
Comparison of Several Decision Algorithms forthe Existential Theory of the RealsHoon HongSeptember 11, 1991Research Institute for Symbolic ComputationJohannes Kepler UniversityA-4040 Linz, Austriae-mail: hhong@risc.uni-linz.ac.atAbstractIn this paper we compare the complexities of the following three de-cision algorithms on existential sentences over the reals: Collins (1975),Grigor'ev and Vorobjov (1988), and Renegar (1989). Let n be the numberof variables, m the number of polynomials, d the total degree, and L thecoe�cient bit length. The table below shows their(already known) theo-retical complexities, along with their estimated running time for smallinputs (n =m = d = L = 2) on currently available machines:Algorithm Theoretical n =m = d = L = 2Collins L3(md)2O(n) � 1 secondGrigor0ev=Vorobjov L(md)n2 � 1 million yearsRenegar L(log L)(log log L)(md)O(n) � 1 million yearsThus it suggests that Collins' algorithm is the fastest among them forinputs which can be decided in a reasonable amount of time.1 IntroductionSince Tarski [33] gave the �rst decision algorithm for the �rst order theoryof the reals, many other algorithms with better theoretical complexities havebeen proposed [32, 9, 17, 5, 10, 4, 13, 15, 14, 7, 16, 29, 30, 31]. In this paperwe compare the complexities of the following three algorithms on existentialsentences: Collins' [10], Grigor'ev and Vorobjov's [15, 14], and Renegar's [29,30, 31]. 1



Let n be the number of variables in the input sentence, m the number ofpolynomials, d the degree1, and L the bit length bound for the coe�cients. Thetable below shows their (already known) theoretical complexities:Algorithm TheoreticalCollins L3(md)2O(n)Grigor0ev=Vorobjov L(md)n2Renegar L(logL)(log logL)(md)O(n)From this table one might conclude that Renegar's is the fastest, Grigor'evthe next, Collins the slowest. However one should be careful when comparingalgorithms based on their theoretical complexities, since theoretical complexityresults are usually obtained by ignoring various constant factors appearing du-ring analyses. Therefore the theoretical complexities usually tell us how thealgorithms behave for su�ciently large inputs. This naturally leads us to thefollowing questions:(Q1) Which is the fastest for small inputs? Let X be the fastest one.(Q2) IfX is not Renegar's, then at what input size does Renegar's algorithmbecome faster than X?(Q3) At that \trade{o�" point, how much computing time is required byeither of the algorithms?In order to answer these questions we estimated their running times2 forinput sentences characterized by n = m = d = L = 2. Here is a summary.Algorithm n = m = d = L = 2Collins � 1 secondGrigor0ev=Vorobjov � 1 million yearsRenegar � 1 million yearsIn the following sections we will present detailed analyses on which theseestimates are based, but here we �rst give a quick overview on why the algo-rithms of Grigor'ev/Vorobjov and Renegar take such huge computing time. Thealgorithm of Grigor'ev and Vorobjov requires solving at least 1018 systems ofpolynomial equations of degree about 30 over a certain algebraically closed �eldobtained by adjoining two in�nitesimals to R. Renegar's algorithm requires,beside several other expensive computations, at least 1011 applications of thealgorithm of Ben-Or, Kozen, and Reif [4] on univariate polynomials of degree atleast 20; 000. From these estimates one can infer the following (partial) answersto the questions posed above:1Throughout this paper, unless stated otherwise, by the degree of a multivariate polyno-mial, we mean its total degree.2From now, all the timings are for a DEC{station 5000, running UNIX operating system,with 32 Mega byte main memory. 2



(A1) Collins' algorithm is the fastest for small inputs.(A2) We do not know the trade{o� point.(A3) The computing time at the trade{o� point is expected to be far greaterthan a million years on currently available machines, suggesting thatCollins' algorithm is the fastest on inputs which can be decided in areasonable amount of time.Collins' algorithm, without any modi�cation, can decide arbitrary sentences(possibly with quanti�er alternation). In [14] Grigor'ev, by generalizing thealgorithm of Grigor'ev and Vorobjov, gave an algorithm for deciding arbitrarysentences. In [30] Renegar did the same by generalizing the algorithm of [29].Inspection of these algorithms show that the dependence of the complexity ofCollins' algorithm on the quanti�er used in the input is negligible, while Gri-gor'ev's and Renegar's algorithms slow down when the number of quanti�eralternations increases. Thus it is expected that Collins' algorithm is faster thaneither of the algorithms of Grigor'ev [14] and Renegar [30] for any inputs (pos-sibly with quanti�er alternation) which can be decided in a reasonable amountof time.The structure of this paper is as follows: In Sections 2, 3, and 4 we givebrief overviews of the algorithms of Collins, Grigor'ev/Vorobjov, and Renegar.In Section 5 we discuss the test sentences used in comparing the algorithms. InSections 6, 7, and 8 we give detailed analyses of the complexities of the threealgorithms on the test inputs. In Section 9 we make certain conclusions basedon the results obtained from the previous three sections. Further we brie
ydiscuss their implication on the complexities of the algorithms for arbitraryinputs (possibly with quanti�er alternation). We also give a brief comparisonof Collins' algorithm and Tarski's algorithm.2 Collins' AlgorithmWe give only a brief overview of Collins' algorithm [10], since it is quite wellknown and understood. Those who are not familiar with this algorithm arereferred to [10, 2].The algorithmactually solves a more general class of problems, namely quan-ti�er elimination in the �rst order theory of the reals. However here we willdiscuss the algorithm only as a decision procedure for the existential theory.Collins' algorithm begins by constructing a Cylindrical Algebraic Decom-position (CAD) of the polynomials occurring in the input sentence, where aCAD of a set of polynomials in n variables is a certain �nite partition of then-dimensional real space such that in each element (cell) of the partition thepolynomials have constant signs. Thus the signs of the polynomials in a cell canbe determined by evaluating the polynomials on a \sample" point belonging tothe cell. 3



The algorithm constructs a CAD of the input polynomials in three sta-ges:Projection Stage: The input n{variate polynomials are \projected" intoa set of (n � 1){variate polynomials in a way that aCAD of n{space can be easily built on top of a CAD of(n � 1){space. This process is successively carried outuntil univariate projection polynomials are obtained.Base Stage: A CAD of 1{space is constructed through isolating thereal roots of the univariate projection polynomials.Extension Stage: A CAD of 2{space is constructed by building \stacks" ofcells over the cells of the CAD of 1{space. This processis successively carried out until a CAD of n{space isconstructed.Once a CAD of the polynomials in the input sentence is constructed, thetruth of the sentence can be easily decided as follows: �rst determine the truthof the input matrix on each sample point. If there is at least one sample pointon which the matrix is true, then the input sentence is true. Otherwise it isfalse. We will call this process Decision Stage.In [10] it is shown that the worst time complexity of this algorithm is domi-nated by L3(md)2O(n) .Collins' algorithm has gone through various improvements [1, 28, 18, 19, 27,20, 11, 26, 6, 25]. All these improvements, though do not change the theoreticalcomplexity, gave signi�cant speed-ups in practice, enabling mechanical solutionof various nontrivial problems [3, 20, 21].3 Algorithm of Grigor'ev and VorobjovNow we give an overview of the algorithm of Grigor'ev and Vorobjov [15]. Theiralgorithm, given a system of polynomial inequalities, decides whether thereexists a real solution. In the case of positive answer, the algorithm also con-structs a representative set for the family of components of connectivity of theset of all real solutions of the system, which is T in Step (8) of the algorithmdescribed below. But in this paper we will investigate the algorithm only withrespect to decision problem.We begin by de�ning several notations which will be used in the algorithmdescription:� Let K be an arbitrary ordered �eld. Then �K denotes the algebraic closureof K, and ~K the real algebraic closure of K.� Let �1 be a positive in�nitesimal over ~Q. Then F1 denotes the real alge-braic closure of ~Q(�1). 4



� Let � be a positive in�nitesimal over F1. Then F denotes the real algebraicclosure of F1(�).� Let f1; : : : ; fm be elements of K[x1; : : : ; xn]. Then ff1 = 0; : : : ; fm = 0gdenotes the set of all solutions of the system f1 = � � � = fm = 0 over thealgebraic closure of K.We did our best to preserve the notations of [15] in order to help the readerwho might want to refer to their paper. In a few places, however, we re-indexedseveral symbols in order to provide a uniform indexing among the three algo-rithms investigated in this paper.We also omitted various details of several steps when they are not essentialin comparing the complexity of this algorithm to those of Collins' or Renegar's.Those who are interested in the details are referred to the original paper [15].t �Decide(P )Input: P is a quanti�er{free formula of the following kind:f1 > 0 ^ � � � ^ fk > 0 ^ fk+1 � 0 ^ � � � ^ fm � 0where fi 2Z[x1; : : : ; xn].Output: t is the truth of the sentence (9x1 2 R) � � � (9xn 2 R)P (x1; : : : ; xn).(1) Let fm+1 = x0f1 � � �fk � 1.Let g1 = (f1 + �1) � � � (fm+1 + �1) � �m+11 2Z[�1][x0; : : : ; xn].(2) Let �L be a bit length bound for the coe�cients of fi, and �d a degree boundof fi for every 1 � i � m+ 1.Let R = 3(�L+log(m+1))p( �dn+1 ), where p 2Z[x] is a certain polynomial de�nedin Page 62 of [15].Let g = g21 + (x20 + � � �+ x2n+1 � (R + 1))2 2Z[�1][x0; : : : ; xn+1].(3) Let N = (8md)n+2.Let � = f1; : : : ; Ngn+1.Let I 0 = fg.(4) For each 
 = (
1; : : : ; 
n+1) 2 � do(4.1) Let �V (�) � �Fn+2 be the variety of the systemg� � = � @g@x1�2� 
1N (n+ 2)� = � � � = � @g@xn+1�2 � 
n+1N (n + 2)� = 0where � =Pn+1j=0 � @g@xj�2.Let �V (�) = Sj �V (�)j , where each �V (�)j is a component irreducible overthe �eld Q(�1; �). 5



(4.2) For each null dimensional �V (�)j do(4.2.1) Let R1 � �Fn1 be a set containing the standard part (relativeto �) of every point (for which the standard part is de�nable)from the component �V (�)j .(4.2.2) Let R01 = R1 \ fg = 0g \ Fn+21 .(4.2.3) Set I 0 to I 0 [R01.(5) Let I = �(I 0) � Fn+11 where �(x0; : : : ; xn+1) = (x0; : : : ; xn).(6) Let R � �Qn+1 be a set containing the standard part (relative to �1) of everypoint (for which the standard part is de�nable) from the set I.(7) Let T 0 = R\ ff1 � 0; : : : ; fm+1 � 0g \ ~Qn+1.(8) Let T = �1(T 0) where �1(x0; : : : ; xn) = (x1; : : : ; xn).(9) Finally let t be true if T is non-empty, false otherwise. �In [15] it shown that the worst case time complexity of this algorithm isdominated by L(md)n2 .In [14] Grigor'ev, by generalizing this algorithm, gave a decision algorithmfor the �rst order theory of real closed �elds.4 Renegar's AlgorithmNow we give an overview of Renegar's algorithm [29]. We did our best to keepRenegar's original notations in order to help the reader who might want to referto his paper. In a few places, however, we corrected simple typographical errorsin his paper. t �MainAlgorithm (P )Input: P is a quanti�er{free formula with variables x1; : : : ; xn.Output: t is the truth of the sentence (9x1 2 R) � � � (9xn 2 R)P (x1; : : : ; xn).(1) Let g = fg1; : : : ; gmg, gi 2 Z[x1; : : : ; xn], be the polynomials occurring inthe formula P .Let h = fh1; : : : ; h6m+2g, where 6



hi = gi i = 1; : : : ;mhm+i = x0gi � 1 i = 1; : : : ;mh2m+i = x0gi + 1 i = 1; : : : ;mh3m+1 = x0 � 1h3m+1+i = �gi i = 1; : : : ;mh4m+1+i = �x0gi + 1 i = 1; : : : ;mh5m+1+i = �x0gi � 1 i = 1; : : : ;mh6m+2 = �x0 + 1(2) Let d be the maximum of the degrees of the polynomials gi.Let d0 be the least even integer which is greater than or equal to d+ 1.Let �h = f�h1; : : : ; �h6m+2g, where�hi(�;x0; : : : ; xn) = (1� �)hi + �(1 + nXj=0 ijxd0j ):(3) For each A � f1; : : : ; 6m+ 2g such that jAj � n+ 1 do:(3.1) Let ĥ(x0; : : : ; xn) =Pnj=0(6m+ 3)jxd0j .Let MA be the matrix with the last row rx0;:::;xn ĥ and with earlierrows rx0;:::;xn �hi, i 2 A, ordered by increasing indices i.(3.2) Let hA(�;x0; : : : ; xn) = det(MAMTA ) +Pi2A �h2i .Let dA be the degree of hA with respect to x0; : : : ; xn.(3.3) Let ~hA(�; �;x0; : : : ; xn) = (1� �)hA � �Pnj=0 xdAj .Let ~h(i)A = @~hA@xi for each i.(3.4) Let RA(�; �;u0; : : : ; un+1) be the modi�ed u{resultant of the polyno-mials ~h(0)A ; : : : ; ~h(n)A . (Use the sub-algorithm shown below.)(3.5) Let RA be expanded as Pi;j;k �i�juk0R<i;j;k>A .(4) Let R be the set of all R<i;j;k>A computed in Step (3).(5) Let Bn+1;D = f(in�1; in�2; : : : ; 1; 0)j0� i � nD2g.For R 2 R, let DR be the degree of R.Let Q = f djdtjru1;:::;un+1R(� + ten+1)jR 2 R; � 2 Bn+1;DR ; j 2 [0; DR]g.(6) Let G = fG1; : : : ; Gmg, Gi 2 Z[x1; : : : ; xn+1], be such that each Gi is thedegree d{homogenization of gi; i.e. the monomials of Gi are obtained fromthose of gi by multiplying by the appropriate powers of xn+1 so as to becomeof degree d.Let F+ = f(G1(q); : : : ; Gm(q); qn+1)jq 2 Qg.Let F� = f(G1(�q); : : : ; Gm(�q);�qn+1)jq 2 Qg.Let F = F+ [ F�.(7) For each f 2 F let �Sf be the set of all consistent sign vectors for thepolynomials in f . (Use the algorithm of Ben-Or, Kozen, and Reif [4].)(8) Let �S = Sf2F �Sf .Let S = f(�1; : : : ; �m)j(�1; : : : ; �m; 1) 2 �Sg.7



