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t. We show that the 
lassi
al te
hniques in numeri
al integra-tion (namely the Darboux sums method, the 
ompound trapezoidal andSimpson's rules and the Gauss{Legendre formulae) 
an be implementedin an exa
t real arithmeti
 framework in whi
h the numeri
al value of anintegral of an elementary fun
tion is obtained up to any desired a

ura
ywithout any round{o� errors. Any exa
t framework whi
h provides a li-brary of algorithms for 
omputing elementary fun
tions with an arbitrarya

ura
y is suitable for su
h an implementation; we have used an exa
-t real arithmeti
 framework based on linear fra
tional transformationsand have thereby implemented these numeri
al integration te
hniques.We also show that Euler's and Runge{Kutta methods for solving theinitial value problem of an ordinary di�erential equation 
an be imple-mented using an exa
t framework whi
h will guarantee the 
onvergen
eof the approximation to the a
tual solution of the di�erential equationas the step size in the partition of the interval in question tends to zero.1 Introdu
tionIn numeri
al methods for integration of a real{valued fun
tion, su
h as in theDarboux sums method, the trapezoidal method, Simpson's rule or the Gauss{Legendre formulae, the value of an integral If = R ba f(x)dx is approximated bya sum Qnf = Pni=0 
if(xi), where the xi's are the integration nodes and the
i's are the 
orresponding integration weights. In ea
h method, an upper boundfor the error 
an be obtained in terms of the number n of the integration nodesand an upper bound for a higher derivative of the integrand. Mathemati
ally,this error always tends to zero as n tends to in�nity. However, when any of thesemethods is implemented in 
oating point, one obtains an extra round{o� error inthe 
omputation of Qnf and, as n tends to in�nity, the 
omputed values of Qnfmay fail to 
onverge to the value of the integral [4℄. This same problem o

ursin the 
oating point implementation of the Euler's and Runge{Kutta methodsfor the numeri
al 
omputation of the solution of an initial value problem for anordinary di�erential equation.This undesirable situation 
an be over
ome in exa
t real arithmeti
. Simp-son [21℄ has developed a theoreti
al setting for the exa
t 
omputation of integrals? This work is supported by EPSRC.



using higher order fun
tions. However, the resulting algorithms are intra
table.This is even more so in the earlier work of Edalat and Es
ard�o [7℄ whi
h de�nesintegration in an extension of the theoreti
al language PCF.We show here that one 
an use any of the above methods of integrationto obtain the numeri
al value of the integral of any elementary fun
tion up toany desired a

ura
y �, provided that we have: (i) a set of algorithms for the
omputation of elementary fun
tions with arbitrary a

ura
y, and, (ii) an upperbound for the 
orresponding higher derivative of the integrand. This is a
hievedby �rst writing � = �m+�r with �m; �r > 0. Then, for a given integration method,we determine the number of nodes su
h that Qnf di�ers from the integral by atmost �m; �nally Qnf is evaluated using the exa
t real arithmeti
 framework upto pre
ision �r, whi
h means the result di�ers from the integral by at most � asdesired. We also show that by using su
h an exa
t framework, one 
an obtaina 
onvergent sequen
e of approximations with the Euler's and Runge{Kuttamethods as the number of nodes tends to in�nity.We a
tually use the exa
t real arithmeti
 framework based on linear fra
-tional transformations (LFTs) as developed by Edalat and Potts [8, 6, 20℄ basedon the work of Gosper [12℄, Vuillemin [22℄ and Kornerup and Nielsen [19℄ onthe one hand and Di Gianantonio [5℄ and Es
ard�o [11℄ on the other. Using the
omplexity results of He
kmann [13℄ for 
omputing elementary fun
tions in theLFT framework, we obtain, as an example, the 
omplexity of integrating theexponential fun
tion in the Darboux sums method, the trapezoidal method andin Simpson's rule in this framework. A number of examples for numeri
al inte-gration using the above di�erent methods and for the initial value problem usingthe Euler's and Runge{Kutta methods are presented.2 Numeri
al IntegrationWe will deal with the numeri
al integration of a real{valued bounded fun
tionf over a �nite 
losed interval [a; b℄:If = Z ba f(x)dx:The simplest way to approximate the value If is by a linear 
ombination Qnfof the values of f : If � Qnf= 
0f(x0) + 
1f(x1) + : : :+ 
nf(xn):Some integration methods are employed on spe
i�
 intervals (e.g. Gauss{Legendre formula is given for the interval [�1; 1℄). In order to apply su
h methodson another interval, we have to transform an integral over an arbitrary interval[a; b℄ to an integral over [�1; 1℄:Z ba f(x)dx = b� a2 Z 1�1 f �b� a2 x+ a+ b2 � dx:



