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1 Introduction
At present, formal methods for software speci cation and veri cation are monolithic , in the sense that in each
approach only one formal system or speci cation language is used to formalize the desired system properties. For
this reason, although formal approaches are very useful at their appropriate level of abstraction, their formal systems,
and the tools based on them, are as it were autistic , because they lack the theoretical basis for being related to other
formalisms and to their supporting tools.
As a consequence, it is at present extremely dicult to integrate in a rigorous way di erent formal descriptions,
and to reason across such descriptions. This situation is very unsatisfactory, and presents one of the biggest obstacles
to the use of formal methods in software engineering because, given the complexity of large software systems, it is
a fact of life that no single perspective, no single formalization or level of abstraction suces to represent a system
and reason about its behavior.
In practice we nd ourselves in constant need of moving back and forth between di erent formalizations capturing
di erent aspects of a system. For example, as pointed out by Walter and Bellman [55], in the simulation area this
need is felt very strongly because of the di erent types of mathematical models and corresponding constraints that
a simulation must satisfy. Similarly, in a large software system we typically have very di erent requirements, such
as functional correctness, proper real time behavior, concurrency, security, and fault-tolerance, which correspond to
di erent views of the system and that are typically expressed in di erent formal systems. Often these requirements
a ect each other, but it can be extremely dicult to reason about their mutual interaction, and no tools exist to
support such reasoning.
We need mathematical foundations, (meta-)formal methods, and tools to achieve
Formal Interoperability

that is, the capacity to move in a mathematically rigorous way across the di erent formalizations of a system,
and to use in a rigorously integrated way the di erent tools supporting such formalizations.
Since the most basic need appears at the level of relating and integrating di erent mathematical formalisms, the
foundations required must be metamathematical in nature. That is, they must provide rigorous foundational answers
to the questions:

 What is a logical formalism?
 How can di erent formalisms be related?
Answers to such questions can provide a rigorous basis on which to build very powerful and widely applicable
meta-tools to support the formal interoperation of di erent formalisms and their associated tools. Meta-tools of this
kind may include:

 meta-logical frameworks, in which many di erent logics and speci cation languages can be de ned, executed,
and interoperated.

 meta-logical translators, in which rigorous translations between any given pair of logical formalisms can be

de ned and automated. This can be extremely useful to vastly increase the applicability of tools, for example
to use a theorem prover for one logic to prove theorems in a di erent logic.
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 meta-logical module calculus tools, which given speci cations in an arbitrary logic, or in several logics,

can support powerful parameterization and module composition operations to combine those speci cations in
a highly modular and reusable way.
In this paper I brie y sketch recent work on meta-logical foundations that seems promising as a conceptual basis
on which to achieve the goal of formal interoperability. Speci caly, I will brie y discuss:
 The theory of general logics [39], and the associated notion of map between logics.
 The notion of a meta-logical framework , and the use of rewriting logic [32, 40] for this purpose.
 The idea of a meta-logical module calculus to combine speci cations across di erent formalisms.
 The concept of re ection in general logics and in rewriting logic [8, 7] as a very powerful technique to achieve
formal interoperability.
At the mathematical level, category theory [31] provides very good methods to articulate all these concepts.
In fact, this is entirely natural, since formal interoperability has essentially to do with mappings between di erent
logical systems. Therefore, I also sketch some ways in which category theory is very useful as a foundation.

2 General Logics
The theory of general logics rst proposed in [39] provides axiomatic notions formalizing the di erent aspects of a
logic and of their combinations into fuller notions of logic. The theory is in a sense modular, in that it permits
focusing on di erent aspects of a logic|such as the provability relation, the models, or the proofs themselves|as
well as combining several aspects together, depending on the particular applications. These di erent aspects are
axiomatized by means of the following basic concepts:
 an entailment system axiomatizes the consequence relation of a logic
 an institution (a notion due to Goguen and Burstall [18]) covers the model-theoretic aspects of a logic, focusing
on the notion of validity
 a logic is obtained by combining an entailment system and an institution
 a proof calculus enriches an entailment system with an actual proof theory
 a logical system is a logic with a choice of a proof theory for it
A key notion is that of a mapping translating one logic into another

