2)2i(l32r l4) (A12iB1)2r(A22iB2)
�� g( ~A12i ~B1)2r( ~A22i ~B2)�� (l12il3)2r(l22il4)1/.-,()*+ 2/.-,()*+A02iB0 **�irA01;A02;B01;B02UUUUUUUUUUUUUUUUU (A012iB01)2r(A022iB02) //h C22



This diagram commutes since the two inner diagrams commute: (1) by naturality of �ir and (2) according toLemma 4.15(2). Since the composite across the top and right is f , this contradicts the supposed irreducibilityof f . 2Remark 4.17. Clearly if f : A2iB �! C is a morphism inMn(k) such that �nk (f) is irreducible, then fis also irreducible.Lemma 4.18 If � : A2iB �! C is an irreducible morphism in cMn(k), then � has a unique preimagef : A2iB �! C inMn(k)Proof: By induction hypothesis (IH.2) we may as well assume that C is 2r-reducible. By Proposition 4.11,� is a strong shu�e. By Lemma 4.15(1), � has at least one preimage f . But � irreducible implies that anypreimage f is also irreducible. This in turn implies that any preimage f must be a composite of the form:A2iB = (A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //g CBy Lemma 4.15(2) it follows that f is unique. 2Remark 4.19. The reader might wonder why the same argument doesn't show that any strong shu�e� : A2iB �! C has a unique preimage inMn(k). According to Lemma 4.15, � has a preimage of the form(A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2)�� gCand any two such preimages are equal. However at this point we can't rule out the possibility the � hasother preimages which do not decompose in this way. We will refer to the unique preimage of the �rst kindas the standard lift of the strong shu�e �. For example, by Lemma 4.16 any irreducible morphism inMn(k)is automatically a standard lift.Lemma 4.20 Suppose the following diagram is given inMn(k) :A2iB2iC //f2iidC�� idA2ig D2iC�� hA2iG //l Fwith F 2r-reducible, with �nk(h), �nk (l), �nk (f) and �nk (g) all strong shu�es, and with h and l being standardlifts. Then the diagram is commutative.Proof: Let us �rst decompose the objects A, B, D C and F into 2r{irreducible objects:A = A12rA22r : : :2rAsB = B12rB22r : : :2rBtD = D12rD22r : : :2rDuC = C12rC22r : : :2rCvF = F 12rF22r : : :2rFwThen a similar argument to the one used in Lemma 4.15 gives the nondecreasing functions� : f1; 2; :::; ug �! f1; 2; :::; wg� : f1; 2; :::; vg �! f1; 2; :::; wg23



de�ned, respectively, by the relationsjDj j � jF�(j)j, for all j 2 f1; 2; :::; ugjCjj � jF �(j)j, for all j 2 f1; 2; :::; vgSince h is the standard lift, according to Lemma 4.15 it factors as the composite(D12rD2)2i(C12rC2) //�irD1 ;D2;C1;C2 (D12iC1)2r(D22iC2) //h12rh2 Fwith D1 := 2rfDj j j 2 ��1(1)gD2 := 2rfDj j j =2 ��1(1)g C1 := 2rfCj j j 2 ��1(1)gC2 := 2rfCj j j =2 ��1(1)gMoreover, the splitting of D as D12rD2 gives the nondecreasing functions� : f1; 2; :::; sg �! f1; 2g� : f1; 2; :::; tg �! f1; 2gde�ned, respectively, by the relationsjAj j � jD�(j)j, for all j 2 f1; 2; :::; sgjBj j � jD�(j)j, for all j 2 f1; 2; :::; tgTherefore by IH.1 f factors as the composite(A12rA2)2i(B12rB2) //�irA1;A2;B1;B2 (A12iB1)2r(A22iB2) //f12rf2 D12rD2with A1 := 2rfAj j j 2 ��1(1)gA2 := 2rfAj j j =2 ��1(1)g B1 := 2rfBj j j 2 ��1(1)gB2 := 2rfBj j j =2 ��1(1)gSince �nk (f) and �nk (h) are strong shu�es, we have thatA1 = A \ jF1j; B1 = B \ jF1j; C1 = C \ jF1jand that A2 = A \ jF2j; B2 = B \ jF2j; C2 = C \ jF2jwhere F2 = F22rF 32r : : :2rFw.Similar arguments give decompositions(A12rA2)2i(G12rG2) //�irA1;A2;G1;G2 (A12iG1)2r(A22iG2) //l12r l2 Fand (B12iB2)2i(C12iC2) //�irB1;C1;B2;C2 (B12iC1)2r(B22iC2) //g12rg2 G12rG2of l, respectively g.Thus we obtain the following diagram inMn(k):(A12rA2)2i(B12iB2)2i(C12iC2) //�ir2iidC�� idA2i�ir ((A12iB1)2r(A22iB2))2i(C12iC2) //(f12rf2)2iidC�� �ir (D12rD2)2i(C12iC2)���irD1 ;D2;C1;C21'&%$ !"# 2'&%$ !"#(A12rA2)2i((B12iC1)2r(B22iC2)) //�ir�� idA2i(g12rg2) (A12iB12iC1)2r(A22iB22iC2) //(f12iidC1 )2r(f22iidC2 )�� (idA12ig1)2r(idA22ig2) (D12iC1)2r(D22iC2)��h12rh23'&%$ !"# 4'&%$ !"#(A12rA2)2i(G12rG2) //�irA1;A2;G1;G2 (A12iG1)2r(A22iG2) //l12r l2 F24



The outer square of this diagram is the original diagram we want to show commutes. This follows fromthe fact that all the inner subdiagrams commute: (1) by the internal associativity diagram, (2) and (3) bynaturality of �ir, and (4) by Remark 4.14. 2Lemma 4.21 Suppose the following diagram is given in cMn(k) :B2iC�� 'D2jF // Gwith both morphisms strong shu�es and i � j. Let Xs, s = 1; 2; 3; 4, be the objects de�ned, respectively,by X1 = D � jCjX2 = F � jCj X3 = D � jBjX4 = F � jBjThen :1. There exist two morphisms (X12jX2)2i(X32jX4) '12i'2�! B2iC(X12iX3)2j(X22iX4)  12j 2�! D2jFin cMn(k) extending the given diagram to (X12jX2)2i(X32jX4)�� '(X12iX3)2j(X22iX4) // G2. The extended diagram can be completed into a commutative triangle whenever either one of the followingconditions are satis�ed :(a) i 6= j;(b) i = j and at least one of the objects X2, X3 is equal to 0.Proof: Note �rst that (b) follows immediately from (a). Indeed, the morphism(X12jX2)2i(X32jX4) //�nk (�ijX1;X2;X3;X4 ) (X12iX3)2j(X22iX4)has the required property if i 6= j, while the morphism idX12iX22iX4 is taking care of the case i = j(assuming, without loss of generality, X3 = 0). So all we have to prove is (1).The condition that both ' and  are strong shu�es yields the existence of the following morphisms :(D � jCj)2j(F � jCj) = (D2jF )� jCj '1�! G� jCj = B(D � jBj)2j(F � jBj) = (D2jF )� jBj '2�! G� jBj = C(B � jF j)2i(C � jF j) = (B2iC)� jF j  1�! G� jF j = D(B � jDj)2i(C � jDj) = (B2iC)� jDj  2�! G� jDj = Fand therefore the only thing still to prove is the following set of equalities :D � jCj = B � jF j;F � jCj = B � jDj; D � jBj = C � jF j;F � jBj = C � jDj:25



But this can be easily done { by using again the fact that both ' and  are strong shu�es { as follows :D � jCj = (D � jF j)� jCj = ((D2jF )� jF j)� jCj = (G� jF j)� jCj == (G� jCj)� jF j = ((B2iC)� jCj)� jF j = (B � jCj)� jF j = B � jF j;F � jCj = (F � jDj)� jCj = ((D2jF )� jDj)� jCj = (G� jDj)� jCj == (G� jCj)� jDj = ((B2iC)� jCj)� jDj = (B � jCj)� jDj = B � jDj;D � jBj = (D � jF j)� jBj = ((D2jF )� jF j)� jBj = (G� jF j)� jBj == (G� jBj)� jF j = ((B2iC)� jBj)� jF j = (C � jBj)� jF j = C � jF j;F � jBj = (F � jDj)� jBj = ((D2jF )� jDj)� jBj = (G� jDj)� jBj == (G� jBj)� jDj = ((B2iC)� jBj)� jDj = (C � jBj)� jDj = C � jDj:and the proof is completed. 2Lemma 4.22 Suppose the following diagram is given inMn(k) :A //�� B2iC�� hD2jF //l Gwith G 2r-reducible and with i < j < r. If �nk (h) and �nk(l) are both strong shu�es and h and l are standardlifts (cf. Remark 4.19), then the diagram is commutative.Proof: Let G1 and G2 be the objects de�ned (uniquely) by the equality G = G12rG2 and the conditionthat G1 is 2r{irreducible. By Lemma 4.15 we can replace the original given decompositions of h and l bynew ones compatible with this splitting of G:B2iC = (X12rX2)2i(X32rX4) //�irX1 ;X2;X3;X4 (X12iX3)2r(X22iX4) //h12rh2 GD2jF = (Z12rZ2)2j(Z32rZ4) //�irZ1;Z2;Z3;Z4 (Z12jZ3)2r(Z22jZ4) //l12r l2 G:Then the morphisms '1 := �njG1j(h1), '2 := �njG2j(h2),  1 := �njG1j(l1) and  2 := �njG2j(l2) are strongshu�es and we are within the hypotheses of Lemma 4.20 with the following two diagrams (in dMn(jG1j) anddMn(jG2j), respectively) : X12iX3�� '1Z12jZ3 // 1 G1 X22iX4�� '2Z22jV4 // 2 G2Therefore there exist the objects Yu; u = 1; 2; :::; 8 together with the following morphisms (in the corre-sponding components of cMn) :Y12jY3 �1�! X1Y52jY7 �3�! X3Y12iY5 �1�! Z1Y32iY7 �3�! Z3 Y22jY4 �2�! X2Y62jY8 �4�! X4Y22iY6 �2�! Z2Y42iY8 �4�! Z4which { according to (IH.1) { can be lifted, respectively, toY12jY3 f1�! X1Y52jY7 f3�! X3Y12iY5 g1�! Z1Y32iY7 g3�! Z3 Y22jY4 f2�! X2Y62jY8 f4�! X4Y22iY6 g2�! Z2Y42iY8 g4�! Z426



