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1.1 Introduction
The notion of NP-completeness has cut across many elds and has provided
a means of identifying deep and unexpected commonalities. Problems from
areas as diverse as combinatorics, logic, and operations research turn out
to be NP-complete and thus computationally equivalent in the sense discussed in the next paragraph. PSPACE-completeness, NEXP-completeness,
and completeness for other complexity classes have likewise been used to
show commonalities in a variety of other problems. This paper surveys investigations into how strong these commonalities are. More concretely, we
are concerned with:
What do NP-complete sets look like?
To what extent are the properties of particular NP-complete
sets, e.g., SAT, shared by all NP-complete sets?
If there are are structural di erences between NP-complete sets,
what are they and what explains the di erences?
We make these questions, and the analogous questions for other complexity
classes, more precise below. We need rst to formalize NP-completeness.
There are a number of competing de nitions of NP-completeness. (See
[Har78a, p. 7] for a discussion.) The most common, and the one we use, is
based on the notion of m-reduction, also known as polynomial-time manyone reduction and Karp reduction. A set A is m-reducible to B if and only
if there is a (total) polynomial-time computable function f such that
for all x, x 2 A () f (x) 2 B:
(1)
1
Department of Computer Science; University of Chicago; 1100 E. 58th St;
Chicago, IL 60637.
2
Department of Computer Science, University of Arizona, Tucson, AZ 85721.
3
School of Computer & Information Science; Syracuse University; Syracuse,
NY 13210.

1. The Structure of Complete Degrees

2

Intuitively, (1) says that A is no harder than B in the sense that, if one has a
means of answering \x 2 B ?" questions, then one can also answer \x 2 A?"
questions with the computation of f (x) as the the only additional overhead.
An NP-complete set is an NP set to which all NP sets are m-reducible.
Thus, any two NP-complete sets are m-equivalent, that is, interreducible
by m-reductions. Since m-reductions relate the hardness of sets, the NPcomplete sets are therefore all of the same degree of diculty.
The formal de nition of m-reduction does not seem to capture all the
important aspects of the reductions used by Karp and his successors in
NP-completeness proofs. In a Karp-style proof that a problem B is NPcomplete, one takes a known NP-complete problem A, and shows how to
translate the structure of an arbitrary instance of A into an instance of B .
(See [GJ79, Chapter 3] for examples of such arguments.) Since these \in
practice" m-reductions preserve the structure of individual instances, one
might expect that these reductions would also preserve the global structure
of a problem, and, that the NP-complete sets shown equivalent by Karpstyle proofs would share a strong structural similarity.
Berman and Hartmanis [BH77] showed that this is the case in 1977.
They considered a number of well known NP-complete sets and showed
that these sets are all pairwise polynomial-time isomorphic.4 Since many
complexity theoretic properties of sets are invariant under polynomial-time
isomorphisms, Berman and Hartmanis thus established that, in many respects, these NP-complete sets are identical in structure. Moreover, Berman
and Hartmanis went through the current literature on \conventional" NPcomplete sets5 and observed that using their methods these sets could also
be shown to be polynomial-time isomorphic to their previous examples.
Motivated by this evidence, the lack of any counterexamples, and also by
analogy with results in recursion theory, Berman and Hartmanis made the
following conjecture.
The Isomorphism Conjecture All NP-complete sets are polynomialtime isomorphic.

This conjecture predicts that P 6= NP, that NP-complete sets are paddable (see x1.2) and self-reducible (see, for example, [Mah89]), and that
4
A is polynomial-time isomorphic to B if and only if there exists f , an mreduction
from A to B as in (1), that is also 1-1, onto, and whose inverse
f ?1 is computable in polynomial-time, in other words,
f is a polynomial-time
computable and invertible permutation on f 0; 1 g such that f (A) = B and
f (A5) = B .
By a conventional NP-complete set we mean, informally, a set that results
from a straightforward coding of an NP-complete problem that stems from work
in combinatorics, optimization, etc.
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NP-complete sets and their complements have exponential density.6 This
last prediction was partially con rmed by P. Berman [Ber78] and Fortune
[For79] who showed that if P 6= NP, then there are no coNP-complete
sparse sets7 and by Mahaney [Mah82] who showed that if P 6= NP, then
there are no NP-complete sparse sets.8
The isomorphism conjecture is attractive and intriguing, but there are
good reasons to doubt the suciency of its supporting evidence. Let us
call the sets p-isomorphic to SAT standard NP-complete sets.9 The NPcomplete sets that Berman and Hartmanis showed to be standard are all
conventional NP-complete sets as discussed above, and, moreover, since
Berman and Hartmanis's sets are all p-isomorphic, they each can be rightly
viewed as being a natural encoding of a single combinatorial problem|
Satis ability. However, there is no a priori reason to expect that every NPcomplete set is conventional, much less standard. Joseph and Young [JY85]
raised this objection and backed it up by constructing nonconventional NPcomplete sets that are not obviously standard. Moreover, they conjectured
that some of their NP-complete sets do indeed fail to be standard.
One-way functions10 played a key role in Joseph and Young's examples.
Selman has shown that the Joseph-Young sets have the form f (A) for some
standard NP-complete set A and some one-way function f . (Watanabe
[Wat85] made related observations.) One can think of f (A) as a highly
encrypted version of A. Thus, the essential idea behind Joseph and Young's
conjecture is

The Encrypted Complete Set Conjecture There is a one-way func-

tion f and a standard complete set A such that A and the NP-complete set
f (A) are not polynomial-time isomorphic.
One problem with this conjecture is that there is no concrete candidate
for the one-way function of the conjecture. Furthermore, any one-way function that ts the conjecture's requirements would seemingly need to possess
much stronger properties than just the failure to have a polynomial-time
inverse. What these properties should be is uncertain.

A has exponential density if and only if the growth of Cardinality(f x 2 A :
1=k
jxj  n g) is (2n ) for some k.
7
A set A is sparse if and only if the growth of Cardinality(f x 2 A : jxj  n g)
is O(nk ) for some k.
8
6

This paper does not further discuss sparse sets results. Mahaney surveys this
work in [Mah89].
9
By Theorem 12 below and the fact that paddability (de ned in x1.2) is preserved under p-isomorphisms, the standard NP-complete sets are precisely the
paddable NP-complete sets.
10
A polynomial-time computable function f is one-way if and only if f is 11 and polynomially honest, but f ?1 is not polynomial-time computable. These
functions are widely conjectured to exist and various forms of one-way functions
play important roles in cryptography.
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The contention between the isomorphism and the encrypted complete
set conjectures has provoked much study. Other than the sparse set results mentioned above, the structure of the NP-complete sets remains a
(complete) mystery. However, for certain other complexity classes, a reasonable understanding of their m-complete sets11 has emerged. The best
understood class of m-complete sets are those of EXP, the sets decidable
in deterministic exponential time.12 For example, it is known that:
 The EXP-complete sets are all 1-li-equivalent, that is, they are pairwise m-equivalent as witnessed by 1-1, length increasing m-reductions. A 1-li-equivalence is intuitively a very strong equivalence relation on sets. One can show that if one-way functions do not exist, then
1-li-equivalence implies polynomial-time isomorphism. Thus, if oneway functions do not exist, all the EXP-complete sets are polynomialtime isomorphic. (See Theorems 8 and 17 below.)
 There is a characterization of the existence of one-way functions involving the 1-li-equivalence of sets: One-way functions exist if and
only if there are two sets in EXP that are 1-li-equivalent, but not
polynomial-time isomorphic. Moreover, one can take these two sets
to be \close" to m-complete for EXP. (See Theorem 28 below.)
 The isomorphism conjecture asserts that a particular m-equivalence
class of sets (the class of NP-complete sets) \collapses" in the sense
that any two members of this m-equivalence class are polynomialtime isomorphic. One can exhibit such a \collapsing" m-equivalence
class of sets in EXP. Moreover, the sets in this m-equivalence class
are all \close" to m-complete for EXP in the same sense of \close"
as the two sets in the previous item. (See Theorem 27 below.)
 There are certain very strong forms of one-way functions the existence
of which would imply that there are \encrypted complete sets" for
EXP (and also NP, PSPACE, and many other complexity classes).
Such one-way functions do exist relative to random oracles. Therefore,
the NP, PSPACE, EXP, : : : versions of the encrypted complete set
conjecture are correct relative to a random oracle. (See Proposition
25 and Theorem 37 below.)
These results illustrate the miles we have come in answering the questions
raised by the two conjectures and the parsecs to go until any nal resolution is reached. These questions seem far more complex than anyone had
That is, the sets in a complexity class to which all sets in the class polynomialtime m-reduce.
12
In this paper, we say that a set is decidable in exponential time if and only
if the set has a deterministic decision procedure that, for some k, runs in 2O(nk )
time.
11
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initially believed and they seem to have interesting connections to other
fundamental questions in complexity theory, e.g., the nature of one-way
functions.
This article discusses research on the isomorphism and the encrypted
complete set conjectures. We have not attempted to write a comprehensive
survey of this work. We have instead tried to present a coherent sketch of
the area's key results and ideas. Towards this end we have included proofs
that illustrate some of these ideas. Our goal has been to lead the reader
from a basic understanding of NP-completeness to the current frontiers
of research on the structure of classes of complete sets. Readers will also
bene t from Young's survey in this volume, as well as from consulting the
original references.