L ?! L0
that preserves whatever logical properties are relevant, such as provability of formulas, or satisfaction of a formula
by a model. Such mappings allow us to relate in a rigorous way di erent logics, to combine di erent formalisms
together, and to explore new logics for computational purposes.
We can summarize the basic conceptual standpoint of the theory of general logics by stating that:
No logical formalism (speci cation language, prototyping language, etc.) will be best for all purposes.
What exists is a space of possibilities (the universe of logics) in which careful choice of the formalisms
that best suit some given purposes can be exercised.
What is crucial in practice is to have correct and exible methods for changing our point of view, so that
we can move from one model or formalism to another. This is what maps of logics make possible.
The de nition and automation of maps of this kind could be supported by tools such as a meta-logical translator
that, when supplied with the formal de nition of a given map of logics, would implement such a map. Such a
meta-tool could be very useful to enable the formal interoperation of tools in di erent formal systems. For example,
it could be used to automatically translate speci cations in one logic into corresponding speci cations in another for
which a theorem prover exists. Then, if the map has the required properties|namely, if it is conservative [39]|such
a theorem prover could be used to mechanically prove theorems about the source speci cation.
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3 Meta-Logical Frameworks and Rewriting Logic

A meta-logical framework F is a \universal logic" into which a wide variety of other logics can be faithfully represented
by means of conservative maps of logics

L ?! F :

A number of logics have been proposed in the recent literature as (meta-)logical frameworks of this kind. Several
of these proposals o er some variant of higher-order type theory as the framework logic (see [33] for references). A
simpler alternative recently proposed by Mart-Oliet and Meseguer [32, 33] is to use rewriting logic [40] as a very
exible and natural meta-logical framework.
In rewriting logic axioms are rewrite rules of the form
t ! t0

that can be applied modulo given structural axioms speci ed with the syntax. Such rewrite rules have both a
logical and a computational reading. Logically, each rewriting step is a logical entailment in a formal system.
Computationally, each rewriting step is a parallel local transition in a concurrent system. Therefore, rewriting logic
can be used both as a meta-logical framework in which to represent other logics, and as a semantic framework for
de ning and prototyping computational systems and languages.
Our experience so far indicates that many logics, including for example:
 rst-order logic;
 intuitionistic logic;
 linear logic;
 equational logic;
 Horn logic with equality; and
 any logic having a sequent calculus presentation;
can be represented in a very simple and natural way in rewriting logic, and|using an implementation of rewriting
logic|could be prototyped and executed using their corresponding representations. Indeed, we conjecture that any
e ectively presented logic|that is any logic of practical computational interest|could be represented and prototype
in rewriting logic in this way.
Due to its great exibility for representing computational systems, including concurrent ones, rewriting logic
can also be used as a very exible semantic framework in which many di erent languages and systems, such as for
example:
 CCS, the -calculus, and LOTOS;
 Data ow, Graph Rewriting, and Neural Networks;
 Petri nets;
 Actors;
 the UNITY language;
 functional languages;
 object-oriented languages; and
 conventional languages;
can be given a precise semantics and can be prototyped and executed.
The use of rewriting logic as a meta-logical and semantic framework for applications such as those described above
can be supported by tools such as a rewriting logic interpreter . In this way, it is possible to combine di erent logics by
combining their rewriting logic representations, and to executably interoperate such logics in combination. Similarly,
it is also possible to combine and to interoperate executable speci cations of di erent languages and systems.
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We are working on one such rewriting logic interpreter for the Maude language [41, 7], and two other rewriting
logic-based language implementation e orts|the Cafe [15] and the ELAN [3] systems|are being actively pursued in
Japan and France. Furthermore, by choosing an adequate subset of the logic, such as the Simple Maude sublanguage,
and using adequate program transformations [29] to move speci cations into this subset, it is possible to eciently
compile such a subset of rewriting logic on a wide variety of parallel architectures [30].

