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ABSTRACT

Identifying the parallelism in a problem by partitioning its data
and tasks among the processors of a parallel computer is a fundamental issue in parallel computing. This problem can be modeled
as a graph partitioning problem in which the vertices of a graph are
divided into a speci ed number of subsets such that few edges join
two vertices in di erent subsets. Several new graph partitioning algorithms have been developed in the past few years, and we survey
some of this activity.
We describe the terminology associated with graph partitioning,
the complexity of computing good separators, and graphs that have
good separators. We then discuss early algorithms for graph partitioning, followed by three new algorithms based on geometric, algebraic, and multilevel ideas. The algebraic algorithm relies on an
eigenvector of a Laplacian matrix associated with the graph to compute the partition. The algebraic algorithm is justi ed by formulating graph partitioning as a quadratic assignment problem. We
list several papers that describe applications of graph partitioning to
parallel scienti c computing and other applications. Finally we discuss the application of graph partitioning to obtain nested dissection
orderings for solving sparse linear systems of equations in parallel.
This work was supported by National Science Foundation grants CCR9412698 and DMS-9505110, by U. S. Department of Energy grant DE-FG0594ER25216, and by the National Aeronautics and Space Administration under
NASA Contract NAS1-19480 while the author was in residence at the Institute
for Computer Applications in Science and Engineering (ICASE), NASA Langley
Research Center, Hampton, VA 23681-0001.
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1 Introduction
We survey recent progress in the design of algorithms and software
for partitioning graphs. New partitioning algorithms that rely on
combinatorial, algebraic, and geometric ideas have been created and
carefully implemented in the last few years. These contributions
make it possible to compute high quality partitions of large graphs
(say, graphs with about one hundred thousand vertices) in a few
minutes on a workstation. Much progress has been made to date,
and continues to be made at this time, in the design of new algorithms
and in understanding their behavior. This paper is a snapshot of a
dynamic area of research from the personal perspective of one of the
participants.
Graph partitioning plays a fundamental role in parallel computing by identifying the concurrency in a given problem when the computation can be modeled by a graph. A partition of the graph into
subgraphs leads to a decomposition of the data and/or tasks associated with a computational problem and the subgraphs can then be
mapped to the processors of a multiprocessor.
Graph partitioning also has an important role to play in the design of many serial algorithms by means of the divide and conquer
paradigm. Two important examples of this algorithmic paradigm are
in the solution of partial di erential equations (PDEs) by domain decomposition and in the computation of nested dissection orderings for
solving sparse linear systems of equations. Other applications include
circuit partitioning and layout, VLSI design, and Computer-AidedDesign. One application we consider is nite element discretizations
of PDEs, so that the graphs in this context are nite element meshes.
Two objectives are usually stated in the partitioning problem:
partition a given graph into a speci ed number of subgraphs such
that the subgraphs have roughly equal numbers of vertices, and few
edges join di erent subgraphs to each other (these edges are \cut"
by the partition). In the context of parallel computations, the size
of a subgraph determines the computational work that a processor
has to perform, and the number of cut edges is a measure of the
communication volume in the algorithm. In a serial algorithm, equalsized subgraphs lead to the lowest worst-case running time, and the
number of cut edges (or the number of the vertices these edges are
incident on) measures the cost of combining the partial solutions to
compute a solution.
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More general objective functions may need to be considered for
many problems. The work associated with a subgraph may be modeled more accurately by attaching a weight to each vertex, and then
equi-partitioning the weights. The \communication" costs in the
algorithm might be modeled more accurately by the number of subgraphs a given subgraph is connected to, or the number of \boundary" vertices, or similar variants. In addition, the shape of the subgraphs (e.g., the aspect ratios) may be an important parameter in
some algorithms (e.g., the convergence of a domain decomposition
method). In some applications, it may be essential to partition into
connected subgraphs.
Nevertheless, we focus primarily on the archetypical problem of
partitioning a graph into subgraphs with roughly equal numbers of
vertices to minimize the number of cut edges. Most of the algorithms
that we describe can be adapted to include more general objective
functions. Even the ones that cannot be so adapted can be used
to obtain an initial partition; this partition can then be improved
iteratively in a second phase using a \local" algorithm that moves
vertices among the subgraphs to optimize the partition with respect
to the more general objective function.
In Figure 1, we show the partition of a mesh into eight subgraphs
computed by the spectral partitioning algorithm. This mesh was generated using the SCOREC mesh generator at Rensselaer Polytechnic
Institute [95]; it is the dual of a surface mesh of a Commanche helicopter, and has 7; 920 vertices and 11; 880 edges. The gure shows
that each subgraph in the partitioned mesh is connected, and it appears to the eye as a \good" partition of the mesh. Quantitative
measures such as the number of edges cut by the partition show that
the spectral algorithm does generate partitions of good quality for
many nite element meshes.
The rest of this paper is organized as follows. We describe the
terminology of graph partitioning, and discuss known results about
the quality of partitions in Section 2. Some early partitioning algorithms are described in Section 3. In the next few sections we proceed
to discuss the new partitioning algorithms: the spectral algorithm in
Section 4, a geometric partitioning algorithm in Section 5, and a
multilevel algorithm in Section 6. Section 7 describes a formulation
of the partitioning problem as a mathematical programming problem (a quadratic assignment problem) that leads to a justi cation
of the spectral algorithm. Papers dealing with several applications
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Figure 1: The Commanche mesh partitioned into 8 subgraphs with
the spectral partitioning algorithm.
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are listed in Section 8; one application, the computation of nested
dissection orderings, is discussed in detail.
We now brie y consider some of the other partitioning algorithms
not described in detail in this survey.
Simulated annealing has been used to partition graphs [61], but
computational results in [32] show that it provides edge separators
of inferior quality and requires much greater computational times
when compared with the spectral partitioning algorithm. Genetic
algorithms have also been recently designed for the partitioning problem [16], and their performance is comparable to that of simulated
annealing. Another interesting partitioning approach is by means of
the Peano-Hilbert curve [83]. The elements in a nite element mesh
are ordered in a linear order by mapping the centroids of the elements to a Peano-Hilbert curve, and an element is chosen such that
all elements numbered lower belong to the rst part, and the rest to
the second part. The element to partition can be chosen to reduce
either the number of edges cut or a more general objective function
that combines load balance and edge separator size.
A very recent separator algorithm due to Ashcraft and Liu [5],
computes a separator in a novel way: They rst partition the graph
into several subgraphs to obtain a \multisector" from the vertices on
the partition boundaries, combine the subgraphs to obtain a partition
into two subgraphs, then use graph matching techniques to identify
a small separator.
Notation. We will denote a graph G by means of its set of vertices
V , and the set of edges E . An edge in E is a pair of vertices (u; v);
the vertices u and v are the endpoints of the edge. The number of
elements in a set S will be indicated by jS j. Often, we will consider
graphs on n vertices, and thus jV j = n. Graph-theoretic concepts
not de ned here could be found in any introductory book in graph
theory (e.g.,Bollobas [11]), and similarly, concepts in linear algebra
in a book on matrix computations (e.g., Golub and Van Loan[46]).

