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Abstra t
We study a learning problem whi h allows for a \fair" omparison between unsupervised
learning methods|probabilisti model onstru tion, and more traditional algorithms that dire tly learn a lassi ation. The merits of ea h approa h are intuitively lear: indu ing a model
is more expensive omputationally, but may support a wider range of predi tions. Its performan e, however, will depend on how well the postulated probabilisti model ts that data. To
ompare the paradigms we onsider a model whi h postulates a single binary-valued
on whi h all other attributes depend. In this model, nding the most likely value of
any one variable (given known values for the others) redu es to testing a linear fun tion of the
observed values. We learn the model with two te hniques: the standard EM algorithm, and
a new algorithm we develop based on ovarian es. We ompare these, in a ontrolled fashion,
against an algorithm (a version of
) that attempts to nd a good linear lassi er dire tly.
Our on lusions help delimit the fragility of using a model that is even \slightly" simpler than
the distribution a tually generating the data, vs. the relative robustness of dire tly sear hing
for a good predi tor.
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Introdu tion

In the ar hetypi al unsupervised learning problem a olle tion of unlabeled learning examples fx~ =
(x0; x1; : : : ; xn)g is given and a model is learned that ts the data. As an alternative, one may try to
learn ea h of the xis as a fun tion of the other bits in the examples, adopting a supervised learning
model in whi h the bit xi is the label. In many ases, the learned model itself is of little interest, and
one is more interested in predi tions done using this model on future, partially spe i ed, examples.
In these ases, a dire t omparison between the two learning paradigms an be performed. In this
paper we study an instantiation of this problem that allows for an interesting and fair omparison
of the paradigms.
We onsider the lassi task of predi ting a binary (0/1) target variable x0, based on the values
of some n other binary variables x1 : : : xn. We an distinguish between two styles of learning
approa hes for su h tasks. Parametri algorithms postulate some form of probabilisti model
underlying the data, and try to t the model's parameters. To lassify an example we an ompute
the onditional probability distribution for x0 given the values of the known variables, and then
predi t the most probable value. Non-parametri algorithms do not assume that the training data
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has a parti ular form. They instead sear h dire tly in the spa e of possible lassi ation fun tions,
attempting to nd one with small error on the training set of examples. While the generalization
properties of the parametri methods rely on the ability to approximate the underlying probability
distribution, the non-parametri methods make no attempt to estimate this distribution; their
generalization relies on approximately tting the training data and on that the training and test
data are sampled from the same distribution [Val84, Vap95℄.
An important advantage of parametri approa hes is that the indu ed model an be used to
support a wide range of inferen es, aside from the spe i ed lassi ation task. On the other hand,
to postulate a parti ular form of probabilisti model an be a very strong assumption. So it is
important to understand how robust su h methods are when the real world deviates from the
assumed model.
In this paper, we report on some experiments that test this issue. We onsider a standard and
rather restri ted model involving an unobserved explanatory variable, whi h still however retains
onsiderable interest. Spe i ally, we onsider the ase of n +1 onditionally independent attributes
xi together with a single unobserved variable z , also assumed to be binary valued, on whi h the xi
depend (hen eforth, the binary CIA model).
Given a xed value of z, the value of ea h xi is independently generated: xi is 1 with some
probability pzi , otherwise 0. Note that the probabilities depend on z. There are thus 2n + 3
parameters: the 2(n + 1) probabilities pzi (i = 0 : : : n), and one further parameter determining
the probability that z = 1. Although the attributes' values are independent given either value for
z , we do not know z and so the attributes will appear to be orrelated.
In fa t, su h models are plausible in many domains. As a motivating example onsider the ase of
disambiguation in natural language interpretation tasks, su h as pronun iation or ontext-sensitive
spelling orre tion [GR99℄. In a given ontext the o urren e of a single word or a phoneme may
be viewed as a random variable that is, to a good approximation, independent of the o urren e of
other words. When the ontext is not known, however, the words will appear to be orrelated.
In our studies, the unsupervised methods t the parameters of the CIA model using the wellknown expe tation-maximization (EM) te hnique [DLR77℄, and also with a new algorithm we have