1.2 Basic De nitions
We shall assume that the reader is familiar with the rudiments of recursion
theory, e.g., the s-m-n theorem. See [Cut80] and [DW83] for elementary
introductions. We also shall assume the reader is familiar with the basics
of machine based computational complexity as discussed in [HU79] and
with the de nitions of LOGSPACE, P, NP, and PSPACE. pk denotes the
k-thp  class in thep Meyer and Stockmeyer [MS72] polynomial hierarchy.
(1 = NP and 2 = the sets in NP relative to an oracle for SAT. See
[GJ79] for more discussion.) EXP denotes the class of sets decidable within
a 2poly(n) time bound on a deterministic Turing machine, and NEXP denotes the corresponding nondeterministic time class. RE denotes the class
of recursively enumerable sets. Logspace, Ptime, and Pspace respectively
denote the class of total functions computable in deterministic logarithmicspace, polynomial-time, and polynomial-space.
N denotes the set of natural numbers f 0; 1; 2; :: : g. We identify each
x 2 N with the x-th string over the symbols 0 and 1 in the lexicographic
ordering on f 0; 1 g. We tend to use natural numbers and strings over
f 0; 1 g interchangeably. Unless speci ed otherwise, functions are over N
and total and sets are subsets of N . The length of x 2 N (i.e., the length of
its string representation) is denoted jxj. Let h; i denote a polynomial-time
computable pairing function, see [Rog67] for an example.
Conditions on Functions. A function f is:
h-honest if and only if, for all x, jxj  h(jf (x)j).
polynomially honest if and only if for some polynomial p, f is p-honest.
exponentially honest if and only if for some constant c, f is n 2cn+c honest.
length increasing if and only if, for all x, we have jf (x)j > jxj.
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linear length bounded if and only if there is a constant a such that, for

all x, jf (x)j  a(jxj + 1).
polynomial length bounded if and only if there is a polynomial p, such
that, for all x, jf (x)j  p(jxj).
p-invertible if and only if there is a Ptime function g such that g  f is
the identity.

Reducibilities. Recall from the introduction that a set A is m-reducible

(i.e., many-one reducible) to a set B if and only if there is a polynomial-time
computable function f such that
for all x 2 N , x 2 A () f (x) 2 B:

(2)

A is recursively m-reducible to B if and only if there is a recursive function f such that (2) holds. Logspace, Pspace, : : : m-reductions are de ned
analogously.
A is 1-reducible to B if and only if there is a 1-1 function which witnesses
that A is m-reducible to B . A is 1-honest-reducible to B if and only if there
is a polynomially honest function which witnesses that A is 1-reducible
to B . A is 1-li-reducible to B if and only if there is a length increasing
function which witnesses that A is 1-reducible to B or else A = B . (The
A = B clause is to make 1-li-reducibility a re exive relation.) Finally, A is
p-isomorphic to B if and only if there is an f which witnesses that A is
m-reducible to B which is also 1-1, onto, and p-invertible. N.B. If A and B
are p-isomorphic, then they are necessarily 1-honest-equivalent, but they
need not be 1-li comparable.13
A set A is complete for a class of sets C with respect to a reducibility R
if and only if A is in C and every set in C R-reduces to A. So, for example,
we can speak of m-complete, 1-complete, 1-li-complete, : : : sets for NP. In
this paper \C -complete" means \m-complete for the class C ."
Reducibilities relate the hardness of sets. Hence, an equivalence class of
sets with respect to a reducibility relation consists of sets of the same \degree" of diculty. We thus de ne a degree to be an equivalence class under
a reducibility.14 So, we speak of m-degrees, 1-degrees, 1-honest-degrees and
1-li-degrees according to the reducibility intended.
A degree collapses if and only if all of its elements are pairwise p-isomorphic. Thus, the Berman-Hartmanis isomorphism conjecture can be stated
succinctly: the complete m-degree for NP collapses. We sometimes use the
term \collapses" more generally. For example, we say an m-degree collapses
to a 1-li-degree when all of the m-degree's elements are 1-li-equivalent.
Consider the sets f 04i ; 024i +1 : i 2 N g and f 04i +1 ; 024i : i 2 N g.
The term \degree" comes from Post's [Pos44]|the paper that founded modern recursion theory.
13

14
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Cylinders. A set A is a cylinder if and only if for some B , A is pisomorphic to the set f hb; z i : b 2 B & z 2 N g. A set A is paddable if
and only if there exists p(; ), a polynomial-time computable, p-invertible15
function, such that, for all a and x,
a 2 A () p(a; x) 2 A:
It is clear that cylinders are paddable. Mahaney and Young [MY85] show
that all paddable sets are cylinders. Below we shall treat being a cylinder
and being paddable as synonymous. Since paddability is, on the surface, a
looser condition on a set, it turns out to be the easier of the two notions
with which to work.
Programming Systems. We say  (; ) is a universal function for a class
of partial functions F if and only if  (; ) is partial recursive and F =
f x  (i; x) : i 2 N g. Such a  (; ) determines a programming system
hiii2N for F , where for each i, i = x  (i; x). A universal function  (; )
and its associated programming system hi ii2N are really two di erent
views of the same object. We use  to denote both the universal function
 (; ) and programming system hiii2N .
A programming system, ', for the class of partial recursive functions is
acceptable if and only if for each programming system (for some class of
functions), there is a recursive function t such that, for all p, p = 't(p) ,
i.e., there is an e ective way of translating -programs into equivalent 'programs. (For alternative de nitions see [MY78] and [Rog67].) Henceforth,
' will be a xed acceptable programming system.
We say that hSi ii2N is a programming system for a class of sets S if
and only if (i) [ x 2 Si ] is partial recursive relation in i and x and (ii)
S = f Si j i 2 N g. For example, for all i, de ne Wi = domain('i ); hWi ii2N
is then a programming system for the class of r.e. sets [Rog67].
The recursion theorem holds for a programming system  if and only if
for each \ -program" i, there is another  -program e such that
(3)
e = x i(he; xi):
Intuitively, e is a self-referential program that, on input x, generates a
copy of its own program \text" and subsequently uses that copy as an
additional datum together with x on which to run program i.16 If hAi ii2N

In this context, p-invertible means that there is a polynomial time computable g such that, for all x and y, g(p(x; y)) = hx; yi.
16
N.B. This is the Kleene form of the recursion theorem [Rog67, p. 214],
not the commonly taught xed point form. In acceptable programming systems
the two forms are roughly equivalent. However, for subrecursive programming
systems for natural subrecursive classes, Kleene's form of the recursion theorem
is often valid, but the xed point form is essentially never valid. (Consider the
possible \ xed points" for an f such that, for all i and x, f (i) = 1 + i (x).)
15
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is a programming system for a class of sets, then the recursion theorem
holds for hAi ii2N if and only if, for each i, there is an e such that

Ae = f x : he; xi 2 Ai g:
The recursion theorem holds for ' [Rog67, p. 214] and also hWi ii2N . Let
be a programming system for the polynomial-time computable functions
such that i; x i (x) is computable in time exponential in jij + jxj and
such that the recursion theorem holds for . See [Koz80] and [RC87] for
examples of such .
Suppose C is an m-complete set for a complexity class C . Observe that f
m-reduces a set A to C if and only if A = f ?1 (C ). For all i, let Ai = i?1 (C ).
It follows that that hAi ii2N is a programming system for C . Moreover, the
recursion theorem holds for hAi ii2N .17
For more about programming systems for subrecursive collections of
functions and sets, their properties, and their uses, see [RC87].
One-Way Functions. A function f is one-way if and only if f is 1-1,
polynomiallyhonest, and polynomial-time computable, yet not p-invertible.
A set A is in the class UP if and only if there exists a polynomial p and a
polynomial-time decidable predicate Q(; ) such that
A = f x : (9y : jyj  p(jxj)) Q(x; y) g;
and, for each x, there is at most one y such that Q(x; y). UP is clearly
a subclass of NP. Independently, Berman [Ber77], Grollmann and Selman
[GS84] [GS88] and Ko [Ko85] observed that one-way functions exist if and
only if P 6= UP.18 Below this equivalence is taken for granted.
A special sort of one-way function is introduced in [KMR89]. A function
f is a scrambling function if and only if f is 1-1, polynomially honest,
and polynomial-time computable and, for all nonempty A, f (A) is not
paddable.
Here is a proof sketch of our claim that the recursion theorem holds for
For convenience, we identify sets with their characteristic functions.
Thus, the equation Ai = i?1 (C ) can be rewritten Ai = C  i . Fix i. By the
recursion theorem for there is an e such that e = x i (he; xi). Hence,
17

hAi ii2N .

Ae = C  e = x C  i (he; xi) = x Ai (he; xi):
Therefore, the claim follows.
18
Berman did not explicitly consider one-way functions. Rather, he distinguished between the polynomial-time computable and invertible functions (which
he called the \P-E" functions), and polynomial-time computable, 1-1, honest
functions (which he called \P-1B" functions). From these de nitions, he proved
that P-E = P-1B if and only if P = UP.
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1.3 Recursion Theoretic Results
Before discussing polynomial-time complete m-degrees, we rst consider
some important related results from recursion theory on the structure of
the class of recursively m-complete r.e. sets. The problem of describing this
structure was settled by Myhill. He showed

Theorem 1 ([Myh55]) Two sets are recursively 1-equivalent if and only

if they are recursively isomorphic.
Theorem 2 ([Myh55]) The recursively m-complete r.e. sets are pairwise
recursively 1-equivalent.

From these two theorems one immediately obtains

Corollary 3 The recursively m-complete r.e. sets are pairwise recursively
isomorphic.

Corollary 3 completely describes the recursion theoretic structure of the
class of recursively m-complete r.e. sets|there is essentially only one set
in the class. These theorems were part of the inspiration for the original
paper of Berman and Hartmanis and remain an important in uence on the
work on polynomial-time m-complete degrees.
We mention a slightly di erent route to Corollary 3 which uses the notion
of recursive cylinder.

