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Abstract

In the amortized sense, [14], the best performance
for these operations is achieved by Fibonacci heaps [7].
They achieve amortized constant time for all operations
except for the two delete operations which require amortized time O(log n). The data structure we present
achieves matching worst case time bounds for all operations. Previously, this was only achieved for various
strict subsets of the listed operations [1, 2, 3, 15]. For
example the relaxed heaps of Driscoll et al. [3] and the
priority queues in [1] achieve the above time bounds in
the worst case sense except that in [3] Meld requires
worst case time (log n) and in [1] DecreaseKey requires worst case time (log n). Refer to Table 1. If we
ignore the Delete operation our results are optimal
in the following sense. A lower bound for DeleteMin
in the comparison model is proved in [1] where it is
proved that if Meld can be performed in time o(n) then
DeleteMin cannot be performed in time o(log n).
The data structure presented in this paper originates from the same ideas as the relaxed heaps of
Driscoll et al. [3]. In [3] the data structure is based
on heap ordered trees where (log n) nodes may violate
heap order. We extend this to allow (n) heap order
violations which is a necessary condition to be able to
support Meld in worst case constant time and if we
allow a nonconstant number of violations.
In Section 2 we describe the data structure representing a priority queue. In Section 3 we describe a
special data structure needed internally in the priority
queue construction. In Section 4 we show how to implement the priority queue operations. In Section 5 we
summarize the required implementation details. Finally
some concluding remarks on our construction are given
in Section 6.

An implementation of priority queues is presented that
supports the operations MakeQueue, FindMin, Insert,
Meld and DecreaseKey in worst case time O(1) and
DeleteMin and Delete in worst case time O(log n). The
space requirement is linear. The data structure presented is
the rst achieving this worst case performance.

1 Introduction

We consider the problem of implementing priority queues which are ecient in the worst case sense. The operations we want to support are the following commonly
needed priority queue operations [11].
MakeQueue creates and returns an empty priority
queue.
FindMin(Q) returns the minimum element contained
in priority queue Q.
Insert(Q; e) inserts an element e into priority queue Q.
Meld(Q1 ; Q2) melds priority queues Q1 and Q2 to
a new priority queue and returns the resulting
priority queue.
DecreaseKey(Q; e; e0 ) replaces element e by e0 in
priority queue Q provided e0  e and it is known
where e is stored in Q.
DeleteMin(Q) deletes and returns the minimum element from priority queue Q.
Delete(Q; e) deletes element e from priority queue Q
provided it is known where e is stored in Q.
The construction of priority queues is a classical
topic in data structures [1, 2, 3, 4, 5, 6, 7, 10, 12, 15, 16,
17]. A historical overview of implementations can be
found in [11]. There are many applications of priority
queues. Two of the most prominent examples are sorting problems and network optimization problems [13]. 2 The Data Structure
In this section we describe the components of the
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Table 1: Time bounds for the previously best priority queue implementations.
by two trees T1 and T2 where all nodes contain one
element and have a nonnegative integer rank assigned.
Intuitively the rank of a node is the logarithm of the
size of the subtree rooted at the node. The details of
the rank assignment achieving this follow below.
The sons of a node are stored in a doubly linked list
in increasing rank order from right to left. Each node
has also a pointer to its leftmost son and a pointer to
its parent.
The notation we use is the following. We make no
distinction between a node and the element it contains.
We let x; y; : : : denote nodes, p(x) the parent of x, r(x)
the rank of x, ni (x) the number of sons of rank i that x
has and ti the root of Ti . Nodes which are larger than
their parents are called good nodes | good because they
satisfy heap order. Nodes which are not good are called
violating nodes.
The idea is to let t1 be the minimum element and
to lazy merge the two trees T1 and T2 such that T2
becomes empty. Since t1 is the minimumelement we can
support FindMin in worst case constant time and the
lazy merging of the two trees corresponds intuitively to
performing Meld incrementally over the next sequence
of operations. The merging of the two trees is done
by incrementally increasing the rank of t1 by moving
the sons of t2 to t1 such that T2 becomes empty and t1
becomes the node of maximum rank. The actual details
of implementing Meld follow in Section 4.5.
As mentioned before we have some restrictions on
the trees forcing the rank of a node to be related to the
size of the subtree rooted at the node. For this purpose
we maintain the invariants S1{S5 below for any node x.
S1 : If x is a leaf, then r(x) = 0,
S2 : r(x) < r(p(x)),
S3 : if r(x) > 0, then nr(x)?1 (x)  2,
S4 : ni(x) 2 f0; 2; 3; : : :; 7g,
S5 : T2 = ; or r(t1 )  r(t2 ).
The rst two invariants just say that leaves have
rank zero and that the ranks of the nodes strictly
increase towards the root. Invariant S3 says that a
node of rank k has at least two sons of rank k ? 1.