in the corresponding components ofMn since the cardinalities of all the targets are smaller than k.Also note that there exists a unique morphism u : A �! (Y r122jY r34)2i(Y r562jY r78) inMn(k), since sucha morphism exists in dMn(k) and its target is 2i{split, with Y r12 denoting the object Y12rY2 and so on.This gives rise to the following diagram inMn(k):B2iC //�ir Xi132rXi24 ��h12rh244444444444444444444442'&%$ !"#1'&%$ !"# Y jri13245768cc fGGGGGGGGGGGGGG //�ir Y jir13572468 ::f̂ vvvvvvvvvvvvvv $$JJJJJJJJJJJJJA //u FF
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Here we denote Y pqsabcdxyzw := (((Ya2pYb)2q(Yc2pYd))2s((Yx2pYy)2q(Yz2pYw)))Xiab := Xa2iYb Zjab := Za2jZbf := (f12rf2)2i(f32rf4) f̂ := (f12if3)2r(f22if4)g := (g12rg2)2j(g32rg4) ĝ := (g12jg3)2r(g22jg4)Then the outer hexagon is an expansion of the original diagram which we want to show commutes. Toshow this we observe that all the inner subdiagrams commute: diagrams (1) and (5) by IH.2, diagrams (2)and (4) by naturality of �ir and �jr respectively, diagram (6) is the \Giant Hexagon", and diagram (3) byRemark 4.14.This concludes the proof. 2Lemma 4.23 Let the following diagram be given inMn(k) :A12iA2 //�ijA011;A012;A021;A022�� �irA0011;A0012;A0021;A0022 B12jB2�� gC12rC2 //h D12rD2with i < j < r, �ijA011;A012;A021;A022 and �irA0011;A0012;A0021;A0022 nontrivial andA1 = A0112jA012 = A00112rA0012A2 = A0212jA022 = A00212rA0022If �nk(g�ijA011;A012;A021;A022) = �nk (h�irA0011;A0012;A0021;A0022) is a strong shu�e then the diagram is commutative.27



Proof: Rewrite g : B12jB2 �! D12rD2 in the formB12jB2 g0�! B012j0B02 g00�! D12rD2where g00 is irreducible. Then the result follows by applying Lemma 4.22 to the diagram:A12iA2 //g0�ijA011;A012;A021;A022�� idA12iA2 B012j0B02�� g00A12iA2 //h�irA0011;A0012;A0021;A0022 D12rD2 2Lemma 4.24 f : A2iB �! C is irreducible inMn(k) i� �nk(f) : A2iB �! C is irreducible in cMn(k)Proof: By (IH.2) we may as well assume that C is 2r-reducible. As noted in Remark 4.17, the implication�nk (f) irreducible =) f irreducibleis trivially true.Now suppose f is irreducible. Then by Lemma 4.16, �nk (f) is a strong shu�e and A and B are both2i{irreducible. Thus we can't have a nontrivial factorization of �nk (f) of the formA2iB �! D2iG �! CFor if card(jDj) = card(jAj), then this contradicts �nk(f) being a strong shu�e. If card(jDj) < card(jAj),then this contradicts �nk (f) being a strong shu�e and A being 2i{irreducible (cf. Proposition 4.6(4) andRemark 4.7). Similarly we can rule out card(jDj) > card(jAj).Thus if �nk (f) were not irreducible in cMn(k), then there would have to be a factorization of �nk(f) of theform A2iB ��! D2jG '�! Cwith i < j < r and ' irreducible. Then by IH.2 we can lift � to a morphism h and by Lemma 4.18 we canlift ' to an irreducible morphism l. But then by Lemma 4.22 we have the following commutative diagraminMn(k) A2iB //h�� idA2iB D2jG�� lA2iB //f Ccontradicting the irreducibility of f . Thus �nk (f) must be irreducible. 2Lemma 4.25 Suppose the following diagram is given inMn(k) :A //f�� g B2iC�� hD2iF //l Gwith G 2r-reducible. If h and l are both irreducible then the diagram is commutative.Proof: Note �rst that the given diagram can be projected in cMn(k) via the functor �nk , the result beingthe commutative diagram A //�� B2iC�� 'D2iF // G (1)28



with ' = �nk(h) and  = �nk(l). According to Lemma 4.16, ' and  are strong shu�es in cMn(k). Thereforethe lower right{hand side corner of (1) is exactly the diagram in Lemma 4.21 with i = j.Case 1. Suppose the additional hypothesis in Lemma 4.21(b) is satis�ed in our situation, namely one ofthe objects X2, X3 is equal to 0. Without loss of generality we can assume X3 = 0. Then the extendeddiagram in Lemma 4.21 can be written asX12iX22iX4 //'12i'2��  12i 2 B2iC�� 'D2iF // G (2)Next, the fact that B and C, on one hand, and D and F , on the other hand, have no common generatingobjects yields the following equivalences :X3 = 0() C � jF j = 0() F � jBj = C ()X4 = CX3 = 0()D � jBj = 0() B � jF j = D ()X1 = Dtogether with the equalities '2 = idC and  1 = idD (in cMn(k)). Therefore Lemma 4.18 and (IH.1) give thefollowing (unique) lift of (2) inMn(k) :D2iX22iC //f12iidC�� idD2ig2 B2iC�� hD2iF //l Gsatisfying the hypotheses in Lemma 4.20; hence it is commutative :h � (f12iidC) = l � (idD2ig2) (3)Finally, there exists a morphism � : A �! D2iX22iCin cMn(k). According to (IH.2), � has a unique lift a inMn(k) and the morphisms f , g factor, respectively,as A //a D2iX22iC //f12iidC B2iCA //a D2iX22iC //idD2ig2 D2iF (4)Now the conclusion follows immediately from (3) and (4).Case 2. Let us assume now that both X2 and X3 are di�erent from 0. In this situation the extendeddiagram in Lemma 4.21 cannot be closed to a commutative triangle. Nevertheless, we can consider theobjects B \D := B \ jDj = D \ jBj (since both B and D are restrictions of the object G as both ' and  are strong shu�es) and C \ F := C \ jF j = F \ jCj.Subcase 2.1. Suppose that at least one of the objects B \D and C \ F is not equal to 0. (Without lossof generality we may consider Y := B \D 6= 0.)Then the morphism'��nk (f) =  ��nk(g) factors (in cMn(k)) through the object Y2iZ, with Z := G�jY j.Suppose this factorization is A ��! Y2iZ ��! GThen � has a unique lift a in Mn(k), according to (IH.2),while � is a strong shu�e, by the de�nition ofthe objects Y and Z, and therefore it has a unique standard lift b inMn(k), according to Lemma 4.15 andRemark 4.19. 29



Then we have the following diagrams inMn(k) which can be shown to commute by the same argumentas in Case 1 : A //f�� a B2iC�� hY2iZ //b G A //g�� a D2iF�� lY2iZ //b GSubcase 2.2. The remaining situation is B \D = C \ F = 0. In this case we must have jBj = jF j andjCj = jDj. Since all the objects B, C, D and F are restrictions of the object G (because ' and  are strongshu�es), we must have B = F and C = D. Therefore the given diagram can be written asA //f�� g B2iC�� hC2iB //l G (5)A closer look at the morphism f shows that { according to (IH.2) { it factors through a certain objectZ := B12i�1C12i�1B22i�1C22i�1 : : :2i�1Bm2i�1Cm (6)with m a positive integer and the objects Bt, Ct(t 2 f1; 2; :::; mg) given by the procedure described below.Consider the following subsets of f1; 2; :::; kg :B1 := fb 2 jBj j 8c 2 jCj; 9s < i such that b2sc in AgC1 := fc 2 jCj j 8b 2 jBj n B1; 9s < i such that c2sb in AgB2 := fb 2 jBj n B1 j 8c 2 jCj n C1; 9s < i such that b2sc in AgC2 := fc 2 jCj n C1 j 8b 2 jBj n (B1 [ B2); 9s < i such that c2sb in Ag: : :Bm�1 := fb 2 jBj n (Sm�2t=1 Bt) j 8c 2 jCj n (Sm�2t=1 Ct); 9s < i such that b2sc in AgCm�1 := fc 2 jCj n (Sm�2t=1 Ct) j 8b 2 jBj n (Sm�1t=1 Bt); 9s < i such that c2sb in AgBm := jBj n (Sm�1t=1 Bt)Cm := jCj n (Sm�1t=1 Ct)Then the objects Bt (t 2 f1; 2; :::; mg) are de�ned as the results obtained by deleting in B all the generatingobjects from jBj n Bt, respectively. A similar de�nition gives the objects Ct. Note that only B1 or Cm orboth can be equal to 0. Moreover, if B1 = 0 then m � 2.Subcase 2.2.1. If only two of the objects Bt, Ct in the right{hand side of (6) are di�erent from 0 then Zis given by one of the equalities Z = B12i�1C1Z = C12i�1B2and, in order to make a choice, we shall assume the �rst one to hold (the other situation being treated in asimilar way). In this case we obviously have B1 = B and C1 = C.According to (IH.2), there exists a unique morphism a : A �! B2i�1C in Mn(k). Then, again by(IH.2), both f and g factor through B2i�1C asf = �jiB;0;0;C � ag = �ji0;B;C;0 � awith j := i � 1 and the commutativity of (7) is obviously reduced to the commutativity of the followingdiagram : B2jC //�jiB;0;0;C�� �ji0;B;C;0 B2iC�� hC2iB //l G (7)30



