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1 Introduction
The wish to consider rewriting systems with bound variables emerges naturally.
The various equations with bound variables that are present in both logic and
mathematics give rise to rewrite rules as soon as they are oriented. The -axiom
of lambda-calculus is oriented as (x:M )N ! M [x := N ]. The so-obtained
rewriting system was used to provide consistency proofs. Another well-known
equation with bound variables is the axiom for -recursion. Its usual orientation
gives rise to the rewrite rule x:M ! M [x := x:M ]. Equivalences in logic
may contain bound variables, like in :9x:P (x) $ 8x::P (x). Also these equivalences can be turned into rewrite rules. Moreover, rules for proof normalisation
may contain bound variables. Many equations occurring in mathematics contain
bound variables,R for instance
R
R if derivatives or integrals are present, like in
f (x) + g(x)dx = f (x)dx + g(x)dx. Some aspects of the theory of a set
of equations can be studied by considering the equations as rewrite rules, as is
also done for rst-order equations without bound variables. Further, functional
programming languages may contain speci cations of functions that take functions as arguments, like for instance the function map that takes as argument a
function and a list, and that applies the function to every element of the list.
This explains the need for a unifying theory of higher-order rewriting, where
the rewrite rules may contain bound variables.
The present paper aims at providing readers familiar with rst-order term
rewriting some intuitions of higher-order rewriting. The important feature of
higher-order rewriting is that besides all rst-order rewrite rules also rules with
bound variables, like the ones for and , can be expressed. I focus on two
subjects in the theory of rewriting, namely con uence and termination, and
discuss how some results concerning these subjects can be generalised from the
rst-order to the higher-order case. It is certainly not the intention to present this
generalisation in a completely formal way; I just try to explain what diculties
arise due to the presence of bound variables, and how they can be overcome.

