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Abstract

Association rules are a key data-mining tool and as such have been well researched. So far,
this research has focused predominantly on databases containing categorical data only. However,
many real-world databases contain quantitative attributes and current solutions for this case
are so far inadequate. We introduce a new de nition of quantitative association rules based on
statistical inference theory. Our de nition re ects the intuition that the goal of association rules
is to nd extraordinary and therefore interesting phenomena in databases. We also introduce the
concept of sub-rules which can be applied to any type of association rule. Rigorous experimental
evaluation on real-world datasets is presented, demonstrating the usefulness and characteristics
of rules mined according to our de nition.

1 Introduction

Association Rules. The goal of data mining is to extract higher level information from an
abundance of raw data. Association rules are a key tool used for this purpose. An association
rule is a rule of the form X ) Y , where X and Y are events. The rule states that with a certain
probability, coined the con dence of the rule, when X occurs in the given database so does Y . A
well-known application of association rules is in market basket data analysis.
The problem of mining association rules was rst introduced by Agrawal et. al. in [1], and later
broadened in [2]. These papers related to the case of databases consisting of categorical attributes
alone. Thus the events X and Y , on both sides of the rule, are the appearance of given categorical
items. In this case, the aim is to nd all rules with con dence and support above user-de ned
thresholds (minconf and minsup). Several ecient algorithms for mining categorical association
rules have been published (see [2, 8, 10] for just a few examples). A variation on categorical
association rules was recently introduced by Brin et. al. in [3]. Their new de nition is based
on relating to associations as statistically interesting correlations. In all, the problem of mining
categorical association rules has been extensively researched and is well understood, on both the
algorithmic and conceptual levels.
Quantitative Association Rules. In practice, many, if not most, databases contain much quantitative data and are not limited to categorical items only. Unfortunately, the de nition of categorical
association rules does not translate directly to the quantitative case. It is therefore necessary to
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provide a de nition of association rules for the case of a database containing quantitative attributes.
Srikant and Agrawal [9] extended the categorical de nition to include quantitative data. The basis
for their de nition is to map quantitative values into categorical events by considering intervals
of the numeric values. Thus, each basic event is either a categorical item or a range of numerical
values. An example of a rule according to this de nition would be:
sex = female and age 2 [20,30] ) wage 2 [$5, $10] (conf. 85%)

Given this de nition, [9] provides an algorithm which approximately nds all rules by employing a
discretization technique. In addition, [9] provides an interest lter, aimed at reducing the problem
that this de nition is likely to yield many nested rules.
While the [9] de nition and algorithm for quantitative association rules provides a strong tool
for mining quantitative data, there are also several drawbacks to their approach. First and foremost,
the use of a range for describing a distribution of quantitative values can be limited and, at times,
misleading. For example, the rule \height 2 [100cm,150cm] ) age 2 [0,14] (70%)" may be true
even though few, if any, children under the age of one are 100cm tall (see Section 4.3 for real-world
examples). In addition, the [9] de nition often results in an exponential blowup of the number of
rules, as the right-hand side of any given rule can always be enlarged. Hence, they place an a priori
restriction on the maximum support of a rule (maxsup), partially solving this problem. Finally, the
discretization employed in the mining algorithm results in loss of information. In particular, the
algorithm can only approximate the best rules (see [9] for details).
Other work on this problem includes Zhang et. al. in [12] who use clustering methods to improve
the partitioning of the quantitative attributes in the algorithm. Fukuda et. al. in [4] and Yoda et.
al. in [11] also worked on the quantitative associations problem. However, their work is related to
a di erent version of the problem and is focused more on prediction, rather than association rules.
The explora project headed by Kloesgen, see [6], considered searching for statistically interesting
phenomena much in the way we do. They do not do this in the framework of association rules but
there is much common motivation.
A New De nition. In this paper we introduce a new de nition of quantitative association rules,
based on the distribution of values of the quantitative attributes. The new de nition is a natural
generalization of the categorical de nition, when the latter is interpreted in the proper statistical
terms. An example of a rule according to our new de nition would be:
sex = female ) Wage: mean = $7.90 p/hr (overall mean wage = $9.02)

saying that the average wage for females is $7.90 dollars per hour. This rule is interesting as it
reveals a group of people earning a signi cantly lower than average wage ($9.02 p/hr). Our de nition captures the notion of nding \interesting behavior", generating rules revealing extraordinary
phenomena. An integral aspect of our de nition involves applying statistical tests to con rm the
validity of rules. We present algorithms that do not use discretization, but rather view the quantitative attributes as continuous. Finally, we validate our de nition through an in-depth evaluation
of the results, using a domain expert.
Before giving our new de nition, it is helpful to backtrack a little and discuss the goal and
structure of association rules in general. Association rules are designed to help us discover \interesting" phenomena or behavior in databases. This is accomplished by locating sets of transactions
containing unexpected behavior. Each rule is comprised of a left-hand side and a right-hand side:
 The left-hand side of the rule is a description of a subset of the population.
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 The right-hand side of the rule is a description of interesting behavior particular to the

population described on the left-hand side.
Thus, the general structure of an association rule is:

population-subset ) interesting-behavior

An essential step in de ning meaningful association rules is understanding what constitutes \interesting behavior". In the categorical case, interesting behavior is a higher than usual incidence of
certain attributes (this measure is often called the \lift"). Thus, for categorical attributes, behavior
is naturally described by a list of items and the probability of their appearance. Statistically, this
description is the probability distribution of the set of items, for the given population. So too, we
argue, for a set of quantitative values the best description of its behavior is its distribution. For
numerical values, mean and variance are the standard measures for describing the distribution.1
We therefore focus on these measures for describing the behavior of a set of quantitative values.
In order to ensure that we obtain rules that truly inform us of remarkable phenomena, we
consider the behavior of a subset to be interesting if its distribution stands out from the rest of the
population. We therefore consider a subset of the population displaying a distribution signi cantly
di erent from that of its complement, either in terms of the mean or the variance, to be interesting
and noteworthy. For example, a possible association rule under the new de nition would be:
non-smoker and wine-drinker ) life expectancy = 85 (overall = 80)

Here, the interesting behavior is expressed in a dramatic increase in the mean. We use standard
statistical methods to validate the signi cance of disparity between the distributions.
In summary, an association rule under the new de nition is a rule of the form:

population-subset ) mean or variance values for the subset

A rigorous de nition is provided in Section 2. In Section 3 we show that this de nition is also
computationally workable. We need not use discretization and we have no exponential blowup in
the number of rules.
Other Statistical Measures. We note that a similar de nition can be established using any
other measure of the statistical distribution (e.g. median). Thus, our de nition actually provides
a framework for an entire family of association rules. Although mean-based rules are the most
natural, other measures provide important information. The variance of a subset, for example,
points to the homogeneity of those included in the subset. We choose to focus on the mean and
variance measures, as they are the most commonly used measures, and tend to provide most of the
interesting information regarding the distribution.

