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ABSTRACT
A fundamental problem in model-based computer vision is that of identifying which
of a given set of geometric models is present in an image. Considering a \probe" to be
an oracle that tells us whether or not a model is present at a given point, we study the
problem of computing ecient strategies (\decision trees") for probing an image, with
the goal to minimize the number of probes necessary (in the worst case) to determine
which single model is present. We show that a dlg ke height binary decision tree always
exists for k polygonal models (in xed position), provided (1) they are non-degenerate
(do not share boundaries) and (2) they share a common point of intersection. Further,
we give an ecient algorithm for constructing such decision tress when the models are
given as a set of polygons in the plane. We show that constructing a minimum height
tree is NP-complete if either of the two assumptions is omitted. We provide an ecient
greedy heuristic strategy and show that, in the general case, it yields a decision tree
whose height is at most dlg ke times that of an optimal tree. Finally, we discuss some
restricted cases whose special structure allows for improved results.

1. Introduction

In computer vision, one is interested in devising algorithms that will automatically interpret the contents of a digital image (a \scene"). Model-based computer
vision assumes that we are given some information a priori about the objects for
which we are looking in the scene; in particular, we are given a library S of k models
and we are asked to determine which of them are present in the given image. In
general, S may be a set of solid models produced by any standard CAD system,
and the instances of the models present within the scene may be translated, rotated
and scaled copies of elements of S.
In this paper, we examine a fundamental instance of the model-based computer
vision problem. Assume that each model in the library S is given in a xed position,
orientation, and scale, and that within the scene there is exactly one instance of one
model, and there is no \noise" present in the scene. Our problem is to determine
the model, M , that is present in the scene by asking a sequence of \probe queries"
of the following form: \Is there an object at location p in the scene?" We assume
that there is an oracle that answers these probe queries, and we measure complexity
in terms of the number of queries to the oracle in order to identify M  . In practice,
such an oracle may be implemented as a local operator on a digitized image | e.g.,
as a measure of local texture or of gradient eld.
A probing strategy is an interactive algorithm that can most naturally be thought
of as a binary decision tree, in which each node corresponds to a set of candidate
models. The root corresponds to the full set S; the leaves of the tree correspond to
individual models. Each internal node has an associated probe point that speci es
the query that we ask the oracle at that particular stage of the identi cation. A
path from the root to a leaf in the decision tree represents a possible outcome for a
particular scene. An example is illustrated in Figure 1.
In this paper, we study the complexity of constructing minimum height decision
trees for geometric objects. In other words, given a set S of geometric models, we
want to construct (o line) a decision tree so that the worst-case number of probe
queries needed to identify M  is as small as possible.
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Figure 1: An example of a set S of 5 polygonal models (left) and a probe tree (right)
that can determine which model is actually present.

Main results. We formulate and study the decision tree problem from the
point of view of geometry, proving several related results:
 For a non-degenerate set of k polygons in the plane (with no two polygons
sharing a common edge) all of which contain the origin, there exists a decision tree of height dlg ke for S. We show that such an optimal tree can be
constructed in time O(n lg k), where n is the total number of vertices in the
polygons S and that there is a lower bound of (n + k lgk) on the time to
construct a decision tree (of any height).
 We prove that the problem of constructing a minimum height decision tree for
a given set of (possibly degenerate) geometric models is NP-complete, even
if all models are convex polygons and share a common point. We also prove
that if the models are non-degenerate (even axis-parallel unit squares) but
share no common point, the problem remains NP-complete.
 We de ne a very natural \greedy" heuristic for constructing decision trees,
and we prove that it yields a decision tree of height at most dlg ke times that
of an optimal decision tree. While the greedy strategy is well-known, to our
knowledge, no previous proofs were known that the greedy strategy yields a
guaranteed approximation. We also show that there are geometric instances
of the problem for which the greedy heuristic attains the worst-case factor
(lg k).
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 We show that in the geometric instance with k simple polygons having a total

of n vertices, the greedy heuristic decision tree can be constructed in time
O(hn2), where h is the height of the output tree.
 We give specialized results for various cases of the problem:

{ S is a non-degenerate set of k polygons that are \stabbed" by s points.
Then height s ? 2 + dlgbk=sce is sucient and sometimes necessary for

any decision tree for S.
{ S is a set of distinct axis-parallel hyperrectangles in E d having a common
point. Then, a decision tree of height at most 2ddlgne for S can be
constructed in O(d  n lg n) time.
{ S is a set of n distinct intervals of a line, all sharing a common point.
Then, we show that a minimum height decision tree for S can be constructed in O(n5 ) time.
{ S is a set of n distinct intervals of a line. Then, we show that a decision
tree of height at most 3 times optimal can be constructed in O(n lgn)
time.

