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1 Introduction
The aim of this chapter is to generalize concepts and techniques of formal language theory to two dimensions. Informally, a two-dimensional string is called a picture and is de ned as a rectangular array
of symbols taken from a nite alphabet. A two-dimensional language (or picture language) is a set of
pictures.
A generalization of formal languages to two dimensions is possible in di erent ways, and several
formal models to recognize or generate two-dimensional objects have been proposed in the literature.
These approaches were initially motivated by problems arising in the framework of pattern recognition
and image processing (cf. [11, 28]), but two-dimensional patterns also appear in studies concerning
cellular automata and other models of parallel computing.
In this chapter, we limit ourselves to the study of two-dimensional languages de ned (recognized,
generated) by nite state devices. Similarly to one-dimensional strings, this corresponds to the \ground"
level of the theory: ground level means both the lower level in a hierarchy of languages and also the level
on which the study of higher classes can be based. This choice is further motivated by the fact that, for
the nite state case we are able to develop a coherent theory that, unifying di erent approaches, gives
rise to a robust notion of recognizable two-dimensional language. The situation looks completely di erent
for the higher levels of the Chomsky hierarchy, where a comparable theory is not yet known.
Before embarking on a formal treatment, we would like to mention rst some of our expectations from a
sound de nition of nite-state recognizability for picture languages. As a primary requirement, we would
like that the class of recognizable picture languages includes in some sense the class of recognizable string
languages. More precisely, we would like that, when we restrict ourselves to pictures of size (1; n) (or size
(n; 1)), the de nitions of recognizability for pictures and for strings respectively, coincide. Moreover we
would like that the de nition of recognizability for pictures comes as \natural" generalization of some
corresponding de nition for strings and that, of course, the new de nition inherits as many as possible
properties from the corresponding de nition for strings.
As for as the notion of recognizability for string languages is concerned, it is well known that the same
family can be de ned starting from di erent approaches. More precisely: the family of languages recognized by nite-state automata coincides with the one de ned by means of regular expressions (Kleene's
Theorem), with the one de ned in terms of monadic second-order formulas (Buchi's Theorem) and with
the one de ned in an algebraic setting (Myhill-Nerode's Theorem). An analogous \robustness" for the
notion of recognizability in two dimensions is the most ambitious property we would like to get for picture
languages.
Let us shortly indicate the di erent approaches considered in this chapter. A rst natural approach
is to de ne picture languages by means of regular expressions. The following (regular) operations are
introduced for set of pictures: row and column concatenations, row and column Kleene closures and
boolean operations. A regular expression is then a formula expressing how a speci c picture language
can be obtained from some elementary languages by regular operations. Di erent families of languages
can be de ned, depending on the choice of operations allowed to be used in the expression.
An important role in the theory of picture recognizability is played by the approach in terms of
automata. The rst generalization of nite-state automata to two dimensions can be attributed to
M. Blum and C. Hewitt who in [1] introduced the notion of a four-way automaton moving on a twodimensional tape as the natural extension of a one-dimensional two-way nite automaton. Unlike the
nite automata for strings this corresponding model in two dimensions is not actually a powerful model:
in fact some important properties are not satis ed in this model.
After this paper, much work have been done in studying properties of picture languages recognized
by nite-state machines and several other models have been designed. A survey on this subject can
be found in [21]. An intersting model of two-dimensional tape acceptor is the two-dimensional on-line
tessellation automaton introduced by K. Inoue and A. Nakamura in [18]. This is de ned as an in nite
two-dimensional array of identical conventional nite-state automata and it is a special type of cellular
automaton. Despite it is not evident that it is a generalization of a one-dimensional model, it can be easily
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identi ed to a conventional automaton when restricted to one-row (or one-column) pictures. Moreover,
the family of picture languages recognized by this model of automaton satisfy many important properties.
Di erent systems to generate pictures using grammars have been also explored (cf. [31, 32, 33, 35, 34,
36, 29, 30, 39]). However, in the nite state case, this approach is shown to be less powerful than others.
Another possible generalization is to describe picture languages by logic formulas. Recently, W. Thomas
gave a general formalism to describe graphs (and, in particular, pictures) as model theoretical structures
and showed as \recognizability" corresponds to the notions of de nability on existential monadic second
order logic (cf. [38]). This is coherent with the string language recognizability theory where Buchi's
Theorem holds.
In a recent proposal (cf. [13, 14]) a notion of recognizability of a set of pictures in terms of tiling
systems is introduced. The underlying idea is to de ne recognizability by \projection of local properties".
Informally, recognition in a tiling system is de ned in terms of a nite set of square pictures of side two
which correspond somehow to automaton transitions and are called \tiles". In a picture to be recognized
(say over the alphabet ), each quadruple of positions that form a square is to be covered by a tile (with
symbols say in the alphabet ?) such that a coherent assignment of picture positions to labels in ? is
built up, and such that a projection from ? to  reestablishes the considered picture. Then the tiles can
be viewed as local \automaton transitions", and tiling a given picture means to construct a run of the
automaton on it. In a more formal way, the tiles de ne a local language over ? and a projection from ?
to , applied to this local language, produces the language over  \recognized" by the tiling system.
A leading part of this chapter is devoted to showing that some of these di erent approaches are
indeed equivalent and give rise to the same notion of nite-state recognizability for picture languages.
In a speci c way we prove that the following families of two-dimensional languages coincide: languages
recognized by on-line tesselation automata, languages expressed by formulas of existential monadic second
order logic, languages recognized by nite tiling systems, languages corresponding to regular expressions
of a special type. All these results indicate that recognizability of pictures in the sense described here is
a robust notion, which at the same time can be de ned in terms of machine models, regular expressions,
logic formulas and tiling systems.
We further show that some remarkable properties of recognizable string languages (as closure properties, iteration lemma, etc.) can be extended to the two-dimensional case. However, at the same time, we
show that the notion of recognizable picture languages do not share some properties that are fundamental
in the theory of recognizable string languages. In particular, di erently from the case of words, the family
of recognizable picture languages is not closed under complementation. Furthermore, while the emptiness
problem is decidable for nite automata on words, it is undecidable in the two-dimensional case for recognizable picture languages. These results indicate that two-dimensional languages are considerably more
complicated than string languages, for which non-deterministic is not more powerful than deterministic,
and for which the emptiness problem is decidable.
A special role is played by picture languages over one-letter alphabet. This leads to the theory of
recognizable functions. The chapter ends reporting some ideas and suggestions to extend the arguments
here presented beyond nite state recognizability.

2 Preliminaries
We assume that the reader is familiar with the basic terminology and properties of the theory of onedimensional languages as can be found for example in [17]. We will rst introduce some de nitions about
two-dimensional languages by borrowing and extending notation from the theory of one-dimensional
languages. Next, we will give formal de nitions of concatenation operations between two-dimensional
strings (pictures) and two-dimensional languages. The notations used can be mainly found in [21] or
in [14].
Let  be a nite alphabet.
De nition 2.1 A two-dimensional string (or a picture ) over  is a two-dimensional rectangular array
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of elements of . The set of all two-dimensional strings over  is denoted by  . A two-dimensional
language over  is a subset of  .
Given a picture p 2  , let `1 (p) denote the number of rows of p and `2 (p) denote the number
of columns of p. The pair (`1 (p); `2 (p)) is called the size of the picture p. The empty picture is the
only picture of size (0; 0) and it will be denoted by . Pictures of size (0; n) or (n; 0) where n > 0 are
not de ned. The set of all pictures over  of size (m; n), with m; n > 0 will be indicated by mn .
Furthermore, if 1  i  `1 (p) and 1  j  `2 (p), p(i; j ) or, equivalently, pi;j denotes the symbol in p with
coordinates (i; j ).
Before continuing with notations and de nitions, we give some simple examples of two-dimensional
languages. We will return to some of these examples later in the chapter.
Example 2.1 Let  = fag be a one-letter alphabet. The set of pictures of a's with three columns is a
two-dimensional language over . It can be formally described as
L = fp j p 2  and `2 (p) = 3g:
Example 2.2 Let  = fag be a one-letter alphabet and let L be the subset of  that contains all the
pictures with a shape of \squares". More formally, language L can be described as
L = fp j p 2  and `1 (p) = `2 (p)g:
Many other simple languages can be derived from the previous one. For example, we could de ne \squares
of odd side" over . Other \languages of squares" can be de ned. For instance, take a two-letter alphabet
? = f0; 1g, and consider the set of squares in which all the letters in the main diagonal (i.e., in position
(i; i)) are 1, whereas the remaining positions carry letter 0. Namely, pictures like the following:
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Another \language of squares" to which we will refer in the sequel is the subset of ? of squares of odd
side-length whose \central position" (i.e., the position where the two diagonals meet) carries letter 1.
Namely, pictures like the following:
1 1 0 0 1
1 0 0 0 1
1 1 1 1 0
1 0 0 0 1
0 0 0 1 1
Example 2.3 Let  be a nite alphabet. A language L   of strings can be thought of as a set of
pictures consisting of one row only. More formally, L is de ned as:
L = fp j p 2  and `1 (p) = 1g
Example 2.4 Let  = f0; 1g be an alphabet. We can de ne the language of pictures over  whose rst
column is equal to the last one. Then, formally L is de ned as:
L = fp j p(i; 1) = p(i; `2 (p)); i = 1; : : : ; `1 (p)g:
Another (similar) example is given by the language of pictures over  whose rst column is equal to
some other column. It can be formally de ned as:
L1 = fp j 9j; 2  j  `2 (p) : 8i = 1; : : : ; `1 (p) p(i; 1) = p(i; j )g:
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De nition 2.2 Let p be a picture of size (m; n). A block (or a sub-picture) of p is a picture p0 that is a
sub-array of p. That is, if (m0 ; n0 ) is the size of p0 , then m0  m and n0  n and there exist integers h; k
(h  m ? m0 ; k  n ? n0 ) such that p0 (i; j ) = p(i + h; j + k) for all 0  i  m0 and 0  j  n0 .
In the sequel we will need to describe scanning strategies for pictures. To this end, we identify the
boundary of a picture by using special symbols. Namely, for any picture p of size (m; n), we de ne pb as
the picture of size (m + 2; n + 2) obtained by surrounding p with a special boundary symbol # 62 .
# #  # #
# p11    p1n #
..
...
pb = ...
.
# pm1    pmn #
# #  # #
Other notions we will need will be those of projection of a picture and of projection of a language. Let
? and  be two nite alphabets and  : ? !  be a mapping to which we will refer as a projection.
De nition 2.3 Let p 2 ? be a picture. The projection by mapping  of picture p is the picture p0 2 
such that p0 (i; j ) = (p(i; j )); for all 1  i  `1 (p); 1  j  `2 (p).
When there is no danger of ambiguity, we will use (p) to indicate the projection of picture p by mapping
. The de nition of projection of a picture can be extended in a natural way to sets of pictures.
De nition 2.4 Let L  ? be a picture language. The projection by mapping  of L is the language
L0 = fp0jp0 = (p) 8p 2 Lg   .
As in the case of pictures, we will indicate by (L) the projection of language L by mapping .
We now de ne some concatenation operations between pictures and two-dimensional languages. Let

p and q be two pictures over an alphabet , of size (m; n) and (m0 ; n0 ), m; n; m0 ; n0 > 0, respectively:
p11    p1n
q11    q1n
.
.
.
q = ... . . . ...
p = .. . . ..
pm1    pmn
qm 1    qm n
De nition 2.5 The column concatenation of p and q (denoted by p eq) is a partial operation, de ned
only if m = m0 , and it is given by
p11    p1n q11    q1n
.. . .
.
p eq = ... . . . ...
. ..
.
pm1    pmn qm 1    qm n
Similarly, the row concatenation of p and q (denoted by p eq) is a partial operation, de ned only if n = n0 ,
0

0

0

0

0

0

and it is given by

0

0

p11    p1n
..
.

...

..
.

..
.

...

..
.

p eq = pqm1    pqmn
11
1n
0

qm 1    qm n
Moreover, the column and the row concatenation of p and the empty picture  is always de ned and  is
0

0

the neutral element for both the operations.
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As done in the string language theory, these de nitions of pictures concatenation can be extended to
de ne concatenations between set of pictures, i.e., two-dimensional languages.

De nition 2.6 Let L1; L2 be two-dimensional languages over an alphabet , the column concatenation
of L1 and L2 (denoted by L1 eL2 ) is de ned by

L1 eL2 = fp eqj p 2 L1 and q 2 L2 g:
Similarly, the row concatenation of L1 and L2 (denoted by L1 eL2 ) is de ned by
L1 eL2 = fp eqj p 2 L1 and q 2 L2 g:
By iterating the concatenation operations, we can de ne the corresponding transitive closures of
columns and rows, which can be viewed as a sort of \two-dimensional Kleene star".

De nition 2.7 Let L be a picture language. The column closure of L (denoted by L e) is de ned as
L e =

[ ie
L

i0

where L0 e = ; L1 e = L; Ln e = L eL(n?1) ee.
Similarly, the row closure of L (denoted by L ) is de ned as

L e =

[ ie
L

i0

where L0 e = ; L1 e = L; Ln e = L eL(n?1) e.

Remark that in the consecutive applications of row and column closure respectively, the two operations
commute. Thus, we de ne L = (L e) e = (L e) e: this notation is coherent with the fact that 
denotes the set of all possible pictures over the alphabet .
Using concatenation and closure operations, it is possible to express two-dimensional languages by
means of simpler languages. For example, consider the two languages L; L1 e  de ned in Example 2.4.
Then L1 = L e . Moreover, language L could be obtained as L = L0 where L0 is the language of
strings whose rst symbol is equal to the last one viewed as a two-dimensional language of pictures of
dimension 1  n.
As a further example, consider the language in the Example 2.1 of pictures with three columns. The
column closure of this language gives the set of pictures whose number of column is a multiple of three.
Another operation we can de ne on pictures is the rotation. Without loss of generality we de ne a
clockwise rotation.

