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Abstract

In this paper we compare the complexities of the following three de-
cision algorithms on existential sentences over the reals: Collins (1975),
Grigor’ev and Vorobjov (1988), and Renegar (1989). T.et n be the number
of variables, m the number of polynomials, d the total degree, and I. the
coefficient bit length. The table below shows their(already known) theo-
retical complexities, along with their estimated running time for small
inputs (n =m =d = . = 2) on currently available machines:

Algorithm Theoretical n=m=d=171=2
Collins f[%(md)QO(n) < 1 second
Grigor’ev /Vorobjov L(md)"2 > 1 million years
Renegar I(log I)(log log L)(md)? > 1 million years

Thus it suggests that Colling’ algorithm is the fastest among them for
inputs which can be decided in a reasonable amount of time.

1 Introduction

Since Tarski [33] gave the first decision algorithm for the first order theory
of the reals, many other algorithms with better theoretical complexities have
been proposed [32, 9, 17, 5, 10, 4, 13, 15, 14, 7, 16, 29, 30, 31]. Tn this paper
we compare the complexities of the following three algorithms on existential
sentences: Collins’ [10], Grigor’ev and Vorobjov’s [15, 14], and Renegar’s [29,
30, 31].



TLet n be the number of variables in the input sentence, m the number of
polynomials, d the degree', and I the bit length hound for the coefficients. The
table below shows their (already known) theoretical complexities:

Algorithm Theoretical

Collins 13 (md)2”"
Grigor’ev /Vorobjov L(md) n’

Renegar I(log L) (log log I) (md) (™)

From this table one might conclude that Renegar’s is the fastest, Grigor’ev
the next, Collins the slowest. However one should be careful when comparing
algorithms based on their theoretical complexities, since theoretical complexity
results are usually obtained by ignoring various constant factors appearing du-
ring analyses. Therefore the theoretical complexities usually tell us how the
algorithms behave for sufficiently large inputs. This naturally leads us to the
following questions:

(Q1) Which is the fastest for small inputs? Tet X be the fastest one.

(Q2) Tf X is not Renegar’s, then at what input size does Renegar’s algorithm
become faster than X7

(Q3) At that “trade off” point, how much computing time is required by
either of the algorithms?

In order to answer these questions we estimated their running times? for
input sentences characterized by n = m = d = I, = 2. Here is a summary.

Algorithm n=m=d=171=2
Collins < 1 second
Grigor’ev/Vorobjov > 1 million years

Renegar > 1 million years

In the following sections we will present detailed analyses on which these
estimates are based, but here we first give a quick overview on why the algo-
rithms of Grigor’ev/Vorobjov and Renegar take such huge computing time. The
algorithm of Grigor’ev and Vorobjov requires solving at least 10'® systems of
polynomial equations of degree about 30 over a certain algebraically closed field
obtained by adjoining two infinitesimals to R. Renegar’s algorithm requires,
beside several other expensive computations, at least 10'! applications of the
algorithm of Ben-Or, Kozen, and Reif [4] on univariate polynomials of degree at
least. 20,000. From these estimates one can infer the following (partial) answers
to the questions posed above:

"Throughout this paper, unless stated otherwise, by the degree of a multivariate polyno-
mial, we mean its total degree.

2From now, all the timings are for a DEC station 5000, running UNTX operating system,
with 32 Mega byte main memory.



(A1) Colling’ algorithm is the fastest for small inputs.
(A2) We do not know the trade off point.

(A3) The computing time at the trade off point is expected to be far greater
than a million years on currently available machines, suggesting that
Collins’ algorithm is the fastest on inputs which can be decided in a
reasonable amount of time.

Colling’ algorithm, without any modification, can decide arbitrary sentences
(possibly with quantifier alternation). Tn [14] Grigor’ev, by generalizing the
algorithm of Grigor’ev and Vorobjov, gave an algorithm for deciding arbitrary
sentences. Tn [30] Renegar did the same by generalizing the algorithm of [29].
Inspection of these algorithms show that the dependence of the complexity of
Collins’ algorithm on the quantifier used in the input 1s negligible, while Gri-
gor’ev’s and Renegar’s algorithms slow down when the number of quantifier
alternations increases. Thus it is expected that Collins’ algorithm 1s faster than
either of the algorithms of Grigor’ev [14] and Renegar [30] for any inputs (pos-
sibly with quantifier alternation) which can bhe decided in a reasonable amount
of time.

The structure of this paper 1s as follows: In Sections 2, 3, and 4 we give
brief overviews of the algorithms of Collins, Grigor’ev/Vorobjov, and Renegar.
In Section b we discuss the test sentences used in comparing the algorithms. Tn
Sections 6, 7, and 8 we give detailed analyses of the complexities of the three
algorithms on the test inputs. Tn Section 9 we make certain conclusions based
on the results obtained from the previous three sections. Further we briefly
discuss their implication on the complexities of the algorithms for arbitrary
inputs (possibly with quantifier alternation). We also give a brief comparison
of Collins’ algorithm and Tarski’s algorithm.

2 Collins’ Algorithm

We give only a brief overview of Collins’ algorithm [10], since it is quite well
known and understood. Those who are not familiar with this algorithm are
referred to [10, 2].

The algorithm actually solves a more general class of problems, namely quan-
tifier elimination in the first order theory of the reals. However here we will
discuss the algorithm only as a decision procedure for the existential theory.

Collins’ algorithm begins by constructing a Cylindrical Algebraic Decom-
position (CAD) of the polynomials occurring in the input sentence, where a
CAD of a set of polynomials in n variables is a certain finite partition of the
n-dimensional real space such that in each element (cell) of the partition the
polynomials have constant signs. Thus the signs of the polynomialsin a cell can
be determined by evaluating the polynomials on a “sample” point belonging to
the cell.



The algorithm constructs a CAD of the input polynomials in three sta-
ges:

Projection Stage: The input n variate polynomials are “projected” into
a set of (n — 1) variate polynomials in a way that a
CAD of n space can be easily built on top of a CAD of
(n — 1) space. This process is successively carried out
until univariate projection polynomials are obtained.

Base Stage: A CAD of 1 space is constructed through isolating the
real roots of the univariate projection polynomials.

Extension Stage: A CAD of 2 space is constructed by building “stacks” of
cells over the cells of the CAD of 1 space. This process
1s successively carried out until a CAD of n space is
constructed.

Once a CAD of the polynomials in the input sentence is constructed, the
truth of the sentence can be easily decided as follows: first determine the truth
of the input matrix on each sample point. If there is at least one sample point
on which the matrix is true, then the input sentence is true. Otherwise 1t 1s
false. We will call this process Decision Stage.

Tn [10] it is shown that the worst time complexity of this algorithm is domi-
nated by T/g(md)QO(n).

Collins’ algorithm has gone through various improvements [1, 28, 18, 19, 27,
20, 11, 26, 6, 25]. All these improvements, though do not change the theoretical
complexity, gave significant speed-ups in practice, enabling mechanical solution
of various nontrivial problems [3, 20, 21].

3 Algorithm of Grigor’ev and Vorobjov

Now we give an overview of the algorithm of Grigor’ev and Vorobjov [15]. Their
algorithm, given a system of polynomial inequalities, decides whether there
exists a real solution. In the case of positive answer, the algorithm also con-
structs a representative set for the family of components of connectivity of the
set, of all real solutions of the system, which is T in Step (8) of the algorithm
described below. But in this paper we will investigate the algorithm only with
respect to decision problem.

We begin by defining several notations which will be used in the algorithm
description:

o Let K be an arbitrary ordered field. Then K denotes the algebraic closure
of K, and K the real algebraic closure of K.

e let €1 be a positjve imfinitesimal over @ Then F4 denotes the real alge-
braic closure of Q(ey).



e Let € be a positive infinitesimal over F. Then F' denotes the real algebraic
closure of Fy(e).

o Let f1,..., fm be elements of K[z1,...,2,]. Then {fi = 0,..., fm = 0}
denotes the set of all solutions of the system f1 = --- = f,, = 0 over the
algebraic closure of K.