We summarize four integration formulae; more details about these methods
an be found in any book about numeri
al integration (see, for example [16, 4℄):Darboux sums For a bounded fun
tion f : [a; b℄ ! R, and an equiparti-tion P = fx0; x1; : : : ; xng of [a; b℄, the lower Darboux sum is given byS(f ;P) = b�an Pnk=1mk, where mk is the minimum value of f on the subin-terval [xk�1; xk℄. If additionally f is a monotone fun
tion, then the minimummk is obtained at one of the end{points of the subinterval [xk�1; xk ℄, whilen 
an be obtained as the least integer n whi
h satis�es b�a� jf(b)�f(a)j < n,where � > 0 is the required a

ura
y.Closed Newton{Cotes formulae The 
ompound trapezoidal and Simpson'srules are 
onstru
ted by dividing [a; b℄ into n subintervals by an equipartitionP = fx0; x1; : : : ; xng and approximating f on ea
h subinterval by polynomi-als of degree one and two respe
tively. These two rules are respe
tively givenby: Qn1f = b� a2n "f(x0) + 2 n�1Xk=1 f(xk) + f(xn)# ; (1)Qn2f = b� a6n "f(x0) + 2 n�1Xk=1 f(xk) + 4 n�1Xk=0 f(xk+ 12 ) + f(xn)# ; (2)where xk+ 12 = (xk+xk+1)=2. We may obtain an approximation whi
h di�ersfrom If by at most � > 0, provided that f is smooth enough (f 2 C2[a; b℄for the trapezoidal rule, and f 2 C4[a; b℄ for Simpson's rule). This is doneby taking B(b�a)312� < n2 and C(b�a)52880� < n4 for the trapezoidal and Simpson'srules respe
tively. B and C are upper bounds for jf (2)j and jf (4)j respe
tivelyon the interval [a; b℄. For given n, the number of integration nodes for thetrapezoidal rule is (n+ 1), while for Simpson's rule is (2n+ 1).Gauss{Legendre formulae In the formulae above, the 
hoi
e of the integra-tion nodes (equipartition of [a; b℄), does not guarantee the maximum possibledegree of a

ura
y1. The Gauss formulae, however, guarantee this a

ura
y.Here, we dis
uss the Gauss{Legendre formula, with the roots of Legendrepolynomials as the integration nodes. The error of the formula is given by:Z 1�1 f(x)dx� nXk=1 
kf(xk) = 22n+1(n!)4(2n+ 1)[(2n)!℄3 f (2n)(�); (3)for some � 2 (�1; 1), provided f has a 
ontinuous (2n)th derivative.The Darboux (or any Riemann) sums method is the most general but theleast eÆ
ient te
hnique. The number of subintervals required for a given a

ura
yis usually huge 
ompared with the other formulae des
ribed here. On the other1 The degree of a

ura
y of integration formula Qf , is the greatest integer d su
h thatQf integrates exa
tly all polynomials of degree less than or equal to d.