De nition 2.8 Let p be a picture. The (clockwise) rotation of p, indicated as pR, is de ned by
pm1    p11
pR =

..
.

...

..
.

pmn    p1n

The rotation of a picture can be extended in a natural way to de ne the rotation of a picture language.
The rotation of a language L will be referred to as LR .
We conclude this section by de ning an operator that takes two one-dimensional (string) languages
over the same alphabet  and produces a two-dimensional language over .
6

De nition 2.9 Let  be a nite alphabet and let S1; S2   be two string languages over . The
row-column combination of S1 and S2 is a two-dimensional language L = S1  S2   such that, a
picture p 2  belongs to L if and only if the strings corresponding to the rows and to the columns of p

belong to S1 and to S2 , respectively.

As an example of application of the operator , consider again the language L in Example 2.4, which
consists of all pictures over  = f0; 1g whose rst column is equal to the last column. Denote by S0  
the string language whose rst letter is equal to the last one: then L = S0   .

3 Regular expressions
The basic operations introduced in Section 2 can be used to obtain, starting from some elementary
languages, larger families of picture languages.
Given an alphabet , the empty language ; and every language f a g, with a 2 , are called atomic
languages over . Let us denote by R the following set of operations:

R = f e; e;  e;  e; [; \;c g:
The elements of R are called regular operations. A language over  is regular if it is obtained from
atomic languages by nitely many applications of regular operations. A regular expression is a formula
expressing how a speci c language is obtained from atomic languages by regular operations.

De nition 3.1 A regular expression (RE) over an alphabet  is de ned recursively as follows:
(i) ; and every letter a 2  are regular expressions.
c ( ), ( ) e( ), ( ) e( ), ( ) e,
(ii) If and
are
regular
expressions,
then
(
)
[
(
)
,
(
)
\
(
)
,
e
( ) are regular expressions.

Every regular expression over  denotes a two-dimensional language over  using the standard notation: ; denotes the empty language, a denotes the language f a g, ( ) [ ( ) denotes the union of the
languages denoted by and , ( ) \ ( ) denotes their
intersection,
( ) e( ) and ( ) e( ) denote their
e
e


column and row concatenation respectively, ( ) and ( ) denote the column and the row closure
respectively of the language denoted by , while c ( ) denotes its complement.

De nition 3.2 A two-dimensional language L   is regular if it is denoted by a regular expression
over .

The family of regular languages will be denoted by L(RE ).

Example 3.1 Let  = fa; bg. The regular expression

e
e e
(((a eb) ) e((b ea) ))

denotes the language consisting of all \chessboards" with even side-length; that is pictures of the following
form:

a
b
a
b
a
b

b
a
b
a
b
a

a
b
a
b
a
b

b
a
b
a
b
a

a
b
a
b
a
b
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b
a
b
a
b
a

a
b
a
b
a
b

b
a
b
a
b
a

It is interesting to consider the following subsets of the set R of regular operations:

R1 = f e; e;  e;  e; [; \g
R2 = f e; e; [; \;c g:
The regular expressions that contain only operations from set R1 are called complementation{free regular

expressions (CFRE) while the corresponding languages are called complementation{free regular languages.
The family of these languages is denoted by L(CFRE). For instance, the language in Example 3.1 is in
L(CFRE).
Similarly, the regular expressions using only operations from R2 are called star{free regular expressions
(SFRE). The corresponding family of languages is the family of star{free regular languages and it is
denoted by L(SFRE).

Example 3.2 Consider the language L consisting of all pictures over  = fa; bg such that there exists
at least a row containing two consecutive occurrences of symbol \a". L is in L(SFRE). In fact, it can be
expressed by the following star{free regular expression:

c (;) e(c (;) e(a ea) ec (;)) ec (;):

A special role in this theory will be played by expressions that use also the projection operation. We
consider in particular the following de nition.

De nition 3.3 A language L over an alphabet  is a projection of a complementation{free regular
language if there exists a language L0 over an alphabet ? that is denoted by a regular expression containing
operations from R1 only (i.e. L0 2 L(CFRE)) and a projection  : ? !  such that L = (L0 ).
The family of languages that are projection of complementation{free regular languages will be denoted
by L(PCFRE).

4 Automata
In this section we consider two di erent kinds of automata that read two-dimensional tapes. The rst one,
called \four-way automaton", is a sequential device while the other one is a particular cellular automaton
called \two-dimensional on-line tesselation automaton".

4.1 Four-way automata

One of the rst de nition of \recognizable picture language" was proposed by M. Blum and C. Hewitt,
who in 1967 introduced a model of nite automaton that reads a two-dimensional tape (cf. [1]). A fourway nite automaton is de ned as extension of the two-way automaton that recognizes strings (cf. [17])
by allowing the nite control to move in four directions: Left, Right, Up, Down. We give below the formal
de nition.

De nition 4.1 A non-deterministic (deterministic) four-way nite automaton, referred as 4NFA (4DFA),
is a 7-tuple A = (; Q; ; q0 ; qa ; qr ; ) where:
  is the input alphabet;
 Q is a nite set of states;
  = fR; L; U; Dg is the set of \directions";
 q0 2 Q is the \initial" state;
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 qa ; qr 2 Q are the \accepting" and the \rejecting" state, respectively;
  : Q n fqa ; qr g   ?! 2Q ( : Q n fqa; qr g   ?! Q   ) is the transition function.
In what follows, whenever there is no need to specify whether it is deterministic or non-deterministic,
we refer to a four-way automaton as 4FA. As the conventional model of automaton on strings, a 4FA
can be thought of as a nite control in a state of set Q that reads the input picture. The moves of the
nite control depend on the transition function : given the actual state and the symbol in the actual
position,  outputs the new state for the control and move it by one position according to the output
direction. When the nite control falls in either state qa or state qr , the 4FA halts (this is because no
transitions are de ned in those states). We use the convention that a 4FA reads pictures with borders pb
and that, when the control moves in a position carring symbol #, it comes back in p immediately at the
next move. Equivalently, one could assume that the control is somehow \border sensitive": namely, the
control knows when it is close to the border, and never comes out of p.
A 4FA recognizes a picture p 2  if, starting from the position (1; 1) in the initial state, it possibly
moves around and eventually halts in the accepting state qa . Notice that, during the recognition process,
a 4FA is not required to read all the positions of the input picture; moreover the nite control can come
back to a given position as many times as needed. We now give some examples of picture languages
recognized by 4FA.

Example 4.1 Let  = f0; 1g be an alphabet and let L   be the language of pictures whose rst

column is equal to the last one (see Example 2.4). Then, L is recognized by a 4DFA that operates as
follows. It scans a picture p row by row from left to right, proceeding from top to bottom, and by checking
at the same time that all positions contain letters in  and that the leftmost letter in a row is equal to
the rightmost one.

Example 4.2 Let  = f0; 1g be an alphabet and let L   be the language of squares in Example 2.2.

Then L can be recognized by a 4DFA that does the following. It scans a picture p starting from position
(1; 1) and moving along the diagonal (i.e., moving one step right/one step down). If it reaches the bottomright corner then picture p is a square. In this case it does a complete scan of p to check that all positions
contain letters of .
Now consider the language L1   consisting of squares of odd side-length with \1" in the central
position, that was described in Example 2.2. L1 can be recognized by a 4NFA that operates as follows.
Given a picture p, it starts scanning p from position (1; 1), again moving downward along the diagonal.
At some point, with this point being chosen non-deterministically, the automaton \memorizes" the letter
in the diagonal and starts moving downward along the other diagonal (i.e., moving one step left/one step
down). If it reaches the bottom-left corner, then p is a square of odd side-length whose central position
contains the \memorized letter". If the \memorized letter" was 1, then the automaton accepts; otherwise
it rejects.
The families of languages recognized by four-way non-deterministic and deterministic automata are
denoted by L(4NFA) and L(4DFA), respectively. The main results established on these family of languages are given below (cf. [1] and [23]): they show that, despite 4FA's are a very natural generalization
of nite automata to two dimensions, they do not maintain most of the important properties that nite
automata have for strings.

Theorem 4.1 L(4DFA) is strictly included in L(4NFA).
Proof: We show that the language L1 over  = f0; 1g consisting of squares of odd side-length whose
\central" position is a 1 cannot be recognized by a 4DFA. This proves the theorem, as L1 2 L(4NFA)
(see Example 4.2).
Consider rst the behavior of a 4DFA A when reading a block (sub-picture) b of \0"s and \1"s of size
(m; m). A can enter the block at one of the 4m ? 4 positions of the perimeter of b being at one of the jQj
9

states. Similarly, A can leave b at one of the 4m ? 4 positions in one of the jQj states. Thus the block
b de nes a mapping from the (4m ? 4)jQj incoming pairs into (4m ? 4)j2Qj outcoming pairs. There are
((4m ? 4)jQj)(4m?4)jQj such mappings. On the other hand, there are 2m di erent blocks of size (m;
m)
on a two-letter alphabet. If we choose m suciently large, we have ((4m ? 4)jQj)(4m?4)jQj < 2m2 and
then there exist two blocks that correspond to the same mapping. Let us call b1 and b2 such two blocks.
Now, assume by contradiction that we have a 4DFA A that can recognize language L1 . Without loss
of generality, we assume that A accepts pictures in L1 by halting in the lower right corner of the pictures.
Let (i; j ) be a position where b1 and b2 di er (i.e., b1 (i; j ) = 1 and b2 (i; j ) = 0 or vice versa). Then we
construct two square pictures p1 and p2 of odd side-length as follows. We construct p1 by taking b1 and
adding rows and columns of 0's to the four sides of b1 in a way that p1 is a squares of odd side-length
whose central position coincides with position b1 (i; j ). Then we construct p2 by taking p1 and replacing
the sub-picture b1 with the block b2 . When A accepts p1 , it starts and ends outside b1 ; hence it must
accepts also p2 but the central position of p2 is a 0. This gives the desired contradiction. 2

Theorem 4.2 L(4DFA) and L(4NFA) are not closed under row and column concatenation and closure
operations.

The complete proof of the above theorem can be found in [23]. As in the proof of Theorem 4.1, the
main idea behind the proof is to use combinatorial arguments to show that some particular languages
are not in L(4NFA). For example, to prove the non-closure under row concatenation, it is enough to
show that the language L1 described in Example 2.4 cannot be recognized by a 4NFA. Notice that, if
we let L be the language described again in Example 2.4, L 2 L(4DFA) (as shown in Example 4.1) and
L1 = L e .
Regarding boolean operations between languages, the following theorem holds (cf. [21]).

Theorem 4.3 L(4DFA) and L(4NFA) are closed under boolean union and intersection operations. Moreover L(4DFA) is closed under complement.
Notice that the question of whether the family L(4NFA) is closed under complement is still open.

4.2 On-line tesselation automata

In Section 4.1 we have considered automata that operate sequentially by moving around on an input
tape, reading one symbol at each step. In this section we deal with cellular automata, i.e., automata
that operate on the entire tape simultaneously. Informally a two-dimensional cellular automaton (2CA
for short) is an array of \cells" (identical nite state machines) each of them being in some state at any
given time. The cells operate in a sequence of discrete time steps: at each step every cell changes to a
(possible) new state depending on the states of its neighbours.
Here, we consider a particular model of 2CA, the two-dimensional on-line tessellation automata
(2OTA) introduced by K. Inoue and A. Nakamura in [18]. A 2OTA is a restricted type of 2CA in
which cells do not make transitions at every time-step: rather a "transition wave" passes once diagonally
across the array. Each cell changes its state depending on the two neighbors to the top and to the left,
respectively.
The formal de nition we give here is slightly di erent from the one of Inoue et al. and it uses some
ideas in [16].

De nition 4.2 A non-deterministic (deterministic) two-dimensional on-line tesselation automaton, referred as 2OTA (2-DOTA), is completely de ned by A = (; Q; q0 ; F; ) where:
  is the input alphabet;
 Q is a nite set of states;
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 I  Q (I = fig  Q) is the set of \initial" states;
 F  Q is the set of \ nal" (or \accepting") states;
  : Q  Q   ?! 2Q ( : Q  Q   ?! Q) is the transition function.
A run of A on a picture p 2  consists of associating a state (from the set Q) to each position

(i; j ) of p. Such state is given by the transition function  and depends on the states already associated
to positions (i ? 1; j ) and (i; j ? 1) and on the symbol p(i; j ) .
# # # #
#
#
# #
#
#
#
#
#
p(i ? 1; j )
#
#
p(i; j ? 1) p(i; j )
#
#
#
# # # #
#
#
# #
At time t = 0 an initial state q0 is associated to all the positions of the rst row and of the rst
column of pb. The computation consists of `1 (p)+ `2 (p) ? 1 steps. It starts at time t = 1 by reading p(1; 1)
and associating the state (q0 ; q0 ; p(1; 1)) to position (1; 1). At time t = 2, states are simultaneously
associated to positions (1; 2) and (2; 1), and so on, to the next diagonals. At time t = k, states are
simultaneously associated to each position (i; j ) such that i + j ? 1 = k. A 2OTA A recognizes a picture
p if there exists a run of A on p such that the state associated to position (`1 (p); `2 (p)) is a nal state.
We give rst some examples of languages recognized by 2OTA.
Example 4.3 Let  = fag and let L   the language of all pictures over  with an odd number of
columns. That is: L = fp j `2(p) is odd g:
A 2OTA can recognize pictures of L by associating states \1" and \2" to the positions of each odd
and even column, respectively. A picture is accepted if positions of the rightmost column contain state
\1". More formally, L is recognized by the 2OTA A = (; Q; I; F; ) de ned as follows:
 Q = f0; 1; 2g;
 I = f0g;
 F = f1g;
 (0; 0; a) = (0; 2; a) = (1; 0; a) = (1; 2; a) = 1;
(0; 1; a) = (2; 1; a) = 2.