This guarantees that the size of the subtree rooted
at a node is at least exponential in the rank of the
node (by induction it follows from S1 and S3 that the
subtree rooted at node x has size at least 2r(x)+1 ? 1).
Invariant S4 bounds the number of sons of a node that
have the same rank within a constant. This implies
the crucial fact that all nodes have rank and degree
O(log n). Finally S5 says that either T2 is empty or its
root has rank larger than or equal to the rank of the
root of T1 .
Notice that in S4 we do not allow a node to have
only a single son of a given rank. This is because
this allows us to cut o the leftmost sons of a node
such that the node can get a new rank assigned where
S3 is still satis ed. This property is essential to the
transformations to be described in Section 4.3. The
requirement ni (x)  7 in S4 is a consequence of the
construction described in Section 3.
After having described the conditions of how nodes
are assigned ranks and how this forces structure on
the trees we now turn to consider how to handle the
violating nodes | which together with the two roots
could be potential minimum elements. To keep track
of the violating nodes we associate to each node x two
subsets V (x) and W (x) of nodes larger than x from the
trees T1 and T2 . That is the nodes in V (x) and W (x)
are good with respect to x. We do not require that if
y 2 V (x) [ W (x) that x and y belong to the same Ti
tree. But we require that a node y belongs to at most
one V or one W set. Also we do not require that if
y 2 V (x) [ W (x) then r(y)  r(x).
The V sets and the W sets are all stored as doubly
linked lists. Violations added to a V set are always
added to the front of the list. Violations added to a
W set are always added in such a way that violations
of the same rank are adjacent. So if we have to add a
violation to W (x) and there is already a node in W (x)
of the same rank, then we insert the new node adjacent
to this node. Otherwise we just insert the new node at
the front of W (x).
We implement the V (x) and W (x) sets by letting
each tree node x have four additional pointers: One to
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the rst node in V (x), one to the rst node in W (x),
and two to the next and previous node in the violation
list that x belongs to | provided x is contained in a
violation list. Each time we add a node to a violation set
we always rst remove the node from the set it possibly
belonged to.
Intuitively V (x)'s purpose is to contain violating
nodes of large rank. Whereas W (x)'s purpose is to
contain violating nodes of small rank. If a new violating
node is created which has large rank, i.e. r(x)  r(t1),
we add the violation to V (t1 ), otherwise we add the
violation to W (t1). To be able to add a node to W (t1 )
at the correct position we need to know if a node already
exists in W (t1 ) of the same rank. In case there is we
need to know such an element. For this purpose we
maintain an extendible array1 of size r(t1) of pointers
to nodes in W (t1) of each possible rank. If no node
exists of a given rank in W (t1 ) the corresponding entry
in the array is null.
The structure on the V and W sets is enforced by
the following invariants O1{O5. We let wi (x) denote
the number of nodes in W (x) of rank i.
O1 : t1 = min T1 [ T2,
O2 : if y 2 V (x) [ W (x), then y  x,
O3 : if y < p(y), then an x 6= y exists such that
y 2 V (x) [ W (x),
O4 : wi(x)  6,
O5 : if V (x) = (yjV (x)j ; : : :; y2; y1 ), then
r(yi )  b(i ? 1)= c for i = 1; 2; : : :; jV (x)j

where is a constant.
O1 guarantees that the minimumelement contained
in a priority queue always is the root of T1 . O2 says
that the elements are heap ordered with respect to
membership of the V and W sets. O3 says that all
violating nodes belong to a V or W set. Because all
nodes have rank O(log n) invariants O4 and O5 imply
that the sizes of all V and W sets are O(log n). Notice
that if we remove an element from a V or W set, then
the invariants O4 and O5 cannot become violated.
That invariants O4 and O5 are stated quite di erently is because the V and W sets have very di erent
roles in the construction. Recall that the V sets take
care of large violations, i.e. violations that have rank
larger than r(t1 ) when they are created. The constant
1 An extendible array is an array of which the length can be
increased by one in worst case constant time. It is folklore that
extendible arrays can be obtained from ordinary arrays by array
doubling and incremental copying. In the rest of this paper all
arrays are extendible arrays.