Motivation. We are motivated by real instances of the model-based computer
vision problem. The speci c instance of our problem (with the assumption that
the models be given in a xed position and orientation) arises in recent approaches
to model-based vision suggested by Arkin and Mitchell1, Bienenstock et al.6;7 (for
character recognition), Mirelli30, and Papadimitriou32. For example, Papadimitriou
suggests a \probing scheme" in which one searches for instances of geometric models
anywhere within an image, using our same model of probing, and he reduces the
problem to exactly the problem studied here. In e ect, the probing schemes of
Ref.1,6,7,32 serve to \factor out" the e ect of translation and rotation, reducing
the nal decision problem to that of this paper. The e ect of translation and
rotation can also be accommodated within our framework by replicating the model
instances according to all possible positions within the image.
Relation with previous work. There is a considerable literature on the subject of classi cation and regression trees, and their application to statistical decision
theory; see Ref.8,12,31,33. Previous work has focused primarily on non-geometric
instances of the problem. The abstract decision tree problem takes as input a nite
universal set X = f1; : : :; kg and a family of subsets of X, T = fT1; T2 ; : : :; Tm g,
representing the set of possible probes. Hya l and Rivest25 prove that it is NPcomplete to construct a minimum height or a minimum external path length decision tree. Garey18 presents dynamic programming algorithms for determining an
optimal weighted decision tree. Our problem considered here can be viewed as the
unweighted decision tree problem in which the set of possible tests is de ned by the
faces in the arrangement A(S) determined by a set S of k geometric objects.
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Recent work on geometric object-identi cation has been motivated by applications in model-based computer vision11;23 and tactile sensing in robotics19;22.
Joseph and Skiena27 show that n+3 nger probes are sucient and n ? 1 necessary
to determine a convex n-gon P selected from a nite set ?, improving an earlier
result by Bernstein5 . Lyons and Rappaport29 take S to be a collection of k convex
polygons with xed orientation on a plane, and prove that k ? 1 nger probes are
necessary and sucient to determine the model. An interesting feature of their
result is that it is independent of the number of sides in the models; this property is
lost when the models may assume arbitrary orientations in the scene. See Skiena34
for a survey of related results in geometric probing.
Goodman and Smyth21 give an analysis on the information gain using the greedy
algorithm in noisy environments. In this paper, however, we consider the combinatorial problem, using perfect tests.
Belleville and Shermer4 consider a problem similar to ours: Given a library S of
polygons in the plane, identify which one is actually present in a scene. Their goal
is to nd a set of probe query points, S  , of minimum cardinality, such that, the
answers to the batch of queries S  is sucient to determine uniquely which polygon
is present in the scene. They show that, under two di erent probing models, this
problem is NP-complete. The problem we consider in this paper di ers from that of
Ref.4 in that we are interested in constructing decision trees that specify interactive
algorithms for identi cation, relying heavily on the information returned by previous
probe queries in order to select a good choice of the current probe query. In contrast,
the method considered in Ref.4 requires that all probes are made simultaneously. As
an example to illustrate the di erence, consider the set S of one-dimensional models
consisting of the k intervals f(5i; 5i+2) : i = 1; : : :; (k=2)g[f(5i+1; 5i+3) : i =
1; : : :; (k=2)g. An optimal batch strategy requires k ? 1 probes. But a decision tree
can be constructed of height k=2 + 1, based on probing at the points 5i + 1:5.
An amusing instance of the decision tree problem is the popular game Battleship,
in which the player is confronted with a 10  10 grid containing ve disjoint \ships",
each consisting of a horizontal or vertical strip of grid squares (of sizes 5, 4, 3, 3,
and 2). The player repeatedly asks whether a particular square on the grid contains
a ship, with the goal of identifying as quickly as possible the exact position of each
of the ships. Fiat and Shamir15 study an Israeli version of Battleship in which the
area but not the shape of a single rectangular ship is known, and the goal is to
minimize the number of probes until the rst probe contacts the ship.

2. Arrangements of Polygonal Models

Let S be a set of k simple polygons in the plane, having a total of n vertices.
We let A(S) denote the arrangement induced by S; A(S) is a collection of 0-faces
(vertices), 1-faces (edges), and 2-faces (cells). All points within an edge or a cell of
A(S) intersect the same set of polygons of S, and therefore each point in an edge or
a cell has the same discriminating power when it is used as a probe point. Thus, the
set of possible probes can be identi ed with the faces (vertices, edges, and cells) of
A(S). We de ne the cardinality of a face in A(S) to be the number of elements of S
5

