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ABSTRACT

Context. The widespread view that cosmological neutrinos, even gsiva, are well described since the decoupling redzhifi.0'° down to

the present epoch by an almost perfectilisionlessfluid of classical point particles is re-examined.

Aims. In view of the likely sub-eV rest mass of neutrinos, the mdiaas due to their fermionic nature are studied.

Methods. By numerical means we calculate the accurate entropy, fiygaed pressure of cosmological neutrinos in the Univergagsion.

By solving the Schrodinger equation we derive how and hatvgami-degenerate identical free fermions become ergdng|

Results. We find that for sub-eV neutrinos the exchange degeneracsiga#ficantly increasedduring the relativistic to non-relativistic
transition epoch at ~ 10* — 1(°. At all times neutrinos become entangled in less thar§ §0much faster than any plausible decoherence time.
The total pressure is increased by quantiifaat from 5% at high redshifts to 68% at low redshifts with ko a collisionless classical fluid.
Conclusions. The quantum overpressure has no dynamical consequendeshinmnogeneous regime at high redshifts, but must be signific
for neutrino clustering during the non-linear structurenation epoch at low redshifts.

Key words. cosmological neutrinos — structure formation - hot darkterat quantum physics

1. Introduction remains, therefore the particle statistics is an aspectiated

. o to the strength of the particle-particle interaction.
We re-examine the common view in astronomy that cosmolog- In summary, in the cosmologist view neutrinos are well de-

|C|<_’;1I neug'?ﬂf’ 'mefgfgvf’ aretwiﬂ descrlbe;j smcehtkll)eﬂudj— Iscribed with a distribution otollisionlessclassical particles
F'.ng Ire Sﬂ'_dz Nf lassi O\an (t)' | = |{3|;e_sen Ifgo(g yO?! co following the collisionless Boltzmann equation, while imet
ISloniess fiuld ot classical parlicies l=rimac lass0dn ysicist view neutrinos are quantum particles, i.e., fowa
Neglected up to now is one of the most fundamental and Wg

) o : . tities, and when they are indistinguishable they behalse c
establlsh_ed .prlnC|pIe of modgrn phys!,cs, the f.er”“"“’?"'or_‘ lectively according to the well established principles afag-
symmetrisation rules from which Pauli’s exclusion prideip

. : : tum statistics. In cosmological simulations neutrinos lddae
follows (Pauli/1925; Dirad, 1926; Ferni, 1926). g

better represented by @llisional gas with the Fermi-Dirac
When we asked cosmologists how massive neutrinos keuation of state.

have today despite their degeneraapey would argue that
they behave as a collisionless fluid of classical partidtesos- ;. homogeneous regime because the initial Fermi-Diraissta

molog_lcal N-body S|mulat|ons. (e.g..Kiypin. efidl.. 1098kt tics is preserved by the Universe expanslon (Weinherg, 1972
only _dlfference be_twe_en_neutnnc_)s a'f‘d Co'd dark matter Pa®lit this is no longer true during the non-linear structure fo
cles is the respective initial velocity dispersion. mation phase, where thefiirent matter components induce
When we asked theoretical and experimental physicists fahomogeneous perturbations driving neutrinos out ofrttar
miliar with particle physics, quantum and statistical maios, equilibrium. Then the degeneracy pressure fiedent from the
they would find obvious that degeneracy pressure between netaight kinetic pressure of collisionless particlesréfiere the
trinos must be taken into account despite their negligiakv fate of massive neutrinos in galaxy clusters or galaxi€ewi
interaction cross section, because degeneracy pressutésreif neutrinos behave as classical or quantum particles.
from Pauli’s principle and depends only on the exchange sym- | ihe recent years this problem has taken impor-
metry of identical particles. In the limit of negligible griaction o for the description of the non-linear phase of
in the particle Hamiltonian, the fermionic or bosonic bebav structure formation, because the likely mass of neutrinos

(Tegmark, Vilenkin, & Pogaosiah, 2005) determined iffelient

1 In the context of cosmological neutrinos, the word “degengt €XPperiments appear to sum up to at leasuibiblebaryon mass
is used with diferent meanings. Here it concerns the particle exchanff@ction. If neutrinos behave collectively as a classiaallic
degeneracy, not the mass or the chemical potential deganera sionless fluid, then their interaction with the other mattem-