Theorem 4 Two recursive cylinders are recursively m-equivalent if and
only if they are recursively isomorphic.
Theorem 5 Every recursively m-complete r.e. set is a recursive cylinder.

Corollary 3 follows immediately from these last two theorems. Both of
these theorems are implicit in Myhill's paper [Myh59], also see [You66].
The proofs of Theorems 1 and 2 introduce a number of ideas important
for the complexity theoretic work of the following sections. Because of this
importance, we sketch proofs for both theorems. Our proof of Theorem 1 is
largely based on Myhill's original proof which in turn is partly based on the
standard construction for the Cantor-Bernstein theorem (sometimes known
as the Schroder-Bernstein theorem or the Cantor-Schroder-Bernstein theorem) from set theory.19 Our argument for Theorem 2 is based on a proof of
19
Cantor, in his theory of cardinality of sets [Can55], makes the following two
basic de nitions. Two sets A and B are said to have the same cardinality if and
only if there is a 1-1 correspondence between A and B ; and A has cardinality less
than or equal to that of B if and only if there is a 1-1 map from A into B , (i.e.,
A has the same cardinality as a subset of B ). In order for these two de nitions
to make sense, it should be the case that: If A has cardinality less than or equal
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a related result about acceptable programming systems [Sch75, Theorem
2], which Schnorr credits to an anonymous referee.
to that of B and B has cardinality less than or equal to that of A, then A and
B have the same cardinality. This is the case as shown by
The Cantor-Bernstein Theorem If there is a 1-1 map from A into B and
a 1-1 map from B into A, then there is a 1-1 correspondence between A and B .
The standard proof of this theorem (see the proof of Theorem 1) is so simple
and direct it is dicult to realize that a satisfactory proof of the theorem was
hard to obtain. What follows is a partial history of the result taken from Moore's
excellent book [Moo82].
1882 Cantor claims (without proof) the theorem in a paper.
1883 Cantor proves the theorem for subsets of Rn using the Continuum Hypothesis.
1883 Cantor poses the general theorem as an open problem in a letter to
Dedekind.
1884 Cantor again claims (without proof) the theorem in a paper.
1887 Dedekind proves the theorem in his notebook and promptly forgets about
solving the problem. This particular solution is rst published in 1932 in
Dedekind's collected works.
1895 Cantor states the theorem as an open problem in a paper.
1896 Burali-Forti proves the theorem for countable sets.
1897 Bernstein (a Cantor student) proves the general theorem using the Denumerability Assumption, a weak form of the axiom of choice. Cantor shows
the proof to Borel.
1898 Schroder publishes a \proof" of the theorem. Korselt points out to Schroder
that the proof is wrong. Schroder's proof turns out to be un xable.
1898 Borel publishes Bernstein's proof in an appendix of Borel's 1898 book on
set theory and complex functions.
1899 Dedekind sends Cantor an elementary proof of the theorem, which from
Moore's description sounds like the proof used today.
1901 Bernstein's thesis appears (with his proof).
1902 Korselt sends in a proof of the theorem (along the lines of Dedekind's
proof) to Mathematische Annalen. Korselt's paper appears in 1911!
1907 Jourdain points out that the use of the Denumerability Assumption in
Bernstein's proof is removable.
Moore suspects that Cantor had a proof of the theorem that used the well
ordering principle (which turns out to be equivalent to the axiom of choice).
Cantor was unclear for many years whether the well ordering principle was \a
law of thought" or something that needed proof. So, the fact that the theorem
came and went several times might have been in part a function of Cantor's
uncertainty about well ordering.
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FIGURE 1.1. The N rooted case.

Proof Sketch of Theorem 1 In the following let N 0 denote a disjoint
copy of N . If x is a member of N , then x0 denotes the corresponding element
of N 0. Now, suppose that A  N , B  N 0 , f : N ! N 0 recursively 1-reduces
A to B , and g: N 0 ! N recursively 1-reduces B to A. We introduce the
directed graph G = (N [ N 0; E ), where
E = f (x; f (x)) : x 2 N g [ f (x0 ; g(x0)) : x0 2 N 0 g:
G is clearly bipartite. Since f and g are functions, every vertex of G has
out-degree one. Since f and g are 1-1, every vertex of G has in-degree of
at most one.
The maximal connected components of G we call f; g-chains. An f; gchain C has one of four possible structures.
1. The cyclic case. C is a nite cyclic path containing an even number
of vertices.
2. The two-way in nite case. C is an in nite path in which every vertex
has in-degree one.
3. The N rooted case. C is an in nite path with a root r 2 N , i.e., r is
a vertex of C with in-degree zero.
4. The N 0 rooted case. C is an in nite path with a root in N 0 .
We say a function h: N ! N 0 respects f; g-chains if and only if for all
x, h(x) is a member of x's f; g-chain. Since f and g recursively 1-reduce
A to B and B to A, respectively, it follows that for any h that respects
f; g-chains we have, for each x, that x 2 A () h(x) 2 B .
Now, given f and g, the standard construction for Cantor-Bernstein denes
8
< f (x); if x's f; g-chain is either cyclic,
two-way in nite, or N rooted;
(4)
 = x :
g?1 (x); if x's f; g-chain is N 0 rooted.
The two rooted cases are illustrated by Figures 1.1 and 1.2. It is straightforward to argue that  is 1-1, onto, and respects f; g-chains. Moreover,
since  respects f; g-chains, for each x, we have x 2 A () (x) 2 B .
The only problem is that  may not be recursive.
The de nition of  is based on a global analysis of the structure of f; gchains. Myhill's construction is much more local. It de nes a ^ in stages 0,
1, 2; : : : . Initially, ^ = ;.
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FIGURE 1.2. The N 0 rooted case.

Stage 2x. If ^ (x) is de ned, go on to stage 2x + 1. Otherwise,

traverse the f; g-chain of x forward until an N 0 vertex y0 is
encountered that is not yet in range(^). De ne ^ (x) = y0 .
Stage 2x + 1. If ^ ?1 (x0) is de ned, go on to stage 2x + 2. Otherwise, traverse the f; g-chain of x0 forward until an N vertex y
is encountered that is not yet in domain(^). De ne ^ (y) = x0.
It is clear from the construction that ^ is 1-1 and respects f; g-chains. A
simple counting argument shows that, for each stage 2x, a y0 as required
exists, and, for each stage 2x+1, a y as required exists. Thus, the even stages
of the construction ensure that ^ is total, while the odd stages ensure that
it is onto. Since f and g are recursive, it is clear from the construction that
^ is too. Finally, since ^ respects f; g-chains, it is a recursive m-reduction
of A to B . Therefore, ^ is a recursive isomorphism between A and B as
required.

Proof of Theorem 2 Let C be a recursively m-complete r.e. set. Let
K0 = f hi; xi : x 2 Wi g. Clearly, K0 is r.e. and, for each i, the function
x hi; xi 1-reduces Wi to K0 . As C is a recursively m-complete r.e. set,
there is a recursive m-reduction of K0 to C . Therefore, it follows that there
is a recursive function f such that, for each i, 'f (i) recursively m-reduces
Wi to C , that is,
(8i; x)[ x 2 Wi () 'f (i) (x) 2 C ]:
(5)
Fix an arbitrary i. We use the recursion theorem to construct a special
W -program e for the set Wi such that 'f (e) recursively 1-reduces Wi to C .
Intuitively, e takes (unfair) advantage of (5) to force 'f (e) to be 1-1.
By the recursion theorem for ', there exists an '-program e such that,
for all x,
8 unde ned; if (a) (9w < x)[ ' (w) = ' (x) ];
f (e)
f (e)
>
>
>
if not (a) and
< 0;
'e (x) = >
(6)
[(b) 'i (x) is de ned or
(c)
(
9
y
>
x
)[
'
>
f
(e) (y ) = 'f (e) (x) ] ];
>
:
unde ned; otherwise.

1. The Structure of Complete Degrees

13

Suppose by way of contradiction that 'f (e) is not 1-1. Let x0 be the least
number such that, for some y > x0 , 'f (e) (y) = 'f (e) (x0 ) and let y0 be the
least such y.
When x = x0, clause (a) fails and clause (c) holds in (6). Hence, x0 2 We .
(Recall that We = domain('e ).)
When x = y0 , clause (a) holds in (6). Hence, y0 62 We .
However, since 'f (e) (x0 ) = 'f (e) (y0 ), by (5) we have x0 2 We () y0 2
We . But this is a contradiction. Therefore, 'f (e) is 1-1.
Now, since 'f (e) is 1-1, it follows that, for each x, clauses (a) and (c) in
(6) fail to hold. Therefore, We = Wi . Hence, 'f (e) recursively 1-reduces Wi
to C .
Therefore, since i was chosen arbitrarily, C is recursively 1-complete for
the class of r.e. sets.
The following corollary formally states what was shown about f in the
above proof. The corollary will useful in the proof of Theorem 16 below.
Corollary 6 Suppose C is a recursively m-complete r.e. set and that f is
a recursive function such that, for all i, 'f (i) recursively m-reduces Wi to
C . Then, for each r.e. set A, there is a W -program e for A such that 'f (e)
recursively 1-reduces A to C .