Finally let t = W�2S P�, where the formula P� is obtained from the formulaP by replacing gi with �i. �R �SubAlgorithm (f0; : : : ; fn)3Input: f0; : : : ; fn 2 W [x0; : : : ; xn], where W is a commutative ring withunity.Output: R 2 W [u0; : : : ; un+1] is the modi�ed u-resultant of f0; : : : ; fn. (SeeRenegar's paper [29] for the de�nition.)(1) Let ~d be the maximum of the degrees of fi.Let B = fxd00 � � �xdn+1n+1 jd0 + � � �+ dn+1 = d̂g where d̂ = (n + 1)( ~d� 1) + 1.Let H be the vector space generated by the basis B over the ring W .(2) For each xd00 � � �xdn+1n+1 2 B , let i denote the least index i � n and ~d � di ifsuch an i exists, otherwise let i = n+ 1.Let Fi 2W [x0; : : : ; xn+1] be the degree ~d{homogenization of fi for each i.Let T : H �! H be the linear transformation de�ned by the followingmapping on the basis B :T (xd00 � � �xdn+1n+1 ) = ( xd00 � � �xdi� ~di � � �xdn+1n+1 Fi if i � nxd00 � � �xdnn xdn+1�1n+1 u � x if i = n+ 1where u = (u0; : : : ; un+1) and x = (x0; : : : ; xn+1).Let M be the matrix representing T with respect to the basis B .(3) Finally set R = D! det(M ) where M is D �D matrix. �In [29] it is shown that the worst case time complexity of this algorithm isdominated by L(logL)(log logL)(md)O(n), which is the best compared to thetheoretical complexities of all other algorithms proposed in the literature so far.In [30, 31] Renegar, by generalizing the above algorithm, gave a quanti�erelimination algorithm for the �rst order theory of the reals.5 Input Sentences Used for ComparisonIn an attempt to answer the questions (A1)|(A3) posed in the introduction,we will compare the complexities of the three algorithms on small inputs. Inparticular we will use the sentences with the following characteristics:n = m = d = L = 23Our indexing starts from 0 while Renegar's starts from 1. We made this change in orderto enhance the cross{readability between the main algorithm and this sub-algorithm.8



where n is the number of variables,m the number of polynomials, d their (total)degree bound, and L the bit length bound on their coe�cients.4 We will makesure that our analysis does not depend on any other characteristics of the inputsentences other than the ones given just above.However we will also trace the three algorithms on the following sentence inorder to obtain a concrete impression of the various estimates appearing duringthe analysis: (9x1)(9x2) [ x21 + x22 < 1 ^ x1x2 > 1 ]:Simple drawings of the two curves x21+ x22 = 1 and x1x2 = 1 show immediatelythat this sentence is false.The traces shown in the following three sections have been obtained frominteractive sessions on computer algebra systems MAPLE [8] and SAC2 [12],running on a DEC{Station 5000 with 32 Mega bytes of main memory. In orderto enhance readability of the trace, certain minor editing has been made on theoriginal trace. In the traces we also used the following transcription for variousmathematical symbol modi�ers: hi hihi hi�h hb~h htĥ hhh0 hph� hs6 Analysis of Collins' AlgorithmIn this section we analyze the complexity of Collins' algorithm following itsstages one after the other. In doing so we use the original algorithm of Collinswithout taking any advantage of subsequent improvements. As mentioned inthe previous section, we will also consider only the case n = m = d = L = 2.Projection StageWe are given two input polynomials g1 and g2 of degree two in two variables.For the example input, they areg1 = x22 + x21 � 1g2 = x1x2 � 14More precisely, the absolute value of any coe�cient is less than 2L�1. Here the exponentis L� 1 because one bit is used for indicating the sign.9



Since there are only two variables, we need to project the input polynomialsonly once, obtaining in general the following univariate polynomials:ldcf(g1)ldcf(g2)discr(g1)discr(g2)res(g1; g2)where ldcf stands for leading coe�cient, discr for discriminant, and res forresultant. For certain inputs, some of the polynomials above might not appearin the projection set.The polynomials ldcf(g1) and ldcf(g2) can be trivially obtained, and theirdegrees are at most 1. In order to compute discr(g1) and discr(g2), one onlyneeds to compute the determinants of at most 3� 3 matrices, and their degreesare at most 2. In order to compute res(g1; g2), one only needs to compute thedeterminant of at most 4� 4 matrix, and its degree is at most 4.For the example input, we have the following projection polynomials:discr(g1) = �4x21 + 4ldcf(g2) = x1res(g1; g2) = x41 � x21 + 1Base StageNext we isolate the real roots of the univariate projection polynomials. Eachpolynomial ldcf(gi) has at most one rational root. Each polynomial disc(gi) hasat most 2 real roots of algebraic degree5 at most 2. The polynomial res(g1; g2)has at most 4 real roots of algebraic degree at most 4.Thus altogether there are at most 10 real roots, in turn at most 21 cells inthe CAD of 1{space. Among them, about 13 cells have rational sample points,about 4 cells have sample points of algebraic degree 2, and about 4 cells havesample points of algebraic degree 4.For the example input, we have three real roots: �1, 0, 1. Thus the CADof 1{space has 7 cells with the following sample points:Cell Sample point(1) �2(2) �1(3) �1=2(4) 0(5) 1=2(6) 1(7) 25By the algebraic degree of a number, we mean the degree of an irreducible polynomialwith rational coe�cients which has the number as a root.10



Extension StageNow on each cell of the CAD of 1-space, we build a stack of cells, by substitutingits sample point into the polynomials gi, and by isolating the real roots.Since each polynomial gi is of degree at most 2 after substitution, it hasat most 2 real roots, and thus each stack has at most 9 cells. Therefore alltogether the CAD of 2{space has at most 21 �9 = 189 cells. Among them, about13 � 5 = 65 cells have rational sample points, about 13 � 4 + 4 � 5 = 72 cells havesample points of algebraic degree 2, about 4 � 4 + 4 � 5 = 36 cells have samplepoints of algebraic degree 4, and about 4 � 4 = 16 cells have sample points ofalgebraic degree 8.In order to �nd out the actual number of the cells for the example input, letus �rst build a stack on the cell (1). After substituting x1 = �2 into g1 and g2,we obtain the polynomials: h1 = x22 + 3h2 = �2x2 � 1The polynomial h1 does not have any real root, and h2 has only one real root�1=2. Thus the stack over the cell (1) has 3 cells with the following samplepoints: (1; 1) (�2;�1)(1; 2) (�2;�1=2)(1; 3) (�2; 0)Continuing in the same way with all other cells in the CAD of 1{space, weobtain a CAD of 2{space with 35 cells as shown in Table 1.Decision StageNow we determine the signs of the input polynomials g1 and g2 on each samplepoint of the CAD of 2-space, and by using them determine also the truth of theinput matrix6 on each sample point. If there is at least one sample point onwhich the matrix is true, then the input sentence is true. Otherwise the inputsentence is false.Thus in order to decide the example input, we begin by determining thesigns of the polynomials g1 = x21 + x22 � 1 and g2 = x1x2 � 1 on the point(�2;�1), which is the sample point of the cell (1,1). We �nd that g1 > 0 andg2 > 0 on it. Thus the matrix g1 < 0 ^ g2 > 0is false on the cell (1,1). Continuing in the same way, we �nd that the matrixis false on all other cells. Therefore the input sentence is decided to be false.6By the input matrix, we mean the quanti�er{free part of the input sentence.11



Cell Sample point(1; 1) (�2;�1)(1; 2) (�2;�1=2)(1; 3) (�2; 0)(2; 1) (�1;�2)(2; 2) (�1;�1)(2; 3) (�1;�1=2)(2; 4) (�1; 0)(2; 5) (�1; 1)(3; 1) (�1=2;�3)(3; 2) (�1=2;�2)(3; 3) (�1=2;�1)(3; 4) (�1=2;�p3=4)(3; 5) (�1=2; 0)(3; 6) (�1=2;p3=4(3; 7) (�1=2; 1)(4; 1) (0;�2)(4; 2) (0;�1)(4; 3) (0; 0)(4; 4) (0; 1)(4; 5) (0; 2)(5; 1) (1=2;�1)(5; 2) (1=2;�p3=4)(5; 3) (1=2; 0)(5; 4) (1=2;p3=4)(5; 5) (1=2; 1)(5; 6) (1=2; 2(5; 7) (1=2; 3)(6; 1) (1;�1)(6; 2) (1; 0)(6; 3) (1; 1=2)(6; 4) (1; 1)(6; 5) (1; 2)(7; 1) (2; 0)(7; 2) (2; 1=2)(7; 3) (2; 1)Table 1: A CAD of 2-space for x21 + x22 � 1 and x1x2 � 112



This whole computation can be easily carried out by hand. It was alsocarried out on a computer (DEC-Station 5000), taking about 0.1 second. Wealso carried out experiments on every input sentence of the following form:(9x1)(9x2) [a1x21 + a2x22 + a3x1x2 + a4x1 + a5x2 + a6 > 0 ^a7x21 + a8x22 + a9x1x2 + a10x1 + a11x2 + a12 > 0]where each ai ranges on f�1; 0; 1g. Thus altogether we have carried out 312 =531441 experiments. We did not test the inputs with the other relational ope-rators such as = or <, since the computing time of Collins' algorithm does notdepend on the relational operators being used. The experiments show that everyinput sentence of the above form is decided within a second. (More preciselybetween 10 through 200 milli-seconds.) Thus we can conclude that Collins' al-gorithm can decide any sentence with n = m = d = L = 2 within a second (onthe same computer).7 Analysis of the algorithm of Grigor'ev andVorobjovNow we analyze the complexity of the algorithm of Grigor'ev and Vorobjov,mainly for the case n = m = d = L = 2.Step (1)In general we begin with the polynomials f1; : : : ; fk and fk+1; : : : ; fm in thevariables x1; : : : ; xn of degree d and of coe�cient bit length bound L. For theexample input, we have only strict inequalities, and thus we have k = n = m =d = L = 2. The input polynomials are:f1 = x1^2 + x2^2 - 1f2 = x1 x2 - 1.From these we form the polynomial fm+1 = x0f1 � � �fk � 1. Clearly thedegree of g1 is bounded by kd+ 1. For the example input we havef3 = x0 f1 f2 - 1= x0 x1^3 x2 - x0 x1^2 + x0 x2^3 x1 - x0 x2^2 - x0 x1 x2 + x0 - 1Next we form the polynomial g1 = (f1+�1) � � � (fm+1+�1)��m+11 . Obviouslythe degree of g1 is bounded by md+ kd+ 1. For the example input we haveg1 = (f1 + e1) (f2 + e1) (f3 + e1) - e1^3= - 1 + 4 x0 x2^3 x1 + x1 x2 - x1^3 x2 - x2^3 x1 - 2 x0 x1^2 - 2 x0 x2^2 +3 e1 - 2 x1^2 e1 - 2 x2^2 e1 - 3 e1^2 + x1^4 x0 + x1^2 e1^2 + x2^4 x0+ x2^2 e1^2 - 2 e1 x0 + e1^2 x0 + x1^2 + x2^2 + x0 + 4 x0 x1^3 x2 - 2 x0 x1x2 - 2 e1 x1 x2 + x1^6 x2^2 x0 - 2 x1^5 x2 x0 + 2 x1^4 x2^4 x0 - 4 x1^3x2^3 x0 - 2 x1^4 x2^2 x0 + 3 x1^2 x0 x2^2 - x1^4 e1 x0 + x2^6 x1^2 x0 - 2x2^5 x1 x0 - 2 x2^4 x1^2 x0 - x2^4 e1 x0 + e1^2 x1 x2 - e1^2 x0 x1^2 - e1^2 x0 x2^2 + x1^3 x2 e1 + 3 x1^2 e1 x0 + x2^3 x1 e1 + 3 x2^2 e1 x0 + x1^5e1 x0 x2 + 2 x1^3 e1 x0 x2^3 - 3 x1^2 e1 x0 x2^2 - 4 x1^3 e1 x0 x2 + x2^5e1 x0 x1 - 4 x2^3 e1 x0 x1 + e1 x1^4 x2^2 x0 + e1 x1^2 x2^4 x0 + e1^2 x0x1^3 x2 + e1^2 x0 x2^3 x1 - e1^2 x0 x1 x2 + 3 e1 x0 x1 x213