This distinction has no consequence during the relativis-
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ponents is limited to the weak and gravitational interawdio is a small fraction of cm. The wavelength derived by Peebles,
while if neutrinos behave as a coherent Fermi gas, then ti®@01 cm, is obtained supposing a velocityof 300 kms?
can develop shocks, increase entropy, and lead to non-linaad a rather large neutrino masswgf= 123 eV. Peebles’ con-
evolution as hard to predict as the baryon one during the-strgludes:“classical physics gives an excellent approximation to
ture formation phase. the motion of neutrinos, and Liouville’s theorem assurethas
The paradox raised by the cosmological neutrinos goesdlassical orbits will not violate the exclusion principleecause
fact at the heart of still debated fundamental open probleitiie occupation number [...] is conservedrhe picture is thus
in quantum mechanics, such as the meaning of measureméms neutrinos are point masses regularly distributed msph
and wave-function reductions, the destruction or builefipo- space, keeping approximately their relative phase spage di
herence between particles, etc. It concerns also the probile tances sfiiciently large to allow neglecting Pauli’s exclusion
irreversibility in quantum systems, which, as in classig- principle. A uniformly expanding flow of particles in spaee i
tems, are strictly time-reversible in theory, but dissigain a uniformly shearing flow in phase space. Nearby particles in
practice. phase space do see fluctuating neighbour distances. Trerefo
if any effect depends on phase space relative distances, phase
space density perturbations can propagate.
2. The classical description Peebles invokes Pauli's exclusion principle and the de
It has been usual in the past decades to assume neutrino‘érogllie wavelength as criteria for n_egle_zcting or not quantu
ects. Below we will see that relativistic and non-relatizis

either massless relativistic particles, or as a dark ma#tedi- ; . o

. neutrinos are in fact rather degenerate from the beginsing,
date able to account for a substantial part of the dark rr,latt[(_g([iu”,S rinciple matters
which implies a neutrino rest mass well above 10 eV. The clas- P P '
sical reasoning (e.d., Tremaine & Gunn, 1979; Pekbles,)1993
goes as follow. Neutrinos are generated above redskift0!® 3. The quantum description
by elementary particle creation and destruction proce3ses

important point is that at these densities(0*! cm™3) and tem-

perature ¢ 10'°K) the electro-weak force cross-sections arget us check Peebles’ assumption with recent estimatesof th
large enough to make the reaction time-scales much shoggtrino properties_(Dolgb¥, 2002), keeping in mind that th
than the Universe expansion time-scale (see Weinberg.; 19¢gssical world is only an approximation of the quantum wprl
Peebles] 1993; Padmanathan, 2002). This ensures thewngl that the important point is not the ratio of scales (stch a
equilibrium and well determined initial thermodynamicahe  the de Broglie wavelength vs. the size of cosmic structures)
ditions. At redshift below abour ~ 10' the creation of py the ratio of the phase space occupation density to Pnck
electron-positron pairs, which releases the last newtrar@ cgonstant cubed.

anti-neutrinos, drops because the thermal energy of stic |y order to not complicate the discussion, we ignore
falls below the 511 keV electron-positron rest mass endiigy. here the #ect of neutrino oscillations for which the proper
neutrino mean free-path for weak interaction diverges @nd n co|lective treatment has been only recently worked out
trinos are since then considered as propagating freelysacrstrack & Burrows| 2005). It diices here to point out that in-

3.1. State of cosmological neutrinos

the Universe, only subject to gravity perturbations. stead of discussing the neutrino flavours (the electron,mmuo
The neutrino weak interaction cross section is exceedingliid tau neutrinos which are superpositions of mass states),
small (Peacock, 1999): we need to consider the pure mass states (np, andmg).
The oscillations introduce coupling terms between ttigedént
o~4-10%T?en? (1) mass stated (Strack & Burrdws, 2D05), and therefore inereas

Theref he wid dvi logists | the coupling between neutrinos species.
erefore the widespread view among cosmologists is to con- Today's number density of electron neutrinos and anti-

|S|de|r_ n((ejutrlnos as coII|S|0.nIess cla_ssmal pa(;t_lcles, el neutrinos issued from the Big Bang (Dolgov, 2002; Peebles,
ocallsed mass concentraluons moving according to Nemo’iggii, p. 163) of a single family is/21 the number of cosmic
laws. Consequently, neutrinos are supposed to obey aeturaf . .
. . ; ground photons:

the collisionless Boltzmann equation. The neutrinos felém
incompressible flow in phase space, even during the possigly _ 3 N~ 112 e 3)
complex non-linear structure formation phase. This leadise L R '
well known phase space density constréelint (Tremaine & Gu
1979). In this classical description violent relaxationgesses
dilute phase space irregularities into a coarse grainedtiis
tion, and neutrinos can not increase their degeneracy. m, \!