2 Background and graphs with good separators
A partition of a connected graph G = (V; E ) is a division of its vertices into two sets A and B . The set of edges joining vertices in A to
vertices in B is an edge separator that we shall denote by  (A; B );
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the removal of these edges disconnects the graph into two or more
connected components. In applications such as domain decomposition, the set of vertices A would be mapped to one set of processors
and the set of vertices B to another, and j (A; B )j is a measure of
the volume of communication necessary between the two groups of
processors. Hence one goal in partitioning a graph in these applications is to minimize the number of edges cut by the partition so as
to keep communication costs in the algorithm small.
A second goal would be to balance the computational work (load)
between the two sets of processors. This is achieved by prescribing
the number of vertices in A and B to within a tolerance. If A and B
are equal in size, then the partition is called a bisection and j (A; B )j
is the bisection width.
In other applications such as nested dissection, a vertex separator
is desired; this is a set of vertices S whose removal disconnects the
graph into two parts with no edge joining a vertex in one part to a
vertex in the other. Here the two goals are that the separator should
have a small number of vertices, and as before, that the two parts
should not di er by too many vertices.
Given an edge separator, we can compute a vertex separator from
it by choosing the endpoints of j (A; B )j belonging to either A or B .
However, consider the bipartite graph induced by  (A; B ) (i.e., the
graph consisting of these edges and their endpoints). Any vertex
cover of this induced graph (a set of vertices such that every edge
has at least one endpoint in the set) will serve as a vertex separator
of the graph G. It is possible to nd a minimum cover, a cover with
the fewest vertices, by means of a maximum matching.
Most variants of the graph partitioning problem are NP-hard,
i.e., it is unlikely that vertex separators or edge separators of minimum cardinality can be computed eciently (in polynomial time) for
general classes of graphs. Worse, Bui and Jones [14] have shown that
it is NP-hard to nd approximately optimal vertex and edge separators, even in graphs with maximum degree three. More precisely,
it is NP-hard to compute an approximately optimal separator that
contains at most n(1=2)? vertices more than an optimal separator,
for any positive .
However, it is possible to nd asymptotically small, though not
necessarily optimal, separators for large classes of graphs that arise
in practical situations such as nite element and nite di erence
solutions of partial di erential equations. We state several vertex
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separator size results in the following paragraphs, and similar results
hold for edge separators as well.
The oldest separator result is for trees, and is due to Jordan in
1869: Every tree has a single vertex that separates it into two parts,
with no part containing more than two-thirds of the vertices. Lipton
and Tarjan [75] showedpthat every planar graph has a vertex separator of size at most O( n) separating it into two parts with no part
having more than two-thirds the number of vertices. These results
extend to two-dimensional
nite element graphs. Vertex separators
p
that are bounded by O( n) exist also for graphs with bounded genus
and for graphs with certain excluded minors.
Miller, Teng, Thurston, and Vavasis [79] have recently extended
these results to a more general class of graphs embedded in d dimensions To de ne this class of overlap graphs, we begin with a set
fB1; : : :; Bng of closed balls in <d. A parameter k determines how
closely these balls can intersect: if any point p 2 <d lies strictly
within at most k balls, then the set of balls is called a k-ply neighborhood system. We obtain an overlap graph by creating a vertex for
each ball, and joining two vertices with an edge if the corresponding
balls intersect.
It is possible to include another parameter  1, which determines by how much the radius of each ball can be enlarged to make
two balls intersect, and thus obtain a more general construction of
overlap graphs. If a ball Bi centered at pi has radius ri, then the
expanded ball Bi is the ball with the same center but with radius
ri. An overlap graph (with parameters and k) is a k-ply neighborhood system where a vertex represents each ball, and where an
edge joins two vertices if the corresponding balls intersect when the
smaller of the balls is expanded by a factor .
Overlap graphs can be embedded in space by locating a vertex
corresponding to a ball Bi at the point pi , the center of the ball. Planar graphs, two-dimensional meshes, and three dimensional meshes
of bounded aspect ratio can be represented by overlap graphs for
suitable choices of the parameters and k.
Miller et al. [79] proved that
an ( ; k)-overlap graph has a vertex
1
1=d 1? d
separator of size O( k n ); the larger of the two parts obtained
by removing the separator has at most (d + 1)=(d + 2) vertices. The
geometric algorithm for computing this separator is described in Section 5.
It should be reiterated that these asymptotic bounds on the size
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of vertex separators are not necessarily optimal. For instance, Bui,
Fukuyama, and Jones have shown that nding the smallest vertex
separator in a planar graph is NP-complete [13].
It is possible to obtain lower bounds on the sizes of vertex separators and edge separators by formulating the partition problem as
a mathematical programming problem, and relaxing the integrality
constraints in the problem; such bounds are described in Section 7.
Lower bounds on edge separators by this technique were rst obtained by Donath and Ho man [29]; the strongest current bounds are
due to Rendl and Wolkowicz [92]. These bounds potentially could be
used to state how close a computed edge separator is to an optimal
separator by nding the di erence between the size of the computed
separator and the lower bound on the separator. Unfortunately the
lower bounds on the edge separator are too weak for this purpose.
However, these techniques yield surprisingly tight lower bounds (to
within a few percent, for large classes of graphs including many nite
element meshes) for a vertex numbering problem on graphs called the
2-sum problem [42].

3 Early partitioning algorithms
In this section we brie y describe three of the earlier algorithms
for partitioning graphs: the Kernighan-Lin algorithm, a partitioning algorithm based on computing level structures, and an inertial
algorithm.

3.1 The Kernighan-Lin algorithm

This is one of the earliest algorithms proposed for partitioning graphs
(published in 1970), and variants are still in use today. Kernighan
and Lin [66] were motivated by the problem of partitioning electronic
circuits onto cards: each card contains a subset of nodes, and the
objective is to minimize the number of connections between nodes
assigned to di erent cards.
A graph model of the problem is to partition the vertices of a
graph into k subsets so as to minimize the number of edges joining
vertices in di erent subsets. We assume for simplicity that the number of subsets k and the number of nodes in the subsets are speci ed.
The algorithm begins with an initial partition into two sets, obtained by a random partition or from some initial information avail-
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able about the problem. At each iteration the algorithm swaps subsets consisting of equal numbers of vertices between the two sets to
reduce the number of edges joining the two sets. The algorithm terminates when it is no longer possible to reduce the number of edges
by swapping subsets, or when a speci ed number of swaps have been
made. We can partition a graph into more than two subsets by
recursively applying the bipartition algorithm.
How does the algorithm choose subsets of vertices to swap? This
choice is based on the fundamental concept of the gain associated
with moving a vertex v belonging to one set A to the other set B .
This gain is the net reduction in the number of edges cut by the
partition. Edges joining v to vertices in B are cut in the initial
partition, whereas after the swap, edges joining v to A are cut by the
new partition. Thus the gain in moving the vertex v from the set A
to the set B is the di erence between the number of edges joining v
to vertices in B and the number of edges joining v to vertices in A.
If this gain is positive, then moving the vertex v from A to B will
reduce the number of edges cut. We could then nd a vertex with
positive gain to move from B to A to restore the sizes of the two sets.
We could continue in this manner, exchanging vertices with positive
gains, and thereby reducing the number of cut edges.
An important idea in the Kernighan-Lin algorithm is to continue
to move vertices with negative gains for a preset number of steps, in
the hope that such a sequence of moves might create vertices with
positive gains later on, and thus reduce the number of edges cut
overall. This enables the algorithm to climb out of local minima
in partition space. If the best partition found so far is recorded,
then when a sequence of moves with negative gains does not improve
the cut size, we restore the current partition to the best partition
obtained during the current iteration of the algorithm.
The algorithm described by Kernighan and Lin for the bipartition
problem requires O(n2 log n) time, if we assume that only a constant
number of subset-swaps are performed at each iteration of the algorithm. An important practical advance was made by Fiduccia and
Mattheyses who implemented an iteration of the Kernighan-Lin algorithm to run in O(jE j) time [35] . Fiduccia and Mattheyses described
how to compute and update the gains of the vertices that are candidates to be moved during an iteration of the algorithm. In their
ecient implementation, the gains associated with the vertices are
sorted by value, and the moves associated with each gain value are
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stored in a doubly linked list. Choosing a move with the highest gain
value involves nding a nonempty list with the highest gain, while
updating the gain of a vertex is accomplished in constant time by
deleting it from one doubly linked list and inserting it into another.
The algorithm was generalized to partition a graph directly into
four subsets by Suaris and Kedem [98]; it is also possible to partition
the graph into an arbitrary number of sets directly. However, the
run-time and storage costs of the algorithm increase rapidly with the
number of parts, and hence this extension of the algorithm quickly
becomes impractical.
The quality of a partition generated by this algorithm depends
strongly on the initial partition it is provided with. There are poor
initial partitions for the regular grid graph that cannot be improved
by the Kernighan-Lin algorithm [45]. Some of the other partitioning algorithms are capable of computing partitions of better quality.
However, the Kernighan-Lin algorithm has found its niche in a \local" post-processing phase, to further reduce the number of edges cut,
after another \global" algorithm is used to compute a good initial
partition. The use of the Kernighan-Lin algorithm for this purpose
has been advocated in [9, 89], and this is one of the post-processing
options in CHACO [53]. Bui and Jones have implemented a multilevel Kernighan-Lin algorithm to improve the quality of the partitions computed [15, 62]. The Kernighan-Lin algorithm has been used
to partition the coarsest level and to re ne initial partitions within
multilevel partitioning algorithms, as described in Section 6. Gilbert
and Zmijewski have implemented a variant of the original KernighanLin algorithm to partition a graph in parallel on distributed-memory
multiprocessors [45].