Very generally speaking, the additional combinatorial complexity of higherorder rewriting compared to rst-order rewriting is caused by the possibility of
nesting. For instance in the higher-order term rewriting system ff (x:z (x)) !
z (z (x)); g(z ) ! h(z )g we have a rewrite step f (x:g(x)) ! g(g(x)) in which the
redex g(x) is duplicated and the two residuals are nested. One of the consequences of this phenomenon is that invariants used in proofs should be closed
under substitution. This theme plays a r^ole throughout the paper.
A systematic study of rewriting systems with bound variables starts with the
work by Klop, who introduces in [16] the class of combinatory reduction systems.
Another impulse for the study of rewriting with bound variables originates in the
work by Nipkow, who de nes in [22] the class of higher-order rewrite systems.
Combinatory reduction systems form a generalisation of the class of contraction
schemes de ned in [1], and can more generally be seen as standing in a tradition
where extensions of lambda-calculus are studied. Examples of such extensions
are lambda-calculus extended with in nitely many -rules that test for equality
of closed normal forms, de ned by Church (see [3]), lambda-calculus with rules
for surjective pairing, and the class of (a)-reductions which consists of lambdacalculus with constants and rewrite rules for these constants [10]. Higher-order
rewrite systems were introduced with the aim to study the meta-theory of systems like Isabelle and -Prolog.
The presentation of higher-order rewriting systems in this paper is mainly
based on [25, 32], which builds on [16, 22]. However, I would like to stress that
the actual format of higher-order rewriting is not of the utmost importance
here, since the paper is informal in nature. Moreover, the essence of concepts
and proofs does not depend on the details of the chosen format.
For various purposes other classes of rewriting systems with bound variables
are introduced in the literature. To mention a two of them: expression reduction systems [15] are similar to combinatory reduction systems, but have been
introduced independently, and interaction systems [2] form a subclass of combinatory reduction systems that is introduced for the study of optimality. It is
not hard to adapt the presentation of these two classes of systems, and of the
one of combinatory reduction systems and higher-order rewrite systems, to the
presentation of higher-order rewriting as chosen for this paper.
Although the theory of higher-order rewriting is not as widely developed as
the one of lambda-calculus or rst-order rewriting, it is nevertheless by no means
possible to give a complete overview in the present paper. Readers interested in
the theory of equational reasoning and narrowing for higher-order rewriting are
referred to [23, 30] and the literature mentioned there. Further, results concerning
con uence and termination can be found in detail in [16, 25, 19, 29, 32].
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a source of inspiration. I wish to thank Jean-Pierre Jouannaud, Aart Middeldorp,
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2 Higher-Order Rewriting
We assume a set of base types. A simple type, usually shortly called a type, is
either a base type or an expression of the form A ! B , with A and B types. For
every type A a set consisting of in nitely many variables of type A is assumed.
Variables are written as x; y; z; : : :, if necessary decorated with their types.
A signature is a set of function symbols with a unique type. Function symbols
are written as f; g; h; a; b; : : :; sometimes a more suggestive notation is used.
A preterm of type A is a simply typed lambda-term of type A, inductively
de ned as follows, where s : A denotes that s is a preterm of type A:
1. variables of type A and function symbols of type A are preterms of type A,
2. if x is a variable of type A, and s : B , then x:s : A ! B ,
3. if s : A ! B and t : A, then st : B .
Preterms are denoted by s; t; r; : : :. Note that abstraction is written as x:s instead
of x:s. In the preterm x:s, occurrences of the variables x in s are bound. A
variable occurrence that is not bound is said to be free. A preterm without
bound variables is closed. Preterms are considered up to the equivalence relation
generated by the renaming of bound variables, or -conversion.
In the remainder of this paper, all preterms are supposed to be in long-normal form (also written as  -normal form). That means that every subterm
has the maximal number of arguments according to its type. Note that every
type can be written as A ! : : : ! An ! B with B a base type. In an -normal
form, a function symbol of type A ! : : : ! An ! B occurs always in a subterm
of the form fs : : : sn with s : A ; : : : ; sn : An , and similarly for variables. This
permits to adopt the functional notation f (s ; : : : ; sn ) instead of the applicative
notation fs : : : sn , and similarly for variables; this is often done in the sequel.
A sequence of expressions e is usually abbreviated as e.
We work modulo the equivalence generated by the -reduction rule, which
is given as (x:s)t ! s[x := t], with s and t arbitrary preterms. Here s[x := t]
denotes the result of substituting t for every free occurrence of x in s, renaming
variables if necessary in order to avoid unintended capture of variables.
We make use of the facts that -reduction is con uent and terminating on
simply typed lambda-calculus, and that the set of -normal forms is closed under
-reduction. Every -equivalence class of preterms contains a unique -normal
form, which is used as a representative. Such a representative is called a term.
Terms are the objects that are rewritten in a higher-order rewriting system.
For the de nition of a rewrite rule we rst need to introduce the notion of a
rule-pattern, which is a slight adaptation of the notion of pattern introduced in
[21]. A rule-pattern is a term of the form x:f (s) such that, rst, every xi 2 x
occurs free in f (s), and second, every xi 2 x occurs only in subterms of the form
xi (y ; : : : ; ym ) with y ; : : : ; ym the -normal forms of di erent bound variables
not among x. The terms z:f (z ) with z of some base type, and z:f (x:z (x)) with
z of type A ! B with B a base type, are examples of rule-patterns. The term
z:f (z (x)) is not a rule-pattern because x is not bound, the term z:f (x:z (x; x)) is
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not a rule-pattern because the arguments of z are not di erent bound variables,
and the term z:z is not a rule-pattern because there is no occurrence of a function
symbol after the outermost abstractions.
A rewrite rule of a higher-order rewriting system is de ned as a pair of closed
terms of the form z:l ! z :r, with z :l a rule-pattern. In this paper, a higher-order
rewriting system is usually described by giving the set of its rewrite rules.
The next thing to de ne is the rewrite relation of a higher-order rewriting
system. To that end we need to introduce the notion of context. We use the
symbol A , or simply , to denote a variable of type A that is supposed to be
free. A context of type A is a term with one occurrence of A . The preterm
obtained by replacing A by a term s of type A is denoted by C [s].
Now the rewrite relation of a higher-order rewriting system, denoted by !,
is the relation on terms that is de ned as follows: we have s ! t if there is a
context C of type A, and a rewrite rule l ! r with l and r of type A, such that
s is the -normal form of C [l] and t is the -normal form of C [r]. That is, such
a rewrite step can be decomposed as
s  C [l] ! C [r]  t
where  denotes -reduction to -normal form. The requirement that the lefthand side of a rewrite rule must be a pattern makes the rewrite relation decidable
[21].
In rst-order term rewriting, a rewrite step is usually de ned as C [l] !
C [r], with l ! r a rewrite rule, C a context, and  an assignment. In higherorder rewriting, simply typed lambda-calculus with -reduction is used to assign
values to free variables in rewrite rules. Therefore lambda-calculus is called the
substitution calculus of higher-order rewriting as de ned here. It is possible to
consider other calculi as substitution calculus. As a matter of fact, the substitution calculus of combinatory reduction systems and of expression reduction
systems is not simply typed lambda-calculus with reduction to -normal form,
but untyped lambda-calculus with complete developments.
The rewrite rule f (z ) ! g(z ), in the usual format of rst-order term rewriting, induces for instance a rewrite step f (a) ! g(a). This rewrite rule is now
written as z:f (z ) ! z:g(z ), and the rewrite step f (a) ! g(a) is obtained as
follows: f (a)  (z:f (z )) a ! (z:g(z )) a  g(a).
The signature of lambda-calculus consists of the two function symbols app :
term ! term ! term and abs : (term ! term) ! term. Here term is the only
base type; intuitively speaking it stands for the set of lambda-terms. The rewrite
rules are given as follows:
z:z 0: app(abs(x:z (x)); z 0 ) !b z:z 0: z (z 0)
z: abs(x:app(z; x)) !e z: z
The rewrite step app(abs(x:x); y) !beta y is obtained as follows:
app(abs(x:x); y)  (z:z 0 :app(abs(x:z (x)); z 0 ))(x:x)y !b (z:z 0:z (z 0 ))(x:x)y  y:
Usually we adopt the convention that the outermost abstractions of rewrite rules
are not written, that is, we write l ! r instead of z:l ! z:r.
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3 Con uence
A rewriting system is con uent if every two divergent rewrite sequences can be
joined; that is, whenever t0  s  t there exists a term r with t0  r  t.
Con uence is an important property because it guarantees that normal forms
are unique. Moreover it provides a method to prove consistency. In this section
we discuss some results concerning con uence of higher-order term rewriting.

