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Abstract

Capacity misses in numerical codes have been studied
to a great extent [2, 9, 16], and can be relatively easily
predicted and estimated. Most of these studies also attempt to take into account the impact of the cache line
size. But, there are few studies on interference misses,
though several case-studies report that cache interferences can severely a ect cache behavior [6, 8]. Also,
in [3], suggestions are provided on how to consider interferences for cache performance evaluation and optimization.
Cache interferences are dicult to predict and estimate, because it is necessary to know where data are
mapped in cache and when data are referenced. For instance, consider addresses A and B that are mapped to
the same cache location and reused 3 times. Whether
the reference sequence is AAABBB or ABABAB , interference misses are equal to respectively 0 or 4.
Nevertheless, several reasons press for the study of
cache interferences. First of all, cache tends to be a
performance bottleneck because of high network and
memory latencies, so that signi cant performance improvements can be obtained through a slight reduction
of cache misses. Besides, several on-chip data caches
are direct-mapped in order to achieve a low hit time.
Such caches are considered to be more sensitive to interferences [8], especially when they are small, which is
currently the case because of on-chip space constraints
(8 kbytes in the DEC Alpha [11], MIPS R4000 [5]).
Moreover, large cache line sizes induce high interferences [12], which is one of the reasons why cache line
size is currently kept small. Being capable to detect and
avoid cache interferences could allow further increases
of the cache line size. Most important of all, cache interferences make program performance unpredictable.
Understanding the workings of cache phenomena would
allow precise performance analysis and prediction of application codes.
This paper is particularly targeted towards numerical codes which are characterized by large working sets,
so that their performance is highly dependent on the
memory hierarchy behavior. The goal of the paper is

The impact of cache interferences on program performance (particularly numerical codes, which heavily use the
memory hierarchy) remains unknown. The general knowledge is that cache interferences are highly irregular, in terms
of occurrence and intensity. In this paper, the di erent types
of cache interferences that can occur in numerical loop nests
are identi ed. An analytical method is developed for detecting the occurrence of interferences and, more important, for
computing the number of cache misses due to interferences.
Simulations and experiments on real machines show that the
model is generally accurate and that most interference phenomena are captured. Experiments also show that cache
interferences can be intense and frequent. Certain parameters such as array base addresses or dimensions can have a
strong impact on the occurrence of interferences. Modifying these parameters only can induce global execution time
variations of 30% and more. Applications of these modeling techniques are numerous and range from performance
evaluation and prediction to enhancement of data locality
optimizations techniques.
Keywords: cache interferences or con icts, numerical
codes, data locality, performance evaluation, modeling.

1 Introduction

Three types of cache misses can be distinguished
[6, 7]: cold-start misses which are compulsory, capacity
misses and interference (or con ict) misses. Capacity
misses occur when cache space is unsucient to store
all data to be reused. Interference misses occur when
two data are mapped to the same cache location. Typically, fully-associative caches do not exhibit interference
misses.
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threefold. First, to illustrate the fact that cache interferences can occur frequently and have a signi cant
impact on program performance (section 2 and 3). The
second goal is to introduce a methodology for predict-

ing and estimating cache interferences in direct-mapped
caches for frequently occurring numerical loop nests

(section 3). The third goal is to illustrate the model
accuracy through several examples (sections 3 and 4).
A rst version of the framework for computing cache
interferences has been presented in [14]. In [15], this
model has been applied to drive data copying strategies.
The present paper provides the details of the computations and illustrates the model accuracy.
Experiments For all examples, three types of statistics are provided: the simulated execution time (for
a whole loop or for an array), the estimated execution time (obtained with the model) and the global
execution time of the loop timed on an HP/PA-RISC
workstation.1 The execution time curves corresponding
to simulations and modeling have been obtained with
the following technique. Since the purpose of the model
is to predict variations of rather than absolute execution
time, a starting point (x0; t0 ) is picked from the Real execution time graph (where x is the parameter varied in
the graph, and t is the execution time). Let M (x) the
number of simulated or estimated cache misses for parameter x, then t = t0 + (M (x) ? M (x0))  tlat .2 The
purpose of these statistics are twofold. First, to show
the impact of cache interferences on global performance.
Second, to verify that execution time variations correspond to miss ratio variations.
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I = JU-1
DO 10 J = 0,JU-1
DO 20 K = 0,KU-1
LDD = -LDA(K)*U(K,J+2) - LDB(K)*U(K,J+1)
LDA(K) = LDB(K)
LDB(K) = LDD
LDS(K) = LDS(K) + LDD*U(K,J)
U(K,I) = U(K,I) + LDD*U(K,J)
F(K,I) = F(K,I) - LDD*F(K,J)
CONTINUE
CONTINUE

Loop 2a (I=JU-1;

KU=700; JU=500).
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Figure 2b:Execution time.
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2 Notion of Cache Interferences

Cache interferences operate by disrupting the reuse
of data. Several types of reuse can be distinguished:
spatial and temporal reuse. And for each type, selfdependence reuse (one reference reuses its own data)
and group-dependence reuse (one reference uses the
data of another reference) can also be distinguished
(see [16]).