Next, let us have a closer look at the irreducible morphism h. According to Lemma 4.15, the morphismh can be factored as (B12rB2)2i(C12rC2) //�irB1;B2;C1;C2 (B12iC1)2r(B22iC2)�� h12rh2G12rG2for any decompositionG12rG2 of the 2r{reducible object G. But this fact implies the existence of a 2r{splitmorphism �12r�2 : (B12jC1)2r(B22jC2) �! G12rG2in cMn(k) which, according to (IH.1), has a unique lift h012rh02 in Mn(k). Hence we have obtained thefollowing two diagrams inMn(k) :B2jC //�jiB;0;0;C�� �jrB1;B2;C1;C2 B2iC�� hD12rD2 //h012rh02 G12rG2 B2jC //�ji0;B;C;0�� �jrB1;B2;C1;C2 C2iB�� lD12rD2 //h012rh02 G12rG2with D12rD2 denoting the object (B12jC1)2r(B22jC2). Now the conclusion follows easily by applyingLemma 4.23.Subcase 2.2.2. If at least three of the objects Bt, Ct in the right{hand side of (8) are di�erent from 0then Z is given by an equality having one of the formsZ = B12i�1C12i�1VZ = C12i�1B22i�1Vcorresponding to B1 6= 0 and B1 = 0, respectively. Again we can assume the �rst equality to hold.It follows that we have the following diagram in cMn(k)A ��! B12i�1(G� jB1j) ��! G:Next factor � as B12i�1(G� jB1j) �1�! X2jY �2�! Gwith j < r, �2 irreducible and X2jY di�erent from both B2iC and C2iB (since there are no morphismsfrom B12i�1(G� jB1j) into either B2iC or C2iB in cMn(k)). Now use (IH.2) to lift � and �1 and Lemma4.18 to lift �2. We denote the lifts by u, v1 and v2 respectively. This gives us a morphismA �! G inMn(k)given by A a�! X2jY b�! Gwhere a = v1u and b = v2.Finally, let us consider the diagramsA //f�� a B2iC�� hX2jY //b G A //g�� a C2iB�� lX2jY //b Gwhich are commutative, either by Lemma 4.22 (for i 6= j) or by one of the cases already discussed duringthis proof (for i = j). Now the conclusion is immediate and the lemma is completely proven. 2Finally, we have all the necessary preliminaries for the proof of Theorem 4.2.31



Proof of the Coherence Theorem for n-fold Monoidal Categories. It remains to show that�nk : HomMn(k)(A;B) �! Hom bMn(k)(A;B)is a bijection when A is 2r{irreducible and B is 2r{reducible, since (IH.2) and Remark 4.14 take care of allthe other possibilities.Note �rst that any morphism � : A �! B in cMn(k) with A 2r{irreducible and B 2r{reducible can befactored as A �0�! A012iA02 �0�! Bwith �0 irreducible in cMn(k). Since both �0 and �0 have lifts inMn(k), the former by (IH.2) and the latterby Lemma 4.18, it follows that the morphism � has such a lift. Therefore the functor �nk is surjective onmorphisms.Next let us consider two morphisms f; g : A �! B inMn(k), with A 2r{irreducible and B 2r{reducible.Obviously f and g can be factored, respectively, asA //f0 A012iA02 //f 0 BA //g0 A0012jA002 //g00 Bwith f 0 and g00 irreducible. But in this way we have obtained in fact the following diagram inMn(k) :A //f0�� g0 A012iA02�� f 0A0012jA002 //g00 Bwhich, according to Lemmas 4.22 (if i 6= j) or 4.25 (if i = j), is commutative and therefore yields the equalityf = g.Thus the functor �nk is also injective on morphisms and the coherence theorem is completely proved. 25 The Milgram ConstructionThis section is devoted to a detailed discussion of the relation between the Milgram construction and thepremonad construction with respect to the Milgram subpreoperad J of the n-fold monoidal operad Mn,introduced in Section 3.De�nition 5.1. Let X be an object in the category J n(k). We denote by S(X) the full subcategory ofJ n(k) consisting of all the objects Y in Jn(k) which map into X (including X itself). As usual abusivelywe also use the same notation S(X) to denote the nerve of this category.For n = 2 the natural homeomorphism of Theorem 3.12 between the Milgram construction and thepremonad construction Jn(X) is a direct consequence of the following result:Theorem 5.2 S(122222322 : : :22k) is homeomorphic to the permutohedron Pk. More precisely:1. The simplicial triangulation of S(122222322 : : :22k) arising from its de�nition as a nerve is isomor-phic to the barycentric subdivision of the natural cell structure on Pk.2. There is a functorial action of the symmetric group �k on the category S(122222322 : : :22k) inducingan action on its nerve which corresponds under this isomorphism to the natural action of �k on Pk.32



3. For each i = 1; 2; : : : ; k the functor S(122222 : : :22k) �! S (122222 : : :22(k � 1)) induced by themap of generating elements:1 7! 1; 2 7! 2; : : : ; (i� 1) 7! (i � 1); i 7! 0; (i+ 1) 7! i; (i+ 2) 7! (i + 1); : : : ; k 7! (k � 1)corresponds to the i-degeneracy map Di : Pk ! Pk�1.Before we go on to the proof of this theorem, we illustrate this for the case k = 3. Recall that P3 is ahexagon. Here is a picture of the nerve of S(1222223):1212213xxppppppppppp &&NNNNNNNNNNN��(1222)213 ��================== 121(2223)��������������������2211213 ++WWWWWWWWWWWWWWWWWWWWWW 77ooooooooooo�� 1213212ssggggggggggggggggggggggggOOOOOOOOOOO ��221(1223) // 1222223 (1223)212oo2213211 33gggggggggggggggggggggg ''OOOOOOOOOOOOO 3211212kkWWWWWWWWWWWWWWWWWWWWWWwwooooooooooo OO(2213)211 @@������������������ 321(1222)^^==================3212211ffNNNNNNNNNNN 88pppppppppppOO
(Here, as elsewhere throughout this section, we rely heavily on the coherence theorem for n-fold monoidalcategories. Thus we do not have to worry about labelling the arrows in our diagram, since there can be atmost one between any pair of objects, and the existence of the arrows shown can be easily checked.)Proof of Theorem 5.2. The coherence theorem implies that the objects of S(122222322 : : :22k) havethe form A121A221 : : :21As, withAr = ir122ir222 : : :22irjr 1 � ir1 < ir2 < � � � < irjr � k;ie. �(irt)jrt=1�sr=1 forms a (j1; j2; : : : ; js)-shu�e in �k.We begin by de�ning a functorial action of the symmetric group �k on S(122222322 : : :22k). Given anelement of � 2 �k, there is a functorS(122222322 : : :22k) �! S (�(1)22�(2)22�(3)22 : : :22�(k))given by permuting the generating elements f1; 2; : : :; kg according to �. We compose this with the functorS (�(1)22�(2)22�(3)22 : : :22�(k)) �! S(122222322 : : :22k)which reorders the generating elements within the inner parentheses in their natural order when read fromleft to right. (To see that this de�nes a functor one must use the coherence theorem.)To illustrate this action consider the totally order reversing permutation [6; 5; 4; 3;2;1] acting on theobject (2224)21(3225226)211 2 S(1222223223224225226). We have(2224)21(3225226)211 7! (5223)21(4222221)216 7! (3225)21(1222224)21633