3.2 Level-structure partitioning

Another early algorithm for computing vertex separators was provided in SPARSPAK [22], a library of routines for solving sparse
systems of equations by direct methods. The algorithm rst nds
a pseudo-peripheral vertex v in the graph (one of a pair of vertices
that are approximately at the greatest distance from each other in
the graph). A breadth- rst search from v is used to partition the
vertices into levels: the vertex v belongs to the zeroth level, and all
neighbors of vertices in the ith level belong to the (i + 1)th level, for
i = 0, 1, : : :. The algorithm in SPARSPAK chooses the vertices in
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the median level as the vertex separator. A slight variant of this algorithm chooses the separator to be the vertices in the smallest level
k such that the levels 0, 1, : : :, k together contain more than half the
vertices. This variant partitions the vertices into roughly equal sets.
Another improvement is to remove from the separator those vertices
in level k that are adjacent to vertices in level (k ? 1) but not to
vertices in level (k + 1).
The algorithm is easily modi ed to compute edge separators.
This algorithm for computing vertex separators is quite fast, requiring only O(jE j) time, since it employs only a few breadth- rst
searches to compute the pseudo-peripheral vertex and the level structures. Unfortunately, the quality of the separators is quite poor, relative to the other algorithms described here [89]. Within SPARSPAK,
the separator algorithm was used to compute nested dissection orderings; experience had shown that the orderings generated from
this separator algorithm were not competitive with the MultipleMinimum-Degree (MMD) orderings in terms of the storage and the
arithmetic required for factoring a sparse matrix [90].

The greedy algorithm

A variant of this algorithm to partition a graph into k parts (with
a requested number of vertices in the parts) has also been considered
by several authors [23, 33]. As before, a pseudo-peripheral vertex
is computed. The rst part initially includes the pseudo-peripheral
vertex, and then we include vertices in as many levels as necessary
until the rst part contains as many vertices as speci ed. We can
continue this process beginning with a vertex on the boundary of
the rst region (such a vertex belongs either to the last level from
which vertices have been included in the rst part, or the next higher
level if all vertices in that level have been included in the rst part)
to obtain the second part. The other parts can be computed by
the same procedure. If some of the parts are disconnected, then the
connected components in a part may be reassigned to other parts
to obtain a single connected component in each part. In this case
it would not be possible to achieve the requested part sizes in each
part.
It is not necessary in this algorithm to compute the level structure
beforehand, since a breadth- rst search from the pseudo-peripheral
vertex can be used to generate levels from each starting vertex.
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3.3 Inertial algorithm

The inertial algorithm employs the geometrical coordinates of the
vertices of a graph embedded in two or three dimensions to compute
a partition. We view the set of vertices of the mesh as a discrete
point set, and compute the center of gravity of this set (xc ; yc ; zc ).
Then compute the 3  3 inertia matrix

0
1
I
xx Ixy Ixz
I=B
@ Iyx Iyy Iyz CA ;
Izx Izy Izz

where

Ixx =
Iyy =
Izz =
Ixy =
Iyz =
Ixz =

X

(yi ? yc )2 + (zi ? zc )2;

i
X

(xi ? xc )2 + (zi ? zc )2 ;

i
X

(xi ? xc )2 + (yi ? yc )2 ;

i
X
Iyx = ? (xi ? xc )(yi ? yc)
Xi
Izy = ? (yi ? yc )(zi ? zc );
i
X
Izx = ? (xi ? xc )(zi ? zc ):
i

The eigenvector v 1 associated with the smallest eigenvalue of I
represents the axis of minimum angular momentum. We now compute the orthogonal projection of the coordinates of the vertices onto
this eigenvector v1 . The median value of these projections can be
used to partition the vertices into two sets. This algorithm is described in [82].
An extension to the above algorithm is to use the projections of a
point on to the second and third eigenvectors of I as secondary and
tertiary
matrix
 keys to break
 ties [84]. Here we form the eigenvector
T
V = v1 v2 v3 , and then compute the product x V , where x
is the coordinate vector of a vertex. The three components of this
product, in order, form the keys for partitioning.
The intuition behind this algorithm is that the rotational angular
momentum is minimum about the principal axis of inertia. If the
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domain is nearly convex, then this axis will align itself with the
overall shape of the grid, and the grid will have a small spatial extent
in a direction orthogonal to this axis. The virtue of the inertial
algorithm is that it is fast, though the quality of the partitions may
be poor. The quality can be improved by the use of a KernighanLin post-processing phase. The algorithm also requires a geometric
embedding of the graph.