that contain the face. Note, however, that two di erent faces may intersect exactly
the same subset of S, and will therefore represent equivalent probe possibilities.
Also, if cell a intersects Sa  S and cell b intersects Sb = S n Sa , then cells a and b
have equivalent discriminating power as probes. For example, in Figure 2, we have
labeled cells with their cardinalities; the cell labeled \0" and the two cells labeled
\3" all have the same discriminating power as probes.
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Figure 2: An arrangement of three models: Cells are labeled with their cardinalities.
We say that A(S) (or S) is degenerate if two distinct edges of polygons in S
intersect in more than a single point (i.e., they intersect in a line segment). We now
see that non-degenerate arrangements allow us to construct binary decision trees of
the minimum possible height (lg k = log2 k) if there is a point in common to the
polygons of S.
Theorem 1 Let S be a non-degenerate set of k polygons in the plane, such that
there exists a point p that is in the interior of each polygon. Then there exists a
decision tree of height dlg ke for S .
Proof. We label each face of A(S) with its cardinality (i.e., the number
of polygons that contain it). The cell containing p has label \k", while the cell
containing the point at in nity has label \0".
Two cells that share an edge have labels that di er by exactly one, since the arrangement is non-degenerate. This implies that any path from p to the cell at in nity
(e.g., a ray out of p) that does not go through a vertex of A(S) must pass through a
set of cells whose labels include the full range of cardinalities, f0; 1; 2; : ::; kg. Thus,
there exists a cell of label dk=2e in A(S), and we can construct a decision tree such
that the probe that is speci ed at the root node corresponds to such a cell. The
e ect of probing at a cell of label dk=2e is to partition S into two subsets: those
dk=2e polygons, S1 , that contain the cell (a \hit" response from the oracle), and
those bk=2c polygons, S0 , that do not contain the cell (a \miss" response). Every
polygon in S0 or S1 contains point p; thus, we can repeat recursively to construct
a decision tree, whose height will be dlg ke. 2
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Remarks.
1. The proof is very general | it holds for any nite set of objects in any number
of dimensions, provided non-degeneracy is properly de ned for A(S). An
object need not be connected, and its connected components may be multiply
connected (have \holes").
2. In fact, the proof above goes through for any (possibly degenerate) arrangement A(S) with the property that there exists a path from p to the cell at
in nity such that the path does not cross any edge of A(S) that is shared
by more than one polygon of S (so that the cardinalities of each pair of cells
visited consecutively by the path di er by exactly one). The existence of such
a path can be tested in time O(n2) by constructing the arrangement A(S)
and then searching its dual graph.
3. In the worst case, the minimum number of cells visited by a path between
a cell labeled k and a cell labeled 0 is (n). (The lower bound follows from
considering a spiral that contains p and a very long horizontal rectangle containing p; the upper bound follows from using the path along the rightward
ray out of p.)
Theorem 2 Let S be a non-degenerate set of k polygons in the plane, such that
there exists a point p that is in the interior of each polygon. Then a minimum height
decision tree (of height dlg ke) can be constructed in time O(n lgk), where n is the
total number of vertices in the polygons S . Furthermore, there is a lower bound of
(n + k lg k) on the time to construct a decision tree of any height.
Proof. First, we argue the upper bound. Let  denote the rightward ray out
of point p; we can orient the x-axis so that  does not pass through a vertex of
A(S). We know that  begins in a cell of A(S) that has cardinality label k, and
that  eventually enters the cell at in nity, which has cardinality label 0. By the
non-degeneracy assumption, each time that  passes through an edge of A(S), the
cardinality label goes up or down by exactly 1. Let fS (x) (for x  0) denote the
cardinality label function along ; i.e., fS (x) denotes the number of members of S
that contain the point that is at distance x to the right of p. Note that fS (x) is a
piecewise-constant function of combinatorial complexity O(n).
We can compute fS (x) by nding and sorting the intersections between  and
edges of polygons S (in time O(n)), while noting the orientation of each edge crossed
(so that we know if the label goes up or down at that point of crossing). For any
one polygon of S, the intersections with  can be sorted via Jordan sorting17;24
in time linear in the size of the polygon; thus, we can merge these k sorted lists
in time O(n lgk) to obtain the sorted list of all crossings with , and hence the
function fS (x).
We can store fS (x) as a sorted list of x-values that correspond to crossing points;
with each crossing point, we store a pointer to the edge that is being crossed and
we store the cardinality value just after the crossing. We refer to this data structure
as the histogram for S.
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Our algorithm is based on divide-and-conquer. We scan the histogram fS (x) (in
O(n) time) to nd a value of x, xS , for which f(xS ) = dk=2e. During this scan, we
can also keep track of which polygons of S are present at the current scan point, so
we can know the subset of polygons, Shit , that are present at the point xS . This
value xS determines an optimal probe point for the root node (S) of our decision
tree.
We now scan the histogram fS (x) one more time, constructing as we go the
two new histograms, fShit (x) and fSmiss (x), that correspond to the two subtrees
that will hang o the root node in our decision tree. If we then continue to solve
the problem recursively, we obtain the following relationship on the time, t(n; k),
necessary to compute a minimum height tree for k simple polygons having a total
of n vertices:
t(n; k)  t(nhit ; dk=2e) + t(nmiss ; bk=2c) + O(n);
where nhit + nmiss = n. The solution to this recursion gives t(n; k) = O(n lg k).
For the lower bound, we rst note that we must at least look at all of the data,
so (n) time is required, for if we fail to examine one vertex of some polygon, then
an adversary could potentially select this vertex to be in a position that a ects our
choice of probe points. A lower bound of (k lgk) is obtained from sorting: Given
k (unsorted) positive numbers, x1; : : :; xk, we de ne S to be the set of k nested
squares f(x; y) : ?xi  x  xi ; ?xi  y  xig, i = 1; : : :; k. Consider any decision
tree for S, and embed it in the plane so that, for each node, the \hit" subtree is
placed left of the \miss" subtree. Then it is not hard to see that a preorder traversal
of the tree must visit leaves corresponding to squares in sorted order by xi . 2
It is critical for the above algorithmthat the arrangement A(S) be non-degenerate
and that all models share a common point p. We now show that if either of these
properties does not hold, then constructing a minimum height tree becomes hard.
We rst consider degenerate arrangements.
The abstract decision tree problem takes as input a nite universal set X =
f1; : : :; kg and a family of subsets of X, T = fT1 ; T2; : : :; Tm g, representing the set
of possible probes. Hya l and Rivest25 prove that it is NP-complete to construct a
minimumheight decision tree for this problem. We now show a relationship between
the abstract and the geometric versions of the decision tree problem:

Lemma 1 For any instance of the abstract decision tree problem, consisting of
subsets T = fT1 ; : : :; Tm g of the universal set X = f1; : : :; kg, there exists an

equivalent geometric instance given by a set S of k convex polygons all sharing a
common point.

Proof. Let M denote a regular m-gon, with sides of unit length and centered
at (0; 0). Consider the sides of M to be indexed j = 1; : : :; m. For edge j of M, let
vj 2= M be the point \just outside" edge j, at distance  > 0 above the midpoint of
edge j, and let j be the triangle
S determined by edge j and point vj . Choose  > 0
to be small enough that M [ ( j j ) is convex.
8

Let Pi be the convex polygon
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and let S be the set of k convex polygons, fP1; : : :; Pkg. Each polygon Pi will
have at most 2m vertices, and the arrangement A(S) has exactly m + 2 cells: one
unbounded cell, the cell M, and the m cells given by triangles j , j = 1; : : :; m. A
probe point in cell M gives no information, since all models in S are present at such
a point. Similarly, a probe point in the unbounded cell gives no information. But
a probe point in triangle j hits exactly those models indexed by Tj , and cell j
contains all such probe points. Thus, the geometric instance de ned by S encodes
the abstract instance speci ed by X and T . 2
An immediate consequence of the above lemma is that the geometric decision
tree problem is, in general, hard:

Corollary 1 The problem of constructing a minimum height decision tree for a

given set of (possibly degenerate) geometric models is NP-complete, even if all models are convex polygons and share a common point.

We comment that a similar construction can be used to show that some collections of k (possibly degenerate) geometric models that are convex polygons and
share a common point, may require a probe tree of height k ? 1: Consider M a
regular k?gon, and triangles j , as in the proof of Lemma 1. Let Pj be the convex
polygon Pj = M [ j . Now the only probes that gives informations are the probes
at triangles j , and a \no" answer only eliminates model Pj from the list of possible
models present. Therefore as many as k ? 1 probes may be necessary.
We now show that even if S is a collection of non-degenerate, axis-aligned unit
squares, constructing a minimum height tree is hard if there is no point common to
all models of S:
Theorem 3 Let S be a set of k non-degenerate aligned unit squares. Then the
problem of constructing a minimum height decision tree for S is NP-complete.
Proof. The problem is clearly in NP, since a complete set of candidate probe
points can be concisely expressed by taking midpoints of segments joining vertices
of polygons of S.
To prove the NP-hardness of determining the existence of a decision tree of
height  h, we modify the reduction used by Fowler, Paterson and Tanimoto16.
They show that 3-SAT can be reduced to the problem of deciding whether K aligned
unit squares suce to cover a given set of points. Almost the same reduction can
be made from 3-SAT to the problem of deciding whether K points suce to cover a
given set of aligned unit squares, where a set of points covers (or stabs) a given set of
squares if each square contains at least one of the points. We simplify the reduction
by using as our starting point the Planar 3-SAT problem, thus avoiding the need
for having special \cross over" gadgets. We also use ideas of Hya l and Rivest25,
who show that determining the minimum height of a decision tree is NP-hard for
the abstract (non-geometric) case.
9

The input to 3-SAT is a boolean formula, in conjunctive normal form C =

fc1; c2 ; : : :; cm g, where each clause cj is a subset of three literals from the set of
variables U = fu1; u2; : : :; ung, and their negations U = fu1; u2; : : :; ung. De ne
a bipartite graph G = (V; E), where V = U [ C and E consists of exactly those
pairs fu; cg such that either u or u belong to clause c. If G is planar, the problem

