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Abstra t

We present an extensive empiri al omparison of several smoothing te hniques in
the domain of language modeling, in luding those des ribed by Jelinek and Merer (1980), Katz (1987), and Chur h and
Gale (1991). We investigate for the rst
time how fa tors su h as training data
size, orpus (e.g., Brown versus Wall Street
Journal), and n-gram order (bigram versus
trigram) a e t the relative performan e of
these methods, whi h we measure through
the ross-entropy of test data. In addition,
we introdu e two novel smoothing te hniques, one a variation of Jelinek-Mer er
smoothing and one a very simple linear interpolation te hnique, both of whi h outperform existing methods.
1

Introdu tion

is a te hnique essential in the onstru tion of n-gram language models, a staple in spee h
re ognition (Bahl, Jelinek, and Mer er, 1983) as well
as many other domains (Chur h, 1988; Brown et al.,
1990; Kernighan, Chur h, and Gale, 1990). A language model is a probability distribution over strings
P (s) that attempts to re e t the frequen y with
whi h ea h string s o urs as a senten e in natural text. Language models are used in spee h re ognition to resolve a ousti ally ambiguous utteran es.
For example, if we have that P (it takes two) 
P (it takes too), then we know eteris paribus to prefer the former trans ription over the latter.
While smoothing is a entral issue in language
modeling, the literature la ks a de nitive omparison between the many existing te hniques. Previous studies (Nadas, 1984; Katz, 1987; Chur h and
Gale, 1991; Ma Kay and Peto, 1995) only ompare
a small number of methods (typi ally two) on a single orpus and using a single training data size. As
a result, it is urrently diÆ ult for a resear her to
intelligently hoose between smoothing s hemes.

Smoothing
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In this work, we arry out an extensive
empiri al omparison of the most widely used
smoothing te hniques, in luding those des ribed
by Jelinek and Mer er (1980), Katz (1987), and
Chur h and Gale (1991). We arry out experiments
over many training data sizes on varied orpora using both bigram and trigram models. We demonstrate that the relative performan e of te hniques
depends greatly on training data size and n-gram
order. For example, for bigram models produ ed
from large training sets Chur h-Gale smoothing has
superior performan e, while Katz smoothing performs best on bigram models produ ed from smaller
data. For the methods with parameters that an
be tuned to improve performan e, we perform an
automated sear h for optimal values and show that
sub-optimal parameter sele tion an signi antly derease performan e. To our knowledge, this is the
rst smoothing work that systemati ally investigates
any of these issues.
In addition, we introdu e two novel smoothing te hniques: the rst belonging to the lass of
smoothing models des ribed by Jelinek and Merer, the se ond a very simple linear interpolation
method. While being relatively simple to implement, we show that these methods yield good performan e in bigram models and superior performan e
in trigram models.
We take the performan e of a method m to be its
ross-entropy on test data

X

1 lT

NT i=1

log2 Pm (ti )

where Pm (ti ) denotes the language model produ ed
with method m and where the test data T is omposed of senten es (t1 ; : : : ; tlT ) and ontains a total
of NT words. The entropy is inversely related to
the average probability a model assigns to senten es
in the test data, and it is generally assumed that
lower entropy orrelates with better performan e in
appli ations.

1.1

Smoothing

n-gram Models

In n-gram language modeling, the probability of a
string P (s) is expressed as the produ t of the probabilities of the words that ompose the string, with
ea h word probability onditional on the identity of
the last n 1 words, i.e., if s = w1    wl we have

P (s) =

Yl P wijwi  Yl P wijwii n
(

1

1

)

(

1

+1

)

(1)

i=1
j
where wi denotes the words wi    wj . Typi ally, n is
i=1

taken to be two or three, orresponding to a bigram
or trigram model, respe tively.1
Consider the ase n = 2. To estimate the probabilities P (wi jwi 1 ) in equation (1), one an a quire
a large orpus of text, whi h we refer to as training
data, and take