3
is the number of large violations that can be created
between two increases in the rank of t1.
For the roots t1 and t2 we strengthen the invariants
such that R1{R3 also should be satis ed.
R1 : ni (tj ) 2 f2; 3; : : :; 7g for i = 0; 1; : : :; r(tj ) ? 1,
R2 : jV (t1 )j  r(t1 ),
R3 : if y 2 W (t1 ) then r(y) < r(t1).
Invariant R1 guarantees that there are at least two
sons of each rank at both roots. This property is
important for the transformations to be described in
Section 4.2 and Section 4.3. Invariant R2 together with
invariant O5 guarantee that if we can increase the rank
of t1 by one we can create new large violations and add
them to V (t1 ) without violating invariant O5. Invariant
R3 says that all violations in W (t1 ) have to be small.
The maintenance of R1 and O4 turns out to be
nontrivial but they can all be maintained by applying
the same idea. To unify this idea we introduce the
concept of a guide to be described in Section 3.
The main idea behind the construction is the following captured by the DecreaseKey operation. The
details follow in Section 4. Each time we perform a
DecreaseKey operation we just add the new violating node to one of the sets V (t1 ) or W (t1 ). To avoid
having too many violations stored at the root of T1 we
incrementally do two di erent kinds of transformations.
The rst transformation moves the sons of t2 to t1 such
that the rank of t1 increases. The second transformation
reduces the number of violations in W (t1) by replacing
two violations of rank k by at most one violation of rank
k + 1. These transformations are performed to reestablish invariants R2 and O4.

3 Guides

In this section we describe the guide data structure
that helps us maintaining the invariants R1 and O4 on
ni (t1 ); ni(t2 ) and wi (t1). The relationship between the
abstract sequences of variables in this section and the
sons and the violations stored at the roots are explained
in Section 4.
The problem can informally be described as follows.
Assume we have to maintain a sequence of integer
variables xk ; xk?1; : : :; x1 (all sequences in this section
goes from right to left) and we want to satisfy the
invariant that all xi  T for some threshold T . On the
sequence we can only perform Reduce(i) operations
which decrease xi by at least two and increase xi+1 by
at most one. The xi s can be forced to increase and
decrease by one, but for each change in an xi we are
allowed to do O(1) Reduce operations to prevent any
xi from exceeding T . The guide's job is to tell us which
operations to perform.
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Figure 1: The guide data structure.



block, i.e. let all nodes in the block belong to no
block, by simply assigning ? to the block's memory
cell.
When an x0i is forced to increase the guide can in
worst case time O(1) decide which Reduce operations
to perform. We only show how to handle one nontrivial
case, all other cases are similar. Assume that there are
two blocks of variables adjacent to each other and that
the leftmost x0i = 1 in the rightmost block has to be
increased. Then the following transformations have to
be performed:
2; 1; 1; 0 ; 2; 1; 1; 1; 0
> 2; 1; 1; 0 ; 2; 2; 1; 1; 0
increment x0i;
> 2; 1; 1; 1 ; 0; 2; 1; 1; 0
Reduce;
> 2; 1; 1; 1 ; 1; 0; 1; 1; 0
Reduce;
> 2; 1; 1; 1; 1; 0 ; 1; 1; 0
reestablish blocks:
To reestablish the blocks the two pointers of the new
variables in the leftmost block are set to point to the
leftmost block's memory cell and the rightmost block's
memory cell is assigned the value ?.
In the case described above only two Reduce
operations were required and these were performed on
x0j s where j  i. This is true for all cases.
We conclude this section with two remarks on the
construction. By using extendible arrays the sequence
of variables can be extended by a new xk+1 equal to zero
or one in worst case time O(1). If we add a reference
counter to each memory cell we can reuse the memory
cells such that the total number of needed memory cells
is at most k.