of determining whether the formula is satis able is called Planar 3-SAT, which was
shown to be NP-complete by Lichtenstein28 . We give a reduction from Planar 3SAT to determining whether a decision tree of height  h suces to determine
which of a set of aligned non-degenerate unit squares is present.
Given a formula of Planar 3-SAT, we draw a corresponding plane graph. For
each variable node u, we draw a path (a wire, in the notation of Ref.16) surrounding
the star consisting of u and the edges incident on it. We think of the wire as being
perturbed \just outside" the star. For each of these n wires, we place squares along
it, creating a chain of squares such that:
1. The squares are aligned, non-degenerate unit squares.
2. Any pair of successive squares along a wire intersect, but no other squares
intersect. In particular, each point is in at most two squares, and squares on
di erent wires do not intersect.
3. The number of squares on each wire is even.
We refer to these squares as variable squares. Let the number of squares in the
wire of variable ui be 2Ki . The minimum number of points necessary to cover all
squares in a wire is Ki . There are two such coverings that achieve this minimum.
Let one correspond to an assignment of true to the variable, and let the other
designate false.
We also have one unit square for each clause, which we call clause squares. A
clause square intersects the 3 variable wires corresponding to literals in the clause.
The wires are arranged so that the clause squares can be covered \for free" if at least
one of the wires of the three variables in it is covered by points which correspond to
a truth setting
P of that literal. Thus, the clause and variable squares can be covered
by K = i Ki points if and only if the formula is satis able (as in Ref.16). We
complete our construction with two additional squares, called the disjoint squares,
each of which does not intersect any other square. See Figure 4 for an example of
the construction. Finally, set h = K + 1.
If the formula is satis able, we get a covering of all squares by K + 2 points
(K for the variable and clause squares, and two additional points for the disjoint
squares). It is easy to construct a probe tree of height h = K +1, using all covering
points, except one of the points stabbing a disjoint square. The root of the tree is
a probe at a point covering a clause. If the probe is a hit, a subtree of height 2 is
needed. If the probe is a miss, we probe at another point covering a clause, and
so on, until all clause squares are ruled out. Then we can continue our probes, if
we have not yet had a hit, to other covering points of the variable squares. If all
the probes at variable and clause squares miss, one additional probe to one of the
10

disjoint squares will determine uniquely which is the square present. The height of
the tree is given by the path in which each probe is a miss, and is thus h = K + 1.
Conversely, we need to show that if a probe tree of height h exists, then the
formula is satis able. Consider the unique path in the tree from the root to a leaf,
in which all probes are a miss. These probe points must cover all but one of the
squares, otherwise at the leaf we can not distinguish between two or more squares.
We claim that the probe tree can be rearranged, if necessary, so that the one square
that is not covered is a disjoint square (i.e., neither a variable nor a clause square).
This rearrangement is trivial: replace probe(s) to one of the disjoint squares with
probe(s) at a point interior to only the missed square. Clearly, this rearrangement
does not increase the height of the tree. We thus have h = K + 1 points that cover
all variable and clause squares and one of the disjoint squares. But, this is only
possible if the clause squares are covered \for free", and the variables squares are
covered in either the \true" or \false" coverings that are minimal. Thus we get a
truth assignment for the variables that shows the formula is satis able.
One technical point remains: We must show that the size of the construction
is polynomial; i.e., we do not require too many bits to specify the variable and
clause squares. To see why this is true, we appeal to the result of Ref.13, noting
that the planar graph for the given instance of Planar 3-SAT can be embedded in
an integer grid of size O(n)-by-O(n), with nodes placed at integer grid points and
edges drawn as straight line segments. Now, in such a grid, the smallest non-zero
angle that can be determined by any pair of segments is min = (1=n2). Consider
a vertex u, whose coordinates are integer, and consider the (axis-aligned) square
 of side length 2 that is centered on u. Refer to Figure 3. Any two angularly
consecutive edges incident on u determine a \wedge region" within . (The wedge
is a triangle if the edges do not straddle one of the corners of ; otherwise, it is
a quadrilateral.) The lower bound on min implies that there is an (1=n2) lower
bound on the length, , of the shortest side of the wedge region. This implies that
there exists an  = (1=n2 ) (e.g.,  = =100 works) such that the wire can be
de ned to be the boundary of an O()-fattening of the star incident on u, and that,
by chosing our variable squares to be of size , we can be assured that the chain of
variable squares that follows the wire will not interfere with other chains of squares.
Furthermore, the variable squares can all be aligned to a regular grid whose spacing
is O(1=n2). Thus, we can enlarge the diagram by a factor of O(n2 ), obtaining an
embedding of our construction with the required unit-sized variable squares, and
the whole diagram lives on an O(n3)-by-O(n3) integer grid. 2

Remark.

An interesting open question is to determine if the minimum height
decision tree problem is NP-complete for a set of intervals on a line in non-degenerate
position. The above proof relies on the hardness of nding a minimum point cover,
a problem which is trivially solvable for intervals on a line. Thus, to prove NPcompleteness, we would require a new approach.
The construction in the proof above has the feature that the polygons S cannot
be stabbed by fewer than a linear (in k) number of points. Assume now that S is
11

