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Abstract

There is a very close relationship between constraint satisfaction problems and
the satisfaction of join-dependencies in a relational database which is due to a
common underlying structure, namely a hypergraph. By making that relationship
explicit we are able to adapt techniques previously developed for the study of
relational databases to obtain new results for constraint satisfaction problems. In
particular, we prove that a constraint satisfaction problem may be decomposed into
a number of subproblems precisely when the corresponding hypergraph satis es
a simple condition. We show that combining this decomposition approach with
existing algorithms can lead to a signi cant improvement in eciency.
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1 Introduction
A number of important problems in arti cial intelligence, graph theory and operational
research may be formulated very naturally as constraint satisfaction problems [12, 20, 22,
26]: they involve putting together pieces of information (constraints) to obtain a global
solution which simultaneously satis es all of them. Recent examples include object recognition problems [15, 16], generalized graph coloring [21] and stock cutting problems [9].
On the other hand, one of the major problems of storing information in a database may be
seen as the problem of breaking down global information into pieces of manageable size.
The relational database model [5, 23, 31] has tackled this problem by storing a database
as a number of projections from which the original relation may be reconstructed. The
connection between constraint satisfaction problems and relational databases has been
pointed out by a number of authors [4, 8, 33], and results obtained in the eld of constraint
satisfaction problems have been used to obtain new results on database relations [8].
Here, we intend to investigate the interaction between the two elds in the opposite direction, which we believe to be very promising. In order to do this we show precisely how
a constraint satisfaction problem may be represented as a relational database. Establishing this connection immediately allows all the terminology and techniques of relational
database theory to be applied to the description and analysis of constraint satisfaction
problems. The principal aim of this paper is to demonstrate that applying a number
of powerful database techniques not previously used in this area leads to a signi cant
improvement in our understanding of constraint satisfaction problems.
More concretely, we show that techniques for the decomposition of join-dependencies
in a relational database [17, 18, 19] may be adapted to constraint satisfaction problems
to provide a decomposition strategy. We exhibit a method of decomposition derived from
these database techniques which involves clustering together constraints of the original
problem, to form subproblems which are simply related. The solutions to the subproblems
may then be eciently combined to solve the original problem. We also show that
the decomposition obtained by this method is fundamental, in the sense that if the
subproblems are decomposed further then the new subproblems obtained will no longer
always be simply related.
The tractability of a constraint satisfaction problem is known to be related to the
structure of the associated constraint hypergraph [6, 14, 29], and there have been a
number of attempts to describe conditions on this associated hypergraph which ensure
that a constraint satisfaction problem can be solved eciently. For example, Seidel
demonstrated that in some cases small numbers of variables may be used to separate a
problem into solved and unsolved pieces during the solution process [29], and Freuder has
shown that some simple classes of binary constraint satisfaction problems may be solved
using backtrack-free [13] or backtrack-bounded [14] tree search. All of this work has been
used by Dechter and Pearl as the basis for a heuristic scheme which attempts to improve
the eciency of nding a solution by decomposing a constraint satisfaction problem into
a number of simply-related subproblems [7]. However, although this solution strategy is
ecient in many cases, it remains a heuristic scheme, and in some cases it leads to very
inecient decompositions. We show in this paper that combining this previous work with
the fundamental decomposition algorithm derived here results in a new algorithm with a
signi cantly improved worst-case complexity bound.
2

The paper is organized as follows. In Section 2 we review the necessary terminology
for constraint satisfaction problems, relational database theory and hypergraphs, and
establish the precise connections between these notions. Then, in Section 3, we show
how the structure of the underlying hypergraph may be used to obtain a fundamental
decomposition of a constraint satisfaction problem. Finally, in Section 4, we show how
this decomposition is related to existing heuristic solution strategies and may be combined
with one of these to obtain a solution strategy with a better worst-case complexity bound.

2 Constraint satisfaction problems and databases

2.1 Constraint satisfaction problems

A constraint satisfaction problem [12, 20, 22, 26] consists of a number of variables which
must be assigned values from associated domains, subject to a number of constraints.
Each constraint speci es allowed combinations of values for some subset of the variables,
referred to as the scope of the constraint. We now give a formal de nition:
De nition 2.1 A constraint satisfaction problem is a sextuple P = (X; ; ; C; ; )
where
  is a mapping from the nite set of variables X onto the set of sets ; for each
x 2 X , (x) is called the domain of x;
  is a one-to-one
mapping from the nite set of constraints C onto the set of sets
S
 satisfying  = X ; for each c 2 C , (c) is called the scope of c.
A mapping t from Y  X into S  such that t(x) 2 (x), for all x 2 Y , is called a
labeling of Y . Each constraint c 2 C is a set of labelings of (c).
The mappings  and  are extended in the natural way to subsets of X and C respectively.
De nition 2.2 Let P = (X; ; ; C; ; ) be a constraint satisfaction problem.
 Given any constraint c 2 C a labeling t of (c) is said to satisfy c if t 2 c.
 A labeling t of X is said to be a solution to P if, for every c 2 C , the restriction of
t to (c) satis es c. The set of all solutions to P is denoted Sol(P ).
To illustrate these de nitions, we now give an example of a speci c constraint satisfaction
problem, which will be used as a running example.
Example 2.3 Let P = (X; ; ; C; ; ) be the constraint satisfaction problem in which
 X = fx0; : : : ; x9g;
  = ff0; 1; 2; : : :gg;
 (xi) = f0; 1; 2; : : :g; i = 0; 1; : : : ; 9;
 C = fc1; : : :; c8g;
  = fs1; : : : ; s8g where the values of each si are as shown in Table 2.1;
 (ci) = si; i = 1; 2; : : : ; 8.
3

Table 2.1: The scopes of the constraints in C (Example 2.3).

s1
s2
s3
s4

1 = f(0;
2 = f(0;
c3 = f(0;
c4 = f(0;
c

c

fx0; x1; x3g
fx1; x2; x3g
fx1; x4g
fx3; x6g

=
=
=
=

s5
s6
s7
s8

=
=
=
=

fx4; x5; x6g
fx4; x7g
fx5; x8g
fx6; x9g

Table 2.2: The constraints in C (Example 2.3).
0 0) (0 1 0) (1 0 1) (1 1 1) (0 1 2)g
5 = f(0 0 0) (0 0 1) (1 1 1) (1 0 2)g
0 0) (0 0 1) (1 1 0) (1 0 1) (0 1 2)g
6 = f(0 1) (1 0)g
0) (1 1)g
7 = f(0 1) (1 0) (1 1)g
0) (1 1) (1 0) (2 0)g
8 = f(0 0) (1 1)g
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Using the natural subscript ordering for the variables in each scope, we de ne the constraints of P to be as shown in Table 2.2. A simple exhaustive search shows that Sol(P )
is composed of the ve solutions shown in Table 2.3.
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Table 2.3: The solutions to P (Example 2.3).
(0; 0; 0; 0; 0; 0; 0; 1; 1; 0)
(1; 0; 0; 1; 0; 0; 0; 1; 1; 0)
(1; 0; 0; 1; 0; 0; 1; 1; 1; 1)
(1; 1; 0; 1; 1; 1; 1; 0; 0; 1)
(1; 1; 0; 1; 1; 1; 1; 0; 1; 1)
We will often want to deal with subproblems of a given constraint satisfaction problem
which arise from considering subsets of the set of constraints:
De nition 2.4 Let P = (X; ; ; C; ; ) be a constraint satisfaction problem, and let
D be any subset of C . The subproblem of P generated by D is theSconstraint satisfaction
problem PjD = (X jD ; (X jD); jX jD ; D; (D); jD ), where X jD = c2D (c).
If t is a solution to P , then, obviously, the restriction of t to X jD is a solution to PjD.
Conversely, we say that a solution t0 to PjD can be extended to a solution to P if there
exists a solution t to P such that t0 is the restriction of t to X jD .
Example 2.5 Reconsider the constraint satisfaction problem P of Example 2.3 and
choose D1 = fc2; c3; c4; c5g as a subset of the constraints. Then X jD1 = fx1; x2; x3; x4; x5; x6g.
The set of solutions Sol(PjD1 ) is given in Table 2.4. Note that the last solution shown in
Table 2.4 cannot be extended to a solution to P .
2
e 
e ; e ) are two constraint satisfaction
Finally, if P = (X; ; ; C; ; ) and Pe = (X; ; ; C;
problems over the same set of variables, then P and Pe are said to be equivalent if
Sol(P ) = Sol(Pe ).
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Table 2.4: The solutions to PjD1 (Example 2.5).
(0; 0; 0; 0; 0; 0)
(0; 0; 1; 0; 0; 0)
(0; 0; 1; 0; 0; 1)
(1; 0; 1; 1; 1; 1)
(0; 1; 2; 0; 0; 0)