P (wi 1 wi )
PML (wi jwi 1 ) =
P (wi 1 )
(wi 1 wi )=NS
=
(wi 1 )=NS
(wi 1 wi )
=
(wi 1 )
where ( ) denotes the number of times the string
o urs in the text and NS denotes the total number of words. This is alled the maximum likelihood
(ML) estimate for P (wi jwi 1 ).
While intuitive, the maximum likelihood estimate
is a poor one when the amount of training data is
small ompared to the size of the model being built,
as is generally the ase in language modeling. For example, onsider the situation where a pair of words,
or bigram , say burnish the, doesn't o ur in the
training data. Then, we have PML (thejburnish) = 0,
whi h is learly ina urate as this probability should
be larger than zero. A zero bigram probability an
lead to errors in spee h re ognition, as it disallows
the bigram regardless of how informative the a ousti signal is. The term smoothing des ribes te hniques for adjusting the maximum likelihood estimate to hopefully produ e more a urate probabilities.
As an example, one simple smoothing te hnique is
to pretend ea h bigram o urs on e more than it a tually did (Lidstone, 1920; Johnson, 1932; Je reys,
1948), yielding

P+1 (wi jwi 1 ) =

(wi 1 wi ) + 1
(wi 1 ) + jV j

where V is the vo abulary, the set of all words being onsidered. This has the desirable quality of
1 To make the term P (wi jwi 1 ) meaningful for
i n+1

i < n,

one an pad the beginning of the string with
a distinguished token. In this work, we assume there are
n 1 su h distinguished tokens pre eding ea h senten e.

preventing zero bigram probabilities. However, this
s heme has the aw of assigning the same probability to say, burnish the and burnish thou (assuming
neither o urred in the training data), even though
intuitively the former seems more likely be ause the
word the is mu h more ommon than thou.
To address this, another smoothing te hnique is to
interpolate the bigram model with a unigram model
PML (wi ) = (wi )=NS , a model that re e ts how often ea h word o urs in the training data. For example, we an take
Pinterp(wi jwi 1 ) = PML (wi jwi 1 ) + (1 )PML (wi )
getting the behavior that bigrams involving ommon
words are assigned higher probabilities (Jelinek and
Mer er, 1980).
2

Previous Work

The simplest type of smoothing used in pra ti e is
additive smoothing (Lidstone, 1920; Johnson, 1932;
Je reys, 1948), where we take
(wii n+1 ) + Æ
Padd (wi jwii n1 +1 ) =
(wii n1 +1 ) + Æ jV j

(2)

and where Lidstone and Je reys advo ate Æ = 1.
Gale and Chur h (1990; 1994) have argued that this
method generally performs poorly.
The Good-Turing estimate (Good, 1953) is entral to many smoothing te hniques. It is not used
dire tly for n-gram smoothing be ause, like additive
smoothing, it does not perform the interpolation of
lower- and higher-order models essential for good
performan e. Good-Turing states that an n-gram
that o urs r times should be treated as if it had
o urred r times, where

n
r = (r + 1) r+1
nr
and where nr is the number of n-grams that o ur
exa tly r times in the training data.

Katz smoothing (1987) extends the intuitions of
Good-Turing by adding the interpolation of higherorder models with lower-order models. It is perhaps
the most widely used smoothing te hnique in spee h
re ognition.
Chur h and Gale (1991) des ribe a smoothing
method that ombines the Good-Turing estimate
with bu keting, the te hnique of partitioning a set
of n-grams into disjoint groups, where ea h group
is hara terized independently through a set of parameters. Like Katz, models are de ned re ursively
in terms of lower-order models. Ea h n-gram is assigned to one of several bu kets based on its frequen y predi ted from lower-order models. Ea h
bu ket is treated as a separate distribution and
Good-Turing estimation is performed within ea h,
giving orre ted ounts that are normalized to yield
probabilities.
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Figure 1:  values for old and new bu keting s hemes for Jelinek-Mer er smoothing; ea h point represents a
single bu ket
The other smoothing te hnique besides Katz
smoothing widely used in spee h re ognition is due
to Jelinek and Mer er (1980). They present a lass
of smoothing models that involve linear interpolation, e.g., Brown et al. (1992) take