developed based on estimating ovarian es. Both these methods, naturally, make some assumptions
on the probabilisti model that generates the data.
In the unsupervised, nonparametri ase, we simply sear h for a good linear separator. This
is be ause the optimal predi tors for the binary CIA model (i.e., for predi ting one variable given
known values for the rest) are also linear. This means that our omparison is \fair" in the sense
that neither strategy an hoose from lassi ers with more expressive power than the other.
As a representative of the non-parametri lass of algorithms, we use the Winnow algorithm of
[Lit88℄, with some modi ations. Winnow works dire tly to nd a \good" linear separator. It is
guaranteed to nd a perfe t separator if one exists, and empiri ally seems to be fairly su essful
even when there is no perfe t separator [GR99, Blu97℄. It is also very fast. We have made two
signi ant modi ations to the basi Winnow algorithm; one modi ation serves to redu e the
varian e of the predi tor, and the other improves its generalization ability by sear hing for a \thi k"
linear separator, namely, a linear separator that is onstrained to have a spe i ed margin [CV95℄.
Our experimental methodology is to rst generate syntheti data from a true CIA model and test
performan e; we then study various deviations from the model. There are various interesting issues
involved in onstru ting good experiments, in luding the desirability of ontrolling the inherent
\diÆ ulty" of learning a model.
While our parametri algorithm assumes the CIA model with a binary valued hidden variable,
we are going to evaluate its performan e on a lass of distributions parameterized by the number of
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values the hidden variable takes, and study how performan e hanges as the target deviates from
the assumed model. A similar tradeo exists for the non-parametri models. It is easy to see that
if we want to predi t the most likely value of a binary variable z in the CIA model, given observed
values for x~, the predi tion region will be de ned by a linear ombination of x~. The same is true
if one wishes to predi t the value of any single attribute, su h as x0, given values for the other
attributes. Thus, the learned linear separator is expressive enough to represent the Bayes optimal
predi tor. This is not true any more when the unobserved variable z an take more that two values.
Sin e we annot hara terize the entire spa e, we onsider here only deviations in whi h the data
is drawn from a CIA model in whi h the hidden variable an take more than two values.
Our observations are not qualitatively surprising. CIA does well when the assumed model is
orre t, but performan e degrades when the world departs from the model. But as we dis uss, we
found it surprising how fragile this model an sometimes be, when ompared against algorithms
su h as Winnow. This is even though the data is not linearly separable either, and so one might
expe t the dire t learning te hniques to degrade in performan e as well. But it seems that Winnow
and related approa hes are far less fragile.
We summarize the on lusions and ontributions of this paper as follows. First, this paper
presents empiri al data on erning the performan e of various algorithms for what is one of the
most prototypi al learning situation. This may be of assistan e in sele ting a learning te hnique
for a real problem. Se ond, we have proposed a new learning te hniques for the parameters of a
binary CIA model, as well as a novel version of the Winnow algorithm.
The main ontribution of this work is that our results shed light on the spe i tradeo between the unsupervised learning of a probabilisti model versus dire t sear h for a good lassi er1.
Spe i ally, they illustrate the dangers of predi ting using a model that is even \slightly" simpler
than the distribution a tually generating the data, vs. the relative robustness of dire tly sear hing
for a good predi tor. Given that using the parameter tting approa h studied here (e.g., EM) is a
fairly ommon pra ti e even in ases where the generative model is not well understood, this would
seem to be an important pra ti al issue as well as a warning sign, and highlights the need for some
better theoreti al understanding of the notion of \robustness"2.
We note that two re ent works [FM99, CGG98℄ study the problem of learning binary CIA
and provide algorithms that provably approximate the mixture distribution (in the KL-divergen e
sense) eÆ iently (although with large degree polynomials) for the ase in whi h the probabilities
pzi are bounded away from 1=2 by a onstant.
The paper is organized as follows. In Se tion 2 we present the CIA model. In Se tion 3 we
present our unsupervised learning methods { the EM algorithm and a Covarian es-Based approa h.
A dis ussion of the CIA model and its relations to linear separators is presented in Se tion 4. The
dire t learning method is presented in Se tion 5, followed by a se tion on our methodology and
experimental design in Se tion 6 and the experimental results in Se tion 7.
1