Sample Results

In the coming sections we will present exact de nitions, algorithms and evaluation for our new
concepts. However, before delving into these details, we rst present some sample results, obtained
from an actual database.
We applied our algorithm to a database called Determinants of Wages from the 1985 Current
Population Survey in the United States (the database may be found at http://lib.stat.cmu.edu/datasets).
The database contains 534 transactions and 11 attributes (7 categorical and 4 quantitative). Here
are some of the rules discovered with 95% statistical con dence. The overall mean wage is $9.02
p/hr.
In the case that the distribution being studied is normal, the mean and variance provide a comprehensive description of the distribution.
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Sex = female ) Wage: mean = $7.90 p/hr
Sex = female and South = Yes ) Wage: mean = $6.30 p/hr

The second rule is a sub-rule (de ned in section 2.2) of the rst and shows that although females
overall are paid lower wages, in the South of the USA the situation is much worse. We hope that
things have improved somewhat since 1985. The other side of the coin of these two rules is the
next rule also found:
Sex = male and Race = White ) Wage: mean = $10.33 p/hr

Other rules linked Education (as in years of formal education) to Wage and justify the argument
that on average, education improves earning power:
Education 2 [ 2, 13] years ) Wage: mean = $7.52 p/hr
Education 2 [14, 18] years ) Wage: mean = $11.64 p/hr

In a di erent and somewhat unexpected direction, a rule connecting Education to Age was found.
The mean age of the population was 37 years.
Education 2 [3, 10] years ) Age: mean = 46 years old

This rule shows us that those with very little schooling are on average far older, a sign of positive
progress in society. Usually, most research on this database would be limited to factors a ecting
a person's wage. Through our data-mining technique we exposed interesting information which
we would not initially have thought to look for. The Wages database provided us with interesting
results. Clearly, this gives only a avor of the rules. A rigorous evaluation of the quality of the
rules discovered is provided in Section 4.
Outline. In the next section we develop a formal framework for our de nition. In Section 3 we
present ecient algorithms for some cases of quantitative rules and demonstrate the computational
viability of mining for these rules. In Section 4 we present experimental evaluation and analysis of
results obtained, including comparisons to [9]. We use real-world databases and present evaluations
by domain experts who provided us with the databases and used the results for their research. We
believe that our evaluation is of independent interest as it takes rst steps in developing a rigorous
methodology for checking whether new data-mining tools are actually helpful to a real user. In
Section 5 we discuss the problem of multiple comparison procedures and suggest initial steps to
overcome this problem. Finally, we present open questions and discussion for further work.

2 De nitions
An association rule contains a left-hand side and a right-hand side. In the most general form, the
left-hand side of the rule is a description of a subset of the database, while the right-hand side
provides a description of an outstanding behavior of this subset. This general structure gives rise
to many di erent concrete rule types, determined by the type of subset used on the left-hand side,
and the description used for the right-hand side. In this paper we focus on two speci c types, which
we found to be most useful in practice, and algorithmically manageable. The two are: Categorical
to Quantitative rules with an unlimited number of attributes on each side, and Quantitative to
Quantitative where both sides contain a single attribute only. We also provide a general de nition
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of sub-rules, which, as we shall see, are essential for providing both comprehensive and exact
information.
Notations. Let E = fe1 ; :::; em g be the set of attributes (or elds) for a database D of transaction.
Let EQ  E be the set of quantitative attributes, EC  E the set of categorical attributes, and C
the set of all possible categorical values. Each transaction in D is a set t = fhe1 ; v1 i; : : : ; hem ; vm ig
of m attributes and corresponding values (i.e. for each i, if ei is categorical then vi 2 C , and if ei
is quantitative then vi 2 R .

2.1 Rule Types

2.1.1 Categorical ) Quantitative Rules

The rst type of rule we consider are rules where the left-hand side is a set of categorical attributes,
and the right-hand side is a vector of mean values for some set of quantitative attributes.
The Left-Hand Side. The left-hand side of the rule is a set X  EC  C of categorical attributes
and matching categorical values. The set X , which we call the pro le, de nes a subset of the
database. For a transaction t = fhe1 ; v1 i; : : : ; hem ; vm ig, we say that t has pro le X if X  t, i.e. t
coincides with X whenever X is de ned. We denote the set of transactions with pro le X by TX .
The Right-Hand Side. The right-hand side of a rule consists of a vector of mean values for a set
of quantitative attributes, with the mean taken over the transactions which match the pro le of the
left-hand side. Formally, for a set of quantitative attributes J , and a set of transactions T  D, we
denote by MeanJ (T ) the vector of mean values of the attributes in J for the set T . The right-hand
side of the rule is MeanJ (TX ) for some J  EQ.
Signi cance. A rule is only interesting if the mean of the attributes in J over the transactions in
TX is signi cantly di erent from the rest, and is therefore unexpected. We therefore compare the
mean in TX to the mean of the complement D ? TX . Note, however, that although the two means
may be numerically di erent in the database, we may not have sucient statistical evidence to infer
a di erence in the real populations. Thus, we use statistical tests to establish the signi cance level
of the di erence. Speci cally, we use the standard Z-test to establish signi cance of the inequality of
the means. We test the hypothesis that the mean of the two subsets are equal (the null hypothesis)
against the hypothesis claiming a di erence exists. A rule is considered signi cant if the null
hypothesis is rejected with con dence above a set threshold (usually set at 95%). Formally, we say
that MeanJ (TX ) is signi cantly di erent from MeanJ (TY ), denoted MeanJ (TX ) 6 MeanJ (TY ),
if we can statistically infer that for every e 2 J the means of attribute e in TX and TY are di erent.
We are now ready to de ne mean-based categorical to quantitative association rules.

De nition 1 A (mean-based) categorical to quantitative association rule is a rule of the form X )
MeanJ (TX ), where X is a pro le of categorical attributes (X  EC  C ), J is a set of quantitative
attributes (J  EQ ), and MeanJ (TX ) 6 MeanJ (D ? TX ).
Minimum Di erence. Sometimes, nding a population for which the mean is merely di erent

does not lead to interesting information. If we were to discover, for example, a group of people with
life expectancy three days more than the overall population, it may not be of interest to us even if it
passes a statistical test. We therefore allow a user-de ned minimum di erence parameter, denoted
mindif. In this case we write MeanJ (TX ) 6 MeanJ (TY ) if for every e 2 J there is statistical
evidence for inferring that jMeane (TX ) ? Meane (TY )j > mindif .
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Categorical ) Quantitative Rules Based on other Distribution Measures. The rules

de ned here provide a tool for discovering interesting behavior of the distribution with regards to
its mean value. An analogous de nition can be provided using any other measure of the distribution,
e.g. variance, median. For a given measure M (e.g. M = Variance), an M -based association rule
is of the form X ) MJ (TX ). The rest of the de nitions carry over directly from the mean-based
rules by changing Mean with M throughout. Naturally, when we nd a di erence in the given
measure we check the signi cance of the di erence using an appropriate test for this measure, e.g.
the F-test for variance. The algorithm outlined in section 3.2 is correct for any measure We have
implemented the algorithm for variance-based rules as well.

2.1.2 Quantitative ) Quantitative Rules

Next, we consider rules for which both the left-hand side and the right-hand side are comprised of
a single quantitative attribute.
The left-hand side of the rule is a triplet X = (e; r1 ; r2 ), where e is a quantitative attribute,
and r1 , r2 are real values, r1  r2 . We call X the pro le. We say that a transaction t has pro le
X if the value of t for the attribute e is within the range [r1 ; r2 ]. We denote by TX the set of
transactions in the database with pro le X . The right-hand side of the rule is a quantitative
attribute j (j 6= e) together with its mean value Meanj (TX ). As before, signi cance is ensured
by demanding that Meanj (TX ) 6 Meanj (D ? TX ).
At this stage we would like to simply de ne a rule as one of the form X ) Meanj (TX ) where
Meanj (TX ) 6 Meanj (D ? TX ). However, not all rules of this type are desirable, as we now
show. Consider the following ( ctitious) database. Assume that the average weight of the entire
population is 80 kilograms.
Age Weight
...
...
50
80
60
90
70
90
80
90
The following rules may all be deduced from the above database.
(1) age 2 [60,80] ) average = 90.0
(2) age 2 [70,80] ) average = 90.0
(3) age 2 [50,80] ) average = 87.5