Step (2)Now we need to compute the integer R, and for this we need to determine thepolynomial p. The following lemma indirectly de�nes what the polynomial p is.Lemma 1 (Lemma 10 of [15]) There exists a polynomial p 2 Z[x] with thefollowing property:Consider any system f1 � 0; : : : ; fm � 0 where for every i, fi 2Z[x1; : : : ; xn],deg(fi) < d, the bit length of the coe�cients of fi is bounded by L, and such thatat least one real point does not satisfy the system. Let W = SjWj be the semi-algebraic set consisting of all real solutions of the system, where each Wj is aconnected component. Let R = 3(L+logm)p(dn). Let D(R) denote the closed ballcentered at the origin with radius R. Then for each Wj we have D(R)\Wj 6= ;and D(R) nWj 6= ;.In [15] this lemma is proved, but without constructing one such polynomialp.Therefore in our analysis, we will be satis�ed with the following extreme lowerbound: p(x) � 0 for all positive x. Thus we have R � 1. In fact we will useR = 1, since we already \know" that the example input system does not haveany solution and thus any positive integer would be acceptable to be used asR. But one should still remember that the Grigor'ev and Vorobjov algorithmwould assign (much) bigger integer to R.Next we form the polynomial g = g21 + (x20 + � � �+ x2n+1 � (R + 1))2. Thedegree of g is bounded by 2(md+ kd+ 1). For the example input, we haveg = g1^2 + (x0^2 + x1^2 + x2^2 + x3^2 - 2)^2= 5 - 18 x0 x2^3 x1 + 6 x2^6 x0 e1^2 - 2 x1 x2 + 4 x1^3 x2 + 4 x2^3 x1 + 6x0 x1^2 + 6 x0 x2^2 - 6 e1 + 10 x1^2 e1 + 10 x2^2 e1 + 15 e1^2 - 6 x1^4 x0 - 20 x1^2 e1^2 - 6 x2^4 x0 - 20 x2^2 e1^2 + 10 e1 x0 - 20 e1^2 x0 - 6 x1^2 - 6 x2^2 - 2 x0 - 18 e1^3 - 18 x0 x1^3 x2 + 6 x0 x1 x2 + 10 e1 x1 x2- 18 x1^6 x2^2 x0 + 18 x1^5 x2 x0 - 36 x1^4 x2^4 x0 + 38 x1^3 x2^3 x0 + 24 x1^4 x2^2 x0 - 18 x1^2 x0 x2^2 + 22 x1^4 e1 x0 - 18 x2^6 x1^2 x0 + 18 x2^5 x1 x0 + 24 x2^4 x1^2 x0 + 22 x2^4 e1 x0 - 20 e1^2 x1 x2 + 44 e1^2 x0x1^2 + 44 e1^2 x0 x2^2 - 16 x1^3 x2 e1 - 26 x1^2 e1 x0 - 16 x2^3 x1 e1 -26 x2^2 e1 x0 - 54 x1^5 e1 x0 x2 - 114 x1^3 e1 x0 x2^3 + 66 x1^2 e1 x0 x2^2 + 66 x1^3 e1 x0 x2 - 54 x2^5 e1 x0 x1 + 66 x2^3 e1 x0 x1 - 3 x0^2 - 4x3^2 - 72 e1 x1^4 x2^2 x0 - 72 e1 x1^2 x2^4 x0 - 92 e1^2 x0 x1^3 x2 - 92e1^2 x0 x2^3 x1 + 44 e1^2 x0 x1 x2 - 26 e1 x0 x1 x2 + 40 x0^2 x2^6 x1^2 -52 x0^2 x2^3 x1^3 - 24 x0^2 x2^5 x1 + 64 x0^2 x2^3 x1^5 + 24 x1^3 x2 e1^2+ 6 x1^5 x2 e1 + 12 x1^3 x2^3 e1 - 6 x1^7 x2 x0 - 6 x1^5 x2 e1^2 + 6 x2^5x1 e1 + 24 x2^3 x1 e1^2 - 24 x2^3 x1^5 x0 - 12 x2^3 x1^3 e1^2 + 18 x0^2 x1^2 x2^2 - 30 x0 x1^4 e1^2 - 36 x0^2 x2^2 x1^4 + 18 x1^2 e1^2 x2^2 - 6 x1^6 e1 x0 - 12 x2^2 e1^3 x1^2 + 5 x1^2 x2^2 - 2 x1^4 x2^2 - 2 x1^2 x2^4 +x3^4 + x0^4 + 9 e1^4 + 2 x1^4 + 2 x2^4 + 58 x0 x2^5 x1 e1^2 - 48 x0^2 x2^3 x1 e1 + 52 x0^2 x2^3 x1 e1^2 + 122 x0 x2^3 x1^3 e1^2 + x1^6 x2^2 + 2 x1^4 x2^4 + x2^6 x1^2 + 6 x0^2 x1^4 - 4 x0^2 x1^6 + 6 x0^2 x2^4 + 18 x1^2 e1^3 + 6 x1^4 e1^2 - 4 x1^4 e1^3 + 6 x2^4 e1^2 + 18 x2^2 e1^3 - 6 e1^4 x1^2 + x1^8 x0^2 + x1^4 e1^4 - 2 x1^5 x2 - 4 x1^3 x2^3 - 2 x2^5 x1 - 2 x0^2x1^2 - 4 x0^2 x2^6 - 2 x0^2 x2^2 + 18 e1^3 x0 - 4 x1^4 e1 - 4 x2^4 e1^3 -4 x2^4 e1 - 6 e1^4 x2^2 - 6 e1^4 x0 + 2 x1^6 x0 + x2^8 x0^2 + 2 x2^6 x0 +x2^4 e1^4 + 6 e1^2 x0^2 - 4 e1^3 x0^2 - 4 e1 x0^2 + e1^4 x0^2 - 90 x0 x2^14



2 x1^2 e1^2 + 6 x1^6 x0 e1^2 + 16 x0^2 x2^7 x1 + 16 x0^2 x2^3 x1 + 79 x0^2 x2^4 x1^4 - 36 x0^2 x2^4 x1^2 + 48 x0^2 x2^5 x1^7 - 76 x0^2 x2^4 x1^6 +48 x0^2 x2^7 x1^5 - 12 x1^2 x2^2 e1 + 6 x1^7 x2^3 x0 + 12 x1^5 x2^5 x0 -24 x1^3 x2^5 x0 + 6 x1^4 x2^2 e1 - 2 x1^9 x2^3 x0 + 6 x1^8 x2^2 x0 - 6 x1^7 x2^5 x0 - 6 x2^7 x1 x0 - 6 x2^5 x1 e1^2 + 6 x2^4 x1^2 e1 + 18 x2^4 x1^6 x0 - 6 x2^7 x1^5 x0 + 14 x0^2 x1^2 e1 - 18 x0^2 x1^2 e1^2 - 24 x0^2 x1^5 x2 + 16 x0^2 x1^3 x2 - 24 x0^2 x1^8 x2^2 + 16 x0^2 x1^7 x2 - 30 x0 x2^4e1^2 + 14 x0^2 x2^2 e1 - 18 x0^2 x2^2 e1^2 - 76 x0^2 x2^6 x1^4 - 32 x1^2e1^3 x0 - 6 x2^6 e1 x0 - 32 x2^2 e1^3 x0 - 40 x2^3 e1^2 x1^5 x0 + 12 x2^6e1^2 x1^4 x0 - 48 e1 x0^2 x1^3 x2 - 10 x1^8 e1 x2^2 x0 + 14 x1^7 e1 x2 x0- 30 x1^6 e1 x2^4 x0 + 56 x2^3 e1 x1^5 x0 - 30 x2^6 e1 x1^4 x0 + 18 e1^3x1 x2 - 18 x1^4 x0^2 e1 + 19 x1^4 x0^2 e1^2 + 6 x1^10 x0^2 x2^2 - 4 x1^9x0^2 x2 + 30 x1^8 x0^2 x2^4 + 3 x1^2 e1^4 x2^2 + 8 x1^2 e1^4 x0 - 14 x1^3e1^3 x2 - 18 x2^4 x0^2 e1 + 19 x2^4 x0^2 e1^2 + 64 x2^5 x0^2 x1^3 + 48 x2^6 x0^2 x1^6 - 72 x2^5 x0^2 x1^5 + 30 x2^8 x0^2 x1^4 + 8 x2^2 e1^4 x0 - 14 x2^3 e1^3 x1 + 18 x2^6 x1^4 x0 - 4 x0^2 x1 x2 + 40 x1^6 x2^2 x0^2 + 16x0^2 x1^9 x2^3 - 40 x0^2 x1^7 x2^3 - 32 e1^2 x1^6 x2^2 x0 + 58 e1^2 x1^5x2 x0 - 64 e1^2 x1^4 x2^4 x0 + 76 x1^4 x0 x2^2 e1^2 + 76 x1^2 e1^2 x2^4 x0 + 4 x1^8 e1^2 x2^2 x0 - 10 x1^7 e1^2 x2 x0 + 12 x1^6 e1^2 x2^4 x0 + 42e1 x1^6 x2^2 x0 + 84 e1 x1^4 x2^4 x0 + 14 e1 x0^2 x1 x2 - 80 e1 x0^2 x1^6x2^2 + 60 e1 x0^2 x1^5 x2 - 158 e1 x0^2 x1^4 x2^4 + 52 e1^2 x0^2 x1^3 x2- 18 e1^2 x0^2 x1 x2 - 32 e1^3 x0 x1 x2 + 52 e1^2 x0^2 x1^6 x2^2 - 52 e1^2 x0^2 x1^5 x2 + 103 e1^2 x0^2 x1^4 x2^4 + x1^12 x2^4 x0^2 - 4 x1^11 x2^3x0^2 + 4 x1^10 x2^6 x0^2 - 16 x1^9 x2^5 x0^2 + 6 x1^8 x2^8 x0^2 + 16 x0^2x2^9 x1^3 - 24 x0^2 x2^8 x1^2 - 40 x0^2 x2^7 x1^3 + 6 x1^3 x2^7 x0 - 6 x1^4 x2^2 e1^2 - 2 x1^6 x2^2 e1 - 2 x2^9 x1^3 x0 + 6 x2^8 x1^2 x0 - 6 x2^4x1^2 e1^2 - 4 x2^4 x1^4 e1 + 10 x0^2 x1^6 e1 + 10 x0^2 x2^6 e1 + 16 x1^4e1^3 x0 - 10 e1 x1^7 x2^3 x0 - 20 e1 x1^5 x2^5 x0 + 60 x0^2 x2^5 x1 e1 +114 x0^2 x2^4 x1^6 e1 - 128 x0^2 x2^3 x1^5 e1 - 32 x0^2 x2^7 x1 e1 - 112x0^2 x2^3 x1^3 e1^2 - 52 x0^2 x2^5 x1 e1^2 + 130 x0^2 x2^3 x1^3 e1 + 56 x1^3 x2^5 e1 x0 + 14 x2^7 x1 e1 x0 + 90 x0^2 x1^2 x2^4 e1 + 57 x0^2 x1^2 e1^2 x2^2 + 90 x0^2 x2^2 x1^4 e1 - 54 x0^2 x2^2 x1^2 e1 + 48 x1^2 e1^3 x0x2^2 - 10 x2^8 e1 x1^2 x0 + 16 x2^4 e1^3 x0 - 6 e1^4 x1 x2 - 2 x1^8 x0^2e1 - 8 x1^6 x0^2 e1^2 - 2 x1^6 e1^3 x0 + 2 x1^3 e1^4 x2 - 2 x1^4 e1^4 x0+ 2 x1^5 e1^3 x2 - 2 x2^6 x1^2 e1 + 4 x1^3 e1^3 x2^3 + 6 x2^10 x0^2 x1^2- 4 x2^9 x0^2 x1 - 2 x2^8 x0^2 e1 - 8 x2^6 x0^2 e1^2 - 2 x2^6 e1^3 x0 + 2x2^3 e1^4 x1 - 2 x2^4 e1^4 x0 + 10 e1^3 x0^2 x1^2 + 10 e1^3 x0^2 x2^2 - 8e1^3 x0^2 x1^4 - 8 e1^3 x0^2 x2^4 - 2 e1^4 x0^2 x1^2 - 2 e1^4 x0^2 x2^2 -32 e1^2 x2^6 x1^2 x0 - 76 x1^4 x0^2 e1^2 x2^2 - 40 x1^3 e1^2 x2^5 x0 - 28x1^2 e1^3 x2^4 x0 - 6 x1^2 e1^4 x0 x2^2 + 42 e1 x2^6 x1^2 x0 + 4 x2^8 e1^2 x1^2 x0 + 114 x0^2 x2^6 x1^4 e1 - 128 x0^2 x2^5 x1^3 e1 + 36 x0^2 x2^8x1^2 e1 - 80 x0^2 x2^6 x1^2 e1 + 108 x0^2 x2^5 x1^5 e1 + 60 x0^2 x2^7 x1^3 e1 + 52 x0^2 x2^6 x1^2 e1^2 - 76 x0^2 x2^4 x1^2 e1^2 - 10 x2^7 x1^3 e1x0 - 32 x0^2 x1^7 e1 x2 + 52 e1^3 x0 x1^3 x2 + 52 e1^3 x0 x2^3 x1 - 22 x1^5 e1^3 x0 x2 - 46 x1^3 e1^3 x0 x2^3 - 10 x2^7 e1^2 x0 x1 - 22 x2^5 e1^3x0 x1 - 28 e1^3 x1^4 x2^2 x0 - 10 e1^4 x0 x1^3 x2 - 10 e1^4 x0 x2^3 x1 +8 e1^4 x0 x1 x2 + 6 x1^9 x0^2 e1 x2 + 60 x1^7 x0^2 e1 x2^3 + 36 x1^8 x0^2e1 x2^2 + 20 x1^7 x0^2 e1^2 x2 + 80 x1^5 x0^2 e1^2 x2^3 + 2 x1^7 e1^3 x0x2 + 8 x1^5 e1^3 x0 x2^3 + 8 x1^3 e1^3 x2^5 x0 + 6 x1^6 e1^3 x2^2 x0 + 12x1^4 e1^3 x2^4 x0 + 2 x1^5 e1^4 x0 x2 + 4 x1^3 e1^4 x0 x2^3 + 6 x2^9 x0^2e1 x1 - 4 x1^10 x2^4 x0^2 - 24 x1^7 x2^7 x0^2 - 12 x1^8 x2^6 x0^2 + 4 x1^6 x2^10 x0^2 - 16 x1^5 x2^9 x0^2 - 12 x1^6 x2^8 x0^2 + 2 x2^5 e1^3 x1 + x1^8 e1^2 x0^2 + 2 x1^6 e1^3 x0^2 + x2^12 x1^4 x0^2 - 4 x2^11 x1^3 x0^2 -4 x2^10 x1^4 x0^2 + x2^8 e1^2 x0^2 + 2 x2^6 e1^3 x0^2 + 2 e1^3 x1^4 x2^2+ e1^4 x0^2 x1^4 + e1^4 x0^2 x2^4 + x1^6 x2^2 e1^2 - 6 x1^10 x2^2 x0^2 e115