We did our best to preserve the notations of [15] in order to help the reader
who might want to refer to their paper. In a few places, however, we re-indexed
several symbols in order to provide a uniform indexing among the three algo-
rithms investigated in this paper.

We also omitted various details of several steps when they are not essential
in comparing the complexity of this algorithm to those of Collins’ or Renegar’s.
Those who are interested in the details are referred to the original paper [15].

t +—Decide(P)
Input: P is a quantifier free formula of the following kind:
FIiS0NAfe>0N frypr >0 A A frn >0

where f7 € Z[T1 3ty Tﬂ]
Output: 1 is the truth of the sentence (21 € R)--- (Fa,, € R)P(21,.. ., 2,).

(1) Let fopr =xofi---fr — 1.
Tet g1 = (fi +e1) - (fmar + 1) — 7T € Zla][xa, ..., 20).
(2) Tet L be a bit length bound for the coefficients of f;, and d a degree bound
of fi forevery 1 <i<m+41.
Tet R = 3(""']“5*("7’4'1))”(dwﬂ)7 where p € 7[x] is a certain polynomial defined
in Page 62 of [15].
Let g =gi + (w5 + - +ap iy — (R+1))? € Za]lro, ..., wnpa].
(3) Tet N = (8md)"+2.
Let 2 = {1,... N}"+!.
Tet 7/ = {}.
(4) Foreach v = (y1,...,vn41) €7 do
(4.1) Tet V() C F7+? be the variety of the system

99\’ 71 a9\ Y41
=) - — L A== : It A=
g (3.171) N(n+2) (3.17”4_1) N(n +2)

2
WhereA:Z?’i& (:Tq) .

Let V() = Uy. Vj(F)7 where each Vj(F) is a component irreducible over

the field Q(eq, €).



(4.2) For each null dimensional Vj(F) do

(4.2.1) Let Ry C F) be a set, containing the standard part (relative
to €) of every point (for which the standard part is definable)
(e)

from the component Vil

(4.2.2) Tet RY =Ry N{g=0}n FP+.
(4.2.3) Set T/ to T' URY,.
(5) Let T=n(T") C F{]’H where m(2q, ..., 2n41) = (Lo, .-, Tn).
(6) Let R C (Q)n_H be a set, containing the standard part (relative to ¢1) of every

point, (for which the standard part is definable) from the set 7.

(T) Tet T/ =RA{fy >0, frnr > 0)N Q"

(8) Let T =m(T') where my (xq,...,2n) = (21,...,2,).
(9) Finally let ¢ be true if 7 is non-empty, false otherwise. W

Tn [15] it shown that the worst case time complexity of this algorithm is
dominated by T/(md)"?.

In [14] Grigor’ev, by generalizing this algorithm, gave a decision algorithm
for the first order theory of real closed fields.

4 Renegar’s Algorithm

Now we give an overview of Renegar’s algorithm [29]. We did our best to keep
Renegar’s original notations in order to help the reader who might want to refer
to his paper. In a few places, however, we corrected simple typographical errors
in his paper.

t +—MainAlgorithm (P)

Input: P is a quantifier free formula with varables »1, ... »,.
Output: 1 is the truth of the sentence (21 € R)--- (Fa,, € R)P(21,.. ., 2,).
(1) Let g =H{g1,---,9m}, 95 € 71, ..., 2,], be the polynomials occurring in

the formula P.
Tet h =4{h1,..., hgmia}, where



(2)

hi = ¢ i=1,...,m
homti = xqg; — 1 i=1,...,m
homti = xqg; + 1 i=1,...,m
hgmr+] = xro — 1

hamyiti = —4gi 1=1,...,m
hamsr4i = —xogi + 1 1=1,...,m
hsmyi4i = —xogi — 1 i=1,...,m
hem+2 = —xg+1

Let d be the maximum of the degrees of the polynomials g¢;.
Let d be the least even integer which is greater than or equal to d + 1.
Tet h =4{h1,..., hgmia}, where

hi( 0, wn) = (1= 8)hi + 601+ iTa?).

7=0

For each A C {1,...,6m 4+ 2} such that |A] <n+1 do:
(3.1) Tet h(wo, .., m0) = Y0 (6m + 3)Tx?

,,,,,,,,,

(3.2) Tt ha(8i20, - 20) = det(Ma M) + 30 4 2.
Let d4 be the degree of h 4 with respect to xzg,..., z,.
(3.3) Let ha(e,d;20,...,2,) = (1 —€)ha — FZ?:O T;IA

Tet ]ng) = g’i“ for each 1.

(3.4) Tet Ra(e,d;uq, ..., uny1) be the modified u resultant of the polyno-
(0) 7

mials 71,A vy by 7. (Use the sub-algorithm shown below.)
(3.5) Let R4 be expanded as 37, ., €i5'71tl§Rjz"7’k>.

Tet R be the set of all Rji’j’k> computed in Step (3).

Let Boyrp = {(" 1,772 ..., 1,0)]0 < i < nD?}.

For R € R, let Dg be the degree of R.

Let Q={LVy, u, R(B+teni)|RER,BE Buti ny,j €10, Drl}.
Tet G={Gy,...,Gm}, Gi € Z[x1,...,xny1], be such that each G; is the
degree d homogenization of g;; 7.e. the monomials of (7; are obtained from
those of ¢; by multiplying by the appropriate powers of x,, 11 so as to become
of degree d.

Let F* = {(G1 ((])7 S Gm((]), (]n+1)|(] € Q}

Let F~ = {(G1 (7(])7 R Gm(fq)v *(]n+1)|(] € Q}

Tet F=FtuUF—.

For each f € F let S; be the set of all consistent sign vectors for the
polynomials in f. (Use the algorithm of Ben-Or, Kozen, and Reif [4].)

Tet S = U,fET Sf.

Tet S={(o1,...,0m)(o1,...,0m,1) € S}.




Finally let £ = \/()‘ES
P by replacing g; with o;. B

P, where the formula P, is obtained from the formula

R +—SubAlgorithm (fy,..., f,)?

Input: fo,- s fn € Wlzg,...,2,], where W is a commutative ring with
unity.
Output: R € Wlug, ..., uns1] is the modified u-resultant of fo,..., f,. (See

Renegar’s paper [29] for the definition.)

(1) Tet d be the maximum of the degrees of f;.

Tet B = {Tg“ .- T:’_’:T |do+ -+ dny1 = d} where d = (n+ 1)((i— 1)+ 1.
Let H be the vector space generated by the basis B over the ring W.

(2) For each z{" .. T:’_’:T € B, let i denote the least index i < n and d < d; if
such an 1 exists, otherwise let 7 = n + 1.
Tet F; € Wlzq,...,xny1] be the degree d homogenization of f; for each 1.
Let T : H — T be the linear transformation defined by the following

mapping on the basis :

Lo o Tpp d dpgpr—1

da I, B
R R MR T ifi=n+1

( do d,,,+1)_{ Tg“T:l*dTZ’_’I_T F; ifi<n
where u = (ug, ..., un41) and 2 = (2o, ..., Zna1)-
Let M be the matrix representing T' with respect to the basis 8.
(3) Finally set R = D!det(M) where M is D x D matrix. B

Tn [29] it is shown that the worst case time complexity of this algorithm is
dominated by I(log I)(loglog I.)(md)?(™) | which is the best compared to the
theoretical complexities of all other algorithms proposed in the literature so far.

In [30, 31] Renegar, by generalizing the above algorithm, gave a quantifier
elimination algorithm for the first order theory of the reals.