hand, if the Riemann integral exists, this method 
an always be applied whereasthe other methods may fail. Gauss formulae are 
ommonly used be
ause of theira

ura
y, despite the fa
t that it may be diÆ
ult to obtain an upper bound forthe (2n)th derivative of f .3 Numeri
al Methods for Solving the Initial ValueProblem of Ordinary Di�erential EquationsThe initial value problem of the ordinary di�erential equation may be writtenin the form: y 0 = f (t;y); t � a; y(a) = y0; (4)where f : [a;1) � Rd ! Rd , and y0 is an initial 
ondition. The usual require-ment is that f satis�es a Lips
hitz 
ondition2, whi
h is suÆ
ient for the initialvalue problem (4) to have a unique solution y(t). Usually, the problem is to
ompute a numeri
al solution of (4) at a point b > a. Numeri
al methods �tsu
h a problem well, be
ause using them we a
tually do not obtain a 
ontinuousapproximation of y(t), but 
al
ulate the solution y0;y1; : : : ;yn at points a =t0 < t1 < : : : < tn = b, 
alled mesh points, of the 
ompa
t interval [a; b℄. In thefollowing we outline Euler's and Runge{Kutta methods, where the mesh pointsmake an equidistant partition of [a; b℄ (h = tj+1 � tj = b�an ; j = 0 : : : (n� 1)).Euler's method Using a Taylor's expansion of y about tj+1; j = 0 : : : (n� 1)we 
an write y(tj+1) � y(tj) + (tj+1 � tj)y 0(tj), whi
h gives us:yj+1 = yj + hf (tj ;yj); j = 0; : : : ; (n� 1); (5)where h is the step size. The error of this method is given bykehj k = kyj � y(tj)k � Bh� (e(b�a)� � 1); (6)where � is a Lips
hitz 
onstant in a given norm k � k, and B is an upperbound of ky 00k over the interval [a; b℄ (sin
e all norms are equivalent in �nitedimensional spa
es, the 
hoi
e of the ve
tor norm is not relevant).Runge{Kutta methods Integrating the di�erential equation given in (4) over[tj ; tj+1℄, we obtain y(tj+1) = y(tj)+ R tj+1tj f dt. Using various numeri
al in-tegration methods to 
al
ulate the last integral, we obtain the Runge{Kuttamethods. For example, using the trapezoidal rule we obtain the se
ond{orderRunge{Kutta method (RK2), while Simpson's rule is used in the 
onstru
-tion of the third and the fourth{order Runge{Kutta methods (RK3 and RK4respe
tively). These methods are summarized in Table 1.All of these methods are 
onvergent, i.e. kehj k ! 0 when h! 0 [14℄.2 A fun
tion f : [a;1)�Rd ! Rd is said to satisfy a Lips
hitz 
ondition in the variabley , if there exists a 
onstant � > 0 su
h thatkf (t; x)� f (t;y)k � �kx � yk;whenever (t; x); (t; y) 2 [a;1)� Rd , where k � k is a given ve
tor norm.



Table 1. Runge{Kutta methodsRK2 RK3 RK4k1 hf (tj ; yj) hf (tj ; y j) hf (tj ; y j)k2 hf (tj+1; yj + k1) hf �tj + 12h; yj + 12k1� hf �tj + 12h; yj + 12k1�k3 hf �tj+1; y j � k1 + 2k2� hf �tj + 12h; yj + 12k2�k4 hf (tj+1; y j + k3)yj+1 y j + 12 [k1 + k2℄ y j + 16 [k1 + 4k2 + k3℄ y j + 16 [k1 + 2k2 + 2k3 + k4℄
4 Exa
t Real Arithmeti
 Using LFTsBy an exa
t real arithmeti
 framework we mean any set of algorithms for 
om-puting elementary fun
tion up to any required a

ura
y. One example is Boehmand Cartwright's framework [1, 2℄, developed and implemented by M�enissier{Morain, [17℄, whi
h uses B{adi
 numbers. Another example, whi
h uses linearfra
tional transformations, is based on the work of Gosper, Vuillemin, Kornerupand Nielsen, and has been developed and implemented on the spe
ial base inter-val [0;1℄ by Edalat and Potts, [8, 20℄. Re
ently, He
kmann [13℄ has 
onsideredthe base interval [�1; 1℄. In this se
tion we summarize the representation of realnumbers and fun
tions using LFTs, based on the spe
ial base interval [�1; 1℄.We work in R� = R [ f1g, the one{point 
ompa
ti�
ation of R (as in [22℄)identi�ed with the unit 
ir
le in the plane as in Fig.1.