This problem also arises implicitly in [1, 2, 8, 9].
But the solution presented in [8] requires time (k)
to nd which Reduce operations to perform whereas
the problems in the other papers are simpler because
only x1 can be forced to increase and decrease. The
data structure we present can nd which operations to
perform in worst case time O(1) for the general problem.
To make the guide's knowledge about the xis as
small as possible we reveal to the guide another sequence
x0k ; : : :; x01 such that xi  x0i 2 fT ? 2; T ? 1; T g (this
choice is a consequence of the construction we describe
below). As long as all xi  x0i we do not require help
from the guide. First when an xi = x0i is forced to
become xi + 1 we require help from the guide. In the
following we assume w.l.o.g. that the threshold T is two
such that x0i 2 f0; 1; 2g and that Reduce(i) decreases
x0i by two and increases x0i+1 by one.
The data structure maintained by the guide partitions the sequence x0k ; : : :; x01 into blocks of consecutive
x0is of the form 2; 1; 1; : : :; 1; 0 where the number of ones
is allowed to be zero. The guide maintains the invariant
that all x0i s not belonging to a block of the above type
have value either zero or one. An example of a sequence 4 Operations
satisfying this is the following where blocks are shown In this section we describe how to implement the di erby underlining the subsequences.
ent priority queue operations. We begin by describing
some transformations on the trees which are essential to
1; 2; 1; 1; 0 ; 1; 1; 2; 0 ; 2; 0 ; 1; 0; 2; 1; 0 :
the operations to be implemented.
The guide stores the values of the variables x0i in 4.1 Linking and delinking trees. The fundamental
one array and uses another array to handle the blocks. operation on the trees is the linking of trees. Assume
The second array contains pointers to memory cells that we have three nodes x1; x2 and x3 of equal rank and
which contain the index of an xi or the value ?. All none of them is a root ti . By doing two comparisons we
variables in the same block point to the same cell and can nd the minimum. Assume w.l.o.g. that x1 is the
this cell contains the index of the leftmost variable in minimum. We can now make x2 and x3 the leftmost
the block. Variables not belonging to a block point to sons of x1 and increase the rank of x1 by one. Neither
a cell containing ?. A data structure for the previous x2 or x3 become violating nodes and x1 still satis es all
example is illustrated in Figure 1. Notice that several the invariants S1{S5 and O1{O5.
variables can share a memory cell containing ?. This
The delinking of a tree rooted at node x is a little
data structure has two very important properties:
bit more tricky. If x has exactly two or three sons of
1. Given a variable we can in worst case time O(1) rank r(x) ? 1, then these two or three sons can be cut
nd the leftmost variable in the block, and
o and x gets the rank of the largest ranked son plus
2. we can in worst case time O(1) destroy a given one. From S4 it follows that x still satis es S3 and it
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follows that S1{S5 and O1{O5 are still satis ed. In the
case where x has at least four sons of rank r(x) ? 1 two
of these sons are simply cut o . Because x still has at
least two sons of rank r(x) ? 1 the invariants are still
satis ed.
It follows that the delinking of a tree of rank k
always results in two or three trees of rank k ? 1 and
one additional tree of rank at most k (the tree can be
of any rank between zero and k).

4.2 Maintaining the sons of a root. We now

describe how to add sons below a root and how to cut
o sons at a root while keeping R1 satis ed. For this
purpose we require four guides, two for each of the roots
t1 and t2 . We only sketch the situation at t1 because
the construction for t2 is analogous.
To have constant time access to the sons of t1 we
maintain an extendible array of pointers that for each
rank i = 0; : : :; r(t1) ? 1 has a pointer to a son of t1
of rank i. Because of R1 such sons are guaranteed to
exist. This enables us to link and delink sons of rank i in
worst case time O(1) for an arbitrary i. One guide takes
care of that ni (t1)  7 and the other of that ni(t1 )  2
for i = 0; : : :; r(t1) ? 3 (to maintain a lower bound on
a sequence of variables is equivalent to maintaining an
upper bound on the negated sequence). The sons of t1
of rank r(t1 ) ? 1 and r(t1 ) ? 2 are treated separately in a
straight forward way such that there always are between
2 and 7 sons of these ranks. This is necessary because
of the dependency between the guide maintaining the
upper bound on ni (t1 ) and the guide maintaining the
lower bound on ni (t1). The \marked" variables that
we reveal to the guide that maintains the upper bound
on ni (t1) have values f5; 6; 7g and to the guide that
maintains the lower bound have values f4; 3; 2g.
If we add a new son at t1 of rank i we tell the guide
maintaining the upper bound that ni(t1 ) is forced to
increase by one (this assumes i < r(t1 ) ? 2). Then the
guide then tells us where to do at most two Reduce
operations. The Reduce(i) operation in this context
corresponds to the linking of three trees of rank i. This
decreases ni (t1) by three and increases ni+1 (t1 ) by one.
We only do the linking when ni (t1 ) = 7 so that the guide
maintaining the lower bound on ni(t1 ) will be una ected
(this implies a minor change in the guide). If this results
in too many sons of rank r(t1 ) ? 2 or r(t1 ) ? 1 we link
some of these sons and possibly increase the rank of t1.
If the rank of t1 increases we also have to increase the
domain of the two guides.
To cut o a son is similar, but now the Reduce
operation corresponds to the delinking of a tree. The
additional tree from the delinking transformation that
can have various ranks is treated separately after the
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delinking. We just add it below t1 as described above.
At t2 the situation is nearly the same. The major
di erence is that because we knew that t1 was the
smallest element the linking and delinking of sons of t1
would not create new violations. This is not true at t2.
The linking of sons never creates new violations but the
delinking of sons at t2 can create three new violations.
We will see in Section 4.4 that it turns out that we only
cut o sons of t2 which have rank larger than r(t1). The
tree \left over" by a delinking is made a son of t1 if it
has rank less than r(t1 ). Otherwise it is made a son
of t2. The new violations which have rank larger than
r(t1 ) are added to V (t1 ). To satisfy O5 and R2 we just
have to guarantee that the rank of t1 will be increased
and that in R2 and O5 is chosen large enough.

