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Model selection in electromagnetic source analysis
with an application to VEF’s
Lourens J. Waldorp, Hilde M. Huizenga, Raoul P.P.P. Grasman, Koen B.E. Böcker, Jan C. de
Munck and Peter C.M. Molenaar
Abstract— In electromagnetic source analysis it is necessary to determine how many sources are required to describe
the EEG or MEG adequately. Model selection procedures
(MSP’s, or goodness of fit procedures) give an estimate of
the required number of sources. Existing and new MSP’s
are evaluated in different source and noise settings: two
sources which are close or distant, and noise which is uncorrelated or correlated. The commonly used MSP residual variance is seen to be ineffective, that is it often selects
too many sources. Alternatives like the adjusted Hotelling’s
test, Bayes information criterion, and the Wald test on
source amplitudes are seen to be effective. The adjusted
Hotelling’s test is recommended if a conservative approach
is taken, and MSP’s such as Bayes information criterion or
the Wald test on source amplitudes are recommended if a
more liberal approach is desirable. The MSP’s are applied
to empirical data (visual evoked fields).

extensively, and propose several alternatives. More specifically, we present a set of theoretical criteria for an adequate
MSP, and evaluate the MSP’s according to these criteria.
In addition their behavior is investigated in an MEG simulation study and in an empirical study on visual evoked
fields (VEF’s).
II. Method
In this section the most often used MSP, the residual
variance (RV), is discussed. Based on this discussion, a set
of theoretical criteria for MSP’s is derived. Then alternative MSP’s are discussed in terms of these criteria. First,
however, some notation will be given.
A. Notation

I. Introduction

E

LECTROMAGNETIC source analysis yields an estimate of the sources of the electro-encephalogram
(EEG) or magneto-encephalogram (MEG) [1]. Precise estimates of the sources can only be obtained if the number
of sources is correct [2]. That is, if activity related to the
stimulus, and no noise is modelled. Model selection procedures (MSP’s) can be used to give an estimate of the
required number of sources.
MSP’s based on an eigenvalue decomposition have been
studied extensively [3], [4], [5], [6], [7], [8], [9], [10]. A
disadvantage of these MSP’s is that they only give an estimate of the number of uncorrelated sources. Other MSP’s,
based on the residuals of a source analysis, have also been
reported, for example the residual variance [11], the chisquare [1], [2], and lack of fit statistic [12]. These MSP’s
give an estimate of the number of uncorrelated or correlated sources.
In this paper we study the second class of MSP’s more
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Böcker (527-25-015) were supported by a grant of the NWO foundation for Behavioral and Educational Sciences of this organization
awarded to H.M. Huizenga, P.C.M. Molenaar, and J.L. Kenemans.
The research has also been made possible by a KNAW fellowship to
H.M. Huizenga.
H.M. Huizenga, R.P.P.P. Grasman, and P.C.M. Molenaar are with
the Department of Psychology, University of Amsterdam, Amsterdam, The Netherlands
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Although only the instantaneous MEG model is considered, all methods are applicable to EEG, combined
EEG/MEG, and a spatio-temporal model as well.
Let yi be the m-vector with MEG measured
Pn on m sensors
for trial i = 1, 2, . . . , n, and let ȳ =
i=1 yi /n be the
average. The average MEG ȳ is modeled by a function
f (θ), a vector of dimension m [1]. The dipole location and
moment parameters are collected in the p = 5d-vector θ,
where d denotes the number of sources. Then
ȳ = f (θ) + e,