We now proceed by induction on k to prove part (1) of the theorem. For k = 1 this is triviallytrue, since both S(1) and P1 are consist of a single point. We then note that by the coherence theorem,S(122222322 : : :22k) is the cone, with respect to the vertex 122222322 : : :22k, of the union[k�1p=1 [�2Shp;k�p � (S ((122222 : : :22p)21 ((p+ 1)22(p + 2)22 : : :22k))) ;where Shp;k�p denotes the set of (p; k� k) shu�es acting via the symmetric group action de�ned above.Moreover by the coherence theorem, any object inS ((122222 : : :22p)21 ((p+ 1)22(p + 2)22 : : :22k))must have a canonical splitting X121X2, with X1 in S (122222 : : :22p). Thus there is a canonical isomor-phism S ((122222 : : :22p)21 ((p+ 1)22(p+ 2)22 : : :22k))�= S (122222 : : :22p) � S (122222 : : :22(k � p))Hence S(122222322 : : :22k) can be identi�ed with the cone on[k�1p=1 [�2Shp;k�p � (S (122222 : : :22p)� S (122222 : : :22(k � p))) :Now according to [18], the boundary of the permutohedron Pk has a similar decomposition as a union:[k�1p=1 [�2Shp;k�p � (Pk � Pk�p) :Thus we construct our simplicial isomorphism by sending the vertex 122222 : : :22k to the barycenter of Pkand then extending to the boundary by sending� (S (122222 : : :22p) � S (122222 : : :22(k � p)))to � (Pp � Pk�p) via the inductively de�ned isomorphisms S (122222 : : :22p) �= Pp andS (122222 : : :22(k � p)) �= Pk�p.To check that this is well-de�ned, we note that if two codimension 1 faces� (S (122222 : : :22p) � S (122222 : : :22(k � p)))and �0 (S (122222 : : :22q) � S (122222 : : :22(k � q)))have a nonempty intersection, then we must have p 6= q and the intersection must have the form� (S (122222 : : :22u)� S (122222 : : :22v) � S (122222 : : :22w)) ;where u = min(p; q), w = min(k � p; k � q), v = k � u � w, and � is a (u; v; w)-shu�e. Moreover � isdetermined as the only shu�e such that �(121221 : : :21k) is contained in both codimension 1 faces. Wethen note that the analogs of these facts are also true in Pk.The rest of the proof is straightforward and is left as an exercise.Proof of Theorem 3.12 for n = 2. The Milgram construction for n = 2 can be rearranged as the premonadconstruction on the preoperad whose k-th space is the quotient space Pk ��k= �. The equivalence relation� identi�es the codimension 1 face � (Pp � Pk�p) in Pk � f�g with the codimension 1 face Pp � Pk�p inPk � f��1�g, for any (p; k � p)-shu�e �.The preoperad space J 2(k) can be similarly expressed as a similar quotient space S(122222322 : : :22k)��k= �, where we identify S(122222322 : : :22k)�f�g with S (�(1)22�(2)22�(3)22 : : :22�(k)). The resultnow follows directly from Theorem 5.2.The following is left as an exercise for the interested reader. It gives an intrinsic description in terms ofgenerators and relations of the categories J 2(k) and J2(k)=�k. (It is not di�cult to do the exercise withthe help of the coherence theorem.) 34



Exercise 5.3. A J2 functor is a functor F : A �! B between monoidal categories which is strongly monoidalin the following sense. Denote by 22, 21 the monoid operations in A, B respectively and by 0 the unit objectin either category. Then we require that F (0) = 0 and that for each (p; q)-shu�e � 2 �k there is given anatural transformation��A1 ;A2;:::;Ap;Ap+1 ;Ap+2;:::;Ak : F (A122 : : :22Ap)21F (Ap+122 : : :22Ak)�! F (A��1122A��1222 : : :22A��1k)satisfying the following properties:1. (Unit condition) ��A1;A2;:::;Ap;0;0;:::0 = idF (A122A222 :::22Ap) and��0;0:::;0;Ap+1 ;Ap+2 ;:::;Ak = idF (Ap+122Ap+222:::22Ak).2. (Substitution Property) If Ai = Bij122Bij222 : : :22Biji , then��A1;A2;:::;Ap;Ap+1 ;Ap+2 ;:::;Ak = ��0B11;:::;B1j1 ;B21;:::;Bpjp ;Bj+1;1 ;:::;Bkjkwhere �0 2 �j1+j2+���+jk permutes the blocks f1; 2; : : :; j1g, fj1+1; j1+2; : : : ; j1+ j2g, : : : , fj1+ � � �+jk�1 + 1; j1 + � � �+ jk�1 + 2; : : : ; j1 + � � �+ jk�1 + jkg the same way that � permutes 1, 2, : : : k. Aspecial case of this is if any Ai = 0 (ie. a 0-fold 22-sum), in which case the resulting � is the same asone where the corresponding 0 entries have been deleted.3. (Associativity) Given p + q + r = k, a (p; q)-shu�e �, a (p + q; r)-shu�e � , a (q; r)-shu�e � and a(p; q + r)-shu�e �, such that �(id � �) = � (� � id) = 
 in �k, then the following diagram commutesF (A122:::22Ap)21F (Ap+122 :::22Ap+q)21F (Ap+q+122:::22Ak)%%��A1;:::;Ap;Ap+1 ;:::Ap+q21idKKKKKKKKKKKKKKKKKKKKKzz id21��Ap+1;:::Ap+q ;Ap+q+1;:::;AkuuuuuuuuuuuuuuuuuuuuF(A122 :::22Ap)21F(A~��1(p+1)22:::22A~��1n) $$��A1;:::;Ap;A~��1(p+1) ;:::;A~��1nHHHHHHHHHHHHHHHHHHH F (A��1122 :::22A��1(p+q))21F (Ap+q+122:::22Ak)yy ��A��11;:::;A��1(p+q);Ap+q+1 ;:::;AkttttttttttttttttttttF(A
�1122A
�1222:::22A
�1n)where ~� is the translation of � to the set fp+ 1; p+ 2; : : : ; kg.Show that J 2(k)=�k is the target of the universal J2 functor from the free monoidal category on oneobject. Similarly J 2(k) can be described as a subcategory of the universal J2 functor from the free monoidalcategory on f1; 2; : : :; kg.The basic building block of the Milgram construction Jn(X) for n > 2 is the product (Pk)n�1. In order torelate Jn(X) to the Milgram construction, we have to relate (Pk)n�1 to S(12n22n : : :2nk). Unfortunatelythe analog of Theorem 5.2 breaks down when n > 2: S(12n22n : : :2nk) is not isomorphic as a cell complexto (Pk)n�1 but rather to a quotient of (Pk)n�1. Nevertheless as we show below, S(12n22n : : :2nk) ishomeomorphic to a disk of dimension (n� 1)(k � 1), and thus also to (Pk)n�1.De�nition 5.4. Let A and B be two objects of Pk = S(122222322 : : :22k) (using Theorem 5.2). Supposethat A = A121A221 : : :21Ap where each Ai is 21-irreducible. De�ne a new object �A(B) of Pk by�A(B) = (B \ jA1j)21(B \ jA2j)21(B \ jA3j)21 : : :21(B \ jApj)35



It is obvious that this induces a map of posets�A : Pk �! Pkretracting Pk onto the face S(A).We collect here, for future reference, the following basic properties of the retractions �A:Lemma 5.5 If A and B are objects of Pk = S(122222322 : : :22k), then(i) �A�B = ��A(B)(ii) If S(A) \ S(B) = S(C), then �A(B) = �B(A) = C;and consequently �A�B = �B�A = �C:(iii) If � 2 �k, then ��A(B) = ��A(�B):De�nition 5.6. Given a based space X we de�ne the thick Milgram construction eJn(X) to be the quotientof the disjoint union `k�0(Pk)n�1 �Xk by the equivalence relation generated by the relations(i) (c1; c2; : : : ; cn�1;x1; : : : ; xi�1; �; xi; : : : ; xk�1) � (si(c1); si(c2); : : : ; si(cn�1);x1; : : : ; xi�1; xi; : : : ; xk�1)(ii) If some ci is in a boundary face �(Pp � Pq), where � is a (p; q) shu�e in �k, then(c1; c2; : : : ; cn�1;x1; x2; : : : ; xk) � ���1(c1); ��1(c2); : : : ; ��1(cn�1);�(x1; x2; : : : ; xk)�We de�ne the Milgram construction Jn(X) to be the quotient of the thick Milgram construction by thefollowing additional equivalence relations:(iii) If ci is in a boundary face S(A), then(c1; c2; : : : ; ci; ci+1; : : : ; cn�1;x1; x2; : : : ; xk) � (c1; c2; : : : ; ci; �A(ci+1); : : : ; �A(cn�1);x1; x2; : : : ; xk)Finally we de�ne the thin Milgram construction bJn(X) by conically extending the relations (iii) to the interiorof Pn�1k :(iii') If (c1; c2; : : : ; cn�1) is in the cone (with respect to (122222 : : :22k; 122222 : : :22k; : : : ; 122222 : : :22k))of Pk � � � � � Pk � S(A) � Pk � � � � � Pk, then(c1; c2; : : : ; cn�1;x1; x2; : : : ; xk) � (c01; c02; : : : ; c0n�1;x1; x2; : : : ; xk);where (c01; c02; : : : ; c0n�1) is the image of (c1; c2; : : : ; cn�1) under the conical extension of the map(d1:d2; : : : ; di; di+1; : : : ; dn�1) 7! (d1:d2; : : : ; di; �A(di+1); : : : ; �A(dn�1))on the boundary face.Remark 5.7.In Milgram's own description of his construction Jn(X), the relations (ii) and (iii) are combinedinto a single relation, cf. [19, p. 24].It is clear that each of the above variants of Milgram's construction arises as the premonad constructionon a preoperad. The preoperad eJn associated with the thick Milgram construction has the formeJn(k) = Pn�1k � �k= �;36



