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Abstract. We present a survey of nondi erentiable optimization problems and methods with
special focus on the analytic center cutting plane method. We propose a self-contained convergence
analysis, that uses the formalism of the theory of self-concordant functions, but for the main results,
we give direct proofs based on the properties of the logarithmic function. We also provide an in
depth analysis of two extensions that are very relevant to practical problems: the case of multiple
cuts and the case of deep cuts.
We further examine extensions to problems including feasible sets partially described by an
explicit barrier function, and to the case of nonlinear cuts. Finally, we review several implementation
issues and discuss some applications.
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1. Introduction. In a famous example, Wolfe [87] showed that standard optimization methods fail to solve a simple convex nondi erentiable optimization problem.
Since nondi erentiable problems often arise as the result of some mathematical transformation {e.g., Lagrangian relaxation or Benders decomposition{ of an originally
large, and perhaps intractable, problem, there is a de nite need for ecient methods.
This inspired and gave rise to a signi cant and sophisticated literature. Our goal is to
review this eld, with a special focus on a cutting plane method based on the concept
of analytical centers.
Convex nondi erentiable optimization can be characterized by the nature of the
information, which can be collected and used in the design of algorithms. Essentially,
one has to replace di erential by subdi erential calculus. At a test point, one can
compute subgradients of functions, i.e., supports to the epigraphs, and linear separators between the point and the feasible set. One often calls oracle the mechanism that
computes the cutting planes. Given a sequence of trial points, the oracle produces
cutting planes that provide a polyhedral outer approximation of the problem. The
main issue in the design of algorithms is to make a clever use of this information to
construct trial points.
Many methods exist. Some use part of the information (e.g., the most recently
generated cutting planes), some use all of it. We shall provide a brief survey of the
main approaches. A linear approximation often turns out to be a very poor representation of underlying nonlinearities. Cutting plane algorithms face the risk of choosing
trial points, which look attractive with respect to the polyhedral approximation, but
turn out to be almost irrelevant for the original problem. Therefore, most methods
propose a regularizing mechanism. Methods of centers exploit this idea: centers are
less sensitive to the introduction of cutting planes than are the extreme points of the
polyhedral approximation.
Among many possible centers, the analytic center of a polytope has a number
of advantages. The analytic center is an analytic function of the data describing the
polytope, and thus its sensitivity to changes in this data is highly predictable. Furthermore, interior point methods o er highly ecient and robust methods to compute
these centers. The analytic center cutting plane method (ACCPM) has been built on
that principle. The theory underlying the method has been studied in depth by several authors, who provided complexity estimates for the basic method and for several
of its enhancements. The method has been implemented; it has been also applied
with success to a wide variety of problems. Our intent here is to collect many results
and put them in a uni ed format to give the reader a general perspective on the
theoretical and practical properties of the method.
The paper is organized as follows. In Section 2, we review the best-known sources
of nondi erentiable optimization problems. In Section 3, we present the most prominent methods for solving them. In Section 4, we analyze the basic version of ACCPM,
in the context of a convex feasibility problem, endowed with an oracle producing one
central cut at a time. The analytic center is associated with the logarithmic barrier,
and the analysis relies very much on the properties of this function. The more general
class of self-concordant functions shares many properties of the logarithmic function:
it can be used to de ne more general analytic center cutting plane methods. Our
presentation of the method does not apply this larger class. Although we focus on
the logarithmic barrier, we used formulations that can be extended to self-concordant
functions, making it easy to establish links with more recent developments. In Section
5, we review two extensions that are very relevant in practice: the case of multiple
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cuts and deep cuts. We further examine extensions to problems involving feasible
sets partially described by an explicit barrier function, and to the case of nonlinear
cuts. Finally, in Section 6, we discuss implementation issues, and brie y mention
some applications.
Throughout the paper we use notation that is becoming more or less standard in
the eld of interior point methods.
The vector of all ones is denoted e = (1; : : : 1)T . To a given a vector x, we associate
the diagonal matrix X = diag(x). It is often necessary to take the component-wise
product of two vectors. This is the so-called Hadamard product, which we denote

sx = Sx = SXe = Xs = xs:
The scalar product between vectors a and b is denoted ha; bi. We may thus write
ha; bi = hab; ei:
Given a positive de nite matrix H , we de ne the norm associated with it by
kakH = hHa; ai:
If F : Rn 7! R is a twice di erentiable function, we denote its gradient as F 0 and its
Hessian as F 00 .
In presenting complexity estimates, we use the traditional notation O(:), \order
of". In some results, the bound on the number of iterations is the solution of a
complicated equation, with no closed form solution. We use the notation O (:) to
denote the dependance of the dominant terms in the solution.

2. Sources of nondi erentiable problems.
2.1. Lagrangian relaxation. The problem under investigation is
(2.1)
min ff (x) j h(x)  0; x 2 X g ;

where f is convex and h is a vector-valued convex function, while the set X is arbitrary,
and may, for instance, include integrality restrictions.
The standard Lagrangian is

L(x; u) = f (x) + hu; h(x)i;
where u is the vector of Lagrange multipliers or dual variables.
The weak duality relationship
min max L(x; u)  max
min L(x; u);
u0 x2X

x2X u0

holds under no assumptions (the convexity of f and g is not even necessary). The
left-hand side of the equation is the optimal value of the original problem, that is:
min max L(x; u) = min ff (x) j h(x)  0; x 2 X g :

x2X u0

The dual function L(u) = minx2X L(x; u) is a concave nondi erentiable function,
taking values in the extended reals. The dual problem maxu0 L(u) always provides a
lower bound on the original problem. If X is convex and classical regularity conditions
are satis ed, the optimal value of the dual problem equals the optimal value of the
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original problem. If X is nite then L(u) is a piecewise linear function, but the number
of pieces is likely to be exponential.
The key observation is that if x 2 X is such that L(u) = L(x; u), then L(u)
satis es the subgradient inequality

L(u)  L(u) + hh(x); u ? ui; 8u  0:
The Lagrangian relaxation is attractive if the problem minx2X L(x; u) is easy to
solve and u is of moderate size. A typical situation where this property holds is when
X is a Cartesian product and L(x; u) is separable on this product space. The case
where X is not convex, as, for instance, including integrality constraints, has led to
a host of very successful applications. See, for instance, Held and Karp [43, 44] in
their solution to the travelling salesman problem, Graves [42] in hierarchical planning,
Geo rion [29], Shapiro [78] and Fisher [24].
2.2. Dantzig-Wolfe column generation. Let f (x) = hc; xi and h(x) = Ax?b,
and assume that X = fx : Dx  dg. X can be represented by the convex hull of its
extreme points fxk : k 2 I g plus the conic hull of its extreme rays fxk : k 2 J g.
This allows us to express problem (2.1) as the following program:
min

(2.2)

s.t.

X
k hc; xk i
k2X
I [J
k Axk  b;
kX
2I [J
k = 1;
k2I
k  0

for all k 2 I [ J:

The dual of (2.2) is:
(2.3)
(2.4)

T
max
z;u z ? b u

s.t. z  hc; xk i + hu; Axk i for all k 2 I;
0  hc; xk i + hu; Axk i for all k 2 J;
u  0:

The cardinality of I and J is likely to be exponential.
Dantzig-Wolfe decomposition [13, 14, 25] is directly related to Lagrangian relaxation. Let L(u) be the dual function:

L(u) = min
fhc; xi + hu; Ax ? bi j Dx  dg;
x
where u  0 is a vector of Lagrange multipliers. Clearly, the so-called optimality
constraints (2.3) de ne a set of extreme supports for L(u). (Any support of L at
u 2 dom L is a convex combination of the extreme supports.) Similarly, the so-called
feasibility constraints (2.4) de ne an envelope of dom L.
Dantzig{Wolfe decomposition is thus equivalent to Lagrangian relaxation. It can
also be extended to the case of X not convex, for instance by including integrality
restrictions, as in rst outlined in Gilmore and Gomory [30, 31].
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2.3. Benders decomposition. Benders decomposition [7] deals with the probmin

f (x) + g(y)
h(x) + k(y)  0;
x 2 X;
y 2 Y;

where X  Rn is an arbitrary set, Y  Rp is convex, f : X 7! R and g : Y 7! R are
convex, h : Rn 7! Rm is convex and k : Y 7! Rm is convex. Finally, for the sake of
simplicity, we assume that g; h and k are continuously di erentiable. Let us introduce
the function
(2.5)

Q(x) = min f g(y) j k(y)  ?h(x); y 2 Y g :

Q may take in nite values, is convex and usually nondi erentiable.
If we assume that the problem de ning Q has a nite optimum and satis es the
usual regularity conditions, then, if u is an optimal multiplier in the de nition of Q,
Q(x)  Q(x) + hDh(x)T u; x ? xi; 8x 2 X;
where, Dh(x) is the Jacobian of h at x.
The equivalent nondi erentiable problem, under the assumption that Q is nite, is
minx2X ff (x) + Q(x)g, where the value of Q and of one subgradient is computed by
the solution of (2.5). Feasibility cuts are introduced to account for the x values for
which the Problem (2.5) is infeasible. A complete description is given in [85] in the
case of stochastic linear programming.
Benders decomposition can also be used in the case where X is not convex, in
particular the set of integers. But this does not fall within the context of this paper
as the master problem formulation is a nondi erentiable optimization problem with
integer constraints.
2.4. Lp optimization. The Lp-norm is de ned as kxkp = (Pnj=1 jxj jp)1=p , with
1  p < 1. The case p = 1 is de ned by kxk1 = maxj=1;:::;n jxj j. The case p = 2
corresponds to the standard Euclidean norm.
The Lp approximation problem is de ned as
min f (x);

x2Rn

where

f (x) =

m
X
i=1

wi kAi x ? bi kp ;

and the wi 's are positive weights.
A speci c example would be the weighted single facility location problem, also
known as the Fermat{Weber problem [86], with

f (x) =

m
X
i=1

wi kx ? bi kp ;

where x is the location of a new facility and bi represent the existing facilities.
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Extensions to multiple facilities would be described as
X
X
f (x) =
wk;l kxk ? xl kp +
k=1;:::;q; l=1;:::;q

wk;i kxk ? bi kp ;