4 The spectral partitioning algorithm
To motivate this algorithm, we consider the bisection problem: Partition the vertices of a graph G = (V; E ) into two sets A and B to
minimize the number of \cut edges", i.e., edges with one endpoint
in A and the other in B . The part sizes jAj = jB j = n=2, and the
graph has an even number of vertices.
The bisection problem can be formulated as the minimization
of a quadratic objective function by means of the Laplacian matrix
Q = Q(G) of the graph G. Let d(i) denote the degree of a vertex i,
i.e., the number of vertices adjacent to i. The Laplacian matrix Q
has elements
8
>
< ?1 if i 6= j and (i; j ) 2 E;
qij = > 0 if i 6= j and (i; j ) 62 E;
: d(i) if i = j:
It is easy to verify that the Laplacian Q is symmetric and has row
and column sums equal to zero. It may be also expressed in terms
of two other matrices associated with a graph as Q = D ? A, where
A is the adjacency matrix of a graph, and D is the n  n diagonal
matrix of the degrees of the vertices of G.
Let x be an n-vector with component xi = 1 if i 2 A and xi = ?1
if i 2 B . Then

X

i;j )2E

(xi ? xj )2 =

(

On the other hand,

xT Qx = xT Dx ? xT Ax =

X

i2A;j2B;

(xi ? xj )2 = 4j (A; B )j:

i;j )2E

(

n
X
i=1

dix2i ? 2

X
i;j )2E

(

xi xj =

X
i;j )2E

(

(xi ? xj )2 :
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Thus the bisection problem is equivalent to the problem of minimizing the quadratic
form xT Qx over n-vectors x with components
P
n
xi = 1 and i=1 xi = 0. Formally,
xT Qx:
jmin(A; B)j = xmin
=1;

Pni

i=1 xi =0

Since the bisection problem is NP-complete, we cannot expect
to solve this problem exactly. However, we can approximate this
intractable problem by a tractable one if we relax the constraint
that xi = p1 and let peach component xi vary continuously in value
between + n and ? n. Thus we obtain the relaxed problem and
its solution given below:
min xT Qx  Pnmin2 xT Qx
x =1;

Pni

i=1 xi =0

Pin=1 xxii=n;
i=1

=0

x2 T Qx2
(Q)x T x

=
= 2
2
2
= n2(Q);
where x2 is the eigenvector corresponding to the smallest positive
eigenvalue of the Laplacian matrix Q(G).
The minimizer of the relaxed problem is the second eigenvector
of the Laplacian. We will show in Section 7 that the closest partition vector to the second eigenvector is obtained by rounding the
most positive n=2 components of the latter to +1, and the remaining
components to ?1. Such results have also been obtained by Chan,
Ciarlet, and Szeto [17].
The discussion above suggests the following algorithm to partition a graph: compute a second eigenvector of the Laplacian of the
graph, and then partition the vertices into two subsets by the median eigenvector component. It should be noted that if a partition
into subsets of size k and n ? k are desired, then the kth most positive component (or kth most negative component) could be used to
obtain partition. This bipartition algorithm can be justi ed by the
results in Section 7.
One choice of k is to put all the vertices with nonnegative eigenvector components into into one set, and all the vertices with negative
components into the other set. In this case, we have the following
result due to Fiedler [37].
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Let P denote the vertices of a graph G whose second
eigenvector components are at least r, where r  0. The
subgraph of G induced by the set P is a connected subgraph of G. Similarly, if N denotes the vertices whose second eigenvector components are at most s, where s  0,
then the subgraph induced by N is connected.
If we have the freedom to choose the sizes of the subsets, then
a good choice would be the partition that has a small isoperimetric
ratio j (A; B )j=jAj, where A is the smaller of the two subsets.
Donath and Ho man [29] were the earliest to use spectral methods to partition graphs in the context of circuit layout. Spectral
partitioning algorithms were considered and analyzed by Barnes [9],
Boppana [12], Alon, Galil, and Milman [2], Mohar [80], and many
others. Aspvall and Gilbert [6] used eigenvectors of the adjacency
matrix to color the vertices of a graph.
Pothen, Simon, and Liou [89] used the spectral partitioning algorithm to compute separators for parallel computing, proved additional lower bounds on separators, and described computational results. Hendrickson and Leland [56] extended the spectral algorithm
to compute quadrisections and octasections.
Work on eigenvalues and eigenvectors of graphs can be found in
the books [25, 26], and in the surveys by Mohar and Poljak [80, 81].

5 The geometric algorithm
Finite element or nite di erence meshes embedded in space contain
geometric information about the coordinates of the mesh points. Algorithms for partitioning meshes by bisecting along coordinate axes
have been considered by Simon [96], Williams [105], and many others. A parallel nested dissection algorithm based on this idea has
been described by Heath and Raghavan [52]. These algorithms have
the virtue of being fast, and are easy to implement in parallel; however, the quality of the separators obtained by such straight-line cuts
are not good relative to the other algorithms, especially for adapted
meshes.
We now describe a geometric partitioning algorithm designed
by Miller, Teng, Thurston, and Vavasis [79], and implemented by
Gilbert, Miller, and Teng [44]. This algorithm computes a separator
by using a circle rather than a straight-line to cut the mesh. Given
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a graph embedded in d-dimensional space we disregard the edges of
the graph, and view the graph as a collection of vertices. Since the
graph is embedded in d-dimensional space, each vertex has a set of
geometric coordinates attached to it.
A centerpoint of a given set of points is a point such that every
hyperplane through it divides the given set of points approximately
evenly into two subsets. \Approximately evenly" in this case means
that the worst-case ratio of the sizes of the two subsets is d : 1.
It can be proved that every nite point set in <d has a centerpoint,
and the proof yields a polynomial time algorithm that employs linear
programming to compute the centerpoint. However, this algorithm
is too slow to be practical, and heuristics to compute approximate
centerpoints are used instead.
For convenience in the following exposition we rst scale and
translate the coordinates of the given points so that the transformed
coordinates are between ?1 and +1. An outline of the geometric
partitioning algorithm is as follows:
1. Project the input points in <d to the surface of the unit sphere
in <d+1 centered at the origin. The \north pole" of the sphere
has coordinates (0; 0; : : :; 0; 1), and a point p is projected to the
surface of the sphere along the line through p and the north
pole.
2. Compute a centerpoint of the projected points on the surface of
the d +1-dimensional sphere. The centerpoint is in the interior
of the sphere.
3. Move the centerpoint to the origin of the sphere in two steps:
First, rotate the projected points about the origin in <d+1 to
make the centerpoint a point (0; 0; : : :; 0; r) on the (d + 1)-st
axis. Second, dilate the points on the surface of the sphere to
make the centerpoint the origin.
4. Choose a random great circle on the unit sphere in <d+1 .
5. Transform the great circle in <d+1 to a a circle in <d by reversing the dilation, rotation, and projecting back from <d+1
to <d .
6. A vertex separator is the set of vertices that lie suciently
\close" to the separating circle. (\Close" means that the circle
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intersects the balls corresponding to the vertices, when the balls
are expanded by a factor . See the description of overlap
graphs in Section 2.) An edge separator is the set of edges cut
by the separating circle.
The geometric separator algorithm guarantees the size of the vertex separator S in an overlap graph (see the de nition in Section 2)
embedded in d-dimensions is O(n(d?1)=d ) with high probability. If S
separates the graph G into two parts A and B , then the larger of the
two parts has at most (d + 1)=(d + 2) vertices. These results hold
for nite element meshes in two or three dimensions when the aspect
ratios of the elements are bounded. It is too expensive to implement
an algorithm providing this guarantee, and a practical implementation makes use of several heuristic ideas for faster computation of
the separators. The practical implementation does not yield a separator guaranteed to be small; nevertheless, computational results
show that the separators computed by the practical algorithm are
comparable in quality relative to other algorithms.
We now discuss the heuristic ideas used by Gilbert et al. in their
practical implementation of the geometric algorithm [44]. We begin
by describing how a centerpoint is approximated.
The approximate centerpoint computation is expensive, and hence
it is important to reduce the sample size to obtain a fast partitioning
algorithm. Thus a randomly chosen sample of the vertices, viewed as
points in d-dimensional space, is used to compute the approximate
centerpoint. (Gilbert et al. suggest (d + 3)4 points suce in d dimensions; this works out to 625 points in two dimensions and 1296
points in three dimensions.) The sample size reduction sacri ces the
guaranteed worst-case splitting ratio of d +1 : 1, although empirically
the centerpoint approximation is a good one.
The approximate centerpoint is computed by repeatedly nding
Radon points of d + 3 points. A point q is a Radon point of a set P
of points if there is a partition of P into sets P1 and P2 such that q
belongs to the intersection of the convex hull of P1 and the convex
hull of P2 .
Every set of d + 3 points in <d+1 has a Radon point, which can
be computed in the following manner. Let P = fp1 ; : : :; pd+3g, with
the coordinates of pi given by pji , for j = 1, : : :, d + 1. Consider the
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set of d + 2 homogeneous equations in the d + 3 unknowns i
dX
+3
i=1

j
i pi = 0; for j = 1; : : :; d + 1;

dX
+3
i=1

i = 0:

Since this system is underdetermined, there is always a nonzero solution; further, by the last equation, some of the i are positive, and
some negative. Thus the sets P
P1 = fi : i > 0g and P2 = fi : i  0g
are both nonempty. Let c = i2P1 i . Then the point q can be expressed as a convex combination of points in P1 and P2 .

q=

X

i2P1

( i=c)pi =

X

i2P2

(? i =c)pi:

The point q can be computed in this manner from a null vector of
the coecient matrix of the homogeneous system of equations.
The approximate centerpoint is computed by repeatedly placing
a random sample of the input points into a queue; groups of d + 3
points from the head of the queue are replaced by their Radon points,
which are inserted into the tail of the queue. Repetition of this
process leaves a single point in the queue, which is then accepted as
an approximate center point.
We now turn to the choice of a random great circle of the sphere
in <d+1 to partition the point set. Since a great circle may not yield
a partition into roughly equal size sets, a random circle is used to
obtain an even split. A circle of the sphere in <d+1 is represented
by its normal vector. Since the circle is chosen randomly, this means
that we choose a random vector. If v is a random normal vector, and
p1 , : : :, pn are the points (all viewed as row vectors), then an even
split is obtained by partitioning with respect to the median value of
the inner products vpTi . This corresponds geometrically to shifting
the separating plane away from the origin, in a direction normal to
the plane, until it evenly splits the mapped points in the sphere.
Since the separating circle is a circle and not a great circle on the
unit sphere, the theoretically expected separator size may not hold.
In practice the mesh is separated by generating a number of random separating circles, and the best partition obtained is recorded.
(Gilbert et al. report that about thirty trials suce usually to obtain
a good separator.)
In the practical algorithm the edge separator is the set of edges
cut by the separating circle. A vertex separator is computed by
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nding a minimum vertex cover of the bipartite graph induced by
the edge separator.
The geometric algorithm has several advantages. It examines
only the vertices of the graph, and makes no use of the edges except to
compute the quality of the generated separators. The computations
involved (projecting up to <d+1 , nding an approximate centerpoint,
rotation and dilation of the points, projecting down) involve simple
operations on the points, and the repeated computation of the null
vector of a (d + 2) by (d + 3) matrix. This also makes the algorithm
attractive on a parallel computer. However, the feature that the
algorithm makes no use of the edge information in the graph is also
a weakness in the partitioning of edge-weighted meshes where the
weight of the cut edges needs to be minimized. Another disadvantage
is that graphs arising in many areas, such as econometric modeling,
do not have coordinate information since they are not embedded in
space.
One can apply the geometric algorithm to problems that do not
have coordinate information if it is possible to embed the problem
in space. Hall [49] has shown that the eigenvectors of the Laplacian
matrix associated with a graph can be used to embed the graph.
Chan, Gilbert, and Teng [18] have reported results on partitioning
graphs by the geometric algorithm, with coordinates generated from
the Laplacian eigenvectors.

6 A multilevel algorithm
Multilevel algorithms for graph partitioning are similar in spirit to
multigrid algorithms for solving linear systems of equations. We begin by providing an overview of the algorithm: details are spelled
out as the individual steps are discussed. We view the given graph,
with a large number of vertices, as the nest graph in a sequence of
coarse graphs to be computed. Given a \ ne" graph, we obtain a
\coarse" graph with fewer vertices by a suitable shrinking procedure.
We construct a sequence of \coarse" graphs until the coarsest graph
computed thus far is small enough. A high-quality partitioning algorithm such as the spectral algorithm or Kernighan-Lin algorithm is
used to partition the coarsest graph. A partition of a coarse graph is
then used to partition the ne graph immediately preceding it in the
sequence of graphs by reversing the shrinking step used to coarsen
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(this is an \uncoarsening" step). Next, this \rough" partition of the
ne graph is re ned by means of a vertex-swapping algorithm that
moves vertices between the parts to reduce the number of edges cut
by the partitioning algorithm (this is a \re nement" step). The uncoarsening and re nement steps are repeated for each successive pair
of ne and coarse graphs in the sequence until a partition of the given
graph is computed.
Some of the ideas involved in the multilevel algorithm were used
to obtain ecient implementations of the Kernighan-Lin algorithm
by Bui et al. [15], who called it graph compaction. Barnard and
Simon [8] described a spectral partitioning algorithm in which they
used a multilevel algorithm to compute the Fiedler vector of a given
graph, by coarsening, interpolating, and then re ning. This algorithm was further improved by Van Driessche and Roose [99]. John
G. Lewis (personal communication) observed that a partition of a ne
graph can be computed directly from a partition of the coarse graph
by projecting the separator of the coarse graph to the ne graph and
then re ning it. Hendrickson and Leland [55] implemented such an
algorithm, and included it in their CHACO software [53]. We follow
them in the detailed description of the steps a multilevel partitioning
algorithm.
The multilevel algorithm has also been implemented by Karypis
and Kumar [64]; they have further re ned the algorithm, and included an implementation in their METIS software. They have also
described a parallel implementation of this algorithm and provided
an analysis [63, 65]. A multilevel partitioning algorithm has been implemented by Kumfert and Pothen [69], and results from a nested dissection ordering computed with a multilevel algorithm are included
in Section 8.
Coarsening step. Barnard and Simon coarsened a graph by
nding a subset of non-adjacent vertices S , and then \growing"
neighborhoods around each vertex in S . The coarse graph has the
vertex set equal to S , and an edge joins two vertices in this graph
when the corresponding neighborhoods intersect. (The set of nodes S
can be chosen to be a maximal independent set of vertices in the ne
graph. An independent set is a set of pairwise non-adjacent vertices.
An independent set is maximal if no other vertex can be included in
the set while preserving the property of non-adjacency.)
Another way to coarsen a graph is by contracting the two endpoints of an edge and replacing them by a single vertex in the coarse
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graph. The new vertex is adjacent to all neighbors of the two vertices it replaces. What about a common neighbor of the two merged
vertices? The information that this neighbor is adjacent to both the
merged vertices, and not just to one of them, can be used to compute
a partition of the coarse graph that will lead to a better partition of
the uncoarsened graph. One way of capturing this information is by
assigning weights to the vertices and edges of the graph. (An initial
unweighted graph is equivalent to a graph with all vertex and edge
weights equal to one.) When the two endpoints of a contracted edge
have a common neighbor, the new edge joining the neighbor to the
new vertex has a weight equal to the sum of the weights of the two
original edges replaced by the new edge. When a vertex is a neighbor
of only one of the two merged vertices, an edge joins that neighbor
to the new merged vertex, and its weight is unchanged. The weight
of the new vertex obtained by contracting an edge is the sum of the
weights of the two endpoints.
One choice of a set of edges to contract is a matching in the
graph. A matching is a subset of edges in a graph such that at most
one edge in the subset is incident on each vertex in the graph. Thus
no two edges in a matching can share a common endpoint. A maximal matching is a matching whose cardinality cannot be increased
by adding another edge to it while preserving a matching. A good
choice for the set of edges to be contracted is a maximal matching.
Hendrickson and Leland compute a maximal matching by matching the vertices in a random order to make the sequence of coarse
graphs constructed insensitive to the particular maximal matching
computed. Karypis and Kumar [64] prefer to match a vertex to an
unmatched neighbor joined to it by a heaviest edge, and consider
vertices to match in a random order.
Uncoarsening step. During the coarsening step we record the
vertex weights and the edge weights of each coarse graph. A vertex
in a coarse graph corresponds to a unique set of merged vertices in
the ne graph, and hence it is possible to compute a partition of the
latter from a partition of the former.
The coarsening procedure by means of matchings described here
has two important properties:
1. The total weight of the edges cut by a partition in the coarse
graph is equal to the total weight of the edges cut in the ne
graph when that partition is projected from the former to the
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latter.
2. The sum of the node weights is unchanged in the ne and coarse
graphs.
We maintain load balance by ensuring that the sum of the node
weights in each part are roughly equal; we maintain low communication costs by keeping the sum of the weights of the cut edges low.
The invariance of the total vertex weights in each part and the sum
of the weights of the cut edges under the coarsening and uncoarsening steps ensure that a good partition of the coarse graph is also a
reasonable initial partition of the ne graph.
Partitioning the coarsest graph. The coarsening process
stops when the coarsest graph typically has a few hundred vertices,
or the coarsening process does not reduce the number of vertices
signi cantly. The coarsest graph can be partitioned by one of the
many partitioning algorithms discussed in this section. The spectral partitioning algorithm suitable for a vertex- and edge-weighted
graph could be used, and this is one of the options in CHACO. The
Kernighan-Lin algorithm is another possibility, and since the graph is
quite small, many more nodes could be considered for moves. An initial partition could be obtained in this case by a level-structure based
partitioner that has been modi ed to partition weighted graphs.
Re nement step. The Kernighan-Lin algorithm is used to rene the partition projected to a ne graph from a partition of the
coarse graph. This is an ideal situation for applying the KernighanLin algorithm because the partition projected from the coarse graph
is a reasonable initial partition of the ne graph, and thus the algorithm should be able to obtain a local minimum in the partition
space relatively quickly.
A few observations can be used to speed up this part of the
computation. One is that gains need to be computed only for the
\boundary vertices", i.e., those vertices incident on the edges cut by
the partition. As vertices are moved, non-boundary vertices that are
neighbors of boundary vertices may themselves become new boundary vertices; the gains of such vertices need to be computed only
when they become boundary vertices. Another observation is that
when a preset number of vertex moves fails to improve the number
of cut edges, then the algorithm can be terminated, if we assume
that the re nement procedure begins with a reasonably good initial
partition.
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Current experience suggests that the multilevel algorithm computes partitions of good quality, and is fast, both relative to the other
partitioning algorithms.

