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Abstract

Good-Turing adjustments of word frequencies are an impbt@ol in natural language
modeling. In particular, for any sample of words, there itdd words not occuring in that
sample. The total probability mass of the words not in thears the so-called missing
mass. Good showed that the fraction of the sample consistingrds that occur only once
in the sample is a nearly unbiased estimate of the missing.ntdsre, we give a PAC-style
high-probability confidence interval for the actual migsmass. More generally, fdr > 0,

we give a confidence interval for the true probability masthefset of words occuring times
in the sample.



1 Introduction

Since the publication of the Good-Turing estimators in 1953 [4], these estintateesbeen used
extensively in language modeling applications [2, 5, 3]. In spite of the extensevefuSood-
Turing estimators, little theoretical work has been done on these estsrstae the original the-
orems showing that they have negligable bias. In this paper, we briefly revie@abé-Turing
estimators and then prove new convergence rates, i.e., we give PAChgiy-probability confi-
dence intervals for the true values of the estimated quantities.

Perhaps the most significant Good-Turing estimator is the estimate of thenghiesiss. We
assume that there is some unknwon underlying distributions on a some unknown set of objects,
e.g., an unknown frequency for each word in English. We assume that a sampletiacomng by
drawing objects independently according to this unknown distribution. If the number oft®bjec
with nonzero probability is infinite then for any finite sample there will be disjex nonzero
probability that do not occur in the sample. It is well known that in any samplengfigh text
there will be English words not occuring in the sample. The missing mass of a esasnihle
total probability mass of the objects not occuring in the sample. Good published a protifeha
fraction of the sample consisting of objects that occur only once in the sampleasly mebiased
estimate of the missing mass independent of the underlying distribution. Howeygpears that
the convergence rate of this estimator has never been formally analyzedy betthe fraction of
the sample consisting of words that occur only once in the sample anf} le¢ the actual missing
mass, i.e., the total probability mass of the items not occurnig in the safdple. we prove that
with probability at leastt — ¢ over the choice of the sample we have thé&f is no larger than

Go 4+ O(4/ 1“(;&) wherem is the size of the sample. This is true independent of the underlying
distribution. We also give a somewhat weaker PAC lower boundigrand PAC bounds on the
true total probability mass of the set of words occuringmes in the sample.

2 TheGood-Turing Estimators

We assume an unknown probability distributiénon a countableocabulary V' and we denote
the probability of wordw by P,. In practice, this is often taken to be the words of some natural
language, such as English, although of course are results are applicable when thdargda
any countable universe of objects. We consider a saiptier, words drawn independently from

V according to distribution”. Throughout the paper, we will writé’S ®[S] to mean that with
probability at least — & over the choice of the sample we have that] holds.

For a samples of m words and for any worah € V' we definec(w) to be the number of times
wordw occurs in the samplg. For any integef: > 0, we defineS,, to be the set of wordg € V'
such that(w) = k. Note thatS, is the set of words iV not occuring inS. We defineM,, to be
probability of drawing a word in the sét;:

MkE Z Pw.

weSk

Note that}, depends on the sample, i.e., it is a random variable.
The Good-Turing estimators estimate the quantifiés These quantities are conceptually
useful in constructing language models. The quantftyis the so-callednissing mass, i.e., the
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total probability mass of words not occuring in the sample. Intuitively, a languamgkehshould
reserve some probability mass for words not in the sample since it is unlikedvéorimpossible
if the vocabulary is larger than the sample) that all the words in a largebutany will be seen in
the sample. Similarly, fok > 1 the quantitiyM, is useful in estimating the true probability of
a word that occurg times in the sample. Specifically, far € Sy, if we know M, then a good
estimate ofP,, would be M, /|S,|. Fork small, we usually have that, is significantly smaller
than its “natural” estimaté|S,|/m. For example, if all words in a large sample occur only once,
thens; is the entire sample but/; is almost certainly near zero.