In the conventional description neutrinos are estimated if8 )

-1
4
. (1000km51) (O.lev ()
sensitive to quantumficts| Peeblzs (1993, p. 445) argues th%t ith sub-eV , her d
their de Broglie wavelength 0 with sub-eV rest mass neutrinos appear rather degenerate

Crucial is obviously the value of the assumed velocity. The-c
h senv is reasonable for neutrinos bound inside galaxy clusters,
Adg = mv’ (2)  put it is not obvious whether neutrinos could ever be trapped

"Yherefore the mean inter-particle distantg/® ~ 0.2cm is
comparable to their de Broglie wavelength

~ 0.4cm
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inside clusters. So let us consider the least favourablethyp

sis that identical neutrinos are still homogeneously itisted, 175

with a density of 112 or 56 cmi depending on the still un-
known Majorana (anti-neutrinos are identical to neutr)rms 15.0 B
Dirac (anti-neutrinos are distinct from neutrinos) nature -
12.5
3.2. Entropy, fugacity, and pressure . \ \
- \

The accurate thermodynamical quantities for fermions lat . 10.0 B \ \
regimes can be calculated by evaluating numerically the re Z 7 'nl \
tivistic Fermi-Dirac integrals for particle densityenergy den- 7.5 7 \ \\
sity e, and pressurP (Padmanabhah, 2000, p. 216-217) . .'. \

ngs [ p? >0 3 ‘\ '*.
nT,2) = st d 5 ] ‘

(T.2) e J, Zlexpekn)+1 P ©) 25 a\ \
arz) - M [P ©) :
' h3 0 Z*lexp(g/kT)+1 0.0_ LI L L L L L L L L L L L L
00 2 2
P(T.2) = 4ngsf p 1 c’p % 0.0 25 5.0 7.5 10.0
h3 ZlexpE/kT) +1 3 e + me&

log(1+2z)
where gs is the number of distinct particle states, =
\/p?c2 + mect — me is the particle energy, andis the fugac- _ _ .
ity (the degeneracy parameter), capitalised here to disis Fig. 2 Fugac_ltyZ as a function of redshift for constant co-
from redshiftz. The calculations in this paper have been pefdoving fermion density = 56 (1+ 2)° cm® and constant en-
formed with the software package Maple, version 10, in whidfPPY per fermior/kN in the range £018 (lower limit of the
the number of significant digits can be chosen. Here 14 di§@nds) and 24 (upper limit of the bands) fom, = 0.1eV
precision has been used. lower band), anan, = 10 eV (upper band).

The adiabatic expansion of neutrinos since redghiftl 0*°
means that the entropy per parti&lgkN, a dimensionless num-with a bisection search technique because the non-linear
ber, has been constant since then. If the initial chemicedpo equation solver of Maple for floating-point number solution
tial is negligible,S/kN amounts to 4.2018 for fermions, andfsolve based on a Newton-Raphson method fails in this case.
3.6016 for bosons (Peacock, 1999, p. 277). The entropy m@fe value ofn is a low value for today’s neutrino density
particle can be calculated from EQEI[{5-7) with the relatiofichoosingn = 112 cn1® would reinforce our conclusions). We
ship S/kN = (e + P)/nkT, a function of T and Z, which no find that the temperature scales as the inverse of the matbs, wh
longer depends ogs andh. Calculating the implicit function z atz = 0 is practically independent of the neutrino mass. We
S/KN(T, Z) for a suficiently wide range off andZ, we show obtain for the present neutrino temperature,
in Fig.[ its dependence amand T over relevant cosmolog- .
ical values from high to low redshifts, for two represemati T,, = 1.614- 107* ( m, ) K, and Z=1650. (9)

neutrino masses, 0.1 and 10eV. The grey parts, almost akrtic lev

in the back, correspond to degenerate states, mithT*? on  So between the creation of neutrinoszatr 10'° and now,
the right in the relativistic regime, amii < T2 on the left in  somehow fugacity has increased from 1 to 16.5.
the non-relativistic regime. The almost horizontal pantshie To show how fugacity behaves as function of redshift at
front of the S/kN maps correspond to non-degenerate statesnstant entropy per particle, we ask Maple to solve numeri-
not reached during the Universe expansion. The step passiafly by interpolation the above quantities in EqQICI5-MeT
from S/kN = 2.5 to 4 around lo§ = 2 - 4 corresponds to result is shown in Figl]2. Fugacity increases from the early
the transition from the non-degenerate non-relativiggime Universe to the present by a factor 16.5: massive neutrinos
to the relativistic regimes. The position of the step dogeede are substantially more degenerate now than at their decou-
on the particle mass. Clearly, today’s cosmological neasi pling epoch. This is independent of their mass if they are-non
with sub-eV masses are much colder than the frequently duoelativistic. When calculating th&(2) relationship for a range
1.95K temperature valid for relativistic neutrinos. of entropies, we see that if for any reason entropy would in-
Observing carefully the constant fugacity curves in Elg. trease instead of being strictly constant, fugacity wanlkd
one notices that the adiabatic expansion from the reléit\iis creaseeven more.
the non-relativistic regiméncreaseshe neutrino degeneracy, Associated to fermion degeneracy is the Fermi pressure
since the constant fugacity curves drop their entropy léW@l contribution. To quantify this important factor for dynarsj
make this point quantitative, we solve numerically ToandZ again we ask Maple to evaluate numerically the integrals in
the pair of equations Egs. [BEY), and to find by interpolation the pressure at @onst
specific entropy curve. In Fifl 3 the ratio of the full presstaor