4.3 Violation reducing transformations. We now

describe the most essential transformation on the trees.
The transformation
reduces the number of potential
S
violations y2T1 [T2 V (y) [ W (y) in the tree by at least
one.
Assume we have two potential violations x1 and x2
of equal rank k < r(t1 ) which are not roots or sons
of a root. First we check that both x1 and x2 are
violating nodes. If one of the nodes already is a good
node we remove it from the corresponding violation set.
Otherwise we proceed as described below.
Because of S4 we know that both x1 and x2 have at
least one brother. If x1 and x2 are not brothers assume
w.l.o.g. that p(x1)  p(x2) and swap the subtrees rooted
at x1 and at a brother of x2. The number of violations
can only decrease by doing this swap. We can now
w.l.o.g. assume that x1 and x2 are brothers and both
sons of node y.
If x1 has more than one brother of rank k we just
cut o x1 and make it a good son of t1 as described
in Section 4.2. Because x1 had at least two brothers of
rank k, S4 is still satis ed at y.
In case x1 and x2 are the only brothers of rank k
and r(y) > k +1 we just cut o both x1 and x2 and make
them new good sons of t1 as described in Section 4.2.
Because of invariant S4 we are forced to cut o both
sons.
The only case that remains to be considered is
when x1 and x2 are the only sons of rank k and that
r(y) = k + 1. In this case we cut o x1, x2 and y. The
new rank of y is uniquely given by one plus the rank of
its new leftmost son. We replace y by a son of t1 of rank
k + 1 which can be cut o as described in Section 4.2.
If y was a son of t1 we only cut o y. If the replacement
for y becomes a violating node of rank k + 1 we add it
to W (t1 ). Finally, x1, x2 and y are made good sons of
t1 as described in Section 4.2.
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Above it is important that the node y is replaced
by is not an ancestor of y, because if y was replaced by
such a node a cycle among the parent pointers would
be created. Invariant S2 guarantees that this cannot
happen.

4.4 Avoiding too many violations. We now de-

scribe how to avoid too many violations. The only violation sets we add violations to are V (t1 ) and W (t1).
Violations of rank larger than r(t1 ) are added to V (t1 )
and otherwise they are added to W (t1). The violations
in W (t1 ) are controlled by a guide. This guide guarantees that wi (t1)  6. We maintained a single array so
we could access the violating nodes in W (t1) by their
rank.
If we add a violation to W (t1 ) the guide tells
us for which ranks we should do violation reducing
transformations as described in the previous section.
We only do the transformation if there are exactly six
violations of the given rank and that there is at least
two violating nodes which are not sons of t2 . If there
are more than four violations that are sons of t2 we cut
the additional violations o and links them below t1.
This makes these nodes good and does not a ect the
guides maintaining the sons at t2.
For each priority queue operation that is performed
we increase the rank of t1 by at least one by moving
a constant number of sons from t2 to t1 | provided
T2 6= ;. By increasing the rank of t1 by one we can
a ord creating new violations of rank larger than r(t1 )
by invariant O5 and we can just add the violations to
the list V (t1). If T2 6= ; and r(t2 )  r(t1 ) + 2 we just
cut of the largest sons of t2 and link them below t1 and
nally add t2 below t1 . This will satisfy the invariants.
Otherwise we cut o a son of t2 of rank r(t1) + 2 and
delink this son and add the resulting trees below t1 such
that the rank of t1 increases by at least one. By choosing
large enough the invariants will become reestablished.
If T2 is empty we cannot increase the rank t1, but
this also implies that t1 is the node of maximum rank
so no large violations can be created and R2 cannot
become violated.