Figure 2c:Layout in cache.

Figure 2: In uence of Cache Interferences.
Frequency of interferences The notion of cache
interferences conveys rare and intense phenomena like
"ping-pong", where two references (such as references
A(I ) and B (I ) in a Do-Loop with index I ) start at the
same cache location, translate in cache and constantly
compete for the same cache line, therefore preventing
spatial reuse.
However cache interferences are much more diverse
and frequent, because any type of reuse can be disrupted. In general, the larger the reuse distance for a

Characteristics of the HP/PA-RISC cache:
Cache Size = CS = 256 kbytes = 32768 array elements.
Line Size = LS = 64 bytes = 8 array elements.
Direct-mapped cache.
1 word = 4 bytes.
For the whole paper, 1 array element = 1 doubleprecision oating-point data = 2 words; all sizes and
dimensions are given in array elements.
For all experiments, 1 array element = 1 word.

1 For the experiments on the HP, the array base addresses have
been varied by using one large single array and having other arrays point to that array. By modifying the pointed location, the
relative base address between two arrays can be varied.
2 For our HP system, the miss penalty has been experimentally
timed at 8e ? 7 seconds.

given datum, the higher the probability it is ushed from
cache, because the more data are loaded before reuse occurs. Consider loop 2a which is a modi ed version of a

2

Because of paper length constraints, the extension to
spatial reuse is not discussed in this paper (see [13]).
Though it was not our primary goal, the methodology can be applied to compute capacity misses as well
as interference misses (though interference misses are
far more complex to evaluate). Consequently, the analytical expression of the total miss ratio for a given loop
can be derived, as illustrated in section 4 (compulsory
misses can be easily estimated).

loop in ARC2D, a Perfect Club benchmark [1].
The reuse distance associated with the spatial reuse
of LDA(k) is equal to 1 iteration of loop k (unlikely to
be disrupted), while the reuse distance associated with
the temporal reuse of LDA(k) is equal to KU iterations
of loop k (more likely to be disrupted, depending on the
value of KU ).
Irregularity of interferences Whether two data sets
intersect in cache is determined by the cache position of
these sets. This position generally depends on two types
of parameters: the arrays base address and leading dimensions. Since these parameters are arbitrarily (i.e.,
not "cache-consciously") determined by the compiler or
the programmer, cache interferences occur in an apparently "random" manner. Consider loop 2a.3 If the cache
distance between arrays LDA and LDB is smaller than
N2 (i.e., if j(lda0 mod CS ) ? (ldb0 mod CS )j < KU ,
where lda0 ; ldb0 are the base addresses of arrays LDA
and LDB ), then the two data sets intersect. Assuming
a direct-mapped cache, data belonging to the intersection cannot be reused.
Importance of cache interferences In loop 2a,
the distance between all arrays is characterized by one
parameter, so that most e ects can be shown by varying that single parameter: (ldb0 ? lda0) mod CS =
(lds0 ? ldb0) mod CS = (u0 ? f0 ) =  .4 In gure 2b,  is
varied from ?KU to 4  KU . Performance variations of
20% (500% in the case of ping-pong) can be observed.
The match between the estimated and real execution
time graphs strongly suggests that these variations are
due to interference phenomena. Note that for each value
of  , the exact same number of references are performed,
only the arrays base address is modi ed. Other experiments conducted in this paper (see sections 3.5, 3.6.1,
3.6.2, 3.7), show frequent and signi cant performance
losses due to cache interferences. Each of these examples illustrate a type of interference phenomenon, and
for each case, it is shown in section 3 how to evaluate
the corresponding number of cache misses. Section 4
synthesizes these results by showing how to compute
the number of cache misses of loop 2a.

3.1 Basic Concepts

Evaluating the miss ratio of a loop nest amounts to

counting, for each reference, the number of cache misses
due to disruption of locality exploitation. So, for each
reference, it is necessary to determine when reuse occurs

(i.e., the loop level where reuse occurs for the rst time).
Consider loop 3.5a. The reuse of reference Y (j 3; j 2)
occurs on loop j1 and the reuse of reference Z (j 3; j 1)
occurs on loop j2.
This "reuse" loop de nes the set of data to be
reused. For reference Y (j 3; j 2), this set is equal
to fY (0; 0); : : :; Y (N ? 1; N ? 1)g while it is equal to
fZ (0; j1 ); : : :; Z (N ? 1; j1)g for reference Z (j3 ; j1).
Reuse Set of

Interference Set of

Z (j3 ; j1 ): Z (; j1 )

?