It is clear that the rst rule is the only one providing truly interesting information. The second rule
is essentially \contained" in the rst rule, adding no new information and is therefore super uous.
Intuitively, we wish to obtain the widest possible rules in order to provide a succinct description of
the interesting phenomena.
The third rule is even wider than the rst one and also may be signi cantly di erent from the
overall average. Nevertheless, it is undesirable. This is because the rule contains no interesting
information beyond what is already presented in Rule (1). In fact, it is obtained by appending
an adjacent, non-interesting region to the rst rule. Furthermore, the rule is misleading because
6

it leads one to think that the phenomenon of being overweight begins at 50 rather than 60. (We
note that we deal with value uctuations inside a rule by presenting sub-rules, as will be discussed
below.) These examples motivate the following formal de nitions.
Irreducible and Maximal Rules. Consider a rule X ) Meanj (TX ) with X = (e; a; b), and
suppose that Meanj (TX ) is above average. We now de ne the notions irreducibility and maximality.
We provide the de nition for above average rules. The de nitions for below-average rules are
analogous. Intuitively, the rule X ) Meanj (TX ) is irreducible if one cannot cut the interval [a; b]
into two adjacent parts and obtain an interval which is not above average. This property ensures
that we do not have non-interesting regions appended to the edge of the rule (Rule (3) above is
reducible). Formally, we say that the rule is irreducible if for any a < c < b, setting Y = (e; a; c),
and Z = (e; c; b), then both Meanj (TY ) and Meanj (TZ ) are above average.
The rule is maximal if we cannot enlarge the interval [a; b] either to the right or the left and
still remain with an irreducible rule with above average distribution. Formally, the rule is maximal
if for any c < a (c > b) setting Y = (e; c; b) (Y = (e; a; c)) then Meanj (TY ) is either not above
average or the interval Y is reducible. Maximal rules are therefore the largest \good" rules and
provide the most concise presentation (the second rule in the above example is not maximal).
We now have all the necessary concepts to de ne quantitative to quantitative rules:

De nition 2 A (mean-based) quantitative to quantitative association rule is a maximal and irreducible rule of the form X ) Meanj (TX ) where X is a pro le for a single quantitative attribute
(X 2 EQ nfj g R  R ) , j is a quantitative attribute (j 2 EQ ), and Meanj (TX ) 6 Meanj (D ? TX ).
Remark. Note that we have used a range to de ne the pro le in the rule. This seems to run
counter to our argument in the introduction, that range is not a good statistical measure for
association rules. However, our claim was only with regards to the right-hand side of the rule, i.e.
the behavior, not for the left-hand side, the pro le. The pro le classi es the transactions for which
the rule applies. For determining this a range is best, as it provides a clear indication where the
rule applies and where not. For example, by saying that a phenomenon occurs for people between
the ages of 10 and 20, it is clear to whom it applies. If we were to say that the phenomenon occurs
for people of average age 15, then it would not be clear exactly what population this rule is based
on and where it applies.

2.2 Sub-Rules

So far, we provided a framework for de ning rules, and de nitions for two important types of rules.
However, not all rules are desired. In presenting association rules we are interested in nding the
key factors of extraordinary behavior in the database. This issue of sub-rules is applicable to any
type of association rules, no just those presented here. Consider the following set of rules, where
the overall life expectancy is 70 years:
(1) smoker )
life expectancy = 60
(2) male and smoker ) life expectancy = 60
(3) smoker and wine-drinker ) life expectancy = 70

Both the second and third rules are more speci c than the rst rule and are therefore contained
in it. Intuitively, it is clear to us that the second rule is undesirable as it introduces a factor that
does not contribute to the interesting phenomenon. In fact, it misleads us into thinking that being
male is a contributing factor to the below-average life expectancy.
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On the other hand, although the life expectancy in the third rule is exactly average, it is
interesting when viewed in light of Rule (1). Therefore, the third rule quali es as a sub-rule of the
rst rule (as long as it is statistically di erent from it). We now formalize these ideas.
The intuition behind rule containment is that a rule with pro le X is contained in a rule with
pro le Y , if TX  TY (that is, Y \covers" a larger set of transactions including those covered by
X ). Formally, rule containment is de ned as follows:
 Categorical Attributes: Let X and Y be pro les containing categorical attributes only (as
in 2.1.1). Then we say that rule Y ) MeanJ (TY ) contains rule X ) MeanJ (TX ), if Y  X .
 Quantitative Attributes: Let X = (e; c; d) and Y = (e; a; b), then we say that the rule
Y ) MeanJ (TY ) (as in 2.1.2), contains X ) MeanJ (TX ) if a  c  d  b.
We now de ne basic rules, sub-rules and basic sub-rules:
De nition 3 (basic rules and sub-rules):
1. A rule is a basic rule if it is not contained in any other rule.
2. A rule X ) MeanJ (TX ) is a sub-rule of Y ) MeanJ (TY ) if:
(a) Y ) MeanJ (TY ) contains X ) MeanJ (TX )
(b) MeanJ (TX ) 6 MeanJ (TY ? TX )
A sub-rule X ) MeanJ (TX ) is a basic sub-rule if it is not contained in any other sub-rule of
Y ) MeanJ (TY ).
Note that a basic sub-rule is a basic rule with regards to the set of transactions TY . That is, view
the transactions in TY as an independent database. Then, any basic rule in the database TY is a
basic sub-rule of Y ) MeanJ (TY ).
As we have shown, contained rules which are not sub-rules (i.e., their mean value is not signi cantly di erent from that of the super-rule) are undesirable. In the above example, the second rule
is contained yet does not have a di erent mean (condition 2(b) of the de nition is not met), whereas
the third rule is a sub-rule exactly because of its di erent mean with respect to the super-rule. We
therefore wish to nd all basic rules, their basic sub-rules, the basic sub-rules of these sub-rules,
and so on.

De nition 4 We recursively de ne desired rules (those which we wish to obtain):
1. Any basic rule is desired.
2. Any basic sub-rule of a desired rule is also desired.

In Section 3 we provide algorithms to nd all desired rules.

2.3 Classical Association Rules

Our de nition of association rules is actually a generalization of the classical de nition of categorical
association rules. In the categorical case, the left-hand and right-hand sides are de ned by lists of
items X and Y . The measures of signi cance used by [2] are support and con dence. Since the
appearance of a set of items is a Bernoulli random variable, the mean of \Y given X " is exactly
the con dence of the rule. The rules de ned by [3] are de ned in the same way with a di erent
signi cance measure (a statistical 2 test is used).
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3 Algorithms for Finding Rules
Ecient algorithms for nding quantitative association rules are provided for two types of rules:
1. Quantitative to Quantitative: X ) MeanJ (TX ) where both X and J contain a single
quantitative attribute only.
2. Categorical to Quantitative: X ) MJ (TX ) where X  EC (only categorical attributes)
and J  EQ (only quantitative attributes). There is no limit on the number of attributes in
X or J . The algorithm is correct for any measure M .

3.1 Quantitative to Quantitative

Our algorithm nds rules between any two given quantitative attributes. The algorithm is applied
to every pair, thereby obtaining all rules of this type. The algorithm allows the user to specify a
minimum support parameter, though it is not required (in which case the minimum support is set
to zero).
Algorithm Overview. Let x and y be a pair of quantitative attributes, and suppose we are
searching for rules with x on the left-hand side and y on the right-hand side. Note that if we sort
the database by attribute x then any contiguous set of transactions for which the average of the y
attribute is above or below average constitutes a rule from x to y (provided it passes the necessary
statistical-signi cance test). This is because attribute x is sorted, and therefore any contiguous
region de nes a range of x values. Thus, it only remains to ensure that the rule is irreducible and
maximal. To this end, we use the Window algorithm, described below. In a single pass over the
sorted array of transactions, the Window algorithm nds all maximal irreducible rules from x to y.
The algorithm is based on the following simple fact: if the regions [a; b] and [b; c] are both above or
below average, then so too is the region [a; c]. The search for above and below average regions is
symmetrical. We will therefore concentrate only on above-average rules from now on, and describe
the Window-above procedure. The Window-below procedure is analogous. Further note that when
we say \above-average" we mean above the overall mean plus mindif.