i=1;:::;m; k=1:::;q
k
where the n-dimensional vectors (x )k=1;:::;q represent the new facilities. Convex

constraints on the facility locations could be added.
In each of these cases the function f (x) is convex and nondi erentiable, and the
computation of f (x) and a subgradient g(x) is quite easy.
Some of the Lp problems can be solved directly by interior point methods. It
is shown in [70] that there exist self-concordant barriers for inequalities of the type
ti  jxi jp , with p  1. Whenever the formulation allows replacing the Lp norm by their
p-th power, the problem can be solved by interior point methods. This remark does
not apply to functions that are convex combinations of Lp norms, with an exception
for the case p = 2. Then the so-called ice-cream cone inequality t  kxk is endowed
with the self-concordant barrier log(t2 ? kxk2 ).
2.5. Variational inequalities. Let H (x) be a multi-valued monotone operator
de ned on a compact convex set Q  Rn . The strong formulation of the variational
inequality problem is
nd x 2 Q and h 2 H (x ) : hh ; x ? xi  0; 8x 2 Q:
The strong formulation raises issues about existence of solutions and computational
schemes. For these reasons, one may prefer the weak formulation
nd x 2 Q : hhx ; x ? xi  0; 8x 2 Q; hx 2 H (x):
Since H is monotone, any strong solution is a weak solution. The converse is not
true in general. However, a sucient condition for it is that H be either single-valued
and continuous, or multi-valued and maximal monotone [57, 70].
Let Xw be the set of solutions for the weak formulation of the VI problem. This
set can be conveniently represented by means of the so-called \gap" function [4],
'(x) = max
fhhu ; x ? ui j u 2 Q; hu 2 H (u)g:
u

The gap function is convex and continuous, but nondi erentiable. Clearly, '(x)  0,
and '(x) = 0 if and only if x 2 Xw . However, '(x) is de ned as the optimal value of a
nonconvex problem: explicit values cannot be computed, and of course, no subgradient
is available. However, one can easily construct a separating plane in the horizontal
space x. Indeed, given x = x 2 Q and hx 2 H (x), the cut
hhx ; x ? xi  0; x 2 Q
de nes a subset of Q containing the solution set Xw .
2.6. Semi-in nite programming. Semi-in nite programs pertain to the class
of problems
min f f (x) j g(x; t)  0; t 2 T g ;
where f and g convex in x, and T is a set of in nite or exponential cardinality.
The oracle at the point x nds a point t 2 T such that g(x; t) > 0, and generates the cut g(x; t) + hgx0 (x; t); x ? xi  0. The cut might be computed by solving
maxt2T g(x; t). This is often achieved by dynamic programming (for example in the
cutting stock problem [30, 31]), or by global optimization.
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2.7. Linear matrix inequalities and eigenvalue optimization. The linear
matrix inequality
P problem (LMI) [9, 10] attempts to nd a solution to the problem
A(x) = A0 + ni=1 xi Ai  0, where (Ai )i=0;:::;n are symmetric K  K real matrices,
(xi )i=1;:::;n are scalars and the symbol \" represents an ordering on the cone of
symmetric real matrices, i.e., A  B means that the symmetric matrix A ? B is
positive semi-de nite. The solution set S = fx j A(x)  0g of our problem of interest
can be stated di erently as S = fx j hA(x)h; hi  0; 8 h 2 RK g.
The condition A(x)  0 can conveniently be described by means of the eigenvalues. Assume, for simplicity, that at a given x, an eigenvalue decomposition of A(x)
has been computed and let (i )i=1;:::K be the set of eigenvalues. The matrix A(x)
can be written
K
X
T
A(x) = V V = k vk vkT ;
k=1

where  = Diag(k )k=1;:::;K is the diagonal matrix of eigenvalues and (vk )k=1;:::;K is a
set of unit orthogonal eigenvectors of A(x). It is well-known that A(x)  0 if and only
if min = miniK fi g  0. The constraint A(x)  0 is equivalent to min (A(x))  0.
Given an arbitrary x, de ne the vector

8
<1
h(x) = k vk ; with k = :
0
k=1
K
X

if k < 0;
otherwise:

Clearly, h = 0 if x 2 S ; else, hA(x)h(x); h(x)i < 0. If h 6= 0, we can construct the
valid cut

hA(z )h(x); h(x)i = hA0 h(x); h(x)i +

n
X
i=1

zi hAi h(x); h(x)i  0; 8 z 2 S:

Alternative methods using the interior point framework, and the theory of selfconcordant functions or barriers on the cone of positive semi{de nite matrices, have
been used with signi cant success [10]. The comparative eciency of the nondi erentiable optimization schemes reviewed in this paper is still to be tested.

3. Review of existing methods.
3.1. Canonical formulations.
3.1.1. Optimization. The generic optimization problem amenable to a cutting

plane approach is given by:

min ff (x) j x 2 C g ;
where C is a simple bounded set, such as a cube, or possibly a sphere. The case of a
cube would lead to the use of linear programming, while a sphere requires the use of
quadratic programming.
The convex function f is described by a supporting oracle, that is: for every
x 2 C a subroutine returns the value f (x) and an arbitrary element g(x) of the
subdi erential @f (x) of f at x.
The subgradient inequality implies by convexity that the set

f(z; x) j f (x) + hg(x); x ? xi  z  f (x)g
7

contains the optimal set in the space of the epigraph, while the set

fx j hg(x); x ? xi  0g
contains the optimal points in the horizontal space of the variable x.
3.1.2. Feasibility. The generic feasibility formulation attempts to compute a
point in a set S , where S is contained in a bounded set C , say a cube, and is assumed
to contain an interior. The set S is de ned by a separation oracle which for every
x 2 C returns either a statement that x is feasible, or a vector g(x) which separates
the point x from the set S , i.e.:

S  fx j hg(x); x ? xi  0g:
We shall refer to this as a pure separation feasibility problem. To discuss complexity,
we will assume that a sphere of radius  is contained in S .
A strict separation occurs if there is a negative scalar such that

S  fx j hg(x); x ? xi  g:
In many practical cases the set S is de ned by the functional constraint, S = fx j
h(x)  0g, where h is a convex function. A separator at x 62 S , i.e., h(x) > 0, obtains
by considering taking any element g(x) of the subdi erential @h(x). The inequality

S  fx j hg(x); x ? xi  ?h(x)g;
provides a strict separation. Cuts such as these have been called deep cuts. The case
of multiple functional constraints hi (x)  0, i = 1; : : : m, can be transformed into the
single functional constraint h(x)  0 with h(x) = minim hi (x).
3.1.3. Optimization and feasibility. The generic optimization problem amenable
to a cutting plane approach is given by:
min ff (x) j x 2 S g ;
where S  C , and C is a simple bounded set, such as a cube. The convex function
f is described by a supporting oracle, as in section 3.1.1 that is: for every x 2 C a
subroutine returns the value f (x) and an arbitrary element g(x) of the subdi erential
@f (x) of f at x.
The set S could be described by either one of:

 a projection operator,
 a function h(x),
 a pure separation oracle.

We note that the classical description of Dantzig-Wolfe decomposition leads by
duality to a supporting cut for the objective and a separation for the feasibility set.
3.2. Solution methods. The solution methods that use the cutting plane approach have been developed for di erent versions of the oracles. We will try, where it
makes sense, to describe them in the case of the pure separation feasibility oracle.
An algorithm will use some or all of the information generated up to now to
choose a new point where to call the oracle.
8

3.2.1. Kelley-Cheney-Goldstein cutting plane [51, 12]. To deal with the
pure feasibility case, we de ne the (k +1)-st iterate as a solution of the linear program,
minfz j z  hgi ; x ? xi i; 8i  k ; x 2 C g;
the oracle either answers that xk+1 2 S , i.e., xk+1 solves the feasibility problem, or
returns gk+1 with the property that fx j hgk+1 ; x ? xk+1 i  0g contains the set S . In
the latter case the outer approximation to S is updated to

fx j 0  hgi ; x ? xi i; 8i  k + 1 ; x 2 C g:
This method may fail to converge in the case of a pure separation, if the kgi k's are
not bounded. To illustrate the point we consider the simple problem with S = f1=8g
and C = [0; 1]. The oracle returns at x 6= 1=8 the separating vector

8 2x
>
>
< x?1=4
g(x) = > 1
>
: ?1

if 14 < x  1;
if 81 < x  41 ;
if 0  x < 18 :

If the rst cutting plane is generated at x = 0 and the second one at x, with 1=4 <
x  1, the algorithm will compute the next point as the minimizer of:
minfz j z  ?x; z  h x ?2x1=4 ; x ? xi; x 2 C g;
The minimizer of this is

x = x +21=4 ;

showing that the sequence generated by the algorithm converges to x = 1=4.
For convergence to be guaranteed one must make the assumption that the feasible
set is described by a Lipschitzian convex constraint. Nevertheless, the complexity of
this method is very poor [67].
If the problem to be solved is that of optimization
min ff (x) j x 2 C g ;
then the next iterate xk+1 is de ned as the solution of the LP:
minfz j z  f (xi ) + hgi ; x ? xi i; 8i  k ; x 2 C g
where gi 2 @f (xi ). The oracle will then answer: f (xk+1 ) and gk+1 2 @f (xk+1 ), and
this new supporting plane will be added to the current approximation to f .
The piecewise linear function fk (x) = maxik f (xi ) + hgi ; x ? xi i is a lower approximation to f , and clearly fk  fk+1  f . The method converges, but the estimate
in O(1=n ) is very poor [9], and can be as bad as this [67].
3.2.2. Chebyshev centers or largest sphere. In the pure feasibility case, the
next point where the separation oracle is called, xk+1 , solves the linear program
minfz j z  h kggi k ; x ? xi i; 8i  kg:
i

9

This is a linear program, and xk+1 is the center of the largest sphere contained in:
fx j 0  hgi ; x ? xi i; 8i  kg:
This simply amounts to a variant of Kelley's cutting plane method, where the
separators gi 's have been scaled to have unit Euclidean norm. It has signi cantly
better complexity properties than Kelley's method. In fact the example of the previous
section will be solved by this algorithm, indicating power of the idea of centering.
It has been described in the optimization case by Elzinga-Moore ([23]).
3.2.3. Subgradient optimization. This is usually described in the case of the
unconstrained problem min f (x), and the iteration is given by:
minfh?gk ; x ? xk i + 21t kx ? xk k2 g:
k
P
This leads to xk+1 = xk ? tk gk = x1 ? ki=1 ti gi . By recursive substitution, one gets
an equivalent formulation for the subgradient step
minf

k
X
1

ti h?gi ; x ? xi i + 21 kx ? x1 k2 g:

Many proposals, both heuristic and theoretical, for the choice of stepsizes tk have
been made; see [80, 43, 75].
If the problem is constrained, i.e., minff (x) j x 2 S g, where S  C , and if
a projection map S is available, then the most used version of the subgradient
algorithm is: xk+1 = S (xk ? tk gk ). The convergence estimate is O(1=2), for an
optimal choice of the stepsize [67].
3.2.4. Bundle methods and level set bundle methods. The usual problem
solved by bundle methods is: minff (x) j x 2 C g.
After k iterations the piecewise linear function fk (x) = maxi=1;:::;k f (xi )+ hgi ; x ?
xi i has been computed. If xk+1 was selected to be the minimizer of fk over C ,
then this would be Kelley's cutting plane method. The fundamental idea of bundle
methods is to add a quadratic regularization to fk and de ne the next point where
to call the oracle xk+1 as the minimizer of fk (x) + 21tk kx ? xk k2 over C . In most
implementations of bundle methods, the next iterate may not be moved to xk+1 from
xk unless a descent of f is thus achieved; see the works by Lemarechal [58, 46] and
Kiwiel [54]. A very nice feature of bundle methods is their ability to limit the number
of cutting planes involved in the de nition of fk .
Note that if only the last cutting plane is used in the de nition of fk , i.e f (xk ) +
hgk ; x ? xk i then this reduces to subgradient optimization.
The speci c rules for choosing tk are beyond the scope of these notes.
To describe the level bundle methods, for which a full complexity is available, one
has to de ne:
 the best recorded function value fk = minik f (xi );
 the minimum value of fk (x) over C , denoted as fk ; note that this involves the
computation of the point used by Kelley's method.
The optimal value of the original problem f  lies between fk and fk .
The next point where to call the oracle, and next iterate xk+1 , is de ned by the
solution of the quadratic programming problem:
min
fkx ? xk k2 j fk (x)  fk + (1 ? )fk g;
x2C
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where 0 < < 1. The next iterate is thus chosen as the projection of the current
point xk on a level set of the piecewise linear function fk (x) restricted to C ; the level
is chosen as a combination between the best recorded function value and \Kelley's
value". A complexity analysis was given in [57] as O(1=2 ).
If the functional fk is reduced to the last supporting plane f (xk ) + hgk ; x ? xk i
then this method is again a version of subgradient optimization, with xk+1 de ned
as:

!

xk+1 = C xk ? gk 2 (fk ? fk )(1 ? ) :
kgk k

3.2.5. The ellipsoid method [80, 67]. Here it is assumed that a sphere E0
contains the set S . At a current iteration k an ellipsoid Ek with center xk is available.
The ellipsoid Ek contains the set S and is de ned as Ek = fx j (x?xk )T Hk?1 (x?xk ) 
1g. The oracle is called at xk , and if xk does not belong to S , the separator gk is
returned.
The next iterate xk+1 is the center of the ellipsoid Ek+1 which is the minimum
volume ellipsoid containing Ek \fx j hgk ; x ? xk i  0g. Clearly, by induction, Ek+1 
S . The set Ek+1 is de ned by
xk+1 = xk ? n +1 1 q Hk gk ;
gkT Hk gk





2
k gkT Hk ;
Hk+1 = n2n? 1 Hk ? n +2 1 HgkTgH
g

k k k

where we let n to be the dimension of x.
It can ?be shown that the volume of Ek+1 equals the volume of Ek reduced by
the factor 1 ? 1=(n + 1)2 . This immediately leads, if we assume that S contains a
sphere of radius  to a complexity of O(n2 log(1=)).
3.2.6. Centering methods. A variety of centering methods have been proposed such as
1. the center of gravity method [59]
2. the center of the maximum volume ellipsoid [83, 52]
3. the volumetric center [84, 2].
These methods all have polynomial complexity O(n log(1=")) as measured by the
number of calls to the separation oracle; but there is no evidence available today that
they are e ective in practice, as the computation of a new center appears to be rather
time consuming.
4. The analytic center cutting plane. From now on, the paper is devoted
to an in-depth analysis of the analytic center cutting plane method. The convergence of the method was rst studied in [3]. The scheme involves cut elimination and
the proof is rather involved. However, the authors obtain a convergence estimate in
O(n(log 1=)2) calls to the oracle. In the same journal issue, the paper [68] analyzes
a version of the method with a proximal term for the minimization of a convex function with uniformly bounded derivatives. The bound in the number of iterations is
then O(L2 R2 =2), where L is the Lipschitz constant and R the diameter of a ball
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containing the optimal set. Finally, the method with linear cuts and box constraints,
but no proximal term, is studied in [34] in the framework of feasibility problems. The
convergence estimate is O (n2 =2). Additional convergence results may be found in
[1, 55]. We study here a similar method; see [18] for a slightly di erent viewpoint.
The problem under study is
Find y 2 C \ [0; 1]n ;
where C is a closed convex set in Rn . The set C is described by an oracle which
returns the cut ha; y ? yi  0 at y 62 C . We assume throughout kak = 1.
As shown in Section 3, the cutting plane method calls the oracle at a point lying
in a polytope. This polytope varies as the iterations proceed. We shall use the general
notation



FD = y j AT y  c
to represent the polytope. In this de nition A is an n  m matrix, c 2 Rm and the
variable y in which the minimization is done lies in Rn . We assume that A has full
row rank and that FD is bounded and has a nonempty interior. We conveniently
associate the vector of slacks variables s = c ? AT y 2 Rm with y 2 FD .
The analytic center of FD is the unique solution of the minimization problem:
(4.1)

minf'D (s) = ?

n
X
i=1

log si j AT y + s = c; s > 0g:

Let us introduce the notation

F (y) = 'D (c ? AT y):
The function F is the so-called logarithmic barrier function. It belongs to the class of
self-concordant logarithmically homogeneous barriers for the set FD which are studied
in [70]. Clearly, dom F = int FD . The analytic center of FD is the minimizer of F

y = arg min F (y):
The basic step of the analytic center cutting plane method with approximate
centers1 is de ned as follows:

1

The concept of approximate minimizer will be made precise in the next section.
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Initialization
0 <  < 1 is the centering parameter.
FD1 = fy j 0Pn y  eg.
F1 (y) = ? i=1 log yi (1 ? yi ).
Basic Step

Let yk be an approximate minimizer of Fk
(For k = 1, take y1 = 21 e = arg min F1 (y).)
The oracle returns ak .
Update:
FDk+1 = FDk \ fy j hak ; y ? yk i  0g.
Fk+1 (y) = Fk (y) ? loghak ; yk ? yi.

The method, and its convergence analysis, rely on the theory of interior point
methods. We need thus present some useful results from this theory.
4.1. Useful results from interior point methods. Analytic centers can been
found via a damped Newton's method. To this end, we recall the derivatives of F

F 0 (y) = As?1 and F 00 (y) = AS ?2 AT :
The Newton step with respect to F is
p(y) = ?[F 00 (y)]?1 F 0 (y) = ?(AS ?2AT )?1 As?1 :
The analytic center is uniquely de ned by the condition F 0 (y) = 0, i.e., As?1 = 0.
The Hessian F 00 (y) and its inverse de ne norms that are extensively used to
measure proximity. For instance, given y and y 2 FD , we introduce the notation
ky ? yky = ky ? ykF 00 (y) :
Note that

ky ? yky = h(AS ?2 AT )(y ? y); y ? yi 12 ;
= hS ?1 AT (y ? y); S ?1AT (y ? y)i 12 ;
= s?1 (s ? s) :
The condition s?1 (s ? s) < 1 (or ky ? yky < 1) on all s = c ? AT y, y 2 FD , de nes
the so-called Dikin ellipsoid around s (or y). For this reason, we name ky ? yky the
Dikin distance between y and y at y.
The following lemmas are due to Nesterov [69]. They hold for the more general
case of self-concordant functions [70]. Proofs are also given in [72].
Lemma 4.1. Let y, y 2 int FD . Then
ky ? yky
(4.2)
1 + ky ? yky  ky ? yky :
Moreover, if ky ? yky < 1, then

(4.3)

ky ? yk
ky ? yky  1 ? ky ? yyk :
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y

Lemma 4.1 relates the two Dikin distances between y and y taken at y and y
respectively.
Lemma 4.2. For any s, s 2 FD and corresponding y and y, we have

ky ? yk2
hF 0 (y) ? F 0 (y); y ? yi  1 + ky ? yyk :

(4.4)

y

F (y)  F (y) + hF 0 (y); y ? yi + !(ky ? yky );
where !(t) = t ? log(1 + t).
(4.5)

Inequalities in the opposite direction also hold, under the provision that y belongs
to Dikin's ellipsoid around y.
Lemma 4.3. For any y, y 2 FD such that ky ? yky < 1 we have
(4.6)

ky ? yk2
hF 0 (y) ? F 0 (y); y ? yi  1 ? ky ? yyk :

(4.7)

F (y)  F (y) + hF 0 (y); y ? yi + ! (ky ? yky );

y

where ! (t) = ?t ? log(1 ? t).
Lemmas 4.1 to 4.3 can be proved directly without resorting to the theory of selfconcordant functions. For the sake of completeness we give in the Appendix a direct
proof of Lemma 4.1 and repeat the proofs of [69] for Lemmas 4.2 and 4.3.
A damped Newton method taken at y 2 intFD is de ned by y+ = y + p(y),
where p(y) = ?[F 00 (y)]?1 F 0 (y) and > 0 is the stepsize. In the convergence analysis
of Newton's method, the norm

kp(y)kF 00 (y) = h[F 00 (y)]?1 F 0 (y); F 0 (y)i 12
plays a critical role. The following lemma, sometimes called potential reduction
lemma, is a direct consequence of Lemma 4.3.
Lemma 4.4 (Linear convergence). Assume y 2 int FD and kp(y)kF 00 (y)   > 0.
Let = (1 + kp(y)kF 00 (y))?1 and y+ = y + p(y). Then, y+ 2 int FD and

F (y+ )  F (y) ?  + log(1 + ):
Proof. Rewrite (4.7) using hF 0 (y); y+ ? yi = ? 2 kp(y)k2F 00 (y) and
kp(y)kF 00 (y) ).