3.1 Orthogonality
A rst general con uence result for rst-order term rewriting systems is the one
stating that orthogonal term rewriting systems are con uent [33]. Orthogonality
of a rewriting system roughly speaking expresses that rewrite steps are independent. In the setting of rst-order term rewriting, it is usually formalised by
two requirements imposed on the rewrite rules. These requirements arise from
an analysis of the di erent ways in which contraction of a redex can destroy
another redex that is present in the same term.
First, a redex u can be destroyed by contraction of a redex u0 if two subterms
in u must be identical and contraction of u0 changes one of them. For example
in the step f (a; a) ! f (b; a) in the term rewriting system fa ! b; f (x; x) ! bg,
the redex f (a; a) is destroyed by contraction of the leftmost redex a. This kind
of interference may cause a rewriting system to be non-con uent: in the term
rewriting system ff (x; x) ! a; f (x; g(x)) ! b; c ! g(c)g given in [11], we have
both f (c; c) ! a and f (c; c)  b. Another example, given in [16], is the term
rewriting system fd(x; x) ! e; c(x) ! d(x; c(x)); a ! c(a)g. We have c(a)  e
and c(a)  c(e). The source of non-con uence as illustrated here is ruled out by
requiring the term rewriting system to be left-linear, which means that variables
are not allowed to occur more than once in the left-hand side of a rewrite rule.
Second, a redex u can be destroyed by contraction of a redex u0 if that contraction changes one or more symbols in the pattern of u. Consider for instance
the term rewriting system fa ! b; f (a) ! cg. In the step f (a) ! f (b), the redex
f (a) is destroyed by the contraction of the redex a. The redexes a and f (a)
are said to be overlapping in the term f (a). Clearly, the presence of overlapping redexes can cause a rewriting system to be non-con uent. Ruling out this
source of non-con uence can be done by requiring that in all terms all redexes
are non-overlapping. This requirement is guaranteed by a condition concerning
the rewrite rules only; the formulation of this condition uses some additional
terminology that we discuss now.
A critical pair arises from a most general way in which two redexes can be
overlapping. Consider for example the term rewriting system fa ! b; f (a; x) !
g(x)g. The term f (a; x) can be rewritten to f (b; x) by an application of the
rst rewrite rule, and to g(x) by an application of the second rewrite rule. The
pair of terms (f (b; x); g(x)) is said to be a critical pair. The requirement of
maximal generality concerns the surroundings of the two redexes that give rise
to the critical pair. The intuition is that the surroundings should be taken to be
minimal. For instance, the symbol g is not essential for the overlap between the

redexes a and f (a; x) in the term g(f (a; x)); hence (g(f (b; x)); g(g(x))) is not a
critical pair. The symbol b is not essential for the overlap between the redexes a
and f (a; b) in the term f (a; b); hence (f (b; b); g(b)) is not a critical pair either.
The absence of critical pairs in a term rewriting system guarantees that in
all terms all redexes are non-overlapping.
A rst-order term rewriting system is de ned to be orthogonal if all its rules
are left-linear and it has no critical pairs. At some places in the literature the
de nition of orthogonality requires instead of the absence of critical pairs that
in all terms all redexes are non-overlapping; the two formulations are equivalent.
Now the question arises whether the intuition of orthogonality, namely that
rewrite steps are independent, is also for higher-order systems properly captured
by requiring that rewrite rules are left-linear and that there are no critical pairs.
As it turns out, the presence of bound variables does not yield another way
in which contraction of a redex can destroy another redex. Note, however, that
there is another way in which contraction of a redex can create another redex: by
erasure of a bound variable a redex can be created for a rule with a so-called nonoccur check. This happens for instance in the rewrite step f (x:g(x)) ! f (x:a)
in the rewriting system ff (x:z ) ! a; g(x) ! ag. This phenomenon plays a r^ole
in the study of termination rather than in that of con uence.
So the de nition of orthogonality for higher-order term rewriting systems
is in essence the same as for rst-order term rewriting systems. However, in
particular the de nition of critical pair is technically more complicated. Also
uni cation of higher-order patterns is technically more complicated than that of
rst-order terms; it still decidable [21] and moreover has linear complexity [31].
Here we do not give a completely formal de nition of critical pair, which can be
found for instance in [22, 18].

De nition 1.

1. A rewrite rule x:l ! x:r of a higher-order rewriting system is left-linear if
every variable x 2 x occurs exactly once in l.
2. Let C [ls] = gt indicate a most general overlap between two redexes, with
l ! r and g ! d rewrite rules. Then (C [rs]; dt) is a critical pair.
Note that a critical pair is ordered. If the context C in the de nition is the empty
one, then the rewrite rules l ! r and g ! d must be di erent. The critical pair
of lambda-calculus with -reduction is (app(z; z 0); app(z; z 0)); it arises from the
most general overlap in app(abs(x:app(z; x)); z 0 ). The de nition of orthogonality
is now the same as the one for rst-order term rewriting.
De nition 2. A higher-order rewriting system is orthogonal if it has no critical
pairs and all its rewrite rules are left-linear.
There are two important methods to prove that orthogonal rewriting systems are
con uent. The remainder of this subsection is devoted to a discussion of these
two methods. The rst one, that of simultaneous reduction, makes essential use
of the structure of the expressions that are rewritten. The second one, that uses
complete developments, is more abstract in nature. Both apply to higher-order
rewriting systems, so we have the following result.

Theorem 1. Orthogonal higher-order rewriting systems are con uent.
Simultaneous Reduction. First we discuss a method to prove con uence that
makes use of simultaneous reduction. It is introduced by Tait and Martin-Lof
in their proof of con uence of lambda-calculus with -reduction, see [3]. The
outline of this method is as follows: we inductively de ne a relation ) satisfying
the following two properties:

1. It has the diamond property, that is, t0 ) r ( t whenever t0 ( s ) t.
2. Its re exive-transitive closure equals the rewrite relation ().
It is not dicult to see that this indeed yields con uence of rewriting.
For rst-order term rewriting systems, one can take for ) parallel rewriting. This is the relation that contracts a set of redexes that are in parallel in
one step. For instance, in the rewriting system fa ! a0 ; f (x) ! f 0 (x)g, where
there is moreover a binary function symbol g, we have g(a; a)?!
jj g(a0 ; a0 ). The
two redexes in the term f (f (x)) are not parallel but nested, and hence we do
not have f (f (x))?!
jj f 0 (f 0 (x)). Note however that f (f (x))?!
jj f 0 (f (x)) and
0
f (f (x))?!
jj f (f (x)) both hold. The relation ?!
jj is de ned inductively. The rule

l?!
jj r
with l ! r a rewrite rule and  an assignment, expresses that redexes can be
contracted, and the rule