(1)

where e is the total error (residual). The total error consists
of pure error (noise) and modeling (lack of fit) error. Pure
error is for example spontaneous MEG, and modeling error
is for example error due to an incorrect source model.
If the pure error is ‘white’, that is, is uncorrelated and
has equal variances (homoscedastic), then source parameter estimates can be obtained by ordinary least squares
(OLS). An OLS estimate θ̂ is obtained by minimizing e0 e
with respect to θ. At the minimum, s2 (θ̂) = e0 e/(m − p)
gives an estimate of the total error variance. An unbiased estimate of the pure error variance for the mean
can be
Pnobtained from trial variation around the mean:
s2 = i=1 (yi − ȳ)0 (yi − ȳ)/mn(n − 1) [13, p. 33] .
If the pure error is ‘colored’, that is, is correlated and
has unequal variances (heteroscedastic), then source parameters can be estimated by generalized least squares
(GLS) [14]. In GLS both data and model are prewhitened
by the pure error covariance matrix Σ. Generally,
Pn Σ is
unknown and is therefore estimated by S =
i=1 (yi −
ȳ)(yi − ȳ)0 /n(n − 1), that is from trial variation around
the mean. The estimate S is an unbiased estimate for the
averaged data. Let S = s 2 V and (V−1/2 )0 V−1/2 = V−1
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be the Cholesky decomposition [15, p. 138], then the
prewhitened data and model are respectively V −1/2 ȳ and
V−1/2 f (θ). The prewhitened total error is then ẽ =
V−1/2 e = V−1/2 ȳ − V−1/2 f (θ). A GLS estimate θ̂ is
obtained by minimizing ẽ0 ẽ = e0 V−1 e with respect to θ.
At the minimum s̃2 (θ̂) = ẽ0 ẽ/(m − p) gives an estimate
of the total error variance. The estimate of the pure error
variance remains the same:
s̃2 =

n
X

(yi − ȳ)0 V−1 (yi − ȳ)/mn(n − 1)

i=1

= tr(V−1 S/m) = s 2 ,
where tr(·) denotes the trace of a matrix.
B. RV and criteria for MSP’s
The RV compares the squared total error to the squared
data (data power) to give an estimate of how much of the
data power remains unexplained by the model. The RV is
defined as (e.g. [12], [16])
µ 0 ¶
ee
RV = 100 0
.
(2)
ȳ ȳ
A model is said to fit the data if its value is close to 0. In
practice a threshold value is chosen (e.g. [17]). The threshold of 5% is chosen here. When comparing several source
models, the model with the smallest number of sources
which has a value equal to or below the threshold is selected.
In the statistical literature the RV is in general not considered as a good MSP [18], [19]. Note that the RV is high
if the modelling error is high, but also if the pure error is
high. As a consequence, the MSP has a tendency to model
pure error (i.e. over fit). This is due to the fact that the
RV does not incorporate information concerning the pure
error variance. One of the criteria for a good MSP is thus
that: (C1) it should incorporate information concerning
the pure error variance. Note however that this pure error
variance is never known precisely. It should always be estimated. Therefore, a good MSP also incorporates the fact
that: (C2) the pure error variance is not known exactly but
is estimated.
The RV is highly dependent on data power: the RV will
indicate more often a bad fit for low amplitude signals than
for high amplitude signals. Therefore, the RV has a tendency to over fit for low amplitude signals. This can be
accommodated by choosing a different threshold value, for
example 10% instead of 5%, but these choices are quite
arbitrary. Therefore, another criterion for a good MSP is
that: (C3) the selection method should be based on an
objective and sensible criterion. Note in addition that the
RV decreases if the number of sources is increased, that is,
there is no penalty for increasing the number of sources.
As a consequence, the RV has again a tendency to over
fit. Therefore, another criterion for a good MSP is that it
should: (C4) account for the number of estimated parameters. Note moreover that the RV is based on white pure