Lessons from the Recursion Theoretic Results
In the complexity theoretic work that follows we cannot, in general, make
direct use of the above recursion theoretic results and proof techniques. (For
a nice exception, see the proof of Theorem 16.) However, these recursion
theoretic results and proofs embody many nice ideas. We brie y consider
what sorts of these ideas might be useful for the complexity theory below.
The most obvious things these results have to o er are the ideas behind their proof techniques. These techniques are elegantly simple, and
one would expect variants of them to work in complexity theoretic settings. This is the case; ideas from the proofs of this section will play key
roles in what follows. But, it is also the case that the complexity theoretic
results obtained through these ideas are generally weaker than the results
of this section. This is not unexpected. Complexity theory is a much more
constrained subject than recursion theory. It is typical in passing from
a theory to a more constrained version of it that new distinctions arise,
and, in the context of these new distinctions, the analogs of many key
results and techniques of the original theory fail or are much more limited in scope. For example, one-way functions have no recursion theoretic
analogs and the possible existence of these functions greatly complicate
the complexity theoretic situation. For another example, it turns out that
the polynomial-time analog of Theorem 1 is true if and only if (as seems
unlikely) P = PSPACE|see Theorem 10 below.
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Another use of the results of this section is as a basis for questions. As
discussed above, one expects the theory of polynomial-time reductions and
complete m-degrees to have many more distinctions than the analogous recursion theory. One way to nd these distinctions is to consider complexity
theoretic variants of these recursion theoretic results. For example, given a
complexity class C , e.g., NP, one might ask the following questions based
on Theorem 2.
Are all the m-complete sets for C 1-equivalent?
Are all the 1-complete sets for C 1-li-equivalent?
Are all the 1-li-complete sets for C 1-li, p-invertible equivalent?
Are all the 1-li, p-invertible-complete sets for C p-isomorphic?
These sorts of questions have turned out to be productive|at least in
our opinion. We have organized this paper around the general principle of
considering complexity theoretic versions of the results of this section to
see what can be shown true, what can be shown false, and what turns out
to be mysterious.

1.4 Sucient Conditions for P-Isomorphism
1.4.1 Complexity Theoretic Versions of
Cantor-Bernstein
Theorem 1 provides a sucient (and necessary) condition for the recursive
isomorphism of two sets. In this section we consider sucient conditions
for the polynomial-time isomorphism of two sets. Since the results of this
section apply to arbitrary sets, the sucient conditions will turn out to
be rather strong. When, instead of arbitrary sets, the sets involved are
cylinders or are complete for some complexity class, much weaker sucient
conditions can be obtained as discussed later.
Machtey, Winklmann, and Young [MWY78, Proposition 2.3] did a computational complexity analysis of Rogers's variant of the construction for
Theorem 1.20 Not surprisingly, their analysis shows that the complexity
properties of the unmodi ed Myhill and Rogers constructions are dreadful.
However, Dowd [Dow82] was able to show the following linear-space analog
to Theorem 1 through a construction very much in the same spirit as that
in the proof of Theorem 1.
Theorem 7 ([Dow82]) If A and B are recursively 1-equivalent as witnessed by linear length bounded, linear-space computable reductions, then,
A and B are linear-space isomorphic.
Rogers's variant [Rog58] is a relocation of the Theorem 1 construction into
the theory of programming systems.
20
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In the theory of polynomial-time reducibilities the closest known analog
to Theorem 1 is due to Berman and Hartmanis.
Theorem 8 ([BH77]) If sets A and B are m-equivalent as witnessed by
reductions that are (a) 1-1, (b) length increasing, and (c) p-invertible, then

A and B are p-isomorphic.
Proof Suppose N , N 0 , A, B, f , and g are as in the proof of Theorem 1.
Further suppose that f and g satisfy hypotheses (a), (b), and (c). Recall our
analysis of the possible structures of f; g-chains from the proof of Theorem
1. Since f and g are length increasing, we have that each f; g-chain is
rooted. So, by the Cantor-Bernstein Theorem construction, , as de ned
below, is an isomorphism between A and B .

g-chain is N rooted;
 = x fg?(x1)(;x); ifif xx's's f;
f; g-chain is N 0 rooted.
Since f and g are length increasing, for each z 2 (N [ N 0 ), there are at
most jz j many vertices preceding z in its f; g-chain and all of these vertices
are of length less than jz j. Thus, since f and g are p-invertible, it follows
that, given z , one can nd the root of z 's f; g-chain in polynomial-time.
Hence,  is polynomial-time computable.
The length increasing and the p-invertibility hypotheses of Theorem 8
are clearly very strong and it is worth asking whether either of them can be
weakened. Watanabe [Wat85] conjectured that, if one-way functions exist,
then the p-invertibility hypothesis cannot be weakened. This was con rmed
in the following striking result of Ko, Long, and Du.
Theorem 9 ([KLD87]) P = UP if and only if every 1-li-degree collapses.
Proof The =) direction follows from the observation that if one-way functions do not exist, then 1-li-reductions are p-invertible, and, hence, by Theorem 8, 1-li-equivalent sets are p-isomorphic. The (= direction follows from
a pretty and insightful construction, see Theorem 28 and its proof below.
One of the reasons that Theorem 9 is so striking is that it gives a complexity characterization of a degree structure property. Theorem 9 thus
essentially settles the question of the general structure of 1-li-degrees. It is
a natural question whether there are complexity characterizations of the
general collapse of other sorts of degrees, e.g., 1-honest-degrees, 1-degrees,
and m-degrees. There has been recent progress on this.

Theorem 10 ([FKR89]) The following are equivalent:
(a) P = PSPACE.
(b) Every two 1-equivalent sets are p-isomorphic.
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(c) Every two p-invertible equivalent sets21 are p-isomorphic.

Proof Sketch By a proof similar to that for Theorem 7, one can show that

if two sets are recursively 1-equivalent as witnessed by 1-1, polynomial-size
bounded, Pspace-computable reductions, then the two sets are Pspaceisomorphic. It follows from this that if P = PSPACE, then every 1-degree
collapses. Hence, (a) implies (b). Part (b) trivially implies (c). The proof
that (c) implies (a) involves a construction that is partly based on [KLD87],
see Theorems 29 and 30 below.
The equivalence of parts (b) and (c) is surprising and not yet well understood. Theorem 10 comes close to providing a condition under which
the length increasing hypothesis of Berman and Hartmanis's Theorem 8 is
necessary.22
For m-degrees one can show, without any assumptions, the existence of
noncollapsing m-degrees. See Theorem 31 below.
Hartmanis established a version of Theorem 8 in the context of Logspace
reductions.

Theorem 11 ([Har78b]) If two sets are m-equivalent as witnessed by

Logspace reductions that are (a) 1-1, (b) length squaring, and (c) Logspace-invertible, then the two sets are Logspace-isomorphic.
Using Corollary 22 below and a modi ed version of Theorem 9 one can
show that Logspace one-way functions exist if and only if the Logspaceinvertibility hypothesis of Theorem 11 is necessary.

1.4.2 Cylinders
The two main technical results of the 1977 Berman and Hartmanis paper
are Theorem 8 above and [BH77, Theorem 7], a rough, polynomial-time
analog of Theorem 4. In [MY85] Mahaney and Young improve this latter
result to obtain the following exact analog of Theorem 4.

Theorem 12 ([BH77] [MY85]) Two cylinders are m-equivalent if and
only if they are p-isomorphic.
Recall that a conventional NP-complete set is, informally, a set that

results from a straightforward coding of an NP-complete problem that
stems from work in combinatorics, optimization, etc. In their 1977 paper

That is, sets that are 1-equivalent as witnessed by p-invertible reductions.
Note that Theorem 10 does not rule out the possibility that \length nondecreasing" can replace \length increasing" in the hypothesis of Theorem 8. We
suspect that under a stronger condition than P 6= PSPACE , the length increasing
hypothesis of Theorem 8 is indeed necessary.
21

22
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Berman and Hartmanis prove that a number of well known conventional
NP-complete sets are paddable, and, moreover, they observed that all of the
then known conventional NP-complete sets can also be straightforwardly
shown to be paddable. Thus, by Theorem 12 (or [BH77, Theorem 7]) one
obtains Berman and Hartmanis's key observation that all of the know (circa
1977) conventional NP-complete sets are p-isomorphic. To date there still
is no satisfactory example of a conventional NP-complete set that cannot
be shown paddable.
Proof Sketch of Theorem 12 The (= direction is obvious. We show the
=) direction. Suppose that A and B are m-equivalent cylinders that have
associated padding functions pA (; ) and pB (; ), respectively. We argue
that A is 1-li, p-invertible reducible to B . By symmetry, then, it is also
that case that B is 1-li, p-invertible reducible to A, and, therefore, by
Theorem 8, that A and B are p-isomorphic.
Since pB (; ) is p-invertible, it follows that pB (; ) is polynomial honest
in the sense that there is a k > 0 such that, for all x and y, jpB (x; y)j >
(jxj + jyj)1=k ? k. De ne
p0B = x; y pB (x; y01(jxj+jyj+k)k );
where y01(jxj+jyj+k)k denotes the string consisting of y (as a string over
f 0; 1 g), followed by the symbol 0, followed by (jxj + jyj + k)k many occurrences of the symbol 1. It is straightforward to argue that p0B (; ) is a
padding function for B , and that p0B is length increasing in the sense that,
for all x and y, jp0B (x; y)j > jxj + jyj. De ne f 0 = x p0B (f (x); x). Since f
is an m-reduction of A to B and since p0B is a padding function for B , it
follows that f 0 is an m-reduction of A to B . Since p0B is 1-1, length increasing, and p-invertible, it follows from our de nition of f 0 that it has these
properties too.
Cylinders are of independent interest beyond Berman and Hartmanis's
observation that the \natural" NP-complete sets are paddable. The following proposition shows that the m-complete sets that have essentially the
strongest reducibility properties turn out to be cylinders.
Proposition 13 Suppose C is a complexity class that: (i) contains N , (ii)

is closed downward under m-reductions, and (iii) has a complete m-degree.
Then, (a) and (b) hold.
(a) There is a cylinder that is 1-li, p-invertible complete for C .
(b) All of the 1-li, p-invertible complete sets for C are cylinders.