Example 4.4 Let  = fag and let L   the language of all squares over  described in Example 2.2
A 2OTA can recognize pictures of L by associating state \1" to positions in the main diagonal and states
\2" and \3" to positions above and below such diagonal, respectively. A picture is accepted if the position
of the bottom-right corner contains state \1".
More formally, L is recognized by the following 2OTA A = (; Q; I; F; ) de ned as follows:
 Q = f0; 1; 2; 3g;
 I = f0g;
 F = f1g;
 (0; 0; a) = (2; 3; a) = 1;
(0; 1; a) = (0; 2; a) = (2; 1; a) = (2; 2; a) = 2;
(1; 0; a) = (3; 0; a) = (1; 3; a) = (3; 3; a) = 3.
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Notice that a 2OTA reduces to a standard automaton on words when we restrict it to operate on
one-row pictures only.
The families of two-dimensional languages recognized by a 2OTA and a 2DOTA are denoted by
L(2OTA) and L(2DOTA), respectively. We remark that, also in this model, deterministic automata
are less powerful than non-deterministic automata. In fact the following theorem holds (see [18] for the
proof).

Theorem 4.4 The family L(2DOTA) is strictly included in L(2OTA).
We now analyze properties of family L(2OTA)(cf. [18]).
Theorem 4.5 L(2OTA) is closed under projection.
Proof: Let ?and  be two nite alphabets and let  : ? !  be a projection. Let L  ? be a language
recognized by a 2OTA A = (?; Q; I; F; ). Then, it is easy to verify that language L0 = (L) is recognized
by the 2OTA A0 = (; Q; I; F; 0 ) where:
0 (p; q; a) =

2

[

b2?:(a)=b

(p; q; b):

Theorem 4.6 L(2OTA) is closed under row and column concatenation and closure operations.
To conclude this section, we consider comparisons among the families of two-dimensional languages
de ned by automata models. The following theorem, whose proof can be found in [18], shows that
two-dimensional on-line tesselation automata are more powerful than four-way automata.

Theorem 4.7 L(4NFA)  L(2OTA).
Regarding the deterministic versions of these automata, the two corresponding families of languages
are not related by inclusion relations. In fact in [18] there are examples of picture languages recognized
by a DFA and not recognized by any 2DOTA and vice versa.

5 Grammars
Di erent systems for generating pictures using grammars have been explored in the literature (cf., for
example, [31, 32, 33, 35, 34, 36, 29, 30, 39]). We consider here models that consist of two sets of
rewriting rules: horizontal and vertical rules, respectively, that correspond either to a context-free or
regular (conventional) grammars.
These models operate by rst generating a (horizontal) string  using the horizontal rules; then
generating a rectangular picture from the top row  by applying in parallel vertical rules. These grammars
actually formalize the parallel generation of two-dimensional languages. By parallel generation we mean
the simultaneous applications of several production rules.
Since in this chapter we limit ourselves to nite-state models, in this section we consider right-linear
grammars only. We give rst a formal de nition.

De nition 5.1 A two-dimensional right-linear grammar (2RLG) is de ned by a 7-tuple G = (Vh ; Vv ; I ; ; S; Rh; Rv ),

where:

 Vh is a nite set of horizontal variables;
 Vv is a nite set of vertical variables;
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I  Vv is a nite set of intermediates;
 is a nite set of terminals;
S 2 Vh is a starting symbol;
Rh is a nite set of horizontal rules of the form V ! AV 0 or V ! A, where V; V 0 2 Vh and A 2 I ;
Rv is a nite set of vertical rules of the form W ! aW 0 or W ! a, where W; W 0 2 Vv and a 2 .

The derivation is performed in two phases. In the rst phase, the string grammar Gh = (Vh ; I ; S; Rh)
generates a string language H (G) over the intermediate alphabet I . The strings in H (G) become the
top rows of the pictures to generate. During the second phase, each intermediate symbol is treated as a
start symbol: the vertical generation of the columns of the pictures is done in parallel and obtained by
applying the rules in Rv . Notice that the rules of Rv must be applied in parallel in order to ensure that
the terminating rules (i.e., rules of the form Vi ! ai ) are all applied simultaneously in every column.
These grammars ensure that the columns can grow only in one direction, namely, downward.

Example 5.1 Let G = (Vh; Vv ; I ; ; S; Rh; Rv ) be a grammar, where:
Vh = fS; T g; Vv = fA; B; C; Dg;
I = fA; B g;  = f0; 1g;
Rh = fS ! AT ; T ! BS ; T ! B g ;
Rv = fA ! 1C ; C ! 0A; C ! 0; B ! 0D; D ! 1B ; D ! 1g.
In the rst phase, G generates the string language H (G) = fAB g+. In the second phase, starting from

the string of H (G) considered as top rows of pictures, by application of the vertical rules in Rv , we obtain
the picture language L generated by G, which is the set of \chessboard" pictures of even side-length; i.e.,
pictures of the following form:
1
0
1
0
1
0

0
1
0
1
0
1

1
0
1
0
1
0

0
1
0
1
0
1

1
0
1
0
1
0

0
1
0
1
0
1

1
0
1
0
1
0

0
1
0
1
0
1

1
0
1
0
1
0

0
1
0
1
0
1

We denote by L(2RLG) the family of picture languages generated by two-dimensional right-linear
grammars.
We now give some notations that will be used in the proof of the theorem below. A string w 2
( [ f#g) is a standard string if it is of the form:

w = u1 #u2 # : : : #un #
with ui 2  for 1  i  n and ju1 j = ju2 j = : : : = jun j. Let S denotes the set of standard strings.
Given a picture p 2  of size (m; n), we denote by s(p) the following string over  [ f#g:
s(p) = p11 : : : pm1 #p12 : : : pm2 # : : : : : : #p1n : : : pmn #:
Given a picture language L   , we denote by s(L) the string language de ned as s(L) = fs(p) j p 2 Lg:
The following theorem holds.

Theorem 5.1 L(2RLG) is strictly included in L(4DFA).
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Proof: Let L be a picture language generated by a 2RLG. We have to show that there exists a 4DFA
that recognizes L. We rst remark that there exists a nite (string) automaton M that reading string
of S only, is able to distinguish those in s(L) from those not in s(L). Indeed, we can associate to the
two-dimensional grammar G the right-linear string grammar Gh , generating language H (G) over I ,
and, for each element A 2 I , a right-linear string-grammar GA , with starting symbol A and rules in Rv ,
which generates a string language LA over . Let r(L) be the string language over  [ f#g obtained by

substituting each symbol A in H (G) with the corresponding language LA#. By well known results from
string language theory, since H (G) and all the LA 's are regular languages, also r(L) is a regular language
and then there exists a nite automaton M that recognizes it.
Remark that s(L) = r(L) \ S . This means that, if M receives as input only standard strings, i.e.
strings of S , M is able to distinguish strings belonging to s(L) from strings that are not in s(L).
We are now able to exhibit a 4DFA recognizing L. Such 4DFA works as follows. It scans a picture
p starting from position (1; 1) and reading downwards the rst column of p until it reaches the border
in the position position (m + 1; 1). Then, it moves to the top position of the second column of p, i.e.,
position (1; 2), and reads downwards this column, and so on until it reaches the last position of the last
column, i.e., position (m + 1; n). In order to recognize L it suces that the 4DFA, while scanning the
picture this way, simulates the behavior of the string automaton M that recognizes the string language
r(L). This proves the inclusion L(2RLG)  L(4DFA).
In order to show that this inclusion is strict, it suces to consider the language of squares over a oneletter alphabet. This language is recognized by a 4DFA (see Example 4.2), but it cannot be generated
by a 2RLG. Indeed, in these grammars the horizontal and the vertical generations are independent and
there is no way to control that the number of rows in a picture is equal to the number of columns. 2
Several properties of family L(2RLG) have been studied in [29], [36]. We give here, in particular, the
following proposition that will be useful for the comparisons among all the families given later in the
chapter. The proof is easy to infer as a consequence of the de nition itself.

Proposition 5.1 The family L(2RLG) is closed under projection.
The grammars presented in this section were introduced by Siromoney et al. in [32] and are usually
called \matrix grammars". In [29], Nivat et al. extended this model introducing the notion of \image
grammars". The basic di erence between image grammars and matrix grammars is the concept of
synchronization de ned by a set of tables, where a table represents a set of rules that can be applied
simultaneously for rewriting columns.
Another model to generate pictures that has not been considered here is the model of \array grammars" (cf. [35],[31]). An array grammar operates by replacing a subarray with a subarray , the same
way as a string grammar replaces substrings by other substrings. However, when the two subarrays
and do not have the same size, it is not clear how can be replaced by . To avoid this problem, the
array grammars are usually required to be isometric.

6 Logic formulas
In a logic formalism, pictures are considered as model theoretic structures. We refer here to [15]. The
notations are borrowed from [38], where general graphs are considered in the framework of relational
structures. The result is actually a \translation" of the logic formalism to describe words to a formalism
to describe labeled grids.
A picture p of size (m; n) over  can be viewed as a vertex-labeled \grid graph" with m  n vertices
and then it can be represented as a relational structure. More formally we give the following de nition.

De nition 6.1 Let p be a picture of size (m; n). Then p can be represented by the signature p =
(dom(p); S1 ; S2 ; (Pa )a2 ), where:
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 dom(p) = f1; 2; : : :; `1 (p)g  f1; 2; : : :; `2 (p)g;
 S1 and S2 are the successor relations for the two components of points of dom(p), that is: (i; j ) S1 (i+
1; j ) and (i; j ) S2 (i; j + 1) for 1  i  m; 1  j  n;
 Pa = f(i; j )j p(i; j ) = ag for a 2  gives the set of points in dom(p) that are labeled with a.
Properties of pictures can be described by rst-order and monadic second-order formulas, using rstorder variables x; y; z; x1 ; x2 ; : : : for points of dom(p), i.e., positions, and monadic second-order variables
X; Y; Z; X1; X2 ; : : : for sets of positions.
Atomic formulas are of the form xS1 y, xS2 y, X (x), and Pa (x): they are interpreted in a natural
way by (x; y) 2 Si , x 2 X , x 2 Pa , respectively. Formulas are built up from atomic formulas by means
of the Boolean connectives :; ^; _; !; $ and the quanti ers 9; 8, applicable to rst-order as well as to
second-order variables. A formula without free variables is called a sentence.
If '(X1 ; :::; Xn ) is a formula with at most X1 ; : : : ; Xn occurring free in '; p is a picture, and Q1; : : : ; Qn
are subsets of dom(p), we write
(p; Q1; : : : ; Qn ) j= '(X1 ; : : : ; Xn )
if p satis es ' under the above mentioned interpretation, where Qi is taken as interpretation of Xi . If '
is a sentence, we write p j= '.
The language L(') de ned by a sentence ' is the set of all pictures p 2  such that p j= '.

De nition 6.2 Let L be a picture language.
 L is Monadic Second-Order de nable if there is a monadic second-order sentence ' with L = L(').
 L is First-Order de nable if there is a sentence ' containing only rst-order quanti ers (i.e., ranging

over position variables only) such that L = L(').
 L is Existential Monadic Second-Order de nable if there is a sentence of the form ' = 9X1 : : : 9Xn (X1 ; : : : ; Xn),
where contains only rst-order quanti ers, such that L = L(').

The families of two-dimensional languages that are Monadic Second-Order, First-Order and Existential Monadic Second-Order de nable will be denoted by L(MSO), L(FO) and L(EMSO), respectively.
In [15] some examples of formulas de ning properties of two-dimensional languages are given. Let us
mention only some properties of positions and pictures which are easily described by rst-order formulas.
An upper border position x of a picture, i.e., a position x = (1; j ) for some j , is described by

't (x) := :9y yS1 x
where \t" stands for \top". Similarly, the other borders (left, right and bottom) can be described by
corresponding formulas 'l (x), 'r (x), 'b (x). The four corner positions (top-left, top-right, bottom-left,
bottom-right) are de ned by appropriate conjunctions of these formulas and they will be indicated here
by 'tl (x); 'tr (x); 'bl (x); 'br (x), respectively.

Example 6.1 Consider the language L described in Example 2.3 of all the words, considered as pictures
of size (1; n), over an alphabet . L is de nable by the rst-order sentence 8x't (x):
Example 6.2 Let L be the language of squares over a one-letter alphabet  = fag described in Exam-

ple 2.2. Then L can be described by an existential monadic second order formula that postulates a set of
positions which (i) contains the left upper corner, (ii) is \closed under diagonal successors" (i.e., passing
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from (i; j ) to (i + 1; j + 1)), (iii) does not hit the bottom or right border, excepting the bottom right
corner. An existential monadic second-order sentence expressing this is the following:
9X (9x('tl (x) ^ X (x))
^8x8y8z (X (x) ^ xS1 y ^ yS2 z ) ! X (z ))
^8x(('b (x) _ 'r (x)) ! (:X (x) _ 'br (x)))
where 'tl (x); 'b (x); 'r (x) and 'br (x) are rst-order formulas expressing the properties that x is a \topleft", \bottom", \right", \bottom-right" position, respectively.
Moreover it can be shown that the set of squares cannot be described by a rst-order sentence.

7 Tiling Systems
In this section, we consider a notion of nite state recognizability for picture languages introduced recently
in [13]. This notion takes as starting point a well known characterization of recognizable string languages
in terms of local languages and projections. Namely, any recognizable (by means of nite automata) string
language can be obtained as projection of a local string language over a larger alphabet (cf. Theorem 6.1
in [7]). Such notions can be extended in a natural way to the two dimensional case: more precisely, we
de ne local picture languages by means of a set of square arrays of side-length two, here called \tiles",
that represent the only allowed blocks of that size in the pictures of the language. Then we say that a
two-dimensional language is \tiling recognizable" if it can be obtained as a projection of a local picture
language.
We remark that this approach is very close to that one proposed by W. Thomas in the more general
framework of graphs (cf. [38]).