Interference Set of

6

X (j2 ; j1 ): X (; j1 )

Reuse Set of
Y (j3 ; j2 ): Y (; )

?

6

Z (j3; j1 ): Z (; j1 )

?

Interference Set of
Y (j3 ; j2 ): Y (; j2 )
Interference Set of
Cache X (j2 ; j1 ): X (j2 ; j1 )
Arrays

?

Figure 3.1: Notion of Interference/Reuse Sets.
Similarly, this loop level also de nes the sets of

data of all other references that can interfere with
the "reuse" set. For reference Y (j 3; j 2), the "interference" sets are fZ (0; j1); : : :; Z (N ? 1; j1)g and

fX (0; j1 ); : : :; X (N ? 1; j1)g (Z and X can ush elements of Y from cache before they are reused), see gure 3.1. For reference Z (j1 ; j3), the "interference" sets
are fY (0; j2); : : :; Y (N ? 1; j2)g and fX (j2 ; j1)g.

3 Modeling Cache Behavior

Consider any reference. On each iteration of the
reuse loop, the number of cache misses due to the dis-

In this section, the techniques used to estimate the
number of interference misses are presented. Though
the method applies to all types of reuse, the method
is illustrated with self-dependence temporal reuse, because it is the most frequent type of reuse and because
it is often the most likely to be victim of interferences.
The extensions to group-dependence reuse is explained.

ruption of reuse for this reference is equal to the size of
the intersection (in cache lines) between the "reuse" set
and the "interference" sets.
Considering the problem this way, implicitly makes
abstraction of time considerations, i.e., when interferences occur. The problem is then equivalent to computing the intersection size between several sets. Summing

3 This example is analyzed in detail in section 4.
4 Figure 2c illustrates the respective cache positions of the dif-

these intersections over all iterations of the reuse loop
provides the total number of cache interference misses

ferent arrays for one iteration of loop J.

3

3.3 Interference Set

for a given reference. The next sections provide a formal
treatment of this method.

The de nition of the set of array elements that can
interfere with a reuse set is very similar to the de nition
of a reuse set.
De nition 3.6 For any array reference R = r0 +
r1 j1 + : : : + rnjn , that can interfere with a reuse
set de ned on loop level l, the theoretical interference set is equal to TIS(R) = fr0 + r1 j1 + : : : + rnjn ,
(0  ji  Ni ? 1)i>l g.
In opposition to the actual reuse set, when two elements of a theoretical interference set map to the same
cache line, this line is still counted in the actual interference set.
De nition 3.7 The actual interference set AIS(R)

3.1.1 Reuse Set
De nition 3.1 Assuming loops j1 ; : : :; jn are perfectly

nested (with jn the innermost loop), the reuse loop level
l of a reference R = r0 + r1 j1 + : : : + rnjn is de ned as
l = max fk j rk = 0g.5

Example Consider loop 3.5a. The reuse loop level
of Z (j3 ; j1 ) is 2 (or loop j2 ).

3.2 Reuse Set

Within a set of array elements to be reused, it is possible that two elements map to the same cache location.
These elements then alternately ush each other from
cache before they can be reused. Therefore, they should
not be counted within the set of elements that can be
e ectively reused. It is necessary to distinguish between
theoretical reuse set and actual reuse set.
De nition 3.2 For any array reference R = r0 +r1 j1 +
: : : + rn jn, which reuse loop is l, the theoretical reuse
set is equal to TRS(R) = fr0 + r1j1 + : : : + rnjn ,
(0  ji  Ni ? 1)i>l g.
De nition 3.3 The actual reuse set ARS(R) is the
cache footprint of the theoretical reuse set TRS(R), ex-

is exactly the cache footprint of the theoretical interference set TIS(R).
De nition 3.8 As for the reuse set, kTIS(R)k and
kAIS(R)k denote respectively the size of the theoretical
and actual interference set of R.

Example Consider loop 3.5a. The reuse of Y (j3 ; j2)
occurs on loop j1 . So the corresponding interference set
of Z (j3 ; j1 ) is de ned on loop j1 . The interference set
of Z (j3 ; j1) is equal to fz0 + j3 + Mj1 ; (0  j3  N ? 1)g.
In this case kTIS(R)k = N array elements of LNS array
lines. Assuming again a cache size of 4 array elements (8
words) and a 1-element (2 words) cache line, the actual
interference set of Z is equal to N cache lines if N < 4,
and it is equal to 4 cache lines if 4  N .

cluding all cache lines for which mapping con icts occur.
De nition 3.4 kTRS(R)k is the size of the theoretical
reuse set of R expressed in "array" lines, i.e., the number of cache lines used by TRS(R) assuming an in nite
cache size.
De nition 3.5 kARS(R)k is the size of the actual
reuse set of R expressed in cache lines.