Before we prove Proposition 13 we note (without proof) an easy corollary
of Theorem 12.
Corollary 14 For each cylinder B, a set A is m-reducible to B if and only
if A is 1-li, p-invertible reducible to B .
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Proof Sketch of Proposition 13 Suppose C is an m-complete set for
C . Let C 0 = f hc; z i : c 2 C & z 2 N g. It is straightforward to show that
C 0 is a cylinder and an m-complete set for C . By Corollary 14 we have that
C 0 is a 1-li, p-invertible complete set for C . Therefore, part (a) follows. Part

(b) follows from part (a), Corollary 14, Theorem 8, and the easily veri ed
fact that p-isomorphisms map cylinders to cylinders.

Every m-degree contains a cylinder, but there are 1-degrees that do not
(see Theorem 31 below.) We say a 1-degree is cylindrical if and only if the
1-degree contains a cylinder. By Proposition 13(a) all complete 1-degrees of
complexity classes are cylindrical. Now, Theorem 10 gives P = PSPACE as
a sucient condition for every 1-degree to collapse. The next proposition
gives an ostensibly weaker sucient condition for the collapse of every
cylindrical 1-degree.
Proposition 15 IfNPA is a cylinder and B is a set 1-equivalent to A, then
A and B are Ptime -isomorphic.
Thus, P = NP implies that cylindrical 1-degrees collapse.
The proof of this proposition is an implicit part of the proof of [MWY78,
Theorem 2.6]. We do not know whether the collapse of every cylindrical
1-degree implies P = NP. We know of presumably weaker hypotheses than
P = NP that imply that cylindrical 1-degrees collapse to 1-li-degrees, but
it is open whether there is a complexity characterization of this sort of
collapse.
We note in passing that the obvious Logspace analogs of Theorem 12
and Proposition 15 hold.

1.5 Complete Degrees
We now directly address the problem of the structure of complete degrees.
Work on this topic has produced some strong positive results. Among these
are that
 the complete m-degrees of both RE and NEXP collapse to 1-degrees
(Theorems 16 and 18 below);
 the complete m-degree of EXP collapses to a 1-li-degree (Theorem 17
below);
 there is a structural characterization of the collapse/noncollapse of
the complete m-degree of EXP (Theorem 26 below); and
 the existence of suciently strong one-way functions (i.e., scrambling
functions) implies the noncollapse of the complete m-degrees of NP,
PSPACE, EXP, NEXP, and RE (Theorem 25 below).
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However, there are also results which carry the cautionary message that any
resolution of the collapse/noncollapse question of the complete m-degree of
NP, or PSPACE, or EXP, or : : : will also resolve some major complexity
class problem. For example consider the complete m-degree of RE. The noncollapse of this degree implies P 6= NP (Proposition 15) and the collapse of
this degree implies the nonexistence of scrambling functions (Theorem 25).
In the face of these \negative" results, it is not a realistic research goal to
try to push toward an out right resolution of these complete set problems.
A more reasonable goal is to instead try to work toward establishing complexity characterizations of the collapse/noncollapse of particular complete
degrees. Such characterizations are potentially very informative. Theorem
26 below (due to Ganesan and Homer) is a rst step in this direction.

1.5.1 Proofs of Partial Collapse
Below we sketch proofs that the complete m-degrees of RE and NEXP
collapse to 1-degrees and that the complete m-degree of EXP collapses to
a 1-li-degree. These are pithy proofs which seem to get at the heart of the
matters. Following these proofs we also explain why the nice ideas behind
these proofs seem to fail in the context of NP and PSPACE.
Our development of Theorems 16, 17, and 18 below parallels Ganesan
and Homer's [GH89] (in which Theorem 18 is introduced) and we refer the
reader to that paper for a good alternative treatment of these theorems.
Our proofs and Ganesan and Homer's share many key elements, but di er
in points of view.
We begin by considering the complete m-degree of RE.
Theorem 16 ([Dow78]) The complete m-degree of RE consists of a 1degree.

This theorem rst appeared in Dowd's [Dow78]. A cleaner proof of this
theorem appears in [GH89]. Our proof is simple, direct application of Corollary 6. The Dowd proof, the Ganesan and Homer proof, and the proof below
all use essentially the same diagonalization trick.
Proof Let C be a polynomial-time m-complete r.e. set. By a straightforward argument, there is a recursive function f such that, for each i, 'f (i) is
polynomial-time computable and 'f (i) m-reduces Wi to C . Fix an arbitrary
r.e. set A. By Corollary 6 there is a W -program e for A such that 'f (e)
recursively 1-reduces A to C . But, by assumption, 'f (e) is polynomial-time
computable. Hence, A is (polynomial-time) 1-reducible to C . Since A was
chosen arbitrarily, C is (polynomial-time) 1-complete.
We next consider the complete m-degree of EXP.
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Theorem 17 ([Ber77]) The complete m-degree of EXP consists of a 1-

li-degree.

This result rst appeared in Berman's 1977 Ph.D. dissertation. Watanabe
published a very clean, clear proof of this result in [Wat85]. (Also see [GH89,
Theorem 1].) In [Wat85] Watanabe also shows that the complete m-degree
of each of the classes
 DTIME(2O(n1=k ) ), where k > 0, and
 DSPACE(s(n)), where s is space constructible and super-polynomial,
consists of a 1-li-degree.
All of the known proofs of Theorem 17 use essentially the same diagonalization techniques. In our proof below, to diagonalize against m-reductions
that are not 1-1, we use a version of the diagonalization trick employed
in the proofs of Theorems 2 and 16 above. (See clause (a) in (7) below.)
To diagonalize against reductions that are not length increasing we do the
following. Suppose that f is a potential m-reduction of Ee0 , the set we
are constructing, to C , a predetermined complete set. Also suppose that
jf (x0)j  jx0j for some x0 . Then, to diagonalize against f at x0, we put x0
into Ee0 if and only if f (x0 ) is not in C . (See clause (b) in (7) below.) There
are two key points here. First, the diagonalization depends on the fact that
one can decide the question \y 2 C ?" in time exponential in jyj. Thus, this
sort of diagonalization does not work for classes like RE and NEXP which
are either not closed or not known to be closed under complements. The
second key point is that since jf (x0 )j  jx0j, one can decide the question
\f (x0 ) 2 C ?" within a uniform 2poly(jx0 j) time bound independent of the
reduction f . Since the construction has to be able to diagonalize against
all possible m-reductions f that fail to be length increasing, this point is
critical to making the construction work in exponential time.
Proof Sketch In the following, for each A 2 EXP, A() will denote the
(exponential time computable) characteristic function of A. Let C be an
m-complete set for EXP. For all i, let Ei = i?1 (C ). By our discussion in
x1.2, hEi ii2N is a programming system for EXP for which the recursion
theorem holds. Fix an arbitrary set A 2 EXP. De ne, for all e and x,
8 1 ? D(he; w i); if (a) for some w < x, (w) =
0
e
>
>
(
x
)
and
w
is
the
least
e
0
>
<
such w;
D(he; xi) = >
1 ? C ( e (x)); if (b) j e(x)j  jxj and not (a);
>
>
: A(x);
otherwise.
A straightforward argument shows that D is in EXP. (Recall that the
function i; x i (x) is computable in exponential time.) Hence, by the
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recursion theorem for hEi ii2N there is an E -program e0 such that Ee0 () =
x D(he0 ; xi). Thus, for all x,
8 1 ? E (w ); if (a) for some w < x, (w) =
e0
e0 0
>
>
(
x
)
and
w
is
the
least
0
e
>
0
<
such w;
(7)
Ee0 (x) = >
if
(b)
j
1
?
C
(
>
e
e
0 (x)j  jxj and not (a);
0 (x));
>
: A(x);
otherwise.
Suppose by way of contradiction that e0 is not 1-1. Let x0 be the least
number such that, for some w < x0 , e0 (w) = e0 (x0 ). Then, by the
case of clause (a) in (7), w 2 Ee0 () x0 62 Ee0 . But, since e0 is
an m-reduction of Ee0 to C and since e0 (w) = e0 (x0), we have that
w 2 Ee0 () x0 2 Ee0 , a contradiction. Therefore, e0 is 1-1.
Suppose by way of contradiction that e0 is not length increasing. Let x0
be the least number such that j e0 (x0)j  jx0j. Then, by the case of clause
(b) in (7), x0 2 Ee0 () e0 (x0 ) 62 C . But, since e0 is an m-reduction
of Ee0 to C , this is a contradiction. Therefore, e0 is length increasing.
By our de nition of the Ei's, e0 is an m-reduction of Ee0 to C . Hence,
Ee0 is 1-li-reducible to C .
Since e0 is 1-1 and length increasing, for every x, clauses (a) and (b)
fail to hold in (7). Hence, Ee0 = A, and, therefore, A is 1-li-reducible to C .
Since A was an arbitrary member of EXP, we thus have that C is 1-licomplete for EXP.
By a clever combination of the ideas behind the proofs of Theorems 16
and 17, Ganesan and Homer established
Theorem 18 ([GH89]) The complete m-degree of NEXP consists of a 1degree. In fact, every two m-complete sets for NEXP are 1-equivalent as
witnessed by exponentially honest reductions.