4 A Meta-Logical Module Calculus
Another very important fruit of the theories of general logics [39] and of institutions [18] is that, for each logic, they
provide a general notion of theory |that can be used to formally specify some aspect or component of a software
system in that logic|and of interpretation or view from one theory into another. Using maps of logics it is also
possible to relate theories|and therefore speci cations|in di erent logics.
The speci cation of large systems should be done in a highly modular and parameterized way. Using theory
composition operations that can be de ned in a logic-independent manner it is possible to develop a very powerful
module calculus for combining speci cations in this way.
Much work, beginning with the ideas of Goguen and Burstall on institutions [18], has already been done in this
area, and extremely encouraging experience already exists in this regard in speci cation languages such as Clear [5],
OBJ [20], ACT [12], Eqlog [19], and Maude [41]. However, much work remains to be done in order to:
 extend such a module calculus with powerful new operations;
 support theory composition operations across di erent logics;
 generalize such a module calculus from speci cations to entire software modules1 (in a style similar to \wrappings" [27]) to support the composition and semantic interoperation of software modules.
A very useful tool would be a meta-logical module calculus system that could be instantiated to compose speci cations in any logical formalism, or across such formalisms, and the further extension of such a tool to one for entire
software modules. In this way, speci cation languages, and also programming languages, could be systematically endowed with powerful module compositionality operations with a dramatic increase in the reusability of their modules
and in the reliability of their semantic-based compositions.
Furthermore, such a module calculus does not have to be reduced to a xed repertoire of module operations,
such as for example colimits of theories. By using re ective techniques that bring a data type of modules within the
object level of a logic, module operations become both extensible and user-de nable, opening an unlimited range of
possibilities for module composition and transformation.

5 Re ection
Re ection is a system's ability to represent and control its own metalevel. In this way, very powerful techniques to
extend, adapt, and modify a system become available. Many researchers have recognized the great importance and
usefulness of re ection in programming languages [52, 51, 56, 54, 26, 23, 38], in theorem-proving [57, 4, 49, 24, 1,
36, 16, 22], in concurrent and distributed computation [35, 44, 46], and in many other areas such as compilation,
programming environments, operating systems, fault-tolerance, and databases (see [50, 25] for recent snapshots of
research in re ection). In particular, re ective methods are enormously useful to achieve formal interoperability.
In spite of being a very important topic, the semantic foundations of re ection are not yet well understood. For
the case of re ection in logical languages Manuel Clavel and I have recently proposed a general axiomatic notion of
re ective logic [8]. Our axioms are based on the theory of general logics and are formulated in a logic-independent
way that makes the re ective logic an explicit parameter and does not depend on the particular details of each logic.
The key concept in our axiomatization of re ective logics is the notion of a universal theory , that is, a theory U
that can simulate the deductions of all other theories in a class C of theories of interest. In particular, if U is one of
the theories in the class C , then U can simulate its own metalevel at the object level, and this process can be iterated
ad in nitum , giving rise to a \re ective tower."
1

Very encouraging experience on extensions of this kind such as LIL [17] and LILEANNA [53] already exists.
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Figure 1: Categories of logical structures and their relationships.
In [8] several examples of re ective logics, including the lambda calculus and Turing machines, are discussed. And
in [9] Manuel Clavel and I have shown that a speci c universal theory for rewriting logic makes it re ective. This is
exploited by the Maude language implementation, that eciently supports re ective rewriting logic computation.
We are currently exploiting re ection in a wide range of applications using Maude. All these applications are
directly relevant for formal interoperability. They include:
 Logical framework applications: in a re ective logical framework like rewriting logic, one can de ne and execute
maps between logics withing the framework itself [34].
 Modularity applications: by re ection, theories|corresponding to modules|become a data type inside the
logic on which a very open and extensible module algebra can be de ned.
 Internal strategies: thanks to re ection, execution strategies can be expressed inside rewriting logic, where
they are formally de ned and executed by rewrite rules that operate on metalevel entities [9, 10].
 Formal environments: using re ection, it becomes very easy to specify and build formal environments, providing
theorem-proving and formal analysis support for a logically-based speci cation or programming language [10].