3.4 Evaluating the Actual Sets 7

Consider a reference R = r0 + r1 j1 + : : : + rn jn,
of which we want to compute the cache footprint on
loop level l (i.e., the footprint is de ned by loops
n; n ? 1; : : :; l + 1).

Observation 3.1 After iterating on any
loop i; l < i  n, the data layout in cache is assumed

Example Consider loop 3.5a. The reuse set of
Z (j3 ; j1) is equal to fz0 + j3 + Mj1 ; (0  j3  N ? 1)g,
where z0 is the base address of array Z and M
is the leading dimension of arrays X; Y; Z . In
this case kTRS(R)k = N array elements of LNS
array lines.6 The actual reuse set is equal to
the cache lines corresponding to cache locations
f(z0 + j3 + Mj1 ) mod CS ; (0  j3  N ? 1)g. Assuming a cache size of 4 array elements (8 words) and an
1-element (2 words) cache line, the actual reuse set of Z
is equal to N cache lines if N  4, it is equal to 8 ? N
cache lines if 4 < N < 8, and it is empty if 8  N .

to be a set of intervals of cache locations, characterized
by the average size S of an interval, and the average
distance  between two consecutive intervals.

This assertion is an approximationwhich aims at simplifying the evaluation process. Using this observation,
a recursive process can be applied for each loop level
i; l < i  n.
Problem 3.1 Assuming an initial regular8 data layout of intervals of size S separated by a distance of
 cache locations (a layout obtained after iterating on
loops n; n ? 1; : : :; i + 1), the problem is to determine
the nal layout, i.e., average size S 0 , average distance
0 after iterating on loop i.

5 Note that only simple dependences are considered; for instance the reuse associated with reference A(j1 + j2 ) is not considered. The most frequently found dependences are simple ones,
as mentioned in [17].
6 Floor and ceiling functions have often been omitted in this
paper because experiments showed they generally don't have a
signi cant impact on precision.

7 This section can be skipped if in-depth comprehension of the
computations is not sought for.
8 i.e., the distance between any two consecutive intervals is approximately constant.
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3.4.1 Actual interference set

where

For problem 3.1, a recursive process can also be applied. Let 0 = CS and 1 = . After a number of
iterations, the intervals wrap around the cache area of
size 0 . Within each area of 1 cache locations, the
layout of intervals is identical. So, the study can be restricted to only one such area. Within one such area,
the spacing between two consecutive intervals is equal
to 2 = 1 ? 0 mod 1 . Let us consider a recursive
application of this process.
Observation 3.2 On recursion level k, the size of the
area considered is equal to k?1, and the spacing be-

fr (x; S; s ; s?1 ) =

Proposition 3.1 Let N = nsb s?0 1 c + r (with r =
N mod b s?0 1 c). In b s?0 1 c? r areas of size s?1, ns in-

tervals of size S have been brought, and in the remaining
r areas ns + 1 intervals have been brought.

Proposition 3.2 Let fi (x; S; s) = S + (x ? 1)+ s:

3.5 Self-Interferences

Then 
the cache footprint
size of all intervals is equal to


b s?0 1 c ? r  fi (ns ; S; s ) + r  fi (ns + 1; S; s ); 0 .

For this layout of intervals, the average size of an
interval is equal to
S0 =

max





b s?0 1 c ? r  fi (ns ; S; s ) + r  fi (ns + 1; S;s ); 0

Assume the reuse loop level is l for reference R.

Proposition 3.4 The number of cache misses due to



self-interferences of R is equal to

0
s?1

and the spacing between intervals is equal to 0 = s?1.
Remark k = k?1 ? k?2 mod k?1, so that all k
can be computed a priori with the cost of one application of Euclide algorithm [10]. In practice, this fact
also makes the process non-recursive, since the level at
which recursion stops can be determined beforehand.
After the process has been applied for all loops i; l <
i  n, the resulting layout in cache is the actual interference set of the reference, de ned on loop l.

N1  : : :  Nl  (kTRS(R)k ? kARS(R)k) :
Intuitively, each cache line excluded from the actual
reuse set because of con icts generates one cache miss,
each time the reuse set is referenced, hence the proposition.
Example Consider loop 3.5a, corresponding to the
multiplication of two N  N submatrices of M  M
matrices.

3.4.2 Actual reuse set

The reasoning is nearly identical for the actual reuse
set, except that cache lines where overlapping occurs
must be excluded.