1



u



Figure 3: Bounding the size of the grid that contains the construction.
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Figure 4: Reduction for non-degenerate aligned unit squares.
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in non-degenerate position and is stabbed by a constant number, s, of points. The
case s = 1 is handled by Theorems 1 and 2. If s = 2, we claim that the proof of
Theorem 1 still holds: One of the two stabbing points must stab at least dk=2e of
the models; if we use this stabbing point as our point p, the argument goes through
as before, yielding at most dlg ke probes.
If s  3, then we claim that a decision tree of height s ? 1 + dlgbk=(s ? 1)ce
can always be constructed, as follows. Let p1 be a point that stabs the largest set
of polygons in S; let S1 denote the set of stabbed polygons. Now let p2 be a point
that stabs the largest set of polygons in S n S1 ; let S2 denote the set of polygons
stabbed by p2 but not by p1 . Continuing in this way, let pi be a point stabbing the
most polygons in S n fS1 [   [ Si?1 g and let Si be the corresponding set of newly
stabbed polygons, for i = 1; : : :; s ? 1. Note that jS1 j  jS2j      jSs?1 and that
jSi j  (n=i).
Construct a decision tree based on these choices of probe points pi. Point p1
corresponds to the root; the height of the \hit" subtree rooted at p1 is at most
1+ dlg jS1je. In general, the length of the longest path from the root of the decision
tree to the leaves of the \hit" subtree rooted at pi is at most i+ dlg jSije. Thus, the
overall height of the decision tree is at most (s ? 1) + dlg(n=(s ? 1))e. In summary,
we have shown:
Theorem 4 Let S be a non-degenerate set of k polygons in the plane, such that
the smallest number of points that stab all members of S is s  2. Then height
s ? 1 + dlgbk=(s ? 1)ce is sucient and sometimes necessary for any decision tree
for S .

Remark.

Bronniman and Goodrich9 have recently improved the above bound,
for special classes of inputs.

3. Approximating Optimal Decision Trees

Since nding a minimum height decision tree is NP-complete, it is natural to
attempt to devise approximation algorithms that are guaranteed to obtain a solution close to optimal. See Moret31 for a survey of various heuristics for decision
tree problems; but no previous methods had proven bounds on their worst-case
performance.
We have seen that each candidate probe point partitions the set of objects S
into two sets, Shit and Smiss . A natural \greedy" heuristic in choosing a good probe
point is to do the following: Select a probe point that partitions the objects as evenly
as possible (i.e., minimizes max(jShitj; jSmissj)), and recur. We then recur on both
sides of the probe tree. In this section, we prove that the greedy heuristic always
constructs a tree whose height is not more than a small (logarithmic) factor times
the optimal height.
For the abstract (non-geometric) version of the problem, with m subsets of a
k-element universal set, a greedy tree can be computed in O(k2m) time: for each
of the k ? 1 internal nodes of the tree, we simply test (in time O(k)) each of the
m subsets in order to select the best. In our geometric version of the problem, this
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same approach allows us to construct a greedy tree in time O(kn2): for each of
the k ? 1 internal nodes of the tree, we construct (in time O(n2 )) the arrangement
of all polygons in the subset of S corresponding to the node, and we search the
arrangement for a cell with cardinality closest to half of the subset size. In fact, we
can do better than this naive method:
Theorem 5 For k simple polygons having a total of n vertices, the greedy heuristic
decision tree can be constructed in time O(hn2 ), where h is the height of the output
tree.

Proof. As in Theorem 2, the idea is to do divide-and-conquer, while maintaining a histogram which gives the number of models at each face of the arrangement.
Here, the arrangement, and hence the histogram, are in two dimensions. The histogram of the original arrangement can be constructed in time proportional to the
size of the arrangement, O(n2 ) (see Ref.10,14). As before, we also maintain with
each edge of the arrangement a list of the models whose boundary contains the edge.
With this information it is easy to nd a face required by the greedy algorithm, and
update the histograms, by a simple walk through the arrangement. 2
We now show that the greedy heuristic gives a decision tree of nearly optimal
height, for either the abstract or geometric version of the problem:
Theorem 6 For any instance of the decision tree problem on k objects, the greedy
heuristic constructs a decision tree of height at most dlg ke times that of an optimal
decision tree.

Proof. Consider a decision tree constructed by the greedy heuristic. Each
node in this tree represents a subset of the set of models, with the leaf nodes of
the tree representing singleton sets. For any non-leaf node x, the subsets of its two
children form a partition of the subset associated with x. Level l of the decision
tree consists of the nodes at a distance of l from the root. De ne the weight of level
l to be the maximum cardinality of any subset on level l of the tree. Let Li denote
the lowest level (smallest l) of weight at most bk=2i c.
Let mi denote the number of tree levels between Li+1 and Li . On the tree
level immediately below Li+1 , there exists a node ci+1 of weight bk=2i+1 c + K,
where K  1. The path of length mi ? 1 from ci+1 to its level Li ancestor de nes
probes that distinguish at most bk=2i+1 c ? K objects from those in ci+1 . Since
the greedy heuristic was employed to construct the tree, the number of objects
distinguished from ci+1 form a non-decreasing sequence along this path. By the
pigeonhole principle, the last probe before Li+1 distinguishes at most (bk=2i+1 c ?
K)=(mi ? 1) models.
We observe that for any instance of I 0 consisting of all the probes of I but
only a subset of its models, the height of the optimal decision tree for I 0 is no
greater than that of I, since adding models cannot make the problem easier. We
claim that any tree distinguishing between the bk=2i+1c +K models of the ancestor
of ci+1 must have height at least mi . Because the greedy strategy was used in
constructing the tree, we know that there exists no probe which distinguishes more
than (bk=2i+1 c? K)=(mi ? 1) models from ci+1 , so any decision tree for this subset
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must have height at least


bk=2i+1 c + K
(bk=2i+1 c ? K)=(mi ? 1)  mi
Let h = maxfmi : 1  i < lg kg. By the previous discussion, h is a lower bound
on the height of the optimal tree. Since h is height of the largest of the dlg ke
portions of the greedy tree, the greedy tree has height at most dlg ke  h. 2