The Good-Turing estimate dff,, which we denoté&7,, can be defined as follows:

k+1
Gr = ——| Skt
m —k

Good [4] showed that fok small andn large this estimate has small bias, that is, the expectation
of (7}, is very close to the expectation of,. We prove a variant of Good’s theorem here:

Theorem 1 For k < m wehave E [M;] = E[G}] — EE-E [M4].
Proof: Note thatk [M}] can be written as follows:

E[M,] = 3 P.Prwe 5]

weV

= (m) PEY (1 — P,k
weV k

m

= Z Prw € Sky] @(1 - P,)

weV (zﬁl)
k+1
= Z Prw € Sit1] (1 — Py)
wEVm_k
k+1 k+1
= S e s - FL S Prjw e Sl P
m— weV m— weV
k+1 k+1
= R lISinl) - B My
m — k m — k
k+1
= BE[Gy] — ——E[My41].
m—k

Theorem 1 immediately implies that férmuch smaller tham: we have that7, is a nearly un-
biased estimate aof/,.. More specifically, sincé/,; € [0, 1] we have the following corollary of
Theorem 1.

'The Good-turing estimate is often defined to’ge |5y +1|. For k much smaller thamn this is essentially the
same as the definition used here. However, the esti%ig@%e}SkJrﬂ has slighly smaller bias and is theoretically easier
to work with.



Corollary 2 For k < m wehave [E [M] — B [Gy] | < 2L

Note in particular thaf [Go] — E [Mo] | < L.

It is interesting to note that it is possible to “unwind” the equation in Theoremat.ekample,
we can use, — % as an improved estimate df,. By observing thatl/, < 1 we get that the
bias of this improved estimate is at meﬂ;sftﬂffl). More generally, the bias of an estimator based

on using the equation in Theoremdltimes will beO(#). However, it seems that the variance
of these estimators is large compared%toso reducing the bias belo@(%) IS not a significant
improvement.

3 Convergence of the Good-Turing Estimators

The first main result of this paper bounds the rate at which the Good-Turing estincatorerge.
More specifically, we have the following:

k+1 3m 3Im 21n(§)
*‘1_kﬂn+k+wﬂkm(ir)+2m(ifﬂ -

Note that for fixedk and$ we have thatGG, — M;| converges to zero as increases at a
rate O(h“—ﬂ”j) independent of the size or distribution of the underlying vocabulary. Furthermore,
the width of the confidence interval has only logarithmic dependence on the confidence-parame

ter §. Fork small compared tbn(3m/é) the bound is approximate/in(3m/d6),/21n(3/8)/m.
For k large compared tdn(3m/4), but still small compared ten, the bound is approximately

2k+/2In(3/6)/m. The bound is vacuous fér > \/m.

The basic idea behind the proof is to introduce a thresBotdich that, with high confidence,
all wordsw with P, > © occur more thai times and hence do not influengg,. Given an upper
bound onF,, for words influencingV/,, we have that a single (plausible) change in the sample can
changelM,. by at mos©. Given a bound on the influence of a single sample elemenfpand
also(}), we can apply McDiarmid’s theorem which gives a convergence rate fofuanayion of
the sample where single changes in the sample have limited influence.

To establish an appropriate value forwe use the following lemma:

Theorem 3

k42
m —k

V>0 VS |Gr—My| <

Lemma 4 If a biased coin has probability p of being heads, and p is the fraction of timesthe coin
comes up heads in a sample S of m independent tosses, then we can bound p in terms of p as
follows.

V6>0 VS p<p+

2pIn(1/6) | 21n(1/3)

m

Proof: The relative Chernoff bound [1] states the following for- 0:

Prlp < (1—)p] < P2



Setting this probability equal td and solving fory we can rephrase this bound as follows:

Ipn(L
WS pop<y/ PG )

m

We use “high confidence implication” which states thatif ®[S] and®[S] implies ¥[S], then
v3S W[S]. In particular, consider any sample satisfying the body of Eq. (1). The body of Eq. (1)
implies the following:

m(p —p)* < 2pIn(1/5)

= mp* — (2mp + 2In(1/8))p + mp* <0

(2mp + 21n(1/6)) + /(2mp + 2In(1/8))2 — 4m?2p?