Proposition 3.3 The number of elements that can be

reused is equal to
max



>
:

S if x = 1:
S + 2? s + (x ? 2)+ (2s ? S )+ if fi (x) < s?1 :
max 0; S + 2  s + (x ? 2)+ (2s ? S )+
?(fi (x) ? s?1 ) if fi (x)  s?1 :

An example of application of the whole process can
be found in section 3.5.
Note that this process is inaccurate (as mentioned
above, several approximations were made), so the error
can become signi cant after multiple applications (i.e.,
for multiple loop levels). Fortunately, a reuse set de ned
over two loop levels corresponds to a 3-deep loop nest
where reuse occurs on the third loop. For such a reuse
set, the algorithm needs only to be applied once (except
if the access stride is not equal to one). Reuse sets
de ned over three loops are less common in primitives
and real codes [17], or are less likely to be exploited (for
instance, loop blocking is rarely performed over more
than the two innermost loops).

tween two consecutive intervals in one such area is equal
to k . The recursion process stops on a level s when all
iterations of loop i have been considered, or when overlapping occurs, i.e., if s < S . Starting at this point, it
is possible to determine the footprint within an area of
size s?1, and assuming the layout is the same across
all areas, the footprint within the whole cache.

max

8
>
<

0 ? r  f (n ; S;  ;  ) + r  f (n + 1; S;  ;  );   :
r s
s s?1
r s
s s?1 0
s?1

5

DO j1=0,N-1
DO j2=0,N-1
reg = X(j2,j1)
DO j3=0,N-1
Z(j3,j1) += reg * Y(j3,j2)
ENDDO
ENDDO
ENDDO

Loop 3.5a (N=100).

which spread within an interval of 0 = CS cache locations. The k values are obtained with k = k?1 ?
k?2 mod k?1. Using the technique of section 3.4, ns,
kARS(Y (j2 ; j3))k, S 0 and 0 are computed. Table 3.5
shows the values of the main variables for N = 100
and di erent values of M . Figure 3.5b illustrates the
model precision and the impact of self-interferences on
global performance. As can be seen, for M = 800, selfinterferences of Y are nearly total, temporal reuse cannot be exploited. Spatial reuse can still be exploited, so
that the miss ratio is close to the theoretical minimum
of L1S = 0:125. But cross-interferences can yield an even
lower miss ratio.

Execution time for 100 runs (seconds)
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168 800
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Table 3.5: Examples of values obtained.

#miss
98352
45141
0

3.6 Cross-Interferences

Consider the reuse set of a reference R (reuse occurs
on loop l) and the corresponding interference set of a
reference R0.

Cache
Array Y

De nition 3.9 If a reuse or an interference set is dened on loop l, its cache position is de ned by9

s?1 = M = 800

(set(R)) = (r0 + r1j1 + : : : + rl jl ) mod CS

Lemma 3.1 The relative cache position of the interference set of R0 with respect to the reuse set of R is equal
to
(AIS(R0 )) ? (ARS(R));
and the relative distance between the two sets is equal to

Figure 3.5c:Layout in cache.

Figure 3.5: Self-Interferences.
Since all arrays are reused, the amount of compulsory misses is negligible. Spatial interference misses
for Z (j3 ; j1) and Y (j3; j2 ) are negligible because of the
small spatial reuse distance; the spatial reuse distance
for X (j2 ; j1 ) is large but since this reference accounts for
a small share of all memory accesses, the impact of spatial interference misses should not be signi cant. References Z (j3 ; j1) and Y (j3 ; j2) generate most memory
accesses, but the temporal reuse distance for Y (j3 ; j2)
is one order of magnitude larger than for Z (j3 ; j1). So,
intuitively, Y (j3 ; j2) is likely to be responsible for most
temporal interference misses, so in this case, for most of
the loop misses.
Since the theoretical interference set size of Z (j3 ; j1)
is equal to N elements and the theoretical reuse set size
of Y (j3 ; j2 ) is equal to N 2 elements, the e ect of self-

 = j(AIS(R0 )) ? (ARS(R))j :
Example Consider loop 3.5a. The reuse of Y (j3 ; j2)
occurs on loop j1 . So the corresponding interference set of Z (j3 ; j1 ) is de ned on loop j1. The position of the actual reuse set of Y (j3 ; j2) is equal to
(ARS(Y (j3 ; j2))) = (y0 ) mod CS , and the position
of the actual interference set of Z (j3 ; j1) is equal to
(ARS(Z (j3 ; j1))) = (z0 + j1 ) mod CS .