s(0)

-1 10

S 1

s( 8)

s(x)

x

Fig. 1. The stereographi
 proje
tion



Let us denote the set of ve
tors, matri
es and tensors with integer 
oeÆ
ientsrespe
tively by:V = ��ab� j a; b 2 Z� ; M = ��a 
b d� j a; b; 
; d 2 Z� ;T = ��a 
 e gb d f h� j a; b; 
; d; e; f; g; h 2 Z� :Ve
tors, matri
es and tensors indu
e respe
tively 0{dimensional LFTs (a fra
tionin R� ), 1{dimensional LFTs (a fun
tion from R� to R� ) and 2{dimensional LFTs(a fun
tion from R� � R� to R� ), whi
h are given by:��ab� = ab ; ��a 
b d� (x) = ax+ 
bx+ d ;��a 
 e gb d f h� (x; y) = axy + 
x+ ey + gbxy + dx+ fy + h:We 
an identify an LFT �(K) with K, where K is ve
tor, matrix or tensor.This identi�
ation is unique up to s
aling: �(K) = �(kK) for any non{zerointeger k. The 
omposition of two 1{dimensional LFTs 
orresponds to matrixmultipli
ation. A non{singular matrixM maps an interval to an interval: the in-terval [p; q℄ is mapped to [Mp;Mq℄ for detM > 0 and [Mq;Mp℄ for detM < 0.One 
an verify that for any two intervals with rational end{points, there ex-ists an LFT M su
h that M [p; q℄ = [r; s℄. We say that a matrix M is bound-ed, respe
tively re�ning, on base interval [�1; 1℄ if M [�1; 1℄ � R, respe
tivelyM [�1; 1℄ � [�1; 1℄. Similarly, we say that a tensor T is bounded, respe
tivelyre�ning, if T ([�1; 1℄; [�1; 1℄) � R, respe
tively T ([�1; 1℄; [�1; 1℄) � [�1; 1℄. Thesets of all re�ning ve
tors, matri
es and tensors with integer 
oeÆ
ients are de-noted by V+, M + and T+ respe
tively. It is easy to 
he
k that for M;N 2 M ,we have MN [�1; 1℄ � M [�1; 1℄ , N 2 M + . A signed normal produ
t (snp),an unsigned normal produ
t (unp), a signed expression tree (sext) and an un-signed expression tree (uext) are respe
tively de�ned by the following re
ursiverelations:snp := V j M(unp); sext := V j M(uext) j T (uext; uext);unp := V + j M+(unp); uext := V + j M+(uext) j T+(uext; uext);where V 2 V; M 2 M ; T 2 T; V + 2 V+; M+ 2 M + and T+ 2 T+.A real number, x, is represented as a shrinking sequen
e of nested 
losedintervals with rational end{points, fxg = Tn[pn; qn℄, or using the fa
ts above, asa signed normal produ
t, fxg = TnMn[�1; 1℄. By analogy with the usual rep-resentation of real numbers, the �rst matrix of the normal produ
t, M0 2 M , is
alled the sign matrix, while the matri
esMn 2 M + ; n > 0, are 
alled digit ma-tri
es. Edalat and Potts in [6, 8℄ proposed a standard form, 
alled exa
t 
oatingform, where the �rst matrix is one of the four sign matri
es S1; S�; S0; S+:S1 = � 1 1�1 1� ; S� = � 0 1�1 0� ; S0 = �1 �11 1 � ; S+ = �1 00 1� :



The matri
es Mn; n > 0 belong to the �nite set of digit matri
es in base r > 0:Ark = �1 k0 r� ; jkj < r.One 
an perform some simple fun
tions, su
h as x 7! x � 1; x 7! 12x , overreal numbers using 1{dimensional LFTs. The 
omputation is done by a sequen
eof emissions and absorptions. A transformation M 7! N1(N�1M) is 
alled anemission of a matrix N1 from a matrixM . Here N�1 denotes an integer inverse ofN1 (re
all that N�1 is unique up to s
aling). In the exa
t 
oating form, the �rstemitted matrix of any expression is one of sign matri
es S�; � 2 f1;�; 0;+g,while the subsequent emitted matri
es are digits matri
es. On the other hand,by absorption we mean a transformation MN2 7! (MN2). Here, matrix M
onsumes a matrix N2. Let S�D1D2 : : : be an exa
t 
oating point representationof a real number x. In order to 
ompute the exa
t 
oating expression of M(x) =ax+
bx+d we �rst emit a sign matrix S�0 and then digit matri
es Ark from M untilthe required a