2m

_ oy 18 fmplnu/(s) +41n%(1/5)

m 4Am?

it In(1/5) ., wmnu/(s) .\ In2(1/6)

m m m2

., 2I(1/8) | [2pIn(1/5)

m m

We now define(p, ¢) to be the bound in Lemma 4:

O(p,8) = p + 2pIn(1/9) N 2In(1/6)

m m

We also definel/} as follows:

M} = S Py.

wESE: Py <O(k/m,5/m)

Note thatM} consists of that fragment af/, due to “low frequency” words. The frequency
thresholdd(k/m, §/m)is selected so thatl} is essentially the same as,; with high confidence,
M} = M, and their expectations differ by at mdstm.

Lemma5 For m > 1 we have that

V6 >0 VS M = M,.



Proof: First we use “union bound quantification” which states that/ifis a finite set such that
Ve e W V§>0 VS @[z, S, §]thenVd > 0 V°5 Vo € W @[z, S, §/|W]]. This is simply a
formulation of the union bound. Applying union bound quantification to Lemma 4 Witheing
the set of wordss such thatP,, > L, we get that

W8>0 VS Yo Py > ng@(c(w),i). ()
m

m - m

By high confidence implication, it now suffices to show that the body of (2) impligs= M,.
Assume the body of (2). To show/; = M, we must show that for any word with P,, >
O(k/m, §/m) we havec(w) > k. Letw be any such word. One can check that for> 1
we have®(k/m, §/m) > 1/m. HenceP, > 1/m and so by the body of (2) we have, <
O(c(w)/m, d/m). But this impliesO(k/m, 6/m) < P, < O(c¢(w)/m, §/m) which implies

c(w) > k. 0
Lemma 6 |
¥ e [0.1), |E[M) - E[M]| <=
m
Proof: First note the following:
E[M) - E[Mf] = 3 P,Prlw e 5.

w: Py >0(k/m, §/m)
It now suffices to show that faP, > ©(k/m, §/m) we havePr [w € S;] < 1/m. Lemma 4 can

be rephrased as
C) (C(w), i) < P,

m - m

§
<.
m

Pr

For P, > O(k/m, §/m) this implies

prl@(@7 i) S@(L i) <&
m ' m m’ m m
, and therefore 5
Prle(w) < k] < —.
m
Sowe have’r [w € Si] < Prie(w) < k] <d/m < 1/m. O

Now that we have established th&t’ behaves much liké/, we use the fact that a single
change in the sample can not have much influence on the valug oT he following theorem of
McDiarmid [6] states that any function of the sample for which a single chantiee sample has
limited effect must converge to its expectation as the sample gets large



Theorem 7 (McDiarmid) Let Xy, ..., X,, be independent random variables taking values in a
setVandlet f: V™ — R satisfy thefollowingfor: = 1,...,m:

sup |f(@y, oo ywm) — f(Tr, e @i, T Tty -y )| <

Then with probability at least 1 — §

In(3+) X7, ¢
F(Xtreo X,) € (X X)) 4y R E
and with probability at least 1 — &
In(1) X7, ¢?
f(leva)ZE[f(leva)]_ (5)2_1
A natural special case is; € [0,1] and f(z1, ...,z,) = =37, x;. Inthis case¢; = 1/m

and McDiarmid’s theorem reduces to the Heoffding inequalities.
The “union bound conjunction principle” states that, for any positive numparsl%, if ¥4 >
0 VS @[S, §/j]andVé > 0 V°S W[S, §/k]thenVs > 0 V°S ((I)[S, ) A PLS, %])
This can be rephrased equivalently to say thaif- 0 v/°S @[S, §]andvs > 0 VS W[S, 4]
thenvs > 0 YU+ks (@[S, 6] A W[S, §]) which clearly follows from the union bound.
Applying union bound conjunction to the two conclusions in McDiarmid’s theorem gives that,

with probability at least — 4,

In($) 3oL, of

1F(Xy,..., X)) —E[f(X1, ..., X,])| < 5

3)
Using Eq. (3) we can prove the following:

Lemma8

kE+1 k 2
V6> 0 VS |(Gy — MY) — E[Gy — M]]| < (L+@(—, l)) 2m In (5)

m —k m m

Proof: We apply Eq. (3) with/ being the vocabulary of possible words akgbeing theith word

in the sample. We také( Xy, ..., X,) to beG, — M;. Note that when a word is replaced in the
sample, one word increases its count while another word decreases its countnflies that a
single replacement can changé| by at most2. So a single replacement can charigeby at
most2(k + 1)/(m — k). A single replacement can changg' by at mosO(k/m, v/m). So a
single change in the sample can change- M} by at mos®[(k +1)/(m — k) + O(k/m, v/m)].
Eq. (3) then implies the lemma. O



Proof of Theorem 3: We apply union bound conjunction to lemmas 5 and 8 wjthinserted
for v in Lemma 8. When then get that the following holds with probability at Iéast):

G — My = |G — M

< [E[G] - E [M,f/3]|+(ﬂ+ ( )),/zmln

E+1 3

< — 2
< [E[Gy] [Aﬂ:|+|E{ } Nﬂ;|+-( (nz 3n1)) 2n1h1<5)

k+1 1 k+1 3
< - f — 2
S T E Tt ( ( )) 2n1h1<5)
< ht? + k_+1 - :i— 2n1h1<§)

3m 0
_ k+2 kE+1 3m 3Im 21n(§)
= ot [ tE 2k1n<5)—|—21n(7)] "
This inequality is trivially true whemn = 1 and Theorem 3 follows. O

4 A Tighter Upper Bound on the Missing Mass

In the case of the missing mas4,, it is possible to give a significantly tighter upper bound than
that given in Theorem 3, namely, the following:

In3)

m

Theorem 9 V6 > 0 ¥°S M, < Gy + (2v2+V3)

Note that this bound only applies to one of the tails. It remains open whether ardouiliad holds
on the other tail as well.

To prove this theorem, we divid¥, into a high frequency componehf; and a low frequency
componentV/; as follows:

My = > P,.
w:Py>1/m, c(w)=0
My = Z P,.

w:Py<1/m, c(w)=0

We prove the following two lemmas seperately:

31In(

m

)=

Lemma10 ¥6 > 0 ¥’ My < E M|+ ),

21In(

m

o=

Lemmall ¥6 >0 ¥'S My < E[My]+ ),



Lemma 11 follows from an application of McDiarmid’s theorem and the observahat a
single change in the sample can chariddgg by at most2/m. Lemma 10 is more involved and
is proved at the end of this section. Note thdy = A, + M; and hence, by union bound
conjunction, Lemmas 10 and 11 together imply that

¥ >0 S My < B[M] + (V24 V) . @

(S \)

We also need the following two lemmas where the first follows from Thedteand the second
follows from an application of McDiarmid’s theorem €&,:

Lemma 12 E [My] < E[Go).

21In(

m

)=

Lemma 13 V6 > 0 V'S5 E[Go] < Gy + ).

Theorem 9 now follows by applying union bound conjunction to Eq. (4) and Lemma 13 so that
the bodies of Eq. (4), Lemma 12 and Lemma 13 all hold simultaneously.

It now remains only to prove Lemma 10. The proof is based on Chernoff’'s method. Tihe firs
step is to prove the following:

Lemma 14 For A > 0 and ¢ > 0 we have
Pr[M§ > B [Mf]| +¢] < 7

where
roy= Y (In(Que + (1= Qu)) — APQu)

w: Py>1/m

and Q.,, = (1 — P,)™ isthe probability that word «w does not occur in the sample.