4.5 Priority queue operations. In the following we
describe how to implement the di erent priority queue
operations such that the invariants from Section 2 are
maintained.
 MakeQueue is trivial. We return a pair of empty
trees.

 FindMin(Q) returns t1 .
 Insert(Q; e) is a special case of Meld where Q2 is
a priority queue only containing one element.

 Meld(Q1 ; Q2) involves at most four trees; two for

each queue. The tree having the new minimum
element as root becomes the new T1 tree. This
tree was either the T1 tree of Q1 or of Q2. If this
tree is the tree of maximum rank we just add the
other trees below this tree as described previously.
In this case no violating node is created so no
transformation is done on the violating nodes.
Otherwise the tree of maximum rank becomes the
new T2 tree and the remaining trees are added
below this node as described in Section 4.2, possibly
delinking the new sons once if they have the same
rank as t2 . The violations created by this are
treated as described in Section 4.4. The guides and
arrays used at the old roots that now are linked
below the new t2 node we just discard.
 DecreaseKey(Q; e; e0 ) replaces the element of e
by e0 (e0  e). If e0 is less than t1 we swap
the elements in the two nodes. If e0 is a good
node we stop, otherwise we proceed as described
in Section 4.4 to avoid having too many violations
stored at t1 .
 DeleteMin(Q) is allowed to take worst case time
O(log n). First T2 is made empty by moving all
sons of T2 to T1 and making the root t2 a rank
zero son of t1. Then t1 is deleted. This gives us at
most O(log n) independent trees. The minimum
element is then found by looking at the sets V
and W of the old root of T1 and all the roots of
the independent trees. If the minimum element is
not a root we swap it with one of the independent
trees of equal rank. This at most creates one new
violation. By making the independent trees sons of
the new minimumelement and performing O(log n)
linking and delinking operations on these sons we
can reestablish S1{S5 and R1 and R3. By merging
the V and W sets at the root to one set and merging
the old minimum element's V and W sets with
the set we get one new set of violations of size
O(log n). Possibly we also have to add the single
violation created by the swapping. By doing at
most O(log n) violation reducing transformations
as described previously we can reduce the set to
contain at most one violation of each rank. We
make the resulting set the new W set of the
new root and let the corresponding V set be
empty. This implies that O1{O5 and R2 are being
reestablished. The guides involved are initiated
according to the new situation at the root of T1.
 Delete(Q; e). If we let ?1 denote the smallest possible element, then Delete can be implemented as DecreaseKey(Q; e; ?1) followed by
DeleteMin(Q).
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5 Implementation details

In this section we summarize the required details of our
new data structure.
Each node we represent by a record having the
following elds.
 The element associated with the node,
 the rank of the node,
 pointers to the node's left and right brothers,
 a pointer to the father node,
 a pointer to the leftmost son,
 pointers to the rst node in the node's V and W
sets, and
 pointers to the next and the previous node in
the violation list that the node belongs to. The
rst node in a violation list V (x) or W (x) has its
previous violation pointer pointing to x.
In addition to the above nodes we maintain the
following three extendible arrays:
 An array of pointers to sons of t1 of rank i =
0; : : :; r(t1) ? 1,
 a similar array for t2, and
 an array of pointers to nodes in W (t1 ) of rank
i = 0; : : :; r(t1) ? 1 (if no node in W (t1) exist of
a given rank we let the corresponding pointer be
null).
Finally we have ve guides: Three to maintain the
upper bounds on ni(t1 ); ni(t2 ) and wi (t1 ) and two to
maintain the lower bounds on ni(t1 ) and ni (t2).

[2]

[3]

[4]
[5]
[6]
[7]

[8]
[9]

6 Conclusion

From the construction presented in the previous sections [10]
we conclude that:

Theorem 6.1. An implementation of priority queues exists that supports the operations MakeQueue, [11]
FindMin, Insert, Meld and DecreaseKey in worst
case time O(1) and DeleteMin and Delete in worst
case time O(log n). The space required is linear in the
[12]
number of elements contained in the priority queues.

The data structure presented is quite complicated. [13]
An important issue for further work is to simplify the
construction to make it applicable in practice. It would
also be interesting to see if it is possible to remove the [14]
requirement for arrays from the construction.
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