Of ourse, in pra ti e, there are well-known ways to improve the performan e of the lassi ers studied here.
These may involve model sele tion te hniques, mixture models, et . However, using these in our setting may obs ure
the fundamental nature of the problem onsidered here, whi h an be only studied in a restri ted and ontrolled
ontext. This is important be ause these issues are of great on ern in many appli ations and are not understood
theoreti ally.
2
In mathemati al statisti s [HC95℄ the notion of robust estimators refers to estimators that are good (small
varian e, say) for a wide variety of distributions (not ne essarily the best for any of them). Using this terminology
we nd here that EM is not robust, at least not under the type of distributional hanges we investigated.
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Conditionally Independent Attributes

Throughout we assume that ea h example is a binary ve tor x~ 2 f0; 1gn+1, and that ea h example
is generated independently at random a ording to some unknown distribution on f0; 1gn+1. We
use Xi to denote the i'th attribute, onsidered as a random variable, and xi to denote a value for
Xi , i = 0; 1; : : : n.
In the onditionally independent attribute (CIA) model, examples are generated as follows. We
postulate a \hidden" variablePZ with k values, whi h takes values z for 0  z < k with probability
k 1
z  0. Sin e we must have z =0 z = 1 there are k 1 independent parameters.
Having randomly hosen a value z for the hidden variable, we hoose the value xi for ea h
observable Xi: the value is 1 with probability p(iz), and 0 otherwise. Here pi(z) 2 [0; 1℄. The
attributes' values are hosen independently of ea h other, although z remains xed.
Note that there are thus (n + 1)k probability parameters pi(z). In the following, let P denote
the set of all (n + 1)k + k 1 parameters in the model. From this point, and until Se tion 6, we
always assume that k = 2 and in this ase, to simplify notation, we write 1 as , 0 (= 1 ) as
0 , p1 as pi and p0 as qi .
i
i
3

Unsupervised Learning for CIA

In this se tion we onsider the unsupervised learning problem indu ed by the CIA. Given a sample
of observations x~ = (x1; x1; : : : xn) the unsupervised approa h attempts to learn the maximumlikelihood parameters of the distribution given the data. That is, we attempt to nd the set of
parameters that maximizes the probability of the data observed.
If x~ = (x0; x1; : : : xn) is one observation, the likelihood is simply:
PP (~x) = P (~x ^ (Z = 1)) + P (~x ^ (Z = 0)) = P (~xjZ = 1)P (Z = 1) + P (~xjZ = 0)P (Z = 0)
= ni=0pxi (1 pi)1 x + 0 ni=0qix (1 qi )1 x :
(1)
i

i

i

i

The maximum likelihood estimate of P = ( ; p1; : : : ; pn; q1; : : : qn) is the value that maximizes
sj=1PP (~xj ) where x~j ranges over all the s examples seen. (Note that we use supers ripts to sele t
parti ular examples and subs ripts range over attributes.)
3.1

The Expe tation-Maximization algorithm (EM)

Finding the maximum likelihood parameterization analyti ally appears to be a diÆ ult problem, even in this rather simple setting. However, a pra ti al approa h is to use the well-known
Expe tation-Maximization algorithm (EM) [DLR77℄, whi h is an iterative approa h that always
onverges to a lo al maximum of the likelihood fun tion. By performing several EM runs with
di erent (random) initializations one an hope to nd a good (ideally, globally optimal) parameterization.
In this paper we omit a general dis ussion of how EM works but for ompleteness provide below
the derivation of the update rule for the general CIA model.
We begin with a randomly hosen parameterization P . Using Eq. 1, the probability that a data
point x~j omes from ea h of the k values of Z is given by:
Qn
r (1 x )
r x
P (~xj jP (z = r))
r i=0 (pi ) (1 pi )
=
:
(2)
Prj = P (z = rjx~j ) =
Qn
Pk
z )x (1 pz )(1 x ) ℄
P (~xj )
(
p
[
z
i=0 i
z =1
i
j
i

j
i

j
i
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Next we an ompute the expe ted log likelihood of the s examples seen:
X
X
E (logP (~xj j ~ z ; p~zi ))
E ( logP (~xj j ~ z ; p~zi )) 
j





j

X
j

(P1j  logP (1; x~j j ~z ; p~zi ) + : : : + Pkj  logP (k; x~j j ~z ; p~zi ))

n
k
Y
XX
j
j
Pz  log (~ z  (~pzi )xi (1

j z =1
k
XX
j z =1

i=0
n
X

Pzj  (log ~ z +

i=0

p~zi )1

xji )

xji log p~zi + (1 xji )log (1 p~zi ))

Di erentiating with respe t to all parameters we an now nd new values for ~i andPp~zi for whi h
k 1 ~ . We
the expe ted (log) likelihood re eives an extremal value. Remember that ~k = 1
i=1 i
have:
dE X Pzj Pkj
= ( ~ ~ ) = 0;
d~
z

j

z

k

and thus the new values for the s are given by:
8
>
<

P j
P
j z
~
z P Pj
~z = > Pj k
k 1~
: 1
i

Similarly,
and thus

i=1

dE X j xji
= Pz ( p~z
dp~zi
i
j
p~zi

=

if z 6= k
if z = k

1 xji ) = 0
1 p~zi

P j j
j P z xi
P j :
j Pz

In summary (for the binary CIA ase), we begin with a randomly hosen parameterization P ,
and then we iterate the following two omputation steps until (apparent) onvergen e:
Expe tation: For all x~j , ompute uj = PP (~xj ^ z = 1) and vj = PP (~xj ^ z = 0).
Maximization: Reestimate P as follows (writing U = Pj uj and V = Pj vj ):
P
P
Ps
j =1 uj =(U + V ) pi
fj :~x =1g vj =V:
fj :~x =1g uj =U qi
j
i

j
i

The maximization phase works as though we were estimating parameters by taking averages
based on weighted labeled data (i.e., in whi h we see z). If x~j is a sample point, these tional data
points are (~xj ; z = 1) with weight uj =U and (~xj ; z = 0) with weight vj =V .
After onvergen e has been dete ted (itself a de ision that requires some are) all we know is that
we are near a lo al minima of the likelihood fun tion. Thus it is prudent to repeat the pro ess with
many di erent restarts. Sin e our obje tive is to measure the learning potential intrinsi to CIA,
rather than omputational eÆ ien y, all our experiments were extremely onservative on erning
the stopping riteria at ea h iteration, and in the number of iterations we tried. But in pra ti e,
we are never sure that the true optimum has been lo ated.
5