7.1 Local two-dimensional languages

Given a picture p of size (m; n), let h  m; k  n: we denote by Bh;k (p) the set of all blocks (or
sub-pictures) of p of size (h; k). We call tile a square picture of size (2; 2).
De nition 7.1 Let ? be a nite alphabet. A two-dimensional language L  ? is local if there exists a
nite set  of tiles over the alphabet ? [ f#g such that L = fp 2 ? jB2;2 (pb)  g.
Therefore  represents the set of allowed blocks for pictures belonging to the local language L. Given
a language L, we can consider the set  as the set of all possible blocks of size (2; 2) of pictures that
belong to L (when considered with the frame of # symbols). The language L is local if, given such a set
, we can exactly retrieve the language L. We will assume implicitely, that the empty picture  belongs
to L if and only if  contains the tile with four # symbols. We call the set  a representation by tiles
for the local language L and write L = L().
The family of local picture languages will be denoted by LOC. We now give an example of a local
two-dimensional language.
Example 7.1 Let ? = f0; 1g be an alphabet and let  be the following set of tiles over ?.
8 1 0 0 0 0 1 0 0 # 1 # 0 9
>
>
>
;
;
;
;
;
;>
>
>
>
>
>
>
> 0 1 1 0 0 0 0 0 # 0 # 0 >

>
>
>
<
 = > #0 #0 ; #0
>
>
>
>
>
>
>
# #
>
: #
# 1 ; 0

>
>
>
1 ; 0 #; 0 #;# #;# #;=
# 1 # 0 # 0 0 1 0 >
>
>
>
>
>
>
>
#;# 0 ; 1 #
>
;
# # # # #
16

The language L = L() is the language of squares pictures in which all main diagonal positions carry symbol 1, whereas the remaining positions carry symbol \0": this is the two-dimensional language described
in Example 2.2.
Notice that the language of squares over a one-letter alphabet is not a local language because there
is no \local strategy" to compare the number of rows and columns using only one symbol.
Another way to understand the notion of local two-dimensional language is to reason in terms of a
computational procedure to recognize a picture: a window of size 2  2 is moved around the picture and
a record is made of the blocks of size (2; 2) observed through the window, regardless of the order and
the number of occurrences of these blocks. A picture is \accepted" if the set of the recorded blocks is
included in the given set  of tiles.
The de nition of the family LOC extends the classic notion of a local string language to two dimensions. We recall, (cf. [7]), that a local string language is de ned by means of a set of strings of length two
(that contains all possible allowed factors of length two for the strings of the language) and a pair of sets
of letters (that correspond to the possible beginnings and endings for the string in the language).
As a nal remark, we notice that, analogously to the one-dimensional theory, we can generalize this
notion of local language by taking blocks of di erent size. Let h; k be two positive integers: a twodimensional language L is (h; k)-local when we can test whether a picture x belongs to L by checking
only set Bh;k (x) (i.e., set containing its blocks of size (h; k)). Using this more general de nition, the
family LOC corresponds to the family of (2; 2)-local two-dimensional languages. We will return to this
generalization later.

7.2 Tiling recognizable languages

We now de ne two-dimensional languages using the notion of local languages introduced above and the
notion of projection of a language (see Section 2). Combining these two notions, yields the de nition of
tiling system.

De nition 7.2 A tiling system (TS) is 4-tuple T = (; ?; ; ), where  and ? are two nite alphabets,
 is nite set of tiles over the alphabet ? [ f#g and  : ? !  is a projection.
The tiling system T de nes (\recognizes") a language L over the alphabet  as follows: L = (L0 )
where L0 = L() is the local language over ? corresponding to the set of tiles . We write L = L(T )
and we say that L is the language recognized by T . We will refer to the local language L0  ? as the
underlying local language for L, while we will call ? the local alphabet.
We say that a language L   is recognizable by tiling systems (or tiling recognizable) if there exists a
tiling system T = (; ?; ; ) such that L = L(T ). We denote by L(TS ) the family of all two-dimensional
languages recognizable by tiling systems. In other words L 2 L(TS ) if it is a projection of some local
language.
We show rst an example.

Example 7.2 Let  = fag be a one-letter alphabet and let L be the language of squares over , that
is L = fx j `1 (x) = `2 (x)g   . Language L is recognizable by a TS. In fact we can take as underlying
local language L0 , the one in Example 7.1 (i.e., the language of squares over the alphabet ? = f0; 1g with
1's in the main diagonal and 0's in the other positions) and apply the projection  : ? !  such that
(0) = (1) = a. It is easy to see that L = (L0 ).

A similar argument can be used to prove that the set of squares over any alphabet is recognizable by
a TS. For example, if  = fa; bg, we take a local language over the alphabet ? = fa0 ; b0 ; a1 ; b1g such that
in the main diagonal positions there can be only a1 and b1 while the remaining positions can contain only
a0 and b0 . Then we use a projection  : ? !  that \restores" each ai to a and each bi to b for i = 0; 1.
17

Remark: A tiling system (; ?; ; ) for a picture language is in some sense a generalization to two

dimensions of an automaton that recognizes a string language. Indeed, in the one-dimensional case, the 4tuple (; ?; ; ) corresponds exactly to the automaton. The alphabet ? is in a one-to-one correspondence
with the edges of the state-graph of the automaton. The set  (that in one dimension is a set of strings
of length two on the alphabet ? [ f#g) describes the edges adjacencies and thus provides a description
of the state-graph. The mapping  : ? !  gives the labeling of the edges in the state-graph. Then, the
set of words of the underlying local language de ned by set  corresponds to all accepting paths in the
state-graph and its projection by  gives the language recognized by the automaton (cf. [7]). 2
As consequence of the above remark, we have that when rectangles degenerate in strings, the de nition
of recognizability by tiling systems coincides with the classical de nition for strings. Equivalently, given
a recognizable (by means of nite automata) string language L, if we consider L as a two-dimensional
language whose pictures have only one row, then L is also recognizable by (two-dimensional) tiling
systems.
Remark: Finally, we notice that this de nition of recognizability in terms of local languages and projections is implicitly non-deterministic. This can be easily understood if we refer to the above remark
and look at the one-dimensional case: if no particular constraints are given for the set , the 4-tuple
(; ?; ; ) corresponds in general to a non-deterministic automaton. 2
We now give some examples of two-dimensional languages recognizable by tiling systems to emphasize
the power of this de nition of recognizability in describing properties of pictures.
Example 7.3 Let  be a nite alphabet and let p 2  be a picture over . The language L = fpg
that contains the single picture p belongs to L(TS).
The easier way to de ne a tiling system (; ?; ; ) for L is the following. Let (m; n) be the size of
p (i.e., `1(p) = m and `2 (p) = n). We take a local alphabet of m  n symbols ? = fai;j j i = 1; : : : ; m j =
1; : : : ; ng. Then, we consider the picture p0 2 ? of the same size as p such that p0 (i; j ) = ai;j ; 8i =
1; : : : ; m; and j = 1; : : : ; n. The language L0 = fp0 g is local and the corresponding set  contains all the
(m + 1)  (n + 1) di erent blocks of size (2,2) of pb0 .
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The projection  : ? !  is de ned as (ai;j ) = p(i; j ).
Example 7.4 Let  = fag be a one-letter alphabet and let L be the languages of all pictures over 
with 3 columns described in Example 2.1. Language L is in L(TS): it is not dicult to verify that we
can take a local language over a three letters alphabet with a set of allowed tiles  containing all the
blocks of size (2; 2) of the following picture.
# # # # #
# 1 2 3 #
# 1 2 3 #
# 1 2 3 #
# 1 2 3 #
# 1 2 3 #
# 1 2 3 #
# # # # #
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Obviously, the projection  is such that (1) = (2) = (3) = a.
Similarly, one can show that the language Lc = fxj `2 (x) = cg   where c is any positive integer
constant, belongs to L(TS). (It suces to take a local alphabet of size c and de ne an underlying local
language whose rectangles have a di erent letter for each column). Moreover, it is not dicult to prove
that the corresponding languages over any alphabet ? are recognizable by using a local alphabet of size
c  j?j (see Example 7.2).

7.3 Closure properties

In this section we examine some properties of the family L(TS) concerning closure under di erent kinds
of operations. All these results can be also found in [14].
We start with a simple theorem whose proof derives directly from the de nition of tiling systems.

Theorem 7.1 The family L(TS) is closed under projection.
Proof: Let 1 ; 2 be two nite alphabets and let ' : 1 ! 2 be a projection. We have to prove that,
if L1  
1 is recognizable by tiling systems then L2 = '(L1 ) is recognizable by tiling systems, too.
Let T1 = (1 ; ?; ; 1 ) be a tiling system for L1 : that is L1 = L(T1 ). Then L1 = 1 (L0 ), where L0 is
the (underlying) local language represented by . It easy to see that L0 is an underlying local language
also for L2 ; in fact L2 = 2 (L0 ) where 2 = '  1 : ? ! 2 . Hence T2 = (2 ; ?; ; 2) is a tiling system
for L2 . 2
We now consider concatenation operations (see Section 2 for the formal de nitions).

Theorem 7.2 The family L(TS) is closed under row and column concatenation operations.
Proof: Let L1 and L2 be picture languages over an alphabet  and let L = L1 eL2 be the language
corresponding to the column concatenation of L1 and L2 . By de nition of column concatenation, a
picture p 2 L is composed by a pair of pictures p1 2 L1 and p2 2 L2 with the same number of rows such
that the rightmost column of p1 is glued to the leftmost column of p2 .
Let (; ?1 ; 1 ; 1 ) and (; ?2 ; 2 ; 2 ) be two tiling systems for L1 and L2, respectively. Without loss
of generality we assume that the local alphabets ?1 and ?2 are disjoint. We can de ne a tiling system
(; ?; ; ) for L as follows. We take ? = ?1 [ ?2 :
Note that set  has to contain all the elements from set 1 except those corresponding to the right
borders and all elements from set 2 except those corresponding to the left borders. Moreover, we should
add some \middle tiles" corresponding to the two columns where the gluing is done. Such tiles contain
pieces of the right border of pictures in L1 in the left side and pieces of the left border of pictures in L2
in the right side. More formally, we rst de ne the following three sets of tiles.



a1 b1 j

c1 d1

 02 = ac22 db22 j
8
>
>
>
>
<
 12 = > a#1 a#2 ;
>
>
>
:
01 =


b1 2  and b ; d 6= #
1
1 1
d1

b2 2  and a ; c 6= #
2
2 2
d2
9
a1 # ; # # ; c1 # 2  ; >
>
>
1
>
=
# # ; c1 c2 j # # b1 # d1 #
b1 b2 d1 d2 # a # # # c
>
>
2;
2 2 >
;
;
2 >
# # # b2 # d2
a1
c1
a2
c2
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Then, we take:  = 01 [ 02 [ 12 :
The projection  : ? !  is de ned in a way that its restrictions to alphabets ?1 and ?2 coincide
with projections 1 and 2 , respectively. In formulas, we have:

8a 2 ?; (a) = 21 ((aa)) ifif aa 22 ??21
In a similar way, we can obtain a tiling system for the row concatenation L = L1 eL2 . By de nition
of row concatenation, a picture p 2 L consists of a pair of pictures p1 2 L1 and p2 2 L2 with the same
number of columns such that the row at the bottom of p1 is glued to the row at the top of p2 . Thus, in
order to de ne a tiling system for L starting from the tiling systems for L1 and L2 , we can proceed as
before. The only di erence is that, this time, set  should contain all the elements from set 1 except for
those corresponding to the bottom borders and all elements from set 2 except for those corresponding
to the top borders and plus some \middle tiles" corresponding to the two rows where the gluing is done.

2

Theorem 7.3 The family L(TS) is closed under row and column closure operations.
Proof: Let L be a picture language
e over an alphabet  that is recognizable by tiling systems. By

de nition, the column closure L of L is given by successions of columne concatenation operations
between pictures in L. Then we can nd a tiling system (; ?; ; ) for L using the same technique
as in the proof of the previous theorem.
We consider two di erent tiling systems for L, say (; ?1 ; 1 ; 1 ) and (; ?2 ; 2 ; 2 ), such that the
local alphabets ?1 and ?2 are disjoint. We de ne ? = ?1 [ ?2 and build a set 12 as in the proof of
the previous theorem. Then, the set of tiles  is de ned as  = 1 [ 12 . The projection  : ? !  is
de ned again as in the proof of the previous theorem.
The same idea can be used to de ne a tiling system for the picture language L e corresponding to
the row closure of L. 2
We now consider the Boolean operations.

Theorem 7.4 The family L(TS) is closed under union and intersection.
Proof: Let L1 and L2 be two picture languages over an alphabet  and let (; ?1; 1; 1) and (; ?2; 2; 2)
be two tiling systems to recognize L1 and L2 , respectively. Once again, we assume that the local alphabets
?1 and ?2 are disjoint. A tiling system (; ?; ; ) for the \union language" L = L1 [ L2 is quite easy
to construct. We take as local alphabet ? = ?1 [ ?2 and de ne the projection  so that its restrictions
to alphabets ?1 and ?2 coincide with 1 and 2 , respectively (see proof of Theorem 7.2). The set of tiles
 is the union of sets 1 and 2 .
To construct a tiling system (; ?; ; ) for the \intersection language" L = L1 \ L2 we need to nd
an underlying local language for L whose pictures \belong", in some sense, to both the underlying local
languages for L1 and L2 . This can be accomplished by taking as local alphabet ? a particular subset of
?1  ?2 such that
(a1 ; a2 ) 2 ? , 1 (a1 ) = 2 (a2 ):
Then, a set of tiles  that represents the intersection of sets 1 and 2 can be de ned as follows.