S _
(T2 = 42018, n(T.Z) =56¢nT°, (8) the perfect gas pressuRg = nkT is displayed. The additional
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whereTy is today’s CMB temperature of 2.73 K. When the neu-
trino thermal energy equals its rest mass energy, neuthiaes

1.7 come non-relativistic. Then

E 4 1/3
1.6 7 m, ¢ = 3kT, ~ (1_1) 3kTo(1+2). (11)
1-5§ Then the critical temperature is
143 m,c* (=)

3 Ty = —— ~ 3970(— | K , 12

P/Pc . € 3k leV (12)

1.3 and the critical redshift

. _ m,
12 147 = 1986(—1 eV) . (13)
11 ] Below redshift zz temperature drops for adiabatic non-

' ] relativistic matter approximately as
1.0 T T T T [ T T T T [ T T 71 14+7)\2 m, \-1
— ~ —4 2
0.0 25 5.0 75 100 Twn= Tv,c(1+ zc) ~98-10"(1+2 (—1 eV) K. (14

log(1+2) Thus the thermal speed of cosmological neutrinos amounts to

. . . 4\ 3kT, m\t o

Fig. 3. Ratio of neutrino pressurt to a perfect gas pressurev, = (—) — (1+2)~151(1+2) (—) kms™. (15)

P. = nkT, as a function of redshift for constant comoving 11 m,c lev

fermion densityn = 56 (1+ 2)*cm and constant entropy per(seel Ringwald & Worlg, 2004, for a similar derivation). With

fermion S/kN in the range 2018 (lower limit of the bands) respect to the exact result Hg.(9),n is overestimated by a

and 424 (upper limit of the bands) fom, = 0.1eV (lower factor 6.07, and, by a factor 2.46.

band), andn, = 10 eV (upper band). Owing to number conservation, the neutrino density
varies in proportion of the volume

n, =n,o(1l+2?3. (16)

quantum pressure with respect to a collisionless gas amtuntthe average phase space volume per neutrino is estimated as
5% at high redshifts, independent of the neutrino mass. ét th

transition from the relativistic to the non-relativistegime, the 14nv; 144 (@)S
redshift of which does depend on the mass, the quantum prés- n, 3 ~ 1lnp\ ¢ | °
sure contribution increases to 68%, and becomes subséguen

independent on the mass in the non-relativistic regime.ir;t\ga\{\'hICh is independent of the neutrino mass and redshift, & lo

. . . : as neutrinos are non-relativistic. Compared with the efear
any increase in specific entropy would increase pressure. P y

. _ N , quantum volumd?®, we have,
Obviously this additional pressure is a substantftdat at
low redshifts determining the clustering of neutrinos dgri V» _ 284 N0\t
. . ) Y = ~ 5.1 . (18)

the structure formation phase. The immediate predictitimis h3  n, o 56
neutrinos should tend to accumulate less in bound strugtu
than truly collisionless particles. However, dissipatffects in
non-linearities such as shocks may eventually falsify fines

diction.

17)

Neutrinos appear therefore rather close to be strongly de-
generate, consistently with the previous accurate calouka
Therefore quantumfects must be considered with more atten-
tion.

3.3. Asymptotic estimates 4. Quantum Effects

These previous results are exact down to the used 14-digit au1. The paradox of collisionless identical particles in
merical precision. Let us now also derive intermediateestat the quantum regime

with asymptotic approximations, in part to estimate themesr ) .
made with this more traditional approach. In view of the previous results, we are led to a paradox. On

gpe side from cosmological conditions we find that neutrinos
0 : : . X
are fairly densely packed in phase space, so Pauli's exciusi
principle should be applicable, while on the other hand & th
usual view among cosmologists neutrinos should ignore each
4 4 other since their particle-particle electro-weak coupisver
Ty,=( ) Tyz( ) To(1+2), (10) paticiep DmVELY

11 11 low. How can particles without interaction term interact?