To show that the greedy heuristic can lead to a tree with an approximation
ratio as bad as (lg k), consider the following set of models, which is based on a
construction by Johnson26 . The basic component consists of two rows of (2K +1 ? 1)
unit squares, rotated to resemble diamonds. The squares in each row are arranged
in K + 1 \groups", such that group i contains 2i squares, for 0  i  K. The
squares within each group are each perturbed slightly, so the arrangement is nondegenerate. All upper squares intersect in a common point, as do all the lower
squares. Finally, all squares in group i for both the upper and lower rows have a
common point of intersection. Finally, we replicate this arrangement 2K times, so
that each pair of arrangements is non-intersecting. We refer to each of the copies
of the arrangement as a \cluster". This construction is illustrated in Figure 5.
2K 2K ?1

20

2K 2K ?1

20

2K 2K ?1

20

....

2K 2K ?1
Cluster

20
i=0

....

Cluster

i = 2K

Figure 5: A bad example for the greedy heuristic.
Consider one cluster. The arrangement of squares in this cluster can be covered
by two probe points, one at each of the common points of the upper and lower rows,
so that each probe hits 2K +1 ? 1 squares. A greedy heuristic would instead probe at
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the common point of the upper and lower group K, which intersects 2K +1 squares.
Thus a greedy algorithm for point cover would nd a cover of cardinality  K=2
on this example.
Now consider all 2K clusters. The k = 2K  2(2K +1 ? 1)  22K +2 squares
comprise the set of models. The greedy decision tree heuristic will rst probe a
group K intersection point in each cluster, then the group K ? 1 intersection points,
continuing down until the group 1 points. Thus the greedy tree has height  K  2K .
However, by rst probing at the two cover points for each cluster, and then building
a balanced tree for the models in a particular row (which must exist because the
arrangement is non-degenerate), we obtain a tree of height 2  2K + lg(2K +1 ? 1).
The ratio of the heights of these trees is  K=2, where K  (lg(k) ? 2)=2.
We summarize:

Theorem 7 There are instances of the geometric decision tree problem for which
the greedy heuristic produces a tree whose height is (lg k) times that of an optimal
tree.

Remark. We note that this construction can be modi ed so that every model
shares a point in common, without changing the height of either tree. Add a new
square to the arrangement, connected to each of the previous squares by a tentacle,
such that neither the new square or any tentacle intersect any other square or
tentacle. Each model in the new arrangement will consist of an old square, the
new square, and the tentacle connecting them. Thus a probe to the new square
intersects all the models, a probe to a tentacle intersects exactly one model, and
probes to all other regions intersect the same number of models as before. The new
options do not permit a more ecient probing strategy.
4. Special Classes of Degenerate Arrangements

As we have seen, a set of k convex polygons sharing a common point of intersection can still require a probe tree of height k ? 1 if degeneracies occur, whereas
a dlg ke height tree always suces if they do not. In this section, we consider some
other special classes of models for which we give polynomial-time algorithms for the
exact or approximate solution of the decision tree problem.
Theorem 8 Let S be a set of k distinct axis-parallel hyperrectangles in E d , where
each rectangle of S contains a common point p. A decision tree of height at most
2ddlg ke for S can be constructed in O(d  k lgk) time.
Proof. Identify the points of intersection between S and a ray from p in
each of the isothetic directions. An optimal decision tree on the distinct points
of intersection in each direction will have height at most  dlg ke, and determine
one edge of the model rectangle. Therefore, the union of these 2d decision trees
determines the model and has the prescribed height. The time of construction is
dominated by the cost of sorting the edges of the rectangles in each dimension. 2
The simplest class of geometric objects are a set S of k intervals on the line. It
is easily seen that the height of the decision tree partially depends upon the number
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of disconnected regions formed by the union of the intervals of S. If the k intervals
of S are mutually disjoint, no decision tree of height less than k ? 1 will distinguish
between the models. When the intervals all share a common point of intersection,
a minimum height decision tree can be eciently constructed.
Theorem 9 Let S be a set of k distinct intervals of a line, all sharing a common
point p. A minimum height decision tree for S can be constructed in O(k5) time.
Proof. We use dynamic programming. Observe that the arrangement of
intervals de nes i + 1  k + 1 subintervals to the left of p (labeled l0 to li ), and at
most j + 1  k + 1 subintervals to the right of p (labeled r0 to rj ), which together
de ne the possible probe points. For convenience, l0 and rj denote the subintervals
which do not intersect S, while li and r0 both denote the face containing p. At any
point during the execution of a probing strategy on S, the complete state of our
knowledge about the query segment is represented by four parameters. Let lm (rm )
be the rightmost (leftmost) probe to the left (right) of p which does not intersect
the query segment, and let lh (rh ) be the leftmost (rightmost) probe to the left
(right) of p which hits the query segment.
Let T(S) be the height of a minimum height tree for S. Then we have T(S) =
T(l0 ; li ; r0; rj ), where
T(lm ; lh ; rh ; rm ) = min( l min
(max(T(l; lh ; rh; rm ); T(lm ; l; rh; rm )) + 1);
m <l<lh
min (max(T(lm ; lh ; r; rm); T(lm ; lh ; rh; r)) + 1));
rh <r<rm