= 1=(1 +

Corollary 4.5. The number of damped Newton steps to reach a point y+ with
kp(y+)kF 00 (y+) <  from a point y 2 intFD is bounded by
 F (y) ? F  

K =  ? log(1 + ) ;

where F  = min F (y).
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The above convergence result can be complemented with a ner2 local analysis.
Lemma 4.6 (Quadratic convergence). Assume kp(y)kF 00 (y)   < 1 and let
y+ = y + p(y). Then y+ 2 intFD and

p(y+) F 00 (y+)  kp(y)k2F 00 (y) :
Corollary 4.7. Assume kp(y)kF 00 (y)   < 1. Let y be the analytic center of

FD . Then,

ky ? yky  1? 
2
F (y )  F (y)  F (y ) + 1? 2 .

The proofs of Lemma 4.6 and Corollary 4.7 can be found in [76] or [90].
4.2. Convergence of the cutting plane scheme. In the description of the
analytic center cutting plane method, we used the statement: \yk is an approximate
minimizer of Fk ". We need rst to make this statement precise.
Let 0 <  < 1. An -center of FD , equivalently an -minimizer of F , is any point
y 2 FD such that kp(y)kF 00 (y)  .
To prove convergence, we shall proceed with three steps. In a rst step, we
consider the optimal value of F on FD and study how it varies when a new cut is
added. In a second step, we show that the cumulated variations of these optimal
values yield to a bound on the number of calls to the oracle. In the third step, we
propose a damped Newton scheme to compute a new approximate center after a cut
has been added; we show that this last operation can be done in a number of steps
bounded above by an absolute constant.
4.2.1. Behavior of the barrier function. Let us introduce the two quantities

p

p

(1?) +4
1 = ?(1+)+
; and 2 = 1++2(1(1??)) +4 :
2(1?)
2

2

One checks that 2 and ?1 are the two solutions of the quadratic equation
(1 ? )t2 ? (1 + )t ? 1 = 0:
The functions 2 and 1 are respectively increasing and decreasing on 0   < 1. The
following bounds are easily computed

p

p

5?1
5+1
1
2 < 1  2 < 2  2 :
p

p

5?1
For  = 0, one has 2 = 5+1
2 and 1 = 2 ; while lim!1 2 = +1 and
1
lim!1 1 = 2 .
In the sequel we shall denote Fk the minimum value of Fk on FDk .
Lemma 4.8. Assume yk is an -center of FDk and yk+1 the exact center of FDk+1 .
Then

1  yk+1 ? yk yk  2 ;
2 The results are slightly stronger in the case of the logarithmic barrier than for general selfconcordant functions.
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where yk+1 ? yk yk = yk+1 ? yk Fk00 (yk ) .
Proof. The rst optimality condition on Fk+1 (y) = Fk (y) ? loghak ; yk ? yi is
k
Fk0 +1 (yk+1 ) = Fk0 (yk+1 ) + k ka k+1 = 0:
ha ; y ? y i
Multiplying by yk ? yk+1 , and adding h?Fk0 (yk ); yk+1 ? yk i on both sides of the

equation yields
(4.8)

hFk0 (yk+1 ) ? Fk0 (yk ); yk+1 ? yk i = 1 ? hFk0 (yk ); yk+1 ? yk i:

Note that

hFk0 (yk ); yk+1 ? yk i = h[Fk00 (yk )]? 21 Fk0 (yk ); [Fk00 (yk )] 12 (yk+1 ? yk )i:
Since Fk0 (yk ) [Fk00 (yk ]?1 = p(yk ) Fk00 (yk )  , by Cauchy-Schwarz inequality:
(4.9)

? yk+1 ? yk

yk

 hFk0 (yk ); yk+1 ? yk i   yk+1 ? yk

yk :

Denote r = yk+1 ? yk yk . By Lemma 4.2 and (4.9),
k 2

y ? y yk
1 + r  hFk0 (yk+1 ) ? Fk0 (yk ); yk+1 ? yk i 
:
1 + yk+1 ? yk yk
k+1

Thus (1 ? )r2 ? (1 + )r ? 1  0, implying yk+1 ? yk yk  2 :
Similarly, by Lemma 4.3 and (4.9),
k 2

y ? y yk
:
1 ? r  hFk0 (yk+1 ) ? Fk0 (yk ); yk+1 ? yk i 
1 ? yk+1 ? yk yk
k+1

Thus (1 ? )r2 + (1 + )r ? 1  0, implying yk+1 ? yk yk  1 : This concludes the
proof of the lemma.
Lemma 4.9. Let yk be the -center of FDk at which the oracle is called. Let yk+1
be the exact center of FDk+1 . Then,
Fk+1  Fk (yk ) +  ? log ak [Fk00 (yk )]?1 ;
with Fk+1 = Fk+1 (yk+1 ) and  = (1 ? )2 ? log(1 + 2 ) ? log 2 .
Proof. Let us de ne r = yk+1 ? yk yk . As shown in the proof of Lemma 4.8,

the following inequality holds

hFk0 (yk ); yk+1 ? yk i  ? p(yk )

Fk00 (yk )

yk+1 ? yk yk  ?r:

By Lemma 4.2 and the above inequality, we have

Fk (yk+1 )  Fk (yk ) + hFk0 (yk ); yk+1 ? yk i + !( yk+1 ? yk yk );
 Fk (yk ) ? r + r ? log(1 + r):
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On the other hand,

Fk+1 (yk+1 ) = Fk (yk+1 ) ? loghak ; yk ? yk+1 i;
 Fk (yk+1 ) ? log ak [Fk00 (yk )]?1 ? log r:
Thus,

Fk+1  Fk (yk ) + (1 ? )r ? log(1 + r) ? log r ? log ak [Fk00 (yk )]?1 :
One easily checks that the function (1 ? )r ? log(1 + r) ? log r achieves its minimum
value at s = 2 . Hence, the result.

4.2.2. Bound on the calls to the oracle. Let us denote j = aj
and  = (1 ? )2 ? log(1 + 2 ) ? log 2 .

[Fj00 (yj )]?1

Lemma 4.10. Assume C contains a ball of radius  > 0. If the algorithm has not
stopped at the k-th iteration, then

k ?

k
X
j =1

log j + 2n log 2  Fk+1  ?(2n + k) log :

Proof. Since we assumed ak = 1, the slack s2n+i = hai ; yi ? yi, 1  i  k, is
just the distance from y to the i-th cutting plane. Since the oracle returns a cutting
plane a the k-th iteration (and denies yk 2 FDk ), then FDk+1  C . Since C contains
a ball of radius , then (s )k2n+i  , i = 1; : : : k, where (s )k are the slacks at the
analytic center yk . Moreover, since FD1  C , then  < 21 , and
n
X
j =1

log(1 ? (y )j )(y )j  2n log :

This proves the right-hand side inequality. The inequality on the left follows from
Lemma 4.9 and F1 (e=2) = 2n log 2.
We need to bound the sum of the logarithms of the  's from above. First we note
that the inequality between the geometric and the arithmetic means yields
k
X
i=1

k
X
log i ? 2n log 2 = 12 ( log i2 ? 2n log 4);
i=1

P

k 2
n
(4.10)
 2n 2+ k log 2 +2n +i=1k i :
We shall now bound the right-hand side of (4.10).
Lemma 4.11. For all k, the following inequality holds:

k2  !k2 = hBk?1 ak ; ak i;

P ?1 ai(ai )T .
with Bk = 8I + n1 ik=1
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Proof. Since 0 < yk < 1 for all k, then
F100 (yk ) = Yk?2 + (I ? Yk )?2  8I; and
p
i
i
k
a y ? y  n: Hence,

sk2n+i = hai ; yi ? yk i 

Fk00 (yk ) = F100 (yk ) +

kX
?1
i=1

s?2n2+i ai (ai )T  8I + n1

From Bk?1  [Fk00 (yk )]?1 , we conclude

kX
?1
i=1

ai (ai )T = Bk :

(k )2 = h[Fk00 (yk )]?1 ak ; ak i  hBk?1 ak ; ak i = !k2 :

Lemma 4.12.



!j2  2n2 log 1 + 8kn2 :
j =1

k
X

Proof. Let a~k = Bk?1=2 ak . Then Bk+1 = Bk1=2 (I + n1 a~k (~ak )T )Bk1=2 and
detB = det(I + 1 a~k (~ak )T ) detB :
k+1

k

n

The eigenvalues of the matrix (I + n1 a~k (~ak )T ) are 1 with order (n ? 1) and (1 +
1 k T k
1 2
n (~a ) a~ ) = (1 + n !k ) with order 1. Hence,
2

log detBk+1 = log(1 + !nk ) + log detBk :

Using Bk  8I , we have

!k2 = hBk?1 ak ; ak i  81 (ak )T ak = 81 :
2

2

Since log(1 + u)  u=2 for 0  u  1, one has log(1 + !nk )  !2nk : Therefore,
log detBk+1  log detB1 +

k !2
X
j

j =1 2n

= n log 8 +

k !2
X
j

j =1 2n

:

In view of the inequality between the geometric and the arithmetic means and of the
relation tr(aj (aj )T ) = aj 2 = 1, we may write





log detBk+1  n log tr Bkn+1 ;
0
1
 k
k aj (aj )T
X
8
@
A
= n log tr n I + tr n2
= n log 8 + n2 :
j =1

Subtracting n log 8 on both sides, we get



k
X



!j2  2n2 log 1 + 8nk 2 :
j =1
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Theorem 4.13. The algorithm stops with a solution as soon as k satis es:


"2  21 + 2n log(1 + 8nk 2 ) exp ?2 k
:

n

2n + k

2n + k

Proof. The proof is a direct application of Lemmas 4.10, 4.11 and 4.12.