Notations.
 For an array D of transactions, and indexes i; j , we denote by D[i : : : j ] the sub-array from

D[i] to D[j ], inclusive.
 For a transaction t and attribute y, we denote by t:y the value of t for the attribute y. Thus,
D[i]:y is the y value of the i-th entry of D.
 For D; i; j; y as above, we denote by Average(D [i]:y : : : D[j ]:y) the average of the values
fD[i]:y; : : : ; D[j ]:yg.
 For D; i; j; y as above, and constant , we denote by Z-test>(D; i; j; y; ) the procedure which
runs a Z-test to check if there is statistical evidence to infer that Average(D [i]:y : : : D[j ]:y) is
greater than . Similarly, Z-test< (D; i; j; y; ) determines whether there is statistical evidence
to infer that Average(D [i]:y : : : D[j ]:y) is less than .

The Window Procedure. The data-driven Window procedure accepts as input a pair of attributes,

x and y, an array D of transactions, and a value for mindif. The input array is sorted by the
9

Input: An array D of transactions, attributes x and y, and a value mindif. D is sorted according to
attribute x.
Output: All association rules from x to y
Window(D, x, y , mindif)
Window-above(D, x,
Window-below(D, x,

y, mindif)
y, mindif)

Window-above(D,

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

x, y, mindif)
Last Last Index of the array D
current
rst index of the array D
 Average(D[current]:y : : : D[Last]:y) + mindif
While (current  Last)

f

While (D[current]:y <  & current  Last )
current current + 1
a current ; b a;
While (Average(D[a]:y : : : D[current]:y)   & current  Last)

f

g

// nd above average entry
// A

D[a]; B

;

// enlarge B by one
// B is above average
// add B to A

current current + 1
if (Average(D[b]:y : : : D[current]:y)  )
b current

Run Z-test> (D; a; b; y; ).
If Z-test returns 'yes' then

f

g
g

Output the association rule
x 2 [D[a]:x; D[b]:x] ) Average for y is Average(D[a]:y : : : D[b]:y))
Window(D[a : : : b], x; y ,mindif)

current

b+1

Window-below(D, x, y , mindif)
Identical to Window-above, except

// recursive call

// continue with next value after A
reverse appropriate inequalities.

Figure 1: Window Procedure for nding \Numerical ) Numerical" Rules
attribute x. We execute a single pass to nd all rules from x to y. From now on, all references
to above-average, below-average, irreducible and maximal are with regards to the y value of the
transactions. We now describe the procedure. A detailed pseudo-code description is presented in
Figure 1. First we de ne  to be the average of the value y for the entire array D, plus the user
de ned mindif (line 3). The value  is the threshold for an \above average" rule. (From here and
on \above average" shall mean \above ".) The procedure keeps three pointers/indexes into the
array D: a; b and current, with a  b  current. These pointers de ne two adjacent regions (or
\windows"): D[a : : : b] and D[b +1 : : : current], which we denote by A and B , respectively. We shall
prove that the algorithm guarantees that:
 A is always an irreducible above-average region.
 B is an adjacent region to A, such that A [ B is above average.
 B is joined to A if A [ B is also irreducible.
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To begin, we initialize A to the rst above-average value in D and B is empty (lines 6-8). Given A
and B , we advance the pointer current by one, thus adding a new entry to B (line 11). There are
three possibilities at this stage:
1. The resulting B region is above-average. In this case, A [ B is irreducible, and we join B to
A (and empty B ) (lines 12-13).
2. The average of A [ B is above average, but not that of B alone (the test in line 9 succeeds
but the test in line 12 fails). In this case, we continue and enlarge B (i.e. advance current).
3. The resulting A [ B region is not above-average (the test in line 9 fails). In this case, A and
B will never be joined (we shall prove that A [ B cannot be part of an irreducible rule). A
alone is a potential rule.
When a potential rule is identi ed we test the statistical signi cance of the rule (line 15). If the
rule passes the test, we output the rule (lines 18-19), and recursively call the Window procedure
to search for sub-rules (line 20). After nding all sub-rules, we continue advancing the counter for
the rst entry after A, and start the procedure again.
Recursive Calls to Window. Given a rule in a region A we call Window recursively to nd all
sub-rules. The input to the recursive call is the sub-array de ned by the region A. Thus, in the
recursive call, the region A is treated as the entire database of transactions.

Theorem 5 (Soundness): All rules in the output of the Window algorithm are rules as in De nition 2.

Proof: We rst prove the following invariant: at every stage, A is an irreducible above-average

region. Remember that a region is irreducible if any partition of it into two parts results in two
above-average regions.
The proof is by induction on construction of A. Initially, A is initialized to a single aboveaverage value, which is trivially irreducible. The size of A is increased by appending B to A, in
case B is also above average (line 13). We show that after this occurs, A remains irreducible.
Remember that B is joined to A only if B is an above average region. Let Anew be the new A
region created in line 13, and Aold the former A region. Thus, Anew = Aold [ B . There are three
possible partitions of Anew into two regions. We show that in each partition type, both regions
are above average. The three partitions are:
1. Divide Anew into Aold and B : by the inductive step, Aold is above-average and by the
condition of the algorithm, so is B .
2. Divide Anew into A1 and A2 [ B (where A1 and A2 are a partitioning of Aold ): Aold is
irreducible and therefore A1 must be above-average. The same is true for A2 , and by the
algorithm so is B . Therefore A2 [ B is also above-average.
3. Divide Anew into Aold [ B1 and B2 (where B1 and B2 are a partitioning of B ): Assume by
contradiction that Aold [ B1 is not above-average. Then, at a previous stage in the algorithm
when the test in line 9 was applied to Aold [ B1 the test would fail. In this case, the loop
would end, and we would not get to the stage the algorithm is in. Thus, Aold [ B1 is aboveaverage. Similarly, if B2 is not above-average then B1 must be above average (because, by
the algorithm, all of B is above-average). Thus, by line 12, Aold would be already joined
with B1 .
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We have therefore proved the invariant. Thus, A is always irreducible. Next, we show that the
region A, for rules outputted is also maximal. A rule is accepted as potential in line 15. This occurs
when the average of the region A [ B is not above-average or when current = Last. Consider the
following possible expansion of A:
1. A is expanded past B (this cannot happen if current = Last): In this case the resulting
region is reducible. This is because A [ B is not above average. Thus, it can omitted from
the region.
2. A is expanded to include B1  B : In this case B1 must be below average. Otherwise, B1
would have already been joined to A in a previous stage (lines 12-13). Thus A[B1 is reducible.
3. A is expanded \backwards" into a region before A. Denote by P the expansion. For A to be
expanded to P [ A, this region must be irreducible. Hence, P is above average and P must be
have been identi ed as an above average region prior to considering A. By arguments (1)-(2)
above, if the rule P [ A was not considered by the algorithm, then extending P forward
(to include A) cannot yield an irreducible region. Thus, P [ A cannot be irreducible above
average.
Thus, we have shown that A is irreducible and maximal. By line 15, the rule also passes a statistical
test. Thus, the rule outputted in line 19 is indeed a rule as in De nition 2.