They also show the analogous result for the classes NTIME(2O(n1=k ) ),
where k > 0.
Proof Sketch of Theorem 18 To keep to the argument simple, we shall
not worry about exponential honesty and show only that the m-complete
sets of NEXP are 1-complete.
In the following, for each set A, A() will denote the partial function
that is 1 on each element of A and unde ned otherwise.
Let C be an NEXP-complete set. For all i, let Ei = i?1 (C ). By our
discussion in x1.2, hEi ii2N is a programming system for NEXP for which
the recursion theorem holds.
Fix an A 2 NEXP. Since NEXP is contained in deterministic double
exponential time, it is straightforward to argue that there is a polynomial
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p such that, for all x and all w such that 2p(jwj) < jxj, one can deterministically evaluate A(w) within a uniform O(2jxj ) time bound.
By the recursion theorem for hEiii2N there is an E -program e0 such
that, for all x,
8
A(w);
if (a) (9w < x)[ 2p(jwj) < jxj &
>
>
>
>
e0 (w) = e0 (x) ];
>
>
unde ned ; if not (a) and
>
>
>
(b) (9w < x)[ jxj  2p(jwj) &
>
<
e0 (w) = e0 (x) ];
(8)
Ee0 (x) = >
1;
if not (a) and not (b) and
>
>
[(c) x 2 A or
>
>
(d) (9y > x)[ jyj  2p(jxj) &
>
>
>
e0 (x) = e0 (y) ] ];
>
: unde ned ; (e) otherwise.
We note that the right hand side of (8), as a function of he0 ; xi, corresponds
to an NEXP set since:
 clause (a) is an EXP test and, by our assumption on p, one can
deterministically compute A(w) within a uniform O(2jxj) time bound;
 clause (b) is also an EXP test; and
 clauses (c) and (d) are NEXP tests.
So, we can indeed apply the recursion theorem for hEi ii2N to the set corresponding to this function of he0 ; xi.
The case of clause (a) in (8) guarantees that there are no x and x0 with
0
x < x such that 2p(jx j) < jxj and e0 (x0) = e0 (x). The cases of clauses
(b) and (d) in (8) guarantee that there are no x and x0 with x0 < x such
that jxj  2p(jx j) and e0 (x) = e0 (x0 ). (We leave these two arguments
to the reader.) Therefore, we have that e0 is a 1-reduction of Ee0 to C .
Now, since e0 is 1-1, clauses (a), (b), and (d) fail to hold for each and
every x. Hence, it follows by the cases of clauses (c) and (e) that Ee0 = A.
Therefore, e0 is a 1-reduction of A to C . Since A was chosen arbitrarily,
the theorem follows.
0

0

In contrast to the situation for RE, NEXP, and EXP, there are essentially no details known about the structure of the complete m-degrees of
either NP or PSPACE. The proof techniques used for Theorems 16, 17,
and 18 do not seem applicable in the context of either NP or PSPACE and
there are no presently known alternatives to these techniques. The reason
for the apparent failure of these techniques is this. The constructions for
Theorems 17 and 18 each makes strong use of the fact that i; x i (x) is
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computable in time exponential in jij + jxj. There is no known polynomialspace computable universal function for Ptime and the existence of such
a function seems doubtful. (Kozen [Koz80] presents some evidence against
the existence of such functions.) However, for the sake of comparison with
the previous theorems of this section we note
Proposition 19 Suppose 0 is a universal function for Ptime such that
the two sets

f hi; j; xi : i0 (x) = j0 (x) g

f hi; w; xi : jwj  jxj & w = i0 (x) g

are both in PSPACE. Then, the complete m-degree of PSPACE consists of
a 1-li-degree.

An analogous result holds for NP when one makes the additional assumption that NP = coNP.
The proof of Proposition 19 is a modi cation of that for Theorem 17|
with a proviso: 0 may be so unnatural that the recursion theorem may fail
for it. To obtain the proposition in this case, one is reduced to modifying
one of the proofs of Theorem 17 that avoids use of the recursion theorem,
see [Wat85] and [GH89] for examples.
Although there may be no polynomial space computable universal functions for Ptime, there is indeed a universal function for Logspace, , such
that that the two sets

f hi; j; xi : i (x) = j (x) g

f hi; w; xi : jwj  jxj & w = i (x) g

are both in PSPACE. The proof Proposition 19 can thus be modi ed to
obtain the following nice analog of Theorem 17 for PSPACE.
Theorem 20 ([Rus86]) Relative to Logspace reductions, the complete mdegree of PSPACE consists of a 1-li-degree.
The above theorem can be improved a bit by observing that for  as
above, given any xed polynomial p, the set
f hi; w; xi : jwj  p(jxj) & w = i (x) g
is also in PSPACE. So, by a slight modi cation of the proof of Proposition
19, one obtains
Theorem 21 Relative to Logspace reductions, the complete m-degree of
PSPACE consists of a 1-length-squaring-degree.
Theorems 11 and 21 together yield
Corollary 22 Relative to Logspace reductions, if one-way functions do
not exist, then the complete m-degree of PSPACE collapses.
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Allender showed the following related result by techniques similar to the
ones discussed above.

Theorem 23 ([All88]) All the members of the 1-L complete degree for

PSPACE are p-isomorphic.

23

1.5.2 Consequences of Collapse/Noncollapse
None of the results of the previous subsection completely settles the question of the structure of any complete m-degree. For instance, in the case
of RE, it is known that its complete m-degree collapses to a 1-degree, but
the extent to which this degree collapses further (if at all) is open. These
questions are likely to be hard|an answer to any of them would have some
profound complexity theoretic implications. The next proposition summarizes some of these.
Proposition 24 (a) The noncollapse of the complete m-degree of EXP
implies P 6= UP.
(b) The noncollapse of the complete m-degree of RE implies P 6= NP.
(c) The noncollapse of the complete m-degree of NEXP implies P 6= NP.
(d) The noncollapse of the complete m-degree of PSPACE implies LOGSPACE 6= NP.
(e) The collapse of the complete m-degree of NP implies P 6= NP.
Proof Sketch Part (a) follows by Theorems 9 and Theorem 17. Using
Propositions 15 and 13(a), part (b) follows from Theorem 16 and part (c)
by Theorem 18. Part (d) follows by Proposition 15 and Theorem 20. Part
(e) follows from the observation that if P = NP, then the set f 1 g is NPcomplete, but clearly not p-isomorphic to SAT.
Until recently, Proposition 24(e) was the only known result that provided
a \complexity theoretic" consequence of the collapse of a m-complete degree. The next theorem (obtained in 1988) implies that if any of the standard complete m-degrees collapse, then there is a limit on the power of
one-way functions. Recall that a scrambling function is a one-way function
such that, for all nonempty A, f (A) is nonpaddable.

Theorem 25 ([KMR89]) If scrambling functions exist, then the com-

plete 1-li-degrees of each of NP, PSPACE, EXP, NEXP, and RE all fail to
collapse.
Thus, if any of the 1-li-complete degrees of NP, PSPACE, EXP, NEXP,
and RE collapse, then scrambling functions do not exist.

A 1-L reduction [HIM81] is roughly an m-reduction that is computable by a
logspace bounded Turing machine that has a one-way input head.
23
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Disproving the existence of scrambling functions is likely to be hard
because these functions exist relative to random oracles, see Theorem 37
below. Thus, proving that any of the complete m-degrees of NP, PSPACE,
EXP, NEXP, and RE collapse is also probably very hard.
Proof Sketch of Theorem 25 Terminology. A complexity class C is image complete if and only if, for each f , a 1-1, length increasing, polynomialtime computable function, and each A, an m-complete set for C , f (A) is
also an m-complete set for C . It is straightforward to argue that each of
NP, PSPACE, EXP, NEXP, and RE is image complete.
Ko, Long, and Du [KLD87] show that if one-way functions exist, then
so do length increasing one-way functions. The same argument applies to
scrambling functions. So, suppose f is a scrambling function which we
assume is length increasing. Suppose also that C is an image complete
complexity class and that C0 is a paddable, 1-li-complete set for C . (By
Proposition 13(a) such a C0 must exist.) Consider f (C0 ). Since C is imagecomplete, f (C0 ) is m-complete for C . Since C0 is l-li-complete for C and
since f is 1-1 and length increasing, we have that f (C0 ) is 1-li-complete for
C . As f is a scrambling function, f (C0 ) is not paddable. Therefore, since
p-isomorphisms preserve paddability, it follows that C0 and f (C0 ) are two
1-li-complete sets that are not p-isomorphic.
It is natural to ask whether there are complexity theoretic characterizations of the collapse/noncollapse of any complete m-degrees. Watanabe
[Wat85] conjectured the converse of Proposition 24(a). Machtey, Winklmann, and Young [MWY78, p. 51] in e ect conjectured the converse of
Proposition 24(b). (Their actual conjecture was an analogous statement
for acceptable programming systems for the class of partial recursive functions.) Theorem 25 is a very partial con rmation of these two conjectures.
The only characterization of the collapse/noncollapse of a complete mdegree is the following result due to Ganesan and Homer.
Theorem 26 ([Gan89]) The complete m-degree of EXP is noncollapsing
if and only if there exist C , an m-complete set for EXP, and a one-way
function f for which there is no p-invertible function g such that g(C ) 
f (C ) and g(C )  f (C ).
Theorem 26 is not a \complexity theoretic" characterization of the collapse of EXP's complete m-degree in the sense that the converse of Proposition 24(a) would be. The theorem is more of an analysis which shows, if this
complete degree fails to collapse, how the failure must occur. (Watanabe
[Wat88] has results related to this.)
Proof Sketch of Theorem 26 If for each C , an m-complete set for
EXP, and each 1-1, length increasing f there is a p-invertible g such that
g(C )  f (C ) and g(C )  f (C ), then, by a straightforward application of
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Theorems 8 and 17, we have that the complete degree of EXP collapses.
Thus, the =) direction follows.
To show the (= direction, rst suppose that C and f are as in the hypothesis. If C is not paddable, we are done. So, suppose that C is paddable.
By a diagonalization argument one can construct A, an m-complete set for
EXP such that (i) f (C )  A, (ii) f (C )  A, and (iii) for any f 0 that 1li-reduces C to A, it is the case that both f 0 (C ) ? A and f 0 (C ) ? A are
nite. (We leave the details of the construction to the reader.) Suppose by
way of contradiction that there is a p-invertible reduction from C to A.
Using C 's paddability, it follows that there must exist g, a length increasing, p-invertible reduction of C to A. Hence, g(C ) ? f (C ) and g(C ) ? f (C )
are nite. Using C 's paddability again, it follows that there is a length
increasing, p-invertible g0 such that g0 (C )  f (C ) and g0 (C )  f (C ), a
contradiction.