For any value of , positive or negative, the exponential term on the right-hand
side of the inequality tends to a constant as k increases. Neglecting lower order terms,
we conclude that, asymptotically, the complexity of the number of calls to the oracle
is of the same order as n2 =2, independent of . Following [34] we introduce the
notation O (n2 =2 ) to describe this situation.
4.2.3. Complexity of the computation of the approximate centers. Our
goal now is to show that after adding a new cut, we can easily retrieve a point in the
vicinity of the analytic center of the updated set FDk+1 . To this end, we use a damped
Newton process starting at some interior point of FDk+1 . To exhibit such a point, we
de ne (similarly to [65]) a search direction d by
(4.11)

00 k ?1 k

d = ? k[Fakkk(y )] a = arg min hak ; i j hFk00 (yk ); i  1 ;
[Fk00 (yk )]?1

and choose the re-entry point as y( ) = yk + d, for some 0 < < 1. The motivation
behind (4.11) is to balance the terms loghak ; yk ? yi and Fk (y) in

Fk+1 (y) = Fk (y) ? loghak ; yk ? yi:
Remembering that yk is nearly centered, we neglect the rst order approximation of
Fk and use the level set de ned by its second-order approximation, that is the Dikin
ellipsoid fy j hFk00 (yk )(yk ? y); (yk ? y)i  1g. Note that

hak ; ?di = ak

[Fk00 (yk )]?1

= k ; and kdkFk00 (yk ) = 1:

Theorem 4.14. For any k  1, the number of damped Newton steps to generate
a -approximate analytic center is bounded by



with

g()



 ? log(1 + ) ;

+ 2 )2
g() = ?(1 ? )(2 + 1 ) + log (1
(1 ?  ) :
1 1

Proof. Let us evaluate Fk+1 at y = yk + d; with  1, where d is de ned by
(4.11). Using hak ; ?di = k , we have

(4.12)

Fk+1 (yk + d) = Fk (yk + d) ? loghak ; ? di = ? log ? log k :
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By Lemma 4.3, we have

Fk (yk + d)  Fk (yk ) + hFk0 (yk ); di ? ? log(1 ? ):

(4.13)
Since

hFk0 (yk ); di 

Fk0 (yk ) [Fk00 (yk )]?1  kdkFk00 (yk )  kp(yk )kFk00 (yk )  ;

we conclude that

Fk (yk + d)  Fk (yk ) ? (1 ? ) ? log(1 ? ):

(4.14)

Putting (4.12) and (4.14) together, we obtain

Fk+1 (yk + d)  Fk (yk ) ? (1 ? ) ? log(1 ? ) ? log ? log k :
By di erentiating the right-hand side with respect to , we show that the right hand
side is minimized when = 1 .
By Lemma 4.9,

Fk+1  Fk (yk ) + (1 ? )2 ? log(1 + 2 ) ? log 2 ? log k :
Therefore,

Fk+1 (yk + d) ? Fk+1  g();
with

(1 + 2 )2 :
g() = ?(1 ? )(2 + 1 ) + log (1
?  )
1 1

The best value for the bound on the number of Newton steps is





g()
:
min
0<<1  ? log(1 +  )
For instance, one gets the integral bound 19 with  = :74.
The search direction does not take into account that Fk0 (y) 6= 0 at an approximate
center. Better results may be achieved in practice if one replaces the direction by



d = arg min hak + Fk0 (yk ); i j hFk00 (yk ); i  1 :
The explicit formula for this direction is
00 k ?1 k
d^ = ? k[Fa^kkk(y )] a^

[Fk00 (yk )]?1

with

a^k = ak + Fk0 (yk ):
This modi cation is likely to be bene cial in practice, though it does not lead to any
improvement in the complexity estimates.
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5. Extensions towards a practical implementation.
5.1. Multiple cuts. In practice, some oracles generate multiple cuts. This is

typical of decomposition approaches in which the subproblem breaks down into many
independent ones. See [21]. The problem has been dealt with by several authors
[89, 37, 38]. Here we give a proof that is adapted from [74].
We suppose that the oracle generates p central cuts at a time. At iteration k, the
cuts are denoted

? jk = hakj ; y ? yk i  0; j = 1;    p:
Let us denote akj = a(k??1)p+j the j -th cut, j = 1; : : : ; p, generated at the k-th call
of the oracle, and Ak = ak1    akp the matrix whose column vectors are associated
with the new cuts.
After adding the p cuts the potential function becomes

Fk+1 (y) = Fk (y) ?

p
X
j =1

log jk :

The function is not de ned at y = yk . As in the case of a single cut, we must construct
a search direction d along which to look for a good starting point for the computation
of the next approximate analytic center yk+1 .
Since we assumed that the solution set has a nonempty interior, we can assert
that there exists a y such that k > 0. However, this does not imply that nding
such a y has a closed form solution. Thus, we must propose a method for computing
a suitable restoration direction and discuss its complexity.
5.1.1. Optimal restoration direction. Using the same motivation as in the
single cut case, we de ne the restoration direction as the optimal solution to the
problem:
(5.1)

minf?

p
X
j =1

log jk j + (Ak )T d = 0; kdkFk00 (yk )  1g:

We shall now show that the optimal solution of (5.1) can be computed via the
simple unconstrained optimization problem
(5.2)

minfG( ) = 2p h ; V i ?

p
X
j =1

log j g

where

V = (Ak )T (Fk00 (yk ))?1 (Ak ):
Note that (5.2) is a problem in Rp .
The norm of akj with respect to [Fk00 (yk )]?1 is

jk = hakj ; [Fk00 (yk )]?1 akj i 12 :
We de ne the vector  k = fjk g.
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It can be shown [38] that the existence of an optimal solution to Problem 5.2
follows from the initial assumption that there exists an interior solution to Problem
5.1.
For the sake of simpler notation we shall drop the index k in the next theorem.
Theorem 5.1. Let (d ;  ) and  be the optimal solutions of (5.1) and (5.2)
respectively. Then
i) (  )?1 = pV  .
ii) d = ?[Fk00 (yk )]?1 A  and  = ?AT d = V  .
iii) kd kFk00 (yk ) = h  ; V  i1=2 = 1.

Pp

Pp

iv) log j + log j + p log p = 0.
j =1
j =1
The proof of the theorem is given in [38]: it is a straightforward application of the
necessary and sucient rst order optimality conditions. We leave it to the reader.
5.1.2. Computation of the restoration direction. The function G( ) is the
logarithmic barrier studied in the previous section plus a quadratic term. It can be
shown directly [38], or using the theory of self-concordant functions [70], that Lemmas
4.2, 4.3, 4.4 and3 4.6 hold. Starting from the point

 ?1
h ?1 ; V  ?1 i1=2
we can apply a damped Newton scheme that reduces G by at least  ? log(1+ ), where
 is any number 0 <   kG0 ( )k[G00 ( )]?1 . Let us x  < 1. We propose the following
computational scheme. Apply damped Newton steps as long as kG0 ( )k[G00 ( )]?1 >
p
. Terminate with one additional pure Newton step. Let + be the point thus
0=

obtained.

Theorem 5.2. The point + satis es

i) kp + V + ? ek  .
ii)
p Letting d++ = ?[Fk00 (ypk )]?1 A + and + = ?AT + = V + , we have + > 0 and
1 ?   kd kFk00 (yk )  1 + .
To bound the number of necessary Newton steps to reach a near optimal direction
d^, we just need to bound the di erence G( 0 ) ? G(  ). Using the expression of 0
one easily veri es that

G( 0 ) 

p
X
i=1

log i + p2 + p log p  p( 12 + log p ? 3 log 2):

thus j  1=8 aj 2 = 1=8. The following lower bound on G(  ) is obtained [38]
under the assumption that the feasible set contains a ball of radius :

G(  )  p + p log p + p log
2

 (1 ? ) 
(m + 1)(1 + ) ;

where m = 2n + kp is the total number of inequalities (cuts and the box sides) present
in the de nition of Fk .
3 In the case of general self-concordant functions, a slightly weaker version of Lemma 4.6 holds.
In the case of Problem (5.2) the lemma holds exactly as stated in the previous section.
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After O(p log m=) Newton steps, we obtain a point + that is near optimal. To
construct a feasible restoration direction we can take + = V + , but we must make
sure that + > 0 and y + d+ 2 domFk . The rst property follows from statement i)
of Theorem 5.2. To obtain a direction satisfying the second property we de ne
d^ = p 1 d+ and ^ = p 1 + :
(5.3)
1+
1+
By Theorem 5.2, y + d^ 2 domFk .
The next theorem relates the objective value of Problem (5.1) at ^ with the
optimal value.
Theorem 5.3. The approximate solution ^ of Problem (5.1) satis es

?

p

p
p
X
X
log j  ? log ^j  ? log j + log 11?+ :
j =1
j =1
j =1

p
X

Proof. The inequality on the left is trivial. From the de nition of ^,
p
X
j =1

>From p

log ^j =

p
X
j =1

+  +  (1 ?  )e (Theorem

p
X
j =1

log j+  ?

?
=

p
X
j =1

p
X
j =1

p
X
j =1

p

log j+ ? p log 1 + :

5.2), and the optimality of  , and p    = e:
log j+ ? p log p + p log(1 ? );
log j ? p log p + p log(1 ? );

log j + p log(1 ? ):

The inequality on the right follows immediately.