and T(l; l + 1; r; r + 1) = 0 for 0  l < i and 0  r < j. This recurrence can be
evaluated in time O(k5 ) by memoization, or explicitly by evaluating it in terms of
increasing l = lh ? lm and r = rm ? rh . 2
Let us now consider the case in which the intervals no longer share a common
point. For a set of intervals S, a point cover of S is a set of points, fp1; : : :; psg, such
that each interval in S contains at least one point pi (i.e., each interval is \stabbed"
by a point pi ). A minimum point cover is a point cover of minimum cardinality s.
Computing a minimum point cover is equivalent to the problem of minimum clique
cover in interval graphs (see Golumbic20), and it can be done very eciently:
Lemma 2 A minimum point cover for a set S of k intervals on a line can be
computed in time O(k lg k).
Proof. We sort the interval endpoints, and we scan the sorted list in left-toright order. When a left endpoint of interval s is encountered, then s is pushed onto
a stack. When a right endpoint is encountered, we place a point pi at this right
endpoint and remove from S all of those intervals Si that are stabbed by pi . We
repeat this until S is empty. It is easily veri ed that each interval contains at least
one point pi . The optimality of the cover follows inductively from the fact that any
cover must include at least one point to the left of the leftmost right endpoint. 2
Theorem 10 Let S be a set of k distinct intervals on a line and let s  2 be the
size of a smallest point cover of S . A decision tree of height at most (s ? 1) +
2dlg(k=(s ? 1))e for S can be constructed in O(k lg k) time, and this tree is at most
three times the height of an optimal tree.
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Proof. Let p1 be a point that stabs the largest set of intervals in S; let S1
denote the set of stabbed intervals. Now let p2 be a point that stabs the largest
set of intervals in S n S1 ; let S2 denote the set of intervals stabbed by p2 but not
by p1. Continuing in this way, let pi be a point stabbing the most intervals in
S n fS1 [   [ Si?1 g and let Si be the corresponding set of newly stabbed intervals,
for i = 1; : : :; s ? 1. Note that jS1j  jS2 j      jSs?1j and that jSij  (k=i).
Construct a decision tree based on these choices of probe points pi. Point p1
corresponds to the root; the height of the \hit" subtree rooted at p1 is at most
1 + 2dlg jS1 je, by Theorem 8 (with d = 1). In general, the length of the longest
path from the root of the decision tree to the leaves of the \hit" subtree rooted at
pi is at most i + 2dlg jSije. Thus, the overall height of the decision tree is at most
(s ? 1) + 2dlg(k=(s ? 1))e.
To prove the approximation ratio, we note that max(s ? 1; lg k) is a lower bound
on the height of the optimal decision tree for S. It is clear that 3  max(s ? 1; lgk) 
(s ? 1) + 2 lg(k=(s ? 1)). 2
The decision tree produced by this algorithm is not necessarily optimal, even
when the endpoints of the intervals are distinct. The diculty hinges on the fact
that a di erent decomposition into subsets may result in a shallower decision tree,
and the order in which we process the decompositions of S can also improve the
height of the decision tree.
5. Conclusions

Our goal in this paper has been to examine the decision tree problem on a set
of geometric objects. We have seen that, as with abstract decision tree problems,
geometric problems are, in general, NP-complete. However, there is structure in
geometry, as we have seen in several special instances. In particular, we have given
an algorithm to construct an optimal dlg ke-height binary decision tree for any set of
k geometric models in non-degenerate con guration that are stabbed by a common
point (or by two points). When degeneracies occur or when there is no common
stabbing point, nding a minimum height tree is NP-complete, so we have given a
heuristic that constructs a decision tree whose height is at most dlg ke times that
of an optimal tree. Our algorithms are practical and should be easy to implement.
We close with some open problems:

 Does there exist a polynomial-time algorithm for constructing an optimal

decision tree for a (possibly degenerate) set of rectangles sharing a common
point?
 Does there exist a polynomial-time algorithm for constructing an optimal
decision tree for a set of intervals on a line, not necessarily sharing a common
point?
 We have shown that non-degenerate arrangements of k objects admit decision
trees of height lgk. For what other classes of objects must there always exist
O(lg k) height decision trees?
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 Any measurement is potentially subject to noise. Probing in a small face
near the boundary of many models will not be as robust as probing in the
center of a large interior face. How can \robust", yet ecient, decision trees
be constructed?

Finally, we remark that in the time since this paper was rst written, an extension has been made to the case of \concept classes" (in which the goal is to identify
the class to which an object belongs, rather than to determine the exact identity of
an object); see Arkin et al.2.
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