Theorem 6 (Completeness): The Window algorithm nds all association rules, as in de nition 4.
Proof: We rst show that Window nds all maximal irreducible rules on the rst level (i.e.,

before any recursive calls). Let A be a maximal irreducible rule. Since A is maximal, the region
P preceding (and adjacent to) A must be below average. Furthermore, it belongs to no other
maximal irreducible region preceding A. Otherwise, the union of this region with A would also be
irreducible, contradicting the maximality of A. The P region is therefore \skipped" in the iteration
of lines 6-7 and at line 8, the variable current points to the rst index of A.
A is irreducible and therefore there is no partition of A into A1 and A2 so that A1 is below
average. Therefore, while current remains in the A region (and considering (D[a]:y : : : D[current]:y)
as the A1 region), the test on line 9 always succeeds. That is, the Z-test on line 15 is not executed
until current points beyond the last index of A. We now claim that b must point to the last index of
A when line 15 of the algorithm is reached. This can be seen by noticing that since A is irreducible,
for every partitioning of A into A1 and B , B is above average. Therefore, when current points to
the last index of A, the check in line 12 must succeed and b is updated to equal current. The fact
that b cannot point past the end of A is covered by the previous theorem proving soundness.
We have so far shown that all basic rules are found. The fact that all basic sub-rules are also found
is due to the recursive nature of Window. That is, since basic sub-rules are just basic rules with
respect to the restricted database of the super-rule, Window nds these rules upon the recursive
calls. We note that in this scenario, all sub-rules found are clearly basic. We conclude that Window
nds all desired rules.
Complexity Analysis. For a given pair of attributes, the time taken for n transactions is
O(n log n) for the sort, plus the complexity of the Window algorithm. The complexity of Window is clearly upper-bound by O(n) times the number of levels of rules (i.e. the number of recursive
calls). Since the number of levels is expected to be low (as experience has shown), we e ectively
maintain linear complexity. Note that the minimum support has no e ect on the running time,
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enabling us to nd rules with low support. For k quantitative attributes, the time taken to nd all
rules of this type is therefore O(k  n log n + k2  n). We note that with very large databases, the
sort may take considerably longer as it needs to be executed in secondary memory.

3.2 Finding rules from Categorical to Numerical attributes

For this type of rule, we are looking for rules where the pro le is comprised of categorical items only.
A set of categorical items is called a frequent set if more than minsup (a user-de ned parameter)
transactions support it. Therefore each possible pro le is a frequent set and we begin by nding all
frequent sets on the categorical attributes only, using known algorithms. Since the major bottleneck
in nding frequent sets is the number of attributes, the fact that we nd sets only on the categorical
attributes is a considerable advantage.
The set of frequent sets contains all potential rule pro les and is the basis for our search. For
a given frequent set X , we calculate Mi (TX ) for any measure M and any quantitative attribute i.
Then if Mi (TX ) 6 Mi (D ? TX ) and the rule X ) Mi (TX ) is a basic rule or sub-rule, we add it to
the set of results. Notice that the algorithm is the same for any distribution measure.
Algorithm Outline. The algorithm has three distinct stages:
1. Find all frequent sets of categorical items only, using known algorithms such as Apriori
(see [2]).
2. For all quantitative attributes, calculate the distribution measure/s (e.g. mean and variance)
for each frequent set, using the hash-tree data structure presented in [2]. One pass over the
database is sucient.
3. Find all basic rules and sub-rules. For every frequent set X and quantitative attribute e, it
remains to check if X ) Meane (TX ) and X ) V ariancee (TX ) are basic rules or sub-rules
or neither. We do this by traversing a lattice of the frequent sets while keeping track of
containment relations between sets and the sub-rule hierarchy.

Stage 1: Finding all frequent sets. Known algorithms, such as Apriori (see [2]) are used for

this stage. Sampling may be used for very large databases.
Stage 2: Calculating the Distribution Measure. The distribution measure of each quantitative attribute for each frequent set is calculated using the hash-tree data structure presented in [2].
This structure enables us to eciently reach all frequent sets supported by a given transaction t.
For each frequent set supported by t and for every quantitative attribute, the values necessary for
calculating the mean and variance are updated. Clearly, a single pass over the database is enough
to calculate the distribution of every frequent set.
Stage 3: Finding all Basic Rules and Sub-Rules. We rst show how this is done for rules
with a single quantitative attribute in the right-hand side. We then show how to combine the rules
together to obtain the general case.
Now that the distribution of every quantitative attribute e for every frequent set X has been
calculated, it remains to check if X ) Me (TX ) is a basic rule or sub-rule or neither. In order to
do this we build a lattice, G = (V; E ), (a directed acyclic graph) of the frequent sets, see gure 2.
Nodes of G are frequent sets and edges are (X; Y ) where X  Y and jY j = jX j + 1. The lattice
is made up of levels where level j contains all the frequent sets containing j items (level 0 is the
top level and contains the empty frequent set).
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Figure 2: Lattice of frequent sets Rules
A son of a frequent set X is a frequent set immediately below it in the lattice (similarly a father).
Note that any set X is a subset of all its descendents. In each node we store the distribution of the
appropriate frequent set (already calculated). The lattice is easily built given all the frequent sets.
We now present an algorithm, which given the above lattice with the calculated distributions,
nds all desired rules. The algorithm works by nding candidate sets Y for every frequent set
X such that X ) Mi (TX ) is potentially a basic sub-rule of Y ) Mi (TY ). (Recall, that a basic
sub-rule is one that is not contained in any other sub-rule of Y ) Mi (TY ).) Since the frequent set
X is identi ed with the rule X ) Mi (TX ), from here on we also refer to X as a rule.
Before describing the algorithm, we explain the necessary conditions for sets Y which can be
super-rules of X :
 X is a sub-rule of Y only if Y  X .
 X is a sub-rule of Y only if Y is a basic rule or sub-rule.
 X is a basic sub-rule of Y only if there is no Z such that Z is a sub-rule of Y and X is
contained in Z .
We therefore conclude that we need only consider ancestors of X in the lattice that are basic rules
or sub-rules and for which there is no other sub-rule on the path from Y to X in the lattice.
In order to identify the candidate super-rules for X , the algorithm maintains a number of sets. We
now list these sets and show how they can be derived from the sets of X 's already processed fathers
in the lattice. This yields an algorithm which traverses the lattice top-down in a breadth- rst
fashion.
 Contained(X): this set is comprised of all the basic rules and sub-rules that contain X , yet
cannot be super-rules of X . The reason that they cannot be super-rules is because they have
sub-rules that contain X and so X cannot be a basic sub-rule.
Let Y be a father of X in the lattice. Since X is contained in Y , any rule belonging to
Contained(Y ) must also belong to Contained(X ). Furthermore, all super-rules of Y also
belong to Contained(X ).
 Cand(X): this set contains all the candidate super-rules for X . That is, Cand(X ) contains
all the basic rules and sub-rules that are X 's ancestors and do not appear in Contained(X ).
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Let Y be a father of X in the lattice and let CandReject(Y ) equal the candidate super-rules
of Y who were rejected. Consider now the union of CandReject(Y ) for every father Y of X .
All of the sets in this union that do not appear in Contained(X ) are potential candidates.
This is because they are rules which do not have sub-rules containing Y and therefore X . In
addition, if Y itself is a basic sub-rule, then Y is also a candidate super-rule of X .
 Sub-Rules(X): this is the set of all X 's basic sub-rules. Therefore, if Z 2 Sub ? Rules(X ) then
Z ) Mi (TZ )is a basic sub-rule of X ) Mi (TX ). This set is needed for storing the output.