 = ((ac1 ;; ca2)) ((db1 ;; bd2 )) j ac 1 db1 2 1 and ac 2 db2 2 2 :
1 2
1 2
1 1
2 2
Finally, the projection  : ? !  is well de ned as

((a1 ; a2 )) = 1 (a1 ) = 2 (a2 ); 8(a1 ; a2 ) 2 ?1  ?2 :

2
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Remark that the closure under union together with Example 7.3 imply that all nite languages belong
to L(TS).
In a di erent set-up, K. Inoue and I. Takanami (cf. [22], [18], [19]) proved that L(TS) is not closed
under Boolean complementation. We give here a shorter proof of this fact, that refers directly to family
L(TS) and uses a combinatorial argument

Theorem 7.5 The family L(TS) is not closed under complement.
Proof: Let  = fa; bg an alphabet and let
L = fp 2  j p = s es where s is a squareg:
That is, language L contains pictures of size (2n; n) for every n 2 IN such that the top and the bottom
square halves are identical. The proof of the theorem is given by showing that L 62 L(TS) while cL 2
L(TS ).
We rst prove that L 62 L(TS). Suppose, by contradiction, that L 2 L(TS). Then L is a projection of

a local language L0 over an alphabet ?. A counting argument will show that this leads to a contradiction.
Let  and be the sizes of the alphabets  and ? respectively. Without loss of generality, we assume
that   . Fix an integer n and let

Ln = fp 2  j p = s es where s is a square of size ng:

The number of pictures in Ln is n2 . Let L0n be the set of pictures in L0 (over ?) whose projections are
in Ln . Notice that by choice of there are at most 2n possibilities for the n-th and (n +1)-th rows in
the pictures of L0n , since the number of stripe-pictures
of size (2; n) on the alphabet ? is 2n .
2
For n suciently large it will be that n  2n . Therefore, for n suciently large, there will
be two di erent pictures p = sp esp ; q = sq esq 2 Ln (with sp 6= sq ) such that the corresponding
p0 = s0p es00p ; q0 = s0q es00q 2 L0n have the same nth and (n +1)th rows. This implies that, by de nition of
local language, pictures v0 = s0p es00q and w0 = s0q es00p belong to L0n, too. Therefore pictures (v0 ) = sp esq
and (w0 ) = sq esp belong to Ln . This is the required contradiction.
We now prove that c L 2 L(TS). We decompose c L = L1 [ L2 , where:
L1 = fp 2  j `1(p) 6= 2`2 (p)g
L2 = fp 2  j `1(p) = 2`2 (p) and top and bottom halves are di erentg.
It is quite easy to show that L1 is recognizable, using a tiling system which, within a rectangle, builds
up a line declining stepwise two squares by one, starting at the top left corner and missing the bottom
right corner. On the other hand, L2 can be written as:

L2 = L3 \ ( e(L4 \ ( eL5 e )) e )

where:

L3 = fp 2  j `1 (p) = 2`2(p)g
L4 = fp 2  j `1 (p) = `2 (p) + 1g
L5 = fp 2  j `2 (p) = 1 and p(1; 1) 6= p(1; `1 (p))g.
Language L3 and L4 can be recognized by techniques similar to the one for L1 above described (using
the opposite of the last condition for e.g. L3). To see that L5 is recognizable it suces to observe that it
is actually a recognizable string language. This shows that language L2 2 L(TS) and consequently that
the whole c L is recognizable. 2

Remark: In Remark 7.2 we noticed that the de nition of family L(TS) is implicitly non-deterministic.
Then, as consequence of non-closure under complement of family L(TS), we infer that it is not possible

to eliminate the non-determinism from this model without loosing in power of recognition (as long as
deterministic versions allow complementation). 2
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We conclude this section by considering the rotations (see Section 2 for the formal de nition). The
following theorem holds.
Theorem 7.6 The family L(TS) is closed under rotation.

Proof: Let L   and let T = (; ?; ; ) be a tiling system to recognize L. It is not dicult to verify
that the rotation of L can be recognized by tiling system T R = (; ?; R ; ) where R is the rotation of

set . 2

7.4 Domino Systems

We de ned \local languages" as languages given by a nite set of authorized tiles of size (2; 2). The
use of blocks of size (2; 2) implies that, in a computational procedure to recognize a given picture, the
horizontal and vertical controls are done at the same time. Then it is natural to ask what happens when
the two scannings are done separately and in particular what this can imply when we apply projections
afterwords.
In [25] the so-called hv-local picture languages are de ned, where the square tiles of side 2 are replaced
by \dominoes" that correspond to two kinds of tiles: horizontal dominoes of size (1; 2) and vertical
dominoes of size (2; 1). Notice that, from a computational point of view, this corresponds to the fact that
the horizontal and the vertical scanning of an input picture can be done separately. We now give some
more formal de nitions.
Recall that, given a picture p of size (m; n), and h  m; k  n, we denote by Bh;k (p) the set of all
blocks (sub-pictures) of p of size (h; k). We call domino a picture whose size is either (1; 2) or (2; 1).
Let ? be a nite alphabet.

De nition 7.3 A two-dimensional language L  ? is hv-local if there exists a nite set  of dominoes
over the alphabet ? [ f#g such that language L = fp 2 ? j(B1;2 (pb) [ B2;1 (pb))  g.
The set  will be called a representation by dominoes for the hv-local language L and we will write
L = L(). It will be implicitly assumed that the empty picture  belongs to an hv-local language if both
the dominoes of sizes (1; 2) and (2; 1) with two # symbols belong to .

The family of hv-local picture languages is strictly contained in the family LOC of local picture
language as it is proved in the following proposition.

Proposition 7.1 If L  ? is an hv-local two-dimensional language then L is a local language.
Proof: Let L  ? be an hv-local picture language. Then L = L() where  is a nite set of dominoes.
We will construct a nite set of tiles  and show that L = L(). The set of tiles  will be de ned in a
way that all the sub-blocks of sizes (1; 2) and (2; 1) of each tile in  should belong to the set of dominoes
. More formally, we de ne  as follows.


# ; (B () [ B ())  
 =  2 (? [ f#g)22 j  6= #
1;2
2;1
# #

Let L0 = L(). We now show that L0 = L. Let p 2 L0 : then, by de nition, B2;2 (pb) 2 . This implies
that B1;2 (pb)  B1;2 (B2;2 (pb))  B1;2 ()  : Similarly B2;1 (pb)  . Hence p 2 L.
Conversely, let p 2 L and q 2 B2;2 (pb). Then B1;2 (q)  B1;2 (pb)   and B2;1 (q)  B2;1 (pb)  .
Therefore q 2  and p 2 L0 . 2
We remark that the converse of Proposition 7.1 is not true, that is there are languages that are local
but not hv-local. This can be easily understood by considering the local language over  = f0; 1g of
squares of 0's with the main diagonal of 1's described in Example 7.1.
The relevance of family of hv-local languages lies in the fact that it can be used to de ne a special
kind of tiling system called domino system.
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De nition 7.4 A domino system (DS) is a 4-tuple D = (; ?; ; ), where  and ? are two nite
alphabets,  is a nite set of dominoes over the alphabet ? [ f#g and  : ? !  is a projection from ?

to .
The domino system D \recognizes" a language L over the alphabet  de ned as L = (L0 ) where
0
L = L() is the hv-local language over ? corresponding to the set of dominoes .
We denote by L(DS) the family of two-dimensional languages recognized by domino systems. The
following theorem holds.
Theorem 7.7 L(TS)=L(DS)
Proof: The inclusion L(DS) L(TS) is an immediate consequence of Proposition 7.1. The inverse
inclusion is based on the following lemma. The proof we give here is shorter than the original one in [25].

2

Lemma 7.1 Let L be a local language over an alphabet . Then there exists an hv-local language L0
over an alphabet ? and a mapping  : ? !  such that L = (L0 ).
Proof: Let L = L() where  is a nite set of tiles over  [ f#g. Recall that, by de nition,  contains

all allowed sub-pictures of size (2; 2) of pictures in L. The idea of the proof is to show that we can express
the property of \beeing an allowed sub-picture of size (2; 2) of picture in L" by means of dominoes over
a larger alphabet ?. This is accomplished by choosing ? as the set  itself and de ning the set  of
dominoes by forcing some conditions on the tiles to stay in the same domino. More formally, we do the
following.
Let ? =   ( [ f#g)22 and let

9
8
c
>
1 c2
>
>
=
< a1 a2 b1 b2 c3 c4 a1 a2 ; b1 b2 ; c1 c2 ; d1 d2 2 ? >
 = > a a b b ; d d j a3 a4 b3 b4 c3 c4 d3 d4
>
>
;
: 3 4 3 4 d13 d24 and a2 = b1 ; a4 = b3 ; c3 = d1 ; c4 = d2 >
Language L0 = L() is an hv-local language over ?. Then we de ne a mapping  between the two

alphabets as follows.

:

?! 

?

a1 a2 ?! a
1
a3 a4
To complete the proof, we have to show that (L0 ) = L. Before proving it formally, we give an
example to clarify how a picture p 2 L and a picture p0 2 L0 such that (p0 ) = p are related. Suppose
that picture pb is the one below:

# # # # #
p11 p12 p13 #
pb = #
# p21 p22 p23 #
# # # # #
Then the corresponding picture pb0 will be the following.
# # # # # # #
# p11 p11 p12 p12 p13 p13
# p11 p11 p12 p12 p13 p13
p21 p21 p22 p22 p23 p23
0
pb = #
# p21 p21 p22 p22 p23 p23
# # # # # # #
# # # # # # #
# # # # # # #
23

#
#
#
#
#
#
#
#

#
#
#
#
#
#
#
#

#
#
#
#
#
#
#
#

Note that in the de nition of pb0 we have used several di erent \border symbols". More precisely, we
have assumed without loss of generality that border symbols for ? are all tiles containing symbol # at
the top-left position.
Now we prove that L = (L0 ). Let p 2 L, p of size (m; n). We consider a picture p0 over ? de ned as
follows.
i; j ) p(i; j +1) for i = 1; :::; m ? 1 , j = 1; :::; n ? 1 ;
p0 (i; j ) = p(pi(+1
; j ) p(i +1; j +1)

i; n) # for i = 1; :::; m ? 1 ;
p0 (i; n) = p(pi(+1
; n) #
p0 (m; j ) = p(m; j ) p(m; j +1) for j = 1; :::; n ? 1 ;
#

#

n) #
p0 (m; n) = p(m;
# # .

It is easy to verify (by de nitions of L0 and ) that p0 2 L0 and (p0 ) = p.
Conversely, let p0 2 L0 and let q 2 B2;2 (pb0 ) be a sub-picture of pb0 of size (2; 2). To prove that (p0 ) 2 L
it suces to show that (q) 2 . Without loss of generality, (because of de nition of L0 ), suppose the
block q is the following.

a1
q = cc1
1
c3

b1
d1
d1
c4

b1
d1
d1
d3

b2
d2
d2
d4

where all the symbols a1 ; b1; b2 ; c1 ; c2 ; c3 ; d1 ; d2 ; d3 ; d4 2  [ f#g and the four quadruples ac 1 db1 ,
1 1
b1 b2 , c1 d1 , d1 d2 2 .
d d
c c
d d
1

2

3

4

3

4

Then (q) = ac 1 db1 2 . 2
1 1

Before concluding we give, as example, an application of Theorem 7.7.
Example 7.5 Consider language L of squares over the one-letter alphabet  = fag. In Example 7.2
we saw that L 2 L(TS). In order to show that L 2 L(DS) it suces to verify that it can be obtained
as projection of the language L0 over ? = f0; 1; 2g of squares whose positions in the main diagonal are
covered by 1's, positions above the main diagonal are covered by 0's and positions below the main diagonal
are covered by 2's. That is, L0 contains pictures like the following.
1 0 0 0 0 0
2 1 0 0 0 0
2 2 1 0 0 0
2 2 2 1 0 0
2 2 2 2 1 0
2 2 2 2 2 1
Language L0 is hv-local, in fact it is represented by the following set of dominoes.
8 # # # 1 0 0 2 2 1 9
>
>
>
>
>
# ; 1 ; 0 ; 2 ; 1 ; 0 ; 2 ; # ; # ;>
>
>
>
>
=
<
=> # # ; # 1 ; 1 0 ; 0 0 ; 0 # ; >

>
>
>
>
:

# 2 ; 2 2 ; 2 1 ; 1 #
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>
>
>
>
;

Then L = (L0 ) where  : ? ! , (0) = (1) = (2) = a.

7.5 Generalizations of local languages

In Section 7.4 we considered a special subclass of local languages, namely the hv-local languages, and we
proved that the family L(DS) of languages that are projections of hv-local languages coincides with the
family L(TS) of languages that are projections of local languages.
In the string language theory there exist two important generalizations of local languages: the locally
testable languages (cf. [27]) and the threshold locally testable languages. In this section we extend these
two notions to the two-dimensional case and we show that the corresponding two-dimensional languages
and their projections are all recognizable by tiling systems.
Let  be a nite alphabet: for any pair of integers h; k  1, we de ne an equivalence relation on 
denoted by hk as follows.

8p; q 2  ; p h;k q , Bh;k (^p) = Bh;k (^q )
In other words, two pictures p and q are hk ?equivalent if the corresponding pictures with border, have
the same set of blocks of size (h; k).
We can now give the following de nition.

De nition 7.5 A two-dimensional language L over  is locally testable if it is union of hk -equivalence
classes for some h and k.

The family of all locally testable two-dimensional languages is denoted by LT. The following theorem
holds (see [13] for the proof).