- 48 x1^6 x2^6 x0^2 e1 + 4 x1^7 x2^3 x0 e1^2 - 16 x1^8 x2^2 x0^2 e1^2 - 50 x1^6 x2^4 x0^2 e1^2 + 2 x1^9 x2^3 x0 e1 - 30 x1^8 x2^4 x0^2 e1 - 30 x1^4 x2^8 x0^2 e1 + 8 x1^5 x2^5 x0 e1^2 - 50 x1^4 x2^6 x0^2 e1^2 + 6 x1^7 x2^5 x0 e1 + 80 x2^5 x0^2 e1^2 x1^3 + 20 x2^7 x0^2 e1^2 x1 + 2 x2^7 e1^3 x0x1 + 6 x2^6 e1^3 x1^2 x0 + 2 x2^5 e1^4 x0 x1 - 24 e1^3 x0^2 x1^3 x2 - 24e1^3 x0^2 x2^3 x1 + 10 e1^3 x0^2 x1 x2 + 18 e1^3 x0^2 x1^5 x2 + 38 e1^3 x0^2 x1^3 x2^3 - 24 e1^3 x0^2 x1^2 x2^2 + 18 e1^3 x0^2 x2^5 x1 + 24 e1^3 x0^2 x1^4 x2^2 + 24 e1^3 x0^2 x1^2 x2^4 + 4 e1^4 x0^2 x1^3 x2 + 4 e1^4 x0^2 x2^3 x1 - 2 e1^4 x0^2 x1 x2 + 2 x1^11 x2^3 x0^2 e1 + 8 x1^9 x2^5 x0^2 e1 - 16 x1^9 x2^3 x0^2 e1 + 12 x1^7 x2^7 x0^2 e1 - 48 x1^7 x2^5 x0^2 e1 +2 x1^10 x2^4 x0^2 e1 + 6 x1^8 x2^6 x0^2 e1 + 4 x1^9 x2^3 x0^2 e1^2 + 12 x1^7 x2^5 x0^2 e1^2 - 24 x1^7 x2^3 x0^2 e1^2 + 6 x1^5 x2^7 x0 e1 + 8 x1^5x2^9 x0^2 e1 - 48 x1^5 x2^7 x0^2 e1 + 6 x1^6 x2^8 x0^2 e1 + 12 x1^5 x2^7x0^2 e1^2 - 44 x1^5 x2^5 x0^2 e1^2 - 6 x2^10 x1^2 x0^2 e1 + 4 x2^7 x1^3 x0 e1^2 - 16 x2^8 x1^2 x0^2 e1^2 + 3 e1^4 x0^2 x1^2 x2^2 + 2 e1^3 x1^2 x2^4 + 2 x1^4 x2^4 e1^2 + x2^6 x1^2 e1^2 - 2 x1^9 e1^2 x0^2 x2 - 4 x1^7 e1^3x0^2 x2 - 16 x1^5 e1^3 x0^2 x2^3 + 2 x2^9 x1^3 x0 e1 + 2 x2^11 x1^3 x0^2e1 - 16 x2^9 x1^3 x0^2 e1 + 2 x2^10 x1^4 x0^2 e1 + 4 x2^9 x1^3 x0^2 e1^2- 24 x2^7 x1^3 x0^2 e1^2 - 2 x2^9 e1^2 x0^2 x1 - 16 x2^5 e1^3 x0^2 x1^3 -4 x2^7 e1^3 x0^2 x1 + 2 e1^4 x1^4 x2^2 x0 + 2 e1^4 x1^2 x2^4 x0 - 12 e1^3x0^2 x1^6 x2^2 - 24 e1^3 x0^2 x1^4 x2^4 - 2 e1^4 x0^2 x1^5 x2 - 4 e1^4 x0^2 x1^3 x2^3 - 12 e1^3 x0^2 x2^6 x1^2 - 2 e1^4 x0^2 x2^5 x1 + 2 x0^2 x3^2+ 2 x1^2 x3^2 + 2 x2^2 x3^2 + x1^10 e1^2 x0^2 x2^2 + 5 x1^8 e1^2 x0^2 x2^4 + 8 x1^6 e1^2 x0^2 x2^6 + 2 x1^8 e1^3 x0^2 x2^2 + 6 x1^6 e1^3 x0^2 x2^4+ 5 x1^4 e1^2 x0^2 x2^8 + 6 x1^4 e1^3 x0^2 x2^6 + x2^10 e1^2 x0^2 x1^2 +2 x2^8 e1^3 x0^2 x1^2 + 2 e1^3 x1^7 x2^3 x0^2 + 4 e1^3 x1^5 x2^5 x0^2 + 2e1^3 x1^3 x2^7 x0^2 + e1^4 x0^2 x1^6 x2^2 + 2 e1^4 x0^2 x1^4 x2^4 - 2 e1^4 x0^2 x1^4 x2^2 + e1^4 x0^2 x2^6 x1^2 - 2 e1^4 x0^2 x2^4 x1^2This polynomial is huge, having 414 terms and degree 18 in the variablesx0; x1; x2; x3.Step (3)We �rst compute the integer N = (8md)n+2. For the case n = m = d = 2, wehave N = (8 � 2 � 2)2+2 = 1048576 � 106:From this we form the set � = f1; : : : ; Ngn+1. Clearly the size of this set isNn+1. For the case n = m = d = 2, we havej�j = 10485763 = 1152921504606846976� 1018:Note that this analysis depends only on the fact that n = m = d = 2. Thus forany input with n = m = d = 2, this algorithm requires that j�j � 1018.The set I 0 is initialized as an empty set here, and is augmented iterativelyat Step (4.2.3). At the beginning of Step (5), this set becomes a representativeset for the equation g = 0. 16



Step (4)This step iterates the sub{steps (4.1) and (4.2) for each 
 = (
1; : : : ; 
n+1) 2 �.Therefore the number of iterations is just the size of the set �. Recalling theanalysis of the last step, we conclude that for the case n = m = d = 2, thenumber of iterations in Step (4) is1152921504606846976� 1018:Now each iteration requires various expensive computations. For example,In Step (4.1) the following system must be solved over �Fn+2:g � � = � @g@x1�2 � 
1N (n+ 2)� = � � � = � @g@xn+1�2 � 
n+1N (n+ 2)� = 0where � =Pn+1j=0 � @g@xj �2. Recalling that the degree of g is bounded by 2(md+kd+ 1), we know that the degrees of the polynomials in the above system arebounded by 2(2(md + kd + 1) � 1) = 4(md + kd) + 2. For the example input,the degree bound is 4(2 � 2 + 2 � 2) + 2 = 34:In order to get concrete impression on the size of the polynomials in the abovesystem, we actually computed one of the polynomials, namely� @g@x1�2 � 
1N (n+ 2)�for the iteration where 
 = f1; 1; 1g. The trace shows (not included here becauseit is huge) that the polynomial is indeed of degree 34 with 5784 terms. It tookabout 20 seconds on MAPLE just to construct the polynomial in distributedrepresentation. Thus one can easily expect that solving the above system wouldtake much computation time.Any algorithm for solving a system of equations must at least read in everyterm appearing in the system. Experiments with several sample input polyno-mials suggest that the average number of terms in a system is at least 10000.Clearly it takes at least one machine instruction to read in a term. For anycurrently available workstations, it takes at least 10�8 seconds per instruc-tion. (SUN-4 Sparc station and DEC-Station 5000 take about 10�7 secondsper instruction.) Therefore just reading in a system of equations takes at least10000 � 10�8 = 10�4 seconds, and thus solving a system should take at least10�4 seconds also, which is very far under{estimate. But then there are 1018systems to solve, thus we estimate that Step (4) will take at least1014 seconds � 3 million years:17



Step (5) through Step (9)Since Step (4) takes enormous computation time, the analysis of the subsequentsteps does not seem to be necessary, and thus we will not investigate theircomplexities.8 Analysis of Renegar's AlgorithmNow we analyze the complexity of Renegar's algorithm following its steps oneafter the other. Though we are mostly interested in the behavior of the algorithmon the inputs with n = m = d = L = 2, we will also try to analyze it for arbitraryinputs, whenever possible.Step (1)We begin with two input polynomials g1 and g2 of two variables x1 and x2 ofdegrees two. For the example input, they areg1 = x1^2 + x2^2 - 1g2 = x1 x2 - 1.From these we form (6m + 2 = 14) polynomials hi in (n + 1 = 3) variables ofdegree (d+ 1 = 3). For the example input, they areh1 = g1= x1^2 + x2^2 - 1h2 = g2= x1 x2 - 1h3 = x0 g1 - 1= x0 x1^2 + x0 x2^2 - x0 - 1h4 = x0 g2 - 1= x0 x1 x2 - x0 - 1h5 = x0 g1 + 1= x0 x1^2 + x0 x2^2 - x0 + 1h6 = x0 g2 + 1= x0 x1 x2 - x0 + 1h7 = x0 - 1h8 = - g1= - x1^2 - x2^2 + 1h9 = - g2= - x1 x2 + 1h10 = - x0 g1 + 1= - x0 x1^2 - x0 x2^2 + x0 + 1h11 = - x0 g2 + 1= - x0 x1 x2 + x0 + 1h12 = - x0 g1 - 1= - x0 x1^2 - x0 x2^2 + x0 - 1h13 = - x0 g2 - 1= - x0 x1 x2 + x0 - 1h14 = - x0 + 1. 18