3.2

Covarian es-Based approa h

Partly in response to on ern just expressed, we also developed another te hnique for learning
P . The algorithm, whi h we all COV, is based on measuring the ovarian e between pairs of
attributes.
Sin e we do not see Z , attributes will appear to be orrelated. Let i; j ; i;j be the expe tations
of Xi; Xj ; (Xi and Xj ), respe tively:
i = pi + 0 qi ; j = pj + 0 qj ; i;j = pi pj + 0 qi qj ;
(3)
and denote the ovarian e between Xi and Xj ,
yi;j  i;j i j :
(4)
Then, if the CIA model is the orre t model for the data, it is easy to show that
yi;j = 0 Æi Æj
where Æi denotes pi qi .
Furthermore, we an get very a urate estimates of i just by observing the proportion of
samples in whi h xi is 13 Thus, if we ould estimate both and the Æis it would be trivial to set
up equations and solve for estimates of pi and qi .
To estimate Æi , suppose we have omputed all the pairwise ovarian es using the data; we use
y^i;j to denote our estimate of yi;j . For any distin t j; k 6= i we learly have
0 Æ 2 = j yi;j yi;k j
i

(5)

yj;k

so we ould estimate Æi2 using this equation. A better estimate would be to onsider all pairs j; k
and average the individual estimates. However, not all individual estimates are equally good. The
smaller yj;k is, the less reliable we should expe t the estimate to be (and in the limit, where Xj
and Xk are perfe tly un orrelated, we get no valid estimate at all). This suggests that we use a
weighted average, with the weights proportional to yj;k . Using these weights leads us to the next
equation for determining Æi, whi h, after simpli ation, is:
P
2
(Pj:j6=i jyi;j j)2 Pj:j6=i yi;j
j;k
:j 6=k 6=i jyi;j yi;k j
0Æ2 =
P
P
P
=
(6)
i
j;k:j 6=k6=i jyj;k j
j;k:j 6=k jyj;k j 2 j :j 6=i jyj;i j
By substituting the estimates y^i;j we get an estimate
for 0Æi2. This estimate an be omputed
P
in linear time ex ept for the determination of j;k:j6=k jyj;k j whi h, although quadrati , does not
depend on i and so an be omputed on e and for all.
Thus this phase of the algorithm takes O(n2) time in total to estimate 0Æi2 for all i. In pra ti e
(although not in our experiments), one an onstru t variants of this pro edure that average over
fewer terms, gaining eÆ ien y at the sa ri e of some a ura y. The limiting pro edure, whi h
is to use just a single pair j; k for ea h i, gives a linear algorithm. However, this is probably not
advisable unless the sample size is quite large.
It remains only to estimate and the signs of the Æi's. Brie y, to determine the signs we rst
stipulate that Æ0 is positive. (Be ause we never see z, one sign an be hosen at random.) In
prin iple, then, the sign of Æj will then be equal to the sign of y0;j , whi h we have an estimate for.
3

p

Sin e this is just binomial sampling, the error in the estimate de reases as 1= sample size.
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In pra ti e, this an be statisti ally unreliable for small sample sizes and so we use a slightly more
involved \voting" pro edure.
Finally we estimate . We have found no better method of doing this than to simply sear h for
the optimal value, using likelihood as the sear h riterion. However, this is only a 1-dimensional
sear h and it turns out to be quite eÆ ient in pra ti e.
As we have pmentioned above, the expe tations i an be estimated a urately, with error that
de reases as 1= sample size. Furthermore, the deviation from this estimate an be bounded, with
high probability, using standard te hniques. Similarly, this an be done for the estimates in Eq. 5
and in Eq. 6. Consequently, it is possible to show that with high probability, given suÆ ient data,
the estimates we derive for Æi2 are a urate, and when it is bounded away from 0, so is its sign.
See, for example, [CGG98℄ for a similar analysis. We do not give the details of the fairly standard
analysis here sin e this is not the fo us of this work.
The entire algorithm works substantially faster than EM in most our experiments. In our
experiments the bulk of the work is the O(n2) non-iterative phase in whi h we estimate 0 Æi2.
4