error. It is not suited for colored pure error. Therefore,
another criterion for a good MSP is that it should: (C5)
account for colored pure error. Specifically, if the source parameter estimates are obtained by GLS, then both the data
and model (and thus the total error) in the MSP should
be prewhitened by the pure error covariance matrix. Note
however, again that the pure error covariance matrix is not
known exactly, but is estimated. Therefore, a good MSP
should: (C6) also account for the fact that this matrix is
estimated.
In summary, the criteria for good MSP’s are:
C1 Incorporate pure error variance
C2 If C1 is satisfied and an estimate is used, then account
for the errors in this estimate
C3 A selection method based on an objective and sensible
criterion
C4 Incorporate the number of parameters
C5 Incorporate pure error covariances
C6 If C5 is satisfied and an estimate is used, then account
for the errors in this estimate
C. Model selection procedures
An MSP consists of the test itself and the acceptance/rejection decision rule. For example, for the RV, the
test is Eq. (2), and the decision rule is: accept the smallest
model with an RV ≤ 5%. In the following, we discuss several MSP’s and their decision rules in terms of the criteria
C1-C6. An overview of all MSP’s and the criteria is given
in Table I.
Residual variance. As was shown above, the RV given in
(2) does not meet C1-C6. If the pure error is colored, and
the source estimates are obtained by GLS, then the data
and model in (2) can be prewhitened [20]. In this manner
C5 is satisfied but C6 is not.
Chi-square statistic.
The chi-square statistic tests
whether the total error variance exceeds the pure error
variance. The chi-square statistic is defined for white pure
error as [2], [1]
e0 e
(3)
χ2 = 2 ,
σ
where σ 2 is the true pure error variance. If it is assumed
that the pure error is white and is multivariate normally
distributed with known σ 2 , then the statistic is χ2 distributed with m−p degrees of freedom (df). A model fits if
it is not significant, that is when the chi-square value is less
than the value associated with χ2 (m − p, α) with a chosen
significance level α = 0.05. When comparing source models, the smallest model with nonsignificant χ2 is selected.
C1 is satisfied since σ 2 is used. However, in practice the
true pure error variance is unknown and has to be estimated (by s2 ). Consequently, the χ2 (m − p) distribution
may not be correct, and so C2 is not satisfied. C3 is satisfied, since the criterion is based on hypothesis testing. C4 is
also satisfied, for the degrees of freedom influence the significance level, which in turn affects the acceptance/rejection
of a model. If the pure error is colored and the data and
model are prewhitened, then C5 is met, but C6 is not.
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TABLE I
A list of the criteria for all the MSP’s. A ‘-’ indicates that the MSP does not satisfy that criterion, and a ‘∗’ indicates
that it does.

C1
C2
C3
C4
C5
C6

RV
∗
-

χ2
∗
∗
∗
∗
-

LOF
∗
∗
∗
∗
∗
-

T2
∗
∗
∗
∗
∗

aT 2
∗
∗
∗
∗
∗
∗

Lack of fit. The lack of fit (LOF) tests whether the total
error variance exceeds the pure error variance. If the pure
error is white, then the LOF is defined as [13], [14], [21]
LOF =

e0 e/(m − p)
.
s2

(4)

If the pure error is white and multivariate normally distributed, then the LOF has an F distribution with m − p
and m(n − 1) df. A model fits if the LOF is not significant
at significance level α. When source models are compared,
the smallest model with nonsignificant LOF is selected.
Criterion C1 is satisfied, since s2 is incorporated. Both
total error and pure error variance are treated as estimates.
Consequently, an F distribution is used, and so C2 is also
satisfied. C3 is satisfied since a hypothesis testing approach
is taken. The number of parameters influences the acceptance/rejection region through the degrees of freedom, and
C4 is therefore also satisfied. If the pure error is colored
and the data and model are prewhitened C5 is met but
C6 is not, since there is no adjustment to account for the
errors in estimating the pure error covariances.
Hotelling’s T 2 . Hotelling’s T 2 tests whether the total
error deviates from zero. If the pure error is white, and
the estimate f (θ̂) is considered as a fixed hypothesis, then
Hotelling’s T 2 is defined as
T2 =

e0 e n − m
.
s2 m(n − 1)

(5)