Step (2)Since d = 2, the integer d0 = 4. Now we form the polynomials�hi(�;x0; : : : ; xn) = (1 � �)hi + �(1 + nXj=0 ijxd0j )for each i = 1; : : : ; 14. For the example input, they arehb1 = (1 - d) h1 + d (1 + 1^0 x0^dp + 1^1 x1^dp + 1^2 x2^dp)= x1^2 + x2^2 - 1 - d x1^2 - d x2^2 + 2 d + d x0^4 + d x1^4 + d x2^4hb2 = (1 - d) h2 + d (1 + 2^0 x0^dp + 2^1 x1^dp + 2^2 x2^dp);= x1 x2 - 1 - d x1 x2 + 2 d + d x0^4 + 2 d x1^4 + 4 d x2^4hb3 = (1 - d) h3 + d (1 + 3^0 x0^dp + 3^1 x1^dp + 3^2 x2^dp);= x0 x1^2 + x0 x2^2 - x0 - 1 - d x0 x1^2 - d x0 x2^2 + d x0 + 2 d + d x0^4+ 3 d x1^4 + 9 d x2^4hb4 = (1 - d) h4 + d (1 + 4^0 x0^dp + 4^1 x1^dp + 4^2 x2^dp)= x0 x1 x2 - x0 - 1 - d x0 x1 x2 + d x0 + 2 d + d x0^4 + 4 d x1^4+ 16 d x2^4hb5 = (1 - d) h5 + d (1 + 5^0 x0^dp + 5^1 x1^dp + 5^2 x2^dp)= x0 x1^2 + x0 x2^2 - x0 + 1 - d x0 x1^2 - d x0 x2^2 + d x0 + d x0^4+ 5 d x1^4 + 25 d x2^4hb6 = (1 - d) h6 + d (1 + 6^0 x0^dp + 6^1 x1^dp + 6^2 x2^dp)= x0 x1 x2 - x0 + 1 - d x0 x1 x2 + d x0 + d x0^4 + 6 d x1^4 + 36 d x2^4hb7 = (1 - d) h7 + d (1 + 7^0 x0^dp + 7^1 x1^dp + 7^2 x2^dp)= x0 - 1 - d x0 + 2 d + d x0^4 + 7 d x1^4 + 49 d x2^4hb8 = (1 - d) h8 + d (1 + 8^0 x0^dp + 8^1 x1^dp + 8^2 x2^dp)= - x1^2 - x2^2 + 1 + d x1^2 + d x2^2 + d x0^4 + 8 d x1^4 + 64 d x2^4hb9 = (1 - d) h9 + d (1 + 9^0 x0^dp + 9^1 x1^dp + 9^2 x2^dp)= - x1 x2 + 1 + d x1 x2 + d x0^4 + 9 d x1^4 + 81 d x2^4hb10 = (1 - d) h10 + d (1 + 10^0 x0^dp + 10^1 x1^dp + 10^2 x2^dp)= - x0 x1^2 - x0 x2^2 + x0 + 1 + d x0 x1^2 + d x0 x2^2 - d x0 + d x0^4+ 10 d x1^4 + 100 d x2^4hb11 = (1 - d) h11 + d (1 + 11^0 x0^dp + 11^1 x1^dp + 11^2 x2^dp)= - x0 x1 x2 + x0 + 1 + d x0 x1 x2 - d x0 + d x0^4 + 11 d x1^4 + 121 d x2^4hb12 = (1 - d) h12 + d (1 + 12^0 x0^dp + 12^1 x1^dp + 12^2 x2^dp)= - x0 x1^2 - x0 x2^2 + x0 - 1 + d x0 x1^2 + d x0 x2^2 - d x0 + 2 d+ d x0^4 + 12 d x1^4 + 144 d x2^4hb13 = (1 - d) h13 + d (1 + 13^0 x0^dp + 13^1 x1^dp + 13^2 x2^dp)= - x0 x1 x2 + x0 - 1 + d x0 x1 x2 - d x0 + 2 d + d x0^4 + 13 d x1^4+ 169 d x2^4hb14 = (1 - d) h14 + d (1 + 14^0 x0^dp + 14^1 x1^dp + 14^2 x2^dp)= - x0 + 1 + d x0 + d x0^4 + 14 d x1^4 + 196 d x2^4Step (3)This step iterates the sub-steps (3:1)|(3:5) for each A � f1; : : : ; 6m+ 2g suchthat jAj � n+ 1. Thus generally the number of iterations is�6m+20 �+ �6m+21 �+ � � �+ �6m+2n+1 �in case 6m+ 2 � n+ 1: For n = m = 2, the number of iterations is�140 �+ �141 �+ �142 � + �143 � = 470:19



It will be too time-consuming to trace all the 470 iterations (at least for thisinteractive session), thus whenever necessary we will consider only the caseA = f3; 4g:Step (3.1)We �rst form the polynomial ĥ(x0; : : : ; xn) = Pnj=0(6m + 3)jxd0j . For the ex-ample input, it ishh = (6 2 + 3)^0 x0^dp + (6 2 + 3)^1 x1^dp + (6 2 + 3)^2 x2^dp= x0^4 + 15 x1^4 + 225 x2^4.Next we form the matrixMA with the last row rx0;:::;xn ĥ and with earlier rowsrx0;:::;xn �hi, i 2 A, ordered by increasing indices i. For the example input andA = f3; 4g, we haveMA1 = grad(hb3,[x0,x1,x2])MA2 = grad(hb4,[x0,x1,x2])MA3 = grad(hh,[x0,x1,x2])MA = [MA1,MA2,MA3]whereMA[1,1] = x1^2 + x2^2 - 1 - d x1^2 - d x2^2 + d + 4 d x0^3MA[1,2] = 2 x0 x1 - 2 x0 x1 d + 12 d x1^3MA[1,3] = 2 x0 x2 - 2 x0 x2 d + 36 d x2^3MA[2,1] = x1 x2 - 1 - d x1 x2 + d + 4 d x0^3MA[2,2] = x0 x2 - x0 x2 d + 16 d x1^3MA[2,3] = x0 x1 - x0 x1 d + 64 d x2^3MA[3,1] = 4 x0^3MA[3,2] = 60 x1^3MA[3,3] = 900 x2^3Step (3.2)Now we compute the polynomial hA = det(MAMTA ) +Pi2A �h2i . An easy checkon the size of the matrixMA and the degree of its entries shows that dA is (verytightly) bounded above by 2(d+1)(jAj+1). For n = m = d = 2 and A = f3; 4g,we have df3;4g = 2(2 + 1)(2 + 1) = 18:For the example input, here is the polynomial hf3;4g:hA = det(multiply(MA,transpose(MA))) + hb3^2 + hb4^2= 23040 x1^10 d x0^5 + 6 d x0 x1^2 - 69120 d^2 x1^10 x0^5 + 4 x0^2 x2^2 d+ 18 x0 x2^6 d + 384 x0^10 x2^4 d^2 - 14400 x0^2 x1^8 d - 256 x0^10 x2^4d - 55296 x0^9 x2^6 d + 14 x0 x1^4 d^2 + 2 + 6 d x0 x2^2 - 14400 d x1^12x0^2 - 50 x0 x2^4 d + 18662400 d^3 x2^10 x0^5 - 9216 x0^9 x1^6 d^3 - 14400 d^4 x2^8 x0^6 + 50 x0 x2^4 d^2 - 2 x0^5 x2^2 d^2 + 18662400 x0^5 x2^820



d^2 + 2 x0^5 x2^2 d + 2 x0^5 x1^2 d - 8 d - 3240000 x0^2 x2^8 d - 2 x0^2x1^2 d^2 + 3840 x0^6 x1^8 d + 57600 d^3 x2^8 x0^6 + 3 x0^2 x1^2 x2^2 - 18662400 d^2 x2^10 x0^5 - 4 d^2 x0 x1^2 + 21600 x0^2 x1^8 d^2 - 18662400x0^5 x2^8 d^3 + 111600 x1^8 x0^2 x2^4 + 810000 d^4 x2^12 x0^2 + 3072 x0^9 x1^6 d^4 + 4 x0 - 2 x0 x1^2 - 2 x0 x2^2 - 4 d x0^4 - 14 d x1^4 - 50 dx2^4 - 2 x0^5 x1^2 d^2 - 2 x0^2 x2^4 d - 4 d^2 x0 x2^2 - 6 d^2 x0 x1^6 +d^2 x0^2 x2^4 + 64 x0^10 x2^4 d^4 + 6 x0 x1^6 d - 2 x0 x1 x2 + 2 x0^2 +4 x0^2 x1^2 d - 18 d^2 x0 x2^6 + 182 d^2 x1^4 x2^4 + 7200 x2^2 x0^2 x1^8- 4 d x0^2 - 182476800 x1^9 x2^7 d^2 - 2 x0^2 x1^4 d - 4 d x0^5 - 12 d x0 + d^2 x0^2 x1^4 + 2 d^2 x0^2 - 23887872 x0^8 x2^8 d^3 + 8 d^2 x0 - 2 x0^2 x1 x2 + 4 d^2 x0^5 - 3072 x0^9 x1^6 d - 540000 x1^4 x0^2 x2^4 - 14 x0 x1^4 d - 2 x0^2 x2^2 d^2 + 6 d x0 x1 x2 - 256 x0^10 x2^4 d^3 - 40550400 d^4 x1^8 x2^6 + 9216 x0^9 x1^6 d^2 - 14400 x0^6 x1^2 d^4 x2^4 - 6220800 d^4 x2^10 x0^5 - 3240000 d x2^12 x0^2 + 4860000 x0^2 x2^8 d^2 + 8 d^2x0^4 + 1620000 x1^2 x0^2 x2^8 - 7200 d^4 x1^10 x0^2 + 2 d^2 x0^8 + x0^2x1^4 + 28 d^2 x1^4 + 100 d^2 x2^4 + 8 d^2 - 2 x0^2 x1^2 - 2 x0^2 x2^2 +4 x0^2 x1 x2 d - 2 x0^2 x1 d^2 x2 + 5760 d^2 x0^6 x1^6 + 86400 d^2 x0^6x2^6 + 3240000 x0^2 x1^2 x2^6 + 3686400 d^2 x1^6 x2^6 + 14400 x0^2 x2^2x1^6 - 14400 x0^2 x1^7 x2 - 3240000 x0^2 x1 x2^7 + 216000 x1^5 x0^2 x2^3+ 14 x0^4 x1^4 d^2 + 216000 x2^5 x0^2 x1^3 + 50 x0^4 x2^4 d^2 + 3600 x0^2 x1^8 + 810000 x0^2 x2^8 + 25 d^2 x1^8 + 337 d^2 x2^8 - 1267200 x1^11 dx2^3 x0 - 57600 x0^2 x2^2 d x1^6 + 19440000 x0^2 x1^2 d^2 x2^6 - 12960000 x0^2 x1^2 d x2^6 + 86400 x0^2 x2^2 d^2 x1^6 + 3456000 d x1^3 x0 x2^7 -10368000 d^2 x1^3 x0 x2^7 - 230400 d x2^3 x0 x1^7 + 691200 d^2 x2^3 x0 x1^7 - 960 x0^6 x1^8 - 14400 x0^6 x2^8 + 2160000 x1^4 x0^2 x2^4 d - 3240000 d^2 x1^4 x0^2 x2^4 + x0^2 x2^4 + 20736000 x0 x1^4 d^2 x2^6 + 460800 x0 x2^4 d x1^6 - 1382400 x0 x2^4 d^2 x1^6 - 6912000 x0 x1^4 d x2^6 + 57600 x0^2 x1^7 x2 d + 12960000 x0^2 x1 x2^7 d - 86400 x0^2 x1^7 d^2 x2 - 19440000 x0^2 x1 d^2 x2^7 - 864000 x1^5 x0^2 d x2^3 + 1296000 x0^2 x1^5 d^2 x2^3 - 864000 x2^5 x0^2 d x1^3 + 1296000 x0^2 x2^5 d^2 x1^3 - 3840 d^3x0^6 x1^6 - 57600 d^3 x0^6 x2^6 - 7372800 d^3 x1^6 x2^6 + 57600 x0^2 x1^7 d^3 x2 - 864000 x0^2 x1^5 d^3 x2^3 - 20736000 x0 x1^4 d^3 x2^6 - 864000 x0^2 x2^5 d^3 x1^3 + 1382400 x0 x2^4 d^3 x1^6 + 12960000 x0^2 x2^7 d^3x1 + 6 x1^4 x2^2 d x0 + 18 x1^2 x2^4 d x0 + 8 x1^5 d x0 x2 + 32 x2^5 d x0 x1 - 8 d^2 x1^5 x0 x2 - 32 d^2 x2^5 x0 x1 - 6 d^2 x1^4 x2^2 x0 - 18 d^2 x1^2 x2^4 x0 + 2 x0^5 x1 x2 d - 691200 d^3 x1^7 x2^3 x0 + 10368000 d^3x2^7 x1^3 x0 - 2 x0^5 x1 x2 d^2 - 57600 d^3 x1^6 x0^2 x2^2 + 2160000 d^3x1^4 x0^2 x2^4 - 12960000 d^3 x2^6 x0^2 x1^2 - 14400 x1^8 d^3 x0^2 - 3240000 x2^8 d^3 x0^2 - 165888 x0^9 x2^6 d^3 + 165888 x0^9 x2^6 d^2 + 55296x0^9 x2^6 d^4 + 297676800 d^4 x1^8 x2^8 + 28800 x1^10 x0^2 d - 69120 d^3x2^2 x0^5 x1^8 - 7680 d^3 x2^2 x0^6 x1^6 + 23040 d^4 x2^2 x0^5 x1^8 + 1920 d^4 x2^2 x0^6 x1^6 - 622080 d^2 x2^6 x0^5 x1^4 - 178421760 d^4 x2^8 x0^3 x1^6 - 122880 x0^6 x2^3 d x1^3 - 768 x0^10 x2^2 d^2 x1^2 + 19440000x0^2 x2^9 d^2 x1 + 115200 x0^6 x2^5 d x1 - 9720000 x0^2 x2^10 d^2 x1^2 +253440 x0^5 x2^2 d^2 x1^6 + 6480000 x0^2 x2^10 d^3 x1^2 + 921600 x0^2 x2^3 d^3 x1^7 - 115200 x0^6 x2^6 d x1^2 - 12960000 x0^2 x2^9 d^3 x1 - 253440 x0^5 x2^2 d^3 x1^6 + 512 x0^10 x2^2 d^3 x1^2 - 446400 x0^2 x2^4 d^3 x1^8 + 669600 x0^2 x2^4 d^2 x1^8 + 61440 x0^6 x2^4 d x1^4 - 1382400 x0^2x2^3 d^2 x1^7 - 247808 x0^8 x2^2 d^3 x1^6 - 264960 x0^5 x1^7 d^2 x2 - 3072 x0^9 x1^4 d^4 x2^2 - 139968000 x0 x1^5 d^3 x2^7 + 4573440 x0^5 x1^5 d^2 x2^3 + 46656000 x0 x1^6 d^3 x2^8 - 112189440 x0^4 x1^4 d^3 x2^6 - 15552000 x0 x1^6 d^4 x2^8 + 622080 x0^5 x1^6 d^2 x2^4 + 46656000 x0 x1^5 d^4 x2^7 + 9216 x0^9 x1^4 d^3 x2^2 + 69120 x0^5 x1^8 d^2 x2^2 + 6912000 x0x1^4 d^4 x2^6 + 56094720 x0^4 x1^4 d^4 x2^6 + 113000448 x0^7 x1^4 d^4 x2^6 - 1432320 x0^5 x2^5 d x1^3 - 165888 x0^9 x2^4 d^2 x1^2 + 24480000 x0^21