where the equivalence relation identi�es a point (c1; c2; : : : ; cn�1;�), if some ci is in �(Pp�Pq), with the point(��1(c1); ��1(c2); : : : ; ��1(cn�1);��). The unit maps si : eJn(k)! eJn(k � 1) are applied coordinatewise:si(c1; c2; : : : ; cn�1;�) = (si(c1); si(c2) : : : ; si(cn�1); si(�))The preoperad Jn, corresponding to the Milgram construction, is obtained from eJn by taking the quotientof Pn�1k by the relations(*) If ci is in a boundary face S(A), then(c1; c2; : : : ; ci; ci+1; : : : ; cn�1) � (c1; c2; : : : ; ci; �A(ci+1); : : : ; �A(cn�1)):The preoperad bJn, corresponding to the thin Milgram construction, is obtained from eJn by taking thequotient of Pn�1k by the conical extension of the relations (*):(**) If (c1; c2; : : : ; cn�1) is in the cone (with respect to (122222 : : :22k; 122222 : : :22k; : : : ; 122222 : : :22k))of Pk � � � � � Pk � S(A) � Pk � � � � � Pk, then(c1; c2; : : : ; cn�1) � (c01; c02; : : : ; c0n�1);where (c01; c02; : : : ; c0n�1) is the image of (c1; c2; : : : ; cn�1) under the conical extension of the map(d1:d2; : : : ; di; di+1; : : : ; dn�1) 7! (d1:d2; : : : ; di; �A(di+1); : : : ; �A(dn�1))on the boundary face.Thus all of these preoperads take the generic formeJn(k) = eDn(k)� �k= �Jn(k) = Dn(k)� �k= �bJn(k) = bDn(k)� �k= �where eDn(k) = Pn�1k and Dn(k), resp. bDn(k), are the quotients of Pn�1k by the relations (*), resp. (**).(One needs Lemma 5.5 to check that the relations (*) and (**) commute with the equivariancy relationsused to glue together the k! copies of these quotients.) The following pictures illustrate these constructionsfor n = 3 and k = 2:
The �rst picture shows eD3(2) = P 22 = I � I. The second picture shows D3(2), which is obtained fromthe �rst picture by collapsing the vertical sides of the shaded triangles to points. The collapsed trianglesbecome \polygons" with two sides. The third picture shows bD3(2), which is obtained from the �rst pictureby collapsing the shaded triangles to horizontal lines.To complete the proof of Theorem 3.13 we will need the following elementary result from PL topology:37



Lemma 5.8 Let Di denote the i-dimensional disk.(a) If Dm � @Dn is a PL imbedded disk and � : Dm ! Dk is an elementary collapse to a boundary face,then Dn [Dm Dk �= Dn(b) If Dn, � : Dm ! Dk are as in (a) and CpX denotes the cone with respect to an interior point p 2 Dn,then Dn [CpDm CpDk �= Dn.Proof: We �rst prove part (a) for the case m = n � 1. We take as a model for Dn the prism �n�1 � Iand we take the boundary disk we are collapsing to be the top face �n�1 � f1g. (That we can arrange thisfollows from the Disk Theorem of PL topology, cf. [21, p. 56].) Let K denote the convex hull in �n�1� I of�n�1 � f0g and �k � f1g. Then K is obviously an n-dimensional topological disk. Now consider the mapof pairs � : (�n�1 � I;�n�1 � f1g �! (K;�k � f1g) given by the formula(x; t) 7! ((1� t)x + t�(x); t) :This map is a relative homeomorphism, since if (x1; t) and (x2; t) both mapped to the same point for somet < 1, then the vectors x1 � x2 and �(x1) � �(x2) would have to point in opposite directions, which can'thappen for a linear retraction �. Since the restriction of � to �n�1� f1g ! �k � f1g is just �, � induces ahomeomorphism Dn [Dm Dk = (�n�1 � I) [�n�1�f1g �k � f1g �= K �= DnWe can reduce the general case of part (a) to the special case proved above as follows:Dn [Dm Dk �= (Dn [Dn�1 Dm) [Dm Dk �= Dn [Dn�1 Dk �= Dn:Finally we can reduce part (b) to part (a) as follows. Cut apart the given disk Dn along a suitablecodimension 1 subdisk passing through the point p. (If m = n � 1, excise the interior of the cone CpDm�rst.) Then the we can realize Dn [CpDm CpDk as the result of a two step process. In the �rst step weare attaching Dk+1 to each of the two n-dimensional disks we obtained after the cut, by an attachment ofthe form given in part (a). By part (a) we know that the resulting spaces are homeomorphic to n-disks.In the second step we glue together these disks along the parts of the boundaries of the two pieces whichwere originally (n � 1)-disks (where we originally made the cut), but where we attached Dk+1's. That theresulting part of the boundaries are still (n� 1)-disks follows by noting that the complementary parts of theboundaries are PL imbedded (n� 1)-disks.Proof of Theorem 3.13: eJn(k) = Pn�1k is evidently a (k � 1)(n � 1)-dimensional disk. By repeatedapplications of part (a) of Lemma 5.8, so is Jn(k). By repeated applications of part (b) of Lemma 5.8, bJn(k)is also a (k � 1)(n � 1)-dimensional disk.We now construct a map of posets q : eJn(k) = Pn�1k ! J n(k) = S(12n22n : : :2nk) as follows. Given(A1; A2; : : : ; An�1) 2 Pn�1k = (S(12n22n : : :2nk))n�1, �rst replace it by(B1; B2; : : : ; Bn�1) = �A1; �A1(A2); �A1�A2(A3); : : : ; �A1�A2 : : :�An�2 (An�1)�We then have Bn�1 � Bn�2 � � � � � B2 � B1;from which it follows that the parenthesization of any object Bi induces a (usually redundant) parenthesiza-tion of the object Bi+1. From this it follows that we can endow Bn�1 with n� 1 levels of parentheses: theinnermost coming from the original parenthesization of Bn�1, the next level coming from the parenthesizationof Bn�1, : : : , the outermost level coming from the parenthesization of B1. Now de�ne q(A1; A2; : : : ; An�1)to be the object constructed from this heavily parenthesized version of Bn�1 as follows. Replace each 22 inthe innermost level of parentheses by 2n. Then replace each 21 in the next level of parentheses by 2n�1,etc. At the penultimate step replace each 21 in the next to outermost level of parentheses by 22. At the�nal step leave the outermost 21's alone.The following example (with n = 4, k = 5) illustrates this process. Let(A1; A2; A3) = ((1223)21(2224225); (1223224)21(2225); (1222224225)213) :38



Then (B1; B2; B3) = ((1223)21(2224225); (1223)21421(2225); 321121421(2225)) ;and the resulting redundant parenthesization of B3 isB3 = (((3)21(1)))21((4)21((2225))Thus q(A1; A2; A3) = (3231)21(422(2245)):It is easy to see that this map of posets extends to a map of preoperads q : eJn ! J n, which factorsthrough a map of preoperads q0 : bJn ! J n. To check that q0 is a simplicial isomorphism, it is only necessaryto note that X � Y in S(12n22n : : :2nk) if and only if we can �nd A, B in (Pk)n�1 so that q(A) = X,q(B) = Y and A � B.Thus we have quotient maps of preoperadseJn q1�! Jn q2�! bJn �= J nWe have that q2 is an equivalence, since Dn(k) ! bDn(k) are both given by elementary collapses of eDn(k),and since the gluings of the k! copies of Dn(k), resp. bDn(k) are along the boundaries where Dn(k) andbDn(k) are isomorphic.So it remains to show that q = q2q1 : eJn �! J nis an equivalence. Since this map is given by a map of posets, we use Quillen's Theorem A: we show that forany object in the poset J n the overcategory of objects in eJn is contractible. But this is easy: elementarycollapses of this overcategory given by relations (**) above gives the cone over that object in J n. Since thecone is obviously contractible, and elementary collapse do not change the homotopy type, the overcategorymust be contractible too. This completes the proof.Remark 5.9. In [12, p. 55], Getzler and Jones consider a poset closely related to J n(k). More preciselytheir poset is isomorphic to the \dual" J n(k)�. By this we mean the full subcategory ofMn(k) consistingof objects whose nesting of operations is opposite to those in J n(k): the 2n operations are nested on theoutermost level, the 2n�1 operations are nested at the next outermost level, : : : , the 21 operations arenested at the innermost level. Getzler and Jones denote the objects of their poset as \multiple bar codes":permutations � 2 �k with their elements separated by multiple bars�(1)ji1�(2)ji2 : : : jik�1�(k)where the subscript on each bar is � n and denotes the number of times the bar is supposed to be repeated.The poset isomorphism with J n(k)� is given by the replacement ji 7! 2i, with the resulting object paren-thesized according to the operation precedence rules: 21 has the highest precedence, 22 has the next highestprecedence, : : : , 2n has the lowest precedence.There is a duality anti-automorphism of Mn(k) given by 2i 7! 2n�i+1, which is easy to verify usingthe coherence theorem. This anti-automorphism takes J n(k) to J n(k)�. Thus J n(k) is anti-isomorphic toJ n(k)� and hence also to the Getzler-Jones poset. It follows that the nerve of J n(k) is isomorphic to thenerve of the Getzler-Jones poset.Getzler and Jones also consider an operad freely generated by these posets. This operad obviously mapsinto our operadMn(k). It will be shown in a forthcoming paper that this map of operads is an equivalence.There is also an extensive discussion of the Getzler-Jones posets and their relation to various otherconstructions in [2, p. 46]. 39