5 Input Sentences Used for Comparison

Tn an attempt to answer the questions (A1) (A3) posed in the introduction,
we will compare the complexities of the three algorithms on small inputs. In
particular we will use the sentences with the following characteristics:

n=m=d=171=2

30ur indexing starts from 0 while Renegar’s starts from 1. We made this change in order
to enhance the cross readability between the main algorithm and this sub-algorithm.



where n is the number of variables, m the number of polynomials, d their (total)
degree bound, and I the bit length bound on their coefficients.* We will make
sure that our analysis does not depend on any other characteristics of the input
sentences other than the ones given just above.

However we will also trace the three algorithms on the following sentence in
order to obtain a concrete impression of the various estimates appearing during
the analysis:

(Fa1)Fan) [ 422 <1 A 229> 1],

Simple drawings of the two curves 27 + 23 = 1 and 125 = 1 show immediately
that this sentence 1s false.

The traces shown in the following three sections have been obtained from
interactive sessions on computer algebra systems MAPLE [8] and SAC2 [12],
running on a DEC Station 5000 with 32 Mega bytes of main memory. Tn order
to enhance readability of the trace, certain minor editing has been made on the
original trace. In the traces we also used the following transcription for various
mathematical symbol modifiers:

h; hi
h hi
h hb
h ht
h hh
h’ hp
h* hs

6 Analysis of Collins’ Algorithm

In this section we analyze the complexity of Collinsg’ algorithm following its
stages one after the other. In doing so we use the original algorithm of Collins
without taking any advantage of subsequent improvements. As mentioned in
the previous section, we will also consider only the case n =m=d =1 = 2.

Projection Stage

We are given two input polynomials gy and g5 of degree two in two variables.
For the example input, they are

g1 m%+m12—1
g2 = mjxe—1

“More precisely, the absolute value of any coefficient is less than 27 ~'. Here the exponent
is I, — 1 because one bit is used for indicating the sign.



Since there are only two variables, we need to project the input polynomials
only once, obtaining in general the following univariate polynomials:

ldef(g1)

Idef(g2)
diser(gq)

diser(gs)
res(gi, 92)

where ldef stands for leading coefficient, diser for discriminant, and res for
resultant. For certain inputs, some of the polynomials above might not appear
in the projection set.

The polynomials Idef(g1) and ldcf(g2) can be trivially obtained, and their
degrees are at most 1. Tn order to compute diser(gi) and discr(gs), one only
needs to compute the determinants of at most 3 x 3 matrices, and their degrees
are at most 2. Tn order to compute res(gr, g2), one only needs to compute the
determinant of at most 4 x 4 matrix, and its degree is at most 4.

For the example input, we have the following projection polynomials:

discr(g) = —4x2? 44
lef(p) =
res(gi,g2) = x—xi+1

Base Stage

Next we isolate the real roots of the univariate projection polynomials. Each
polynomial lde f(g;) has at most one rational root. Each polynomial dise(g;) has
at most 2 real roots of algebraic degree® at most 2. The polynomial res(g1, g2)
has at most 4 real roots of algebraic degree at most 4.

Thus altogether there are at most 10 real roots, in turn at most 21 cells in
the CAD of 1 space. Among them, about 13 cells have rational sample points,
about 4 cells have sample points of algebraic degree 2, and about 4 cells have
sample points of algebraic degree 4.

For the example input, we have three real roots: —1, 0, 1. Thus the CAD
of 1 space has 7 cells with the following sample points:

Cell  Sample point

(1) —2
(2) —1
(3) —1/2
(4) 0
(5) 1/2
(6) 1
(7) 2

5By the algebraic degree of a number, we mean the degree of an irreducible polynomial
with rational coefficients which has the number as a root.

10



Extension Stage

Now on each cell of the CAD of 1-space, we build a stack of cells, by substituting
its sample point into the polynomials ¢;, and by isolating the real roots.

Since each polynomial g; is of degree at most 2 after substitution, it has
at most 2 real roots, and thus each stack has at most 9 cells. Therefore all
together the CAD of 2 space has at most 21-9 = 189 cells. Among them, about
13 -5 = 65 cells have rational sample points, about 13-4 44 -5 = 72 cells have
sample points of algebraic degree 2, about 4 -4 4+ 4 -5 = 36 cells have sample
points of algebraic degree 4, and about 4 -4 = 16 cells have sample points of
algebraic degree 8.

In order to find out the actual number of the cells for the example input, let
us first build a stack on the cell (1). After substituting 221 = —2 into g1 and gs,
we obtain the polynomials:

h2 = 72.772 —1

The polynomial hy does not have any real root, and ho has only one real root
—1/2. Thus the stack over the cell (1) has 3 cells with the following sample

points:

(172) (72771/2)
(1,3) (—2,0)

Continuing in the same way with all other cells in the CAD of 1 space, we
obtain a CAD of 2 space with 35 cells as shown in Table 1.

Decision Stage

Now we determine the signs of the input polynomials g1 and g5 on each sample
point of the CAD of 2-space, and by using them determine also the truth of the
input matrix® on each sample point. If there is at least one sample point on
which the matrix is true, then the input sentence is true. Otherwise the input
sentence 1s false.

Thus in order to decide the example input, we begin by determining the
signs of the polynomials g = 27 + 22 — 1 and g» = =122 — 1 on the point
(—2, —1), which is the sample point of the cell (1,1). We find that g; > 0 and
g2 > 0 on it. Thus the matrix

g1 <0 A go>0

is false on the cell (1,1). Continuing in the same way, we find that the matrix
is false on all other cells. Therefore the input sentence is decided to be false.

5By the input matrix, we mean the quantifier free part of the input sentence.

11
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Table 1: A CAD of 2-space for #7 + 23 — 1 and zy25 — 1



This whole computation can be easily carried out by hand. Tt was also
carried out on a computer (DEC-Station 5000), taking about 0.1 second. We
also carried out experiments on every input sentence of the following form:

(Fx1)(Fxo) [a127 + asms + agz 29 + agx) + asxs 4+ ag > 0 A
fl71712 + flgl‘% + agx1 2 + aror1 + an1xa + a1z > 0]

where each a; ranges on {—1,0,1}. Thus altogether we have carried out 3'? =
531441 experiments. We did not test the inputs with the other relational ope-
rators such as = or <, since the computing time of Collins’ algorithm does not
depend on the relational operators being used. The experiments show that every
input sentence of the above form is decided within a second. (More precisely
between 10 through 200 milli-seconds.) Thus we can conclude that Collins’ al-
gorithm can decide any sentence with n =m = d = I = 2 within a second (on
the same computer).

7 Analysis of the algorithm of Grigor’ev and
Vorobjov

Now we analyze the complexity of the algorithm of Grigor’ev and Vorobjov,
mainly for the case n =m=d =1 = 2.

Step (1)
In general we begin with the polynomials fy,..., fx and fri1,..., fm 1n the
variables z1, ..., z, of degree d and of coefficient bit length bound I.. For the

example input, we have only strict inequalities, and thus we have k = n =m =
d = . = 2. The input polynomials are:

f1
£2

x172 + x272 - 1
x1 x2 - 1.