2.2 Relations and databases

We now turn our attention to the relational database model, initially described by
Codd [5]. Good introductions to relational database theory can be found in [23, 27, 31].
Within this model a database is a nite set of relations:
De nition 2.6 A relation consists of a relation scheme and a relation instance:
 A relation scheme is a nite set of attributes. Each attribute is associated with a
(possibly in nite) set of values, called its domain;
 A tuple over a relation scheme is a mapping that associates with each attribute of
the relation scheme a value from its corresponding domain;
 A relation instance over a relation scheme is a nite set of tuples over that relation
scheme.
Intuitively, a relation scheme represents the structure of a relation and a relation instance
its contents.
There exists a close relationship between constraint satisfaction problems and databases. For any constraint satisfaction problem P = (X; ; ; C; ; ), the following connections can be established:
 The variables in X can be interpreted as attributes;
 The domains in  are the domains of these attributes;
 A labeling of a subset Y  X of variables is a tuple over the relation scheme with
set of attributes Y .
Two alternative representations of P as a database now seem natural:
 the database consisting of a single relation with scheme X and instance Sol(P );
 the database fRc j c 2 C g where Rc has scheme (c) and instance c.
In order to describe the relationship between both representations of a constraint satisfaction problem as a database, we need two operators from Codd's relational algebra [5].
De nition 2.7 Let Y; Z be sets of attributes with Z  Y . Let t be a tuple over Y , and
let r be a relation instance over Y . The projection onto Z of t, denoted t[Z ], is the
restriction of t to Z . The projection onto Z of r, denoted Z (r), is the set ft[Z ] j t 2 rg.
5

De nition 2.8 Let Y1; : : :; YSk be sets of attributes, and let ri be a relation instance over
Yi, for i = 1; : : : ; k. Let Y = ki=1 Yi. The join of r1; : : :; rk , denoted r1 1    1 rk , is the
set ft j t is a tuple over Y & t[Yi] 2 ri for i = 1; : : :; kg.

It follows from these de nitions that the set of all solutions to a constraint satisfaction
problem is equal to the join of the relation instances corresponding to the constraints.
In other words, the join operation corresponds precisely to the notion of composition of
constraints in a constraint satisfaction problem. This fact has an important consequence
which can be expressed using the notion of a join-dependency in database theory.
De nition 2.9 A join-dependency [28] overS Y is an expression Y1 1    1 Yk where
Y1; : : :; Yk are sets of attributes with Y = ki=1 Yi . The sets Y1; : : :; Yk are called the
edges of the join-dependency. A relation instance r over Y satis es the join-dependency
if r = Y1 (r) 1    1 Yk (r).
Satisfying a join-dependency Y1 1    1 Yk is a necessary and sucient condition for
the contents of a relation to be storable as its projections onto Y1; : : : ; Yk , and to be
recoverable by performing the corresponding join. Join-dependencies play a major role
in relational database theory, since, in general, it is much more ecient to store a database
as a set of relations, rather than as a single relation [11]. It is clear from De nition 2.9 that
the set of all solutions to a constraint satisfaction problem satis es the join-dependency
whose edges are the scopes of the constraints.
Obviously, the constraints of a constraint satisfaction problem are supersets of the
appropriate projections of the set of all solutions. If all constraints equal the respective
projections of the set of all solutions, then the set of constraints is said to be a set of
minimal constraints [26]. This is equivalent to saying that, for each constraint, each
member of that constraint can be extended to a solution to the full problem.
Example 2.10 Reconsider the constraint satisfaction problem P of Example 2.3. The
projection of Sol(P ) onto s1, the scope of c1, is shown in Table 2.5.
Table 2.5: The projection of Sol(P ) onto s1 (Example 2.10).

x0
0
1
1

Rec1
x1
0
0
1

x3
0
1
1

As this projection does not equal c1 we have shown that C is not a set of minimal
constraints.
e ; 
e ) that is
We now construct a constraint satisfaction problem Pe = (X; ; ; C;
e
equivalent to P , but with C = fce1; : : : ; ce8g a set of minimal constraints. For each i =
1; : : : ; 8, the scope of cei is equal to the scope of ci; the value of cei, is equal to the
corresponding projection of Sol(P ). The constraints obtained in this way are shown in
Table 2.6 as a relational database. This construction can always be used to nd a problem
with a set of minimal constraints, which is equivalent to a given problem. Unfortunately,
it involves calculating all the solutions to the given problem and so is generally very
time-consuming.
2
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Table 2.6: The constraints of Pe as a relational database (Example 2.10).

x0
0
1
1

Rec1
x1
0
1
0

x3
0
1
1

x1
0
0
1

Rec2
x2
0
0
0

Rec3
Rec4
x3 x1 x4 x3 x6
0 0 0 0 0
1 1 1 1 0
1
1 1

x4
0
0
1

Rec5
x5
0
0
1

Rec6
Rec7
Rec8
x6 x4 x7 x5 x8 x6 x9
0 0 1 0 1 0 0
1 1 0 1 0 1 1
1
1 1

Minimality of a set of constraints is a crucial notion in the theory of constraint satisfaction problems. In fact, Montanari [26] designated the problem of nding a set of
minimal constraints as the key issue in dealing with a constraint satisfaction problem.
The notion of minimality of the constraints of a constraint satisfaction problem can
be translated to the comparably important notion of consistency of a relational database:
De nition 2.11 Let Y1; : : :; Yk be sets of attributes, and let r1; : : : ; rk be relation instances over Y1 ; : : :; Yk respectively. Then fr1; : : : ; rk g is said to be consistent if, for
i = 1; : : : ; k, Yi (r1 1    1 rk ) = ri.
Since the set of all solutions to a constraint satisfaction problem is precisely the join of
the relation instances corresponding to the constraints, the constraints are minimal if
and only if the corresponding set of relation instances is consistent.

2.3 Hypergraphs

It turns out that constraint satisfaction problems and databases with join-dependencies
have a common underlying structure, namely a hypergraph:
De nition 2.12 [3] A hypergraph is an ordered pair (V; E ) where V is a nite set of
vertices and E is a set of edges, each of which is a subset of V .
Undirected graphs can be seen as special cases of hypergraphs, where each edge contains
exactly two vertices.
The underlying structure of a constraint satisfaction problem P = (X; ; ; C; ; )
is the hypergraph (X; ), the edges of which are the scopes of the constraints.
Example 2.13 Reconsider the constraint satisfaction problem P of Example 2.3. The
hypergraph (X; ) associated with P is shown in Figure 2.1.
2
Similarly, the underlying structure of a database with a join-dependency speci ed on it
can also be described by a hypergraph the edges of which are the edges of the join-dependency.
Now, let (V; E ) be a hypergraph, let H  E , and let F  E ? H . F is called connected
with respect to H if, for any two edges e; f 2 F , there exists a sequence e1; : : : ; en of edges
in F such that (i) e1 = e; (ii) for i = 1; : : : ; n ? 1, ei \ ei+1 is not contained in S H ; and
(iii) en = f . The maximal connected subsets of E ? H with respect to H are called the
connected components of E ? H with respect to H . They obviously form a partition of
E ? H . In the case that H is the empty set of edges, we usually drop the phrase \with
7
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Figure 2.1: The hypergraph associated with P (Example 2.13).
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respect to H " and speak about connected subsets and connected components of E . If E
itself is connected, then (V; E ) is said to be a connected hypergraph.
The reduction of a hypergraph is obtained by removing each edge that is properly
contained in another edge. A hypergraph is called reduced if it equals its reduction, i.e.,
if none of its edges is properly contained in any other.
For the remainder of this paper, we shall only consider constraint satisfaction problems whose underlying hypergraph is connected and reduced. This is not a very heavy
restriction. Indeed, if the hypergraph associated with a constraint satisfaction problem
were not connected, then the subproblems generated by the connected components have
disjoint sets of variables and may be solved independently. Also, if the hypergraph of a
constraint satisfaction problem is not reduced, it is straightforward to construct reasonably eciently an equivalent constraint satisfaction problem whose associated hypergraph
is the reduction of the original one.
Since hypergraphs are a generalization of graphs and since acyclic graphs are an
important subclass of the latter, it is natural to de ne acyclic hypergraphs. Thereto,
we need to introduce two preliminary notions. Let (V; E ) be a connected and reduced
hypergraph, and let F  E be a connected set of edges. A pair of edges ff; gg  F is
called an articulation pair of F , and W = f \ g is called an articulation set of F , if the
set of modi ed edges fe ? W j e 2 F g is not connected. (Clearly, an articulation set of a
hypergraph is a generalization of an articulation point of a graph.)
F is called closed if
S
0
for every edge e 2 E there exists an edge e 2 F such that e \ ( F )  e0. A connected
and reduced hypergraph is acyclic if every closed connected set of edges consisting of at
least two elements has an articulation set.
Using the de nition, it may be easily veri ed that the hypergraph in Figure 2.1,
Example 2.13, is not acyclic. Hypergraphs that are not acyclic are called cyclic .
Acyclic hypergraphs, acyclic join-dependencies (join-dependencies of which the corresponding hypergraph is acyclic), and acyclic databases (databases described by acyclic
join-dependencies) have received wide attention [1, 2, 10, 11]. The de nition given above
is only one of many equivalent characterizations of acyclicity, which demonstrate the
desirability of the notion.