Pinterp (wi jwii n1 +1 ) =
wii n1 +1 PML (wi jwii n1 +1 ) +
(1 wii n1 +1 ) Pinterp (wi jwii n1 +2 )

(3)

Novel Smoothing Te hniques

w i 1

i n+1

to one yields the optimal result.

average- ount

This s heme is an instan e of Jelinek-Mer er
smoothing. Referring to equation (3), re all that
Bahl et al. suggest bu keting the wii n1 +1 a ording
to (wii n1 +1 ). We have found that partitioning the
wii n1 +1 a ording to the average number of ounts

wi 1

Of the great many novel methods that we have tried,
two te hniques have performed espe ially well.
2 When the same data is used to estimate both, setting
all

Method

per non-zero element jwi : (wii n+1 )>0j yields better
i n+1
results.
Intuitively, the less sparse the data for estimating PML (wi jwii n1 +1 ), the larger wii n1 +1 should be.
While larger (wii n1 +1 ) generally orrespond to less
sparse distributions, this quantity ignores the alloation of ounts between words. For example, we
would onsider a distribution with ten ounts distributed evenly among ten words to be mu h more
sparse than a distribution with ten ounts all on a
single word. The average number of ounts per word
seems to more dire tly express the on ept of sparseness.
In Figure 1, we graph the value of  assigned to
ea h bu ket under the original and new bu keting
s hemes on identi al data. Noti e that the new bu keting s heme results in a mu h tighter plot, indi ating that it is better at grouping together distributions with similar behavior.
(

That is, the maximum likelihood estimate is interpolated with the smoothed lower-order distribution,
whi h is de ned analogously. Training a distin t
wii n1 +1 for ea h wii n1 +1 is not generally feli itous;
Bahl, Jelinek, and Mer er (1983) suggest partitioning the wii n1 +1 into bu kets a ording to (wii n1 +1 ),
where all wii n1 +1 in the same bu ket are onstrained
to have the same value.
To yield meaningful results, the data used to estimate the wii n1 +1 need to be disjoint from the data
used to al ulate PML .2 In held-out interpolation,
one reserves a se tion of the training data for this
purpose. Alternatively, Jelinek and Mer er des ribe
a te hnique alled deleted interpolation where di erent parts of the training data rotate in training either
PML or the wii n1 +1 ; the results are then averaged.
Several smoothing te hniques are motivated
within a Bayesian framework, in luding work by
Nadas (1984) and Ma Kay and Peto (1995).
3

3.1

3.2

Method

)

one- ount

This te hnique ombines two intuitions. First,
Ma Kay and Peto (1995) argue that a reasonable
form for a smoothed distribution is
(wii n+1 ) + Pone (wi jwii n1 +2 )
Pone (wi jwii n1 +1 ) =
(wii n1 +1 ) +

The parameter
an be thought of as the number of ounts being added to the given distribution,

where the new ounts are distributed as in the lowerorder distribution. Se ondly, the Good-Turing estimate an be interpreted as stating that the number
of these extra ounts should be proportional to the
number of words with exa tly one ount in the given
distribution. We have found that taking
= [n1 (wii n1 +1 ) + ℄
(4)
works well, where
n1 (wii n1 +1 ) = jwi : (wii n+1 ) = 1j
is the number of words with one ount, and where
and are onstants.
4