Linear Separators and CIA

In this se tion we develop the relations between learning in the CIA model and linear separators,
so that we an use it later on in the supervised learning approa h to learning in the CIA model.
Given a fully parameterized CIA model, we may be interested in predi ting the value of one
variable, say X0, given known values for the remaining variables. One an show that in fa t the
optimal predi tion region is given by a linear separator in the other variables. The observation that
this holds for the ase where one wishes to predi t z goes ba k to [MP69℄. Observing that it holds
when predi ting any one of the observed attributes from the rest is a straightforward extension
that we present below.
It is impli it in the following that we are onsidering some xed set of parameters P . When X0
is unobserved, the onditional odds that X0 is 1 an be written:
O(X0 = 1jX1 = x1 ; : : : ; Xn = xn ))
 PP((XX0 == 01;;XX1 == xx1;;::::::;XXn == xxn))
0
1
1
n
n
0
; x1 ; : : : xn jZ = 1) + P (1; x1 ; : : : ; xn jZ = 0)
 PP (1
(0; x1; : : : xnjZ = 1) + 0 P (0; x1; : :: ; xnjZ = 0)
=x jZ =1)
q0 0pq00PP((XX11==xx11;:::;X
;:::;X =x jZ =0) + 1



=x jZ =1)
+
1
(1 q0) 0(1(1 pq00))PP((XX11==xx11;:::;X
;:::;X =x jZ =0)
+ q0
 (1 pp0)Q
Q
+ (1 q0) ;
0
n

n

n

n

where

n

n

n

n

P (X1 = x1 ; : : : ; Xn = xn jZ = 1)
:
Q= 0
P (X1 = x1 ; : : : ; Xn = xn jZ = 0)
The region in whi h X1 = 1 is more likely than X1 = 0 is the region in whi h O(x0 =
1jx1; : : : ; xn) > 1. From the above, this o urs when
p0 Q + q0 > (1 p0 )Q + (1 q0 );
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or

Q  (2p0 1) > 1 2q0 :
Assuming, for the moment, that p0 > 1=2, we have that there is some onstant C = 21p02q01 su h
that if Q > C , X0 = 1 is more likely than X0 = 0. Equivalently, log Q > log C . Finally, we note

that

L = log Q

n
X

= log 0 + (log pi log qi )  xi + (log (1 pi) log (1 qi))  (1 xi)
i=2
=  + 1x1 + : : : + nx1;
is a linear fun tion of the xi 's. Thus the Bayes optimal predi tion rule for x0, given x1. . . ,xn is
given by the linear ondition (under whi h we predi t 1): log Q log C > 0. Note that if in fa t
p0 < 0:5, the rule is reversed: we predi t 1 if log Q log C < 0. Finally note that C < 0 if both
p0 ; q0 > 0:5 (resp. pi ; qi < 0:5). In this ase the rule is degenerate: always predi t 1 (resp., 0).
Note that if we had been trying to predi t some other variable, x1 say,rather than x0, the
oeÆ ients for all xi (i 6= 0; 1) would have been the same, up to sign. (In fa t, j ij = j log p(1(1p )qq) j
always.) Only the onstant term, in this ase 0 =  log 21p12q11 , depends on whi h variable we are
trying to predi t. The same observation is true if we wish instead to predi t the value of Z given
values for all of the xi. This observation means that, in prin iple, if we learn a linear predi tor
for one variable we an use this to help form a predi tor for any other variable, or for Z . (There
are various ways of dealing with the varying onstant oeÆ ient. Perhaps the simplest is to note
that we an perform a binary sear h to nd the \best" onstant; i.e., that whi h leads to best
performan e on a training set.) One appli ation of this is when we really are interested in Z .
Sin e we do not see Z , this is an unsupervised learning problem. However, we an onvert it to
a supervised learning problem by trying to learn a good linear separator for any variable xi . On
the other hand suppose, more ommonly, that we really are interested in learning how to predi t
x0 . We might try to learn a linear predi tor for x0 , perhaps using Winnow. However, we an also
simultaneously try to learn predi tors for ea h variable xi given the others. To the extent the CIA
model is a urate, these predi tors an be used to improve the predi tor we nd for x0.
In the experimental study that follows, we on entrate on predi ting x0 and point out, given the
dis ussion above, that the same holds for any other predi tions, in luding un overing the hidden
variable.
We make a simple observation on erning learnability of the Bayes optimal predi tor for a
binary CIA model. This predi tor learly minimizes the expe ted loss among the lass of linear
predi tors, whi h for su h a predi tor L is de ned to be 1 for points in the region L < 0 su h that
x0 = 1 and for points in the region L > 0 for whi h x0 = 0, and is 0 otherwise. This suggest an
obvious learning strategy: simply try to nd the line whi h minimizes this loss on the training set.
How many samples would then be required? We an appeal to the result of [KS94℄ (Thm 5.1),
whi h shows that, even though there is no perfe t lassi er, the sample size required nevertheless
depends the VC-dimension of the lass (see, e.g., [Vap95℄), whi h for the lass of linear lassi ers is
just n + 1. It follows that a polynomial size sample is suÆ ient to ensure the \ orre tness" (in the
pre ise sense of [KS94℄) of this learning pro edure for learning the Bayes-optimal separator under
the binary CIA assumption.
This observation only tells us about sample omplexity. Unfortunately, in general the task of
nding a linear separator that minimizes disagreements on a olle tion of examples is known to be
NP-hard [HS92℄. So instead we use an algorithm alled Winnow that is known to produ e good
i