From these we form the polynomial f,11 = zofi---fx — 1. Clearly the
degree of g1 1s bounded by kd + 1. For the example input we have

f3 = x0 f1 f2 - 1
x0 x173 x2 - x0 x172 + x0 x273 x1 - x0 x272 - x0 x1 x2 + xO0 - 1

Next, we form the polynomial g1 = (f14+€1) - - (frnx1 +e€1) 7€qn+1 . Obviously
the degree of g1 is bounded by md 4+ kd + 1. For the example input we have

gl = (£f1 + el) (£2 + el) (£3 + el) - e173
=-1+ 4 x0 x2°3 x1 + x1 x2 - x1°3 x2 - x2°3 x1 - 2 x0 x172 - 2 x0 x272 +

3el - 2x172el - 2 x272el - 3 el™ + x174 x0 + x172 el1™2 + x274 x0+ x2
"2 el™2 - 2 el xO0 + 172 xO0 + x172 + x272 + xO + 4 x0 x1°3 x2 - 2 x0 x1

x2 - 2 el x1 x2 + x176 x272 x0 - 2 x17°5 x2 xO0 + 2 x174 x274 xO0 - 4 x17°3

x273 x0 - 2 x174 x272 xO0 + 3 x172 x0 x272 - x174 el x0 + x276 x1°2 x0 - 2
x275 x1 x0 - 2 x274 x172 x0 - x274 el x0 + e172 x1 x2 - €172 x0 x172 - el
"2 x0 x272 + x173 x2 el + 3 x172 el xO + x273 x1 el + 3 x272 el x0O + x175
el xO0 x2 + 2 x173 el x0 x2°3 - 3 x172 el x0 x272 - 4 x173 el x0 x2 + x275
el xO x1 - 4 x273 el x0 x1 + el x174 x272 x0 + el x172 x274 x0 + e172 x0

x17°3 x2 + e172 x0 x273 x1 - e172 x0 x1 x2 + 3 el x0 x1 x2

13



Step (2)

Now we need to compute the integer R, and for this we need to determine the
polynomial p. The following lemma indirectly defines what the polynomial p is.

Lemma 1 (Lemma 10 of [15]) There exists a polynomial p € 7[x] with the
following property:

Consider any system f1 > 0,..., fm > 0 where for every i, f; € Zxq1, ..., xs],
deg(fi) < d, the bit length of the coefficients of f; is bounded by I, and such that
at least one real point does not satisfy the system. Let W = Uy. W; be the sema-
algebraic set consisting of all real solutions of the system, where each W; 1s a
connected component. Let R = 3(F+108mIp(d") Lot D(R) denote the closed ball
centered at the origin with radius R. Then for each W; we have D(R)NW; #
and D(R)\ W; # 0.

In [15] this lemmais proved, but without constructing one such polynomial p.
Therefore in our analysis, we will be satisfied with the following extreme lower
bound: p(z) > 0 for all positive 2. Thus we have R > 1. Tn fact we will use
R = 1, since we already “know” that the example input system does not have
any solution and thus any positive integer would be acceptable to be used as
R. But one should still remember that the Grigor’ev and Vorobjov algorithm
would assign (much) bigger integer to R.

Next we form the polynomial g = g7 + (22 + - - + .17727’4_1 —(R+1))% The
degree of ¢ is bounded by 2(md + kd + 1). For the example input, we have