Theorem 7.8 The family LT is properly included in the family L(TS).
Remark: Family LT is an example of sub-family of family L(TS) that is closed under complement. 2
A further generalization can be obtained starting from the locally testable languages and adding the
extra condition of counting, up to a xed threshold, the number of occurrences of the sub-pictures of size
(h; k). This gives the de nition of locally threshold testable two-dimensional languages. More formally,
let t  1 be a threshold number and let h; k  1. Given a picture p, for any picture  of size (h; k), we
de ne occt (p) to be the number of occurrences of  in pb if  occurs less than t times in p or to be equal
to t otherwise.
Given two pictures p and q, we say that they are th;k ?equivalent if, for every picture  of size (h; k),
t
occ (p) = occt (q). The relation th;k is an equivalence relation.
De nition 7.6 A two-dimensional language L over  is locally threshold testable if it is the union of
th;k -equivalence classes for some h; k and t.
The family of all locally threshold testable two-dimensional languages is denoted by LTT. The following theorem holds (see [15] for the proof).

Theorem 7.9 Every language in LTT is a projection of a locally testable language.
The following corollary is an easy consequence of Theorem 7.9.

Corollary 7.1 The family LTT is properly included in the family L(TS).
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8 Equivalence Theorems
The families of two-dimensional languages de ned in the previous sections are based on di erent approaches to recognize or generate pictures that were all generalizations from the one-dimensional languages theory. It turns out that equivalence theorems hold among these families and that such theorems
are, in some sense, the analogous of fundamental equivalence theorems among the families of recognizable
string languages.

8.1 Tiling systems and automata

Tiling systems for picture languages were de ned generalizing to the two{dimensional case a characterization of nite automata for strings in terms of local sets and projections (see Section 7.2). In [22]
K. Inoue and I. Takanami proved that tiling systems can be viewed as machine devices. More speci cally,
a tiling system can simulate an on-line tesselation automaton and vice versa. This is the contents of the
following theorem.
Theorem 8.1 L(2OTA) = L(TS).
To make to proof of the theorem easier to read, we split the theorem in two lemmas corresponding to
the two inclusions in the theorem.
Lemma 8.1 If a language is recognized by two-dimensional on-line tesselation automata then it is recognized by nite tiling systems (L(2OTA) L(TS)).
Proof: Let L   be a language recognized by a two-dimensional on-line tesselation automaton A =
(; Q; I; F; ). We have to show that there exists a tiling system T that recognizes L. Let T = (; ?; ; )
be a tiling system such that:
 ? =  [ f#g  Q;
  = m [ t [ b [ l [ r [ tl [ tr [ bl [ br (where m, t, b, l, r stand for \middle", \top",
\bottom",

 \left", \right", respectively) with:
(
a;
r
)
(
b;
s
)
m = (c; t) (d; q) j a; b; c; d 6= # and q 2 (s; t; d) ;


; q0 ) (#; q0 ) j a; b 6= #; q 2 I and q 2 (q ; s; b) ;
t = (#
0
0

 (a; s) (b; q)
(a; s) (b; q) j a; b 6= # and q 2 I ;
b = (#
0
 ; q0 ) (#; q0 )

; q0 ) (a; s) j a; b 6= #; q 2 I and q 2 (s; q ; b) ;
l = (#
0
0

 (#; q0 ) (b; q)
s) (#; q0 ) j a; b 6= # and q 2 I ;
r = ((a;
0
b;
q
) (#; q0 )


; q0 ) (#; q0 ) j a 6= #; q 2 I and q 2 (q ; q ; a) ;
tl = (#
0
0 0

 (#; q0 ) (a; q)
; q0 ) (#; q0 ) j a 6= # and q 2 I ;
tr = (#
0
(
a;
q) (#; q0 )


; q0 ) (a; q) j a 6= # and q 2 I ;
bl = (#
0

 (#; q0 ) (#; q0 )
(
a;
q
)
(#
;
q
)
f
0
br = (#; q ) (#; q ) j a 6= # and q0 2 I; qf 2 F ;
0

0

  : ( [ f#g)  Q ?!  such that (a; q)= a ; 8a 2  [f#g ; q 2 Q.
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Notice that set  is de ned in a way that a picture p0 of the underlying local language of L(T )
describes exactly a run of the 2OTA A on p = (p0 ). Then, it is easy to verify that L(A) = L(T ). 2

Lemma 8.2 If a language is recognizable by nite tiling systems then it is recognizable by two-dimensional
on-line tesselation automata (L(TS) L(2OTA)).
Proof: Let L   be a language recognized by the tiling system (; ?; ; ) and let L0 the underling
local language represented by the set of tiles  (i.e., (L0 ) = L). Since L(2OTA) is closed under projection
(see Theorem 4.5), it suces to show that there exists a 2OTA recognizing L0  ? .
Let A = (?; Q; I; F; ) be a 2OTA such that:
 Q = ;
 I=





# b j b; c; d 2 ? [ f#g and # b 2  ;
c d
c d



a # 2 ;
 F = #a #
j
#
# #

  : Q  Q   ?! 2Q such that: 8 xa yb ; zt ac 2 Q:


 

x
y
z
a
a
b
a
b
 a b ; t c ;a = c d j c d 2 Q :
Notice that the transition function  is de ned in a way that the run of A over a picture p simulates
a tiling of p by elements of Q = . The initial states correspond to the tiles in the rst row and in
the rst column of p
b and the nal stateto accept p correspond to the tile in the bottom-right corner of
pb. The transition  xa yb ; zt ac ; a , that computes the state for position (i; j ), corresponds to the
following \portion" of tiling of p (position (i; j ) is in the center):
x y
z a b
t c d
Then, it can be easily veri ed that L0 = L(A). 2

8.2 Tiling systems and logic formulas

Finite tiling systems have also a natural logic meaning. In this section we prove that an analogous of
Buchi's theorem for strings (cf. [3], [4] or [37]) holds also for two-dimensional languages. More precisely,
in [15] it is shown that the family of languages recognized by nite tiling systems and the family of
languages de ned by existential monadic second order formulas coincide. This is the contents of the
following theorem.

Theorem 8.2 L(TS)=L(EMSO)
Again, we split the theorem in two lemmas corresponding to the two inclusion relations in the theorem.

Lemma 8.3 If a language is recognizable by nite tiling systems then it is de nable by existential monadic
second order formulas (L(TS)  L(EMSO)).
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Proof: Let L   be recognized by the nite tiling system (; ?; ; ). Without loss of generality we
assume that ? =   Q and  :   Q !  is the canonical projection. Moreover, to indicate a picture
p0 of the local language L0 = L(), we use the notations p0 = pc, where p and c are two pictures of the

same size over the alphabets  and Q, respectively.
We have:
p 2 L i there is a picture c 2 Q of the same size as p such that
the blocks of size (2; 2) of pd
 c belong to .
We have to formalize the right-hand side by an EMSO-formula to be interpreted in p. Let Q =
fq1 ; : : : ; qk g: we use set variables X1 ; : : : ; Xk where Xl (x) has the meaning c(x) = ql . The above equivalence can then be reformulated as follows.
p 2 L i p satis es the following condition:
9X1 : : : 9Xk (X1 ; : : : ; Xk form a partition of dom(p)
and for the picture c given by c(i; j ) = ql i (i; j ) 2 Xl
the blocks of size (2; 2) of pd
 c belong to .
The partition condition on X1 ; : : : ; Xk corresponds to the following formula.

'part (X1 ; : : : ; Xk ) : 8z (X1 (z ) _ : : : _ Xk (z )) ^

^

i6=j

:(Xi (z ) ^ Xj (z )):

Next we have to express that each sub-picture of size (2; 2) of pd
 c (where c is de ned by a given partition
X1 ; : : : ; Xk as above) belongs to . Each tile  2  can be numerated in the form:

 = 1 2
3
4
with i 2 (  Q) [ f#g for i 2f1; : : : 4g: We divide  into nine disjoint sets:
 = m [_ t [_ b [_ l [_ r [_ tl [_ tr [_ bl [_ br
where m contains all \middle tiles", i.e., those without #; t contains the \top tiles", i.e., those with
1 = 2 =# and 3 ; 4 2   Q, and so on until br that contains all "bottom-right tiles", i.e., those with
1 6= # and 2 = 3 = 4 = #.
By nine corresponding formulas m ; t ; : : : ; br we describe in each case which of the four positions
x1 ; x2 ; x3 ; x4 of a tile should match the picture (excluding the boundary #). (The formulas m ; t ; : : :
are variants of the formulas 't (x); 'b (x); : : : described in Section 6. We set:
m (x1 ; x2 ; x3 ; x4 ) := x1 S1 x3 ^ x1 S2 x2 ^ x3 S2 x4 ^ x2 S1 x4
t (x3 ; x4 ) := x3 S2 x4 ^ :9x xS1 x3 ^ :9x xS1 x4
..
.
br (x1 ) := :9x x1 S1 x ^ :9x x1 S2 x.
Then, we have to express that, for each quadruple satisfying one of the formulas above, the corresponding sub-picture belongs to the corresponding set in . For example, let us focus on middle tiles.
For each quadruple (i; j ), (i+1; j ), (i; j +1), (i+1; j +1) of positions of dom(pc), i.e., for each quadruple
satisfying m (x1 ; x2 ; x3 ; x4 ), the tile
(p  c)(i; j )
(p  c)(i; j +1)
(p  c)(i +1; j ) (p  c)(i +1; j +1)
belongs to m . More formally, we use nine formulas m ; t ; : : : ; br expressing this for the nine possible
cases. If for a tile  we have i = (a; ql ), where i 2 f1; : : :; 4g, we let 'i (x) be an abbreviation for
Pa (x) ^ Xl (x). Now let:
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W
m : m (x1 ; x2 ; x3 ; x4 ) ! 1 2 ('1 (x1 ) ^ '2 (x2 ) ^ '3 (x3 ) ^ '4 (x4 ))
3 4 2m
W
t : t (x3 ; x4 ) ! # # ('3 (x3 ) ^ '4 (x4 ))
3 4 2t
..
.

br : br (x1 ) !

W

1 # 2br '1 (x1 ).
# #

Thus we obtain an existential monadic second-order sentence de ning L:

9X1 : : : 9Xk ('part ^ 8x1 : : : 8x4 (m ^ t ^ b ^ l ^ r ^ tl ^ tr ^ bl ^ br )):
2
To prove the other inclusion of Theorem 8.2, i.e., that an EMSO-de nable picture language is recognized by nite tiling system, we make use of the following theorem that holds in general for di erent
structures (a proof that refers directly to picture languages can be found in [15]).

Theorem 8.3 A language is rst-order de nable if and only if it is locally threshold testable.
Lemma 8.4 If a language is de nable by existential monadic second order formulas then it is recognizable
by nite tiling systems (L(EMSO) L(TS)).
Proof: Let L   be de ned by the following existential monadic second-order formula.
' : 9X1 : : : 9Xk (X1 ; : : : ; Xk )
where is a rst-order formula. Notice that (X1 ; : : : ; Xk ) is satis ed in picture models of the form
(p; Q1 ; : : : ; Qk ) with Qi  dom(p) for i = 1; : : : ; k. Such an expanded picture model corresponds to
a picture over the extended alphabet ? =   f0; 1gk where the m-th additional component is 1 at
position (i; j ) if and only if (i; j ) 2 Qm ; otherwise it is 0. Let us call L0 the language over ? de ned by
(X1 ; : : : ; Xk ). By Theorem 8.3, the picture language L0 is locally threshold testable and therefore, by
Theorem 7.9, it is recognized by tiling systems.
Let  be the canonical projection from   f0; 1gk to . Then L = (L0 ). Since L(TS) is closed
under projection, this implies that also L is recognized by tiling systems. 2
It is interesting to remark that, as a technical application of Theorem 8.2 together with Theorem 7.5,
we easily obtain that the class of picture languages de nable in existential monadic second-order logic
is not closed under complement. This situation is in some contrast to the involved proof of Fagin
(cf. [10]) (applying an extension of Ehrenfeucht-Fraisse games) which shows nonclosure under complement
of existential monadic second-order logic with respect to the class of arbitrary nite graphs.

8.3 Tiling systems and regular expressions

Let L   be a language de ned by a nite tiling system. By Lemma 7.1, L can be de ned as well by
domino systems, i.e., L is a projection of a hv-local language K . We rst analyze the relations between
hv-local languages and languages denoted by regular expressions.

Theorem 8.4 The family of hv-local languages is included in the family L(CFRE).
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Proof: If K  ? is hv-local, then there exists a nite set  of dominoes over ? [ f#g such that
K = fp 2 ? j B1;2 (pb) [ B2;1 (pb)  g.
Let h (v respectively) denote the set of horizontal (vertical, resp.) dominoes of  (i.e.,  =
h [ v ). Denote by Kh (Kv , resp.) the hv-local language obtained replacing  with h (v , resp.).
Now, one can associate to the picture language Kh a local string language Sh  ? de ned by the
set of dominoes h , considered as a subset of (? [ f#g)2 . Similarly, one can associate to the picture
language Kv the local string language Sv  ? , de ned by the set of dominoes v considered as subset
of (? [ f#g)2 . It is easy to verify that a picture p over ? is in K if and only if each row of p (taken as
a string) is in Sh and each column of p (taken as a string) is in Sv . This corresponds to the following
equality (see Section 2 for the de nition of ).
K = Sh  Sv
Since Sh (Sv resp.) is a local string language, it is also regular, i.e., there exists a regular (string)
expression h ( v resp.) denoting Sh (Sv resp.). Let h ( v resp.) the regular (picture) expression
obtained replacing in h ( v resp.) the concatenation with the operation e ( e resp.) and the  operation
with the operation  e (  e resp.). Then the language K corresponds to the following complementation{
free regular expression:
K = ( h ) e \ ( v ) e:

2

Using this result, one can obtain the following Kleene-like characterization for the family L(TS ).