Initialization: Let top be the top node of the lattice (the empty frequent set).
Cand(top) ftopg
Contained(top) 

We execute a breadth- rst search of the lattice G (top-down).
For each node X (in BFS-order), execute the following:
1
2

Contained(XS) SY is a father to X Contained(Y )
Cand(X )
Y is a father to X Cand(Y ) ? Contained(X )

3
4
5
6
7
8

For every Z 2 Cand(X ) do
If Mi (TX ) 6 Mi (TZ ? TX )
Sub-Rules(Z) Sub-Rules(Y) [fX g
Contained(X ) Contained(X ) [ fZ g
Cand(X ) Cand(X ) ? fZ g
Cand(X ) Cand(X ) [ fX g

Figure 3: Algorithm for nding all \Categorical ) Categorical" Rules
The algorithm is presented in gure 3 and works by iterating over every Z 2 Cand(X ) and
checking whether X is a sub-rule of Z . We now explain the algorithm.
As previously described, Contained(X ) equals the union of Contained(Y ) and the super-rules
of Y , for every father Y of X . Now, during the processing of Y , any super-rule of Y was added to
Contained(Y ) (see Line 6). Therefore, upon processing X , we have that
[
Contained(Y )
Contained(X ) =
Y is a father to X

as de ned in Line 1.
Furthermore, in Line 7 any super-rule of Y is removed from Cand(Y ). Therefore, after the
algorithm concludes with Y , the set Cand(Y ) is actually the set CandReject(Y ) described above.
In addition, in Line 8, Y itself is added to the set if it is a sub-rule of any previous rule. Therefore,
we have that
[
Cand(Y ) ? Contained(X )
Cand(X ) =
Y is a father to X

as de ned in Line 2.
Given that Cand(X ) is correctly initialized (Contained(X ) is needed for computing Cand(X )
and for processing X 's sons), in steps 3-5 we iterate over all the candidates Z and check if X is a
sub-rule of Z using an appropriate statistical test (line 4). The sets Cand(X ) and Contained(X )
are updated as needed so that the candidates of X 's sons can be calculated later (lines 6-8).
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It is clear that all rules and sub-rules are found (completeness) as we traverse the entire lattice keeping record of all potential rules. Furthermore, a contained sub-rule cannot be returned
(soundness) as the Contained set prevents this from happening.
Expanding to Many Attributes on the Right-Hand Side. The algorithm above nds all
rules and sub-rules where the distribution measure contains a single attribute. We will now show
that this exact algorithm solves the general case where the right-hand side contains an unlimited
number of attributes. The following trivial lemma is the basis for solving the general case using
the solution to the speci c case described above.

Lemma 3.1 Let X  EC be a pro le containing categorical attributes and J  EQ a list of
quantitative attributes. Then X ) MJ (TX ) if and only if for every e 2 J , X ) Me (TX ).
Based on the above lemma, in a post-processing stage, we simply combine all rules found for any
given pro le (keeping track of the sub-rule hierarchy). We present the results in a tree of rules and
sub-rules.
Complexity. As described above, calculating the distribution for each quantitative attribute in
each node requires one pass over the database while updating the frequent sets. The complexity of
this stage is similar to regular association rules algorithms (while working only on the categorical
attributes). In the next stage of the algorithm, we traverse the lattice nding rules and sub-rules.
We note that an important advantage of the lattice structure and the fact that we traverse it using
BFS (one level at a time), is that we may store it in sections on disk while minimizing disk access.
The algorithm for nding all rules and sub-rules executes k traversals of the lattice, where k is
the number of quantitative attributes. We may actually traverse the lattice only once, but we need
to store the appropriate sets separately for each attribute. It is easily shown that for m frequent
sets, jE j < m log m. Therefore each traversal takes O(m log m + m  t) where t is the amount of
work in each node. For each node we execute two set-unions over sets contained in all its fathers,
and one set-di erence. Set union and di erence are operations linear in the size of the sets (when
the sets are kept in sorted order). This is equivalent to saying that we execute two set unions for
every edge in the lattice. In the worst case, Cand and Contained can be of size O(r) where r is
the number of rules in the output (r is far smaller than m in practice), and therefore we have an
overall complexity of O(m log m + k  r  m). However, in reality the complexity is far lower.
Compound Rules. We note that the ideas in sections 3.1 and 3.2 may be combined in order to
nd rules with pro les containing many categorical and a single numerical attribute. For a given
frequent set X , we run Window on TX . We may run Window in parallel on each frequent set and
eciently achieve the desired result.

4 Experimental Evaluation
4.1 A Rigorous Evaluation

Measuring Success. A major problem confronting data mining researchers is the question of how

to measure success. In any evaluation it is necessary to measure both the correctness of the rules
obtained and the interestingness of those rules to the user. A rule saying that \abortion ) female"
is certainly true, but is completely uninteresting.
We deal with the issue of correctness with statistical inference techniques. On the other hand,
evaluating how interesting the rules obtained are is of great diculty. We, as computer scientists,
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are certainly unable to judge whether rules found are of interest to the user or not. As our goal is
to help the user, we believe that the only way to measure success is to ask the end user himself.
He is not only the most objective judge, but the only one quali ed to judge at all. He can inform
us on whether or not the type of rule found is helpful, if it revealed information new to him and
what percentage of the rules found are truly interesting.
Our Evaluation. We therefore tested our concept on a real-world database and had a domain
expert perform an in-depth evaluation of the results. The database we mined is from the eld
of linguistics and was built during a study on the English writing habits of non-native English
speakers. The study was conducted by Prof. Joel Walters of the English Department in Bar-Ilan
University. Previously Walters had researched the database extensively using standard statistical
tools such as SPSS. We presented him with the association rules we discovered, and asked him
to evaluate the rules. For each rule, he categorized the rule as: non-interesting, interesting, or
very-interesting. Among the interesting and very-interesting rules, he marked if he would have
otherwise found them or not (e.g. using SPSS).
Description of the Database. The database is based on a study involving essay writing under
di erent conditions. Each transaction in the database contains data extracted from an essay and
background information on the author. The data extracted from the essay includes part-of-speech
measures (as in percentage of words used which are nouns, adjectives etc.) and lexical measures (relating to the level of words used, the level of variation, originality and many others). The database
contains 643 transactions and 42 attributes: 15 categorical and 27 quantitative. With approximately 27,000 entries and 42 di erent factors (making for many hundreds of possible patterns), the
database is large and computerized tools are necessary.
The Evaluation Results. The results of the quantitative evaluation by the domain expert
(Walters) are summarized in Table 1. The row labeled \Otherwise not found" contains the number
of rules that our expert found interesting or very interesting, yet claimed that he would not have
found using regular statistical tools.
Categorical ) Numerical ) Overall
Numerical
Numerical
Number of Rules:
70
284
354
Not Interesting:
50 or 71%
178 or 63% 228 or 64%
Interesting:
16 or 23%
86 or 30%
102 or 29%
Very Interesting:
4 or 6%
20 or 7%
24 or 7%
Otherwise Not Found: 12 or 17%
80 or 28%
92 or 26%
Table 1: Interestingness classi cation of rules
Overall we see that 36% of rules were interesting or very interesting, 26% of all rules would not
have been found using the standard hypothesis checking model. 7% of the rules were graded very
interesting and would not have otherwise been found. This is very high for an automated tool and
the result is critical to the usefulness of the method. Users are unlikely to use tools which provide
interesting results hidden amongst endless junk.
Rule Complexity. If we further look at the breakdown of interesting rules within the \Categorical
) Numerical" rules, more than 50% of rules with a single categorical attribute in the pro le were
graded interesting! On the other hand, those with more than one attribute in the pro le were judged
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not-interesting in 86% of the cases. This is most likely due to the diculty in understanding complex
rules. Furthermore, we found that most rules with more than one attribute in the pro le had only
a single attribute on the right-hand side. This is in contrast to rules with a single attribute in the
pro le which generally had many attributes in the distribution measure (frequently between 5 and
10). Our evaluator explained that he learned much from the combination of di erent attributes
on the right-hand side (often including both part-of-speech and lexical measures together). This
conjunction of varying exceptional behaviors enabled him to compare attributes and develop a more
complete picture of the writing patterns of a given group of participants.
In summary, we found that most interesting rules have simple pro les. On the basis of this, we
claim that our algorithms cover most of the interesting cases.
A Qualitative Evaluation. The strength of our technique can be seen by viewing a number of
results judged to be interesting by our evaluator. We present two examples here.
In the study, some participants were given a source text and were asked to base their essay on it
and others were not. We present a suprising rule regarding the e ect of these source texts. Our
evaluator judged the following rule to be interesting and claimed that he would not have found it
using standard statistical tools:
First Language = Russian AND No Source Text ) Use of the: mean = 3.9%