8

3 Structure of constraint satisfaction problems
In [17, 18, 19], Gyssens and Paredaens studied the structure of hypergraphs in the context
of join-dependencies in relational databases. Many problems connected with join-dependencies are computationally hard. Standard algorithms for checking satisfaction of a joindependency (in the case that all information is stored in one relation) and consistency
checking (in the case that the information is distributed over several relations) take
exponential time in the number of edges of the join-dependency. In order to overcome
these problems, an algorithm was developed to decompose join-dependencies as far as
possible into smaller ones (i.e., into join-dependencies with fewer edges). Recently, some
of these results were generalized by Miller et al. [24, 25] to the case in which functional
dependencies are also present.
Having established the close connection between relational database theory and constraint satisfaction problems, we may now adapt the decomposition technique developed
for join-dependencies in order to obtain a decomposition technique for constraint satisfaction problems. This decomposition will then provide a method for establishing whether
the constraints in a given problem are minimal, calculating a set of minimal constraints
which is equivalent, or nding the solutions.
The central notion in the decomposition algorithm is that of a hinge in a hypergraph:
De nition 3.1 [17] Let (V; E ) be a reduced and connected hypergraph, and let H be either
E or a proper subset of E containing at least two edges. Let H1; : : :; Hm be the connected
components of E ? H with respect to H . Then H is called a hinge if, for i = 1; : : : ; m,
there exists an edge hi in H such that
[



[



Hi \ H  hi :
The edge hi is called a separating edge for Hi.
We shall call a proper subset (of a given set) containing at least two elements a non-trivial
subset. Using this terminology, a hinge of a hypergraph is either the entire hypergraph
or a non-trivial subset of its edges such that each connected component with respect to
that subset intersects it within one of its edges.
Example 3.2 Reconsider the hypergraph in Figure 2.1, Example 2.13. In Table 3.7, we
list all the hinges of this hypergraph.
2
From [17], we mention that a hinge of a reduced and connected hypergraph is always a
connected node-generated set of edges.
We now establish two theorems which demonstrate that hinges correspond to natural
subproblems of a constraint satisfaction problem. Although these theorems deal with sets
of minimal constraints, we will show that they can be used to develop a decomposition
strategy that can be applied to arbitrary constraint satisfaction problems.
First, if a set of constraints is minimal then every solution to the subproblem generated
by a hinge can be extended to the entire hypergraph.
Theorem 3.3 Let P = (X; ; ; C; ; ) be a constraint satisfaction problem with C a
set of minimal constraints, and let D be a subset of C .
If (D) is a hinge in the hypergraph (X; ), then any solution to PjD can be extended
to a solution to P .

9

Table 3.7: All hinges of the hypergraph in Figure 2.1.

fs1; s2g
fs1; s2; s3; s4; s5g
fs1; s2; s3; s4; s5; s6g
fs1; s2; s3; s4; s5; s7g
fs1; s2; s3; s4; s5; s8g
fs1; s2; s3; s4; s5; s6; s7g
fs1; s2; s3; s4; s5; s6; s8g
fs1; s2; s3; s4; s5; s7; s8g
fs1; s2; s3; s4; s5; s6; s7; s8g
fs1; s3; s4; s5g
fs1; s3; s4; s5; s6g
fs1; s3; s4; s5; s7g
fs1; s3; s4; s5; s8g
fs1; s3; s4; s5; s6; s7g
fs1; s3; s4; s5; s6; s8g
fs1; s3; s4; s5; s7; s8g
fs1; s3; s4; s5; s6; s7; s8g

fs2; s3; s4; s5g
fs2; s3; s4; s5; s6g
fs2; s3; s4; s5; s7g
fs2; s3; s4; s5; s8g
fs2; s3; s4; s5; s6; s7g
fs2; s3; s4; s5; s6; s8g
fs2; s3; s4; s5; s7; s8g
fs2; s3; s4; s5; s6; s7; s8g
fs5; s6g
fs5; s7g
fs5; s8g
fs5; s6; s7g
fs5; s6; s8g
fs5; s7; s8g
fs5; s6; s7; s8g

Proof: Let (D) be a hinge in (X; ). If D = C then the result holds trivially.
Otherwise, let H1; : : : ; Hm be the connected components of  ? (D) with respect to

(D), and let h1; : : : ; hm be corresponding separating edges in (D), as in De nition 3.1.
Now let t0 be a solution to PjD . For all i = 1; : : : ; m, the restriction of t0 to hi can be
extended to a solution ti to P , because of the minimality of the constraints in C . We
now de ne a labeling t of X as follows: for all x 2 X ,
( 0
occurs in (D)
t(x) = tt ((xx)) ifif xx occurs
in Hi but not in (D)
i
In order to prove the theorem, it suces to show that t is a solution to P , i.e., that t
satis es all constraints in C . For constraints in D, this is trivially the case. Therefore, let
c 62 D, and let Hi be the unique connected component of  ? (D) with respect to (D)
to which (c) belongs. By construction, t[(c) ? X jD ] = ti[(c) ? X jD ] and t[hi] = ti[hi].
Since (D) is a hinge, (c) \ X jD  hi, whence also t[(c)] = ti[(c)], implying that c is
satis ed.

Example 3.4 Consider the constraint satisfaction problem, Pe described in Example 2.10,