During the relativistic phase of expansion neutrinos co
proportionally to the photon temperature (Peehles,1993):



6 D. Pfenniger and V. Muccione: Cosmological neutrino egament and quantum pressure

Often in quantum mechanics one must use the idealisatidriaus finding how an arbitrary initial wave-functioH(x, 0)
of isolated, independent systems, although wave-fungfion evolves is just a matter of calculating a triple convolution
mally extend over the whole space. This is justified (e.gegral at any wished time For particular initial¥(x, 0) such
Cohen-Tannoudiji et al., 2000, chap. XIV, D, p. 1384) when ttes Gaussian packets the integral can be completely exdresse
system wave-function is itself well separated from the putan closed form, which we manipulate below with Maple.
world wave-functions. This is possible because partickes a When describing two independent distinguishable parti-
emitted not as plane waves extending uniformly over the whalles, the full wave-function takes the form
space, but as wave-packets since any emission processatakes
positive time-interval. Therefore the individual wavesttions (X1 X2 ) = F1(x1, 1) ¥2(x2, 1), (21)

consist of well defined square integrable functions with €orgy, \which the time evolution is just the product of the single
pact support, as required by quantum theory. particle solution E{20).

So if we picture individual neutrinos as localised moving gyt this is only a very particular form of all the wave-
wave-packets, they follow a classical free particle tr&lBC fynctions W(xy, x,, t) that the Schrodinger equation for two
as long as the wave-packets are well separated. But whenghgiicles can describe. Functions that cannot be sepazated
wave-packet cores of identical particles overlap, themtia 5 product of single particle wave-function describe enlethg
interference must occur, blurring the possibility to digtiish  states. In particular two identical particles must follditner a

the particles, because they must simultaneously followiBausymmetric or anti-symmetric wave-function upon the exgean
rule of anti-symmetrisation for fermions. Pauli's symnisr  of the particles. These read

tion rules for fermions and bosons are independent of the par
ticular particle kind and strength of the interaction paon Wo(X1, X2, 1) =
All the interactions between elementary particle, nuclei 1
. ! ' — |W1(X1, t) P2(X2, 1) = W1(Xo, t) Wa(Xy, t 22
atoms, molecules, and even larger pieces of matter likersupe \/Q[ 1061, Walxz. ) # Va2, ) ¥ola, 0] (22)

fluids, follow the Pauli symmetrisation rules: whenever-par . . . . .
\ghere thet sign applies to symmetric functions and theign

ticle wave-functions overlap, quantum mechanics is cens . ic f ; The ti luti f h
tent with experiments at the condition of applying the wayd2 antisymmetric functions. The time evolution of such an en

function symmetry postulate. Somehow the individual pmkéangled pair of wave-functions can also be calculated gact

of identical particles which could be considered as indepe?‘lose_OI form by forr_ni_ng the prqduct and sum of single particle
olutions. The explicit formula is too long to show here, ¢t

dent when far apart, must form a symmetric or antisymm i ioulated with Manl imil favare tool
ric combined wave-function when they overlap. The speed f €aslly manipuiated wi aple or simiar sottware tools.
Although the wave-function of two particles is 6-

this (anti-)symmetrisation process has nothing to do with t ) .
dimensional and complex, when the particle centres of mass

electro-weak interaction, but just the quantum mechamiaal _ . .
ture of identical particles. and velocity are set at the origin we can focus the attention o
ttgle function¥_(x, —x, t) since any measurement of a particle

Before discussing this paradox further, let us illustra  locati i train th ii f the oth ticl
graphically with exact solutions of the Schrodinger egrat at locationx witl constrain the position ot the other particie
at position—x, since we assumed to know the centre of mass.

how the wave-packets of two identical free fermions behavel\P_(X’ _x.1)2 describes the probability of finding one particle

at positionx and the other one atx.