g =gl 2+ (x072 + x172 + x272 + x372 - 2)°2
=5 - 18 x0 x273 x1 + 6 x276 x0 e172 - 2 x1 x2 + 4 x17°3 x2 + 4 x2°3 x1 + 6
x0 x17°2 + 6 x0 x272 - 6 el + 10 x172 el + 10 x272 el + 15 €172 - 6 x174 x
0 - 20 x172 e172 - 6 x274 x0 - 20 x272 172 + 10 el x0 - 20 172 x0 - 6 x
172 - 6 x272 - 2 x0 - 18 e173 - 18 x0 x17°3 x2 + 6 xO0 x1 x2 + 10 el x1 x2
- 18 x176 x272 x0 + 18 x17°5 x2 x0 - 36 x1°4 x274 x0 + 38 x17°3 x273 x0 + 2
4 x174 x272 x0 - 18 x172 x0 x2°2 + 22 x174 el x0 - 18 x276 x1°2 x0 + 18 x
275 x1 x0 + 24 x274 x172 x0 + 22 x274 el x0 - 20 e172 x1 x2 + 44 172 x0
x172 + 44 e172 x0 x272 - 16 x1°3 x2 el - 26 x172 el x0 - 16 x273 x1 el -
26 x272 el xO0 - 54 x17°5 el x0 x2 - 114 x1°3 el x0 x273 + 66 x172 el x0 x2
"2 + 66 x173 el x0 x2 - 54 x275 el x0 x1 + 66 x2°3 el x0 x1 - 3 x072 - 4
x372 - 72 el x174 x272 x0 - 72 el x172 x274 x0 - 92 172 x0 x173 x2 - 92
el™2 x0 x273 x1 + 44 e172 x0 x1 x2 - 26 el x0 x1 x2 + 40 x072 x276 x17°2 -
52 x0°2 x2°3 x1°3 - 24 x072 x275 x1 + 64 x072 x2°3 x1°5 + 24 x1°3 x2 el”2
+ 6 x175 x2 el + 12 x17°3 x273 el - 6 x1°7 x2 xO - 6 x1°5 x2 e172 + 6 x2°5
x1 el + 24 x273 x1 e172 - 24 x273 x175 x0 - 12 x273 x173 172 + 18 x072 x
172 x272 - 30 x0 x174 e172 - 36 x072 x272 x174 + 18 x172 172 x272 - 6 x1
"6 el x0 - 12 x272 e173 x172 + 5 x172 x272 - 2 x174 x272 - 2 x172 x274 +
x374 + x074 + 9 e174 + 2 x174 + 2 x274 + 58 x0 x275 x1 e172 - 48 x072 x2~7
3 x1 el + 52 x072 x273 x1 €172 + 122 x0 x2°3 x1°3 e172 + x176 %272 + 2 x1
"4 x274 + x276 x172 + 6 x072 x174 - 4 x072 x176 + 6 x072 x274 + 18 x172 e
173 + 6 x174 172 - 4 x174 173 + 6 x274 e172 + 18 x272 e1°3 - 6 el174 x1~
2+ x17°8 x072 + x174 e174 - 2 x1°5 x2 - 4 x1°3 x2°3 - 2 x2°5 x1 - 2 x072
x172 — 4 x072 x276 - 2 x072 x2°2 + 18 e1°3 x0 - 4 x174 el - 4 x274 e173 -
4 x274 el - 6 el”4 x272 - 6 e174 x0 + 2 x176 x0 + x278 x0°2 + 2 x276 x0 +
X274 e174 + 6 e172 x072 - 4 173 x072 - 4 el x0°2 + e174 x0"2 - 90 x0 x2~7
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2 x172 e172 + 6 x176 x0 e172 + 16 x072 x277 x1 + 16 x0°2 x273 x1 + 79 x0~
2 x274 x174 - 36 x072 x274 x172 + 48 x072 x275 x177 - 76 x072 x274 x1°6 +
48 x072 x277 x17°5 - 12 x172 x272 el + 6 x177 x2°3 x0 + 12 x1°5 x2°5 x0 -
24 x1°3 x2°5 x0 + 6 x174 x272 el - 2 x179 x2°3 x0 + 6 x178 x272 x0 - 6 x1
"7 x275 x0 - 6 x277 x1 x0 - 6 x275 x1 €172 + 6 x274 x172 el + 18 x274 x1~
6 x0 - 6 x277 x1°5 x0 + 14 x072 x1°2 el - 18 x072 x172 e172 - 24 x072 x1~
5 x2 + 16 x072 x1°3 x2 - 24 x072 x17°8 x272 + 16 x072 x1°7 x2 - 30 x0 x274
el”™2 + 14 x072 x272 el — 18 x072 x272 e172 - 76 x072 x276 x17°4 - 32 x17°2
el1”3 x0 - 6 x276 el x0 — 32 x272 173 x0 - 40 x2°3 e172 x1°5 x0 + 12 x276
el”2 x174 x0 - 48 el x072 x173 x2 - 10 x1°8 el x272 x0 + 14 x1°7 el x2 x0
- 30 x17°6 el x274 x0 + 56 x273 el x1°5 x0 - 30 x276 el x174 x0 + 18 el173
x1 x2 - 18 x174 x072 el + 19 x174 x072 e172 + 6 x1710 x0°2 x2°2 - 4 x179
x072 x2 + 30 x17°8 x072 x274 + 3 x1°2 e174 x272 + 8 x172 e174 x0 - 14 x1°3
el1”3 x2 - 18 x274 x072 el + 19 x274 x072 e172 + 64 x2°5 x0°2 x1°3 + 48 x2
"6 x0°2 x176 - 72 x275 x072 x1°5 + 30 x278 x072 x174 + 8 x272 e174 x0 - 1
4 x2°3 173 x1 + 18 x276 x174 x0 - 4 x072 x1 x2 + 40 x176 x272 x0°2 + 16
x072 x179 x273 - 40 x072 x177 x273 - 32 172 x176 x272 x0 + 58 e172 x175
x2 x0 - 64 e172 x174 x274 x0 + 76 x174 x0 x272 e172 + 76 x172 172 x274 x
0+ 4 x178 e172 x272 x0 - 10 x177 €172 x2 x0 + 12 x176 e172 x274 x0 + 42
el x17°6 x272 x0 + 84 el x174 x274 x0 + 14 el x072 x1 x2 - 80 el x072 x176
X272 + 60 el x072 x1°5 x2 - 158 el x072 x174 x274 + 52 172 x072 x173 x2
- 18 e172 x072 x1 x2 - 32 173 x0 x1 x2 + 52 172 x072 x176 x272 - 52 el”
2 x072 x1°5 x2 + 103 e172 x072 x174 x274 + x1712 x274 x0°2 - 4 x1711 %273
x0"2 + 4 x1710 x276 x072 - 16 x179 %275 x0°2 + 6 x1°8 x2°8 x0°2 + 16 x0°2
X279 x1°3 - 24 x072 x278 x172 - 40 x072 x277 x1°3 + 6 x1°3 x2°7 x0 - 6 x1
"4 x272 e172 - 2 x176 x272 el - 2 x279 x173 x0 + 6 x278 x172 x0 - 6 x274
x172 e172 - 4 x274 x174 el + 10 x0°2 x17°6 el + 10 x0°2 x276 el + 16 x17°4
e1”3 x0 - 10 el x177 x273 x0 - 20 el x17°5 x2°5 x0 + 60 x072 x2°5 x1 el +
114 x0°2 x274 x17°6 el - 128 x072 x273 x17°5 el - 32 x072 x277 x1 el - 112
x072 x273 x17°3 e172 - 52 x072 x275 x1 €172 + 130 x0°2 x2°3 x1°3 el + 56 x
173 x2°5 el x0 + 14 x277 x1 el x0 + 90 x072 x172 x274 el + 57 x0°2 x172 e
172 x272 + 90 x072 x272 x174 el - 54 x072 x272 x17°2 el + 48 x17°2 173 x0
X272 - 10 x278 el x172 x0 + 16 x274 e¢1°3 x0 - 6 e1”™4 x1 x2 - 2 x1°8 x0°2
el - 8 x17°6 x072 e172 - 2 x176 173 x0 + 2 x17°3 e174 x2 - 2 x174 e174 x0
+ 2 x175 €173 x2 - 2 x276 x172 el + 4 x17°3 173 x273 + 6 x2710 x0°2 x1°2
-4 x279 x072 x1 - 2 x278 x072 el - 8 x276 x072 e172 - 2 x276 €173 x0 + 2
x273 e174 x1 - 2 x274 e174 x0 + 10 e¢17°3 x072 x1°2 + 10 ¢1°3 x072 x27°2 - 8
e1”3 x072 x174 - 8 e173 x072 x274 - 2 e174 x072 x172 - 2 e174 x072 x272 -
32 e172 x276 x172 x0 — 76 x174 x072 172 x272 - 40 x1°3 e172 x275 x0 - 28
x172 €173 x274 x0 - 6 x172 e174 x0 x272 + 42 el x276 x172 x0 + 4 x278 el”
2 x172 x0 + 114 x072 x276 x174 el - 128 x072 x275 x17°3 el + 36 x07°2 x278
x172 el - 80 x072 x276 x1°2 el + 108 x0°2 x2°5 x1°5 el + 60 x072 x277 x1~
3 el + 52 x072 x276 x172 e172 - 76 x072 x274 x172 e172 - 10 x277 x173 el
x0 - 32 x072 x177 el x2 + 52 173 x0 x1°3 x2 + 52 173 x0 x27°3 x1 - 22 x1
"5 €173 x0 x2 - 46 x1°3 e173 x0 x273 - 10 x277 e172 x0 x1 - 22 x275 173
x0 x1 - 28 e173 x174 x272 x0 - 10 e174 x0 x1°3 x2 - 10 e174 x0 x273 x1 +
8 e174 x0 x1 x2 + 6 x179 x072 el x2 + 60 x177 x072 el x2°3 + 36 x1°8 x0°2
el x272 + 20 x177 x072 e1”2 x2 + 80 x1°5 x072 172 x2°3 + 2 x1°7 e1°3 x0
x2 + 8 x17°5 €173 x0 x27°3 + 8 x17°3 €173 x275 x0 + 6 x17°6 173 x272 x0 + 12
x174 €173 x274 x0 + 2 x175 e174 x0 x2 + 4 x1°3 e174 x0 x2°3 + 6 x279 x0°2
el x1 - 4 x1710 x274 x072 - 24 x177 x277 x072 - 12 x1°8 x2°6 x0°2 + 4 x1°
6 x2710 x072 - 16 x175 x279 x0°2 - 12 x176 x278 x072 + 2 x275 €173 x1 + x
178 €172 x072 + 2 x176 173 x072 + x2712 x174 x0°2 - 4 x2711 x1°3 x0°2 -
4 x2710 x174 x072 + x278 172 x072 + 2 x276 €173 x0°2 + 2 €173 x174 x272
+ e174 x072 x174 + e174 x072 x274 + x176 x272 €172 - 6 x1710 x272 x072 el



- 48 x176 x276 x072 el + 4 x1°7 x273 x0 e172 - 16 x178 x272 x072 e1”2 - b
0 x176 x274 x072 el1”2 + 2 x179 x273 x0 el - 30 x178 x274 x072 el - 30 x1~
4 x278 x072 el + 8 x1°5 x275 x0 e172 - 50 x174 x276 x072 e172 + 6 x177 x2
"5 x0 el + 80 x275 x072 e172 x1°3 + 20 x277 x072 e1°2 x1 + 2 x277 e173 x0
x1 + 6 x276 173 x172 x0 + 2 x275 €174 x0 x1 - 24 173 x072 x173 x2 - 24

el173 x072 %273 x1 + 10 €173 x072 x1 x2 + 18 173 x072 x175 x2 + 38 e173 x
072 x173 %273 - 24 173 x072 x172 x272 + 18 e173 x072 x275 x1 + 24 e17°3 x
072 x174 x272 + 24 173 x072 x172 x274 + 4 e174 x072 x173 x2 + 4 e174 x0~
2 x273 x1 - 2 e174 x072 x1 x2 + 2 x1711 x273 x072 el + 8 x179 x275 x072 e
1 - 16 x179 x273 x072 el + 12 x177 x277 x072 el - 48 x177 x275 x072 el +

2 x1710 x274 x072 el + 6 x178 x276 x072 el + 4 x179 x273 x072 e172 + 12 x
177 x275 x072 e172 - 24 x177 x2°3 x072 e172 + 6 x175 x277 x0 el + 8 x175

x279 x072 el - 48 x1°5 x277 x072 el + 6 x176 x278 x072 el + 12 x175 x277

x072 e172 - 44 x1°5 x275 x072 e172 - 6 x2710 x172 x072 el + 4 x277 x173 x
0 el172 - 16 x278 x172 x072 172 + 3 e174 x072 x172 x272 + 2 173 x172 x27
4 + 2 x174 x274 e172 + x276 x172 e172 - 2 x179 172 x072 x2 - 4 x177 e173
x072 x2 - 16 x175 173 x072 x273 + 2 x279 x173 x0 el + 2 x2711 x173 x072

el - 16 x279 x173 x072 el + 2 x2710 x174 x072 el + 4 x279 x173 x072 e172

- 24 x277 x173 x072 e172 - 2 x279 e172 x072 x1 - 16 x275 e173 x072 x1°3 -
4 x277 e173 x072 x1 + 2 el174 x174 x272 x0 + 2 el174 x172 x274 x0 - 12 e173
x072 x176 x272 - 24 173 x072 x174 x274 - 2 e174 x072 x175 x2 - 4 e174 x0
"2 x173 x273 - 12 173 x072 x276 x172 - 2 e174 x072 x275 x1 + 2 x072 x372
+ 2 x172 x372 + 2 x272 x372 + x1710 172 x072 x272 + 5 x178 e172 x072 x27
4 + 8 x176 e172 x072 x276 + 2 x178 €173 x072 x272 + 6 x176 173 x072 x274
+ 5 x174 172 x072 x278 + 6 x174 173 x072 x276 + x2710 €172 x072 x172 +