ura
y is attained. Whenever no emission is possible one has toabsorb further digits from x.While matri
es may be used in representation of real numbers by normalprodu
t, tensors are used to represent fun
tions by an expression tree. Basi
arithmeti
 operations over two arguments are easily represented by suitable ten-sors. For example, multipli
ation xy is represented by 1xy+0x+0y+00xy+0x+0y+1 . Furthermore,Edalat and Potts in [8, 20℄ gave an expression tree representation of a number ofelementary fun
tions like sine, 
osine, tangent, exponential, logarithm. Their ex-pression tree representation is given in the form as shown in Fig.2. Tensors mayemit a matrix in the same way as matri
es. But tensors may absorb digits fromboth of their arguments. These absorptions are 
alled left and right absorption.For more details see [20℄, where Potts studies various emission and absorptionstrategies. We say that a tensor T is made of two matri
es T = (T0; T1), anda matrix M is made of two ve
tors M = (M0;M1). T T denotes the transposeof a tensor T , obtained by swapping the two middle 
olumns of T . Then, rightabsorption, �R, and left absorption, �L are given by:(T0; T1) �R M = (T0M;T1M); T �L M = (T T �R M)TWe de�ne, as in [13℄, the 
ontra
tivity and the expansivity of a boundedmatrix M by 
onM = supx2[�1;1℄ jM 0(x)j; expM = infx2[�1;1℄ jM 0(x)j respe
-tively. For a bounded tensor T , the right 
ontra
tivity is de�ned as 
onRT =supx2[�1;1℄ 
on(T jx), where for �xed x, the 1{dimensional LFT (T jx) is givenby (T jx) := (y 7! T (x; y)). Similarly, the left 
ontra
tivity of T is de�ned by
onLT = supy2[�1;1℄ 
on(T jy). If eT is a result of emission of a digit matrix inbase r from a bounded tensor T , then 
onR eT = r 
onRT and 
onL eT = r 
onLT .If, on the other hand, the tensor eT is the result of an absorption of a digit matrixfrom the right, we have 
onR eT � 1r 
onRT and 
onL eT � 
onLT . Similarly, inthe 
ase of absorption from left we have 
onR eT � 
onRT and 
onL eT � 1r 
onLT .He
kmann in [13℄ studies the problem of how many input digits in exa
t
oating point form are needed from an argument to produ
e the required number
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Fig. 2. f(x) represented by an expression treeof output digits (input 
omplexity). Here we outline some relevant results thatwe need in order to study the 
omplexity of numeri
al integration later in thispaper. In order to emit k digits in base r of M(x), where M is a re�ning matrixapplied to an argument x 2 [�1; 1℄, at least k + dlogr(expM)e and at mostk+ dlogr(2
onM)e digits from x have to be absorbed. If the tensor T takes twoarguments x; y 2 [�1; 1℄, and produ
es the result in the same interval (re�ningtensors belong to this 
lass), then in order to produ
e k digits of T (x; y) in baser, at most k+ dlogr(4
onLT )e and k+ dlogr(4
onRT )e digits are needed from xand y respe
tively.5 Numeri
al Integration in Exa
t FrameworkGiven an exa
t real arithmeti
 framework, to 
al
ulate a numeri
al value of anintegral If with error not greater than � > 0, we �rst split � into two parts:� = �m + �r. The number of the integration nodes is obtained by the error �mof the numeri
al integration method. Then we 
ompute the approximation Qnfwhi
h is the value of an elementary fun
tion up to �r a