i

i
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results when a linear separator exists, as well as under ertain more relaxed assumptions [Lit91℄,
and appears to be quite e e tive in pra ti e[GR99, Blu97℄.
5

Learning using a Winnow-based algorithm

The basi version of the Winnow algorithm [Lit88℄ keeps an n-dimensional ve tor w = (w1; : : : wn)
of positive weights (i.e., wi is the weight asso iated with the ith feature), whi h it updates whenever
a mistake is made. Initially, the weight ve tor is typi ally set to assign an equal positive weight to
all features. The algorithm has 3 parameters, a promotion parameter > 1, a demotion parameter
0 < < 1 and a threshold . For a given instan e (x1; : : : ; xn) the algorithm predi ts that x0 = 1
i
m
X
i=1

wi xi > :

The algorithm updates its hypothesis only when a mistake is made. If the algorithm predi ts 0 and
the label (i.e., x0) is 1 (positive example) then the weights whi h orrespond to a tive attributes
(xi = 1) are promoted|the weight wi is repla ed by a larger weight  wi . Conversely, if algorithm
predi ts 1 and the re eived label is 0, then the weights whi h orrespond to a tive features are
demoted by fa tor . In both ases, all other weights maintain the same value. We allow for
negative weights as follows. Given an example (x1; : : : ; xn), we rewrite it as an example over 2n
variables (y1; y2; : : : ; y2n) where yi = xi and yn+i = 1 xi, i = 1; : : : n. We then apply Winnow
just as above to learn 2n (positive) weights. If wi+ is the weight asso iated with xi and wi is the
weight asso iated with xn+i (i.e., 1 xi), then the predi tion rule is simply to ompare
n
X
i=1

(wi+xi + wi (1 xi))

with the threshold.
In the experiments des ribed here we have made two signi ant modi ations to the basi
algorithm. To redu e varian e, our nal lassi er is a weighted average of several lassi ers; ea h is
trained using a subsample from the training set, and its weight is based based on how well it was
doing on that sample (this is a form of Bagging [Bre96℄). Se ond, we biased the algorithm so as
to look for \thi k" lassi ers. To understand this, onsider the ase in whi h the data is perfe tly
linearly separable (this is not the ase for the probabilisti on epts generating our experimental
data or for most real world data). Then there will generally be many linear on epts that separate
the training data we a tually see. Among these, it seems plausible that we have a better han e
of doing well on the unseen test data if we hoose a linear on ept that separates the positive
and negative training examples as \widely" as possible. This intuition is made formal within the
support ve tor ma hine approa h [CV95℄. The idea of having a wide separation is less lear when
there is no perfe t separator, but we an still appeal to the basi intuition. To bias the sear h
towards \thi k" separators, we hange Winnow's training rule somewhat. We now have a new
margin parameter  . As before,
Pn we always update when our urrent hypothesis makes a mistake,
but now we also update if j i=1 wi xi  j is less than  , even if the predi tion is orre t. In our
experiments, we found that performan e when using this version of Winnow is better than that of
the basi algorithm, so in this paper we present results for the former.
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6