jj s0n
s ?!
jj s0 : : : sn ?!
f (s ; : : : ; sn )?!
jj f (s0 ; : : : ; s0n )
permits to do so in parallel. Finally, there is the rule x?!
jj x, with x a variable.
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The relation ?!
jj is re exive and compatible with the term structure. It can
be shown that the re exive-transitive closure of the parallel rewriting relation
equals , and moreover that ?!
jj satis es the diamond property.
It is possible adapt the de nition of ?!
jj to the case of higher-order rewriting, and to show that its re exive-transitive closure equals the rewrite relation. However, due to the possibility of nesting, ?!
jj doesn't have the diamond
property. Consider for instance the higher-order rewriting system ff (x:z (x)) !
z (z (a)); g(z ) ! h(z )g. We have f (x:g(x))?!
jj g(g(a)) and f (x:g(x))?!
jj f (x:h(x))
but not g(g(a))?!
jj h(h(a)) (note however that we do have f (x:h(x))?!
jj h(h(a))).
In lambda-calculus there is also the possibility of nesting of redexes. Indeed, the de nition of ?!
jj adapted to lambda-calculus does not satisfy the
diamond property either: we have (x:(y:x)I ))(II )?!
jj (y:II )I and on the
other hand (x:(y:x)I ))(II )?!
jj (x:x)I but there is no lambda-term M such
that (y:II )I ?!
jj M and (x:x)I ?!
jj M .
The relation used by Tait and Martin-Lof in their proof of con uence is
essentially di erent from parallel rewriting in that it permits to contract any set
of redexes in a term in one step. The important clause in the de nition of this
relation, which we denote here by ?!
 , is as follows:

M ?!
 M 0 N ?!
 N0
0
(x:M )N ?!
 M [x := N 0 ]

This suggests that for higher-order rewriting we should de ne instead of ?!
jj a
relation, which we denote by ?!
 as the one for lambda-calculus, with

s ?!
 s0 : : : sn ?!
 s0n
ls : : : sn # ?!
 rs0 : : : s0n #
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where # denotes -reduction to normal form. Further, ?!
 must be compatible
with the term structure. Note that, reconsidering the example give above, we
have g(g(a))?!
 h(h(a)). We call the relation ?!
 here simultaneous reduction ;
it is also sometimes called parallel reduction.
The relation ?!
 can be de ned for left-linear higher-order rewriting systems.
For orthogonal higher-order rewriting systems, it can be shown that the re exivetransitive closure of ?!
 equals , and further that ?!
 satis es the diamond
property. As a consequence, we have the result that orthogonal higher-order
rewriting systems are con uent.
Finite Developments. The second method to prove con uence we discuss is the
one using developments. It is more abstract in nature than the one using simultaneous reduction, and can therefore more easily be adapted to situations
where the rewriting system is not quite orthogonal or where the structures that
are rewritten are not quite terms. Developments are used to show con uence of
lambda-calculus in [5] and to show con uence of combinatory reduction systems
in [16]. We follow here basically the account presented in [25, 26].
The idea is to de ne a relation ) with !  )   that satis es moreover
the following diagram:
//


// // 

Con uence follows then by an easy induction, since the diagram above and the
fact that !  ) permit to construct the projection of a rewrite sequence d over
a rewrite step, yielding a rewrite sequence e as follows:
0

//

s

0

// //

t

d:

s

e:

t



1

//

s

1

// //

t



2

//

s

2

// //

t



//

3


3

// //

:::
:::

The second method to prove con uence now proceeds as follows. We de ne a development of a set of redexes U as a special kind of rewrite sequence, namely one
in which only residuals of redexes in U are contracted. A development of U is said
to be complete if it cannot be extended, that is, there are no residuals of redexes
in U anymore. In general there can be di erent ways to perform a complete development, for instance f (a; a) ! f (b; a) ! f (b; b) and f (a; a) ! f (a; b) ! f (b; b)

are both complete developments of the set consisting of the two redexes a in
the term f (a; a). Further, it is a priori not clear whether performing a complete
development terminates at some point. The crucial step in the con uence proof
is the following result, which is called the Finite Developments Theorem.

Theorem 2. All complete developments of a set of redexes U are nite, end in
the same term, and induce the same descendant relation.

Hence all ways of sequentialising the contraction of a set of redexes are nite,
and essentially the same. As a consequence, the complete developments relation
satis es the diamond property, so we can take it for ).
We denote the complete developments relation just as simultaneous reduction
by ?!
 . This is justi ed since there is the following relation between simultaneous
reduction and complete developments: a proof of s?!
 t using the rules for
simultaneous reduction corresponds to a complete development in which the
redexes are contracted from the inside to the outside.
The proof of the Finite Developments Theorem is essentially more complex
for lambda-calculus and higher-order rewriting than for rst-order term rewriting systems, due the possibility of nesting. Consider for instance the higherorder rewriting system ff (x:z (x)) ! z (z (a)); g(z ) ! h(z; z )g. In the complete development f (x:g(x)) ! g(g(a)) ! h(g(a); g(a)) ! h(h(a; a); g(a)) !
h(h(a; a); h(a; a)), two residuals of the redex g(x) in the initial term rst get
nested and then the innermost one is duplicated by the outermost one.
The Finite Developments Theorem is not only useful to derive con uence,
but in any situation where a rewrite sequence is projected over a rewrite step.

3.2 Weak Orthogonality
The methods to prove con uence of orthogonal higher-order rewriting systems
both can be adapted to the case where critical pairs are allowed, but only if they
are of the form (s; s). Such a critical pair is said to be trivial. The notion of
trivial critical pair is used to de ne the class of weakly orthogonal higher-order
rewriting systems; the de nition is analogous to the one for the rst-order case.