4.1

Experimental Methodology

Data

We used the Penn treebank and TIPSTER orpora distributed by the Linguisti Data Consortium. From the treebank, we extra ted text from
the tagged Brown orpus, yielding about one million words. From TIPSTER, we used the Asso iated Press (AP), Wall Street Journal (WSJ), and
San Jose Mer ury News (SJM) data, yielding 123,
84, and 43 million words respe tively. We reated
two distin t vo abularies, one for the Brown orpus
and one for the TIPSTER data. The former vo abulary ontains all 53,850 words o urring in Brown;
the latter vo abulary onsists of the 65,173 words
o urring at least 70 times in TIPSTER.
For ea h experiment, we sele ted three segments
of held-out data along with the segment of training data. One held-out segment was used as the
test data for performan e evaluation, and the other
two were used as development test data for optimizing the parameters of ea h smoothing method.
Ea h pie e of held-out data was hosen to be roughly
50,000 words. This de ision does not re e t pra ti e
very well, as when the training data size is less than
50,000 words it is not realisti to have so mu h development test data available. However, we made this
de ision to prevent us having to optimize the training versus held-out data tradeo for ea h data size.
In addition, the development test data is used to optimize typi ally very few parameters, so in pra ti e
small held-out sets are generally adequate, and perhaps an be avoided altogether with te hniques su h
as deleted estimation.
4.2

Smoothing Implementations

In this se tion, we dis uss the details of our implementations of various smoothing te hniques. Due
to spa e limitations, these des riptions are not omprehensive; a more omplete dis ussion is presented
in Chen (1996). The titles of the following se tions
in lude the mnemoni we use to refer to the implementations in later se tions. Unless otherwise spe ied, for those smoothing models de ned re ursively
in terms of lower-order models, we end the re ursion

by taking the n = 0 distribution to be the uniform
distribution Punif (wi ) = 1=jV j. For ea h method, we
highlight the parameters (e.g., n and Æ below) that
an be tuned to optimize performan e. Parameter
values are determined through training on held-out
data.
4.2.1

Baseline Smoothing (interp-baseline)

4.2.2

Additive Smoothing (plus-one and
plus-delta)

For our baseline smoothing method, we use an
instan e of Jelinek-Mer er smoothing where we onstrain all wii n1 +1 to be equal to a single value n for
ea h n, i.e.,
Pbase (wi jwii n1 +1 ) = n PML (wi jwii n1 +1 ) +
(1 n ) Pbase (wi jwii n1 +2 )

We onsider two versions of additive smoothing.
Referring to equation (2), we x Æ = 1 in plus-one
smoothing. In plus-delta, we onsider any Æ .
4.2.3

Katz Smoothing (katz)

4.2.4

Chur h-Gale Smoothing
( hur h-gale)

While the original paper (Katz, 1987) uses a single
parameter k , we instead use a di erent k for ea h
n > 1, kn . We smooth the unigram distribution
using additive smoothing with parameter Æ .
To smooth the ounts nr needed for the GoodTuring estimate, we use the te hnique des ribed by
Gale and Sampson (1995). We smooth the unigram
distribution using Good-Turing without any bu keting.
Instead of the bu keting s heme des ribed in the
original paper, we use a s heme analogous to the
one des ribed by Bahl, Jelinek, and Mer er (1983).
We make the assumption that whether a bu ket is
large enough for a urate Good-Turing estimation
depends on how many n-grams with non-zero ounts
o ur in it. Thus, instead of partitioning the spa e
of P (wi 1 )P (wi ) values in some uniform way as was
done by Chur h and Gale, we partition the spa e
so that at least min non-zero n-grams fall in ea h
bu ket.
Finally, the original paper des ribes only bigram
smoothing in detail; extending this method to trigram smoothing is ambiguous. In parti ular, it is
un lear whether to bu ket trigrams a ording to
P (wii 21 )P (wi ) or P (wii 21 )P (wi jwi 1 ). We hose the
former; while the latter may yield better performan e, our belief is that it is mu h more diÆ ult
to implement and that it requires a great deal more
omputation.
4.2.5

Jelinek-Mer er Smoothing
(interp-held-out and interp-del-int)