The mean use of the word the was 6.7% and therefore this rule tells us that Russians who were not
presented with a source text used the word the well below average. It is a known fact to Linguists
that Russian has no de nite article. Therefore, we are not surprised to see that Russians use the
word the less. However, this was not inferred from the database. Rather, we found that only when
the participants had no source text to base on, they fell back on their Russian habit of not using
a de nite article. On the basis of this rule Prof. Walters found (using a statistical query) that
Russians given a source text used the word the 8.1% of the time in contrast to the 3.9% result
shown in the rule. His conclusion was that essay writing based on source texts should be used for
teaching use of the de nite article.
This rule is an important example of where relying only on a priori hypotheses is not enough.
It cannot be inferred from the database that Russians use the word the less and it is highly unlikely
that one would guess that the source texts were the key. As a result, something new was learned
in discovering that having a text to base one's writing on can also improve style. This discovery
was of great importance to Prof. Walters.
The following example demonstrates the comprehensive picture obtained by rules combining many
factors together in one. We will need to rst discuss the Linguistic meaning of the attributes
involved:
 English Pro ciency: this is a categorical attribute grouping the subjects by pro ciency. The
MA category refers to students studying a Master's degree who must take a compulsory
English course due to their low level.
 Lexical Originality: this attribute counts the percentage of words used by a given participant not used by anyone else in the study. Lexical originality is an indicator of richness of
vocabulary.
 Spelling Errors: percentage of misspelt words.
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 Length of Essay: the number of words in the essay. Length is a known and accepted indicator

of skill, with high pro ciency students writing signi cantly longer essays than those with low
pro ciency.
 Source Originality: for those provided with a source text (see above rule) this attribute
counts the percentage of words used by the participant not appearing in the source text.
This indicates how willing the writer is to depart from what she has in front of her and use
new words.
We are now ready to present the following rule, graded very interesting (and unable to be found
using regular methods) by our expert:
English Pro ciency = MA )
Lexical Originality: mean = 3.3%
Spelling Errors:
mean = 9.5%
Length of Essay: mean = 87.8 words
deviation = 40
Source Originality: mean = 51.8%

(overall mean = 6.7)
(overall mean = 6.5)
(overall mean = 172.4)
(overall deviation = 130)
(overall mean = 43.5)

The lexical originality of the students is low pointing to the fact that their vocabulary is limited and
very similar to each other. We further see that they had many spelling errors and wrote extremely
short essays, strengthening our view of their pro ciency as low. The source originality measure,
however, provides us with a very surprising result in that they were more original than the average
student. Even though their level is inferior, they were willing to be daring and use words they did
not see in front of them. This pattern is the opposite of what we would expect and is therefore
very valuable. We note that the low deviation in the lengths of their essays gives evidence that the
level of pro ciency is quite homogenous in the group. This too is important information.
We see here that the grouping together of the di erent interesting distributions provides a
concise summary of the exceptional writing habits of those MA students. This information is very
important for those constructing an educational plan for these students.
Running Time. We ran our tool on a Pentium-Pro with 128Mb RAM. With minimum support
40, the overall time taken on the Linguistics database (643 transactions, 42 attributes) was just
10.1 seconds. Of this time, 0.79 seconds was spent on Window ( nding rules: 1 Numerical ) 1
Numerical, not including time to load the data into memory). For a minimum support of 20, the
overall time taken was 23.8 seconds, the time spent of Window was 0.81 seconds.
The Statistical Tests. We found that the use of statistical tests to validate the accuracy of
potential rules is crucial. In the Linguistics database, 29,959 potential rules were discovered by
the algorithm, but were rejected due to lack of statistical con dence (a con dence level of 95%).
Only 354 rules were accepted. The di erence was even more extreme for a minimum support of 20,
where we accepted 1,018 rules and rejected 101,449. A person may view 600 rules in a reasonable
amount of time. With 30,000 rules however, we have engaged in data explosion rather than data
reduction and we cannot be of any help to any user.
Summary. We found many rules determined to be truly interesting and revealing to the user. A
very high percentage of these rules were not likely to have been discovered at all without our data
mining tool. These two results show that our notion of quantitative associations ful lls the ultimate
goals of the data mining concept. Furthermore, our rules are easily understood and interpreted,
concise even when they are complex and most of all really do describe exceptional and therefore
noteworthy behavior.
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4.2 Scalability

We also checked the scalability of our algorithms. For this we used Synthetic Data Sets (created
by the IBM Quest Synthetic Data Generation Code). We created a database with 9 attributes, 3
categorical, 6 quantitative. We used a minimum support of 40. The results are depicted in Table
2 below.
Number of Overall Time for Number of
transactions time Window rules found
10,000
14.234 0.812
170
20,000
32.204 1.829
272
30,000
56.078 2.844
399
40,000
86.657 3.922
548
50,000
126.08 5.016
650
Table 2: Scalability of the algorithm

4.3 A Comparative Evaluation of [9]

Remember that in [9] a quantitative association rule is de ned as a rule X ) Y with a certain
support and con dence, where X and Y contain categorical items or numerical ranges. Their
algorithm is based on mapping the problem to the categorical case by way of discretization, nding
all association rules and then ltering super uous nested rules. We now present an evaluation
(rendered by our expert) of the rules generated by [9] and examples of some of the problems. We
used the Linguistics database as our basis for the evaluation.
A Quantitative Evaluation. In order to create a fair comparison of [9] rules to ours, we limited
the search for rules with one attribute on each side of the rule. This was so we could choose a
relatively high maximum support, low minimum support and low K (otherwise we would encounter
extreme computational diculties, especially with a database of 42 attributes). We also wished to
limit the number of rules we found to something that could be realistically evaluated. In order to
do this, we chose 10 pairs of attributes uniformly at random (with the condition that at least one
of the attributes was quantitative) and obtained rules from these pairs only. We then evaluated
these rules as a sample of the set of all rules of this type.
After some ne tuning we settled on the following input parameters:
Minimum Support
= 40 or 6%
Maximum Support
= 0.7
Completeness Level (K) = 9
Interest Level (R)
= 1.5
Minimum Con dence = 0.6
The minimum support was chosen to be the same as for our algorithm and we chose K=9 in
order to reduce the number of rules found.
We obtained 81 rules in the output. As the number of possible pairs of attributes equals 756
(for 15 categorical and 27 quantitative attributes) we expect approximately 6,000 rules from this
limited type alone. This is a signi cant problem to anyone who must review the results (note that
we obtain only 354 rules in total with minsup = 40).
The results of the evaluation are as follows:
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Number of rules: 81 (chosen randomly)
Not interesting: 80
Interesting:
1
Very interesting: 0
Overall, 1.2% of the rules were judged to be interesting.
Discussion. We will now present two examples demonstrating some of the conceptual drawbacks
to the [9] de nition. As we have mentioned, range is a weak measure for describing a distribution.
The following rule we found illustrates this point:
Lexical Variation 2 [27.91, 62.02] ) Lexical Originality 2 [4.27, 31.19] (sup 42%, conf 68%)