4.2. Interaction between two identical free fermions Below we show graphically the normalised value
. . . ¥_(x, —X, 1) in the planez = 0 for the initial condition in the
lStc;]Srbgi(r)\t e?[gicl:J:tiotr? solve exactly the tlme—dependenientre of mass and velocity frame of two fermions represknte
gereq ' initially by a Gaussian wave-packet of unit half-width:

in %T(x, t) = H¥(x, 1), (19) Wi(x,0) = exp(k- X) exp[-(x - x0)?/2] . (23)

The initial position of particle 1 i%;(0) = {-5, -2, 0}, and the
initial momentum isk; = {ky, 0, 0}. The initial position of par-
ticle 2 is symmetric about the origin in order to put the centr
@f mass and velocity at the origin. The momentum is therefore
3D space without explicit interaction potential. As inftin- all in the componeriy, which is not directed toward the centre

dition we adopt Gaussian wave-packets because they anovménass in order to illustrate a generic interaction with 1zeno

calculate all the results in closed form. impact parameter. , _
As derived in standard quantum mechanics, the full so- Here we show three flerent representative values of the

lution of the single free particle Schrodinger equatiorBm MoMenturTk illustrating the classicak = 6), semi-classical

Cartesian space reads (with units normalised conveniéotly (ke = 2), and quantum reg_imekx(z 2/3). This_ ShOUId_ stiice
our cosmological neutrino context tf 1 cm, [m] = 0.1 eV, for our purpose of illustrating the exchange interactiorfreé

and ] = 1.7 - 107" s, which allows to set/m = 1): identicql particles. o
In Fig.[@ we see the two wave-packets individually spread-

1 (x-y)? 3 ing slowly due to their high momentukq = 6. Despite that, for
Flx.0) = (2rit)3/2 fexp(l 2t . 0)dy. (20) a while the packets strongly overlap, subsequently theyverc

for the HamiltoniarH of two identical free fermions and illus-
trate graphically the behaviour of the most physical objept

resenting a particle, the amplitude of the wave-functioreco
We illustrate below what happens to two spinless fermions
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k_x=6. X t = 0.0000 k_x=6. X t = .64000 k_x=6. X t=1.2800
20 -10 0 o 20 20 -10 0 o 20 -0 10 o 10

K_x = 6. X t=1.9200 K_x = 6. X t=2.5600 K_x = 6. X t=3.2000
-2 -10 [ 10 20 -20 -0 o 10 20 -20 -0 o 10

Fig. 4. Interaction of two free fermions in the classical regimetsig initially in opposite directions and horizontallig,(= 6,
ky = 0,k, = 0). Shown is the normalised squared ng¥m(x, —x, )| in the plane x, y, 0).

their localised wave-functions. In such a case the ind&iduwvith respect to the initial particle momentum. Clearly insth
packets behave as expected for classical particles: theg mo case the probability of finding a neutrino somewhere else tha
straight line and preserve their identity. Although Paufitin- along the initial straight trajectories is strongly enheshby the
ciple applies, it has no practical consequence asympligticaquantum interferences. The classical approximation afgdtt
These two particles can be approximated as distinct agairtrajectories is no longer valid, and the initially distipetrticles
later times. are entangled forever. In the quantum regime a clear dispers
In Fig.[@ we see that at lower momentuky, = 2, two Pehaviour occurs with marked asymmetric past—future asymp

wave-packets interfere much more strongly. The antisymimetl©tiC tates.

wave-function always vanishes at the mass centre. The tize o The same experiments have been repeated for bosons. The
this exclusion region around the origin grows at lower velo@nly notable diference is that the wave-functions are always
ities. The interference pattern presents elongated waagtscr positive at the origin, and even take there maximum values in
which are inclined with respect to the original particle mem the quantum case: this corresponds to the Bose-Einstein con
tum directions. A plane wave seems to be building-up in a diensation. In contrast, the fermionic wave-functions gbva
rection slanted with respect to the particles directiorst.dly vanish exactly at the origin, which means that a volume of
the positions are strongly mixed in a single structure, bat tspace around the origin is hardly available to the particles
momentum becomes also mixed. After a while the individuklermi pressure is a consequence of confining the particle en-
wave-packets representing the classical localised pestizic- €rgy in a reduced volume.

ceed to partly reform, but a remaining coma of entangleéstat

remains around the origin.

At still lower relative momentumk, = 2/3, quantum ef-
fects become dominant. In Fifl 6 the two particles initiallfhe problem of describing statisticallyN identical
distinct rapidly loose their identity and form a single antibosons or fermions with or without interactions has been
symmetrical wave-packet which spreads around the origim wsolved very early in the history of quantum mechanics
waves again reflecting an intermediate direction of propaga (Uhlenbeck & Gropper. 1932), but is much morefidult to

4.3. Interaction between N identical free fermions
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kx=2. X 1=1.2307 k x=2 X t = 24615 k x=2 X t= 3.6923
-10 [ 10 20 20 -10 [ 10 20 -20 —10 0 10

k x=2 X t=4.9230 kx=2. X t=6.1538 k x=2 X t=7.3846
-0 -0 o 10 20 -20 10 o 10 20 -20 10 o 10

Fig.5. As in Fig. (@), but in the semi-classical reginig € 2)

illustrate graphically than the 2 particle case. What iscie time as the coherence time-scale. If the particles wersickls
that in the limit of vanishing particle interaction, the bog or we would call this a collision time-scale, that would detaren
fermionic statistical behaviour tends toward classicakiMell- a relaxation time.
Boltzmann statistic only at high temperature. Affistiently
low temperature the statistical behaviour tends toward tgﬁ
Bose-Einstein and Fermi-Dirac statistics respectively.