2 x278 173 x072 x172 + 2 e173 x177 x273 x072 + 4 173 x175 x2°5 x072 + 2
el1”3 x1°3 x277 x072 + e174 x072 x176 x272 + 2 e174 x072 x174 x274 - 2 el”
4 x072 x174 x272 + e174 x072 x276 x172 - 2 el”4 x072 x274 x172

This polynomial is huge, having 414 terms and degree 18 in the variables
Lo, 1, T2, T3.

Step (3)

We first compute the integer N = (8md)"*?. For the case n = m = d = 2, we
have

N = (8-2-2)"*? = 1048576 ~ 10°.

From this we form the set 2 = {1,..., N}?*'. Clearly the size of this set is
N™+! For the case n = m = d = 2, we have

|7] = 1048576% = 1152921504606846976 ~ 10'%.

Note that this analysis depends only on the fact that n = m = d = 2. Thus for
any input with n = m = d = 2, this algorithm requires that |? |~ 10'%.

The set 7’7 is initialized as an empty set here, and is augmented iteratively
at Step (4.2.3). At the beginning of Step (5), this set becomes a representative
set, for the equation g = 0.

16



Step (4)

This step iterates the sub steps (4.1) and (4.2) for each v = (y1,...,v41) € 7.
Therefore the number of iterations is just the size of the set 7. Recalling the
analysis of the last step, we conclude that for the case n = m = d = 2, the
number of iterations in Step (4) is

1152921504606846976 a2 10'8.

Now each iteration requires various expensive computations. For example,
Tn Step (4.1) the following system must be solved over F"+%:

g\ 71 g\ Y1
g—e— | — - A=...= — + A=0
’ Oz, N(n+2) 0% N(n+2)
2
where A = Z?L} (:Tq) . Recalling that the degree of ¢ is bounded by 2(md +

kd 4+ 1), we know that the degrees of the polynomials in the above system are
bounded by 2(2(md + kd + 1) — 1) = 4(md + kd) + 2. For the example input,
the degree bound 1s

4(2-242-2)+2=34.

In order to get concrete impression on the size of the polynomials in the above
system, we actually computed one of the polynomials, namely

() - e

ox N(n+2)

for the iteration where v = {1,1,1}. The trace shows (not included here because
it is huge) that the polynomial is indeed of degree 34 with 5784 terms. Tt took
about 20 seconds on MAPLE just to construct the polynomial in distributed
representation. Thus one can easily expect that solving the above system would
take much computation time.

Any algorithm for solving a system of equations must at least read in every
term appearing in the system. FExperiments with several sample input polyno-
mials suggest that the average number of terms in a system is at least 10000.
Clearly it takes at least one machine instruction to read in a term. For any
currently available workstations, it takes at least 107® seconds per instruc-
tion. (SUN-4 Sparc station and DEC-Station 5000 take about 10~7 seconds
per instruction.) Therefore just reading in a system of equations takes at least
10000 - 1078 = 10~* seconds, and thus solving a system should take at least
10~% seconds also, which is very far under estimate. But then there are 10'8
systems to solve, thus we estimate that Step (4) will take at least

10" seconds & 3 million years.
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Step (5) through Step (9)

Since Step (4) takes enormous computation time, the analysis of the subsequent
steps does not seem to be necessary, and thus we will not investigate their
complexities.

8 Analysis of Renegar’s Algorithm

Now we analyze the complexity of Renegar’s algorithm following its steps one
after the other. Though we are mostly interested in the behavior of the algorithm
on theinputs withn = m = d = I, = 2, we will also try to analyze it for arbitrary
inputs, whenever possible.

Step (1)

We begin with two input polynomials g1 and g2 of two variables z; and z9 of
degrees two. For the example input, they are

x172 + x272 - 1
x1 x2 - 1.

gl
g2

From these we form (6m + 2 = 14) polynomials h; in (n + 1 = 3) variables of
degree (d 4+ 1 =3). For the example input, they are

hi = gi
= x1"2 + x272 - 1
h2 = g2
=x1 x2 - 1
h3 =x0 g1 - 1
= x0 x1°2 + x0 x272 - x0 - 1
h4 = x0 g2 - 1
=x0 x1 x2 - xO0 - 1
h5 =x0 g1 + 1
= x0 x172 + x0 x272 - x0 + 1
h6 = x0 g2 + 1
=x0 x1 x2 - xO0 + 1
h7 = x0 - 1
hg = - gi
= - x1"2 - x272 + 1
h9 = - g2
=-x1 x2 + 1
h10 = - x0 g1 + 1
= - x0 x172 - x0 x272 + x0 + 1
hil = - x0 g2 + 1
= - x0 x1 x2 + xO0 + 1
h1i2 = - x0 g1 - 1
= - x0 x172 - x0 x272 + x0 - 1
h13 = - x0 g2 - 1
= - x0 x1 x2 + x0 - 1
hi14 = - x0 + 1.
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Step (2)
Since d = 2, the integer d = 4. Now we form the polynomials
hi(d; 0, .. xn) = (1= )by + (14 itz
=0

for each i = 1,...,14. For the example input, they are

hbl1 = (1 - d) hit +d (1 + 170 x0°dp + 171 x1°dp + 1°2 x27dp)
x172 + x272 -1 - d x172 - d x272+ 2d +d x074 +d x174 + d x274

hb2 = (1 - d) h2 +d (1 + 270 x0°dp + 271 x1~dp + 272 x27dp);
=x1 x2-1-dx1 x2+2d+dx0"4+2d=x1"4+ 44d x274
hb3 = (1 - d) h3 +d (1 + 370 x0°dp + 371 x1~dp + 372 x27dp);