ura
y in the exa
tarithmeti
 framework.For example, the number of integration nodes of the 
ompound trapezoidalrule (1) and the 
ompound Simpson's rule (2) are respe
tively obtained as theinteger n su
h thatB(b� a)312�m < n2 and C(b� a)52880�m < n4: (7)We then 
al
ulate Qn1f by the trapezoidal rule and Qn2 by Simpson's rule up topre
ision �r. Here B and C represent upper bounds of jf (2)j and jf (4)j over [a; b℄respe
tively, and do not have to be 
al
ulated exa
tly.The 
omputation of the lower Darboux sum for a monotone fun
tion f isstraightforward; for �m > 0 we �nd an integer n su
h that b�a�m jf(b)�f(a)j < n,and 
al
ulate the Darboux sum up to pre
ision �r. This 
an be easily extended toa pie
ewise monotone fun
tion if the lo
al minima and maxima of the fun
tion



are 
omputable. We split the integration region into, say, k subintervals on ea
hof whi
h f is monotoni
. We then 
al
ulate the integral on ea
h of the subin-tervals and add them up. The error �m is split into �1; : : : ; �k, and ea
h of theseerrors is used in order to 
al
ulate one of the k integrals. The points where frea
hes its k peaks may be obtained by 
al
ulating the k roots of f 0 using thetrise
tion algorithm des
ribed by Edalat and Ri
o in [9℄.Comparing the error term of the Gauss{Legendre formula (3) with �m, we 
anobtain the number of integration nodes required for su
h a

ura
y. Therefore,if f (2n) vanishes for some n, the Gauss formulae with n integration nodes willintegrate the fun
tion f with no error. For example, any polynomial of degree mwill be integrated exa
tly using the Gauss formula with n � m+12 . In this 
aseour only 
on
ern is the error of the representation �r. We have tabulated theintegration nodes (the zeros of Legendre polynomials of degree n) and weightsof some Gauss{Legendre integration formulae in the binary sign form in Table 2.Table 2. The integration nodes and weights of Gauss{Legendre formulae in the binarysign form n Integration Nodes Integration Weights2 �1�111�111�1�1�1�111�1�11�111�1 : : : 11111111111111111111 : : :11�1�11�1�11111�1�111�11�1�11 : : : 11111111111111111111 : : :3 �1�1�1111�1�111�111�11�1�1�1�1�1 : : : 10010�1100100�100100�10 : : :�11111111111111111111 : : : 11100100�100100�10010�1 : : :111�1�1�111�1�11�1�11�111111 : : : 10010�1100100�100100�10 : : :4 �1�1�11�1�1�1111�1�1�111�1�11�1�1 : : : 1�110�101�100010�11�10001 : : :�11�11�11�1�1�11111�1111�1�1�1 : : : 11�1010�11000�1010�10000 : : :1�11�11�1111�1�1�1�11�1�1�1111 : : : 11�1010�11000�101�110000 : : :111�1111�1�1�1111�1�111�111 : : : 1�110�101�100010�11�10000 : : :
6 Numeri
al Integration Using LFTsUsing the LFT framework, we have implemented numeri
al integration meth-ods and numeri
al methods for solving the initial value problem of ODEs inC and in the fun
tional programming language Haskell. Here we des
ribe ourimplementation of numeri
al integration and give some examples.All the integration methods des
ribed in this work use linear 
ombinationsof values of f . Thus for �m, we determine the number of subintervals n and
onstru
t an expression tree whi
h represents the nth integration formula Qnf .Computing the expression tree up to pre
ision �r we obtain the value of theintegral If within � = �m + �r a

ura
y. The expression tree for Qnf is shownin Fig.3, where the number p is given by p = dlog2(n + 1)e. Here T+ is the