5 x2^7 d x1 - 3379200 x0^4 x2^4 d^2 x1^6 + 9331200 x0 x2^5 d^3 x1^7 - 6220800 x0^5 x2^8 d x1^2 + 6758400 x0^4 x2^4 d^3 x1^6 + 165888 x0^9 x2^4 d^3 x1^2 - 3110400 x0 x2^6 d^3 x1^8 + 3110400 x0 x2^6 d^2 x1^8 + 207360 x0^5 x2^6 d x1^4 - 9331200 x0 x2^5 d^2 x1^7 + 5947392 x0^7 x2^4 d^3 x1^6+ 4296960 x0^5 x2^5 d^2 x1^3 - 73440000 x0^5 x2^7 d^2 x1 - 3110400 x0 x2^5 d^4 x1^7 + 18662400 x0^5 x2^8 d^2 x1^2 - 3379200 x0^4 x2^4 d^4 x1^6 -55296 x0^9 x2^4 d^4 x1^2 + 1036800 x0 x2^6 d^4 x1^8 - 460800 x0 x2^4 d^4x1^6 - 5947392 x0^7 x2^4 d^4 x1^6 + 28800 d^3 x1^10 x2^2 x0^2 + 56094720d^2 x1^4 x2^6 x0^4 - 7200 d^4 x1^10 x2^2 x0^2 - 1296000 d^2 x1^6 x2^6 x0^2 - 1620000 d^4 x1^2 x2^10 x0^2 - 6480000 x1^2 x0^2 x2^8 d - 43200 x1^10 x0^2 d^2 + 960 x0^6 x1^6 - 5760 x1^8 d^2 x0^6 - 40550400 x1^8 d^2 x2^6+ 6480000 x2^10 x0^2 d - 9720000 x2^10 x0^2 d^2 - 86400 x2^8 d^2 x0^6 -40550400 x2^8 d^2 x1^6 - 3840 x0^6 d x1^6 - 256 x0^10 x1^4 d^3 - 69120 x0^5 x1^8 d^3 + 23040 x0^5 x1^8 d^4 + 64 x0^10 x1^4 d^4 + 3600 x0^2 x1^8d^4 + 36864 x0^8 x1^8 d^4 - 595353600 x1^8 d^3 x2^8 + 69120 d^3 x1^10 x0^5 + 3840 d^3 x1^8 x0^6 - 23040 d^4 x1^10 x0^5 - 960 d^4 x1^8 x0^6 - 57600 x0^6 d x2^6 + 28800 d^3 x1^10 x0^2 + 81100800 d^3 x1^8 x2^6 + 14400 x0^6 x2^6 + 6480000 d^3 x2^10 x0^2 + 81100800 d^3 x2^8 x1^6 + 21600 d^2 x1^12 x0^2 - 14400 d^3 x1^12 x0^2 - 223027200 d^3 x1^10 x2^6 + 4860000 d^2 x2^12 x0^2 + 9720000 x1^2 x0^2 x2^8 d^2 + 172800 x1^2 d^2 x0^6 x2^6 -28800 x2^2 x0^2 x1^8 d + 43200 x2^2 x0^2 x1^8 d^2 + 11520 x2^2 d^2 x0^6x1^6 - 11520 x0^6 x1^5 d^2 x2 - 128 x0^10 x1^2 d^4 x2^2 + 13824000 x0^2x1^3 d^3 x2^7 + 184320 x0^6 x1^3 d^2 x2^3 - 3672000 x0^2 x1^4 d^3 x2^8 -72230400 x0^5 x1^2 d^3 x2^6 + 918000 x0^2 x1^4 d^4 x2^8 + 14400 x0^2 x1^9 d^4 x2 - 92160 x0^6 x1^4 d^2 x2^4 - 3456000 x0^2 x1^3 d^4 x2^7 - 57600x0^2 x1^9 d^3 x2 + 3240000 x0^2 x1^2 d^4 x2^6 + 24076800 x0^5 x1^2 d^4 x2^6 + 44729344 x0^8 x1^2 d^4 x2^6 - 43200 x1^10 d^2 x2^2 x0^2 + 864000 x1^6 d x2^6 x0^2 - 115200 d^3 x1^2 x0^6 x2^6 - 18662400 d^3 x1^2 x0^5 x2^8 + 6220800 d^4 x1^2 x0^5 x2^8 + 28800 d^4 x1^2 x0^6 x2^6 - 178421760 d^4 x1^8 x0^3 x2^6 - 6480000 d^3 x1^2 x0^2 x2^8 - 28800 d^3 x2^2 x0^2 x1^8+ 5508000 d^2 x1^4 x0^2 x2^8 - 446400 d x1^8 x0^2 x2^4 - 7200 x1^10 x0^2- 1620000 x2^10 x0^2 + 3600 x1^12 x0^2 + 810000 x2^12 x0^2 + 64 x0^10 x1^4 + 64 x0^10 x2^4 - 3240000 d^3 x2^12 x0^2 - 223027200 d^3 x2^10 x1^6 +384 x0^10 x1^4 d^2 + 69120 x0^5 x1^8 d^2 - 73728 x0^8 x1^8 d^3 - 256 x0^10 x1^4 d - 3672000 d x2^8 x1^4 x0^2 + 7680 x0^6 x1^5 d x2 - 20736000 x0^2 x1^3 d^2 x2^7 + 72230400 x0^5 x1^2 d^2 x2^6 - 7680 x0^6 x1^6 d x2^2 +86400 x0^2 x1^9 d^2 x2 - 89458688 x0^8 x1^2 d^3 x2^6 - 176394240 d^3 x2^9 x0^4 x1^3 + 88197120 d^4 x2^9 x0^4 x1^3 + 18247680 d^3 x2^5 x0^4 x1^7- 9123840 d^4 x2^5 x0^4 x1^7 + 622080 d^3 x2^6 x0^5 x1^4 - 207360 d^4 x2^6 x0^5 x1^4 - 12960000 x0^2 x2^9 d x1 + 6480000 x0^2 x2^10 d x1^2 + 512x0^10 x2^2 d x1^2 + 921600 x0^2 x2^3 d x1^7 - 3041280 x0^5 x2^3 d^2 x1^7+ 36115200 x0^5 x2^9 d^2 x1 + 3041280 x0^5 x2^3 d^3 x1^7 - 36115200 x0^5x2^9 d^3 x1 + 337920 x0^9 x2^3 d^2 x1^3 - 337920 x0^9 x2^3 d^3 x1^3 - 321024 x0^9 x2^5 d^2 x1 + 321024 x0^9 x2^5 d^3 x1 - 172800 x0^6 x2^5 d^2 x1 + 61440 x0^6 x2^4 d^3 x1^4 - 122880 x0^6 x2^3 d^3 x1^3 + 115200 x0^6 x2^5 d^3 x1 + 139968000 x0 x1^5 d^2 x2^7 - 46656000 x0 x1^6 d^2 x2^8 - 9216 x0^9 x1^4 d^2 x2^2 - 346705920 x0^4 x1^5 d^3 x2^7 + 173352960 x0^4 x1^5 d^4 x2^7 + 270336 x0^8 x1^7 d^3 x2 - 135168 x0^8 x1^7 d^4 x2 - 5406720 x0^8 x1^5 d^3 x2^3 + 2703360 x0^8 x1^5 d^4 x2^3 - 622080 x0^5 x1^6 d^3x2^4 + 264960 x0^5 x1^7 d^3 x2 - 4573440 x0^5 x1^5 d^3 x2^3 + 207360 x0^5 x1^6 d^4 x2^4 - 88320 x0^5 x1^7 d^4 x2 + 1524480 x0^5 x1^5 d^4 x2^3 -1036800 x0 x2^6 d x1^8 + 55296 x0^9 x2^4 d x1^2 + 3110400 x0 x2^5 d x1^7- 9123840 x0^4 x2^5 d^2 x1^7 + 2297856 x0^8 x2^5 d^2 x1^3 - 4595712 x0^8x2^5 d^3 x1^3 - 46227456 x0^8 x2^7 d^2 x1 + 92454912 x0^8 x2^7 d^3 x1 -4296960 x0^5 x2^5 d^3 x1^3 + 73440000 x0^5 x2^7 d^3 x1 + 2297856 x0^8 x222