which has a set of minimal constraints Ce . We invite the reader to verify that any solution
to the subproblem generated by any of the hinges listed in Example 3.2 can be extended
to a solution to Pe .
On the other hand, consider the equivalent constraint satisfaction problem P of Example 2.3 and let D1 = fc2; c3; c4; c5g. By Example 3.2, (D1) is a hinge of the hypergraph
(X; ) associated with P . However, not every solution to PjD1 can be extended to a
solution to P , as was shown in Example 2.5. Hence, by Theorem 3.3 the constraints in
the set C of P are not all minimal.
2
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Conversely, if every solution on a non-trivial subset of edges can be extended to the entire
hypergraph for all appropriate minimal sets of constraints, then that subset is a hinge.
Theorem 3.5 Let X be a set of variables, and let  be a set of domains each of which
contains
at least as many values as there are variables in X . Let  be a set such that
S
 = X , and let 0 be a non-trivial subset of .
If for each constraint satisfaction problem P = (X; ; ; C; ; ), with C a set of
minimal constraints, each solution to Pj?1 (0 ) can be extended to a solution of P , then
0 is a hinge of the hypergraph (X; ).
Proof: Assume on the contrary that 0 is not a hinge of (X; ). We shall exhibit a
constraint satisfaction problem P = (X; ; ; C; ; ) with C a set of minimal constraints,
together with a solution t0 to Pj?1(0) that cannot be extended to a solution to P .
Thereto, let H1 ; : : :; Hm be the connected components of  ? 0 with respect to 0.
Since 0 is not a hinge, at least one of these connected components does not intersect
0 within a single edge of 0. Without loss of generality, let H1 be such a connected
component. Suppose H1 and 0 have k vertices in common, say x0; : : :; xk?1. We select
k values in each domain of  (this is possible by assumption), which, without loss of
generality, we will identify as 0; : : : ; k ? 1.
A labeling t of X will be called legal if, for some i with 0  i  k ? 1,
1. for all j = 0; : : : ; i ? 1; i + 1; : : : ; k ? 1, t(xj ) = j ;
2. t(xi) = t(x(i?1) mod k );
3. for all x 2 (S H1) ? (S 0), t(x) = t(xi).
The value i will be called the type of the legal labeling.
Now let P = (X; ; ; C; ; ) be any constraint satisfaction problem in which C is
the set of projections onto the scopes of  of the set of all legal labelings of X .
We rst show that Sol(P ) is precisely the set of legal labelings of X . By construction,
each legal labeling of X is a solution to P . Conversely, let t be a solution to P . Then,
for each s 2 H1, the projection, t[s], of t onto s is in ?1(s), whence there exists a legal
labeling ts of X such that ts[s] = t[s]. We now distinguish two cases:
1. For some s 2 H1, s ? (S 0) = ;. Since H1 is connected with respect to 0, we then
must have that H1 = fsg with s = fx0; : : :; xk?1g. Since ts[s] = t[s], t is a legal
labeling of X , of the same type as ts.
2. For all s 2 H1, s ? (S 0) 6= ;. Then, for each s 2 H1,Sthe type of ts is fully
determined by the common value of the variables in s ? ( 0). Since, moreover,
H1 is connected with respect to 0, this common value is the same for all s 2 H1.
Consequently, all ts, s 2 H1, have the same type, say i. Then, obviously, t is also
a legal labeling of X of type i.
Hence, in all cases C = fs(Sol(SP )) j s 2 g, so C is a set of minimal constraints.
Now let t0 be any labeling of 0 satisfying t0(xi) = i for all i = 0; : : : ; k ?1. Obviously,
0
t cannot be extended to a legal labeling of X . The proof will now be completed by
showing that t0 is a solution to Pj?1(0 ).
Thereto, let s be an arbitrary scope of 0. Since 0 is not a hinge, at least one of the
variables x0; : : :; xk?1, say xi, is not in s. Hence t0[s] can be extended to a legal labeling
of X of type i, whence t0[s] 2 ?1(s).
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In general, hinges can in turn contain other hinges. We are most interested in hinges
that do not contain other hinges; these are called minimal hinges.
Example 3.6 Reconsider the hypergraph in Figure 2.1, Example 2.13. Of the 32 hinges
listed in Table 3.7, Example 3.2, only the six listed in Table 3.8 are minimal.
2
Table 3.8: All minimal hinges of the hypergraph in Figure 2.1.

M1
M4
M2
M5
M3
M6

=
=
=
=
=
=

fs1; s2g
fs5; s6g
fs1; s3; s4; s5g
fs5; s7g
fs2; s3; s4; s5g
fs5; s8g

It turns out that a hypergraph can be covered by a \tree" of minimal hinges, as de ned
below.
De nition 3.7 Let (V; E ) be any hypergraph. A hinge-tree of (V; E ) is a tree 1, (N; A),
with nodes N and labeled arcs 2 A, such that:
1. The tree nodes are minimal hinges of (V; E ).
2. Each edge in E is contained in at least one tree node.
3. Two adjacent tree nodes share precisely one edge of E which is also the label of
their connecting tree-arc; moreover, their shared vertices are precisely the members
of this edge.
4. The vertices of V shared by two tree nodes are entirely contained within each tree
node on their connecting path.

Example 3.8 Reconsider the hypergraph (X; ) in Figure 2.1, Example 2.13. Let
fM1; : : :; M6g be the set of all its minimal hinges, as shown in Table 3.8, Example 3.6.
The reader is invited to check that the tree shown in Figure 3.2 is a hinge-tree of (X; ).

It should be noted that this hinge-tree does not contain all of the minimal hinges of
(X; ), nor is it the only possible hinge-tree for (X; ). A di erent hinge-tree may be
obtained by replacing the node M3 with M2 and relabeling the edge joining it to M1. 2
We shall now exhibit an algorithm that, given a hypergraph (V; E ), computes a hinge-tree
T for that hypergraph.
By \tree", we understand an unrooted tree, i.e., an undirected acyclic graph.
A labeled arc is formally de ned as an ordered pair (fv; wg; a) with v and w di erent tree nodes and
a the arc-label.
1
2
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Figure 3.2: One possible hinge-tree for the hypergraph in Figure 2.1.

Algorithm 3.9 Computing a hinge-tree.
Input: A hypergraph (V; E ).
Output: A hinge-tree T for (V; E ).
Method:
1. Mark each edge in E as unused. Set i = 0; N0 = fE g and A0 = ;, and mark
the node E in N0 as non-minimal.
2. If all nodes of Ni are marked minimal, then set T = (Ni; Ai) and stop. Else,
choose a non-minimal node F in Ni.
3. If all edges in F are marked used, then mark F as minimal and return to 2.
Else, choose an unused edge e 2 F and mark e as used .
4. Let ? = fG [feg j G is a connected component of F ?feg with respect to eg,
and let : F ! ? be any function such that for all f 2 F , f 2 (f ). If
j?j = 1, then return to 3.
5. Set

Ni+1 = (Ni ? fF g) [ ?
Ai+1 = (Ai ? f(fF; F 0g; f ) j (fF; F 0g; f ) 2 Aig)
[ f(f (f ); F 0g; f ) j (fF; F 0g; f ) 2 Aig
[ f(f (f ); (e)g; e) j f 2 F; (f ) 6= (e)g
and mark all the new nodes added to Ni+1 as non-minimal.
6. Increment i and return to 2.

In order to prove the correctness of Algorithm 3.9, we rst need a technical lemma.
Lemma 3.10 [18] LetS(V; E ) be a hypergraph, and let H be a hinge of that hypergraph.
H 0  H is a hinge of ( H; H ) if and only if H 0 is a hinge of (V; E ).
We can now prove the following proposition.
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Proposition 3.11 Algorithm 3.9 correctly computes a hinge-tree T for a given hypergraph (V; E ).