1.6 Degree Structure
One of many things left open by the work of the previous section is the
general question of which of the many potential structures of degrees actually occur. For example, are there any m-degrees that collapse|much less
complete ones? There are two main motivations for construction of concrete examples of degrees with a particular structural property: (i) to see
what sort of hypotheses (if any) are required for such degrees to exist, and
(ii) to possibly obtain hints on how to show that some complete degree has
the property in question. Taking the example of collapsing degrees again,
at rst blush it is conceivable that the existence of collapsing degrees might
require a hypothesis like P = NP or P = UP. If this were the case, then
the collapse of any m-degree would be highly suspect. Well, this is not the
case as shown by

Theorem 27 ([KMR88]) Collapsing degrees exist. Moreover, there is a
collapsing degree that is 2-tt-complete24 in EXP.

The proof of this theorem is a nite injury priority argument which is too
involved to sketch here, see [KMR88] for the details. One of our (thoroughly
nave) motivations for working on collapsing degrees was to make progress
24
A set A is 2-truth-table (2-tt) reducible to B if and only if there exists
polynomial-time computable f such that (i) for each x, f (x) codes both a binary boolean function and a pair of numbers (x1 ; x2 ), and (ii) for all x, x 2 A
if and only if ([x1 2 B ?]; [x2 2 B ?]). N.B. The relation of 2-tt-reducibility is
not transitive. Hence, it is an abuse of terminology to call \2-tt-reducibility" a
reducibility. Furthermore, while the notion of 2-tt-complete makes perfect sense,
the notion of a 2-tt-degree does not!
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toward a proof that the complete m-degree of EXP does collapse. However,
in our constructions of collapsing degrees, 2-tt-complete for EXP is as close
to m-complete for EXP as we have been able to manage. Another of our
motivations for showing Theorem 27 was to provide a counterpart for the
following beautiful result of Ko, Long, and Du.

Theorem 28 ([KLD87]) Suppose one-way functions exist. Then, there is
a noncollapsing 1-li-degree, i.e., there are 1-li-equivalent sets that are not
p-isomorphic. Moreover, there are such sets that are also 2-tt-complete for
EXP.

As discussed in x1.4.1, the existence of one-way functions is a necessary
condition for the existence of noncollapsing 1-li-degrees, and, Theorem 28
shows the condition is also sucient. (See the discussion around Theorem 9
above.) One of Ko, Long, and Du's goals was to try to con rm Watanabe's
conjecture that the complete m-degree of EXP collapses if and only if oneway functions exist. However, as with our Theorem 27, 2-tt-complete was
as close they could get to m-complete. Pushing closer to m-complete than
2-tt-complete for either of Theorems 27 or 28 seems to be a very hard and
will probably require radical, new techniques.
The proof of Theorem 28 builds on Berman and Hartmanis's proof of
Theorem 8 and introduces some important new ideas.
Proof Sketch of Theorem 28 Suppose one-way functions exist. Then,
by [KLD87] there exists t, a length increasing one-way function. We de ne
f : N ! N 0 by the following two equations.
f (2x) = 4t(x) + 1: f (2x + 1) = 4x + 3:
Let g have the same de nition as f except that we regard g as a function
from N 0 to N . Clearly, f and g are 1-1 and length increasing.
Terminology. A function h: N ! N 0 crosses an f; g-chain C if and only
if for some x, an N vertex of C , h(x) is not an N 0 vertex of C .
Lemma Suppose h: N ! N 0 is p-invertible. Then, h crosses in nitely
many f; g-chains.

Proof of the Lemma Let p be a nondecreasing polynomial such that,
for all x, jh(x)j  p(jxj). For each y, let Ay be the set of N 0 vertices of
the f; g-chain of (4y + 1)0 that are of length  p(j4y + 1j). Since f and
g are 1-1, length increasing, polynomial-time computable functions, there
are fewer than p(j4y + 1j) many elements of Ay , and, in fact, there is an
obvious polynomial-time procedure that, given y, lists all the elements of
Ay . By our de nitions of f and g, we have that, for all x,
h(2x) is in the same chain as 2x () h(2x) is in At(x).
(9)
See Figure 1.3.
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FIGURE 1.3. h(2x) lands in At(x) .

Now, suppose by way of contradiction that the lemma is false. Then, it
follows from our de nitions of f and g that, for all but nitely many x, 2x
and h(2x) are in the same chain. Let
y0 = max(f t(x) : 2x and h(2x) are in distinct chains g):
Then, by (9) and our choice of y0 ,
(8y > y0 )[ t?1(y) is de ned () (9z 0 2 Ay )[ h(2t?1(y)) = z 0 ] ]: (10)
Observe that:
h(2t?1(y)) = z 0
(11)
() t?1(y) = 12 h?1(z 0 )
() t( 21 h?1(z 0 )) = y:
(12)
Since t and h?1 are polynomial-time computable, given y and z 0 , one can
in polynomial (in jyj + jz 0j) time check whether h(2t?1 (y)) = z 0 using (12),
and, if h(2t?1 (y)) = z 0 , compute t?1 (y) using (11). Since one can list all
the elements of Ay in polynomial (in jyj) time, it follows by (10) that, for
each y > y0 , one can determine t?1(y) in polynomial in jyj time. Therefore,
Lemma
t is p-invertible, a contradiction.
Using the lemma, we none ectively construct 1-li-equivalent sets A  N
and B  N 0 that are such that no p-invertible function m-reduces A to
B . The construction is in stages 0, 1, : : : . In each stage, the construction
\paints" a nite number of f; g-chains blue or red. A chain painted blue
has its N vertices in A and its N 0 vertices in B , and a chain painted red
has its N vertices in A and its N 0 vertices in B . Since A and B will be
constructed to respect f; g-chains, we shall have that f 1-li-reduces A to
B and g 1-li-reduces B to A. The construction eventually paints all chains
and never repaints a chain. Initially, all chains are unpainted.
Stage i. First, paint red each unpainted chain that has a vertex
less than i. Next, if i is not p-invertible, go on to stage i + 1.
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Otherwise, choose the least x such that C , the chain of x, is
unpainted and i (x) is in a chain C 0 distinct from C . (By the
lemma and the fact that each stage paints only nitely many
chains, such an x must exist.) If C 0 is painted, then paint C the
opposite color. If C 0 is unpainted, paint C blue and C 0 red. (In
either case, we now have x 2 A () i(x) 62 B .)
Clearly, A and B are as required.
It is fairly straightforward to make the construction of A and B e ective
and with careful programming the construction can be made to produce A
and B in EXP. Making A and B in addition 2-tt-complete for EXP is a
simple, clever trick which we refer the reader to [KLD87] for the details.
By Theorem 17, if one-way functions exist, there are two possible structures of the complete m-degree for EXP: either the degree collapses or it
contains sets that are 1-li-equivalent but not p-isomorphic. By Theorems
27 and 28, if one-way functions exist, both possible degree structures are
realized within the sets 2-tt-complete for EXP.25
By Theorems 16 and 18 the m-degrees of both RE and NEXP collapse
to 1-degrees. However, at present it seems possible that these degrees may
contain sets that are not even m-honest-equivalent. Fenner has shown that,
if P 6= PSPACE, there are 1-degrees that have this structure.
Theorem 29 ([Fen89] [FKR89]) Suppose P 6= PSPACE. Then there is
a noncollapsing 1-degree. In fact, there exist 1-equivalent sets that fail to
be m-honest-equivalent. Moreover, there are such sets that are also 2-ttcomplete for EXP.

The proof of this theorem is based in part on ideas from the Ko, Long,
and Du construction and on Bennett's work on reversible Turing Machines
[Ben89].
In related work, Fenner, Kurtz, and Royer show that, if P 6= PSPACE,
then there are 1-degrees that have a very strange failure of collapse.
Theorem 30 ([FKR89]) Suppose P 6= PSPACE. Then there is a non-

collapsing p-invertible degree, i.e., there exist p-invertible-equivalent sets
that fail to be p-isomorphic. Moreover, there are such sets that are also
2-tt-complete for EXP.