6 Relation to Little n-CubesBoardman and Vogt [4] introduced the little n-cubes operad to parametrize multiplications on an n-fold loopspace. Later May [15] used these operads to construct small models of 
nSnX, an alternative to Milgram'smodels. This section is devoted to the proof of our main result Theorem 3.14, relating the n-fold monoidaloperad Mn to the little n-cubes operad Cn, and then derive some consequences relating n-fold monoidalcategories to n-fold loop spaces.We begin by associating to each object of Mn(k) a contractible space of k-fold con�gurations of littlen-cubes.De�nition 6.1. We think of a little n-cube c as a product of closed subintervals of the unit interval. Thusthe elements of the k-th space of little n-cubes Cn(k) have the form (c1; c2; : : : ; ck) wherecj = [uj1; vj1]� [uj2; vj2]� � � � � [ujn; vjn]where the interiors of the little n-cubes cj are required to be pairwise disjoint. Ifc = [u1; v1]� [u2; v2]� � � � � [un; vn] d = [z1; w1]� [z2; w2]� � � � � [zn; wn]are little n-cubes we write c <i d to mean that vi � zi. Equivalently c <i d if there is a hyperplaneperpendicular to the i-coordinate axis such that the interior of c lies on the negative side of the hyperplaneand the interior of d on the positive side of the hyperplane. (Note that this condition forces the interiors ofc and d to be disjoint.) If A is an object ofMn(k) let G(A) denote the space of all k-fold con�gurations oflittle n-cubes satisfying the following conditions:G(A) = f(c1; c2; : : : ; ck) j ca <i cb if a2ib in Ag(cf. De�nition 3.5). Note that we do not have to explicitly require that G(A) be a subspace of Cn(k) { theordering relations de�ning G(A) force the little n-cubes in a con�guration in G(A) to have pairwise disjointinteriors thus forcing the con�guration to be in Cn(k). Because of this, G(A) may be identi�ed with a convex,hence contractible, subspace of R2k given by a set of inequalities between the coordinates. For the samereason G(A) is a closed subspace of Cn(k) (but not of R2k and hence not compact, since the requirementthat each little n-cube have a nonvacuous interior is an open condition given by strict inequalities).Example 6.2. The following two �gures represent con�gurations belonging to G((1222)21(3224)):1 32 4 1 32 4More generally such con�gurations could have the subcube i properly contained in the region marked i1 � i � 4.Remark 6.3. If A = B2iC then for any con�guration (d1; d2; : : : ; dk) in G(B2iC), we can �nd a hyperplaneperpendicular to the i-th coordinate axis such that all little cubes in the con�guration having labels comingfrom the generating objects in B have their interiors on the negative side of the hyperplane and all littlecubes in the con�guration whose labels come from the generating objects in C have their interiors on thenegative side of the hyperplane. For ifdj = [uj1; vj1]� [uj2; vj2]� � � � � [ujn; vjn]40



and if we let M = maxfvbi j b in Bg m = minfuci j c in Cg;then the conditions that (d1; d2; : : : ; dk) must satisfy in order to be in G(B2iC) imply that M � m. Thuswe can take xi = M as a separating hyperplane with the required properties. (xi = m would also work, aswould any hyperplane in between those two.) It follows from this observation that[A2obj(Mn(k))G(A) = Dn(k)where Dn(k) � Cn(k) is the subspace of decomposable con�gurations of little cubes. Decomposability isde�ned recursively as follows. First of all a con�guration consisting of a single n-cube, ie. an element ofCn(1), is declared to be decomposable. For a k-fold con�guration to be decomposable, we require that there bea hyperplane perpendicular to one of the coordinate axes which does not pass through the interior of any littlen-cube in the con�guration and which divides the con�guration into two proper subcon�gurations. We furtherrequire that the subcon�gurations on both sides of the separating hyperplane to be themselves decomposable.It is trivially true that all C1(k), Cn(1), and Cn(2) consist entirely of decomposable con�gurations. The same isalso true for C2(3), but all other spaces in the little n-cubes operads contain nondecomposable con�gurations.For instance (c1; c2; c3) wherec1 = [0; 12]� [0; 1]� [0; 12 ] c2 = [0; 1]� [0; 12 ]� [ 12 ; 1] c3 = [12 ; 1]� [ 12 ; 1]� [0; 1]is a nondecomposable con�guration of little 3-cubes in C3(3) and the following �gure shows a 4-fold con�g-uration of little 2-cubes which is nondecomposable.
1 243The decomposable little n-cubes form a suboperad Dn of Cn. By su�ciently shrinking every little n-cubein a con�guration towards its barycenter, we can convert any con�guration into a decomposable one. Thisshows that the inclusion Dn � Cn is an equivalence of operads. The operad Dn was studied by Dunn [7] whoshowed it is homeomorphic to the n-fold tensor product C1 
 C1 
 � � � 
 C1 of the little 1-cubes operad.The assignment A 7! G(A) is only de�ned on objects, not on morphisms. In order to construct a functoronMn(k) we proceed as follows:De�nition 6.4. For any object A 2Mn(k) de�neF (A) = [X!AG(X);where the union is indexed over all objects X 2 Mn(k) which map into A. Then by de�nition given amorphism B �! A in Mn(k), there is an induced inclusion of subspaces F (B) � F (A). Thus we haveconstructed a functor F :Mn(k) �! TopRemark 6.5. This construction and proof of Theorem 3.14, based on the analysis of the resulting colimits,was inspired by the work of Clemens Berger on cellular operads. Our original proposed line of proof was toform similar colimits over the barycentric subdivision ofMn(k), associating to the barycenter the intersectionof the spaces G(X) over all the vertices in the simplex. This caused a great number of technical di�cultiesdue to the fact that some of these intersections are empty.41



Lemma 6.6 For any object A 2 Mn(k) the inclusionG(A) � F (A)is a strong deformation retract. Thus F (A) is contractible.Proof. The deformation retraction is constructed in a number of stages. If A = B2iC, we �rst show thatthe subspace [X12iX2!AG(X12iX2) � F (A)is a strong deformation retract, where the union is taken over all objects of the form X12iX2 which mapinto A, with X1, X2 having the same underlying sets of generating objects as B and C respectively.Suppose X is an arbitrary object ofMn(k) which maps into A. Then de�neX1 = X � jCj X2 = X � jBj;(cf. De�nition 4.5). By the coherence theorem X12iX2 maps into X. Now let (d1; d2; : : : ; dk) be a con�gu-ration of little n-cubes contained in G(X), withdj = [uj1; vj1]� [uj2; vj2]� � � � � [ujn; vjn];and let M = maxfvbi j b in Bg m = minfuci j c in Cg:IfM � m then (d1; d2; : : : ; dk) is contained in G(X12iX2) and we leave the con�guration alone. Otherwise ifM > m, let D1 denote the linear deformation which takes the closed interval [0;M ] onto the closed interval[0; M+m2 ] and let D2 denote the linear deformation which takes the closed interval [m; 1] to the closed interval[M+m2 ; 1]. Now apply the deformationD1 (resp. D2) simultaneously to the i-th coordinates of all little cubesdb (resp. dc) whose labels correspond to generators b in B (resp. c in C). We claim that this de�nes a strongdeformation retraction of G(X) onto G(X) \G(X12iX2). The only nonobvious point is that the retractionstays within G(X). This follows from the coherence theorem. For the relative position of any two littlecubes in the con�guration can change only if the label of one, say db is in B and the label of the other dc isin C. Moreover this only happens in the i-th coordinate direction and only if db 6<i dc. So the only troublewhich could arise is if (d1; d2; : : : ; dk) 2 G(X) required that dc <i db. But this could only happen if c2ibin X. But if that were the case, by the coherence theorem, there couldn't be a morphism X ! A = B2iCsince b2ic in A.By gluing together the deformations of G(X) onto G(X) \ G(X12iX2) over all objects X in Mn(k)mapping into A one obtains that [X12iX2!AG(X12iX2) � F (A)is a strong deformation retract. In the next stage of the deformation one decomposes B = B02rB00 andC = C 02sC00 obtaining a decompositionA = (B02rB00)2i(C02sC 00);and then one shows by a similar argument that[(X012rX002 )2i(X022sX002 )G ((X 012rX 002 )2i(X 022sX 002 )) � [X12iX2!AG(X12iX2)is a strong deformation retract. Composing the two retractions, one obtains that[(X012rX002 )2i(X022sX002 )G ((X 012rX 002 )2i(X 022sX 002 )) � F (A)is a strong deformation retract. One continues this re�nement process, restricting to objects X which mapinto A and which resemble A to an ever deeper level of parentheses and operations, showing at each stagethat the resulting union of G(X) is a strong deformation retract of the union of G(X) at the preceding stageand hence is also a strong deformation retract of F (A). After �nitely many stages the only object X left isA itself. Thus we obtain that G(A) � F (A) is a strong deformation retract. Now as we noted in De�nition6.1, G(A) can be identi�ed with a convex subspace of Euclidean space and hence is contractible. ThereforeF (A) is also contractible. 42