Proof: Algorithm 3.9 clearly terminates, since each edge e 2 E may be chosen only
once at Step 3, and is then marked as used.
Let k be the number of iterations of Steps 5 and 6 of Algorithm 3.9 on the given input
(V; E ), and let Ti = (Ni; Ai) be the graph calculated at the ith iteration, for i = 1; : : : ; k.
We show that all these graphs are trees satisfying
10. the tree nodes are hinges of (V; E )
as well as conditions 2, 3 and 4 of De nition 3.7.
This assertion is trivially true for T0. So assume, inductively, that for some value of
i, 0  i < k, Ti is a tree satisfying conditions 10, 2, 3 and 4. Let F be the node in Ti
that is replaced in order to obtain Ti+1. Let e be the disconnecting edge of F chosen in
Step 3 of Algorithm 3.9, and let ? and be as de ned in that step.
Each new arc added to Ti in order to obtain Ti+1 is either an arc connecting two new
nodes or an arc connecting a new node to one that already existed in Ti. By construction,
the new nodes together with their interconnecting arcs form a tree. Moreover, each arc
connecting F to another node of Ti is replaced by exactly one new arc connecting one
new node to the same node of Ti; no other arcs are added. Hence Ti+1 is also a tree.
For all f 2 F , (Sf ) ?feg is a connected component
of F ?fSeg with respect to feg, so
S
S
( ( (f ) ? feg)) \ ( (F ? (f )))  e, Swhence also ( (f )) \ ( (F ? (f )))  e. Hence,
(f ) (which contains e) is a hinge of ( F; F ). By the induction hypothesis, F is a hinge
of (V; E ). By Lemma 3.10, it then follows that (f ) is also a hinge of (V; E ). Hence the
nodes added to Ti in order to obtain Ti+1 are hinges of (V; E ), whence Ti+1 also satis es
condition 10. S
Since F = ? and Ti satis es condition 2, it follows that V = S Ni+1, so Ti+1 also
satis es condition 2.
We now consider the arcs addedSto Ai in order
to obtain Ai+1. If f 2 F and (f ) 6=
S
(e), then (f ) \ (e) = feg and ( (f )) \ ( (e))  e, by construction
of S. Also, if
S
0
0
there is any arc fF; F g 2 Ai with label f , then F \ FS = ff g and
( F ) \ ( F 0)  f
S 0
0
by the induction hypothesis, so (f ) \ F = ff g and ( (f )) \ ( F )  f . Hence, Ti+1
satis es condition 3.
Finally, we turn to condition 4. Let L and M be distinct nodes of Ni+1. We consider
three cases.
1. Both L and M are not in Ni. If either L or M equals (e), then they are connected
by an arc of Ai+1. Else, (e) is the only interior node on the path connecting L
and M in Ti+1. Since L ? feg and M ? feg are
di erent
connectedS components of
S
S
F ? feg with respect to feg, it follows that ( L) \ ( M )  e  (e).
2. L is not in Ni but M is, or vice-versa. Without loss of generality, we assume that
L 62 Ni and M 2 Ni. Let L; : : :; L0; M 0; : : :; M be the path in Ti+1 connecting L and
M , where M 0 is the node in Ti nearest to L. (Note that L may equal L0 and that M
may equal M 0.) By construction, F; M 0; : : :; M is the path in Ti connecting F and
M . Since L  F , all the tree nodes on the path connecting M 0 to M contain all the
vertices shared by L and M . Let f 2 F be the label of the arc in Ti+1 connecting
L0 and M 0. Then f is also the label of the arc in Ti connecting F and M 0 . Hence,
14

by the induction hypothesis, (S L) \ (S M )  (S F ) \ (S M 0)  f  S L0. Since
L0 also contains all the vertices shared by L and M , each tree node on the path
in Ti+1 connecting L and L0 also contains all the vertices shared by L and M , by
Case 1.
3. Both L and M are in Ni. If all nodes on the path connecting L to M in Ti+1 are in
Ti, then, by the induction hypothesis, each of these nodes contains all vertices shared
by L and M . Thus suppose the opposite. Let L; : : : ; L0; L00; : : :; M 00; M 0; : : :; M be
the path in Ti+1 connecting L and M , where L00 is the node of Ti+1 not in Ti that
is nearest to L and M 00 is the node of Ti+1 not in Ti that is nearest to M . (Note
that L may equal L0, that L00 may equal M 00 and that M may equal M 0.) By
construction, L; : : : ; L0; F; M 0; : : : ; M is the path in Ti connecting L and M . Let
f 2 F be the label of the arc in Ti+1 connecting L0 and L00. Then f is also the
label
of the
arc inSTi connecting
L0 and
F . Hence, by the induction hypothesis,
S
S
S
S 00
0
( L) \ ( M )  ( L ) \ ( F )  f  L . Similarly, M 00 contains all the vertices
shared by L and M . Hence each tree node on the subpath in Ti+1 connecting L00
and M 00 contains all the vertices shared by L and M by Case 1, and each tree node
on the subpaths in Ti+1 connecting L and L00, respectively M 00 and M , contains all
the vertices shared by L and M by Case 2.
Hence Ti+1 also satis es condition 4, concluding the inductive argument.
Finally, Lemma 3.10 guarantees that a node marked minimal is a minimal hinge
of (V; E ), whence the nal value Tk of T in Algorithm 3.9 also satis es condition 1 of
De nition 3.7.
Proposition 3.12 establishes the time complexity of Algorithm 3.9.
Proposition 3.12 Algorithm 3.9 computes a hinge-tree T for a given hypergraph (V; E )
in O(jV jjE j2) time.
Proof: The most costly step in Algorithm 3.9 is computing the connected components
with respect to an edge in Step 4. Since each edge e for which Step 4 is called is marked
as used , Step 4 can be executed at most jE j times.
By representing sets of vertices as boolean arrays of arity jV j, it can be easily seen
that one execution of Step 4 can be performed in O(jV jjE j) time, yielding the complexity
bound in the proposition.
The purpose of the remainder of this paper is to show that a hinge-tree of the associated
hypergraph is a key construct for describing the structure of a constraint satisfaction
problem, and, more concretely, nding a set of minimal constraints or solving a constraint
satisfaction problem.
First, we note that although a hypergraph may, in general, have many di erent hingetrees, containing di erent sets of minimal hinges, the size of the largest minimal hinge in
any hinge-tree is a xed parameter of a hypergraph and is independent of the particular
hinge-tree chosen [19]. This result was rst presented in the context of decomposition of
join-dependencies and is reproduced here without proof.
Proposition 3.13 [19] Let (V; E ) be a hypergraph, and let T be any hinge-tree of (V; E ).
The size of the largest node in T is equal to the size of the largest minimal hinge of (V; E ).
15

The size of the largest minimal hinge of a hypergraph will be referred to as the degree
of cyclicity. A hypergraph will be called n-cyclic if its degree of cyclicity is less than or
equal to n.
Example 3.14 Reconsider the hypergraph in Figure 2.1, Example 2.13. Using the list
of all its minimal hinges exhibited in Table 3.8, Example 3.6, it is readily seen that
the hypergraph has degree of cyclicity 4. Hence, this hypergraph is 4-cyclic (as well as
n-cyclic for all n > 4).
2
Acyclicity is equivalent to 2-cyclicity [19], which corresponds to the fact that, for a
constraint satisfaction problem associated with an acyclic hypergraph, imposing arcconsistency suces to ensure minimality. The notion of n-cyclicity, however, leads to a
hierarchy of classes of hypergraphs which is much ner than merely making the distinction between acyclic and cyclic hypergraphs, and many desirable properties of acyclic
hypergraphs generalize to n-cyclic hypergraphs.
The next result shows how a hinge-tree of the associated hypergraph of a constraint
satisfaction problem can be used to verify the minimality of the constraints.
Theorem 3.15 Let P = (X; ; ; C; ; ) be a constraint satisfaction problem, and let
T = (N; A) be any hinge-tree for the hypergraph (X; ). If for every minimal hinge
M 2 N and for every s 2 M , every member of the constraint ?1(s) can be extended to
a solution of Pj?1 (M ), then C is a set of minimal constraints.
Proof: Let s 2  be an arbitrary constraint scope, and let ts be a member of the
constraint ?1(s).
Let T 0 = (N 0; A0) be any subtree of T with s 2 S N 0. We show by induction on jN 0j
that ts can be extended to a solution of Pj?1(S N 0). This result holds, by assumption,
when N 0 is a singleton. Now assume that for some i  1 the result holds for each N 0
with jN 0j = i and choose T 0 such that jN 0j = i + 1.
Let M 2 N 0 be a leaf node of T 0 such that s 2 S(N 0 ?fM g). (Such a node can always
be found since jN 0j > 1.) By the inductive hypothesis, ts can be extended
to a solution
t0 to Pj?1(S(N 0?fM g)). Let s0 be the label of the arc connecting M to (S(N 0 ? fM g)) in
T 0. Then, by De nition 3.7,
[ [



[

(N 0 ? fM g) \ ( M )  s0:

Since, by assumption, any member of the constraint ?1(s0) can be extended to a solution
to Pj?1(M ), t0 can be extended to a solution to Pj?1(S N 0), whence the Theorem.
Theorem 3.15 also implies that minimality can be achieved by ensuring that each member
of each constraint can be extended to each minimal hinge of the hinge-tree which contains
the scope of that constraint. Moreover, if the nodes of a hinge-tree are further decomposed
into smaller sets of edges, then these will not be hinges. Hence, by Theorem 3.5, we know
that achieving \local" minimality within these smaller entities will not in general suce
to achieve global minimality. In this sense, a hinge-tree decomposition may be said
to be fundamental, and the degree of cyclicity provides a natural upper bound on the
complexity of the problem.
The next theorem indicates how a hinge-tree may be used to obtain a tree-structured
problem which is equivalent to a given problem:
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Theorem 3.16 Let P = (X; ; ; C; ; ) be a constraint satisfaction problem, and let
T = (N; A) be any hinge-tree for the hypergraph S(X; ). Let P 0 = (X; ; ; C 0; 0; 0) be
the constraint
satisfaction problem where 0 = f M j M 2 N g and, for each M 2 N ,
S
0?1( M ) = Sol(Pj? (M )). Then
1. P 0 is equivalent to P ;
1

2. the hypergraph (X; 0) is acyclic;
3. if C is a minimal set of constraints for P , then C 0 is a minimal set of constraints
for P 0.