At present essentially nothing is known about the complete m-degrees
of NP and PSPACE. It is possible that these degrees contain sets that are
25
Theorem 28 shows the existence of a noncollapsing 1-li-degree provided oneway functions exist. We suspect that by combining the techniques of the proofs
of Theorems 27 and 28 one can show that, if one-way functions exist, then there
is an m-degree that collapses to a 1-li-degree, but not to a p-isomorphism type.
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not 1-equivalent. M-degrees that contain sets that fail to be 1-equivalent
do exist in \small" complexity classes as shown by
Theorem 31 ([KMR87a]) (a) Suppose t is fully time constructible (see
[HU79] for the de nition) and P  DTIME(t(n)). Then, there exists a
noncollapsing m-degree in DTIME(t(n)) ? P.
(b) There exists a 2-tt-complete m-degree in EXP that contains in nitely
many distinct 1-degrees.
Proof Sketch Terminology. A set A is p-subset-immune if and only if A

is in nite and it contains no in nite, polynomial-time decidable subsets.
A is p-enumeration-immune if and only if A is in nite and for each 1-1,
polynomial-time computable g, we have range(g) 6 A.
It is easy to show that if an m-degree contains a p-subset-immune set,
then the m-degree is noncollapsing, and if the m-degree contains a penumeration-immune set, then the degree is made up of in nitely many
di erent 1-degrees. It follows by a result of Geske, Huynh, and Seiferas
[GHS89, Theorem 4] that, for each t as in the hypothesis of part (a), there
is a p-subset-immune set in DTIME(t(n)) ? P. Hence, part (a) follows. By a
fairly straightforward diagonalization one can construct a p-enumerationimmune set that is 2-tt-complete for EXP. Hence, part (b) follows also.
The above results have been concerned with constructing degrees that
exhibit a certain amount of collapsing. For each of the noncollapsing cases
we have been content to simply build two sets that witness the form of noncollapse of interest, e.g., two non-1-li-equivalent sets in the case of Theorem
28. One can also consider the problem of describing the internal structure
of noncollapsing degrees. Mahaney [Mah81] showed that every noncollapsing m-degree contains an ! + 1 chain of sets ordered under 1-li-reductions
none of which sets are p-isomorphic to any of the others. Mahaney and
Young [MY85] later extended this result to

Theorem 32 ([MY85]) In each noncollapsing m-degree, any countable

partial ordering can be realized as a collection of pairwise non-p-isomorphic
sets ordered under 1-li-reductions.

1.7 Relativization Results
Thus far there has been little substantive said about degrees, complete
or otherwise, in NP and PSPACE. This is because there is not much to
report. Results about such degrees seem very hard to come by and seem
to be beyond conventional techniques. Relativizations can be used to give
a partial explanation of why this is the case.
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The purpose of relativization results is to informally establish that a
given property is independent of the standard diagonalization and simulation techniques of recursion and complexity theories, see [BGS75]. The
idea is this. The aforementioned techniques seem to be indi erent to the
presence of oracles in models of computation. That is, if with these techniques one can prove some property P of a standard model of computation,
say Turing machines, then it seems to be the case that, one can also prove
that P holds for Turing machines with an arbitrary oracle. Thus, if there
is an oracle A for which not P holds relative to A, it seems unlikely that
these standard techniques can provide a proof of P in the unrelativized
setting. Baker, Gill and Solovay [BGS75] illustrate this with oracles A and
B such that (i) relative to A we have P = NP and (ii) relative to B we
have P 6= NP. The interpretation of these two results is that the resolution
of the P versus NP question is beyond the scope of the standard diagonalization and simulation techniques. However, since we have not precisely
de ned what these standard techniques are, relativization results are only
an informal method of independence, and, thus, we cannot formally prove
that all such methods will relativize. On the other hand, most proofs using
these methods do indeed relativize.
Another use of relativization results is to establish the plausibility of
certain hypotheses. One can interpret computability relative to a given
oracle as a computational \possible world." Arguing the plausibility of
some fact based on an oracle result is usually a pretty tenuous proposition.
However, when the oracle in a relativatizion result is drawn from certain
special subclasses, arguing plausibility from an oracle result has somewhat
better support. We discuss this issue for the classes of sparse and random
oracles below.
For relativization results about the structure of m-degrees one needs
be careful about which machines (i.e., those for language acceptors, mreductions, and isomorphisms) have access to the oracle. Relativized settings in which both language acceptors and machines computing reductions
have access to the oracle are called full relativizations and those settings
in which just the language acceptors have access to the oracle are called
partial relativizations [Rog67, x9.3]. Partial relativizations are of interest
when studying the properties of actual m-reductions and p-isomorphisms.
For \independence" results as discussed above, full relativizations seem to
be the appropriate setting as machines accepting languages and computing
reductions are treated alike. All the relativization results stated below are
full relativizations.
The rst relativization result pertaining to the isomorphism conjecture
was due to Kurtz [Kur83] who constructed an oracle relative to which the
isomorphism conjecture failed. Recently this result was improved to
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Theorem 33 ([Kur88]) Relative to a generic oracle, the complete mdegree of NP is made up of multiple 1-degrees.

26

Building on the ideas in [Kur83], Hartmanis and Hemachandra showed
Theorem 34 ([HH87]) There is an oracle relative to which P = UP and
the complete m-degree of NP consists of multiple 1-degrees.
This is a charming result in that it provides a relativized world in which
both the isomorphism and the encrypted complete set conjectures fail. The
constructions for both Theorem 33 and 34 make the isomorphismconjecture
fail by building an oracle relative to which there is a \gappy" NP-complete
set A. By this we mean that there are in nitely many n such that f x 2
A : n  jxj  2n g is empty. The existence (in the unrelativized world) of
such a gappy NP-complete set runs counter to commonly held intuitions.
There is evidence that sparse oracles do not distort relationships among
complexity classes. For example, it has been shown that the unrelativized
polynomial-time hierarchy collapses if and only if there exists a sparse
oracle relative to which the polynomial-time hierarchy collapses [LS86]
[BBS86]. However, there is no evidence as to whether sparse oracle relativizations preserve ne details like the structure of the complete m-degree
for NP. Be that as it may, the proofs of Theorems 17, 27, 28, and 31 can
be modi ed to obtain

Theorem 35 ([KMR87b] [Lon88]) There exists a sparse oracle relative
to which the following holds:
 the complete m-degree for NP is a 1-li-degree;
 there is a collapsing degree that is 2-tt-complete for NP;
 there is a noncollapsing 1-li-degree that is 2-tt-complete for NP; and
 there is an m-degree that is 2-tt-complete for NP and that is made up
of multiple 1-degrees.

Goldsmith [Gol88] has related results obtained by somewhat di erent
techniques.
If one dropped the sparsity condition on the oracle in the above theorem,
then the result can be obtained trivially by choosing an oracle that makes
NP = EXP, in which case Theorems 17, 27, 28, and 31 would apply at
NP. However, it follows from [LS86, Theorem 3.2] that relative to a sparse
oracle, NP = EXP if and only if in the unrelativized case NP = EXP.
Until recently there was no known complexity class C for which there
were oracles A and B such that (i) relative to A the complete m-degree
for C collapsed and (ii) relative to B the complete m-degree for C failed
26

See [Rog67] and [Joc80] for a discussion of generic sets.
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to collapse. The breakthrough on this problem was made by Homer and
Selman.

Theorem 36 ([HS89]) (a) There exists an oracle relative to which the
complete m-degree of p2 collapses.
(b) There exists an oracle relative to which the complete m-degree of p2
fails to collapse.

The proof of part (b) is based on Kurtz's proof of an early version of
Theorem 33. To show part (a), Homer and Selman cleverly construct an
oracle A relative to which p2 = EXP and P = UP, pand thus, by Theorems
8 and 17, relative to A the complete m-degree of 2 collapses.
Shortly after Homer and Selman established Theorem 36, we showed

Theorem 37 ([KMR89]) Relative to a random oracle the complete 127

li-degrees of each of NP, PSPACE, EXP, NEXP, and RE all fail to collapse.

To establish the theorem, we show that scrambling functions exist relative to random oracles and then apply Theorem 25 above. The proof that
scrambling functions exist relative to random oracles involves an excursion
into measure theory which we spare the reader in this survey. See [KMR89]
for full details.
Putting together Proposition 24 and Theorems 36 and 37 we obtain

Corollary 38 (a) There is an oracle relative to which the complete mdegrees of each of NP, PSPACE, EXP, NEXP, and RE all fail to collapse.
(b) For each of PSPACE, EXP, NEXP, and RE, there is an oracle relative to which the complete m-degree of the class collapses.

Proof Sketch Part (a) follows directly from Theorem 37. The PSPACE
portion of part (b) follows from Homer and Selman's proof of Theorem
36(a). The rest of part (b) follows from Proposition 24 and the existence
of an oracle that makes P = NP.
An oracle that is notable for its absence in Corollary 38 is one that
makes the original Berman and Hartmanis isomorphism conjecture true.
27
We say that a relativized statement T X holds measure one if and only if
the set f R : T R g has measure one. We say a set is random if and only if it
satis es all arithmetically de nable properties of measure one. Thus, to show an
arithmetically de nable property holds relative to a random oracle, it suces to
show that the property holds measure one. Computability relative to a random
oracle (very) roughly models computability under the hypothesis that strong,
polynomial-time computable, pseudo-random functions exist. If one believes that
such functions do exist, then random oracle results may be indicative of what is
true about unrelativized computability.
Note that the notion of random set de ned above is distinct from Chaitin's
which is based on algorithmic incompressibility. There are Chaitin-random sets
that are not random in the sense de ned above.
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The question of whether there is such an oracle is open and seems very
dicult. When it was originally put forth, the isomorphism conjecture embodied some of the clearest insights into the structure of the NP-complete
sets. It is ironic, then, that it seems so hard to obtain even a relativized
con rmation of the conjecture.
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