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1. Introduction
An adaptive filter is defined as a self-designing system that relies for its operation on a recursive algorithm,
which makes it possible for the filter to perform satisfactorily in an environment where knowledge of the
relevant statistics is not available.
Adaptive filters are classified into two main groups: linear, and non linear. Linear adaptive filters compute
an estimate of a desired response by using a linear combination of the available set of observables applied
to the input of the filter. Otherwise, the adaptive filter is said to be nonlinear. Adaptive filters may also be
classified into:
(i) Supervised adaptive filters, which require the availability of a training sequence that provides different
realizations of a desired response for a specified input signal vector. The desired response is compared
against the actual response of the filter due to the input signal vector, and the resulting error signal is
used to adjust the free parameters of the filter. The process of parameter adjustments is continued in a
step-by-step fashion until a steady-state condition is established.
(ii) Unsupervised adaptive filters, which performs adjustments of its free parameters without the need for
a desired response. For the filter to perform its function, its design includes a set of rules that enable it
to compute an input-output mapping with specific desirable properties. In the signal-processing
literature, unsupervised adaptive filtering is often referred to as blind deconvolution or blind
adaptation.
Gabor [1] was the first to conceive the idea of a nonlinear adaptive filter in 1954 using a Volterra series.
The first algorithm used to design a linear adaptive filter is the ubiquitous least-mean-square (LMS)
algorithm developed by Widrow and Hoff [2]. The LMS algorithm is often referred to as the Widrow-Hoff
rule; it was originally derived by Widrow and Hoff in 1959 in their study of a pattern recognition system
known as the adaptive linear element (Adaline). The LMS algorithm is closely related to Rosenblatt’s
perceptron [3] in that they are both built on error-correction learning. They both emerged about the same
time in the late 1950s during the formative years of neural networks. The importance of Rosenblatt’s
perceptron is largely historical today. On the other hand, the LMS algorithm has survived the test of time.
Adaptive filters find applications in highly diverse fields: channel equalization, system identification,
predictive deconvolution, spectral analysis, signal detection, noise cancellation, and beamforming.
Several books have been written on linear adaptive filters, the most prominent ones of which are Haykin
[4] and Widrow and Stearns [5].These two books also cover their applications.
2. Least-Mean-Square (LMS) Algorithm
The LMS algorithm has established itself as the workhorse of adaptive signal processing for two primary
reasons:
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•
•

Simplicity of implementation and a computational efficiency that is linear in the number of adjustable
parameters.
Robust performance

Hassibi et al. [6] have shown that a single realization of the LMS algorithm is optimal in the H
minimax) sense. This result explains the robust behavior of the LMS algorithm.
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(i.e.,

Basically, the LMS algorithm is a stochastic gradient algorithm, which means that the gradient of the error
performance surface with respect to the free parameter vector changes randomly from one iteration to the
next. This stochasticity, combined with the presence of nonlinear feedback, is responsible for making a
detailed convergence analysis of the LMS algorithm a difficult mathematical task. Indeed, it has attracted
research attention for over 25 years [7-10].
The LMS algorithm has two major drawbacks: slow rate of convergence, and sensitivity to the eigenvalue
spread (i.e., the ratio of the largest eigenvalue to the smallest eigenvalue) of the correlation matrix of the
input signal vector. One way of overcoming these limitations is to use projections of the input signal on an
orthogonal basis. This desirable objective can be attained by means of transform-domain adaptive
algorithms, so called because the adaptation is performed in the frequency domain rather than the original
time domain [11-16]. For a more refined method, we may use a multi-rate adaptive filter which provides
better trade-offs between performance improvement, computational complexity and transmission delay
[17].
3. Recursive Least-Squares (RLS) Algorithm
The LMS algorithm attains simplicity of implementation by using instantaneous estimates of (1) the
autocorrelation matrix of the input signal vector, and (2) the cross-correlation vector between the input
vector and the desired response. In contrast, the recursive least-squares (RLS) algorithm utilizes
continuously updated estimates of these two quantities, which go back to the beginning of the adaptive
process. Accordingly, the RLS algorithm exhibits the following properties:
•
•

Rate of convergence that is typically an order of magnitude faster than the LMS algorithm.
Rate of convergence that is invariant to the eigenvalue spread of the correlation matrix of the input
vector.