7 Bipartition and the quadratic assignment
problem
In this section we justify the spectral partitioning algorithm by a
mathematical programming formulation of the bipartitioning problem. This work is due to Rendl and Wolkowicz [92] who described
their results in terms of the adjacency matrix perturbed by a diagonal matrix. This exposition in terms of the Laplacian matrix is
from [86]. Readers who are not enamored by theoretical issues could
skip this section and go on to the next section on applications of
partitioning.
Consider the problem of partitioning a graph G = (V; E ) into
two subgraphs of m1 and m2 vertices such that the number of edges
joining one subgraph to the other, is minimized. We denote the
two vertex subsets by V1 and V2, with jVj j = mj for j = 1, 2,
and m1 + m2 = n. This problem can be formulated as a quadratic
assignment problem (QAP) involving the Laplacian matrix Q of the
graph G. Recall that the Laplacian Q = D ? A, where D is a diagonal
matrix of vertex-degrees, and A is the adjacency matrix of G.

7.1 Formulation of bipartition as a QAP




Let X = x1 x2 be an n  2 partition matrix consisting of the
two indicator vectors xj (for j = 1, 2), where xij is equal to one if
vertex i belongs to the set Vj , and is zero otherwise. Then

xj T Qxj =

n
n X
X

i=1 k=1

xij qik xkj =

X

v2Vj

d(v) ? 2jE (Vj ; Vj )j;

where d(v ) is the number of vertices adjacent to v , and E (Vj ; Vj )
is the set of edges in E with both endpoints in Vj . We denote the
edges joining V1 and V2 by the set  (V1; V2), and recall that the trace
of a square matrix Q, denoted by tr Q, is the sum of its diagonal
elements. Then
X
tr X T QX =
d(v) ? 2jE (V1; V1)j ? 2jE (V2; V2)j
v2V
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= 2jE j ? 2jE (V1; V1)j ? 2jE (V2; V2)j
= 2j (V1; V2)j:

(1)

Thus the problem of minimizing the number of edges cut by a bipartition with part sizes equal to m1 and m2 can be written as

jmin(V ; V )j  minfj(V ; V )j : jV j = m ; jV j = m g
= (1=2) min
tr X T QX;
(2)
X
1

2

1

2

1

1

2

2

where X varies over partition matrices with exactly mj ones in the
j th column.
T
p 
Let un = (1= n ) 1 1    1 denote the n-vector of all
ones, scaled to have unit 2-norm. (We will write u instead of un
when the dimension is clear from the context.) A partition matrix

X is characterized by the following three conditions:
!
q
p
m
1
T
Xu2 = (n=2) un ; X un = (1= n ) m ;
2
!
X T X = 0m1 0m  M ;
2
xij  0 for i = 1; : : :; n; j = 1; 2:

(3)
(4)
(5)

The rst part of the rst condition states that each row sum of a
partition matrix is one, signifying that each vertex belongs to exactly
one of the parts V1 or V2. The second part shows that there are mj
vertices in the j th part Vj . The second condition indicates that the
columns of a partition matrix are orthogonal, and the third that the
elements of a partition matrix are nonnegative.
Scaling X = Y M 1=2 simpli es the following exposition and exposes the structure of the problem. With this scaling, the conditions
on X are transformed to the following conditions on Y :

Y m = un ; Y T un = m;
pm !
p
where m = (1= n ) pm1 ;
2
T
 1Y=2Y = I2;
Y M ij  0 for i = 1; : : :; n; j = 1; 2:

(6)
(7)
(8)
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The objective function tr X T QX becomes tr M 1=2Y T QY M 1=2 =
tr MY T QY . In the last transformation we have used the identity
tr MN = tr NM , where M is n  k, and N is k  n.
Minimizing this objective function subject to these constraints is
NP-complete. Hence we obtain lower bounds on the number of edges
cut by relaxing the third of these conditions.

7.2 Projected lower bounds

It is convenient to impose (6) on Y by projecting the problem to
the subspace orthogonal to the manifold de ned by this condition.
Note that the two parts of this condition yield Y Y T un = un , and
Y T Y m = m. Thus we nd that m is a right singular vector and that
value
un is a left singular vector of Y correspondingto the singular

one. Choose an n  n orthogonal matrix P1 = u V , and a 2  2


orthogonal matrix P2 = m v . The rst step of the singular
value decomposition of Y is

PTY P
1

2

=

uT Y m uT Y v
V TY m V TY v

!