Proof: Since calculating Sol(P ) corresponds to performing a join, and since the join
operator is commutative and associative, the constraint satisfaction problem P 0 is clearly
equivalent to P .

In order to show that (X; 0) is acyclic, let 00 be any closed connected subset of 0
containing at least two edges. Choose s01 6= s02 2 00 such that their corresponding tree
nodes M1 and M2 in T are of minimal distance. (Then thereS are no intermediate tree
nodes M on the path connecting M1 and M2 in T such that M 2 00.) We show that
fs01; s02g is an articulation
pair of 00. Thereto, let s01 = e1; : : :; en = s02 be any path in
S 00 00
the hypergraph (  ;  ). Let M1 = L1; : : : ; Ln = M2 be the corresponding tree nodes.
Since none of these tree nodes is an intermediate node on the path connecting M1 and
M2 in T , they can be partioned into two categories: tree nodes nearer to M1 and tree
nodes nearer to M2. Since, trivially, L1 = M1 is nearer to M1 and Ln = M2 is nearer
to M2, there must exist 1  i < n such that Li is Snearer toSM1 and LSi+1 is nearer to
MS2. But Sthen, by condition
4 of De nition
3.7,S( Li) \ ( Li+1)  M1 = s01 and
S
S
0
( Li) \ ( Li+1)  M2 = s2, whence ( Li) \ ( Li+1 )  s01 \ s02. Hence, s01 ? s02 and
s02 ? s01 are in di erent connected components of fs0 ? (s01 \ s02) j s0 2 00g, so fs01; s02g is
an articulation pair of 00.
Finally, if C is a set of minimal constraints for P , and M is a node of the hinge-tree
T , then, by Theorem 3.3, any solution to Pj?1 (M ) can be extended to a solution to P .
Hence C 0 is a set of minimal constraints for P 0.

Example 3.17 Reconsider the constraint satisfaction problem P of Example 2.3 and

recall the hinge-tree T for the hypergraph (X; ) that was shown in Figure 3.2, Example 3.8. The acyclic hypergraph associated with the equivalent constraint satisfaction
problem P 0 de ned in Theorem 3.16 is as shown in Figure 3.3. The corresponding set of
constraints C 0 is shown in Table 3.9.
Clearly, C 0 is not a set of minimal constraints. If, however, we start with the the
equivalent constraint satisfaction problem Pe from Example 2.10, then we obtain a problem Pe 0 with constraints Ce 0 as shown in Table 3.10. The constraints in the set Ce 0 are
minimal, in accordance with Theorem 3.16.
2
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Figure 3.3: The hypergraph associated with P 0 (Example 3.17).

Table 3.9: The constraints of P 0 as a relational database (Example 3.17).

x0
0
0
1
1

Rc01
x1 x2
0 0
1 1
0 0
1 0

x3
0
0
1
1

x1
0
0
0
1
0

x2
0
0
0
0
1

Rc03
x3 x4
0 0
1 0
1 0
1 1
2 0

x5
0
0
0
1
0

x6
0
0
1
1
0

x4
0
0
1
1

Rc06
x5 x6
0 0
0 1
1 1
0 2

x7
1
1
0
0

x4
0
0
1
1
1

Rc07
x5 x6
0 0
0 1
1 1
1 1
0 2

x8
1
1
0
1
1

x4
0
0
1

Rc08
x5 x6
0 0
0 1
1 1

x9
0
1
1

Table 3.10: The constraints of Pe 0 as a relational database (Example 3.17).

x0
0
1
1

Rec01
x1 x2
0 0
0 0
1 0

x3
0
1
1

x1
0
0
0
1

x2
0
0
0
0

Rec03
x3 x4
0 0
1 0
1 0
1 1

x5
0
0
0
1

x6
0
0
1
1

x4
0
0
1

Rec06
x5 x6
0 0
0 1
1 1
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x7
1
1
0

x4
0
0
1
1

Rec07
x5 x6
0 0
0 1
1 1
1 1

x8
1
1
0
1

x4
0
0
1

Rec08
x5 x6
0 0
0 1
1 1

x9
0
1
1

4 A new decomposition strategy

4.1 Hinge decomposition

The results of the previous section have demonstrated that hinges form natural building
blocks of constraint satisfaction problems. We now examine how this information may
be used to solve such problems in an ecient way. Theorem 3.16 suggests the following
decomposition algorithm to solve a constraint satisfaction problem:
Algorithm 4.1 Solving a constraint satisfaction problem by hinge decomposition.
Input: A constraint satisfaction problem P = (X; ; ; C; ; ).
Output: A solution to P .

Method:

1. Compute a hinge tree T for (X; ), using Algorithm 3.9.
2. Using T , compute the equivalent constraint satisfaction problem, P 0, de ned
in Theorem 3.16 by solving the subproblems corresponding to the nodes of T .
3. Find a solution to the tree-structured problem P 0 in a backtrack-free manner,
as described in [7].
The complexity of Algorithm 4.1 is determined by the degree of cyclicity of (X; ), as
the following result demonstrates:
Theorem 4.2 Algorithm 4.1 computes a solution to given constraint satisfaction problem
P = (X; ; ; C; ; ) in
O(jX jjj2 ) + O(jjldd log l)
time, where l is the maximal size of a constraint in C , and d is the degree of cyclicity of
the hypergraph (X; ).
Proof: As shown in Proposition 3.12, Step 1 of Algorithm 3.12 takes O(jX jjj2 ). Finding all solutions to the subproblem corresponding to a node of T takes O(ld) time (the
complexity of computing the join of all the constraints involved). By a straightforward
inductive argument, it can be seen that the hinge-tree T produced by Algorithm 3.9
contains at most jj ? 1 nodes. Hence Step 2 takes O(jjld) time. Finding a solution to a constraint satisfaction problem P 0 = (X; ; ; C 0; 0; 0) with (X; 0 ) an acyclic
hypergraph can be achieved in O(jC 0jl0 log l0), where l0 is the maximal size of a constraint in C 0, by ordering the constraints lexicographically (cfr. [7]). Hence Step 3 takes
O(jjld log ld) = O(jjld log l), yielding the desired complexity bound.
Hence, Algorithm 4.1 provides a very ecient method to solve problems with a small
degree of cyclicity. When the degree of cyclicity is large, the subproblems obtained using
Algorithm 4.1 will be large, and it may be useful to combine Algorithm 4.1 with other
established techniques for solving these subproblems.
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We now examine two previously proposed decomposition strategies: Freuder's use of
biconnected components [14] and Dechter and Pearl's tree-clustering technique [7]. In
Section 4.2 we show that the method of biconnected components is not as powerful as
the hinge decomposition approach and cannot be usefully combined with it. On the
other hand, by combining hinge decomposition with tree-clustering it is often possible
to further decompose the minimal hinges. In Section 4.3, we prove that the combined
approach has a better worst-case complexity bound than both tree-clustering and hinge
decomposition on their own.