^5 d^4 x1^3 - 46227456 x0^8 x2^7 d^4 x1 + 1432320 x0^5 x2^5 d^4 x1^3 - 24480000 x0^5 x2^7 d^4 x1 + 864000 d^3 x1^6 x2^6 x0^2 - 216000 d^4 x1^6 x2^6 x0^2 - 46656000 x1^5 d x0 x2^7 + 1497600 x1^9 d x2^3 x0 - 4492800 x1^9 d^2 x2^3 x0 - 22464000 x2^9 d x1^3 x0 + 67392000 x2^9 d^2 x1^3 x0 - 126720 x0^5 x1^9 d^3 x2 + 37509120 x0^5 x1^3 d^3 x2^7 + 42240 x0^5 x1^9 d^4 x2 - 12503040 x0^5 x1^3 d^4 x2^7 + 16896 x0^9 x1^5 d^3 x2 - 5632 x0^9x1^5 d^4 x2 + 112640 x0^9 x1^3 d^4 x2^3 + 7680 x0^6 x1^5 d^3 x2 - 15360x0^6 x1^4 d^4 x2^4 - 1920 x0^6 x1^5 d^4 x2 + 30720 x0^6 x1^3 d^4 x2^3 +28800 x1^10 d x2^2 x0^2 + 10137600 d^3 x1^9 x0^4 x2^3 - 5068800 d^4 x1^9x0^4 x2^3 + 4492800 d^3 x1^9 x2^3 x0 - 67392000 d^3 x2^9 x1^3 x0 + 53222400 d^2 x1^7 x0 x2^7 - 53222400 d^3 x1^7 x0 x2^7 + 3801600 d^2 x1^11 x2^3 x0 - 3801600 d^3 x1^11 x2^3 x0 - 57024000 d^2 x2^11 x1^3 x0 + 57024000d^3 x2^11 x1^3 x0 + 13824000 x0^2 x1^3 d x2^7 - 57600 x0^2 x1^9 d x2 + 126720 x0^5 x1^9 d^2 x2 - 37509120 x0^5 x1^3 d^2 x2^7 - 16896 x0^9 x1^5 d^2 x2 + 88320 x0^5 x1^7 d x2 - 1524480 x0^5 x1^5 d x2^3 - 207360 x0^5 x1^6 d x2^4 - 230400 x0^2 x2^3 d^4 x1^7 + 3240000 x0^2 x2^9 d^4 x1 + 84480x0^5 x2^2 d^4 x1^6 - 40550400 d^4 x1^6 x2^8 + 3600 d^4 x1^12 x0^2 + 111513600 x1^10 d^2 x2^6 + 918000 x2^8 x1^4 x0^2 + 111513600 x2^10 d^2 x1^6+ 810000 x0^2 x2^8 d^4 + 6220800 x0^5 x2^8 d^4 + 11943936 x0^8 x2^8 d^4- 216000 x1^6 x2^6 x0^2 + 297676800 x1^8 x2^8 d^2 + 111513600 d^4 x1^10x2^6 + 960 d^4 x0^6 x1^6 - 1920 x0^6 x1^5 x2 + 30720 x0^6 x1^3 x2^3 - 23040 x0^5 x1^8 d x2^2 - 113000448 x0^7 x1^4 d^3 x2^6 + 111600 x0^2 x2^4 d^4 x1^8 + 14400 x0^2 x2^2 d^4 x1^6 + 123904 x0^8 x2^2 d^4 x1^6 + 3632640d x0^5 x1^4 x2^4 - 32440320 d^3 x0^3 x1^6 x2^6 + 178421760 x1^8 d^3 x0^3x2^6 + 178421760 x2^8 d^3 x0^3 x1^6 + 7200 d^4 x2^2 x0^2 x1^8 - 24076800x0^5 x1^2 d x2^6 - 23040 x0^5 x1^8 d - 15360 x0^6 x1^4 x2^4 - 66355200 d^3 x1^7 x2^7 + 33177600 d^4 x1^7 x2^7 - 28800 x0^6 x2^5 x1 - 6220800 x0^5 x2^8 d + 28800 x0^6 x2^6 x1^2 + 111513600 d^4 x2^10 x1^6 - 1620000 d^4x2^10 x0^2 + 14400 d^4 x0^6 x2^6 + 3686400 d^4 x1^6 x2^6 + 1920 x0^6 x1^6 x2^2 + 36864 x0^8 x1^8 d^2 + 11943936 x0^8 x2^8 d^2 + 6220800 x2^10 dx0^5 + 57600 x0^6 x2^8 d - 7200 x1^10 x2^2 x0^2 - 1620000 x1^2 x2^10 x0^2 - 960 x0^6 x1^4 d^4 x2^2 + 1751040 d^2 x1^7 x0^4 x2^3 + 10752000 d^2 x1^8 x0^4 x2^4 - 84480 x0^5 x2^2 d x1^6 - 28477440 d^2 x2^7 x0^4 x1^3 + 57600 x0^6 x1^2 d^3 x2^4 + 32440320 d^4 x2^6 x0^3 x1^6 + 1620000 d^4 x1^2x0^2 x2^8 - 10897920 d^2 x0^5 x1^4 x2^4 - 6035456 d^2 x0^8 x1^4 x2^4 + 71368704 d^4 x0^6 x1^6 x2^6 + 44729344 x0^8 x1^2 d^2 x2^6 + 123904 x0^8 x2^2 d^2 x1^6 - 200970240 d^2 x2^8 x0^4 x1^4 - 17740800 x1^7 d x0 x2^7 +19008000 x2^11 d x1^3 x0 + 15552000 x0 x1^6 d x2^8 + 3072 x0^9 x1^4 d x2^2 + 173352960 x0^4 x1^5 d^2 x2^7 - 135168 x0^8 x1^7 d^2 x2 - 1013760 x0^5 x2^3 d^4 x1^7 + 12038400 x0^5 x2^9 d^4 x1 + 88197120 x2^9 d^2 x0^4 x1^3 + 2703360 x0^8 x1^5 d^2 x2^3 - 107008 x0^9 x2^5 d^4 x1 - 28800 x0^6 x2^5 d^4 x1 + 56954880 d^3 x0^4 x1^3 x2^7 - 3502080 d^3 x0^4 x2^3 x1^7 +10897920 d^3 x0^5 x1^4 x2^4 - 5068800 x1^9 d^2 x0^4 x2^3 + 17740800 d^4x1^7 x0 x2^7 + 1267200 d^4 x1^11 x2^3 x0 - 3456000 x0^2 x1^3 x2^7 - 128x0^10 x1^2 x2^2 + 14400 x0^2 x1^9 x2 + 33177600 d^2 x1^7 x2^7 + 3240000x0^2 x2^9 x1 - 230400 x0^2 x2^3 x1^7 - 182476800 d^4 x1^9 x2^7 - 182476800 d^4 x2^9 x1^7 + 58392576 d^3 x0^7 x1^3 x2^7 - 42240 x0^5 x1^9 d x2 +12503040 x0^5 x1^3 d x2^7 + 5632 x0^9 x1^5 d x2 - 145981440 d^3 x1^7 x0^3 x2^7 + 145981440 d^4 x1^7 x0^3 x2^7 + 1013760 x0^5 x2^3 d x1^7 - 12038400 x0^5 x2^9 d x1 - 112640 x0^9 x2^3 d x1^3 - 1497600 d^4 x1^9 x2^3 x0- 19008000 d^4 x2^11 x1^3 x0 + 22464000 d^4 x2^9 x1^3 x0 - 3456000 d^4 x1^3 x0 x2^7 + 230400 d^4 x2^3 x0 x1^7 - 540000 d^4 x1^4 x0^2 x2^4 - 28477440 d^4 x0^4 x1^3 x2^7 + 1751040 d^4 x0^4 x2^3 x1^7 - 3632640 d^4 x0^5x1^4 x2^4 - 58392576 d^4 x0^7 x1^3 x2^7 - 3244032 d^3 x0^7 x2^3 x1^7 + 3244032 d^4 x0^7 x2^3 x1^7 + 12070912 d^3 x0^8 x1^4 x2^4 - 6035456 d^4 x023



^8 x1^4 x2^4 - 21504000 d^3 x1^8 x0^4 x2^4 + 10752000 d^4 x1^8 x0^4 x2^4+ 107008 x0^9 x2^5 d x1 + 401940480 d^3 x2^8 x0^4 x1^4 - 200970240 d^4 x2^8 x0^4 x1^4 + 3840 x0^6 x1^4 x2^2 d^3 + 4308480 x0^5 x1^5 d^2 x2^5 - 1436160 x0^5 x2^5 d x1^5 + 106444800 x0 x1^6 d^3 x2^6 + 364953600 x1^9 d^3 x2^7 - 35481600 x0 x1^6 d^4 x2^6 - 106444800 x0 x1^6 d^2 x2^6 - 960 x0^6 x1^4 x2^2 - 14400 x0^6 x1^2 x2^4 + 432000 x1^5 x2^5 x0^2 + 364953600x2^9 d^3 x1^7 - 1728000 d x1^5 x2^5 x0^2 + 35481600 x0 x1^6 d x2^6 + 267632640 d^3 x2^6 x0^4 x1^6 - 133816320 d^4 x2^6 x0^4 x1^6 + 3110400 d^3 x1^10 x2^4 x0 - 1036800 d^4 x1^10 x2^4 x0 - 46656000 d^3 x2^10 x1^4 x0 +15552000 d^4 x2^10 x1^4 x0 + 160704000 x0 x1^4 d^3 x2^8 - 53568000 x0 x1^4 d^4 x2^8 + 10713600 x0 x2^4 d^2 x1^8 - 10713600 x0 x2^4 d^3 x1^8 - 3110400 x1^10 d^2 x2^4 x0 + 3571200 x0 x2^4 d^4 x1^8 + 53568000 x1^4 x2^8d x0 - 160704000 x1^4 x2^8 d^2 x0 - 3571200 x1^8 x2^4 d x0 - 4308480 d^3x2^5 x0^5 x1^5 + 1436160 d^4 x2^5 x0^5 x1^5 - 133816320 x0^4 x2^6 d^2 x1^6 + 46656000 x2^10 d^2 x1^4 x0 + 3840 x0^6 x1^4 x2^2 d + 57600 x0^6 x1^2 x2^4 d - 5760 x0^6 x1^4 x2^2 d^2 + 2592000 x1^5 x0^2 x2^5 d^2 - 1728000 d^3 x1^5 x0^2 x2^5 - 86400 x0^6 x1^2 x2^4 d^2 - 15552000 x2^10 x1^4 dx0 - 182476800 x2^9 x1^7 d^2 - 14400 x0^2 x1^7 d^4 x2 - 3240000 x0^2 x1d^4 x2^7 + 1036800 x1^10 x2^4 d x0 + 432000 d^4 x1^5 x0^2 x2^5 + 216000d^4 x0^2 x1^5 x2^3 + 216000 d^4 x0^2 x2^5 x1^3 - 4 d^2 x0 x1 x2 - 6 x0^2x1^2 d x2^2 + 3 d^2 x0^2 x1^2 x2^2Obviously this polynomial is huge, having 556 terms. The degree of the poly-nomial is, as expected, 18 with respect to the variables (x0; x1; x2).From now on, in order to save space we will not include the trace any more;instead we will report various measures such as the number of terms or thedegree.Step (3.3)Now we form the polynomial ~hA = (1 � �)hA � �Pnj=0 xdAj , then from it thepolynomials ~h(i)A = @~hA@xi for each i. Since the degree of hA is dA, the degrees of~h(i)A are dA � 1. Thus for n = m = d = 2 and A = f3; 4g, the degrees are 17.For the example input, we obtain from the trace (not included here) thefollowing information: Poly Terms Degree~h(0)f3;4g 1039 17~h(1)f3;4g 957 17~h(2)f3;4g 957 17:Step (3.4)In this step, we need to compute the modi�ed u{resultant of the polynomi-als ~h(0)A ; : : : ; ~h(n)A . Before making any actual attempt, let us �rst get a roughestimate of its size.According to the sub-algorithm, the modi�ed u{resultant R is a constantmultiple of the determinant of a certain matrixM , which is a representation of24



a linear transformation between the vector spaces generated by the monomialsxd00 � � �xdn+1n+1 with the degree d̂ = (n+ 1)( ~d� 1) + 1 where ~d is the maximum ofthe degrees of the polynomials f0; : : : ; fn, with respect to x0; : : : ; xn.Since the input polynomials fi to the sub-algorithm are the polynomials ~h(i)Aof the main algorithm, we have that ~d = dA � 1.� The size of the matrix MNow we estimate the size D of the matrixM . For this, we simply need to countthe number of the monomials with the degree d̂. The following proposition givesus the answer:Proposition 1 The size of the set f(d0; : : : ; dn+1) j d0+� � �+dn+1 = d̂; di � 0gis �d̂+n+1n+1 �.For n = m = d = 2 and A = f3; 4g, since df3;4g = 18, we have ~d = 18� 1 =17, and so d̂ = (2 + 1)(17� 1) + 1 = 49. Thus the number of the monomials is�49+2+12+1 � = 22100. The matrix M is, therefore, of the size22100� 22100:� The degree of the polynomial det(M )Next we estimate the degree of the polynomial det(M ) with respect to the va-riables u0; : : : ; un+1. Note �rst that uj 's appear only in the rows correspondingto the monomials of B such that d0 < ~d; : : : ; dn < ~d. Clearly there are ~dn+1such rows. Furthermore each entry of those rows is either uj for some j or 0.Therefore every monomial ul00 � � �uln+1n+1 of det(M ) is of degree ~dn+1. In otherwords, the polynomial det(M ) is a homogeneous polynomial in u0; : : : ; un+1 ofdegree ~dn+1.For n = m = d = 2 and A = f3; 4g, ~d = 17. Thus det(M ) is of degree173 = 4913in the variables u0; : : : ; un+1.� The number of monomials in the polynomial det(M )It is extremely hard (impossible) to exactly determine the number of monomi-als in det(M ). So we will be satis�ed with a rough estimate, which is basedon the reasonable conjecture: det(M ) is dense with respect to the variablesu0; : : : ; un+1. The inspection of the structure of the matrix seems to supportthis conjecture. Under this conjecture, the number of monomials in det(M ) canbe estimated, by using Proposition 1, to be� ~dn+1 + n+ 1n+ 1: �25