= x0 x172 + x0 x2°2 - x0 - 1 - d x0 x1°2 - d x0 x2°2 +d x0+ 2d +d x074
+3dx1"4+ 94d x274
hb4 = (1 - d) h4 +d (1 + 470 x0"dp + 471 x1°dp + 4°2 x27dp)
=x0 x1 x2 - x0-1-dx0x1 x2+dx0+2d+dx0"4+44dx174
+ 16 d x274
hb5 = (1 - d) h5§ +d (1 + 570 x0°dp + 571 x1°dp + 572 x2~dp)
=x0 x172 + x0 x272 - xO0 + 1 - d x0 x1°2 - d x0 x2°2 + d xO + d x074
+5d x174 + 25 4 x274
hb6 = (1 - d) h6 +d (1 + 670 x0°dp + 671 x1°dp + 6°2 x27dp)
=x0 x1 x2 - x0+1 -dx0 x1 x2+d x0+dx0"4+6dx1"4+ 36d x274
hb7 = (1 - d) h7 +d (1 + 770 x0°dp + 771 x1°dp + 7°2 x2~dp)
=x0-1-dx0+2d+dx0"4+74dx1"4+ 49 d x274
hb8 = (1 - d) h8 +d (1 + 870 x0°dp + 871 x1°dp + 872 x2~dp)
= - x1"2 - x2"2+ 1 +dx1"2+d x2"2+d x0°4 +84d x1"4+ 64d x274
hb9 = (1 - d) h9 +d (1 + 970 x0°dp + 971 x1°dp + 972 x2~dp)
= - x1 x2+1+dzxlx2+dx0"4+9d=x1"4+81dx274
hb10 = (1 - d) h10 + d (1 + 1070 x0~dp + 1071 x1~dp + 10~2 x2~dp)
=-x0 x1"2 - x0 x272 + x0 + 1 +d xO x1°2 + d xO x272 - d xO + d x074
+ 10 d x1°4 + 100 d x27°4
hb11l = (1 - d) hil +d (1 + 1170 x0~dp + 1171 x1°dp + 11°2 x2~dp)
=-x0x1 x2+x0+1+dx0x1 x2-dx0+dx0"4+ 11 d x174 + 121 4 x274
hb12 = (1 - d) h12 + d (1 + 1270 x0~dp + 1271 x1~dp + 1272 x2~dp)
=-x0 x1"2 - x0 x272 + x0 - 1 +d xO x1°2 + d x0 x272 - d xO + 2 d
+d x074 + 12 d x174 + 144 d x274
hb13 = (1 - d) h13 + d (1 + 1370 x0~dp + 1371 x1~dp + 1372 x2~dp)
=-x0x1 x2+x0-1+dx0x1 x2-dx0+2d+dx0"4+ 13 d x174
+ 169 d x274
hb14 = (1 - d) h14 + d (1 + 1470 x0~dp + 1471 x1~dp + 14~2 x2~dp)
=-x0+1+dx0+dx074 + 14 d x174 + 196 d x2°4

Step (3)

This step iterates the sub-steps (3.1) (3.5) for each A C {1,...,6m + 2} such
that |[A] < n + 1. Thus generally the number of iterations is

()4 (7 o ()
in case 6m 4+ 2> n+ 1. For n = m = 2, the number of iterations is

(h+ (0 + (5) + () = aro.
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Tt will be too time-consuming to trace all the 470 iterations (at least for this
interactive session), thus whenever necessary we will consider only the case

A ={3,4).

Step (3.1)

We first form the polynomial il(mo, c ) = Z?ZO(Gm + ?)71‘71 For the ex-
ample input, it is
hh = (8 2 + 3)70 x0°dp + (6 2 + 3)~1 x1~dp + (6 2 + 3)~2 x2°dp

= x0"4 + 15 x1°4 + 225 x2°4.

Next, we form the matrix M4 with the last row Vrnrnh and with earlier rows
Vo, . wnhi, © € A, ordered by increasing indices i. For the example input and

A ={3,4}, we have

MA1 grad (hb3, [x0,x1,x2])
MA2 grad (hb4, [x0,x1,x2])
MA3 = grad(hh,[x0,x1,x2])
MA [MA1 ,MA2 ,MA3]

where

MA[1,1] = x172 + x2°2 - 1 - d x172 - d x2°2+d + 4d x0°3
MA[1,2] = 2 xO x1 - 2 x0 x1 d + 12 d x1°3
MA[1,3] = 2 xO x2 - 2 x0 x2 d + 36 d x2°3

MA[2,1] = x1 x2 -1 - d x1 x2+d+ 4d x0°3
MA[2,2] = x0 x2 - x0 x2 d + 16 d x1~3
MA[2,3] = x0 x1 - x0 x1 d + 64 d x2°3

MA[3,1] = 4 x0°3
MA[3,2] = 60 x1°3
MA[3,3] = 900 x2°3

Step (3.2)

Now we compute the polynomial hs = det(MaM7T) + Diea h?. An easy check
on the size of the matrix M4 and the degree of its entries shows that d 4 is (very
tightly) bounded above by 2(d+1)(|A|+1). Forn =m =d =2 and A = {3,4},
we have

dizay =22+ 1)(2+1) =18,
For the example input, here is the polynomial hyg 4;:

hA = det(multiply(MA,transpose(MA))) + hb3~2 + hb4~2
= 23040 x1°10 d x0°5 + 6 d x0 x1°2 - 69120 d"2 x1710 x0°5 + 4 x0°2 x2°2 d
+ 18 x0 x2°6 d + 384 x0°10 x2°4 d~2 - 14400 x0°2 x1°8 d - 256 x0710 x274
d - 55296 x0°9 x2°6 d + 14 x0 x174 d"2 + 2 + 6 d x0 x2°2 - 14400 d x1712
x0"2 - 50 x0 x2°4 d + 18662400 d~3 x2°10 x0°5 - 9216 x0°9 x1°6 d°3 - 144
00 d~4 x2°8 x076 + 50 x0 x274 d"2 - 2 x0°5 x272 d~2 + 18662400 x0°5 x2°8
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d™2 + 2 x075 x272 d + 2 x0°5 x172 d - 8 d - 3240000 x0°2 x2°8 d - 2 x072
x17°2 d72 + 3840 x0°6 x1°8 d + 57600 473 x278 x076 + 3 x072 x1°2 x272 - 1
8662400 d"2 x2710 x0°5 - 4 d72 x0 x172 + 21600 x0°2 x1°8 4”2 - 18662400

x0°5 x278 d”3 + 111600 x178 x072 x274 + 810000 d~4 x2712 x072 + 3072 x0~
9 x176d"4 + 4 x0 - 2 x0 x172 - 2 x0 x272 - 4d x0°4 - 14 d x1°4 - 50 d

x274 - 2 x075 x172 d72 - 2 x072 x274 d - 4 472 x0 x272 - 6 472 x0 x176 +
d™2 x072 x274 + 64 x0710 x274 d"4 + 6 x0 x1"6 d - 2 x0 x1 x2 + 2 x072 +

4 x0°2 x172 d - 18 d72 x0 x276 + 182 d”2 x174 x274 + 7200 x272 x0°2 x1~°8
- 4d x072 - 182476800 x179 x277 d°2 - 2 x072 x174d - 4d x0°5 - 12 d x
0+ d"2 x072 x174 + 2 d°2 x0°2 - 23887872 x0°8 x2°8 d°3 + 8 472 x0 - 2 x
072 x1 x2 + 4 472 x0°5 - 3072 x079 x1°6 d - 540000 x1°4 x0°2 x274 - 14 x
0 x174d - 2 x072 x272 d72 + 6 d xO x1 x2 - 256 x0710 x274 4”3 - 4055040
0 d™4 x178 x276 + 9216 x079 x176 d”2 - 14400 x07°6 x172 d"4 x274 - 622080
0 d”4 x2710 x0°5 - 3240000 d x2712 x072 + 4860000 x0°2 x278 4”2 + 8 d"2