Lexical variation measures the diversity of vocabulary used by the participants. Lexical originality
is a measure of how many words the participant used that no other participants in the study used.
The above rule tells us that those with average and below lexical variation (the average is 59.2)
have high lexical originality (the average is 6.7, which is included in the interval, but the interval
extends far to the right). This rule may seem interesting and surprising but in actuality is very
misleading. It is true that 68% of the values are between 4.27 and 31.19 but nearly all of those are
below 13! In fact, the following rule was also found:
Lexical Variation 2 [27.91, 62.02] ) Lexical Originality 2 [2.91, 12.54] (sup 42%, conf 68%)

We checked the original data and found that only 39 transactions within the Lexical Variation
range, have a Lexical Originality value above 12.54.
Another example of rules found to be misleading due to the distribution measure is the following:
English Pro ciency = Advanced ) Length 2 [91, 214] (sup 6%, conf 50%)
English Pro ciency = Fluent ) Length 2 [91, 214] (sup 25%, conf 50%)

The \English Pro ciency" categories ranked the student's English skills according to accepted levels.
The above pair of rules gives us the feeling that the di erent pro ciencies \Advanced" and \Fluent"
are actually very similar regarding their writing ability (as essay length is a known predictor of
writing ability). This is a surprising rule and would be very interesting. However, consider the
following statistics: the average essay length in the entire study was 172, for \Advanced" was 108
(way below average, i.e. low pro ciency) and for \Fluent" was 222 (a strong sign that this group is
well skilled). This example strongly con rms our claim that describing a numerical distribution with
a range and probability may be very misleading. Not only may we not nd interesting behavior,
we may be presented with rules which lead us to erroneous conclusions.

5 Multiple Comparison Procedures and Data Mining
A general problem in data mining is that of multiple hypothesis testing. The theoretical foundations
we rely on when using statistical tests to check a single hypothesis do not directly apply when
checking many hypotheses. Regular statistical tests enable us to bound the probability of observing
a given event by chance, e.g. the probability of a fair coin falling on heads ten times in a row. If this
probability is small we deduce that the behavior in not coincidental, but rather re ects a genuine
characteristic of the observed phenomena, e.g. we deduce that the coin is not a fair coin after all.
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However, when we test many hypotheses simultaneously, we can no longer make this inference in
such a simple way. The reason being that while the probability of passing any single test may be
small, the probability of passing one or more of the many tests may still be high. In statistical
terms, applications in which multiple hypotheses are analyzed simultaneously are called multiple
comparison procedures, and this problem arises in most data mining settings.
Rules Generated on a Random Database. We demonstrate this point by presenting \association rule" results obtained from a purely random database. To this end we built a database
of 10 attributes and 10,000 transactions, the entries being uniformly distributed values between
0 and 1. We then ran our algorithm for quantitative association rules for di erent supports. We
emphasize that all rules found were tested statistically according to our de nition. Table 3 contains
the number of rules found for di erent minimum supports. The growth is clearly exponential as
the minimum support gets smaller. (This type of behavior can be analytically explained using a
simplistic model of independent windows, and an analysis of the probability that a small window
of values is biased.) This simple experiment shows that \association rules" are observed even when
no \real" associations are present, despite the statistical tests. We note that this problem applies
to the other de nitions of association rules no less than it does to ours.
Support Number of Rules
60
0
50
2
40
13
30
74
20
342
10
3498
5
19987
Table 3: Exponential growth of rules on a random database

Obtaining Statistical Con dence. The phenomenon of \meaningful" information surfacing

even when none exists is a major problem in the theory and practice of data mining in general,
and association rules, in particular. To overcome this problem, we must establish means to test
the validity of multiple hypothesis checking procedures. Jensen and Cohen [5] provide an excellent
analysis of a similar problem in the context of Decision Tree Learning, and provide solutions and
directions. Here, we focus on association rules, as de ned in this paper, and take some steps in the
direction of providing a methodology for testing reliability. We note, however, that this subject
still needs further research.
In order to be convinced of the correctness of rules found, we must be capable of accurately
measuring the probability of error. In other words, we must be able to calculate the expected
number of incorrect rules found. We begin by relating to the somewhat simpler issue of how many
rules we expect to nd if no correlations exist at all. This can be estimated in the following way.
Given a database, which we wish to mine, we construct a di erent random databases, based on
exactly the same distributions. Speci cally, we apply independent random permutations to the
values of each attribute in the database. The resulting database is one with no real correlations,
but with exactly the same distribution for each attribute. We then count the number of rules
obtained in this randomized database. This randomization process is repeated a large number
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of times (say 50) and for each randomized database the number of rules is recorded. With this
information, we have the mathematical tools to measure the probability of coincidentally obtaining
the number of rules found in the real database. If this probability is small, we may conclude that
real correlations do exist in the real database. We stress that this test should be executed on the
exact database to be mined, and with the same minimum support.
We ran this experiment on the Linguistics database described in section 4. For a con dence of
95% on each individual rule, and a minimum support of 40. We ran the algorithm on 50 random
versions of the database, and found that the mean number of rules obtained was 16.7 with a variance
of 17.7. Furthermore, the distribution was Poisson (as expected). Given the Poisson distribution
with parameter of approximately 17, the probability of nding more than 30 rules on a random
database is less than 0.001. In practice, we found more than 350 rules, which provides overwhelming
statistical evidence that the results are not random.
We might further wish to conclude from the experiment that all but 30 of the rules are \real", i.e.
re ect true associations (with very high probability). Unfortunately, while this is a very plausible
conclusion, we do not have the full theoretical foundations to back it. This is because the experiment
only tests the behavior of the algorithm on random, non-correlated databases. It does not test the
algorithm's behavior on databases containing correlations. Hence, theoretically, the experiment
only proves that the database is not random, and that some correlations do exist, but not which
correlations and how many. It is theoretically possible (although we believe unlikely), that due to
dependencies, when few correlations do exist, the algorithm generates many more by coincidence.
This is an intricate theoretical question requiring in-depth statistical research and we leave it for
future work.

6 Discussion and Future Work
Generalizing Quantitative Association Rules. We introduced a general de nition for quantitative association rules in the form of \Pro le ) Signi cant Distribution". However, we developed
the de nitions and algorithms necessary for rules of two speci c cases only. These cases proved
to be very useful and are important categories of rules. However, we would like to see a truly
general de nition of quantitative association rules, combining categorical attributes in the distribution as well. We note the diculty in expanding the pro le to include two quantitative attributes.
Firstly, it is easily shown that it is not possible to use one-dimensional rules in order to nd all
two-dimensional rules. Secondly, a conceptual diculty arises in that the union of two overlapping,
above-average rules is not necessarily above-average. This may lead to the undesirable property of
many overlapping rules.
Automatic Hypothesis Generation. In essence what we have done here is eciently check all
possible hypotheses of a certain type (mean and variance comparison of populations). Data mining
tools that check all hypotheses for other statistical tests would be very useful for researchers,
especially as they would be based in ideas familiar to them and the methods would have a strong
theoretical basis. For example, we may check the existence of a linear correlation between every pair
of numerical variables in a database and return the positive results to the user. As the statistical
tests are well-de ned (regression, analysis of variance etc.) the challenge is mainly algorithmic. We
must nd techniques for eciently searching the hypothesis space. This type of tool would save
many hours of work and would achieve the aim of data mining by exploring hypotheses that would
not be thought of, and de nitely not checked (if for no other reason, due to time limits). However,
as we have described in Section 5, there is a deeper challenge here as well. A complete theory of
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data mining rigorously treating the problems of multiple hypothesis checking is needed in order to
fully ensure the correctness of results obtained.
Other Statistical Tests. Another interesting question for future work is that of the e ect of the
speci c statistical tests used. We used the Z-test as it is the most natural mean test, especially as
we need not assume anything about the distribution of the values. However, the e ects of using
other tests and methods, or even a combination of them, is an interesting and important issue for
continuing research.
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