If the pure error is white and multivariate normally distributed, and there is a fixed hypothesis, then T 2 has an
F distribution with m and n − m df. A model fits if the
test is not significant at significance level α. If models are
compared, then the smallest model with nonsignificant T 2
is selected.
The pure error variance s2 is incorporated, and so, C1
is satisfied. Since the F distribution is used, C2 is also
met. C3 is also satisfied since a hypothesis testing approach is taken. Criterion C4, however, is not satisfied,
since the number of model parameters is not accounted
for. If the pure error is colored then the prewhitened version of Hotelling’s T 2 [22, p. 98], [23, p. 101] satisfies both
C5 and C6.
Adjusted Hotelling’s T 2 . The degrees of freedom m in
the denominator in Hotelling’s T 2 (5) reflects the idea that
the estimated source model is a hypothesis and therefore

LR
∗
∗
∗
∗
-

aLR
∗
∗
∗
-

Cp
∗
∗
∗
∗
-

AIC
∗
∗
∗
∗
-

BIC
∗
∗
∗
∗
-

W
∗
∗
∗
-

a constant [23, p. 105]. In our case, however, the source
parameters are estimated which affects the degrees of freedom. To correct this, m in the denominator can be replaced by m − p in Hotelling’s T 2 , which gives the adjusted
Hotelling’s T 2 (aT 2 ). aT 2 is F distributed with m − p and
n − m df [24]. Criteria C1-C6 are now all satisfied.
Likelihood ratio test. The likelihood ratio (LR) test evaluates if one model is more likely than another. The LR is
defined as -2 times the difference between two log-likelihood
functions corresponding to different models [25]. If the pure
error is white and multivariate normal, and if the pure error variance is estimated by s2 for both models, then the
LR for a source model with d and d + 1 sources is
LR =

e(θ̂ d )0 e(θ̂ d ) − e(θ̂ d+1 )0 e(θ̂ d+1 )
.
s2

(6)

The LR has a χ2 distribution with pd+1 − pd df. If the
LR is not significant, then the larger model is not more
likely than the smaller model, and the smallest model is
accepted.
Criterion C1 is satisfied since s2 is incorporated. However, it is not considered as an estimate, so C2 is not met.
C3 is satisfied for it is a hypothesis test. C4 is satisfied since
the difference in the number of parameters is reflected in
the degrees of freedom. If the pure error is colored and the
data and model are prewhitened (with the same estimate
V for both models), then C5 is met but C6 is not.
Adjusted likelihood ratio test. The LR can be adjusted to
a test which is more robust against violations of assuming a
multivariate normal distribution. The aLR for white pure
error is [13, p. 198]
aLR =

m − pd+1 e(θ̂ d )0 e(θ̂ d ) − e(θ̂ d+1 )0 e(θ̂ d+1 )
pd+1 − pd
e(θ̂ d+1 )0 e(θ̂ d+1 )

(7)

If the pure error is multivariate normally distributed, then
aLR is F distributed with pd+1 − pd and m − pd+1 df [26,
p. 167]. The decision rule is the same as that of the LR.
Note that the estimate s2 is not incorporated so that
C1 and C2 are not satisfied. C3 and C4 are still satisfied.
If the pure error is colored and the data and model are
prewhitened, then C5 is met but not C6.
Mallow’s Cp . Mallow’s Cp compares the ratio of the total
error variance to the pure error variance and a penalty
term. If we use s2 as an approximation to the total error
variance obtained from a model with as many sources as

4

IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING (IN PRESS, 2002)

possible (‘saturated model’), then Cp can be defined for
white pure error as [27, p. 224]
Cp =

e0 e
− m + 2p.
s2

(8)

The penalty term is such that the expected value of Cp is
p. Consequently, when comparing models, the model with
the smallest value of Cp − p is selected [27, p. 226].
Criterion C1 is satisfied since s2 is used. However, s2 is
not considered as an estimate, and so C2 is not satisfied.
C3 is met since the expected value of Cp is p. Criterion C4
is satisfied through the penalty term 2p. If the pure error
is colored and the data and model are prewhitened, then
Cp satisfies C5 but not C6.
Akaike information criterion. The Akaike information
criterion (AIC) compares the loglikelihood function of the
total error to a penalty term for different models [28]. If
the pure error is white and its variance is estimated by s2 ,
then
AIC = ln(πs2 ) +

e0 e
+ 2p.
s2

(9)