For n = m = d = 2 and A = f3; 4g, it is�173+33 � = 19; 788; 792; 660� 1010:Now even though we assume that the representation of each coe�cient takesonly 1 byte (which is far under{estimate since they are again polynomials of thevariables � and �), the representation of the polynomial det(M ) would take about10 Giga bytes. Since our computer (DEC-Station 5000) has only 32 Mega bytesmain memory, it is hopeless to store the polynomial in the computer's memory,let alone computing it.� The size of base (integer) coe�cients of RAs shown in Step (3) of the sub-algorithm, Renegar de�nes the modi�ed u{resultant R to be a constant (D!) multiple of the determinant of M , in orderto avoid division during determinant computation. However this causes theabsolute value of the base (integer) coe�cient of every monomial of R to be atleast D!. For n = m = d = 2 and A = f3; 4g,D! = 22100! = �(22101) � 1080000:Thus even if we would use one consecutive memory block to represent any longinteger, each base coe�cient would take at leastlog2 1080000 bits � 260000 bytes � 33 Kbytes:Remembering that the number of monomials in det(M ) can be as big as 1010,it is totally impossible to store the polynomial R in any currently availablecomputers' memory. Since it is not possible to trace the algorithmon a computerany more, the following discussion will depend only on theoretical estimation.Step (3.5)We will estimate the degrees of the polynomials R<i;j;k>A produced in this step.Recall �rst that RA is a homogeneous polynomial in u0; : : : ; un+1. So the degreeof R<i;j;k>A is k less than that of RA. Since the degree of RA is (dA � 1)n+1,therefore, the the degree of R<i;j;k>A is (dA � 1)n+1 � k.Step (4)In this step, we gather into the set R all the polynomials R<i;j;k>A producedin Step (3). We are interested in estimating the degrees and the numbers ofthe polynomials in R. In order to simplify our analysis we will assume that foreach A there is one polynomial with the degree (dA� 1)n+1. This is far under{estimate, since in general RA will be a polynomial of high degree in �; �; u0.26



From now on let D` denote (2(d+ 1)(`+ 1)� 1)n+1. Since there are �6m+2` �sets A such that jAj = `, we conclude that the set R has at least �6m+2` �polynomials of degree D` for each ` = 0; : : : ; n+ 1.Thus for n = m = d = 2 we obtain the following estimates:Degree Number125 � 11331 � 144913 � 9112167 � 364Step (5)Wewill estimate the degrees and the numbers of the polynomial list in the set Q.An easy check shows that the degrees of the polynomialsru1;:::;un+1R(�+ten+1)are (very tightly) bounded above by the degree of R with respect to the variableun+1, which in turn is (very tightly) bounded above by the degree DR of R.Thus for each R 2 R the set Q has nD2R polynomial lists of degree DR � j foreach j = 0; : : : ; DR.Now according to the analysis of Step (4), the set R has at least �6m+2` �polynomials R of degree D` for each ` = 0; : : : ; n+ 1.Thus we see that the set Q has at least �6m+2` �nD2̀ polynomial lists of degreeD` � j for each ` = 0; : : : ; n + 1 and j = 0; : : : ; D`. But in order to simplifyour analysis we ignore all the polynomial lists in Q with ` < n + 1. (Here weare again making a far under{estimate on the size of the set Q.) In conclusion,the set Q has at least �6m+2n+1 �nD2n+1 polynomials lists of degree � for each� = 0; 1; : : : ; Dn+1.For n = m = d = 2, since D2+1 = 12167, the set Q has at least�143 � � 2 � 121672 � 1011polynomials lists of degree �, for each � = 1; 2; : : : ; 12167. Thus we havejQj � 1015:Step (6)We will estimate the degrees and the numbers of the univariate polynomialslists in the set F . Since the degree of Gi is d, the degree of Gi(q) is d � deg(q).Thus referring the analysis of Step (5), we obtain the following estimate: theset F has at least 2�6m+2n+1 �nD2n+1 univariate polynomial lists of degree 2� foreach � = 0; 1; : : : ; Dn+1.Thus for n = m = d = 2, the set F contains at least2 � 101127



univariate polynomial lists of degree �, for each � = 2; 4; : : :; 24334. Again weestimate the size of the set F asjFj � 2 � 1015:Step (7)Now we need to compute the consistent sign vectors of each univariate polyno-mial list in the set F . Renegar proposes to use the algorithm of Ben-Or, Kozen,and Reif [4]. So we need to make at least 2�6m+2n+1 �nD2n+1 calls to the BKR al-gorithm with univariate polynomials lists of degree � for each � = 0; : : : ; Dn+1.For n = m = d = 2, this means that we need to make at least2 � 1011calls to the BKR algorithm with polynomials lists of degree �, for each � =2; 4; : : :; 24334.The author conjectures that even just one call of BKR on a polynomial listof degree 24334 will take longer than a day using any modern computer.7 Eventhough we assume that each call takes in average only 0.1 second, since we needto do this at least 2 � 1015 times, Step (7) alone will take at least2 � 1014 seconds � 6 million years:Step (8)This �nal step is trivial. For the example input, this step should not take morethan a second to decide it to be false.9 Conclusion and DiscussionIn this section we make certain conclusions based on the results obtained fromthe previous three sections. Further we brie
y discuss their implication on thecomplexities of the three algorithms for arbitrary inputs (possibly with quanti�eralternation). We also give a brief comparison of Collins' algorithm and Tarski'salgorithm.� Conclusion of the last three sectionsWe set out to answer the following questions posed in the introduction of thispaper.7It is shown in [4] that the computing time of one application of BKR algorithm is domi-nated by (md)O(1) wherem is the number of polynomials in a univariate polynomial list, andd is its degree bound. 28



(Q1) Which algorithm among the three is the fastest for small inputs? LetX be the fastest one.(Q2) IfX is not Renegar's, then at what input size does Renegar's algorithmbecome faster than X?(Q3) At that trade{o� point, how much computing time is required byeither of the algorithms?In an attempt to answer these questions, in the last three sections we esti-mated the running time of the three algorithms on the inputs with n = m =d = L = 2 (on DEC{station 5000, running UNIX operating system, with 32Mega byte main memory). Here is their summary:Algorithm n = m = d = L = 2Collins � 1 secondGrigor0ev=Vorobjov � 1 million yearsRenegar � 1 million yearsChoice of di�erent hardware and programming environments make somedi�erence on the speed of algorithms, but not by the factor of millions. Thereforewe can safely answer to the question Q1 as follows:(A1) Collins' algorithm is the fastest for small inputs with n = m = d =L = 2.As for the question Q2, our analysis in the previous sections is not su�cientenough to give a meaningful answer.In order to answer the question Q3, let us make a safe assumption that thethree algorithms will take longer on bigger inputs. From this assumption andtheir estimated running times for the case n = m = d = L = 2, we logicallydeduce the following answer to Q3:(A3) The computing time at the trade{o� point is far greater than a millionyears on currently available machines.In conclusion, Collins' algorithm is expected to be the fastest among thethree algorithms on inputs which can be decided in a reasonable amount oftime.� Comparison on inputs with quanti�er alternationUntil now, we compared the three algorithms only on existential sentences (orequivalently sentences without quanti�er alternation). Below we brie
y comparethem or their extensions on deciding arbitrary sentences possibly with quanti�eralternations. (A paper with a detailed discussion is in preparation [22].)Collins' algorithm, without any modi�cation, can decide arbitrary sentences.In [14] Grigor'ev, by generalizing the algorithm reviewed in Section 3, gave analgorithm for deciding arbitrary sentences. In [30] Renegar did the same bygeneralizing the algorithm reviewed in Section 4.29



Let ! be the number of quanti�er blocks in the input sentence. Let ni bethe number of quanti�ers in the i{th quanti�er block so that n1+ � � �+n! = n.The table below gives the (already known) theoretical complexities of the threegeneral algorithms:Algorithm TheoreticalCollins L3(md)2O(n)Grigor0ev L(md)O(n)4!�2Renegar L(logL)(log logL)(md)2O(!)Qi niThe table shows that, for su�ciently large n and small !, Renegar's algo-rithm is the fastest, Grigor'ev's is the next fastest, and Collins' is the slowest. Italso shows that, for su�ciently large n and large !, the algorithms of Renegarand Collins are similar in speed, while Grigor'ev's is slower than either. In orderto �nd out the complexities of these algorithms on small inputs, let us againconsider the inputs with n = m = d = L = 2 but this time with the quanti�erssuch as (9x1)(8x2) or (8x1)(9x2).The dependence of the running time of Collins' algorithm on the quanti�erbeing used is negligible, and we can safely conclude that the input sentencescan be decided within a second on a DEC{station.Grigor'ev's algorithm, besides other expensive computations, makes at leastone call of the algorithm of Section 3 with the same input polynomials (see page70 of [14]), so it is clear that the algorithm will take more computing time thanthe algorithm of Section 3. Thus we safely conclude that Grigor'ev's algorithmwill take at least one million years to decide the input sentences.Renegar's algorithm begins by projecting the two bivariate polynomials intoa set of univariate polynomials. An analysis of the projection sub{algorithmshows that the number of the univariate polynomials is expected to be at leastone million8 (see [22] for details). But then the algorithm should continue tocompute sample points of the connected sign partition of R for the univariatepolynomials, then lift them to obtain sample points in R2, and then determinesigns of the input polynomials on them. Thus it is expected that the wholecomputation would take enormous amount of computing time.Thus it suggests that Collins' algorithm is faster than either of the algorithmsof Grigor'ev [14] and Renegar [30] on any inputs (possibly with quanti�er alter-nations) which can be decided in a reasonable amount of time.� Comparison of the algorithms of Tarski and CollinsSince Collins' algorithm is faster than the algorithms with better theoreticalcomplexities for small inputs, a question naturally arises: Is Tarski's algorithm(with non-elementary time complexity9) in turn faster than Collins' for small8In contrast, Collins' projection produces at most �ve polynomials as shown in Section 6.9In particular, the running time of Tarski's algorithm cannot be bounded by any �nitetower of exponential functions in the number of variables.30



inputs? In fact this question can be broadened by recalling that both algo-rithms solve quanti�er elimination problems, which are more general than de-cision problems. A paper with the detailed discussion on this question is inpreparation [23], but here we give a brief summary of what we have learned sofar.� For decision problems, Collins' algorithm is in general much faster thanTarski's, even for small inputs. For the example input in Section 5, Tarski'salgorithm, after eliminating one quanti�er (9x2), produces a formula in x1having at least 20,000 atomic formulas, where several polynomials are ofdegrees about 500 with coe�cients of about 80 decimal digits. But then,in order to decide the sentence, the algorithm should continue to eliminatethe remaining quanti�er (9x1) from this huge formula. An inspection ofthe algorithm (especially of the T operator) suggests that it will take anenormous amount of computing time, producing a huge number of largeintermediate polynomials.� For quanti�er elimination problems, Collins' algorithm is also in generalmuch faster than Tarski's, even for small inputs. But for certain quanti�erelimination problems, especially those with only one quanti�er to elimi-nate, Tarski's algorithm can be improved so that it is often faster thanCollins' [24].� SuggestionsThe investigations in this paper suggest that theoretical analyses based on thebig O notation are too coarse for comparing decision algorithms over the reals.It seems that one should devise �ner methods for analyzing the algorithms,in order to obtain meaningful insight into their relative complexities. It alsoshows the need for more research on devising and improving practically e�cientdecision algorithms for small inputs.The author would like to thank Bruno Buchberger who has made varioushelpful suggestions on the draft of this paper.References[1] D. S. Arnon. Algorithms for the geometry of semi-algebraic sets. TechnicalReport 436, Computer Sciences Dept, Univ. of Wisconsin-Madison, 1981.Ph.D. Thesis.[2] D. S. Arnon, G. E. Collins, and S. McCallum. Cylindrical algebraic de-composition I: The basic algorithm. SIAM J. Comp., 13:865{877, 1984.[3] D. S. Arnon and M. Mignotte. On mechanical quanti�er eliminationfor elementary algebra and geometry. Journal of Symbolic Computation,5(1,2):237{260, 1988. 31
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