We implemented two versions of Jelinek-Mer er
smoothing di ering only in what data is used to

train the 's. We bu ket the wii n1 +1 a ording to
(wii n1 +1 ) as suggested by Bahl et al. Similar to our
Chur h-Gale implementation, we hoose bu kets to
ensure that at least min words in the data used to
train the 's fall in ea h bu ket.
In interp-held-out, the 's are trained using
held-out interpolation on one of the development
test sets. In interp-del-int, the 's are trained
using the relaxed deleted interpolation te hnique des ribed by Jelinek and Mer er, where one word is
deleted at a time. In interp-del-int, we bu ket
an n-gram a ording to its ount before deletion, as
this turned out to signi antly improve performan e.
4.2.6

Novel Smoothing Methods
(new-avg- ount and new-one- ount)

The implementation new-avg- ount, orresponding to smoothing method average- ount, is identi al
to interp-held-out ex ept that we use the novel
bu keting s heme des ribed in se tion 3.1. In the
implementation new-one- ount, we have di erent
parameters n and n in equation (4) for ea h n.
5

Results

In Figure 2, we display the performan e of the

interp-baseline method for bigram and trigram

models on TIPSTER, Brown, and the WSJ subset
of TIPSTER. In Figures 3{6, we display the relative
performan e of various smoothing te hniques with
respe t to the baseline method on these orpora, as
measured by di eren e in entropy. In the graphs
on the left of Figures 2{4, ea h point represents an
average over ten runs; the error bars represent the
empiri al standard deviation over these runs. Due
to resour e limitations, we only performed multiple
runs for data sets of 50,000 senten es or less. Ea h
point on the graphs on the right represents a single run, but we onsider sizes up to the amount of
data available. The graphs on the bottom of Figures 3{4 are lose-ups of the graphs above, fo using
on those algorithms that perform better than the
baseline. To give an idea of how these ross-entropy
di eren es translate to perplexity, ea h 0.014 bits
orrespond roughly to a 1% hange in perplexity.
In ea h run ex ept as noted below, optimal values for the parameters of the given te hnique were
sear hed for using Powell's sear h algorithm as realized in Numeri al Re ipes in C (Press et al., 1988,
pp. 309{317). Parameters were hosen to optimize
the ross-entropy of one of the development test sets
asso iated with the given training set. To onstrain
the sear h, we sear hed only those parameters that
were found to a e t performan e signi antly, as
veri ed through preliminary experiments over several data sizes. For katz and hur h-gale, we did
not perform the parameter sear h for training sets
over 50,000 senten es due to resour e onstraints,
and instead manually extrapolated parameter val-

Method

interp-baseline3
plus-one
plus-delta
katz
hur h-gale
interp-held-out
interp-del-int
new-avg- ount
new-one- ount

Lines
400
40
40
300
1000
400
400
400
50

Table 1: Implementation diÆ ulty of various methods in terms of lines of C++ ode
ues from optimal values found on smaller data sizes.
We ran interp-del-int only on sizes up to 50,000
senten es due to time onstraints.
From these graphs, we see that additive smoothing performs poorly and that methods katz and
interp-held-out onsistently perform well. Our
implementation hur h-gale performs poorly exept on large bigram training sets, where it performs
the best. The novel methods new-avg- ount and
new-one- ount perform well uniformly a ross training data sizes, and are superior for trigram models.
Noti e that while performan e is relatively onsistent a ross orpora, it varies widely with respe t to
training set size and n-gram order.
The method interp-del-int performs signi antly worse than interp-held-out, though they
di er only in the data used to train the 's. However,
we delete one word at a time in interp-del-int; we
hypothesize that deleting larger hunks would lead
to more similar performan e.
In Figure 7, we show how the values of the parameters Æ and min a e t the performan e of methods katz and new-avg- ount, respe tively, over several training data sizes. Noti e that poor parameter
setting an lead to very signi ant losses in performan e, and that optimal parameter settings depend
on training set size.
To give an informal estimate of the diÆ ulty of
implementation of ea h method, in Table 1 we display the number of lines of C++ ode in ea h implementation ex luding the ore ode ommon a ross
te hniques.
6