De nition 3. A higher-order rewriting system is weakly orthogonal if it is leftlinear and all its critical pairs are trivial.
Examples of weakly orthogonal rewriting systems that are not orthogonal are

fa ! b; f (a) ! f (b)g and ff (x) ! f (b); f (a) ! f (b)g. Moreover, lambda-

calculus with both -and -reduction is a weakly orthogonal rewriting system.
Orthogonality is de ned in terms of the left-hand sides of the rewrite rules
only, whereas weak orthogonality concerns the right-hand sides of rewrite rules.
This explains why extensions from the orthogonal to the weakly orthogonal case
may cause considerable complications, also for rst-order rewriting.

Simultaneous Reduction. The method using simultaneous reduction can be extended to the weakly orthogonal case as follows. The idea is to proceed by
induction on a measure that roughly speaking counts the overlap between two
co-initial steps s?!
 t and s?!
 t0 . In case there is no overlap, we proceed as
in the orthogonal case. In case there is overlap, we take minimal overlapping
redexes u and u0 such that u is contracted in s?!
 t and u0 is contracted in
s?!
 t0 . Since all trivial pairs are trivial, we have that contracting u yields the
same term as contracting u0 , say s0 . The proof proceeds now by showing that
s0 ?!
 t and s0 ?!
 t0 , and that the measure of this divergence is smaller than that
of the original one. If follows then by induction that ?!
 satis es the diamond
property. The proof is illustrated by the following diagram.

s ??

88// t
qqq
q
q
qq
qq
q
q
qq
s0



 


 
 

// r

t0


??
??
??


Finite Developments. The proof using developments is adapted to the case of
weakly orthogonal systems as follows [25]. First, complete developments are dened for sets of redexes that are pairwise non-overlapping. It turns out that this
is sucient to ensure that complete developments can be de ned properly; a
global condition on the whole set of redexes under consideration is not necessary. The aim is to show that whenever s ! t, by contracting a redex u, and
s?!
 t0 , by contracting a set of redexes V we have that there exists a term r such
that t?!
 r and t0 ?!
 r:

s u // t
V


t0




//

r

There are two possibilities. Either the redex u doesn't overlap with any redex in
the set V . In that case both t and t0 rewrite by a complete development to the
term obtained by performing a complete development of fug[ V , starting in s. In
the other case, there is a redex v in the set V such that u and v are overlapping,
and hence give rise to a critical pair. Since all critical pairs are trivial, we have
that s also rewrites to t by contracting the redex v instead of u. Now we have
that t rewrites to t0 by performing a complete development of all residuals of V
in t.

3.3 Critical Pairs
In the previous subsection we have seen that for left-linear systems, con uence
holds if all critical pairs are trivial. Further, we have seen examples showing that
a term rewriting system that is not left-linear need not be con uent, even in the
absence of critical pairs. A natural next step is to investigate to what extent
the condition on critical pairs can be relaxed while maintaining con uence, or a
weaker version of it.
Huet [11] (see also [17]) shows that a rst-order term rewriting system is
locally con uent (that is, t0  r  t whenever t0 s ! t) if all its critical
pairs are con uent. A critical pair (s; s0 ) is said to be con uent if s and s0 have a
common reduct. Using Newman's Lemma, con uence of a terminating rst-order
term rewriting system follows from con uence of its critical pairs.
The idea of the proof as given in [11] is globally as follows. Consider two
co-initial rewrite steps s ! t, obtained by contraction of a redex u, and s ! t0 ,
obtained by contraction of a redex u0 . If u and u0 do not overlap, an analysis of
their relative positions yields that a common reduct of t and t0 can be found.
Now suppose that u and u0 are overlapping redexes and let u0 be above u. The
key auxiliary result states that in that case there must be a critical pair (r; r0 )
such that t = C [r] and t0 = C [r0 ]. Since critical pairs are con uent, r and r0
have a common reduct. As a consequence, t and t0 have a common reduct.
The result of [11] is generalised to higher-order term rewriting systems by
Nipkow [22, 18]. The proof proceeds basically as in the rst-order case, but it is
technically signi cantly more dicult to show the key auxiliary result.

Theorem 3. A higher-order rewriting system is locally con uent if all its critical pairs are con uent.

Consider for example the rewrite rules for surjective pairing: f ((z; z 0 )) !
z;  ((z; z 0)) ! z 0 ; ( (z );  (z )) ! z g. There are two critical pairs, namely
((z;  ((z; z 0))); (z; z 0 )) and (( ((z; z 0)); z 0 ); (z; z 0 )). Both are con uent.
As a consequence, the rewriting system is locally con uent. Note that also local con uence of lambda-calculus with -reduction extended with the rules for
surjective pairing is obtained as an application of the theorem above.
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3.4 Development Closed
For left-linear rewriting systems that are not terminating, con uence of the critical pairs does not guarantee con uence of the rewriting system. This is for
instance illustrated by the rewriting system fa ! b; a ! c; b ! a; b ! dg.
Huet [11] formulates a criterion on critical pairs that is stronger than the one
of being only con uent, and shows that it is a sucient condition for con uence of
left-linear rst-order term rewriting systems. This criterion is as follows: if (s; t)
is a critical pair, then we have s?!
jj t. A critical pair satisfying this criterion is
said to be parallel closed, and a rewriting system is said to be parallel closed if
all its critical pairs are so. This result yields for instance con uence of the term