The model with the smallest AIC value is selected [29].
Criterion C1 is satisfied by s2 . However, C2 is not satisfied. C3 is met, since the decision rule is a minimization
over source models. The penalty term contains the number
of parameters and so C4 is satisfied. If the pure error is
colored and the data and model are prewhitened, then C5
is met but not C6.
Note that the AIC resembles the LR. The acceptance/rejection region of the hypothesis test is translated
by 2(pd+1 − pd ) [30]. The AIC also resembles Cp , since the
number of sensors m in Cp is fixed, and the first term in
the AIC is also constant.
Bayes information criterion. The Bayes information criterion (BIC, or minimum description length) is similar to
the AIC except for the penalty term. The BIC is defined
in terms of the loglikelihood function [31], [32]. If the pure
error is white, and if its variance is estimated by s2 , then
BIC = ln(πs2 ) +

e0 e
+ ln(m)p.
s2

(10)

The source model with the smallest BIC value is selected.
Criterion C1 is satisfied since s2 is incorporated. C2 is
not met. Criterion C3 is satisfied in the same sense as the
AIC. C4 is satisfied by the penalty term. If the pure error
is colored and the data and model are prewhitened, then
C5 is met but not C6.
Wald tests. A Wald test offers the possibility to test a
hypothesis about a set of parameters. One test is a test
on the source amplitudes. The basic idea is that a source
should be incorporated only if its amplitude is significantly
larger than zero. Another test is a test on the source location parameters. The basic idea here is that a source should
be incorporated only if its location is significantly different
from other source locations. First the general Wald test is
presented and then the two specific formulations.

Let r(θ̂) be a vector of q (non)linear functions of θ̂ which
represent the hypotheses about the source parameters, and
the hypothesized values of these functions are collected in
the q-vector rh . Furthermore, let s2 (θ̂)C = s 2 (θ̂)(F0 F)−1
be the covariance matrix of θ̂, where the m × p matrix
F contains the first order partial derivatives of the model
f (θ̂) with respect to the parameters [13, p. 26], [33]. The
covariance matrix of r(θ̂) − rh is then s2 (θ̂)R(θ̂)CR(θ̂)0 ,
with R(θ̂) a q × p matrix of first order partial derivatives
of r(θ̂) with respect to the p source parameters. The Wald
test for white pure error is then defined as [34]
W=

(r(θ̂) − rh )0 [R(θ̂)CR(θ̂)0 ]−1 (r(θ̂) − rh )
qs2 (θ̂)

.

(11)

W is approximately F distributed with q and m − p df.
The Wald amplitude (WA) test, tests if source amplitudes deviate from zero. The q = d vector of functions
then is r(θ̂) = (θ̂1 , . . . , θ̂d )0 , where θ̂i is the amplitude parameter of source i. The derivative matrix R(θ̂) is defined
accordingly and the hypothesis vector is rh = 0. A source
is included if both multivariate (testing all amplitudes simultaneously) and subsequent univariate tests (for all parameters individually) are significant. The largest model
for which this is true is selected.
The Wald location (WL) test, tests if source location
parameters differ. The following q = 3d(d − 1)/2 vector of
functions is used r(θ̂) = (θ̂11 − θ̂12 , θ̂21 − θ̂22 , . . . , θ̂3(d−1) −
θ̂3d )0 , where θ̂ji is a location parameter j of source i. The
matrix R(θ̂) is defined accordingly. The hypothesis vector
is rh = 0. A source is included in the model if both multivariate (all pairs of source locations simultaneously) and
subsequent tests for all source location-pairs individually,
are significant. The largest model for which this is true is
selected.
Criterion C1, and thus C2, are not met since s2 is not
incorporated. The Wald tests satisfy C3 for they are hypothesis tests. C4 is also satisfied since the degrees of freedom contains the number of parameters. If the pure error
is colored and the model and data are prewhitened, then
the parameter covariance matrix is s̃2 (θ̂)(F0 V−1 F)−1 [33].
C5 is then satisfied but C6 is not.
III. Simulations
In order to evaluate the MSP’s, instantaneous MEG simulations were carried out in which the distance between two
sources was varied and in which the pure error was either
white or colored. The measure of effectiveness of the MSP’s
was the percentage of correct decisions. Incorrect decisions
were categorized as under- or over fitting.
Forward computations. The signal was generated by two
dipolar sources inside a sphere with a radius of 10 cm.
Both sources were located in the midcoronal plane (crossing
both ears and the vertex) with a varying angle γ between
the location vectors. The angle was varied by 10◦ steps
between 10◦ and 50◦ , yielding distances between 1.39 and
6.76 cm. The moment vectors were completely tangential
and perpendicular to the coronal plane at all 5 angles.
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Fig. 1. The percentages of correct and incorrect decisions of all MSP’s for white pure error are shown at the angles γ = 10 ◦ − 50◦ . There
are three different kind of percentages: the unbroken line represents the correct decisions (two source model), the broken line represents
under fit (one source model), and the dotted line represents over fit (three or more sources).