Dis ussion

To our knowledge, this is the rst empiri al omparison of smoothing te hniques in language modeling of
su h s ope: no other study has used multiple training data sizes, orpora, or has performed parameter
optimization. We show that in order to ompletely
3 To implement the baseline method, we just used the

interp-held-out ode as it is a spe ial ase. Written
anew, it probably would have been about 50 lines.
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Figure 2: Baseline ross-entropy on test data; graph on left displays averages over ten runs for training sets
up to 50,000 senten es, graph on right displays single runs for training sets up to 10,000,000 senten es
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Figure 3: Trigram model on TIPSTER data; relative performan e of various methods with respe t to baseline;
graphs on left display averages over ten runs for training sets up to 50,000 senten es, graphs on right display
single runs for training sets up to 10,000,000 senten es; top graphs show all algorithms, bottom graphs zoom
in on those methods that perform better than the baseline method
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Figure 4: Bigram model on TIPSTER data; relative performan e of various methods with respe t to baseline;
graphs on left display averages over ten runs for training sets up to 50,000 senten es, graphs on right display
single runs for training sets up to 10,000,000 senten es; top graphs show all algorithms, bottom graphs zoom
in on those methods that perform better than the baseline method
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Figure 5: Bigram and trigram models on Brown orpus; relative performan e of various methods with respe t
to baseline
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Figure 6: Bigram and trigram models on Wall Street Journal orpus; relative performan e of various methods
with respe t to baseline
performance of katz with respect to delta

performance of new-avg-count with respect to c-min

1.6

-0.05

difference in test cross-entropy from baseline (bits/token)

difference in test cross-entropy from baseline (bits/token)

100 sent
1.4

1.2

1
10,000 sent
1,000 sent

0.8

0.6
50,000 sent

0.4

0.2

0

-0.06

-0.07

10,000,000 sent

-0.08

-0.09

-0.1
1,000,000 sent
-0.11

-0.12
10,000 sent
-0.13
100 sent

-0.2
0.001

-0.14
0.01

0.1

1
delta

10

100

1000

1

10

100
1000
minimum number of counts per bucket

Figure 7: Performan e of katz and new-avg- ount with respe t to parameters Æ and
hara terize the relative performan e of two te hniques, it is ne essary to onsider multiple training
set sizes and to try both bigram and trigram models. Multiple runs should be performed whenever
possible to dis over whether any al ulated di eren es are statisti ally signi ant. Furthermore, we
show that sub-optimal parameter sele tion an also
signi antly a e t relative performan e.
We nd that the two most widely used te hniques,
Katz smoothing and Jelinek-Mer er smoothing, perform onsistently well a ross training set sizes for
both bigram and trigram models, with Katz smoothing performing better on trigram models produ ed
from large training sets and on bigram models in
general. These results question the generality of the
previous referen e result on erning Katz smoothing: Katz (1987) reported that his method slightly
outperforms an unspe i ed version of Jelinek-Mer er
smoothing on a single training set of 750,000 words.
Furthermore, we show that Chur h-Gale smooth-

min

10000

100000

, respe tively

ing, whi h previously had not been ompared with
ommon smoothing te hniques, outperforms all existing methods on bigram models produ ed from
large training sets. Finally, we nd that our novel
methods average- ount and one- ount are superior
to existing methods for trigram models and perform
well on bigram models; method one- ount yields
marginally worse performan e but is extremely easy
to implement.
In this study, we measure performan e solely
through the ross-entropy of test data; it would
be interesting to see how these ross-entropy di eren es orrelate with performan e in end appli ations
su h as spee h re ognition. In addition, it would be
interesting to see whether these results extend to
elds other than language modeling where smoothing is used, su h as prepositional phrase atta hment
(Collins and Brooks, 1995), part-of-spee h tagging
(Chur h, 1988), and sto hasti parsing (Magerman,
1994).
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