rewriting system ff (g(x); b) ! f (g(x); b0 ); g(a0 ) ! g(a); a ! a0 ; b ! b0 g, because
for the critical pair (f (g(a); b); f (g(a0 ); b0 )) we have f (g(a); b)?!
jj f (g(a0 ); b0 ).
Van Oostrom extends in [26] the result that parallel closed rewriting systems
are con uent to the higher-order case. The skeleton of the proof is the same as
that for rst-order rewriting, but the di erence is that now another invariant is
needed: instead of parallel reduction (?!
jj ) the relation of complete developments
(?!
 ) is used. Correspondingly, the requirement that all critical pairs are parallel
closed can be relaxed: instead, for every critical pair (s; t) it is required that
s?!
 t, that is, there is a complete development from s to t. A critical pair
satisfying this criterion is said to be development closed, and a rewriting system
is said to be development closed if all its critical pairs are so. The result of [26]
states that a left-linear higher-order rewriting system is con uent if all its critical
pairs are development closed; this is an extension of the result that parallel closed
rewriting systems are con uent also if only rst-order rewriting is considered.
The skeleton of the proof is as follows. We look for a rewriting relation )
such that the diamond property of ) implies con uence of !. For proving the
diamond property of ), suppose that s ) t and s ) t0 . We proceed by induction
on some measure that roughly speaking counts the overlap between those two
steps. So rst we need to prove the diamond property of ) in the case that the
measure is zero, that is, there is no overlap between the steps s ) t and s ) t0 . In
case the measure is greater than zero, we single out a critical divergence between
the step s ! t , obtained by contracting some redex u, and the step s ! t0 ,
obtained by contracting some redex u0 . Suppose that the condition imposed on
critical pairs yields that t0 t . Now the following is shown:
 We have t ) t and t0 ) t0 .
 The steps t0 t and0 t )0 t can be joined to form a step t0 0) t.
 The new divergence t ( t ) t is smaller than the old one t ( s ) t.
It then follows then ) has the diamond property, which yields con uence of !.
The proof idea is illustrated in the following diagram.
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For rst-order rewriting [11], parallel reduction (?!
jj ) is taken for ). For higherorder rewriting this doesn't work since it doesn't satisfy the diamond property.
Instead, the complete development relation (?!
 ) is taken for ) [26].
Another question is what should be taken for . It is needed that  ),
and the result is the strongest if = ). The latter is indeed done in both cases.

It is more dicult to show that the ?!
 -step joining the critical pair and the
remainder of the original ?!
 -step can be combined into a new ?!
 -step than to
show the analogous statement for the parallel rewriting relation ?!
jj . Also the
argument that the measure decreases is more complex in the higher-order than
in the rst-order case.

Theorem 4. A left-linear higher-order rewriting system is con uent if it is development closed.

As an application of this result, we obtain that the higher-order term rewriting system ff (g(x:z (x))) ! f (z (z (a))); g(x:h0 (x)) ! h(h(a)); h(x) ! h0 (x)g is
con uent, because for the critical pair (f (h(h(a))); f (h0 (h0 (a)))) we have that
f (h(h(a)))?!
 f (h0 (h0 (a))).

4 Termination
A rewriting system is terminating if it does not admit in nite rewrite sequences;
then all rewrite sequences end in a normal form. For rst-order rewriting, a lot
of techniques and methods to prove termination exist. The theory of termination
of higher-order rewriting is so far signi cantly less well-developed. In this section
we discuss two important methods to prove termination that are extended to the
higher-order case. The last subsection is concerned with a normalising strategy.

4.1 Termination Models
Termination of a rewriting system can be proved by mapping every term to
an element of a non-empty set A that is equipped with a well-founded partial
order >, in such a way that [ s] > [ t] whenever s ! t, where the mapping is
denoted by [ :] . For rst-order term rewriting, this means that we need to have
[ C [l]]] > [ C [r]]] for every rewrite rule l ! r, context C , and assignment . It
is clearly desirable to eliminate some of the quanti cations here.
This is done in the method using termination models: here a requirement
concerning the rewrite rules guarantees the inequality [ C [l]]] > [ C [r]]] to hold
for every context C and every assignment . A termination model for a rst-order
term rewriting system is an algebra for the signature of the rewriting system in
which the terms can be interpreted as usual, with the following properties:
1. The algebra is equipped with a well-founded partial order >.
2. The functions f : An ! A of the algebra are required to be monotonic in
the following sense: f (: : : ; a; : : :) > f (: : : ; a0 ; : : :) whenever a > a0 .
3. For every rewrite rule l ! r and assignment  we have [ l] > [ r ] .
In fact, instead of the last requirement a condition on the algebraic side is formulated in terms of valuations; that condition implies the last requirement as
above. The second requirement yields that [ C [s]]] > [ C [t]]] whenever [ s] > [ t] .

Huet and Oppen [12] and Zantema [37] prove that a rst-order term rewriting
system is terminating if and only if it has a termination model. This result
provides a complete but not algorithmic method for proving termination.
Van De Pol presents in [28, 29] a generalisation of this result to the higherorder case. This generalisation makes use of ideas that are also present in the
work by Gandy [7] and De Vrijer [35, 36] on termination of simply typed calculus. For every type A, the set of functionals of type A is de ned by induction
on the de nition of simple types: a base type is interpreted as some xed nonempty set, and an arrow type A ! B is interpreted as the function space [ A] )
[ B ] , where we use the notation [ :] also for the interpretation of types.
In order to prove termination of simply typed -calculus, the I -terms (terms that cannot erase arguments, for instance x:y is not a I -term) are
interpreted as certain functionals, called the hereditarily monotonic ones, which
come equipped with an ordering. This interpretation cannot be used for proving
termination of a higher-order rewriting system for the following reason. First,
contraction of a -redex yields a decrease in the ordering, whereas in higher-order
rewriting we work modulo and hence contraction of a -redex shouldn't change
the interpretation. Second, for proving termination of higher-order rewriting, the
ordering should be adapted to make it closed under contexts in  -normal form.
These two requirements together yield that the ordering must be re exive, which
makes it useless for proving termination.
The solution presented in [28, 29] is to de ne two sets of functionals: the
set of weakly monotonic functionals, and the set of strict functionals. Both come
equipped with an order. The rst is a superset of the set of hereditarily monotonic
functionals and can be used for the interpretation of arbitrary -terms, the
second is a subset of the set of hereditarily monotonic functionals and is used
for the interpretation of the function symbols and variables of a higher-order
rewriting system. Now all these ingredients are present in the de nition of a
termination model for a higher-order rewriting system, which is given as follows:
1. Every base type is interpreted as a well-founded partial order with some
additional property that guarantees the existence of weakly monotonic and
strict functionals for all types.
2. Function symbols of the higher-order rewriting system are interpreted as
strict functionals.
3. For every rewrite rule l ! r, we have [ l] > [ r] in the weakly monotonic
ordering.
The two key results for the termination method are now as follows. First, whenever [ s] > [ t] in the weakly monotonic ordering, we have in the strict ordering
that [ C [s]]] > [ C [t]]] with C a context in -normal form, provided that function
symbols and variables are interpreted strictly. Second, it is shown that [ s] = [ t]
if s and t are -equal. This is used to prove the following [28, 29].