Normally distributed pure error, white or colored, was
added to each sensor in 500 trials; the trials were then averaged. 400 of these replications were generated. The pure
error standard deviation was set at 10% of the maximal
signal of all sensors of the averaged data, when the sources
were at an angle of 25◦ (3.46 cm). Two pure error conditions were generated: white and colored. The colored pure
error covariance matrix was obtained from empirical data.
The data were recorded with a whole head CTF device,
with 151 axial gradiometers, at a sampling frequency of
250 Hz. The subject received no stimulation and had his
eyes open. The data consisted of 100 trials of 100 samples.
One sensor was excluded from analysis. The 150 × 150 spatial pure error covariance matrix was computed with the
algorithm described in [35]. The resulting pure error absolute correlations ranged from 0.00 to 0.80 with an average

of 0.16.
Inverse computations. The correct head model was
used for the inverse computations. When the pure error
was white, the source parameters were estimated by OLS.
When the pure error was colored the source parameters
were estimated by GLS. The pure error covariance matrix
was estimated from the variation of 500 trials around their
mean (Sec. II-A). All 400 replicates were modelled by 1,
2, and 3 sources.
A. Results
The decisions of the MSP’s in the white and colored pure
error cases are shown in respectively Fig. 1 and Fig. 2. If
the sources are estimated by GLS then the prewhitened
MSP (denoted by the prefix ‘g’) is used. Three different percentages are depicted: correct decisions (2 source
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Fig. 2. The percentages of correct and incorrect decisions of all MSP’s for colored pure error (denoted by the prefix ‘g’) are shown at the
angles γ = 10◦ − 50◦ . There are three different kind of percentages: the unbroken line represents the correct decisions (two source model),
the broken line represents under fit (one source model), and the dotted line represents over fit (three or more sources).

model), under fitting (1 source model), and over fitting (3
or more source model). To evaluate an MSP, three aspects
should be considered: (1) The percentage of correct decisions should be as high as possible at all angles, (2) if
sources are close (i.e. γ = 10◦ − 20◦ ), under fitting is preferred to over fitting, and (3) if an MSP selects the correct
number of sources, the source parameter estimates should
be accurate.

be better than the chi-square statistic, since the χ2 assumes
that the pure error variance is known exactly. However,
500 trials offer a good estimate of the pure error variance.
Therefore, the χ2 and LOF perform equally well. The severe tendency to over fit of both the chi-square statistic
and LOF for the colored case might be attributed to the
fact that the errors in the pure error covariance estimates
are not accounted for.

The RV is inadequate and tends to over fit severely in
both error conditions. This can be explained by the fact
that the data power decreases as the distance between the
sources increases. Therefore, the RV tends to over fit for
high angles.

The performance of T 2 and aT 2 in the white pure error
case is conservative: they under fit mostly, and the correct
decision is only given when sources are distant. When the
pure error is colored they are slightly less conservative.