Theorem 8.5 L(TS ) = L(PCFRE ).
Proof: We prove rst the inclusion L(TS )  L(PCFRE ). We recall (see Theorem 7.7) that, for any
language L   belonging to L(TS ), there exists an alphabet ?, a projection  : ? !  and a
hv-local language K over ? such that L = (K ).Then, by Theorem 8.4, K 2 L(CFRE ) and therefore
L 2 L(PCFRE ).
To prove the converse, we rst remark that (as it is easy to verify) the atomic languages belong to
L(TS ). Moreover, since L(TS ) is closed under all the operations in R1 plus projection (see Section 7.3),
one concludes that L(PCFRE )  L(TS ). 2
The previous theorem can be restated also as follows: \Family L(TS ) coincides with the smallest
family of languages that contains the atomic languages and is closed under regular operations in R1 plus
projection". In other words, a language in L(TS ) can be expressed by a formula containing regular

operations (without complementation) and projection.
In the course of the proofs of previous theorems we also proved the following result which is of
independent interest, since it allows to de ne tiling recognizable picture languages in terms of recognizable
string languages. This characterization will be useful for further generalizations (cf. Section 11).

Theorem 8.6 A picture language L over an alphabet  is tiling recognizable if and only if there exist
two recognizable string languages S1 and S2 over an alphabet ? and a projection  : ? !  such that
L = (S1  S2 ).
As a consequence of this theorem, a tiling recognizable language can be speci ed by a triple (A1 ; A2 ; ),
where A1 and A2 are two (standard) nite automata and  is a projection.

8.4 Comparing all families

We summarize in the following theorem the equivalence results obtained in the previous sections.

Theorem 8.7 Given a two-dimensional language L, the following conditions are equivalent.
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(i) L is de ned by a complementation{free regular expression with projection (L 2 L(PCFRE)).
(ii) L is recognized by an on-line tesselation automaton (L 2 L(2OTA)).
(iii) L is de ned by an existential monadic second order formula
(L 2 L(EMSO)).
(iv) L is recognized by a nite tiling system (L 2 L(TS)).
For the sequel, the family of two-dimensional languages de ned in the theorem above will be denoted
by REC and the elements of REC will be simply referred as recognizable two-dimensional languages.
Remark that Theorem 8.7 indicates the \robustness" of this notion of \ nite-state" recognizability
for two-dimensional languages. In fact, it can be de ned in terms of machine models, regular expressions,
logic formulas and tiling systems.
In the next part of this section we summarize the inclusion relationships between the families of
two-dimensional languages introduced in this chapter and de ned in terms of di erent formal models for
recognizing or generating languages.
As far as machine models are concerned, in Section 4 we showed that L(4DFA) is properly included
in L(4NFA) (cf. Theorem 4.1) and that L(2DOTA) is properly included in L(2OTA) (cf. Theorem 4.4).
Moreover, L(4NFA) is properly included in L(2OTA) (cf. Theorem 4.7) whereas the family L(2DOTA)
is incomparable with L(4DFA) and L(4NFA).
In connection with tiling systems it has been proved in [13] that the family of locally testable languages
LT is properly included in L(4DFA) and we showed (cf. Theorem 8.3) that the family of locally threshold
testable languages LTT coincides with family L(FO) of rst-order formulas de nable languages.
Regarding grammar models, we proved (cf. Theorem 5.1) that L(2RLG) is properly included in
L(DFA). Moreover L(2RLG) is not comparable with LOC and LT. Indeed it is easy to give examples of
languages in L(2RLG) that are not in LOC. On the other hand, the fact that the family L(2RLG) is closed
under projection (cf. Proposition 5.1) and that is properly included in REC, implies that LOC cannot be
included in L(2RLG). We do not know whether there is some inclusion relation between L(2RLG) and
L(2DOTA).
Some interesting open problems in the theory arises for two-dimensional languages de ned by regular
expressions. The following inclusions trivially hold.
L(SFRE)  L(RE)
L(CFRE)  L(RE)
It is easy to verify that the rst inclusion is strict. We are not able to prove that also the second inclusion
is strict. A related open problem is whether L(SFRE) is included in L(CFRE). This inclusion holds and
it is strict in the one-dimensional case.
In Section 8.3 we showed that L(CFRE) is included in REC and such inclusion is strict (it can be
seen by considering, for instance, the language of squares). The main open problem concerning regular
expressions is whether L(RE) is included in REC. We know that REC is not closed under complementation
(cf. Theorem 7.5); on the other hand we do not have any example of languages in L(RE) and not in
REC.
Relations between larger families of regular expressions and recognizable picture languages are studied
in [26].

9 Properties of recognizable languages
9.1 Necessary conditions for recognizability

In this section we provide some tools that can be used to show the non-recognizability of some picture languages and to show that a given language is in nite. All the proofs will use the tiling system
characterization for the family REC.
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We rst state an analogous to the \pumping lemma" for recognizable string language (cf. [17]) that
holds for the family REC. Roughly speaking, this lemma says that, if a language contains a picture whose
number of columns is suciently larger than its number of rows then the language contains an in nite
number of pictures with that number of rows.

Lemma 9.1 (Horizontal Iteration Lemma) Let L be a recognizable two-dimensional language. Then
there is a function ' : IN ! IN such that if p is a picture in L such that `1 (p) = n; `2 (p) > 'e(n), we may
write p = x eq ey with `2 (x eq)  '(n) and `2 (y)  1; and for all i  0, picture x eqi ey is in L.
Furthermore, '(n)  n; n 2 IN, where is the size of any local alphabet used to represent L.
Proof: Let (; ?; ; ) be a tiling system for the language L and let L0 be the underling local language
for L de ned by set . Given a picture p0 2 L0 with n rows, p0 can have, at most, n distinct columns,
where is the size of local alphabet ?. Then, if `2 (p0 ) > n there exist two columns, say the h?th and
the k?th ones with h < k, that are equal.
h

|

{z
x

k

}|

{z
q

}|

{z
y

}

We decompose p0 = x eq ey, that is we write p0 as column concatenations of three pictures x; q and
y that are the blocks of p0 corresponding to columns from 1 to h, columns from h + 1 to k and columns
from k + 1 to `2 (p0 ) respectively. By de nition of local language, p0 2 L0 means that its blocks of size
(2; 2) belong to set . It is not dicult eto verify that therefore also the picture x ey is in L. Moreover,
for any i = 2; 3; : : :, pictures p0i = x eqi ey are de ned by the same set of tiles as p0 and therefore they
all belong to L . This concludes the proof of the lemma. 2
In a similar fashion one can state a \Vertical Iteration Lemma" that refers to languages containing
pictures whose number of rows is larger than an exponential function of its number of columns. (In this
case the Lemma states that the language contains an in nite number of pictures with that number of
columns.)
An application of Lemma 9.1 will be given later, in Section 10.
We now give a de nition of an equivalence relation among pictures. Let  be a nite alphabet.

De nition 9.1 Let L   be a language and let p; q 2 L be two pictures of the same size (k; r).
Pictures p and q are syntactically equivalent modulo L (p L q) if for any x1 ; x2 ; y1 ; y2 2  it holds
that
x1 e(y1 ep ey2 ) ex2 2 L , x1 e(y1 eq ey2 ) ex2 2 L

that corresponds to the following:

x1

y1
p
y2

x2

2 L , x1
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y1
q
y2

x2

2 L:

Notice that the syntactic equivalence can be de ned only among pictures of the same size. If the
alphabet  has  symbols, then the number of di erent pictures of size (k; r) over  is kr . We denote
by fL(k; r) the number of equivalence classes of pictures of size (k; r). The following lemma gives an
upper bound on the number fL(k; r).

Lemma 9.2 (Syntactic Equivalence Lemma) Let L be a recognizable language, then there exists a positive
integer c such that fL (k; r)  ck+r .
Proof: Let L0  ? be an underling local language for L and let be the size of the local alphabet ?.

We set c = 2 .
For any picture p, we call perimeter of p the set composed by all positions of the bottom and the top
rows and of the leftmost and the rightmost columns of p. Let p; q 2 L be two pictures of size (k; r) and
let p0 ; q0 2 L0 be their corresponding pictures in L0 (that is (p0 ) = p and (q0 ) = q). It is not dicult to
verify that, if p0 and q0 have the same perimeter, then pictures p and q are syntactically equivalent.
Then, the lemma follows by noticing that the number of di erent perimeters of pictures of size (k; r)
over ? is 2(k+r)?4 . 2
Remark: The proof of non-closure under complement of family REC (see Theorem 7.5) is actually
based on the Syntactic Equivalence Lemma. In fact, in such proof it is shown that there exists a constant
c such that if n is greater than c then we can nd two square pictures p and q (p 6= q) of side n
that are syntactically equivalent. This implies that picture p eq belongs to language Ln and gives the
contradiction. 2

9.2 Undecidability results

In this section we analyze some properties that the family of recognizable picture languages does not share
with the corresponding family in one dimension. We already saw one of these properties in Section 7.3
where we proved that family REC is not closed under complement. As in the previous section, all the
proofs will refer to the tiling systems characterization of family REC.
We consider the decidability of the emptiness problem. In the one-dimensional case it is trivially
decidable whether the language recognized by a nite automaton is empty (cf., for example, [17]). The
corresponding problem in two dimensions can be formulated as follows.
Emptiness Problem for recognizable picture languages: Given a tiling system T = (; ?; ; ),
decide whether the corresponding picture language L = L(T ) is empty.
We give rst an example.

Example 9.1 Let  be the following set of tiles over ? = f0; 1g.
8
>
>
>
>
<
=>
>
>
>
:

9

1 1 ; 0 0 ;# 0 ; 0 0 ; 0 #;>
>
>
0 0 0 0 # 0 # # 0 # >
=

>
# #;# #;# #;# 0 ; 0 # >
>
>
1 1 # 1 1 # # # # # ;

The local picture language L = L() is an empty set (there are no left-border (or right-border) tiles that
allow us to \switch" from the 1s in the top to the 0s in the bottom of the pictures).
In the case of Example 9.1, it is quite easy to verify that the language corresponding to the given
set of tiles  is empty. Nevertheless, this is not always the case. We will prove that, in general, the
Emptiness Problem for recognizable two-dimensional languages is undecidable.

Theorem 9.1 The Emptiness Problem for the family REC is undecidable.
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Proof: We use the known fact that, \Given a Turing Machine M, it is undecidable whether the language
L(M) recognized by M is empty" (see, for example, [17]). We describe a procedure that, given any Turing
Machine M, de ne a set of tiles M such that \Language L(M) is empty if and only if the local language
L(M ) is empty". This will give, as a consequence, that the emptiness problem is undecidable for the
family LOC and therefore, in general, (since LOC  REC) it is undecidable for the family REC.
Given a Turing Machine M, let ? and Q be the alphabet and the set of states of M, respectively.
An instantaneous con guration of M is given by a string uqv where uv 2 ? is the contents of the
tape between the leftmost and the rightmost non-blank symbol, state q 2 Q is the current state and the
rst letter of v is the one scanned by the tape-head. We consider a new alphabet ?0 in a one-to-one
correspondence with ? such that if x 2 ? then x0 is the corresponding letter in ?0 . Then, we can rewrite
any instantaneous con guration uqv as uqv0 , where v0 is the string over ?0 corresponding to v.
A successful computation of M can be described as a nite sequence of strings w = (w1 ; w2 ; : : : ; wm )
where wi is the ith instantaneous con guration of M. Given a successful computation w, we add as many
as needed B and B 0 \blank" symbols to the beginning and to the end, respectively, of each instantaneous
con guration wi in a way that, for i = 1; 2; : : :; m:
 the rst symbol of wi is the blank B ;
 the last symbol of wi is the blank B 0 ;
 all strings wi have the same length n.
Notice that, if q0 and qf are the initial and the nal state, respectively, of M, the following holds:
 w1 2 B  q0 ? B 0
 wf 2 B  ? qf ?0 B 0
 if wi = uqv0 and q has position j in wi , then wi+1 = u1pv1 and p has position j ? 1; j or j + 1 in
wi+1 according to the corresponding transition.
Let pw be a picture of size (m; n) obtained by writing all strings in w in a way that wi+1 is below wi
for i = 2; : : : ; m. Then all possible blocks of size (2; 2) of pcw are compatible with the transitions of the
Turing Machine M.

q0

qi

?

?0

qf
Let M be the set of tiles over ? [ ?0 [ Q [ f#g that can appear as blocks of pictures pw for some
successful computation w of M. Then, it is not dicult to verify that:
 If M has successful computation, i.e. if L(M) 6= ;, then there exist a picture whose blocks of size
(2; 2) belongs to M . i.e. L(M ) 6= ;.
 If L(M ) 6= ; then M has successful computation.
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This concludes the proof. 2
A problem that is complementary to the Emptiness Problem is the so-called Universe Problem. It can
be stated as follows: \Given a tiling system (; ?; ; ) for a two-dimensional language over an alphabet
, decide whether the language L(; ?; ; ) coincides with the whole  ." We recall that the family LT
of locally testable two-dimensional languages (see Remark 7.5) is closed under complement and it contains
the family LOC of local languages. Moreover, notice that in the previous proof we actually showed that
the emptiness problem is undecidable for the family LOC. This proves the following corollary.

Corollary 9.1 The Universe Problem for recognizable picture languages is undecidable.