Theorem 5. A higher-order rewriting system is terminating if it has a termination model.

The reverse of the statement does not hold; a simpli cation of a counterexample
in [14] is given in [29]. The restriction that left-hand sides of the rewrite rules
should be patterns is not necessary for the proof of the theorem. Further, a
corollary is that the combination of a terminating rst-order term rewriting
system and simply typed -calculus with -reduction is terminating.
To illustrate the use of termination models, we consider as an example
(taken from [29]) the higher-order rewriting system fand(z; forall(x:z 0 (x))) !
forall(x:and(z; z 0(x)))g with and : form ! form ! form and forall : (term !
form) ! form. Intuitively, term represents the set of terms and form represents
the set of formulas. Both are interpreted as the set of natural numbers. Further,
 and is interpreted as m; n: 2 N : (2  m + 2  n),
 forall is interpreted as f 2 N ) N : (f (0) + 1).
Now we have:
[ and(z; forall(x:z 0 (x)))]] = 2  [ z ] + 2  ([[z 0 ] (0) + 1)
> 2  [ z ] + 2  [ z 0 ] (0) + 1
= [ forall(x:and(z; z 0(x)))]]:

4.2 Recursive Path Ordering

An important method to prove termination of a rst-order term rewriting system
is the one using the recursive path ordering [6]. This ordering is roughly speaking
de ned by extending a well-founded ordering on function symbols in a recursive
way. The two key results concerning the recursive path ordering are that it is
a well-founded ordering on terms, and that l > r implies C [l] > C [r] for
every context C and every assignment . This yields the following method to
prove termination of a rst-order term rewriting system: de ne a well-founded
ordering on the function symbols and show that in its extension to the recursive
path ordering we have l > r for every rewrite rule.
Jouannaud and Rubio de ne in a recent paper [13] a generalisation of the recursive path ordering to higher-order terms, and show that it provides a method
to prove termination of higher-order term rewriting systems. The remarkable
feature of their proof is that Kruskal's Tree Theorem is not used to show wellfoundedness of the recursive path ordering.
To start with, we show that termination of the rst-order term rewriting
system ff (z; g(z 0)) ! g(f (z; z 0))g can be proved using the recursive path ordering. Taking f > g as ordering on the function symbols yields that f (z; g(z 0)) >
g(f (z; z 0)) in the recursive path ordering: rst, one is allowed to make copies
of f (z; g(z 0)) under a smaller function symbol (g), yielding g(f (z; g(z 0))), and
second, it is possible to get rid of the innermost symbol g by selecting only its
argument z 0, yielding f (z; g(z 0)) > g(f (z; z 0)).
Next, we reconsider the higher-order term rewriting system of the previous subsection fand(z; forall(x:z 0 (x))) ! forall(x:and(z; z 0(x)))g. The structure of
this rewrite rule is similar to the one of the rst-order example above. Taking as
ordering on the function symbols and > forall yields that and(z; forall(x: z 0 (x))) >
forall(x: and(z; z 0(x))) in the recursive path ordering de ned in [13].

4.3 Outermost-Fair Rewriting
It may occur that a term can be rewritten to normal form but is also the starting
point of an in nite rewrite sequence: consider for example the term f (a; b) in
the rewriting system ff (a; x) ! c; b ! bg. In such a situation it is important to
know how to rewrite the term such that eventually a normal form is obtained.
In the case of f (a; b), at some point the redex f (a; b) should be contracted in
order to reach the normal form c. A strategy can be seen as selecting one or more
redex occurrences in a term that is not in normal form. A strategy is said to be
normalising if repeatedly contracting redex occurrences selected by the strategy
yields a normal form whenever the initial term has one.
O'Donnell shows in [24] that the parallel-outermost strategy, which contracts
all redexes that are outermost in a term in one step, is normalising for rst-order
term rewriting systems that are left-linear, and where trivial critical pairs are
only allowed in a certain restricted form. A stronger result obtained in [24]
is that outermost-fair rewriting is normalising. A rewrite sequence is said to
be outermost-fair if every outermost redex occurrence is eliminated eventually.
For example, in the rewriting system fa ! a; b ! c; f (c; x) ! f (b; x)g, the
rewrite sequence f (b; a) ! f (c; a) ! f (b; a) ! : : : is outermost-fair, but the
rewrite sequence f (b; a) ! f (b; a) ! f (b; a) ! : : : is not. A parallel-outermost
rewrite sequence is outermost-fair, since in every step all outermost redexes are
eliminated. Hence normalisation of the parallel-outermost strategy is a direct
consequence of the normalisation of outermost-fair rewriting.
The idea of the proof that outermost-fair rewriting is normalising as given
in [24] is roughly as follows. Consider a term s that has a normal form s0 . The
intention is to show that all outermost-fair rewrite sequences starting in s end in
s0 . We x a rewrite sequence f : s  s0 and proceed by induction on its length.
If f consists of zero steps, there is nothing to prove. If f consists of one or more
rewrite steps, then it is of the form s ! t  s0 . Let d be an outermost-fair
rewrite sequence starting in s. Now the rewrite sequence d is projected over the
rewrite step s ! t, as in the following picture, where s = s and t = t:
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Then the following is shown:
1. If d is outermost-fair then e is outermost-fair.
2. If d is outermost-fair and e ends in a normal form r, then d also ends in r.
It now follows by the induction hypothesis that the outermost-fair rewrite sequence d ends in the normal form s0 of s.
We don't consider the proof in more detail here, but just discuss the restriction of left-linearity and the one imposed on critical pairs.