An interesting aspect developed for example

, chap. 10), is that the first quantum correction to sstia

cal perfect gas, which is appropriate for our cosmologieal-n
trino context, caused purely by the bosonic or fermionic n
ture of the particles is mathematically equivalent to ariplar
particle interaction potential, with the peculiarity topaand Y
also on temperaturg,

If we adopt a classical description of neutrinos moving in
ch a potential, clearly a strong deflection of trajectarguos
wheneverp/KT ~ 1, which means also th@t; — xj| ~ Agg,

the interaction cross-section reacds x.13;. Thus the first
order quantum correction to a classical description of semi
degenerate neutrinos introduces an interaction potepital
8Ucing “entanglement” with a characteristic time-scaleegi

IXi =l - _ m2NKT
¢(xi—xp:—kTIog[liexp(—ZnT] (24) © = nov, e
* 8 2 (Mo\ 7t m, \?
Fig. (@) shows that the pseudo potential is repulsive for ~ 13-10°(1+2 (56) (m) s, (25

fermions and attractive for bosons. The potential becomes i

portant ¢ ~ kT) at a distance slightly below the de Broglie

thermal wavelengtiiqg = h/ V2rmKT. using the asymptotic relations fér, n, andv given in Sect. 3.3.
This is consistent with the rule that quantuffeets become This yields a very short time-scale 107°s for any reason-

important when thermalised particles, are ldéstantin the able present day and past cosmological neutrinos. Although

classical description thatyg. The potential permits to derivethis derivation is not consistent since quantum particteaat

an dfective interaction cross-section, and from there the tinfiellow classical trajectories, at leastcharacterises the entan-

required for particle to become entangled. We will refefis t glement time-scale between neighbour neutrinos.
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k_x = 666 X t=177 k_x = 666 X t=355 k_x = .666 X t=533
-10 [ 10 20 20 -10 [ 10 20 -20 —10 0 10

Fig.6. As in Fig. (@), but in the quantum regimky(= 2/3)

4.4. Decoherence time locity v, is o = 7G2M?/v#, and the timescale for deflecting
In the decoherence theory (2dh. 1970, 2005 Zufel Izo&gmflcantly neutrinos by these objects is:
2003), classical physics emerges from the much Iargerser%i_ 1 v 27)

tivity of the entangled states in the density mat#ig)¥*(x'), T hov,  aGnMZ

x # X, to the mterferences*commg from the outer worlgrhys at constant mass densityl more massive objects deflect
than the diagonal stateB(x)¥"(x). Particles become local-faster than light objects. Galaxies seem the most promisag
ized classical objects because the uncorrelated periomisatfiectors, because stars are mostly bound in galaxies andrgmou
from the outside world prevent the wave-function to spreag only a fraction of their mass, while galaxy clusters conta
The decoherence timep for a quantum system consideredmg|| fraction of the galaxies.

over a distancéx to loose quantum correlationgx)¥*(x), Plugging in plausible numbers for galaxies (=~
Ax < |x—X|, is related to the relaxation time induced by the 15-74cm3) M ~ 10%%g), andv, ~ 1®cms?, we obtain
outer world, and tolgs: TR ~ 107?s. Therefore forp to be less than the entanglement
- Agr\2 time < 107, we need to consider regions larger than

™ _ (E) (26)

TR \AX AX = Agg \/E ~ 108%cm, (28)

Thus the decoherence time is inversely proportional to the L)

square of the considered region. Obviously, to quantifyoelean order to begin to use classical physics. In such a regidtof

herence we must identify the fastest process that perture-or dimension we have 10*° neutrinos that behave as a fermionic

lax” neutrinos. ensemble. Since the relaxation time10°2s is much larger
Let us make a bestiert to find the shortest possibtg that  than the neutrino age 10’ s, most neutrinos that would be lo-

cosmological neutrinos might be subject to. If we discardkve calized by hypothetical detectors would still be entangiét

interaction processes (cf. E@ (1)), we only have gradtal neutrinos at cosmic distances apart. The ratio of thesestime

deflection available. 10°°, gives the fraction of neutrinos that have been perturbed
Suppose we have a densitpf bound gravitational objects by the gravitational attraction of a galaxy. After®1éntangle-

of massM. The gravitational cross-section for neutrinos at venent times of< 10°s, each neutrino has a large probability
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by Hanbury Brown and Twiss (Hanbury Brown & Twiss, 1954)