3.6.1 Internal cross-interferences
De nition 3.10 If  is independent of j1 ; : : :; jl, the
cross-interferences between R and R0 are called internal cross-interferences.
Proposition 3.5 If the cross-interferences between R

interferences can be much more signi cant than crossinterferences (i.e., cross-interferences can at most pre-

and R0 are internal cross-interferences, the size of the
intersection CL(ARS(R); AIS(R0);  ) between ARS(R)
and AIS(R0) is constant over the iterations of loops

vent the reuse of N elements, while self-interferences
can prevent the reuse of all N 2 elements).
The reuse set of Y (j3; j2 ) is a set of N intervals of
size S = N with a relative distance of 1 = N mod CS

9 Note that it actually corresponds to the cache position of the
rst element of the set.

6

j1 ; : : :; jl . The number of cache misses due to such
cross-interferences is then equal to
N1  : : :  Nl  CL(ARS(R); AIS(R0 );  ):
Proposition 3.6 The intersection between two intervals of size S1 and S2 , separated by a distance of  =
j(S1) ? (S2 )j cache locations, is equal to
+
+
CL(S1 ; S2 ;) = min ((S2 ? ) ; S1 ) + min ((S1 +  ? CS ) ; S2 )

Consider loop 3.6.1a. Temporal interferences between XA and XB are likely to account for most interferences (C only breeds compulsory misses). The
role of both arrays is symmetric. Consider array XA.
Its reuse set is an interval of S1 = N cache locations,
as well as the corresponding interference set of XB ,
i.e., S2 = N . The relative cache distance between
the two sets is  = jxa0 mod CS ? xb0 mod CS j. So,
according to the above proposition, the total number
of internal cross-interference
misses of XA is equal to
+
((S1 +?CS )+ ;S2 ) . Figure 3.6.1
N1  min ((S2 ?) ;S1 )+ Lmin
S
illustrates the model precision and the impact of internal cross-interferences on global performance. As can
be seen, the execution time decreases when  decreases,
until  > N , i.e., until the two sets do not overlap.

LS

For instance, S1 = kARS(R)k and S2 = kAIS(R0 )k.
If the sets correspond to a collection of intervals (instead of one single interval), each interval of the reuse
set is compared with each interval of the interference set.
The size of the intersection is obtained by summing over
all these subcases.

Example

3.6.2 External cross-interferences

DO j1=0,M-1
regA = YA(j1)
regB = YB(j1)
DO j2=0,N-1
C(j1,j2) = (XA(j2)+XB(j2))*(regA+regB)
ENDDO
ENDDO

For external cross-interferences, an accurate or approximate evaluation can be used, which are tradeo s
between accuracy and complexity. Only the approximate evaluation is described here. The accurate evaluation is described in [13], and see also [4] for the example
considered below.
Approximation Let us assume that  (the distance
between the reuse set of R and the interference set of
R0 ) is a random variable with a uniform distribution.
Interferences are averaged over all values of  . Hence
the proposition:

Loop 3.6.1a (N=1000,M=250).
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Proposition 3.7 The approximate number of cache

misses due to external cross-interferences between R
and R0 over execution of the loop nest is equal to
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Figure 3.6.1b: Execution time.

fa (ARS(R); AIS(P
R0 )) =
 =CS ?1
N1 ::: Nl
CL(kARS(R)k ; kAIS(R0 )k ; )

CS
 =0

where CL(kARS(R)k ; kAIS(R0 )k ;  ) is the function dened in section 3.6.1.
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Example Consider loop 3.6.2a, which corresponds to
the multiplication of an N  N matrix A with a vector
X.
DO j1=0,N-1
reg = Y(j1)
DO j2=0,N-1
reg += A(j2,j1) * X(j2)
ENDDO
Y(j1) = reg
ENDDO

N

Figure 3.6.1c:Layout in cache.
Figure 3.6.1: Internal Cross-Interferences.

Loop 3.6.2a.
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Figure 3.6.2: External Cross-Interferences.

loops, but over a subset of iterations of one or several
loops.
The main di erence with self-dependences is that the
reuse set (as well as the interference set) is "moving"
over each iteration of the reuse loop. Consequently,
a more formal de nition of the interference set is required. For each element of the theoretical reuse set,
the theoretical interference set is equal to the elements
loaded in cache, between two references to that element.
This de nition is apparently dependent on each element
of the reuse set, but generally, all elements within a
reuse set behave the same way. A surprising consequence is that internal-cross interferences disrupt groupdependence reuse in a boolean way. Either no element of
the reuse set or all elements of the reuse set are ushed
from cache.10 For external cross-interferences, the accurate evaluation can be dicult to derive, but the approximate evaluation can still be used: it is computed
for one element of the reuse set and then extended to all
elements of the reuse set. These notions are illustrated
with an example below.
Example Consider loop 3.7a. There is a groupdependence between X (j2 ; j1) and X (j2 ; j1 + 1), that
can be disrupted by XY (j2 ; j1). Since all arrays are assumed to have the same leading dimension, the references are in translation, and crossinterferences are internal cross-interferences. The
reuse set is de ned on loop j2 and corresponds
to fX (0; j1 + 1); : : :; X (N2 ? 1; j1 + 1)g. For element X (j2 ; j1 + 1), the interference set is equal to

fXY(j2 ; j1 ); : :: ; XY(N2 ? 1; j1 ); XY(0; j1 + 1) : : :; XY(j2 ? 1; j1 + 1)g.