An important observation is that outermost-fair rewriting is not normalising if a redex that is not outermost can create an outermost redex. This can
happen if the rewriting system is not left-linear. Consider for instance fa !
b; f (x; x) ! b; g(x) ! g(x)g. The term f (g(a); g(b)) has a normal form, namely
b, but it is not reached by the outermost-fair rewrite sequence f (g(a); g(b)) !
f (g(a); g(b)) ! f (g(a); g(b)) ! : : : in which alternatingly the redexes g(a) and
g(b) are contracted. In a rewrite sequence from f (g(a); g(b)) to normal form, as
for instance f (g(a); g(b)) ! f (g(b); g(b)) ! b, the contraction of the redex a,
which is not outermost, creates the outermost redex f (g(b); g(b)).
Further, outermost-fair rewriting is not normalising if redex patterns interfere in an arbitrary way. The term a in the rewriting system fa ! a; a ! bg
has a normal form which is not reached by the outermost-fair rewrite sequence
a ! a ! a ! : : :. This interference is ruled out by forbidding the presence
of critical pairs. However, it doesn't show that it is necessary to restrict attention to systems without critical pairs. Actually, the result in [24] is obtained
for rewriting systems where a special kind of critical pairs is allowed, namely
the ones that are trivial and where the overlap is at the top. Rewriting systems
that are left-linear and have only this kind of trivial pair, caused by overlap at
the top, are said to be almost orthogonal. Almost orthogonal systems form a
superclass of the orthogonal systems, and a subclass of the weakly orthogonal
systems. The rewriting system ff (a) ! f (a); f (x) ! f (a)g is almost orthogonal
but not orthogonal. Note that its trivial critical pair is caused by an overlap at
the top. The critical pair in fa ! a; f (a) ! f (a)g is trivial but the overlap is
not at the top; this system is weakly orthogonal but not almost orthogonal.
The above discussion shows that it is necessary to restrict attention to leftlinear systems (otherwise outermost-fair rewriting need not be normalising). It
is however not yet clear whether the restriction to critical pairs that are trivial
and have overlap at the top is necessary. We come back to this point below.
The question arises whether the result of [24] can be extended to the higherorder case. It turns out that this is indeed the case, provided an additional
restriction on the rewriting systems is imposed. The point is that in higherorder rewriting, there is, due to the presence of bound variables, yet another
way in which a redex that is not outermost can create an outermost redex. As
a consequence, outermost-fair rewriting need not be normalising if this additional restriction is not imposed. The following example, due to Van Oostrom,
shows the essence of the problem: ff (x:z ) ! a; g(z ) ! g(z ); h(z ) ! ag. The
term f (x:g(h(x))) has a normal form: f (x:g(h(x))) ! f (x:g(a)) ! a. However, this normal form is not reached by the outermost-fair rewrite sequence
f (x:g(h(x))) ! f (x:g(h(x))) ! f (x:g(h(x))) ! : : :. Note that contraction of the
innermost redex h(x) creates an outermost redex, namely f (x:g(a)), by erasing
the bound variable; it is only possible to apply the rst rewrite rule to a term of
the form f (x:t) if t doesn't contain free occurrences of x. This way of creating
redexes is ruled out by disallowing the non-occur check as present in the example. Formally, this is done by requiring the rewrite rules to be fully extended, a
notion which is de ned as follows [9].

De nition 4.
1. Let z:l be a rule-pattern. An occurrence of z 2 z in l is fully extended if it
is of the form z (x ; : : : ; xn ) with x ; : : : ; xn all the variables bound above it.
2. A rewrite rule z:l ! z :r is fully extended if every occurrence of every zi 2 z
in l is fully extended.
3. A higher-order rewriting system is fully extended if all its rewrite rules are.
1

1

The rewrite rule z:f (x:z (x)) ! r is fully extended. The rewrite rules z:f (x:z ) !
r and abs(x:app(z; x)) ! z are not fully extended. Recall that z:f (x:z (x; y)) and
z:f (x:z (x; x)) are not even rule-patterns.
Now we come back to the restriction imposed on critical pairs. Recently, it is
shown in [27] that outermost-fair rewriting is normalising for weakly orthogonal
rewriting systems, where arbitrary trivial pairs are allowed. It seems that the
restriction to trivial critical pairs cannot be relaxed much more. Consider for
instance the rewriting system fa ! b; g(x) ! g(x); f (g(b)) ! bg. It is parallel
closed since we have f (g(b)) ! b. The term f (g(a)) has a normal form, namely b,
but it is not reached by the outermost-fair rewrite sequence f (g(a)) ! f (g(a)) !
f (g(a)) ! : : :. The proof presented in [27] is abstract in nature and applies also
to the case of higher-order rewriting. It makes use of ideas that are also present
in [34, 20, 8]. For proofs according to the sketch given above, see [24, 4, 32].

Theorem 6. Outermost-fair rewriting is normalising for higher-order rewriting
systems that are weakly orthogonal and fully extended.
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