These desirable properties are however attained at the cost of increased computational complexity [4].
The standard RLS algorithm is built around an FIR filter. For its derivation we may use the matrix
inversion lemma, or exploit the correspondence that exists between the variables characterizing the RLS
algorithm and those characterizing the celebrated Kalman filter [18]. This latter approach is highly
attractive as it provides the basis for deriving the many variants of the RLS algorithm, which include the
following:
•

Square-root adaptive filters, based on the numerically stable QR-decomposition procedure; this class
of adaptive filters includes the QR-RLS [19], extended QR-RLS [20,21], and inverse QR-RLS filters
[22], all of which can be implemented using systolic arrays.

•

Order-recursive adaptive filters, the most important form of which is the QRD-LSL (QR
decomposition-based least-squares lattice) filter [23,4]. An important property of this class of adaptive
filtering algorithms is that their computational complexity is linear in the number of adjustable
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parameters as in the LMS algorithm.
4. Tracking of Time-Varying Systems
When an adaptive filter operates in a nonstationary environment the requirement is not only to converge to
the minimum point of the error performance surface but also to continually track the statistical variations
of the input signal. Tracking is a steady-state phenomenon, whereas convergence is a transient
phenomenon. This means that an adaptive filter must pass from the transient mode to the steady-state mode
before it can start tracking. Moreover, the rate of convergence and tracking are two distinct properties,
which means that an algorithm with good convergence properties does not necessarily possess a fast
tracking capability.
In general, the LMS algorithm exhibits a more robust tracking behavior than the standard RLS algorithm
[24,25]. This limitation of the RLS algorithm may be overcome by incorporating prior knowledge into the
design of the algorithm so as to minimize the mismatch between the state-space model of the algorithm
and the mathematical model for the task at hand [26,4].
5. Unsupervised Adaptive Filters
The need for unsupervised adaptive filtering arises in such applications as channel equalization, system
identification, and separation of independent signal sources, where there is no access to a desired response.
We may identify three broadly defined families of unsupervised adaptive filtering algorithms:
(i) Higher-order statistics (HOS)-based algorithms, which may be divided into two sub-groups:
•

Implicit HOS-based algorithms, which exploit higher-order statistics of the input signal in an
implicit sense. They include the Sato algorithm [27] and the Godard algorithm or the constant
modulus algorithm (CMA) [28,29]. A detailed overview of the CMA is presented in [30].

•

Explicit HOS-based algorithms, which explicitly use higher-order statistics or their discrete-time
Fourier transforms known as polyspectra [31]. The disadvantage of these algorithms is that they
can be computationally demanding.

(ii) Cyclostationary statistics-based algorithms, which exploit the second-order cyclostationary statistics
of the input signal [32.33]. The property of cyclostationarity is known to arise in a modulated signal
that results from varying the amplitude, phase or frequency of a sinusoidal carrier, which is basic to the
electrical communication process [34].
(iii) Information-theoretic algorithms, whose derivations invoke the notion of likelihood function [35],
entropy [36] or Kullbeck-Leibler divergence [37].
Approach (iii) is rooted in the Infomax (maximum mutual information) principle [38]; it provides a
powerful approach to unsupervised adaptive filtering [39].
6. Neural Networks
A discussion of adaptive filters would be incomplete without a brief mention of (artificial) neural
networks, for one important class of which we offer the following definition:
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A neural network is a massively parallel distributed processor made up of simple
processing units (known as neurons), which has a natural propensity for storing
experiential knowledge and making it available for use. It resembles the human brain in
two respects:
• Knowledge is acquired by the network from its environment through a learning
process.
• Interneuron connection strengths, known as synaptic weights, are used to store the
acquired knowledge.
The point to take from this definition is that learning is in reality a nonlinear form of statistical signal
processing [40]. Most importantly, a neural network permits a set of data to speak for itself. Indeed, so long
as the data set is representative of the physical environment of interest, we can build a supervised neural
network that can capture the underlying dynamics of the environment, whether the environment is
stationary or nonstationary. This is indeed a powerful statement on nonlinear adaptive filtering with
profound practical implications. For a detailed and up-to-date book on neural networks, the reader is
referred to Haykin [41].
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