1  with the now famous intensity interferometer (Hanbury Brow
1974). The fect could also be performed at the laboratory
scale (Morgan & Mandel, 1956) and was an important step in
the development of quantum optics. In the Hanbury Brown and
Twiss experiment, independent incoherent photons emitted
over the surface of a stab(~ 10° m) at distinct times are col-
lected on Earth by two distinct telescopes separated byanacr
1 scopic distancesl(~ 10°m). The collected distinct photons ar-

- riving in the two detectors within a photon coherence tine ar
1 verified to becorrelated in time Despite being particles with-

1 outexplicit coupling term and initially incoherent, phatosuf-
ficiently close in phase space (they are very close in momentu
space) succeed to bunch, i.e., to exchange momentum. This is
an example of a partial Bose-Einstein condensation.

The fermion dect corresponding to the HBT experi-
ment has been confirmed recently for electrons in laboegori
N T T (Henny, et al., 1999; Kiesel etlel., 2002). Such experimargs
0 0.2 0.4 0.6 0.8 1 complicated by the fact that the repulsive electro-magnati

r/ A teraction term of electrons must be cancelled by either@m at
lattice, or a sfficiently large distance between electrons. In
these experiments, electrons overlapping their wavetiome
are found to be anti-correlated, which is at the root of the de
generacy pressure in fermionic gases. Better suited fzertice
neutrons, for which the HBTfEect has also been verified re-
cently {lannuzzi, et all, 2005).

The important point of these verified phenomenais to show
that identical particles interact also through their exde
to be also entangled with perturbed neutrinos, thus prdjgaga Symmetry, and that the speed of this kind of interaction exet
the coherence loss. plicit in the Hamiltonian, is in practice determined by tipesd
at which the core of the wave-functions overlap significant!

If we take the strong overlap of the particle wave-functions
as the principal requirement for particles to be saigract-
5.1. The status of quantum physics ing, and thg weak pverlap of many uncorrelated wave-functions

as the regime during which the decoherence due to the rest of
The quantum physics rules are so strange that it took a lofg world acts, we can understand why our common experi-
time for the physicist community to make a standard vieghce of the world is not a fully entangled structure (Pefirose
about its principal aspects. Today several points are not ci2005), but the classical world that we know, where spatially
pletely resolved, such as the meaning of the measurement pfigtinct regions and classical devices can be assumed to ex-
cess, or the role of time in a relativistic quantum theorg@f- ist. Correlations between particles are constantly losidxyo-
eral particles/(Penrdse. 2005). Quantum gravity is stith@ herence and built by wave-function overlaps. The macrdscop
work. result for multiparticle systems is equivalent to a relaoto-

However in the last decade many new experiments hay@rd a thermal state_ (Gemmer et al., 2004).
confirmed the strange rules of quantum mechanics. The Therefore if we apply these considerations to cosmologi-
Einstein-Podolsky-Rosen (EPR) paradox has been confirmgsl, neutrinos, these must overlap their wave-function ey
two entangled particles can fly apart over long distances aggently (« 10°¢s), and each “interaction” produces a partial
preserve their mutual correlation alive even when one ghtanglement of the wave-functions. Quickly neutrinosaget
the particle is subject to measurement. In recent expetsnefangled to a growing number of other neutrinos which togethe
(Tittel et al., 11998) the photon entanglement has been pfgrm a spreading entangled wave-function. Any perturlpatio
served over distances of the order of 10 km throughout a cogt+observation” of a given neutrino entangled with othese-c

¢ / KT

Fermi—Dirac

Bose—Einstein

Fig.7. Effective particle-particle interaction potentiglfor a
perfect gas of fermions (top curve, repulsive potentiat),
bosons (bottom curve, attractive potential) in first ordér
quantum correction, as a function of distamc@ unit of the
de Broglie thermal wavelengthyg.

5. Discussion

plicated network of telecommunication optical fibres. cerns then all the other neutrinos. Everything happenstas if
detected neutrinos had exchanged momentum with the others,
5.2. Hanbury Brown and Twiss (HBT) effect and the like classical particles in usual interactions do.

quantum decoherence

. . ) 6. Conclusions
At the root of quantum optics, there is a fine example of ex-

change symmetry interaction operating on othenviigerac- In view of the solidity of quantum mechanics and the likely
tionlessparticles: photons. Thisfiect was first investigated sub-eV mass of neutrinos, we arrive to the conclusion that
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