The χ2 and LOF show equal adequate performance when
pure error is white: under fitting for close sources and correct decisions for distant sources. The LOF was expected to

The performance of the LR and aLR is adequate in the
white pure error case: under fitting when sources are close
and correct decisions when sources are distant. However,
when the pure error is colored, the number of correct de-

IV. Application of MSP’s to VEF’s
To illustrate the use of MSP’s in experimental research,
the procedures are applied to visual evoked field (VEF)
data. From previous research it was expected that two
sources generated the VEF [38].
A. Method
MEG data were recorded with a CTF-gradiometer system with 151 sensors. Head position was monitored with
the same 151 sensors and repeatedly activated coils at the
fiducial points (nasion, left, and right ear). The subject was

200
100
0

fT

−100
−200
−300

cisions remains fairly constant around 40-60%. This might
be explained by the fact that the error in the estimate of
the pure error covariance matrix is not accounted for.
The Cp and AIC are very similar in performance. The
tendency to over fit is already present when pure error is
white, and becomes dominant when the pure error is colored. This is a common finding. The AIC has been found
to over fit in a variety of settings [29], [36]. The cause of
this is the tolerant ‘penalty’ of 2p. Note that the performance of the AIC is also similar to that of the LR (see Sec.
II-C).
The performance of the BIC can be considered as good.
It under fits when sources are close and hardly over fits.
In addition it performs well in the colored case. Note that
if less sensors are used, then the penalty of the BIC can
reduce to that of the AIC. Therefore, to avoid over fitting
the BIC should be used only when the penalty term is
larger than that of the AIC [37].
The WA is also good: a tendency to under fit when the
sources are close and correct decisions when sources are distant. The tendency to under fit for close sources is less for
colored pure error. The correct decisions of the WL remain
around 60% when pure error is white, and remain around
70% when the pure error is colored. The improvement of
performance in both the WA and WL in the colored pure
error condition could be caused by too ‘optimistic’ parameter standard error estimates. In GLS the standard errors
are too small if the ratio of the number of trials (500) to
the number of estimated covariances (11325) is poor [14].
Therefore, the WA and WL become more often significant
and thus select the two source model more often if the pure
error is colored.
If an MSP selected the correct number of sources, then
the source parameter estimates should be accurate (unbiased). This is the case for all MSP’s. That is: if an MSP
selects the correct number of sources, then the source parameters are unbiased.
In summary, the BIC and WA are the best candidates for
model selection. First, because they under fit when sources
were close. Second, they have the highest percentages of
correct decisions at larger distances. Third, the percentage
of over fitting remains very low at all angles and in both
pure error conditions. This means that it is unlikely that
pure error is modelled. The aT 2 also shows this pattern,
although the percentage of correct decisions rises only at
lareger distances.
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Fig. 3. The averaged magnetic brain responses of the 151 sensors.

presented with 3600 visual stimuli of 50 ms duration with
stimulus onset asynchronies between 225 and 285 ms. Here
the data are analyzed on 400 black-and-white checkerboard
patterns with a 4.8 cycles per degree spatial frequency and
subtending 6.7 degrees of visual angle. No task was performed by the subject. An interval of 300 ms was recorded,
of which 82 ms were before stimulus presentation. The data
were 70 Hz low pass-band filtered, downsampled to 4.8 ms
intervals (208.3 Hz), and baseline corrected from -50 to
0 ms. In Fig. 3 the magnetic brain responses are shown
after averaging over 383 trials. The time point of interest for analysis was 91.2 ms post stimulus onset (0 ms).
The pure error was correlated with absolute correlations
between 0.00 an 0.94 with an average of 0.24. Source parameters were estimated by GLS for one, two and three
sources in a spherical head model of radius 9.5 cm. The
center of the sphere was determined from an MRI-scan of
the subject. Subsequently, the MSP’s were applied to the
fitted models.
B. Results
In Table II are the source parameters for one, two and
three sources. The two source model has two sources near
the inion and on either side of the sagital plane. It can be
seen that if one source is estimated, then it is near one of the
sources of the two source model (2-1) but more eccentric
and with a lower amplitude. In the three source model,
one source estimate (3-2) is similar to one of the two source
model (2-2), one estimate is more anterior (3-1), and one
is quite deep (3-3). All estimates of the three source model
have lower amplitudes than the two source model.
The results of all MSP’s are given in Table III. It can
be seen that the best MSP’s, the WA and BIC, agree: the
number of sources should be 2. This supports the hypothe-
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TABLE II
Source parameters as estimated by GLS from the VEF-data at 91.2 ms for 1, 2, and 3 sources. Source location parameters
(x, y, z) are in cm with respect to the origin of the sphere, orientation parameters (xo, yo, zo) are normalized, and the
amplitude a is in nAm. The direction of the axes for both the location and orientation parameters are: the positive x is
directed anteriorly, the positive y is directed to the right, and the positive z is directed upwards.