Proof: In Chernoff’s method, we the tail probability using Markov’s inequality:
Pr {MJ’ > E {M(ﬂ + 6} = Pr {exp ()\(Ma" —E {M(ﬂ — 6)) > 1}
< E {exp ()\(Ma" —E {M(ﬂ — 6))}
MNEMT |+ {e/\M(;"} ‘ (5)

LetB={weV:P,>1/m}. Foreachwordr € B, we introduce a random variablé, which
is 1 if w doesnot occur in the sample and 0 otherwise. We can then wiffeas

M =3 X,P,.
weB
Clearly,E[X,] = Q. so
E[Mf] =3 QuP.. (6)

weB
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Now

MMT = exp ()\ Z Pwa)

weB

- 1II MPuXw

weB

=TI (1 + (e”jw ~ 1) Xw) (7)

weB

where the last equality uses the fact that € {0, 1}. Multiplying out the product, we can write
Eq. (7) as a polynomial:

H(l—l—(eAPw—l)Xw):ZcAHXw (8)

weB ACB wEA

for some coefficients,. Furthermore, because’,, > 0, all of the coefficients 4, are nonnegative.
Note that[],,. 4 X, is 1 if none of the wordsv in A occur in the samplé and isO otherwise.
Thus,

] - (5]

wEA weA

(o)

weA

= ]I Qu- (9)

weA

The inequality here can be proved by induction dhusing the factthat —p— g < (1 —p)(1 —q)
for p, ¢ > 0. Thus, combining Egs. (7), (8) and (9) gives

B[] = 3 eaB[([Jwe AX,)]

ACB

S Z CAHU) € AQw
ACB

= H (1—|— (eAPw —1) Qw)
weB

Combined with Egs. (5) and (6) this gives

Pr {MJ’ > E {M(ﬂ + 6} < exp (—)\6 - Z Pwa) H (1 + (GAPw _ 1) Qw)
weB weB

— F)=ae

Next we prove the following bound on the functiéit)):
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Lemma 15 For A < m/2
)\2

(e—1)m

Proof: First, note that'(0) = 0. Now let £’(\) denote the first derivative of’, i.e., dF'/dA
evaluated ah. Then

F(X) <

/ Qwa
F )\ — - wa
( ) w: szgl/m (1 - Qw)e_/\Pw + Qw Q

Note thatF’(0) = 0. Now letting #”(\) denote the second derivative Bfwe get that

" prj(l - Qw)e_/\Pw
') =
) :sz>:1/m (1= Qu)e P + Q)"
WwPA(1 — Q. e~ Mw
5 Quli(1 — Qu)

g

S AP, 12
w: Py>1/m [(1 - Qw)e_ w]
-y Qu b}
w: Py >1/m (1 - Qw)e_/\Pw
_ Z P, QwP e
w: Py>1/m (1 - Qw)
P e(/\ m) Py
< Py————
w: PwZ;l/m (1 - Qw)
(A=m) Py,
< Z pr
w: Py>1/m (1 B 1/6)

where the last two inequalities use the inequality= (1 — P,,)™ < e~ which is at most /e
for P, > 1/m. Fora > 0 andz > 0 one can show, by maximizing over that

1
re 97 < —,
e

For A < m, we can use this inequality with = (m — X) and get that

1" 1
F ) < Z by “le—1)(m —X)

w: Py >1/m
1
(e = D)(m— )
SinceX < m/2 we then have that
2
F// )\ < -
(W) = (e —1)m
The lemma now follows front'(0) = 0, F'(0) = 0 andF”(X) < 2/(e — 1)m. O
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Proof of Lemma 10: Let A = me¢/2. Lemmas 14 and 15 together imply that

Pr My 2 E[MF] +¢] < exp (ﬁ - )\c)

B m€2 m€2
- P\ 2
< e—me2/3‘

Lemma 10 now follows by setting this probability equabtand solving fore. This completes the
proof of Theorem 9. O
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