Experimental Methodology

Aside from the hoi e of algorithm used, the number of attributes n, and the sample size s, our
experiments also di ered in two other dimensions. These are the type of pro ess generating the
data (we will be interested in various deviations from CIA), and the \diÆ ulty" of the problem.
These features are determined by the data model we use (i.e., the distribution over f0; 1gn+1 used
to generate data sets).
Our rst experiments onsider the ase where the data really is drawn from a binary CIA distribution. We asso iated with any su h distribution a \diÆ ulty" parameter B , whi h is the a ura y
with whi h one ould predi t the value of Z if one a tually knew the orre t model. (Of ourse,
even with knowledge of the orre t model we should not expe t 100% a ura y. Spe i ally, B is
omputed by averaging maxfP1j ; 1 P1j g from Eq. 2 a ross data points and sampled modeled.) The
ability to ontrol B allows us to sele t and study models with di erent qualitative hara teristi s.
In parti ular, this has allowed us to on entrate our experiments on fairly \hard" instan es4, and
to more meaningfully ompare trials with di ering numbers of attributes.
We denote by CIA(n; 2; b) the lass of all data models whi h are binary CIA distributions over n
variables with diÆ ulty b. It is nontrivial to eÆ iently sele t random models from this lass. Brie y,
our s heme is to hoose ea h parameter in a CIA model independently from a symmetri beta
distribution. Thus, the model parameters will have expe ted value 0.5. We hoose the parameter
of the beta distribution (whi h determines on entration about 0.5) so that the average B value of
the models thus generated, equals b. Finally, we use reje tion sampling to nd CIA models with B
values that are exa tly b  1%. The next family of data models we used are also CIA models, but
now using more than two values for the hidden variable. We denote the family using k values as
CIA(n; k; b) where n and b are as before. When k > 2 there are more omplex orrelation patterns
between the Xi than when k = 2. Furthermore, the optimal predi tor is not ne essarily linear. The
spe i results we dis uss in the next se tion have on entrated on this ase.
Given any set of parameters, in luding a parti ular lass of data models, our experiments are
designed with the goal of good statisti al a ura y. We repeatedly (typi ally 100 to 300 times)
hoose a data model at random from the hosen lass, hoose a sample of the appropriate size from
this model, and then run all our algorithms. Ea h algorithm produ es a (linear) hypothesis. We
measure the su ess rate Salg (i.e., the proportion of times a hypothesis makes the orre t predi tion
of x0) by drawing yet more random samples from the data model being used. In the test phase we
always draw enough new samples so that the on den e interval for Salg, for the results on a single
model, has width at most 1%.
We use the Salg values to onstru t a normalized measure of performan e (denoted T ) as follows.
Let Sbest be the best possible a ura y attainable for predi ting x0 (i.e., the a ura y a hieved by
the a tual model generating the data). Let S onst denote the performan e of the best possible
onstant predi tion rule (i.e., the rule that predi ts the most likely a priori value for x0). Note that
S onst and Sbest an vary from model to model. For ea h model we ompute
Salg S onst
;
Sbest S onst

and our normalized statisti T is the average of these values. It an be thought of as measuring the
4
Note that if one simply hooses parameters of a CIA model independently at random, without examining the
diÆ ulty of the model or adjusting for n, one will get many truly trivial problems (in whi h X0 is best predi ted with
a onstant) and, as n in reases, one would also get a growing, and disproportionate, number of \pra ti ally" trivial
problems (in whi h any small subset of the attributes is enough to predi t Z with nearly 100% a ura y, and thus
predi t optimally for X0 ).
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per entage of the possible predi tive power, over a plausible baseline, that an algorithm a hieves.
Note that for a single model, the onstant predi tor and the optimal predi tor s ore 0 and 1, respe tively, in this measure. However, we still o asionally see negative normalized s ores, espe ially
when algorithms are trained on very small samples.
Two other performan e measures that we onsidered were the averaged raw a ura y gures,
and the average a ura ies where we normalize ea h raw gure simply by dividing by the orresponding Sbest; we all this latter measure U .5 The raw measure has the aw that it is hard to
ompare between di erent data models; we wouldn't know whether 70%, say, is superb performan e
relative to what is possible or whether it is una eptable. The last two measures have, in prin iple,
the statisti al disadvantage that they weight \easy" problems ex essively relative to hard problems.
7

Results

We only report on a small, but representative, sele tion of our experiments in any detail. For
instan e, although we have onsidered many values of n ranging from 10 to 500, here we show six
graphs giving the learning urves for CIA(n; k; 0:90) for n = 10; 75, and for k = 2; 3; 5; as noted, we
display the normalized statisti T . The error bars show the standard error6, providing an indi ation
of a ura y.
Not surprisingly, when the data model is binary CIA, the EM algorithm does extremely well,
learning signi antly (if not overwhelmingly) faster than Winnow. But as we depart from the
binary CIA assumption, the performan e of EM qui kly degrades.
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Figure 1: CIA(10,2,0.9)
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Figure 2: CIA(75,2,0.9)

When k = 3 performan es is, on the whole, very similar for Winnow and EM. But when
k = 5 Winnow is already superior to EM; signi antly and uniformly so for n = 10. For xed k the
di eren e seems to be ome somewhat less dramati as n in reases; in Figure 6 (for n = 75) Winnow
is less obviously dominant, and in fa t is not better than EM until the sample size has rea hed
100. (But when s  n, meaning that we have fewer samples than attributes, the performan e is
uniformly dismal anyway.)
5
The three measures are not interderivable be ause S onst and Sbest vary from model to model. Thus, in a ertain
sense, they measure di erent things. In a ertain sense, the averaged T penalizes \easy" problems (in whi h it is easy
to do fairly well) relative to hard problems more than does U , and even more when ompared with the raw average.
6
Computed as the observed standard deviation, divided by the square root of the number of trials.
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Figure 6: CIA(75,5,0.9)