addition tensor, i.e. T+(x; y) = x + y, while the values f(x0); : : : ; f(xn) are asin Fig.2. For the Darboux sums method and the 
losed Newton{Cotes formulae,the integration 
oeÆ
ients 
0; : : : ; 
n are rational numbers and are representedby a single matrix. In the 
ase of the 
ompound trapezoidal rule, for example,we have 
0 = 
n = A, 
1 = : : : = 
n�1 = B, where A and B are given by:A = �1 00 n� ; B = �2 00 n� :
T+
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Fig. 3. The expression tree representation of Qnf
6.1 Case Study: R 1�1 expxdxIn this se
tion we determine how many LFT operations (emissions and absorp-tions) we need to 
al
ulate the value of R 1�1 expxdx within the given pre
ision� = �m + �r.Potts in [20℄ has given expression tree representation of all basi
 trans
en-dental fun
tions in
luding the exponential fun
tion, whi
h 
an be represented,for x 2 [�1; 1℄, by the following in�nite produ
t:expx = S1 1Yj=0 Tj jx where Tj = �0 1 0 01 0 0 4j + 2� :We also use results in [13℄ in order to determine how many input digits arerequired to produ
e, say, k output digits. For example, to produ
e k output digitsin base 2 of expx we need in total 34k2+ 132 k+9 LFT operations. Provided that



x+ y 2 [�1; 1℄ T+ needs k+2 digits from ea
h argument in order to produ
e koutput digits in base 2, therefore giving 3k+4 LFT operations in total. Withoutloss of generality, we may assume that the result of any addition in Fig.3 is in[�1; 1℄. (Sin
e R 1�1 expxdx < 6, we 
an multiply the integration weights by 16 . Of
ourse, the �nal result has to be multiplied by 6.) For n > 3, in order to produ
ek output digits in base 2, matri
es A and B do not require more than k inputdigits, giving in total 2k LFT operations.Sin
e digit matri
es in base r are re�ning with 
ontra
tivity 1=r, in order to
al
ulate If with pre
ision � = �m + �r, we obtain the number of subintervals n,
onstru
t the expression tree as shown in Fig.3 and emit k = d1� log2 �re digitsin base 2. Table 3 gives the upper bound of LFT operations ne
essary at ea
hlevel. Table 3. Number of LFT operationslevel LFT digits to emit total LFT operations 
opies0 T+ k 3k + 4 11 T+ k + 2 3k + 10 2... ... ... ... ...(p� 1) T+ k + 2(p� 1) 3k + 6(p� 1) + 4 � 2(p�1)p 
j k + 2p 2k + 4p n+ 1(p+ 1) f(xj) k + 2p 34(k + 2p)2 + 132 (k + 2p) + 9 n+ 1We then use these results to determine the upper bound for the total numberof LFT operations required to 
al
ulate Qnf . For the Darboux sums method,the trapezoidal rule and Simpson's rule, these are respe
tively of order:O � 1�m � �log22 1�m + log22 1�r��O �q 1�m � �log22 1�m + log22 1�r��O � 4q 1�m � �log22 1�m + log22 1�r�� :6.2 ExamplesExample 1. In the �rst two examples, the required pre
ision is divided into twoequal parts, �m = �r = 12 �. As expe
ted, Simpson's rule requires the least numberof subintervals. Note that the Gauss formula is very a

urate with signi�
antlyless integration nodes. First we 
al
ulate R 1�1 expxdx with the pre
ision � = 2�14(�m = �r = 2�15):



method n number of nodes valueDarboux sums 154036 154036 N/Atrapezoidal rule 244 245 0:235041e1Simpson's rule 6 13 0:235041e1Gauss formula 5 5 0:2350402386e1
orre
t value 0:2350402387e1Example 2. For � = 2�10 the approximation values of R 1� 12 tanxdx are given inthe table below: method n number of nodes valueDarboux sums 6463 6463 N/Atrapezoidal rule 79 80 0:4851e0Simpson's rule 17 35 0:4850e0Gauss formula 5 5 0:48503e0
orre
t value 0:48504e0Example 3. By in
reasing �m and hen
e de
reasing �r, the number of subintervalsrequired may fall. But, then we have to emit more digits from the expression. Vi
eversa, with de
reasing �m and in
reasing �r. Using Simpson's rule, we integratef(x) = expx, over the interval [�1; 1℄, with 
onstant pre
ision � = 2�20, butwith di�erent values �m and �r.�m �r n number of nodes digits required63 � 2�26 2�26 14 29 3331 � 2�25 2�25 14 29 3215 � 2�24 2�24 14 29 317 � 2�23 2�23 14 29 303 � 2�22 2�22 15 31 292�21 2�21 16 33 282�22 3 � 2�22 19 39 282�23 7 � 2�23 23 47 282�24 15 � 2�24 27 55 282�25 31 � 2�25 32 65 282�26 63 � 2�26 38 77 277 Initial Value Problem in Exa
t FrameworkIn non{exa
t frameworks, round{o� errors play a signi�
ant role in the 
hoi
e ofthe step size h. As h be
omes smaller, more 
omputation is needed and round{o�errors may have more in
uen
e on the �nal result. Furthermore, for suÆ
ientlysmall h, the error will not de
rease, but will be
ome larger, i.e. the methodwill not 
onverge to the exa
t solution. Fortunately, in exa
t frameworks we donot have su
h a problem. We 
an solve the initial value problem of ODEs in anexa
t framework following the same idea as in the numeri
al integration methods