!

=

uT u mT v
V Tu V TY v

!

1 0 ; where z  V T Y v:
=
(9)
0 z
Thus if we choose Y to be
!
1
0
(10)
Y = P1 0 z P2T = u mT + V z v T ;
then (6) is satis ed.
Substitution of this representation of Y in the orthogonality condition (7), followed by pre-multiplication with P2T and post-multiplication
with P2, shows that
!
1 0
0 z T z = I2 ;
and hence we obtain the condition z T z = 1.
Substituting for Y from (10) in the objective function trMY T QY ,
we nd that since Qu = 0, only one of the four terms survives, and
it becomes
b
tr MY T QY = tr Mv z T V T QV z vT = tr vT Mv z T Qz
b );
= (vT Mv) (z T Qz
(11)

GRAPH PARTITIONING ALGORITHMS

25

where Qb  V T QV is the projected Laplacian.
The rst term on the right-hand-side,pvT Mv!, is easily computed
p
1
to be 2m1m2 =n, since m = (1= n ) pm
implies that v =
m

pm !
p
(1= n ) ?pm . Thus we obtain the result
b
j(V ; V )j = (1=2) (2m m =n) zT Qz:
2

2
1

1

2

1

2

The bipartition problem is hence

Tb
jmin(V ; V )j = (m m =n) min
z z Qz
subject to
zT z = 1;

u mT M = + V z v T M = ij  0:
1

2

1

2

1 2

1 2

(12)

Though this problem is intractable, a lower bound may be obtained
by relaxing the second constraint, and thus we nd

jmin (V ; V )j  (m m =n) (Qb ) = (m m =n) (Q);
(13)
since the eigenvalues of Qb are the n ? 1 nonzero eigenvalues of Q. The
lower bound is attained by the corresponding eigenvector z = V T x ,
where x is the second Laplacian eigenvector. Hence the orthogonal
1

2

1

2

1

1

2

2

0

2

2

matrix attaining the lower bound is

Y0 = u mT + V V T x2 v T :

(14)

7.3 Diagonal perturbations

The lower bound on the number of cut edges can be improved further by considering diagonal perturbations of the Laplacian. Let
Q(d) = Q + Diag(d), where d is an n-vector whose components sum
to zero. It can be veri ed that trX T Q(d)X = trX T QX , so that this
perturbation has no e ect on the number of cut edges. Proceeding
as in the unperturbed case, we can show that

n
(m m =n)zT Qb (d)z
jmin(V ; V )j  max min
d z
o
p
p
+ (1=2n n )(m ? m ) m m dT z ;
(15)
subject to
z T z = 1:
1

2

1

1

2

2

1

2
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The lower bound can be computed by nondi erentiable optimization
techniques [94].
The lower bounds in terms of the unperturbed Laplacian and the
perturbed adjacency matrix, described by Falkner et al. [32], are still
weak for nite-element meshes with bounded aspect ratios.

7.4 Closest partition matrix

Which partition matrix Z is \closest" to the orthogonal matrix X0 =
Y0 M 1=2 attaining the lower bound (see (14)) in the bipartition problem? We can answer this question by considering the objective function of the bipartition problem, which we may write as
T (Q + I )Z = min k(Q + I )1=2Z k 2 :
min
tr
Z
(16)
F
Z
Z
Here we have shifted the Laplacian by a small positive multiple of
the identity to make the matrix Q + I positive de nite, so that its
square root is nonsingular. This is necessary to obtain a weighted
norm. It can be veri ed that this shifts the objective function by
the constant n, and hence has no e ect on the minimizer. We now
expand Z about X0 to obtain
2
1=2
min
k
(
Q
+
I
)
(
X
0 + (Z ? X0 )) kF
Z

2
T
1=2
= min
k
(
Q
+
I
)
X
0 kF + 2 tr X0 (Q + I )(Z ? X0 ) (17)
Z

+ k(Q + I )1=2(Z ? X0)kF 2:
Here we have used the identity
kA + BkF 2 = kAkF 2 + kBkF 2 + 2 tr AT B;
for real matrices A and B .
On the right-hand-side of (17), the rst term is a constant since
X0 is a xed orthogonal matrix; we ignore the third term, which is a
quadratic in the di erence (Z ?X0), to obtain a linear approximation.
Hence we consider the problem
min
tr X0T (Q + I )Z = min
tr M 1=2Y0T (Q + I )Z: (18)
Z
Z

Substituting for Y0 from (14), and noting that uT Q = 0T , the
problem becomes
 T T

T Z + v x T V V T Z : (19)
1=2
x
u
min
tr
M
v
m
2 V V QZ +
2
Z
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Thepsecond
 term in the right-hand-side is constant since uT Z =
(1= n ) m1 m2 (by (3)), and hence the problem reduces to
min
tr M 1=2v x2 T V V T (Q + I )Z:
Z

(20)

Replacing V V T = P1P1T ? u uT = (In ? u uT ), noting again that u
is an eigenvector of Q corresponding to the zero eigenvalue (or that
x2 T u = 0), the objective function simpli es to
(2(Q) + ) tr M 1=2v x2T Z:
min
tr M 1=2v x2 T (Q + I )Z = min
Z
Z
Further simpli cations are possible.
important observation is
 An p
that in the bipartition problem Z = z 1 nu ? z 1 , where z 1 is
an indicator vector with m1 ones and remaining elements equal to zeros, and the second column of Z is the complement of z 1 with respect!
p
to the vector of all ones. Also note that M 1=2v =  m1 m2 =n ?11 .
Putting these observations together, the problem becomes



q



(2(Q) + ) m1 m2=n 

!
T
T p
x
x
2 z1
2 ( nu ? z 1 )
min
z 1 tr  ?x2 T z 1 ?x2 T (pnu ? z 1)


q
T
= 2(2(Q) + ) m1m2 =n min
z  x2 z 1 :
1

(21)
(22)

In going from equation (21) to (22) we have used x2 T u = 0.
Thus the algebraic manipulations in this subsection come to a
glorious conclusion! One solution to (22), and hence to a linear
approximation to the nearest partition matrix problem, is obtained
by choosing z 1 to have ones in rows corresponding to the smallest
(most negative) m1 eigenvector components of x2 . A second solution is obtained by choosing the rows corresponding to the largest
(most positive) m1 eigenvector components. (These two solutions
correspond to the choice of the sign in (22).) Hence we obtain a justi cation of the spectral algorithm for the bipartition problem which
partitions the graph with respect to the m1 th smallest or largest
second eigenvector component.
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8 Applications of Graph Partitioning
Graph partitioning algorithms have been used in several applications
ranging from structural mechanics to VLSI design. We do not attempt a comprehensive discussion of these here, but list some of the
papers that discuss applications. After doing so, we will move on
to the primary application considered in this section, the computation of nested dissection orderings by the multilevel partitioning
algorithm.

8.1 A list of applications

One of the earliest applications of graph partitioning that spurred
the development of the Kernighan-Lin algorithm [66] and the work
of Donath and Ho man [29] was circuit layout. Graph and hypergraph partitioning algorithms for VLSI design and layout have been
surveyed by Alpert and Kahng [3].
Mesh partitioning algorithms for solving discretizations of partial
di erential equations on parallel computers are described in [20, 105].
The parallel solution of Euler equations and other CFD problems are
described in [28, 59, 95, 102]. A survey of parallel computing in CFD
has been provided in [93]. Applications in structural mechanics have
been considered in [58, 82, 100]. A comparative study of partitioners
in domain decomposition has been provided in [24]. Dynamic load
balancing for time-dependent partial di erential equations has been
considered in [57, 101, 103].