5.1.3. Computing the next analytic center. The next theorem extends the

result obtained in the single cut case. De ne

p

p

2
2
1 (p) = ?(p + ) +2(1 ?(p?) ) + 4p ; and 2 (p) = p +  + 2(1(p??)) + 4p :

Note that in the single cut case, we retrieve 1 (1) = 1 and 2 (1) = 2 .
Theorem 5.4. The following inequality holds

1 (p)  yk+1 ? yk yk  2 (p):
To compute a new approximate analytic center yk+1 , we use a damped Newton
method with the initial point
y( ) = yk + d^k ; 0 <  1;
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where d^k is computed as in (5.3).
Theorem 5.5. The computation of the analytic center is performed in O(p log p)
damped Newton iterations.
Proof. The bound on the number of iterations is proportional to the di erence
Fk+1 (y( )) ? Fk+1 . By convexity,

Fk+1 = Fk (yk+1 ) ?

p
X
j =1

loghakj ; yk+1 ? yk i;

 Fk (yk ) + hFk0 (yk ); yk+1 ? yk i ?

p
X
j =1

loghakj ; yk+1 ? yk i:

Since yk+1 ? yk yk  2 (p), the direction d = 21(p) (yk+1 ?yk ) is feasible for Problem
(5.1). Thus,

p log 2 (p) ?

p
X
j =1

loghakj ; yk+1 ? yk i  ?

p
X
j =1

log j ;

where  is the optimal solution of Problem (5.1). Therefore,
(5.4)

Fk+1  Fk (yk ) ? 2 (p) ?

p
X
j =1

log j ? p log 2 (p):

On the other hand, for < 1, by Lemma 4.3

Fk+1 (y( )) = Fk (y( )) ?

p
X
j =1

X
loghakj ; d^i ? log( ^j );
p

j =1

p
X

 Fk (yk ) + hFk0 (yk ); d^i ? kd^kFk00 (yk ) ? log(1 ? kd^kFk00 (yk ) ) ? p log ? log ^j ;
j =1
p
p
X
 Fk (yk ) + ( ? 1) ? p log ? log(1 ? ) ? log j + p log 11?+ :
j =1
The last inequality follows from kd^kFk00 (yk )  1 and from Theorem 5.3.

Fk+1 (y( )) ? Fk+1  ( ? 1) ? p log ? log(1 ? )+
p
+p log 11?+ + 2 (p) + p log 2 (p):
Since 2 (p) is of order p, the result follows.

5.1.4. Complexity of the multiple cut process. Let us revisit the basic
convexity inequality that gave rise to inequality (5.4). Using
hakj ; yk+1 ? yk i  akj

[Fk00 (yk )]?1
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yk+1 ? yk Fk00 (yk )  jk 2 (p);

we may write the alternative inequality

Fk+1 = Fk (yk+1 ) ?

p
X
j =1

loghakj ; yk+1 ? yk i;

p
X
k
 Fk (y ) ? 2 (p) ? log jk ? p log 2 (p):
j =1

(5.5)

We thus obtain the counterpart of Lemma 4.10
(2n + kp) ln   Fk+1  2n log 2 ?

p
k X
X
i=1 j =1

log jk + k;

with  = (2 (p) + p log 2 (p)). The single cut analysis needs further adjustment.
Rather straightforwardly, inequality (4.10) becomes

n + Pk Pp ( j )2
2
n
+
kp
j =1 i=1 i :
j
log i ? 2n log 2  2 log 2
(5.6)
2
n + kp
j =1 i=1
P ?1 Pp aji (aji )T and
Modifying the de nitions of Bk and !ik into Bk = 8I + n1 jk=1
i=1
!ik = hBk?1 aki ; aki i 21 , we state the modi ed Lemma 4.12
p
k X
X

Lemma 5.6.

k X
k
X
j =1 i=p



(!ij )2  2n2 p log 1 + 8kp
n2



:

Proof. The proof is a slight modi cation of the proof of Lemma 4.12. Let a~ki =

Bk?1=2 aki . Then,

detBk+1 = det(I +

p
X
i=1

a~ki (~aki )T )detBk :

P
Clearly, I + pi=1 a~ki (~aki )T  I + aki (aki )T for all i  k; moreover, the eigenvalues of
the matrix on the left-hand side are all larger or equal to 1. We conclude that
log detB  log det(8I + 1 a~ki (~aki )T ) + log detB ; 8i  p:
k+1

k

n

Summing those inequalities over i and using log(1 + (!ij )2 =n)  (!ij )2 =(2n) yields

p log detBk+1 
Finally, noting that

p
k X
X
(!ij )2
j =1 i=1 2n

+ p log detB1 :

p
k X
X
kaji k2 = 8n + kp
trBk+1 = 8n + n1
n;
j =1 i=1

and log detB1 = n log 8, we easily prove the result.
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We can now state the main convergence result for the multiple cut process.

Theorem 5.7. The algorithm stops with a solution as soon as k satis es:


"2  21 + 2np log(1 + 8kpn2 ) exp ?2 k
:

n

2n + kp

2n + kp

The above theorem reveals that the multiple cut process worsens the complexity
estimate by a factor proportional to p. This negative result is not all too surprising.
Suppose for instance that the oracle generates a single cut that is further replicated p
times. The impact on the geometry of the set of localization FD is the same, whether
the cut is repeated or not. On the other hand, repetition leads to an arti cial shift of
the analytic center that may turns out to be detrimental to convergence.
However, a close look at the arguments used in the proofs suggests that the
multiple cut process is likely to enhance convergence in practice. Indeed, thePinequality
that bounds P
the variation of Fk could be much sharper if we used ? pj=1 log j
instead of ? pj=1 log jk , i.e., if we substituted
Clearly, if the p cuts
Pp(5.4)logto (5.5).
span
a
very
narrow
cone,
then
the
term
?
may
be very large, while
j
j =1
P
p
k
? j=1 log j is almost as bad as if the same cut was repeated p times.
5.2. Deep cuts. So far we studied the case of an oracle returning \central cuts",
that is, cuts passing through the query point. In practice, cuts are often deep, that
is, they cut o the query point. A deep cut generated at the approximate center y
takes the form
ham+1 ; yi  cm+1  ham+1 ; yi;
with strict inequality if the cut is deep. Here, m = 2n + k ? 1 is the total number of
cuts, including the box
p sides, at the start of iteration k. Recall that underpour general
assumptions kyk  n since 0  y  e and am+1 = 1; hence cm+1  n. We also
nd it convenient to denote the depth of the cut by
dm+1 = ham+1 ; yi ? cm+1  0:
Convergence analysis breaks down in at least two places. First, a deep cut may
push the new analytic center far away: the bound yk+1 ? yk yk  2 does not
necessarily hold. The second diculty is of the same nature: even though the set
FDk+1 has a nonempty interior, one cannot directly nd a point in this set. One needs
to resort to special techniques to compute the new analytic center. If the cut lies far
away from the query point, the computation will be all the more dicult. However,
those negative arguments are balanced by a positive one: the deeper the cut, the more
the localization set FDk+1 shrinks, and the faster the cutting plane scheme converges.
There are at least two ways of retrieving the new analytic center. The rst one,
consists in arti cially setting the new constraint at the analytic center, and then
pushing the constraint to its correct position using a path-following scheme. An
alternative approach consists of exploiting duality, as in [36].
5.2.1. Further results from interior point methodology. In the linear case,
one easily de nes the dual of Problem (4.1), for instance using Wolfe's duality, we
introduce
(5.7)

minf'P (x) = hc; xi ?

n
X
i=1
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ln xi j Ax = 0; x > 0g:

We denote

FP = fx  0 j Ax = 0g
the feasible set of (5.7). This set is reminiscent of Karmarkar's canonical problem of
linear programming. For this reason we name it \primal".
There is a simple duality relation between functions 'P and 'D : it follows from
the inequality log t  t ? 1 that holds for all t  1, with equality if and only if t = 1.
Let s 2 intFD and x 2 intFP . Then, setting ti = xi si , we get

'P (x) + 'D (s) = hc; xi ?

m
X
i=1

log xi si  hc; xi ?

m
X
i=1

xi si + m = m;

with equality if and only if xs = e, that is, if and only if x and s are the analytic
centers of FP and FD , respectively.
The function 'P (x) enjoys the same properties as the function 'D (s). Namely,
Lemmas 4.2 and 4.3 hold. This suggests that a damped Newton method is well t to
compute an approximate center.
Taking the second order approximation of 'P , one may write the projected Newton direction as the solution of the problem
minf 21 hX ?2 p(x); p(x)i + hc ? x?1 ; p(x)i j Ap(x) = 0g:
The rst order optimality conditions are
x?1 p(x) ? XAT y = e ? xc;
AX (x?1 p(x)) = 0:
Thus x?1 p(x) = PAX (e ? cx), where PAX denotes the projection operator onto the
null space of AX . An alternative expression for p(x) is
(5.8)
p(x) = x(e ? sx);
with
(5.9)
s(x) = c ? AT y(x) and y(x) = (AX 2 AT )?1 AX 2c:
One easily checks that the variable s which appears in the above equation can alternatively be de ned as
s(x) = arg minfke ? sxk j s = c ? AT yg:
The proximity measure takes the form
kp(x)k'00P (x) = ke ? s(x)xk :
Thus

h'0P (x); p(x)i = hx'0P (x); x?1 p(x)i = hcx ? e; PAX (e ? cx)i = ? kp(x)k2'00P (x) :

Using the above expression, one easily shows that Lemma 4.4 holds; thus Corollary
4.5 holds. It gives a bound for the number of damped Newton steps to generate an
-center. It can also be shown [76, 90] that the quadratic convergence Lemma 4.6 and
Corollary 4.7 also hold.
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5.2.2. Restoration step. To compute the new analytic

 after
? introducing
? center
a deep cut, we proceed with the primal problem. Let x~ = xmx+1 , c~ = cmc+1 and
'~P (~x) = hc~; x~i ?

mX
+1
j =1

log x~j = 'P (x) + cm+1 xm+1 ? log xm+1 :

To initiate a damped Newton process, one must de ne an initial feasible point in
the x~ variables. To this end, we consider the problem
maxfxm+1 j Ax + am+1 xm+1 = 0; X ?1x  1g:
Its solution is

x = ?  1 X 2 AT (AX 2 AT )?1 am+1 ;
m+1

with

m2 +1 = ham+1 ; (AX 2 AT )?1 am+1 i:

?