model
1

location (cm)
x
y
z
-8.18 -2.84 -1.04

orientation
xo
yo
zo
-0.88 0.77 -0.62

a
0.21

2-1
2-2

-6.75
-6.47

-1.74
1.14

-1.90
-2.29

-0.05
-0.07

0.82
-0.95

-0.57
-0.29

1.93
2.46

3-1
3-2
3-3

-4.95
-7.57
0.13

-5.14
2.41
-3.77

-2.31
-2.42
5.46

-0.50
-0.24
-0.73

0.09
-0.95
-0.57

0.86
-0.19
-0.38

0.46
0.34
0.12

TABLE III
The estimated number of sources for the VEF data at 90.8 ms. A maximum of 3 sources was estimated.

GLS

RV
3

χ2
3

LOF
3

T2
3

aT 2
3

LR
3

sis that two sources are required to describe the VEF data
adequately. The other tests either indicate that at least
three sources are required (RV, χ2 , LOF, T 2 , aT 2 , LR,
and aLR) or confirm the hypothesis that two sources are
necessary (Cp , AIC, and WL).
V. Discussion
Several MSP’s were compared in their effectiveness to determine the number of sources. From the theoretical analysis, it follows that the aT 2 should be the best candidate
and RV the worst. The RV was indeed suboptimal in the
simulations: it tended to over fit severely in both the white
and colored pure error case. However, the aT 2 appeared
to be very conservative in the simulation. The simulations
indicated that the BIC and WA are less conservative and
more trustworthy, even though not all theoretical criteria
are satisfied. Therefore, it is recommended that the aT 2 is
used if a conservative approach is taken, and that the BIC
or WA are used if a more liberal approach is desirable.
The sources at angles 10◦ −20◦ were difficult to separate.
This was also found in [2] and [39] in similar circumstances.
In [2] the authors suggest that modelling two close sources
as one can be advantageous, in the sense that standard
errors of the estimates are smaller. In this respect, it is
preferable in empirical situations to under fit if it is reasonable to assume that sources are close. For the BIC and
WA, 40◦ sources appeared to be separable. However, the
graphs of correct decisions in Fig. 1 and 2 may shift to the
right. For example, if the pure error variance were higher,
if EEG were used, if fewer sensors were used, or if less trials
were used.
The correct head model was used in the simulations. In
practice, errors from the head model are to be expected.
These errors will be added to the modelling error. This

aLR
3

Cp
2

AIC
2

BIC
2

WA
2

WL
2

will decrease the performance of the MSP’s. However, the
ranking of the MSP’s according to their effectiveness is expected to remain the same.
Finally, estimating the pure error covariances resulted,
in general, in a poorer performance of the MSP’s. This
effect is due to the errors of estimating the pure error covariances and not to prewhitening itself. This can be seen
by inserting the true pure error covariance matrix (a constant) instead of an estimate. This renders the pure error
uncorrelated, but has no effect on the relative performance
of the MSP’s. One way to reduce these estimation errors
is by modelling the pure error covariances [40], [41].
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