des
ribed in the previous se
tion. To obtain the numeri
al value of the solutiony(b) with a given a

ura
y � = �m+ �r, we use the error term of Euler's methodgiven by relation (6). Provided that we have a Lips
hitz 
onstant � and an upperbound B for ky 00k, we 
al
ulate an integer n su
h that:n � B(b� a)(e(b�a)� � 1)��m :The step size, given by h = (b � a)=n, will guarantee that the global error issmaller than �m. We 
al
ulate the value yn, whi
h is an approximation of y(b),up to pre
ision �r. Unfortunately, very often this error is too 
onservative tobe exploited. For example, to 
al
ulate y(1) with a

ura
y �m = 10�3, wherey is the solution of the initial value problem y0 = �100y; y(0) = 1, we haveh < 10�48.7.1 ExamplesExample 4. In this example we use Euler's method and Runge{Kutta methods(RK2, RK3, RK4), implemented in exa
t framework using LFTs, to obtain y(1),where y is the solution of the initial value problem given by:y0 = y2� 1x2 � 1� ; y�12� = 27 :The step size is h = 120 , and the exa
t solution is given by y = xx2+x+1 .x Euler's RK2 RK3 RK4 exa
t value0:50 0:2857143 0:2857143 0:2857143 0:2857143 0:28571430:55 0:2979592 0:2969544 0:2968981 0:2968962 0:29689610:60 0:3081945 0:3062298 0:3061259 0:3061226 0:30612250:65 0:3166375 0:3137789 0:3136355 0:3136310 0:31363090:70 0:3234896 0:3198163 0:3196401 0:3196349 0:31963470:75 0:3289354 0:3245333 0:3243303 0:3243245 0:32432430:80 0:3331431 0:3281000 0:3278753 0:3278691 0:32786880:85 0:3362646 0:3306666 0:3304247 0:3304181 0:33041790:90 0:3384361 0:3323659 0:3321103 0:3321035 0:33210330:95 0:3397794 0:3333144 0:3330484 0:3330414 0:33304121:00 0:3404031 0:3336144 0:3333406 0:3333336 0:3333333Example 5. We use RK4 over the interval [0; 2℄ with step size h = 15 to obtainapproximations of the initial value problem:y0 = �y + x2 + 2x; y(0) = 1:The exa
t solution of the problem is y = e�x + x2.



x RK4 exa
t value error0:0 1:000000000000000000 1:000000000000000000 0:0000000000000000000:2 0:858739999999999999 0:858730753077981858 0:0000092469220181410:4 0:830336395999999999 0:830320046035639300 0:0000163499643606990:6 0:908833418618399999 0:908811636094026432 0:0000217825243735670:8 1:089354880936838026 1:089328964117221591 0:0000259168196164351:0 1:367908486185687187 1:367879441171442321 0:0000290450142448651:2 1:741225607923094956 1:741194211912202096 0:0000313960108928591:4 2:206630112726901943 2:206596963941606476 0:0000331487852954661:6 2:761930960959938851 2:761896517994655408 0:0000344429652834431:8 3:405334275436600602 3:405298888221586538 0:0000353872150140642:0 4:135371349109126133 4:135335283236612691 0:000036065872513441A
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