4.2 Decomposition using biconnected components

Freuder [14] considered binary constraint satisfaction problems in which each constraint
scope contains exactly two variables, i.e., in which the associated hypergraph is a graph.
He established that a binary constraint satisfaction problem may be decomposed into a
tree-structured problem in which the nodes of the tree are the biconnected components
of the associated graph [14]. (The use of biconnected components as subproblems is
also discussed by Dechter and Pearl [6], where they are referred to as \nonseparable
components.")
Now, it is clear from the de nition of a hinge that every biconnected component
containing two or more edges is a hinge. Hence, for any cyclic graph, the size of the
largest node in the tree of biconnected components is greater than or equal to the size
of the largest node in a hinge-tree. On the other hand, not every hinge is a biconnected
component, as shown in the following example. Example 4.3 demonstrates, moreover,
that the size of the largest biconnected component may be much larger than the degree
of cyclicity, and therefore much larger than the size of the largest node in any hinge-tree.
Example 4.3 Consider the binary constraint satisfaction problem Q whose associated
graph, G, is in the form of a row of overlapping squares, as shown in Figure 4.4. The
only biconnected component of G is the whole graph, so no useful decomposition can be
obtained in this way. However, the minimal hinges of G are the individual squares, so
the degree of cyclicity of G is 4 and in any hinge-tree decomposition the nodes of the tree
will contain at most four edges.
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Figure 4.4: The graph G associated with Q (Example 4.3).
Hence, the hinge decomposition algorithm always obtains a decomposition which is at
least as ne as Freuder's tree decomposition using biconnected components, and in several
cases is much ner.
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One way to extend the use of this biconnected components decomposition technique
to an arbitrary hypergraph H is to consider its dual graph [7, 23], in which the edges of
H are represented by vertices, and two vertices are joined if the corresponding edges of
H overlap. The edges of the dual graph are labeled by the intersection of the two ends.
By using the dual graph it is possible to transform an arbitrary constraint satisfaction
problem P into a binary constraint satisfaction problem P d. In this dual constraint
satisfaction problem,
 the variables of P d correspond to the scopes of the constraints of P ;
 the domain of each variable of P d is the set of labelings allowed by the corresponding
constraint of P ;
 the constraints of P d require the values of each pair of variables corresponding to
overlapping constraint scopes in P to agree on their intersection.
Obviously, the graph associated with the binary constraint satisfaction problem P d is the
dual graph of the hypergraph associated with P .
Because of the restricted nature of the constraints in the dual problem it is often
possible to identify redundant constraints, which may be removed without changing the
set of solutions. In fact, if the two ends of an edge e in the associated dual graph are
joined by a separate path, each of whose edges has a label containing the label of e,
then the constraint corresponding to e may be removed [23]. After removing as many
redundant constraints as possible in this way, the accordingly reduced dual graph may
be decomposed into a tree of biconnected components, each of which may be solved
separately, as proposed by Freuder [14].
The biconnected components obtained in this way will, in fact, correspond to hinges
of the original hypergraph, but not necessarily to minimal hinges. Unlike the size of the
largest minimal hinge of a hinge-tree, the size of the largest biconnected component of
a reduced dual graph is not an invariant of the original hypergraph, and will in general
depend on the order in which constraints are removed. There is no obvious way to ensure
that the biconnected components obtained in this way are as small as possible, and the
following example demonstrates that they may be arbitrarily large, even when the degree
of cyclicity of the original problem is bounded.
Example 4.4 Reconsider the constraint satisfaction problem Q of Example 4.3 which
has degree of cyclicity 4. The dual graph of Q is shown in Figure 4.5. One possible result
of removing redundant edges as much as possible is shown in Figure 4.6, where the only
biconnected component is the whole graph.
2
Since the biconnected components obtained depend on the order in which the edges
are removed, this decomposition scheme must be considered as a heuristic technique for
arbitrary hypergraphs, whose performance cannot be guaranteed. On the other hand, by
working with the original hypergraph, and focusing on hinges as well-de ned, identi able
subunits of that hypergraph, the hinge-tree decomposition algorithm guarantees to obtain
the nest possible decomposition in all cases (Proposition 3.13).
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Figure 4.5: The dual graph associated with Q (Example 4.4).
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4.3 Decomposition using clustering
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An alternative decomposition method for arbitrary constraint satisfaction problems has
been proposed by Dechter and Pearl, which involves forming clusters of variables in the
original problem to obtain a collection of subproblems which is tree-structured. Full details of this method may be found in [7], but a brief description is given here in order to
demonstrate the advantages of combining this algorithm with the hinge-tree decomposition method.
The method proposed by Dechter and Pearl does not deal directly with the underlying
hypergraph, but rather with an associated graph de ned on the same set of vertices, called
the primal graph. The primal graph of a hypergraph is de ned as follows: two vertices
in the primal graph are connected if and only if they are both members of a common
edge in the hypergraph. In order to decompose a given constraint satisfaction problem,
their method adds edges to the primal graph of the corresponding hypergraph in order to
make it chordal. (A graph is chordal if every cycle of length at least 4 has a chord, i.e.,
an edge joining two nonconsecutive vertices along the cycle.) This process is known as
triangulating the graph. The maximal cliques of the triangulated primal graph are then
identi ed and used to form the constraint scopes of an equivalent constraint satisfaction
problem. The constraint values of this equivalent problem are obtained by solving the
subproblem corresponding to each maximal clique.
Using the fact that a hypergraph is acyclic if its primal graph is both chordal and
conformal [2] they show that the equivalent constraint satisfaction problem obtained by
this method is acyclic. (A primal graph is conformal if each of its maximal cliques
corresponds to an edge in the original hypergraph.)
Dechter and Pearl report that the overall time complexity of nding a solution to a
constraint satisfaction problem P = (X; ; ; C; ; ) using this tree-clustering decomposition method, is
O(jX j2 ) + O(jX jkr r log k)
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where k is the maximal size of a domain in  and r is the number of vertices in the
largest maximal clique of the triangulated primal graph [7]. The complexity of this
solution technique is therefore exponential in r.
In fact, the value of r is one greater than the induced width of the triangulated
primal graph [7]. Unfortunately, calculating the minimal value of this induced width, and
hence nding an optimal triangulation with respect to the above complexity bound, is
NP-complete [32]. Therefore, Dechter and Pearl propose using a heuristic triangulation
algorithm based on ordering the vertices in a minimal width ordering or a maximal
cardinality ordering [7].
A maximum cardinality ordering numbers the vertices in increasing order, always
assigning the next number to a vertex having the largest set of previously numbered
neighbors (breaking ties arbitrarily). To achieve the triangulation, edges are then lled
in (recursively) between any two nonadjacent vertices that are connected by a path only
containing nodes higher up in the ordering. This heuristic triangulation algorithm was
proposed by Tarjan and Yannakakis [30], who showed that it will transform any graph
to a chordal graph.
When the triangulation is computed in this way the value of r is not an invariant
of the problem but depends on the particular choice of maximum cardinality ordering.
The next example provides a concrete illustration of how an unfortunate choice of this
ordering may lead to a large value for r.
Example 4.5 Reconsider the constraint satisfaction problem Q of Example 4.3 which
has degree of cyclicity 4. The primal graph of Q is the same as the associated hypergraph,
which is shown in Figure 4.4. The ordering of the vertices in Figure 4.4 is one possible
maximum cardinality ordering, and it is also a minimal width ordering. However, adding
edges in accordance with the rule described above results in a clique consisting of the
vertices x1; x2; : : : ; xn; xn+1.
2
The problem with using any heuristic triangulation scheme is that its performance in
some cases may be very poor, and therefore it is not possible to provide a tight upper
bound on the complexity of the tree-clustering decomposition algorithm. Example 4.5
demonstrates that the triangulation algorithm just described may indeed result in arbitrarily large maximal cliques in the triangulated primal graph|and hence in arbitrarily
large subproblems|even when the degree of cyclicity is bounded.
On the other hand, the following theorem shows that it is always possible to triangulate the primal graph by considering individually the hinges of a hinge-tree.
Theorem 4.6 Let (V; E ) be a hypergraph with a corresponding hinge-tree T , and let
(V; F ) be aS graph containing the primal graph of (V; E ). If for each edge fv; wg of (V; F ),
fv; wg  M , for some nodeS M in T , then also, for each chord-free cycle v1; v2; : : :; vk
of (V; F ), fv1; v2; : : : ; vk g  M , for some node M in T .
Proof: Let v1; : : :; vk be a chord-free cycle of (V; F ). Let S be a minimal
subtree of T
S
such that each pair of adjacent vertices in v1; : : :; vk is contained in M for someSnode
M in S . For all s, 1  s < k, let Ms be any nodeSof S such that fvs; vs+1g  Ms,
and let Mk be any node of S such that fvk ; v1g  Mk . (Obviously, some of the Ms,
1  s  k, may be equal.)
Now assumeSthat fv1; v2; : : : ; vkg 6 Mk . Then let i, 1 < i < k, be the smallest number
such that vi 62 Mk , and let j , i  j < k, be the smallest number greater than or equal
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to i such that vj+1 2 S MSk . Note that, by the choice of i and j , none of the vertices
vi; : : :; vj are contained in Mk , so none of the nodes Mi?1 ; : : :; Mj equals Mk .
Let B be the branch of T with respect to Mk containing Mi?1. We claim that the
nodes Mi?1; Mi; : : : ; Mj all lie on B . To prove this, we use a simple inductive argument.
By the choice of B , the claim is true for Mi?1. Suppose it is also true for Ms, i ? 1  s < j .
If Ms+1 is not on B , then M
and MSs+1 are on Sdi erent branches of T with respect to
Ss
Mk . Consequently, vs+1 2 ( Ms) \ ( Ms+1)  Mk by condition 4 of De nition 3.7, a
contradiction.
Now let N be the node adjacent to Mk in B , and
let feSg = N \ Mk . By the
S
connectedness of SS, N is in SS. By construction,
vi?1 2 ( Mk ) \ ( Mi?1). By condition 4
of De nition 3.7, ( Mk ) \ ( Mi?1 )  (S Mk ) \ (S N ) = e. Hence, vi?1 2 e. By a similar
argument, vj+1 2 e.
Since (V; F ) contains the primal graph of (V; E ), it follows that vi?1 and vj+1 are
adjacent in (V; F ). However, the cycle v1; v2; : : :; vk is chord-free, so vi?1 = v1 and
vj+1 = vk . Since moreover v1; vk 2 e  N , it follows that each pair of adjacent vertices of
v1; : : : ; vk is contained in S M for some node M of B , contradicting the minimality of S .
Consequently, our initial assumption is false, whence fv1; : : :; vk g  Mk , proving the
Proposition.
With regard to triangulations of primal graphs, Theorem 4.6 has two important corollaries:
Corollary 4.7 Let H be a hypergraph and let T be any hinge-tree for H . The primal
graph of H may be fully triangulated by triangulating individually the subgraphs corresponding to the nodes of T .
Proof: By Theorem 4.6, a complete triangulation of the primal graph can be achieved
by only adding edges joining pairs of vertices contained in the same node of a hinge-tree.
Since the nodes of T overlap within edges of H , the vertices shared by two di erent
nodes of T are all joined by edges of the primal graph of H , so edges which are added to
the primal graph of one node of T cannot create chord-free cycles within another node
of T . Hence each node may be triangulated individually.