Let  = x0 + N2 ? xy 0 , i.e., the relative distance between
X (j2 ; j1 +1) and its interference set, then internal crossinterferences occur if 0   < N2 (while the condition
is j j < N2 for self-dependence reuse). More intuitively,
if the interference set is located before the reuse set,
it is going to "sweep away" all elements of the reuse
set before they can be reused (see gure 3.7c). So in
this case, if internal cross-interferences occur, no groupdependence reuse can be achieved. This phenomenon is
illustrated on gure 3.7, where N1 = 500; N2 = 500 and
 is varied from ?500 to +1000.

Assuming that N < CS (i.e., no capacity miss occurs), kARS(X (j2 ))k = N and kAIS(A(j2 ; j1))k = N .
So CL(N; N; ) = (N ? )+ + (N +  ? CS)+ , and the approximate number of external cross-interference
misses
S ?1 CL(N; N; ) =
of X due to A is equal to N  C1S  P=C
=0
N2 (N+1) .
CSLS
As can be seen on gure 3.6.2, the time per reference
increases with N , mostly because the temporal reuse
of array X is disrupted by array A, until a threshold
value is reached, where the temporal reuse cannot be
exploited at all.

3.7 Extension to Group-Dependence Reuse

DO j1=0,N1-1
DO j2=0,N2-1
XY(j2,j1) = X(j2,j1+1) - X(j2,j1)
ENDDO
ENDDO

The techniques of sections 3.2 to 3.6 can be extended to group-dependence reuse. In opposition to selfdependences, the reuse set is de ned by two references
R1; R2, R2 reusing the data of R1.
The reuse loop level is simply the loop level where
reuse occurs. The reuse set is de ned as the set of elements referenced by R1 that are reused by R2. Consequently both the reuse set and the interference set are
not de ned over the whole execution of one or several

Loop 3.7a (N1=N2=500).
10 More exactly, all elements of the reuse set that can be ushed
by the interference set. Some cache locations used by the reuse
set may never be used by the interference set, even though both
sets are "moving" in cache.
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If AB < N2 , i.e., the two actual interference sets overlap, and in the same time they overlap with the reuse
set of Y then A and B have a redundant impact on Y ,
and cache misses should not be counted twice.
In order to avoid such redundancy, references are not
considered individually.
De nition 3.11 Two references R and R0 belong to the
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The actual interference set of a translation group is
the union of the actual interference sets of all references
within this translation group. So interferences due to
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a single reference are not considered anymore, instead,
only interferences due to a translation group are considered. This notion is useful to avoid redundant estimates
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Figure 3.7b:Execution time.
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3.8.2 Selecting the proper dependence
Consider the following example.

DO j1=0,N1-1
DO j2=0,N2-1
Y(j1) = Y(j1) + A(j2,j1) * (X(j2+1)-X(j2))
ENDDO
ENDDO

There is a self-dependence for X (j2 ) and a groupdependence from X (j2 ) to X (j2 + 1). The reuse distance of the group-dependence (1 iteration of j2) is much
shorter than that of the self-dependence (N2 iterations
of j2 ). So, for most elements (excluding X (0)), reference
X (j2 ) exploits the group-dependence reuse rather than
the self-dependence. Therefore, interferences on the
group-dependence instead of the self-dependence must
be considered.



Figure 3.7c:Layout in cache.

Figure 3.7: Disruption of Group-Dependence Reuse.

3.8 Computing the Total Number of Misses

In previous sections, it is shown how to predict and
compute the number of cache misses due to a given type
of interference. Though this is the major issue, another
dicult problem is to combine these results for several
references occurring in the same loop.

Interferences are evaluated for the dependence which
corresponds to the smallest dependence distance. In gen-

eral, array subscripts are simple enough to make this
task tractable.

3.8.1 Cumulating interference sets

3.9 Redundancies

It is not possible to simply add the number of cache
misses corresponding to each reference and each type of
interferences, because some interferences can be redundant. Consider the example below.