10 Recognizable functions
In the theory of string languages the case of one-letter alphabet plays a special role and leads to the
theory of recognizable set of numbers (cf. [7]).
In this section we consider two-dimensional languages over one-letter alphabets. In this case a picture
can be actually identi ed with a pair (m; n) of natural numbers, where m is the height (i.e., the number
of rows) of the picture and n is its length (i.e., the number of columns). With this assumptions the
study of a picture language over a one-letter alphabets can be performed as well by investigating the
corresponding set of integer pairs. On the other hand, every function f : IN ! IN de ned over the set
of natural numbers is actually a set of integer pairs and therefore it can be viewed as a two-dimensional
language over a one-letter alphabet.
We can \export" the de nition of recognizability from picture languages to functions and we say that
a function is recognizable if it is so the corresponding picture language. Of course we can de ne functions
recognized by 4-way automata, by grammars, by tiling systems, and so on for any de nition given in this
chapter. Here we refer to family REC and, in particular, we use the tiling systems characterization of
REC. Our aim is identifying classes of recognizable functions and nding particular characterizations for
them. Most of the results in this section are from [12].
We establish rst some notations and give formal de nitions. Let IN indicate the set of natural
numbers. Given a function f : IN ! IN, the two-dimensional language associated to f is de ned as

Lf = fp 2  j`1 (p) = n and `2 (p) = f (n); n 2 INg

where  is a one-letter alphabet.
De nition 10.1 A function f : IN ! IN is recognizable if the associated two-dimensional language Lf
is recognizable.
We denote by FREC the family of all functions recognizable by nite tiling systems. In the sequel,
the two notations f 2 FREC and Lf 2REC will be used indi erently with the meaning of \function
f is recognizable (by nite tiling systems)". As simple examples of such recognizable functions, let us
consider the following.

Example 10.1 The \constant function", e.g. function f (n) = c; c 2 IN, is recognizable. In fact,
language Lf corresponds to that one in Example 7.4. Furthermore, the \identity function", e.g. function
f (n) = n, is recognizable: language Lf corresponds to the language of squares in in Example 7.2.

Given two functions f; g : IN ! IN, we indicate by f +g the function de ned as (f +g)(n) = f (n)+g(n).
Similarly, if c 2 IN, we indicate by c  f the function de ned as (c  f )(n) = c  f (n). We show that family
FREC is closed under these operations of sum and product for a positive constant.

Lemma 10.1 Let f; g : IN ! IN be two functions and let c 2 IN. If f; g 2 FREC then f + g 2 FREC and

c  f 2 FREC .
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Proof: Remark rst that, the two-dimensional language associated to a function has the property that,
for each n 2 IN, it contains only one rectangle of height n. This implies that Lf +g = Lf eLg . Then, since
family REC is closed under column concatenation, Lf +g 2REC, that is function f + g is recognizable.
Similarly, it holds that Lcf = Lf eLf e: : : eLf . c times. Then Lcf 2REC, that is function c  f is

recognizable. 2
Another results that we can easily establish is about inverse functions. Recall that all the functions
to whom we are concerned have values in IN, therefore all the \inverse" functions should be considered
in this context.

Lemma 10.2 Let f : IN ! IN be a function such that its inverse f ?1 is also a function. If f 2 FREC
then its inverse f ?1 2 FREC .
Proof: The result holds because of the closure under rotation of family REC (cf. Theorem 7.6). 2
We now give sucient conditions for a function to be recognizable. Next we will show families of
recognizable functions.

Theorem 10.1 Let f : IN ?! IN be a function satisfying the following recurrence equation


f (1)
=c
f (n + 1) = k  f (n) + g(n)
where c; k 2 IN and g 2 FREC. Then, function f 2 FREC.

(1)

Proof: By de nition of recognizable function and of recognizable picture language, it suces to give
a local two-dimensional language whose rectangles have size (n; f (n)), for n 2 IN. Since function g is
recognizable, then we have local rectangles of size (n; g(n)), for n 2 IN.

We explain rst how to construct the rectangles for f in the particular case when k = 1. The basic
idea is to think the rectangles as built recursively from n = 1; 2; : : : as if they were built following the
computation for the corresponding values of function f . We de ne rst a rectangle for f (1). Then,
given the rectangle for f (n), we construct that one corresponding to f (n + 1) by performing a column
concatenation with the rectangle corresponding to g(n) and adding a row of 1's below. (We assume that
symbol 1 does not belong to the local alphabet for Lg .)
In the gures that will follow we indicate by f (n) also the corresponding rectangle of the local twodimensional language (e.g., the rectangle of size (n; f (n)). We give below the rectangle corresponding to
value f (4). Notice that this rectangle contains inside the rectangle corresponding to values f (1) (explicitly
written), the rectangle corresponding to values f (2) (the one of size (2; 10) in the top-right corner), and
so on.

f (1)

g(1)

g(2)
g(3)
1111111111
11111111111111111111
1111111111111111111111111111111111
If we choose in an appropriate way a representation for function g(n), this kind of rectangles are
actually local. The \acceptance conditions" can be given by de ning in a convenient way the tiles of the
border. For example, a rectangle that belongs to Lf will have all 1's in the last row. This implies that
tiles for the bottom border will be only #1 #1 . Moreover, we do not include tile 11 #
# among the tiles
for the right border. This guarantees that, at each step of the recursive construction, we can add only
one row of 1's.
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As example we construct explicitly the local language for the function that satisfy the following
equations.

f (1)
=1
f (n + 1) = f (n) + n
We give below the rectangle corresponding to value f (6). Notice that it contains inside the representations
for values f (1) up to f (5).
0
1
1
1
1
1

b b c b c c b c c
1 a b a b c a b c
1 1 1 a a b a a b
1 1 1 1 1 1 a a a

c
c
c
b

b
a
a
a
1 1 1 1 1 1 1 1 1 1 a

c
b
a
a
a

c
c
b
a
a

c
c
c
b
a

c
c
c
c
b

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Notice that, di erently from before (cf. Example 7.2), to represent the function g(n) = n we have taken
a local languages of squares over the three-letter alphabet fa; b; cg. This is because we need to de ne
also concatenations between those squares. The set  that represents Lf will contain all the sub-blocks
of size (2; 2) of the rectangle above (completed with the border of # symbols).
The general case, e.g. when k  1, can be dealt with by extending the same idea as in the case
of k = 1. We give here only an intuition about how to proceed. Again we think the rectangles of the
corresponding local language as constructed recursively, but this time, at the (n + 1)th step we have to
concatenate k di erent copies of rectangles corresponding to f (n). This can be achieved by de ning the
set  in such a way that, for all n, we can construct k di erent rectangles corresponding to f (n) that
have symbols 1; 2; : : : ; k , respectively, in the last row. For example, if k = 4, the rectangle corresponding
to f (n + 1) will be the following.

f (n)

f (n)

f (n)

f (n)

g(n)

11111111222222223333333344444444
1111111111111111111111111111111111111
Moreover, as before, we de ne border-tiles that will enforce us to accept only rectangles that have 1's in
all positions of the last row. 2
Notice that the Equation 1 is quite general, that is by putting particular values in c; k and g(n), we
obtain a very large number of functions. In this sense, Theorem 10.1 can be considered as a sucient
condition for the recognizability of functions.
As application, let us consider Equation 1 with c = 2; k = 1 and g(n) = 2n + 1. This corresponds
to function f (n) = n2 (because of the equality (n + 1)2 = n2 + 2n + 1). Then, Theorem 10.1 says that
function f (n) = n2 is recognizable. In general, using the classical Newton's formula for computing the
n-th power of a binomial

 

 

(n + 1)k = nk + k1 nk?1 + k2 nk?2 + : : : +
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k

k?1



n+1

and proceeding by induction we obtain that functions f (n) = nk are recognizable for all k  2. Therefore,
because of Lemma 10.1, all polynomial functions with positive integer coecients (e.g. the functions of
the form f (n) = ak nk + ak?1 nk?1 + : : : + a0 with k  2; ai 2 IN ; i = 0; : : : ; k) are recognizable.
As another particular case, consider Equation 1 with c = k = 2; 3; : : : and g(n) = 0; n 2 IN. The
corresponding functions result of the form f (n) = kn . Then the exponential functions, e.g. the functions
of the form f (n) = kn ; k  2, are all recognizable. Moreover, because the inverse
p of a recognizable
function is also recognizable (cf. Lemma10.2), it holds that functions f (n) = m n; m 2 IN as well as
functions f (n) = logb n; b 2 IN, are all recognizable.
Remark that logarithmic and exponential functions are tight upper and lower bounds for recognizable
functions. This holds as immediate consequence of Iteration Lemma (cf. Lemma 9.1). In fact, let
f : IN ! IN be a super-exponential function (that is f is a function that grows faster than any exponential
function; for example f (n) = n!) and let Lf be the language associates to f . Recall that the language
associated to a function contains exactly one picture with n rows for each n 2 IN. Then, since the
function f is super-exponential, there are pictures in Lf satisfying the hypothesis of the Iteration Lemma.
Consequently, Lf contains an in nite number of pictures with the same number of rows and therefore
function f is not recognizable.
We state the following corollary.

Corollary 10.1 All functions that grow slower than any logarithmic function or faster than any exponential function, are not recognizable.

As nal note, we mention that some work has been devoted in identifying classes of recognizable
functions with respect to the de nition of four-way automata recognizability. In [20] it is proved that the
functions f (n) = n2 ; f (n) = kn ; f (n) = n! are all not acceptable by four-way nite automata. Then we
can conclude that the family of picture languages de ned by four-way automata is strictly included in
REC even when restricted to the case of one-letter alphabet.

11 Beyond nite-state recognizability
In this chapter we have investigated the notion of nite state recognizability for two-dimensional languages. This notion has been introduced by using di erent formal models like automata, grammars,
regular expressions, logic formulas and tiling systems. The equivalence stated between some of these
di erent approaches indicates that the corresponding notion of recognizability is a \robust" one and it
can be taken as the natural candidate for being the right generalization of the one-dimensional case.
The situation is completely di erent for the higher levels of the Chomsky hierarchy. In particular,
a comparable theory of context-free picture languages has not been yet developed. Several attempts to
extend this notion to two dimensions have been tried, but the theory lacks of elegant connections between
the di erent approaches. We shortly indicate some of these proposals.
A rst natural approach is in terms of grammars. In Section 5, we proposed a model of grammar
(known as \matrix grammar") consisting of two sets of rewriting rules: horizontal and vertical rules,
respectively. This model can be extended by considering contex-free rules instead of the right-linear ones.
This can be done in several ways and gives rise to di erent notions of context{free picture languages
(cf. [36, 29]).
As mentioned in Section 5, there exists another model to generate pictures: the \array grammars".
In an array grammar, a derivation operates by replacing sub{arrays by sub{arrays. Also in this model
it is possible to de ne something like \context-free rules". The families of languages obtained by array
grammars are nevertheless very di erent from those obtained by matrix grammars. Some attempts to
put together matrix grammars and array grammars were carried out in [39].
As far as the approach in terms of (sequential) automata is concerned, various model have been
proposed that generalize 4FA's (cf. [21] for a surveys on the subject). However, it is not yet known any
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deep result analogous to that (of one-dimensional case) connecting the \push{down" acceptance and the
\context{free" generation.
Let us nally indicate two new proposals generalizing some ideas and formal methods that have been
successfully applied in this chapter to de ne nite-state recognizability.
The rst proposal, is to extend to the context-free case the characterization of recognizable picture
languages given in Theorem 8.6. This theorem states that a picture language is recognizable if and only
if it can be obtained as a projection of the row-column composition of two recognizable string languages.
Then, one can introduce the following de nition.

De nition 11.1 A picture language L over an alphabet  is contex{free if there exist two contex{free
string languages S1 and S2 over an alphabet ? and a projection  : ? ?!  such that L = (S1  S2 ).
In this way context{free picture language L over  can be described by a triple (G1 ; G2 ; ), where G1
and G2 are two context{free grammars over the (terminal) alphabet ? and  : ? ?!  is a projection.
As a consequence of Theorem 8.6, the family REC is included in the family of context{free picture
languages just de ned. It is easy to show that the inclusion is strict. For instance, if S1 is a nonrecognizable context{free string language over  and S2 = , then language L = S1  S2 contains
one{row pictures only, and therefore corresponds to S1 viewed as a picture language. Then L is not
recognizable. However, remark that there exist non{recognizable context{free string languages S1 and S2
such that L = S1  S2 is a recognizable picture language. Consider, for instance, the following languages
over the alphabet  = fa; b; c; dg.
S1 = fanbn j n  1g [ fcndn j n  1g
S2 = fancn j n  1g [ fbndn j n  1g
Then L = S1  S2 is the set of all squares over  of the form:

a
a
a
a
c
c
c
c

a
a
a
a
c
c
c
c

a
a
a
a
c
c
c
c

a
a
a
a
c
c
c
c

b
b
b
b
d
d
d
d

b
b
b
b
d
d
d
d

b
b
b
b
d
d
d
d

b
b
b
b
d
d
d
d

It is easy to verify that L 2REC.
An interesting problem is to investigate the relationships between this de nition of context{free picture
language and those given in terms of grammars.
Another possible approach is suggested by the notion of tiling recognizability. Recall that this notion takes as a starting point the characterization of recognizable string languages as a projection of
local languages. For context{free string languages there exists a similar characterization, the Chomsky{
Schutzenberger theorem (cf. [5] or [2]), stating that a string language S is context{free if and only if there
exist a Dyck language Dn over n pairs of \parentheses", a recognizable language R and an alphabetic
morphism  such that:
S = (Dn \ R):
If we take this characterization as a starting point for a generalization of the notion of context{free
language, the main problem is to devise a suitable de nition of \two{dimensional Dyck language". For
instance, a rst possible choice is to de ne a two-dimensional Dyck language Dm;n as the row{column
composition of two Dyck languages: Dm;n = Dm  Dn . A minor problem in this approach is to extend the
notion of alphabetic morphism to two dimensions. Indeed, alphabetic morphisms can erase symbols while
in a two{dimensional array the erasing can create holes. If we limit ourselves to consider non{cancellative
morphism, i.e., projection, we obtain only pictures of even size.
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A possible research direction is to search for other candidates which generalize the notion of Dyck language in a purely two{dimensional fashion (i.e., not as a derivation of the corresponding one-dimensional
notion as in the previous de nition) that further avoid the restrictions on the size of the pictures.
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