6 Categories Everywhere
The theory of general logics [39] extends the theory of institutions [18] and is related to other notions proposed in
the literature, including [2, 47, 11, 48, 37, 45, 14, 13, 21] (see [42] for a discussion of work in this area).
All these approaches, beginning with institutions, use category theory as a foundation is an essential way. First of
all, specifying a logic, or some component of it like an institution or a proof calculus, amounts to specifying a number
of categories, functors, and natural transformation. For example, syntax is speci ced by a category of signatures;
sentences are given by a functor from signatures to sets; models for each signature also form a category; and the
process of associating to each signature its category of models is a (contravariant) functor from signatures to the
category of categories. The use of categories becomes even more intense when each model of a theory in the logic
is itself a category with structure, in which the theory is interpreted as a structure-preserving functor from the free
category generated by the theory. This is the case of categorical logics [39], of which Lawvere's functorial semantics
of algebraic theories is a paradigmatic example [28].
Given a logic, or an appropriate component of it, one can then de ne the category of theories in that logic|that
can be used as speci cations or even as declarative programs, and therefore provide the appropriate notion of module.
Theories are typically described as pairs consisting of a signature and a set of sentences|the theory's axioms, or its
theorems, depending on the particular formulation. One of the fundamental contributions of the theory of institutions
has been to show that important theory composition operations, including parameterized constructions, can be given
a precise categorical semantics as colimit constructions in the category of theories. As already mentioned in Section
4, this semantics has then been exploited to provide module operations in a number of speci cation languages in the
Clear tradition, including [5, 20, 12, 19, 41].
More important yet, for the purposes of formal interoperability, are the maps between di erent logic, which allow
us to translate one logic into another. Such maps|preserving the appropriate logical structure in a logic or in a
5

logic's component|also form categories in a natural way. For example, in the theory of general logics, entailment
systems and entailment-preserving maps form a category Ent , and we have similar categories Inst , Log , PCalc ,
and LogSys of institutions, logics, proof calculi, and logical systems, with maps preserving the corresponding logical
structure. These categories are themselves related by functors that forget the extra logical structure as shown in
Figure 1.
The functors inst, log, ent, and (therefore also) log;inst have right adjoints, and inst has also a left adjoint [39].
Furthermore, Maura Cerioli and I have shown that all the above functors are brations [6]. This automatically gives
a method for \borrowing" missing logical structure from one logic along a map, to endow another logic with the
missing structure.
For example, consider the case where our source formalism is an entailment system E and we wish to borrow a
proof calculus structure from P along a map  : E ?! ent (P ) to endow E with a proof calculus structure  (P ).
By the fact that ent is a bration, this can be done by means of a map ^ in PCalc that \lifts" to the richer context
of proof calculi our original map  in a universal way and such that ent (^ ) = .
PCalc
^


 (P )
P

?

E



- ent?(P )

Ent

This borrowing construction is very useful as a logical interoperability technique. In particular, if P is a logical
framework, the universal property of the lifted map permits a very economical way of de ning representation maps
into the framework, since only the map of the underlying entailment systems has to be speci ed.

7 Concluding Remarks
Foundations should not be an academic exercise in describing past practice, some autopsy of the past. Their great
practical importance is in imagining the future , in helping us nd new, more powerful and general techniques and
tools to specify, reason about, develop, evolve, and reuse software systems. This paper has argued that the present
lack of (meta-)formal methods and tools to support the interoperation of formal methods and formal systems is one
of the greatest obstacles blocking the practical applicability of formal techniques in software engineering. I have
presented some ideas in software foundations that seem promising to reach the goal of formal interoperabilty, but
much work remains ahead.
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