Globally, most redundancies are avoided because of
the following reasons:
 Determining cross-interferences on the actual reuse
set instead of the theoretical reuse set avoids redundant evaluation between self-interferences and crossinterferences.
 Determining internal cross-interferences before evaluating external cross-interferences and then updating
the actual reuse set avoids redundant evaluation between internal cross-interferences and external crossinterferences.
 Redundancies within external cross-interferences
are ignored, because they proved to be negligible in most

DO j1=0,N1-1
DO j2=0,N2-1
Y(j2) = A(j2,j1) - B(j2,j1)
ENDDO
ENDDO

Arrays A and B can both induce external crossinterferences on array Y . The relative cache distance
between the actual interference sets of these two arrays is equal to AB = j(a0 mod CS ) ? (b0 mod CS )j.
9

 The actual reuse set of LDA(k) is a set of KU
LS consecutive cache lines. All references LDB (k); LDS (k),
U (k; i); F (k; i) belong to the same translation group as
LDA(k). The actual interference sets of U (k; i); F (k; i)
do not overlap with the actual reuse set of LDA(k)13 .
The actual interference sets of both LDB (k) and
LDS (k) overlap with the actual reuse set of LDA(k),
but the impact of LDS (k) is redundant with that
of LDB (k) (see gure 2c). The actual interference set size of LDB (k); LDS (k) combined+ is equal

cases;11 this assertion is illustrated in section 4.

3.9.1 Global Algorithm

The global algorithm for computing the number of
cache interference misses is the following.


?
?
Compute
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cache
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?
Determine
interferencesetset
and actualtheinterference
?
Update the actual reuse
Compute
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to min(KUL+S;2KU ) , and overlaps by (KUL?S ) (where
+ = max ( ; 0)) with the actual reuse set of LDA(k).
Therefore, internal
cross-interferences on LDA(k) in+
JU

(
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?

)
cache misses.
duce
L
 As forS LDA(k), internal
cross-interferences on
?)+ cache misses.
LDS (k) induce JU (KU
L
 For LDB (k), theS actual interference set size of
LDA(k); LDB (k)
;2KU ) , and it overlaps
combined is equal to min(KU +2
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+
?) with the actual reuse set of LDB (k).
by 2(KU
LS
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on LDB (k) in+;KU )
JU

min
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(
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)
duce
cache misses.
LS
 The actual interference set of F (k; i) overlaps by LS
cache lines with+the actual reuse set of U (k; i). So, there
?) cache misses due to internal crossare JU (KU
LS
interferences on U (k; i). The role of U (k; i) and+ F (k; i)
?) cache
is symmetric; therefore there are JU (KU
LS
misses due to internal cross-interferences on F (k; i).

the total
cachenumber
misses of

4 Putting It All Together

In this section, the number of cache misses of loop 2a
is computed, based on the techniques presented in section 3. The leading dimension of arrays F; U is KU .
As mentioned in section 2, one parameter  is used to
characterize the distance between the di erent arrays
12. As can be seen on gure 2, four intervals can be distinguished. Because of paper length constraints, only
the interval [0; KU ? 1] is considered here. This interval corresponds the most complex case because many
interference phenomena occur at the same time.

So, the total number of internal cross-interferences
corresponding to self-dependence reuse disruption is
equal to
+
+
Nint self = 4  JU  (KU ? ) +Lmin(2  (KU ? ) ; KU) :

Compulsory misses
 The number of compulsory misses due to each array
LDA; LDB; LDS is equal to KU
L .
 Since references U (k; i) and SU (k; j ) do not belong to

S

Internal cross-interferences: group-dependence
reuse

Consider the group-dependence between U (k; j ) and
U (k; j + 1). The actual reuse set of U (k; j + 1) starts
at location u0 + KU (since the leading dimension of
U is KU ). The actual interference set corresponding
to F (k; j ) starts at f0 . F (k; j ) induces internal crossinterferences if 0  f0 ? u0 < KU . This inequation
is equivalent to 0   < KU (since f0 = u0 +  ),
which is satis ed by the hypotheses. So, there are internal cross-interferences of the group-dependence reuse
between U (k; j ) and U (k; j + 1). As mentioned in section 3.7, such interferences are boolean, so none of the

the same translation group, the potential reuse between
the two references is ignored. Therefore it is considered
that both references breed compulsory misses: KU
LS for
U (k; i), and JULSKU for U (k; j ); the same for F (k; i)
and F (k; j ).
 Consequently, the total number of compulsory
misses is equal to
Ncomp = 5  KU + 2  JU  KU :
LS

Internal cross-interferences: self-dependence
reuse

13 For sake of clarity, the relative distance between u0 and lda0
has been chosen so that no internal cross-interference occurs between U (k;i);F (k; i) and LDA(k); LDB (k);LDS (k). However,
such cross-interferences would be no more dicult to compute
than the ones studied in this paragraph.

11 It is possible, though, to come up with examples where re-

dundancies between external cross-interferences are signi cant.
12 This assumption does not in uence the complexity of the
computations.
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5 Conclusions and Future Directions

14 The peaks occurring at  = 0; 700; 1400 correspond to pingpong phenomena (spatial reuse disruption, see section 2) which
have not been discussed here, but can be simply identi ed by
checking the relative position of the di erent arrays.
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