Lemma 6.7 For any two objects A, B ofMn(k),F (A) \F (B) = [X!AX!B F (X);where the union is indexed over all objects X inMn(k) which map into both A and B.Proof. First note that the inclusion [X!AX!B F (X) � F (A) \F (B)is immediate from de�nition. To prove equality, we proceed by double induction. Our primary induction ison k, the number of generating objects, starting with the observation that the lemma holds trivially if k = 1.Building on this induction we �rst prove the following:Claim. If there are nontrivial decompositions A = A12iA2 and B = B12iB2 with A1 and B1 (and hencealso A2 and B2) having the same underlying set of generating objects, then the intersection F (A) \ F (B)satis�es the lemma.By our primary induction:F (A1) \ F (B1) = [X1!A1X1!B1 F (X1) F (A2) \ F (B2) = [X2!A2X2!B2 F (X2)It follows immediately that F (A) \ F (B) = [X1!A1X1!B1X2!A2X2!B2 F (X12iX2)and thus implies the lemma in this case, proving the claim.Our secondary induction is on objects A and B with respect to the ordering in the poset Mn(k). If Aor B, say A, is minimal in the posetMn(k), then A has the formA = j121j221j321 : : :21jk:Now there are two possibilities. First of all ifm121m2 in B implies that m121m2 in A, then by the coherencetheorem A maps into B and we have F (A) \ F (B) = F (A)and we are done. Conversely if there is a pair of generating objects m1, m2 such that m121m2 in A, whereasm221m1 in B, then by the coherence theorem m221m1 in X for any object X mapping into B. HenceG(A) \ G(X) = ; for all such X, since a requirement for a con�guration (c1; c2; : : : ; ck) to lie in G(A) isthat cm1 <1 cm2 whereas a requirement for that con�guration to lie in G(X) is that cm2 <1 cm1 , and nocon�guration can simultaneously satisfy both requirements. It follows thatF (A) \ F (B) = ;;and the lemma again holds in this case. This starts the secondary induction.Now suppose we have shown that the lemma holds for all intersections F (C)\F (D) where C maps intoA, D maps into B, and at least one of C, D is not equal to A, resp. B. Let us suppose that the outermostoperation in A is 2i and the outermost operation in B is 2j . Thus A = A12iA2 and B = B12jB2. Withoutloss of generality, we may suppose that i � j. 43



Consider the partial objects A01 = B \ jA1j A02 = B \ jA2j(cf. De�nition 4.5). We clearly haveF (A) \F (B) = F (A) \ F (A012iA02) \ F (B)We can apply the claim above to the intersection F (A)\F (A012iA02). We can then distribute the intersectionwith F (B) over the resulting union. If A = A012iA02, we get no reduction, since then F (A) \ F (A012iA02) =F (A). Otherwise we can apply our secondary induction to the resulting union of intersections. Similarly weconsider B01 = A \ jB1j B02 = A \ jB2j;note that F (A) \ F (B) = F (A) \ F (B012jB02) \F (B)and apply the claim to the intersection F (B012jB02)\F (B). Again using our secondary induction we obtainthat the lemma applies unless B = B012jB02.Thus we are left with the case when both A = A012iA02 and B = B012jB02 hold. But in this case we musthave decompositions A = (C2jD)2i(U2jV ) B = (C2iU )2j(D2iV )for some objects C, D, U and V . Now if i < j, then there is a morphism �ijC;D;U;V : A �! B. HenceF (A) \ F (B) = F (A) and the lemma holds. If i = j and either D = 0 or U = 0, then A = B and again weare done. Finally if both D 6= 0 and U 6= 0, then G(A) \G(B) = ; for a con�guration of little n-cubes inthe intersection would have to satisfy contradictory speci�cations on the relative positions of little n-cubeswith labels in D and U . This then means thatF (A) \ F (B) = [X!AX 6=A F (X) \ F (B) [ [Y!BY 6=B F (A) \ F (Y )and we can apply our secondary induction. This concludes the induction and proof.In view of Remark 6.3 and the obvious fact that the inclusion of a �nite union of closed convex spaces ofRN into a bigger such �nite union is a closed co�bration, a direct consequence of the preceding lemma is:Corollary 6.8 The natural map induced by inclusionscolimA2Mn(k)F (A) �! [A2Obj(Mn(k))F (A) = Dn(k)is a homeomorphism. Moreover for each object A inMn(k) the induced mapcolimX 6=�!AF (X) �! F (A)is a closed co�bration.The main technical ingredient in the proof of Theorem 3.14 is the following:Proposition 6.9 Let P be a �nite poset and let F : P �! Top be a functor satisfying the property that foreach object i in P the induced map colimj<iF (j) �! F (i)is a closed co�bration. Then the natural map hocolimPF �! colimPF is an equivalence.Proof: We �rst observe that hocolimPF = colimPGwhere G : P �! Top is given by G(i) = hocolimj�iF44