8.2 Spectral Nested Dissection

Nested dissection is a divide-and-conquer scheme for ordering sparse
symmetric positive de nite systems of equations for fast solution by
direct methods. At each step of nested dissection, a vertex separator in the adjacency graph of the sparse matrix of coecients is
computed, and the vertices in the separator are numbered with the
highest available numbers. (Thus the corresponding columns in the
matrix are factored after factoring columns in the two parts.) Then
the vertices in the two parts are numbered recursively by the same
strategy. Nested dissection and generalizations have been described
by George [40], Lipton and Tarjan [74], and Gilbert [43].
A good vertex separator in this context should satisfy two criteria: First, the size (number of vertices) of the separator should be
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small. Second, the two parts obtained by removing the separator
should be roughly balanced in size. The rst requirement controls
the work and storage needed for the factorization, since it can be
shown that the vertex separator becomes a complete graph (the corresponding submatrix becomes dense during the factorization). The
second requirement ensures that there is a high degree of parallelism
in the parallel algorithm by controlling the height of a data structure called the elimination tree. The height of the tree counts the
number of steps in a parallel factorization algorithm, and thus measures the maximum amount of parallelism available in the parallel
factorization.
We had described a spectral nested dissection algorithm (SND)
in earlier work [90], in which the separator was computed by a spectral partitioning algorithm. We rst compute, using the spectral
algorithm, an edge separator of small size that partitions the graph
into parts that are nearly balanced; a matching algorithm is then
used to compute a vertex separator from the given edge separator.
A minimum vertex cover of the bipartite graph induced by the edge
separator is a vertex separator of the smallest size that can be obtained from the given edge separator. The vertices in the separator
are ordered last, and the same strategy is recursively employed to
partition the two parts.
Using the SND ordering, on a 64-processor Intel Paragon, we were
able to factor a collection of sparse matrices faster than when the
widely used Multiple-Minimum-Degree (MMD) ordering was used [88].
On most of these problems, the spectral ordering led to less ll, and
fewer arithmetic operations in the factorization; but even on the
problems where the SND ordering created more work than the MMD
ordering, the decrease in the height of the elimination tree (and hence
the critical path in the parallel factorization) in the SND ordering
compensated for the increased work, and led to faster factorization
times. On the largest problem in this test set, COPTER2 (a problem
with about 55 thousand nodes and 870 thousand nonzeros), the SND
ordering speeded up the factorization by a factor greater than two.
Our results on SND established for the rst time that nested dissection algorithms could be competitive with the MMD algorithm
for sparse matrix factorization on both serial and parallel computers. Unfortunately, the earlier level-structure-based separator algorithm available in SPARSPAK had not produced results of comparable quality. Indeed, the rst attempts at computing good orderings
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for parallel factorization were based on improving the concurrency
in an MMD ordering by computing a perfect elimination reordering
of the lled graph from the MMD ordering; for instance, see [73].
The SND ordering had the drawback that it was slower than the
MMD ordering by a factor of ve to twelve on a vector computer such
as the Cray-Y/MP. On workstations without the vector oating point
hardware, SND was even slower. The Recursive Spectral Bisection
(RSB) algorithm, used when edge separators are desired, su ered
from the same drawback. This led to attempts to design faster nested
dissection and partitioning algorithms.

8.3 Multilevel Nested Dissection

Multilevel Nested Dissection (MLND) computes the nested dissection
ordering by recursively partitioning the graph using the multilevel
graph partitioning algorithm.
Results from multilevel nested dissection algorithms have been
obtained by Hendrickson and Rothberg (personal communication,
1994), Karypis and Kumar [64], and by Kumfert and Pothen [69]. We
compare three algorithms: the Multiple-Minimum-Degree ordering
of Liu [76], an MLND algorithm due to Kumfert and Pothen [69],
and MLNDW, a weighted variant of the MLND algorithm, due to
Karypis and Kumar, included in MeTiS version 2.0. The multilevel
nested dissection algorithms di er in the way the coarse graphs are
constructed. Both variants coarsen the graph by shrinking the edges
in a maximal matching; the matching is obtained by matching each
unmatched vertex to one of its currently unmatched neighbors. In
the MLND algorithm, the unmatched neighbor is chosen randomly;
in the weighted MLNDW algorithm, it is chosen to be the unmatched
neighbor joined to the vertex by a heaviest edge, the choice advocated
by Karypis and Kumar.
We report the number of arithmetic operations (work) in a sparse
Cholesky factorization in Figure 2, and the height of the elimination
tree (the number of steps in a parallel factorization) in Figure 3.
Each Figure shows a histogram obtained by normalizing the results
for each problem with respect to the MMD algorithm. Results for
seventeen problems from structural analysis, CFD, and linear programming applications are reported. The problems range in order
from about a thousand to a hundred thousand. Information about
each problem is included in Table 1.

GRAPH PARTITIONING ALGORITHMS

Table 1: The list of test problems.
Problem
jV j
jE j
Comment
scher
823
7003
barth
6,691 19,748
barth4
6,019 17,473 CFD problems
barth5
15,606 45,878
commanche dual
7,920 11,880
shuttle.eddy
10,429 46,585
copter1
17,222 96,921
copter2
55,476 352,238
tandem vtx
18,454 117,448
tandem dual
84,069 183,212
ford1
18,728 41,424 Structural problems
ford2
100,196 222,246
onera dual
85,567 116,817
pds10
16,558 66,550
ken13
28,632 95,218 Linear programs
nance256
37,376 130,560
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Figure 2: Work of multilevel ordering algorithms.
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The results show that for the majority of the problems, the
MLND algorithms are capable of reducing the work and elimination tree heights over the MMD algorithm. We rst discuss the performance of the structural and uid dynamics problems. For these
problems the MLND elimination tree heights are less than 60% of
the MMD values, and this leads to shorter critical path lengths and
higher parallelism in the factorization. The work is also smaller with
the MLND orderings for these problems with the exception of the
small COMMANCHE DUAL problem. The MLND and MLNDW
algorithms perform relatively similarly for these problems.
Now we discuss the performance of these ordering algorithms on
the linear programming problems (lp's). These problems are obtained by forming the matrices AAT , where A is the constraint matrix of the linear program, as in an interior point method for solving
the lp's. For FINANCE256, the MLND variants perform substantially better than MMD; this behavior was also observed for the
spectral nested dissection algorithm (SND), and it can be explained
in terms of the structure of the underlying linear program. Roughly
the structure of this problem is that of a complete binary tree, with
each node of the tree corresponding to a subgraph. A small set of
edges joins each subgraph to its parent in the tree. The nested dissection algorithms partition the binary tree at the root, and thus
compute good separators. The MMD algorithm orders an independent set of low degree vertices from all over the tree, destroys the
binary tree structure, and consequently computes larger separators.
For the problems PDS10 and especially KEN13, the nested dissection algorithms are outperformed by the MMD algorithm, and
the MLND algorithm performs strikingly better than the MLNDW
algorithm. A careful examination of KEN13 shows it to have considerable structure: it consists of 169 subgraphs of 169 vertices each,
joined together by 71 independent vertices. We are currently studying the behavior of these algorithms on this example. These examples
should convince the reader that we need more experience with these
algorithms to understand their performance on di erent classes of
problems.
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