Let x~( ) = x+ =x . By construction x~( ) 2 intF~P for 0 < < 1, where F~P is the
obvious extension of FP to account for the new variable xm+1 .
Starting at x( ) a primal Newton method with damped steps eventually converges
to a point x satisfying ke ? s(x)xk < , where s(x) = c ? AT y(x) is de ned by (5.9).
The point y(x) which appears as a by-product of the computation of the Newton
direction is the query point y for the next call to the oracle.
5.2.3. Complexity analysis. Contrary to the central cut case, one cannot a
priori bound the number of damped Newton steps which are necessary to compute a
new approximate analytic center after introducing a new cut. Let  be that number,
when the process is started at x~( ), for some 0 < < 1. Each step decreases '~P by
at least  =  ? log(1 + ). Thus,
'~P +   '~P (~x( )):

(5.10)

To get an inequality on the opposite side, we proceed as follows. First, note that

'~P (~x( )) = 'P (x( )) + cm+1 ? log + log :

Next, use Lemma 4.3 to write

(5.11) 'P (x( ))  'P (x) + h'0P (x); xi ? kxkx ? log(1 ? kxkx ):
Let us now gather the two terms
?
h'0 (x); xi + cm+1 = 1 hc ? x?1 ; ?X 2AT (AX 2 AT )?1 am+1 i + ham+1 ; yi ? d
P





m+1

;

where y is the point at which the oracle has been called. Since the query point y is
given by (5.9), we have y = (AX 2 AT )?1 AX 2 c. Replacing y by its value and using
AX 2 x?1 = Ax = 0, we obtain

h'0P (x); xi + cm+1 = ? dm+1  0:
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Since kxkx = 1, we get
(5.12)

'P (x( ))  'P (x) ? (1 + dm+1 ) ? log(1 ? ):

Finally, using 'P + 'D = m and '~P + '~D = m + 1, we get from (5.10), (5.11) and
(5.12)
(5.13)

'~D  'D +  + 1 ? log  + (1 + dm+1 ) + log (1 ? ):

Inequality (5.13) shows that the deeper the cut, i.e., the larger dm+1 , then the
bigger is the increase of '~P . Additionally, the larger the number of intermediary
iterations to retrieve the approximate analytic center, the larger again is the increase
of '~P . Those larger gains on the potential are likely to reduce the number of calls to
the oracle, as it will be displayed in the next theorem. Unfortunately, this analysis
cannot be used to reduce the overall complexity.
Theorem 5.8. The algorithm stops with a solution as soon as k satis es:


 
 Pk
"2  12 + 2n log(1 + k8+1
n2 ) exp ?2  j =1 j + k exp ?2 k
n
2n + k
2n + k
2n + k ;
p

where  =  ? log(1 + ),  = + log (1 ? ) and = 5+1
2 . Here, j is the number
of Newton iterations to compute the analytic center after introducing the j -th cut.
Since the rst exponential term is less than 1, we can assert that the number
of calls to the oracle is asymptotically
of order O (n2 =2 ). It follows that the total
P
k
number of Newton iterations j=1 j is asymptotically bounded by an estimate of
2
order O ( n2 log n2 ).
5.3. Nonlinear cutting plane schemes. The cutting plane scheme is based
on the assumption that the only accessible information about the optimization problem is given by linear cuts generated by the oracle. In many instances, there may
be additional sources of information such as functional constraints given in explicit
form, or a known expression for a nonlinear objective. Of course, this explicit nonlinear information can be translated into linear approximations, i.e., cutting planes,
but sometimes with a considerable loss of information. This situation calls for an
enhancement of the basic cutting plane scheme.
In some other situations, the oracle may itself generate nonlinear cuts. For instance, the underlying functions de ning the feasible set may be strongly convex.
Conceivably, the linear cuts may be strengthened with a quadratic term. We shall
review these two extensions. In both cases, the analysis must resort to the theory of
self-concordant functions.
5.3.1. The homogeneous analytic center cutting plane method. The paper [72] considers three convex problems. In each of them Q is a closed bounded
convex set in Rn.
1. Feasibility Find y 2 Y  \ Q; where Y  is a closed convex set described by an
oracle and Q \ Y  has a non-empty interior.
2. Variational inequality nd y 2 Q such that ha; y ? yi  0, for all y 2 Q and
a 2 A(y); where A is a multivalued monotone mapping.
3. Constrained minimization minff (y) j y 2 Qg; where f (y) is convex and subdi erentiable on some open convex set containing Q.
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It is assumed that the set Q is described by a  -normal self-concordant barrier. Let us
brie y recall that self-concordant functions extend the logarithmic function studied
in the previous section. Formally a function f is self-concordant if for all y 2 domf
and u 2 Rn

jf 000 (y)[u; u; u]j  Mf kuk3f=002(y) ;
where Mf is some positive constant. (For the de nition and the properties of this
class of functions, see [70].)
In [72], the original problem is embedded into a homogeneous space. To describe
the embedding, we shall concentrate on the case of variational inequalities only. The
other cases receive a similar treatment. Let

Y  = fy 2 Q j ha; y ? y i  0; for all y 2 Q; and a 2 A(y)g :
A point x in the embedding has the form (y; t), where t > 0 is the scalar variable
associated with the extra dimension. The set Q generates a cone K de ned by

K = fx = (y; t) j t > 0; yt 2 Qg:
Similarly, the solution set Y  generates a cone X .

Let us now describe the oracle and barrier function in the embedding space.
Assume G(y) is a  -self-concordant barrier for Q. G(y) can be transformed into a
self-concordant F (x) barrier for K (see [69])

 
F (x) = c1 H yt ? c2  ln t;

where the ci 's are two absolute constants.
Note rst that for any a 2 A(y), the inequality ha; y ? yi  0 holds for all
y 2 Y  ; it is thus a separation oracle. Let x = (y; t) 2 int K and a 2 A(y). De ne
y(x) = y=t 2 Q and

?

g(x) = kgg^^((xx))k ; with g^(x) = a; ?ha; y(x)i :

Clearly g de nes a homogeneous separating hyperplane for X  .
The canonical problem takes the form
Find x 2 K \ X ; x 6= 0:

The homogeneous cutting plane algorithm can be summarized by

Initialization

F0 (x) = 21 kxk2 + F (x).

Basic Step

Let xk = arg min Fk (x).
The oracle returns ak .
Fk+1 (x) = Fk (x) ? loghak ; xk ? xi.
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Note that the method involves the presence of a proximal term.
The convergence analysis is more direct than in the standard case. It is based on
the study of the quantity

k (x) = S1

k?1
X

k i=0

ik hg(xi ); xi ? xi;

P

?1  . In [72] it
where ik = hg(xi ); xi ? xk i?1 >p0, for 0  i < k ? 1, and Sk = ik=0
ik
is proved that k decreases as 1= k. Finally, the method uses the candidate solution

yk = P1

kX
?1

ik y(xi );

k i=0
P ?1  .
where ik = ik = kg^(xi )k and Pk = ik=0
ik

Theorem 5.9. The proximal analytic center cutting plane method yields an approximate solution y

(y) = max
fha; y ? ui j a 2 A(u)g  
u2Q
after k iterations, with k satisfying
p

2

pk

L(1 + R ) e2  ;


k+
3

where R is the radius of a ball containing Q, L is a Lipschitz constant for A over Q,
and 2 and 3 are absolute constants (independent of the problem).
It must be pointed out that the last generated point yk may not converge towards
the solution set, as shown in a simple counter-example in [72].
For the minimization problem, a similar approach leads to a convergence theorem,
but, here, the last generated point is now the candidate point.
Theorem 5.10. For any k  1 we have

p





 + e 1 + k [1 + R2]1+ 2k ;
min f (yi ) ? f   p L
0ik?1
k+
3
where L is a Lipschitz constant for f and R the radius of a ball containing Q.
It is shown in [72] that an appropriate scaling of the problem makes the complexity
estimate in the above theorem proportional to the scale radius and not to the square
of R.
An implementable version of the homogeneous cutting plane algorithm involves
the use of approximate minimizers. The convergence analysis has been extended to
this case by Nesterov, Peton and Vial [71].
5.3.2. Nonlinear cuts. One of the exciting properties of interior point methods
is their ability to deal with quadratic functions as easily as with linear functions. To a
limited extent, this statement extends to the case of self{concordant convex functions.
This has led to the development of extensions of ACCPM that use quadratic or
nonlinear cuts. These extensions seem very promising in practice, but the theory
still needs some improvements. In [61] and [62] it is shown how to introduce shallow
quadratic and nonlinear cuts; however the cuts are restricted to be generated from a
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nite family. The paper [79] shows convergence and complexity in the case of linear
cuts but with a sliding nonlinear objective, which creates a shallow nonlinear cut. The
paper [17] addresses the issue of introducing a nonlinear Jacobian cut in the context
of variational inequalities; the experimental results are impressive, but no convergence
analysis is given, as the algorithm needs to drop cuts, which seems out of the range
of currently available convergence proofs. Finally, in the case of strongly monotone
variational inequalities, [63] give a complexity analysis.

6. Implementation and applications.
6.1. Some implementation issues. The analytic center cutting plane method

described in Section 4, and its extensions of Section 5 to multiple cuts and to deep
cuts, have been coded and made accessible to researchers. It is available from Logilab for academic research4 under the acronym accpm [39]. We discuss some of the
implementation issues, with main reference to accpm code.
6.1.1. Underlying interior point method. accpm is implemented in a purely
linear framework. Three main methods can be used to compute the analytic center:
primal, dual and primal-dual, with some necessary adaptation to handle infeasible
starts. In Section 4, the analysis relies on a dual method (free variables and inequality
constraints). In Section 5, it is argued that a primal method has a clear advantage in
recovering feasibility after adding a deep cut. On the other hand, common wisdom in
linear programming grants the primal-dual method with superior eciency, especially
in the case of infeasible starts.
Computing analytic centers has received far less attention than solving linear
programming. The experience is thus too limited to credit one method of a superior advantage over the others. accpm is based on the primal projective algorithm
described in [15]. In contrast, the papers [16, 66] report implementation with the
primal-dual method. The remarkable fact in all cases is that a \good" restoration
direction allows very fast computation of a new analytic center after introduction of a
new cut. Experience shows that one or two Newton iterations suce after introducing
a single cut.
6.1.2. Linear algebra. Just as in plain interior point methods for linear programming, the main issues are: the computation of the symmetric matrix AD2 AT ,
where D is a diagonal scaling matrix; and the computation of the Cholesky factors
of AD2 AT . The general structure of A is A = (GT ; E T )T , where G is the matrix of
subgradients generated by the oracle and E is a matrix with a structure of generalized
upper bound GUB constraints. The GUB structure appears when the oracle deals
with an additive objective function and returns separate subgradients, one for each
piece of the additive function. The GUB matrix may be absent, as in the case of pure
feasibility problems, or partially present.
The matrix E introduces a sparsity structure that is easily exploitable. Indeed
the matrix AD2 AT can be partitioned into four blocks: the lower diagonal one is the
diagonal matrix ED2 E T . By block pivoting on this matrix [5], the factorization of
AD2 AT boils down to the factorization of GD2 GT + (GD2 E T )(ED2 E T )?1 (ED2 GT ).
In many applications GD2 GT is dense, either because G itself is dense, or because
the rapidly increasing number of generated columns (in particular in the multiple
cut case) induces ll-in into the product matrix, even though G may remain sparse.
However, it was found necessary, for instance on multicommodity ow problems [32],
4