Should we attribute this degradation to the binary CIA assumption, or to the EM itself? (I.e., it
is possible, in prin iple, that the true maximum likelihood binary-CIA model would perform mu h
better than we are seeing, and that the problem is simply that EM doesn't nd it.) This question
is our reason for also onsidering the ovarian e algorithm. We see that the results for COV are
generally similar to EM's, supporting our belief that the phenomena we see are properties inherent
to the model rather than to the spe i algorithm being used. Similarly (the results are omitted)
we have tried several other algorithms that try to nd good linear separators dire tly, in luding
the lassi Per eptron algorithm [MP69℄; our version of Winnow was the best on the experiments
we tried and thus we onje ture that its performan e is (somewhat) indi ative of what is possible
for any su h approa h.
As the omparison between n = 10 and n = 75 illustrates, there is little qualitative di eren e
between the phenomena observed as the number of attributes in reases. Nevertheless, as n grows
it does seem that Winnow needs more examples before its performan e surpasses that of the other
algorithms (for any xed k). As already noted, this may be due simply to the very \noisy" nature
of the region s  n. It is also partially an artifa t of way we sele t models by xing the diÆ ulty
level: for xed b, as n in reases all the model probabilities must be ome loser to 0:5 on average.
As previously noted, we also experimented with varying \diÆ ulty" (B ) levels. Illustrative of
these are Figures 7 and 8, whi h show runs under CIA(10; 2; 0:98) and CIA(10; 5; 0:98). As an be
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seen the main di eren e is that Winnow is a little faster in surpassing EM when the data deviates
from the assumed model, but when the data model really is binary CIA, and EM onverge even
faster to an optimal performan e.
Our nal graphs, Figures 9 and 10, show results for CIA(10; 3; 0:98) using the two other performan e measures dis ussed in Se tion 6. These are extremely similar and useful mostly for indi ating
the s ale of the unnormalized performan e (or partially normalized in the ase of U ). We found all
measures to highlight essentially the same qualitative phenomena, but that T was more informative
about the details.
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Figure 7: CIA(10,2,0.98)
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Fig. 10: CIA(10,3,0.98) (U )

These patterns were on rmed when we tried to ompare the approa hes on real data. We have
used data that originates from a problem in whi h assuming a hidden \ ontext" variable seems
somewhat plausible. The data is taken from the ontext-sensitive spelling orre tion domain. We
used one data set from those that were used in [GR99℄. For example, given senten es in whi h the
word passed or past appear, the task is to determine, for ea h su h o urren e, whi h of the two
it should be. This task may be modeled by thinking of the \ ontext" as a hidden variable in our
sense. Yet when we tried to learn in this ase under the CIA model, with a binary valued hidden
variable, the results were no better than just predi ting the most likely lassi ation (around 70%).
Winnow, in ontrast, performed extremely well and ex eeds 95% on this task. We hesitate to read
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mu h into our limited real-data experiments, other than to note that so far they are onsistent with
the more areful experiments on syntheti data.
8

Con lusion

By restri ting to a binary hidden variable, we have been able to onsider a \fair" omparison
between unsupervised learning methods|probabilisti model onstru tion, and more traditional
algorithms that dire tly learn a lassi ation|at least in the sense that both have the same expressive power. Our results illustrate the dangers of predi ting using a model that is even \slightly"
simpler than the distribution a tually generating the data, vs. the relative robustness of dire tly
sear hing for a good predi tor. Our on lusions on erning the fragility of the former should not
be surprising but we believe that given the importan e of the problem it is valuable to have some
idea of the true signi an e of the e e t.
As we have indi ated, in many real-world ases, where a model of the sort we have onsidered
here seems plausible, it is impossible to nail down more spe i hara terizations of the probabilisti
model. Our results exhibit how important it is to use the orre t model and how sensitive are the
results to deviations from it, when attempting to learn using model onstru tion. One possible
on lusion may be that in ases when the probabilisti model is not well understood but the tasks
to be performed with the learned model are { one should prefer a more dire t learning approa h.
The purpose of this paper is not, of ourse, to advo ate that in pra ti e one should use either
Winnow or binary CIA in exa tly the form onsidered here. A ri her probabilisti model should be
used along with a model sele tion phase. However, studying the problem in a restri ted and ontrolled environment in ru ial so as to understand the nature and signi an e of this fundamental
problem. The simple parametri approa h an also be improved using various voting te hniques,
for instan e. The su ess of Winnow may indi ate that, when performing a predi tion task in the
presen e of a ri h probabilisti model, exploring nonparametri te hniques may be a legitimate ontender to trying to onstru t an approximate model. A areful omparison between su h algorithms
ould be produ tive.
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