Corollary 4.8 Let H be a hypergraph with degree of cyclicity d, and let m be the max-

imum number of vertices in any edge. There exists a triangulation for the primal graph
of H such that
r  (m ? 1)d + 1
where r is the number of vertices in the largest maximal clique of the triangulated primal
graph.

Proof: Let T be any hinge-tree for H and triangulate individually the subgraph of the
primal graph corresponding to each node of T . The cliques in the resulting triangulated
primal graph must be contained within the nodes of T , and each node of T is a connected
set of at most d edges, so it contains at most (m ? 1)d + 1 vertices.
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One special case of Corollary 4.8 is that the minimal induced width of any graph is
bounded by its degree of cyclicity. We have therefore obtained an upper bound for the
minimal induced width which may be calculated in polynomial time. On the other hand,
because the induced width is de ned in terms of the number of vertices, the minimal
induced width of a hypergraph with a xed degree of cyclicity may be made arbitrarily
large simply by adding vertices to a single edge, and thereby increasing the value of m.
Corollaries 4.7 and 4.8 establish that the hinge-tree decomposition algorithm may be
combined with Dechter and Pearl's decomposition algorithm in order to obtain a decomposition algorithm with a better complexity bound than either of these two algorithms
alone. In this combined decomposition algorithm we rst form a hinge-tree for the given
problem, and then apply Dechter and Pearl's algorithm to each node individually.
Example 4.9 Reconsider the constraint satisfaction problem Q of Example 4.3, of which
the associated hypergraph|which in this case coincides with the primal graph|is shown
in Figure 4.4. The minimal hinges of this hypergraph are the squares, so the unique hingetree for this hypergraph is the linear tree with a node corresponding to each square.
Triangulating each of these squares separately according to the method of the Dechter
and Pearl results in a graph such as the one shown in Figure 4.7 in which the maximal
cliques are all triangles containing two edges of the original graph.
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Figure 4.7: The triangulated primal graph G corresponding to Q (Example 4.9).
Hence the maximal number of constraints to be joined in order to obtain the constraints
of the equivalent problem is 2, whereas the original Dechter and Pearl method may result
in a subproblem with n constraints, as was observed in Example 4.5.
2
Using this combined decomposition method, the number of constraints in the largest
subproblem is bounded by the degree of cyclicity. The complexity bound for the combined
decomposition method is therefore

O(jX jjj2) + O(jX j2jj) + O(jX jjjld d log l)
where l is the maximal size of a constraint in C and d is the degree of cyclicity of
the hypergraph (X; ). By Proposition 3.13, the degree of cyclicity, appearing in the
exponent of the complexity bound for our combined approach, is an invariant of the
problem, which can be easily determined while constructing the hinge-tree.
In the worst case, the combined decomposition algorithm does not improve on the
performance of the hinge decomposition algorithm (Algorithm 4.1). This case occurs
when the induced width of each of the subproblems is maximal. Similarly, the combined
approach does not improve Dechter and Pearl's original tree-clustering scheme when the
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tx

n+1

degree of cyclicity of the given problem is maximal. For example, a binary constraint
satisfaction problem for which the associated graph has n edges arranged in the form of
a ring has degree of cyclicity n, the largest possible value, while its minimum induced
width is only 2 [7]. In general, however, the the maximum number of constraints that
have to be joined in the combined approach may be signi cantly smaller than in both
the hinge decomposition algorithm and Dechter and Pearl's algorithm, as was shown in
Example 4.9. In fact, the combined algorithm we are proposing here makes maximal use
of any simpli cations which may be derived from both the degree of cyclicity and the
induced width.
To conclude this section, we apply the combined decomposition method to the running
example used throughout this paper.
Example 4.10 Reconsider the constraint satisfaction problem P of Example 2.3. The
associated hypergraph shown in Figure 2.13 is covered by the hinge-tree shown in Figure 3.8. (For the meaning of the nodes, the reader is referred to Table 3.8, Example 3.6.)
In the primal graph of the hypergraph associated with P , only the subgraph corresponding to M3 contains a chord-free cycle. After triangulation, this subgraph contains four
maximal cliques, all of size 3. Consequently, the hypergraph of one possible equivalent
problem, P , obtained by applying the modi ed Dechter and Pearl algorithm is as shown
in Figure 4.8.
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Figure 4.8: The hypergraph associated with P  (Example 4.10).
Note that in this example the maximal number of constraints that must be joined to
obtain the constraints of the equivalent problem, P , (which is 2) is again smaller than
the degree of cyclicity of the hypergraph associated with the original problem (which is
4). Finally, the constraints of P  are obtained by replacing the constraints c3 and c4 in
Table 2.2 by the constraints c03 and c04 shown in Table 4.11.
2
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Table 4.11: The new constraints of P  (Example 4.10).

x1
0
0
0
1
1

Rc03
x3
0
1
2
0
1

x4
0
0
0
1
1

x3
0
1
1
1
2

Rc04
x4
0
0
0
1
0

x6
0
0
1
1
0

5 Conclusions
In this paper, we have used notions and results from relational database theory to derive
techniques for dealing with constraint satisfaction problems. In particular, we have shown
that a constraint satisfaction problem can be decomposed according to a \covering" of
minimal hinges of the underlying hypergraph. The size of the largest minimal hinge
in any such covering is an invariant of the hypergraph, called the degree of cyclicity.
The size of the largest subproblem which must be solved in order to check or establish
minimality is therefore equal to the degree of cyclicity. Moreover, the degree of cyclicity
can also provide a bound for the size of the subproblems obtained by other proposed
decomposition strategies. In the light of these results, it is clear that the degree of
cyclicity of the underlying hypergraph is an important measure for the complexity of a
constraint satisfaction problem.
In conclusion, we believe that the unity we have established between the analysis of
constraint satisfaction problems on the one hand, and the work on join-dependencies in
relational database theory on the other hand, will allow further results in both of these
elds to be applied in the other.
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