Web site http://ecolu-info.unige.ch/logilab
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to resort to sparse linear algebra, at least for an ecient computation the matrix
GD2 GT . accpm also o ers an option for sparse Cholesky factorization, but the
dynamically changing size of the matrix G makes it necessary to perform a new
symbolic factorization after each cut addition.
Finally, let us mention that accpm is rather sensitive, at least on some very large
problems, to the accuracy in the computation of the Newton direction. Insucient
precision may lead to a stall. The current implementation of accpm uses an iterative
re nement process that considerably improves performances.
6.1.3. Additive cuts. As pointed out in [48, 21], a proper formulation in a decomposition approach may have a tremendous impact on the overall computational
e ort. In particular, when the objective is additive and when the subgradients are
computed for each term of the sum, it is far better to keep the disaggregated information generated by each individual term rather than aggregating it in a single
subgradient (or cut). The latter approach is usually known as a multiple cuts (or
multiple columns) scheme, and is often a must in practical implementations.
Multiple cuts pose a challenge when it comes to the point of computing the
new analytic center by the interior point method. For example, in instances of the
nonlinear multicommodity ow problem with up to 10000 commodities and 2000 arcs
that were successfully handled by accpm, the matrix G has 2000 rows (hence, A has
12000 rows,) and each call to the oracle increases the number of columns by several
thousands. The experience shows that the primal projective algorithm faces this
situation successfully: the number of Newton iterations to compute a new analytic
center is generally of the order 10 to 20; rarely does it exceed these gures.
6.1.4. Initial box constraints. Theory and practice require that the iterates
remain within a box. Some sides of the box may be naturally speci ed by the oracle,
e.g., nonnegativity constraints y  0. Most of the time, the sides are arti cial bounds
that should be inactive at the optimum. accpm proposes default values. If the
iterate gets \too" close to a side, accpm automatically pushes this side of the box.
This mechanism turns out to be highly ecient in practice. (See e.g., [41].)
The user may also enter guess values for the box sides; good guesses may signi cantly enhance performance.
6.1.5. Weights on some constraints and column deletion. In the context
of optimization problem, there is always a cut associated with the objective. When
the oracle provides a better bound (in the context of a minimization problem, an
improved upper bound,) at the query point, a new objective cut should be added. In
practice, it is easier to translate the objective cut. However, this clearly implies a loss
of information. To compensate for it, the objective cut is repeated a number of times.
This strategy was found much more ecient [21]. The best repetition factor p seems
to be the number of generated columns. A p-times repetition of the constraint [35] is
equivalent to a weight p on the associated logarithmic barrier term.
In some examples, the rapidly increasing size of the matrix G becomes a real
challenge for the method. Clearly, some of the early generated columns become irrelevant and should be discarded. Otherwise, the Newton iterations to compute analytic
centers become more and more costly as the number of generated columns increases.
Though highly desirable, column deletion is perilous. There is still a lack of theoretical study5 , at least in the framework described in this paper. Tests based on
5 With the exception of [3]; however, the method in this paper has not been implemented; it relies
on shallow cuts, a mechanism which could considerably slow down the method.
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inscribed and enclosing ellipsoids have been developed to decide on elimination [19].
Unfortunately, those tests are computationally costly. Besides, updating the analytic
center after a cut deletion seems to be much more dicult than in the case of cut
addition.
The best strategy in problems with large number of multiple cuts is to perform
a drastic deletion only once, say after one third of the estimated total number of
iterations. See [19].
6.1.6. Constructing oracles. A cutting plane method can be viewed as a dialog between the main program, say accpm, and the oracle. The latter is problem
dependent; it is left to the responsibility of the user.
Recent development, tend to automatize this process in the case of large scale
structured problems, e.g., block angular structures. set is the acronym of Structure
Exploiting Tool [26], a device that is appended to standard algebraic modeling languages and that allows the user to pass the information relative to the structure. The
use of a decomposition scheme can be then fully automatized, leaving the user free
to use either the standard Kelley-Goldstein-Cheney-Dantzig-Wolfe-Benders scheme or
accpm.
6.1.7. General assessment on accpm behavior. The general behavior of
accpm can be paraphrased in few sentences. The strong points of this algorithm are:
robustness and reliability (accpm works with similar speed and predictability on very
di erent problems), simplicity (no tuning), stability (insensitive to degeneracy). The
stability issue is very important, in particular when the algorithm is used to solve
repeatedly a subproblem within a larger optimization problem, e.g., a Lagrangian
relaxation within a branch and bound approach. accpm shares with some other
methods, but not all, the nice feature of delivering dual variables.
On the negative side, two factors may severely reduce performance:
1. The Newton iterations are costly, especially if the cuts lie in a large dimensional space.
2. The algorithm may be slow at identifying the optimum, even when all necessary pieces of an original piecewise linear problem have been generated.
The last item puts accpm in a weak position with respect to Kelley's approach
for problems such as the linear multicommodity ow6 , where the cuts necessary to
describe the optimum are few per commodity and quickly generated. Kelley's strategy
stops at once when all necessary cuts are present7. In contrast, accpm keeps taking
cautious steps to guard against a possible bad behavior of the oracle.
6.2. Some applications. To conclude, we brie y review a few interesting applications. Nonlinear multicommodity ow problems very naturally lend to a highly
disaggregated formulation. Since the cuts (columns) are made up of indicator vectors
of paths on a network, the problem is sparse. By exploiting sparsity, accpm could
solve [32, 40] extremely large instances, with up to 5000 arcs and/or 10000 commodities. The survey paper [73] investigates several methods such as the ow deviation
[28], a primal-dual proximal method [64] and the projection method [8] on large nonlinear multicommodity ow problems. The most striking result is that accpm is not
always the fastest, but it is constantly \good" and is by far the most stable one.
At least on problems of medium to large size, but perhaps not on huge instances.
Kelley's algorithm, just like the simplex, has the nite termination criterion. However, just as
the simplex|and contrary to accpm and ipm's, it may converge poorly on some problems.
34
6
7

The capacity planning for survivable telecommunications networks is formulated
in [60, 77] as a very large structured LP that is solved by a two-level decomposition
scheme. Those papers provide instances of problems on which the optimal (Kelley's)
strategy fails. Stochastic programming and multi-sectorial planning are traditional
applications of a decomposition approach. accpm is used in [5] and [6] to solve these
problems. The paper [27] considers a stochastic programming approach to portfolio
management, with the aim of handling a large number of scenarios. By distributing
subproblems computations on a system with 10 parallel PC's, the analytic center
method could solve a version with one million scenarios.
Computation of economic equilibria is a very promising area of application for
accpm. A recent thesis [11] and the paper [16] give ample evidence of the solvingpower of the method on these reputedly dicult problems.
Finally, we would like to mention applications to integer programming. In the
rst application [20], accpm is used to solve a Lagrangian relaxation of the capacitate
multi-item lot sizing problem with set-up times. A full integration of accpm in
a column generation, or Lagrangian relaxation, framework, for structured integer
programming problems (clustering, Weber problem with multiple sites [22]), shows
that the reliability and robustness of accpm in applications where a nondi erentiable
problem must be solved repeatedly (i.e., at every node of the branch and bound tree)
makes it a very powerful alternative to both Kelley's cutting plane method and to
subgradient optimization.
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Appendix.

Lemma 6.1. Let u 2 Rn be a strictly positive vector. Then,

(6.1)

ke ? uk
?1
1 + ke ? uk  e ? u :

Moreover, if ke ? uk < 1, then.

(6.2)

e ? u?1  1 ?kek?e ?ukuk :

Proof. lemma trivially holds if u = e. Assume u 6= e. Since u > 0, we may write

ke ? uk = u(u?1 ? e)  maxfuig e ? u?1 :
Since ke ? uk  max jui ? 1j  maxfui g ? 1, one has
ke ? uk + 1  maxfui g  keke??uu?k1k :
This proves the st part of the lemma.
To prove the second part of the lemma we substitute the vectors u and u?1 for
one another in the above proof. Hence,

e ? u?1
1 + ke ? u?1 k  ke ? uk
also holds. Assuming ke ? uk < 1 and solving for e ? u?1 , we get

e ? u?1  1 ?kek?e ?ukuk :
Lemma 6.1 can be interpreted as follows. Let y, y 2 FD and let s = c ? AT y and
s = c ? AT y. De ne u = s?1 s. Then

ke ? uk = s?1 (s ? s) = S ?1 AT (y ? y) = ky ? yky :
Thus, ke ? uk is just the distance from y to y in the Dikin metric at y. It appears
that Lemma 6.1 provides a new direct proof of Lemma 4.1.
Proof of Lemma 4.2. (This is essentially the proof in [69]. See also [72].)
Denote y = y +  (y ? y),  2 [0; 1], and r = ky ? yky . From the mean value
theorem

R1
0
1
R
= 12 hAS?2 AT (y ? y); y ? yid;
0
1
R
= 1 ky ? yk2 d:

hF 0 (y) ? F 0 (y); y ? yi = hF 00 (y )(y ? y); y ? yid;

0

2 
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y

In view of (6.1),

R1 1 ky ? yk2 d  R1 1 ky ?yk2y d;
y
2 
 2 (1+ky ?yky )2
0
0
R1
Rr
 r2 d = r dt
0

(1+r)2

0

(1+t)2

2

r :
= 1+
r

Using (4.4) and the mean value theorem, we have

R1
0
1
R
= 1 hF 0 (y ) ? F 0 (y); y ? yid;
0
1
Rr
R
 r2 d = tdt = !(r):

F (y) ? F (y) ? hF 0 (y); y ? yi = hF 0 (y ) ? F 0 (y); y ? yid;

0

Proof of Lemma 4.3.

1+r

0

1+t

The proof is analogous to Lemma 4.2, but uses (6.2) of Lemma 4.1 instead of
(6.1).
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