and that G satis�es the co�bration condition also. We note that G(i) �! F (i) is an equivalence for allobjects i 2 P.Then we �lter the objects of P according to the length of the largest increasing chain of objects whichterminates in the given object. Thus the objects of �ltration 0 are the minimal objects. We denote by Pkthe full subcategory of P whose objects have �ltration � k. We proceed by induction on k to show thatcolimQkG �! colimQkFis an equivalence, for any subposet Qk � Pk satisfying the condition that if j < i and i 2 Qk, then j 2 Qk.This is true for k = 0 since in that case the colimits are just disjoint unions of the values of G and F overminimal objects.The induction step from k � 1 to k is based upon the pushout lemma for equivalences: suppose given acommutative cubical diagram of spaces and maps as shown� //� ��� ��������� ��� ��������� ��� //� ��� �� ������ 
~~~~~~~ � � // ��� ��������� //� � �Assume that the front and back faces are pushout squares with the map across the top being a closedco�bration in each case. (In the sequel we will refer to such pushout squares as co�bration squares. It willalso be useful to note that in such a co�bration square the map across the bottom is also a co�bration.) Ifthe maps marked �, �, and 
 are equivalences, then so is the map marked �.We note that we have a pushout square`i2Qk& �lt(i)=k colimj<iF (j) //� ��� `i2Qk& �lt(i)=k F (i)��colimQk�1F //� � colimQkFwith Qk�1 = Qk \ Pk�1. The map across the top is a closed co�bration by hypothesis.The same considerations apply to the functor G and we get an analogous co�bration square. We thusobtain a commutative cube as in the pushout lemma, with the front face being the co�bration square forF and the back face being the co�bration square for G, and the maps from the back face to the front facebeing induced by the natural transformation G! F . It is immediate that the map corresponding to � is anequivalence, while the maps corresponding to 
 and � are equivalences by the induction hypothesis. Thiscompletes the induction and proof.Remark 6.10. Proposition 6.9 is true for any co�nite strongly directed set P (ie. P is a directed set suchthat a � b and b � a implies a = b, and each a 2 P has only a �nite number of predecessors). This statementis a fairly immediate consequence of the closed model category structure on the category of P-diagrams inTop dual to the one constructed by Edwards and Hastings in [8, x(3.2)]Lemma 6.11 Let fM(n)gn�0 be an operad in the category of small categories. Let fFn : M(n) �!Topgn�0 be a collection of functors satisfying the following conditions:1. There is an operad C such that for each object A of M(n) Fn(A) � C(n), and for each morphismf : A! B inM(n) Fn(f) : Fn(A) �! Fn(B) is an inclusion.2. For each permutation � 2 �n, action by � on C(n) sends the subspace Fn(A) to the subspace Fn(A�).45



3. Given objects A 2 M(n), Bi 2M(ji) 1 � i � n, the structure mapC(n) � C(j1) � C(j2) � � � � � C(jn) �! C(j1 + j2 + � � �+ jn)sends the subspace Fn(A) � Fj1(B1) � � � � � Fjn(Bn) to the subspace Fj1+���+jn(
(A;B1; B2; : : : ; Bn)),where 
 denotes the structure map ofM.4. The unit element in C(1) is contained in F1(1), where 1 denotes the unit element ofM(1).Then fhocolimM(n)Fngn�0 is an operad and the natural map fhocolimM(n)Fngn�0 �! C is a map of operads.The proof of this lemma is completely straightforward and will be left as an exercise for the reader.Moreover we also note that in case the action of �n on both M(n) and C(n) is free, then the same is thecase with the action on hocolimM(n)Fn.Proof of Theorem 3.14. Corollary 6.8, Proposition 6.9, Lemma 6.11 and Remark 6.3 imply that the chain�hocolimMn(k)F �! colimMn(k)F �= Dn(k) � Cn(k)	k�0is a chain of operad maps which are also equivalences. Similarly by Lemma 6.6 the natural map of thediagram F :Mn(k) �! Top to the trivial diagram � :Mn(k) �! Top induces a map of operads which isalso an equivalence: �hocolimMn(k)F �! hocolimMn(k)� = NMn(k) =Mn(k)	k�0where the last equality is our usual notational abuse of using the same symbol for a category and its nerve.It remains to show that the inclusion of the Milgram preoperad J n(k) in the operad Mn(k) is anequivalence. To do this requires de�ning a subdiagram of subspaces of the diagram F , indexed over theMilgram subcategory J n(k). Speci�cally given an object A in J n(k) we de�neF (A) = [X!AG(X)where the union is indexed over all objects X in J n(k) (not Mn(k)) mapping into A. The inclusion ofdiagrams then induces a commutative diagram:J n(k)�� hocolimJn(k)Foo //� ��� colimJn(k)F��Mn(k) hocolimMn(k)Foo ' //� � ' Cn(k)We have already shown that the maps across the bottom row are equivalences. Using similar arguments,�rst proving the analogs of Lemmas 6.6 and 6.7 and Corollary 6.8 hold for the diagram F , we can show themaps across the top row are also equivalences. Thus it su�ces to show that the right hand vertical arrow isan equivalence.By the analog of Corollary 6.8 we can identify colimJn(k)F with the union[A2J n(k)G(A) � Dn(k) � Cn(k)This in turn is the subspace of Milgram decomposable con�gurations of little n-cubes. A con�gurationin Cn(k) is said to be Milgram decomposable if one can cut through the con�guration with a �nite setof hyperplanes perpendicular to the �rst coordinate axis which miss the interiors of all the little n-cubesand each of the resulting strips individually can then be cut through by a �nite number of hyperplanesperpendicular to the second coordinate axis (again missing the interiors of all the little cubes in the strip),and each of those resulting strips can then be cut by hyperplanes perpendicular to the the third coordinate46



axis, etc. with the �nal cuts being done by hyperplanes perpendicular to the last coordinate axis, so that atthe end of this process there is exactly one little cube in each compartment.The following two �gures in C2(k) illustrate the concept of Milgram decomposability
361 2 45 21 3The con�guration on the left is Milgram decomposable, whereas the one on the right is not (although it isdecomposable).We now show that that the inclusion of the space of Milgram decomposable con�gurations of little n-cubes into Cn(k) is an equivalence. Given any con�guration of little n-cubes in Cn(k) let m be the minimumdistance between barycenters of di�erent subcubes in the `1 norm. De�ne a map Cn(k) ! Cn(k) whichlinearly shrinks (towards their barycenters) those the little cubes in a con�guration whose dimensions arebigger than m2k by m2k to subcubes of this size (leaving alone dimensions of cubes which are smaller). Thismap is clearly homotopic to the identity.It also takes any con�guration to a Milgram decomposable one by the following argument. We saythat two little cubes in a con�guration overlap in the �rst coordinate direction if there is a hyperplaneperpendicular to the �rst coordinate direction which passes through the interiors of both. We say that twolittle cubes are in the same 1-clump if there is chain of little cubes from one to the other such that any twoadjacent ones in the chain overlap in the �rst coordinate direction. Clearly the 1-clumps of little cubes canbe separated from each other by hyperplanes perpendicular to the �rst coordinate direction. The barycentersof any two little cubes in the same 1-clump are separated in the �rst coordinate direction by a distance atmost m2 . (There at most k elements in the chain connecting the little cubes, with the barycenters of adjacentsubcubes in the chain having separation in the �rst coordinate direction at most m2k .) Thus the separation inat least one of the other coordinate directions between the barycenters of any two little cubes in the 1-clumpmust be at least m. Now for the little cubes within a given 1-clump de�ne an analogous notion of 2-clumpand repeat. At the �nal stage of this process we will have an (n � 1)-clump of cubes which overlap in allthe coordinate directions except the last. It will follow that all the little cubes in this (n � 1)-clump musthave barycenters separated in the last coordinate direction by distances of at least m. Since the little cubeshave dimensions m2k , they can then be separated from one another by hyperplanes perpendicular to the lastcoordinate direction, proving the con�guration is Milgram decomposable.Moreover the homotopy from the shrinking map to the identity restricts to the subspace of Milgram de-composable con�gurations. It follows that the inclusion of the space of Milgram decomposable con�gurationsin Cn(k) is an equivalence, completing the proof of Theorem 3.14.Before we proceed to the proof of Theorem 3.16 we recall the basic de�nitions, due to Berger [3].De�nition 6.12. An acyclic orientation of the complete graph on the set of vertices f1; 2; 3; : : :; kg is anassignment of direction to each edge of the graph such that no directed cycles occur. Equivalently an acyclicorientation is determined uniquely by a total ordering (ie. a permutation) of the vertices. A coloring of thecomplete graph on k vertices is an assignment of colors to each edge of the graph from the countable set ofcolors f1; 2; 3; : : :g. The poset K(k) has as elements pairs (�; �), where � is a coloring and � is an acyclicorientation of the complete graph on k vertices. The order relation on K(k) is determined as follows: wesay that (�1; �1) � (�2; �2) if for every edge a i�! b in (�1; �1) the corresponding edge in (�2; �2) has eitherorientation and coloring a j�! b with j � i or b j�! a with j > i. Per our usual abuse we also denote byK(k) the nerve of this poset. 47



The action of the symmetric group �k on K(k) is via permutation of the vertices. The structure mapK(k)�K(m1)� K(m2)� � � � � K(mk) �! K(m1 +m2 + � � �+mk)assigns to a tuple of orientations and colorings in K(k)�K(m1)�K(m2)� � � ��K(mk) the orientation andcoloring obtained by subdividing the set of m1 +m2 + � � �+ mk vertices into k blocks containing m1, m2,: : : , mk vertices respectively. The edges connecting vertices within the i-th block are oriented and coloredaccording to the given element in K(mi). The edges connecting vertices between blocks i and j are alloriented and colored according to the corresponding edge in the given element of K(k). It is easy to checkthat this speci�cation gives K(k)k�0 the structure of an E1 operad.The n-th �ltration K(n)(k) is the subposet of K(k) where the colorings are restricted to take values inthe subset f1; 2; 3; : : : ; ng. It is obvious that K(n)(k)k�0 is a suboperad of K. There is an inclusion of posetsMn(k) � K(n)(k) which takes an object A to the complete graph on f1; 2; 3; : : :; kg with edges oriented andcolored as follows: a i�! b if a2ib in AThese inclusions de�ne a map of operadsMn !K(n).Remark 6.13. This de�nition departs slightly from that in [3] in that Berger takes colorings with valuesin the set f0; 1; 2; : : :g rather than f1; 2; 3; : : :g.De�nition 6.14. De�ne �(k) to be the category whose objects are permutations in �k and with a uniquemorphism between any two objects (which is hence an isomorphism). The nerve of this category, alsoabusively denoted �(k), can be identi�ed with the standard simplicial model E�k of the total space of theuniversal principal �k bundle. By rewriting the objects of �(k) in the formi12i22 : : :2ik;instead of [i1; i2; : : : ; ik], and appealing to MacLane's coherence theorem, we can identify �(k) with a fullsubcategory of the free strict symmetric monoidal category on k generators. Thus the spaces f�(k)gk�0 canbe naturally endowed with the structure of an operad which acts on the nerves of strict symmetric monoidalcategories. The operad � was extensively studied by Barratt and Eccles [1] and May [16] (who denotes theoperad D instead).Smith [24] de�ned a �ltration on � as follows. First of all he de�ned �(n)(2) to be the n� 1 skeleton of�(2), which is easily identi�ed as the standard Z=2-equivariant simplicial model of Sn�1. Then he de�ned asimplex in �(k) to be in the n-th �ltration �(n)(k) if its images under all restriction mapsRa;b : �(k) �! �(2)lies in �(n)(2) (cf. Remark 3.8). Equivalently an r-simplex�0 �! �1 �! �2 �! � � � �! �rlies in �(n)(k) if any pair of elements a, b in f1; 2; : : :; kg change their relative order in the given sequence ofpermutations at most n � 1 times. For example the 3-simplex[1; 2; 3]�! [2; 1; 3]�! [2; 3; 1]�! [2; 1; 3]lies in �(3)(3) since the pair (1; 2) changes order once, the pair (1; 3) changes order twice and the pair (2; 3)doesn't change order at all. It is easy to see that �(n)(k)k�0 forms a suboperad of �.The forgetful map (�; �) 7! �, which forgets the coloring, de�nes a functor and hence a map of operadsK ! �. It also preserves �ltrations. For given an r-simplex(�0; �0) �! (�1; �1) �! (�2; �2) �! � � � �! (�r ; �r)in K(n)(k), any edge connecting two given vertices a and b can only change direction at most n � 1 times.For every change in direction must correspond to an incrementation of the coloring of that edge.48



The composite Mn �! K(n) �! �(n)can be identi�ed with the map of operads arising from the fact that any symmetric monoidal category isn-fold monoidal (cf. Remark 1.9).Smith [24] conjectured that �(n) has the same homotopy type as the little n-cubes operad Cn, and thuscould also be used to parametrize the structure of an n-fold loop space. This conjecture was proved byBerger [3]. Our proof of Theorem 3.16 below gives an alternative proof of this conjecture.Proof Sketch of Theorem 3.16 The diagram F in the proof of Theorem 3.14 can be expanded in theevident way to a diagram on K(n)(k) containing F as a subdiagram of subspaces, and the inclusionMn !K(n) can be shown to be an equivalence by an argument similar to the proof we used above to prove thatJ n �Mn is an equivalence. See [3] for details.To show that the map p : K(n) �! �(n) is an equivalence we have to show that for any simplex S in �(n)the inverse image p�1(S) is contractible. We prove this by induction on the dimension of S. If S = � is avertex, then p�1(�) is a simplicial cone on the object (�0; �), where �0 is the coloring which assigns to eachedge the color 1.Assume we have already shown the contractibility of inverse images for simplices of dimension less thanthat of S = �0 �! �1 �! �2 �! � � � �! �rWe note that p�1(S) = T (S) [ r[i=0 p�1(Si);where T (S) is the union of all simplices inK(n) which map surjectively ontoS and the Si are the codimension1 faces of S. To show that this union is contractible, it su�ces to show that all the intersections\j2J p�1(Sj) = p�10@\j2JSj1AT (S) \ \j2J p�1(Sj) = T (S) \ p�10@\j2JSj1Aare contratible. Intersections of the �rst kind are contractible by induction hypothesis. To see that intersec-tions of the second kind are contractible, we �rst consider the following distinguished simplex in T (S):(�0; �0) �! (�1; �1) �! (�2; �2) �! � � � �! (�r ; �r)where the coloring �i assigns to the edges joining a pair of vertices a, b the color which is 1 more than thenumber of times that this pair of elements changes relative position in the subsimplex�0 �! �1 �! �2 �! � � � �! �iof S. Then it is easy to see that T (S) \ p�1 �Tj2J Sj� is a cone on the vertex (�m; �m) where �m is theinitial vertex of the face Tj2J Sj of S, and is thus contractible. This completes the induction and proof.References[1] M. G. Barrett and P. J. Eccles, �+-structures I, II, III, Topology 13(1974), 25-45, 113-126, 199-207.[2] C. Berger, Combinatorial models for real con�guration spaces and En operads, Contemp. Math.202(1997), 37-52. 49
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