x074 + 1620000 x172 x072 x278 - 7200 d”4 x1710 x072 + 2 472 x0°8 + x072

x174 + 28 d72 x174 + 100 d72 x274 + 8 472 - 2 x072 x172 - 2 x072 x272 +

4 x0°2 x1 x2 d - 2 x0°2 x1 d°2 x2 + 5760 d”2 x076 x176 + 86400 d~2 x0°6

x276 + 3240000 x07°2 x172 x276 + 3686400 d"2 x176 x276 + 14400 x072 x272

x1°6 - 14400 x072 x17°7 x2 - 3240000 x0~2 x1 x2°7 + 216000 x1°5 x0°2 x2°3
+ 14 x074 x174 4”2 + 216000 x2°5 x072 x1°3 + 50 x074 x274 4”2 + 3600 x0~
2 x178 + 810000 x0°2 x278 + 25 d”2 x178 + 337 d72 x278 - 1267200 x1711 d
x273 x0 - 57600 x0°2 x2°2 d x176 + 19440000 x0°2 x1°2 d~2 x276 - 1296000
0 x0°2 x172 d x276 + 86400 x0°2 x272 d”2 x1°6 + 3456000 d x1°3 x0 x2°7 -
10368000 d~2 x1°3 x0 x277 - 230400 d x273 x0 x177 + 691200 d~2 x273 x0 x
177 - 960 x0°6 x1°8 - 14400 x0°6 x2°8 + 2160000 x1°4 x0°2 x274 d - 32400
00 d~2 x174 x072 x274 + x072 x274 + 20736000 x0 x17°4 d~2 x276 + 460800 x
0 x274 d x176 - 1382400 x0 x274 d~2 x176 - 6912000 x0 x17°4 d x2°6 + 5760
0 x072 x177 x2 d + 12960000 x0~2 x1 x2°7 d - 86400 x0~2 x17°7 d°2 x2 - 19
440000 x072 x1 d~2 x2°7 - 864000 x17°5 x072 d x273 + 1296000 x0~2 x1°5 d~
2 x273 - 864000 x275 x072 d x173 + 1296000 x0°2 x2°5 d72 x1°3 - 3840 d~3
x0°6 x17°6 - 57600 d°3 x0°6 x276 - 7372800 d~3 x1°6 x276 + 57600 x0~2 x1~
7 d°3 x2 - 864000 x0°2 x1°5 d~3 x273 - 20736000 x0 x1°4 4”3 x276 - 86400
0 x072 x275 d”3 x173 + 1382400 x0 x274 d°3 x176 + 12960000 x0~2 x2°7 d~3
x1 + 6 x174 x272 d xO + 18 x172 x274 d xO0 + 8 x1°5 d x0 x2 + 32 x2°5 d x
0 x1 -8 d"2 x175 x0 x2 - 32 d72 x2°5 x0 x1 - 6 d72 x174 x272 x0 - 18 d~
2 x172 x274 x0 + 2 x075 x1 x2 d - 691200 4”3 x17°7 x2°3 x0 + 10368000 d~3
x277 x173 x0 - 2 x0°5 x1 x2 d°2 - 57600 473 x1°6 x0~2 x272 + 2160000 d~3
x174 x072 x274 - 12960000 d°3 x276 x072 x172 - 14400 x1°8 d"3 x0"2 - 324
0000 x278 d”3 x0°2 - 165888 x079 x276 4”3 + 165888 x079 x276 d"2 + 55296
x079 x276 d~4 + 297676800 d"4 x178 x278 + 28800 x1710 x07°2 d - 69120 d~3
x272 x075 x178 - 7680 d~3 x272 x076 x176 + 23040 d~4 x272 x0°5 x1°8 + 19
20 d74 x272 x0°6 x176 - 622080 d~2 x276 x0°5 x1°4 - 178421760 d"4 x278 x
0°3 x17°6 - 122880 x0°6 x2°3 d x1°3 - 768 x0710 x272 d~2 x172 + 19440000

x072 x279 d”2 x1 + 115200 x0°6 x275 d x1 - 9720000 x0~2 x2710 d~2 x1°2 +
253440 x075 %272 472 x176 + 6480000 x072 x2710 d”3 x172 + 921600 x0~2 x2
"3 d"3 x177 - 115200 x076 x27°6 d x1°2 - 12960000 x0~2 x279 d~3 x1 - 2534
40 x075 x272 d"3 x176 + 512 x0710 x272 d"3 x172 - 446400 x072 x274 d"3 x
178 + 669600 x072 x274 d72 x1°8 + 61440 x0°6 x274 d x174 - 1382400 x072

x273 d72 x177 - 247808 x078 x272 4”3 x1°6 - 264960 x0°5 x1°7 d”2 x2 - 30
72 x079 x174 d~4 x272 - 139968000 x0 x1°5 d~3 x2°7 + 4573440 x0°5 x1°5 d
"2 x273 + 46656000 x0 x176 d°3 x278 - 112189440 x074 x174 43 x2°6 - 155
52000 x0 x176 d~4 x278 + 622080 x075 x176 d”2 x274 + 46656000 x0 x17°5 4~
4 x277 + 9216 x079 x174 d°3 x272 + 69120 x0°5 x1°8 d~2 x272 + 6912000 x0
x174 d~4 x276 + 56094720 x074 x17°4 d~4 x2°6 + 113000448 x0°7 x1°4 d~4 x2
"6 - 1432320 x0°5 x2°5 d x173 - 165888 x079 x274 4”2 x172 + 24480000 x0~
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5 x277 d x1 - 3379200 x074 x274 d~2 x17°6 + 9331200 x0 x2°5 473 x177 - 62
20800 x0°5 x27°8 d x172 + 6758400 x0°4 x274 4”3 x1°6 + 165888 x079 x274 d
"3 x172 - 3110400 x0 x276 d~3 x178 + 3110400 x0 x276 d~2 x1°8 + 207360 x
075 x276 d x174 - 9331200 x0 x275 d"2 x17°7 + 5947392 x077 x274 d°3 x176

+ 4296960 x0°5 x275 d~2 x1°3 - 73440000 x0~°5 x277 d~2 x1 - 3110400 x0 x2
"5 d74 x177 + 18662400 x075 x278 d”2 x172 - 3379200 x0°4 x2°4 d"4 x1°6 -
55296 x079 x274 d”4 x172 + 1036800 x0 x276 d"4 x1°8 - 460800 x0 x274 d~4
x176 - 5947392 x077 x274 d~4 x17°6 + 28800 d~3 x1710 x272 x072 + 56094720
d"2 x174 x276 x074 - 7200 d"4 x1710 x272 x0°2 - 1296000 d~2 x176 x276 x0
"2 - 1620000 d"4 x172 x2710 x072 - 6480000 x1°2 x072 x2°8 d - 43200 x1~71
0 x072 d”2 + 960 x0°6 x1°6 - 5760 x178 d”2 x0°6 - 40550400 x1°8 d~2 x276
+ 6480000 x2710 x0°2 d - 9720000 x2710 x0°2 d~2 - 86400 x2°8 d~2 x0°6 -

40550400 x27°8 d"2 x176 - 3840 x07°6 d x17°6 - 256 x0710 x174 4”3 - 69120 x
075 x178 d”3 + 23040 x0°5 x17°8 d"4 + 64 x0710 x174 d”4 + 3600 x0"2 x1°8

d~4 + 36864 x0°8 x17°8 d~4 - 595353600 x1°8 d°3 x278 + 69120 4”3 x1710 x0
"5 + 3840 473 x1°8 x0°6 - 23040 d°4 x1710 x0°5 - 960 d"4 x1°8 x0~6 - 576
00 x076 d x276 + 28800 d”3 x1710 x072 + 81100800 d~3 x178 x276 + 14400 x
076 x276 + 6480000 d~3 x2710 x072 + 81100800 d~3 x278 x176 + 21600 d"2 x
1712 x072 - 14400 d~3 x1712 x072 - 223027200 d~3 x1710 x2°6 + 4860000 4~
2 x2712 x072 + 9720000 x1°2 x072 x278 d~2 + 172800 x1°2 d~2 x076 x276 -

28800 x272 x072 x178 d + 43200 x272 x072 x17°8 d~2 + 11520 x272 d"2 x076

x176 - 11520 x076 x17°5 d72 x2 - 128 x0710 x172 d74 x272 + 13824000 x0~2

x173 d~3 x277 + 184320 x076 x17°3 472 x2°3 - 3672000 x072 x174 d~3 x2°8 -
72230400 x075 x172 d°3 x276 + 918000 x0°2 x1°4 d~4 x278 + 14400 x0~2 x1~
9 d"4 x2 - 92160 x0°6 x174 d~2 x274 - 3456000 x0°2 x1°3 d~4 x27°7 - 57600
x072 x179 d~3 x2 + 3240000 x0°2 x17°2 d”4 x2°6 + 24076800 x0°5 x1°2 d~4 x
276 + 44729344 x078 x172 d74 x2°6 - 43200 x1710 d~2 x272 x072 + 864000 x
176 d x276 x072 - 115200 d~3 x172 x076 x276 - 18662400 4”3 x172 x0°5 x2~7
8 + 6220800 d"4 x172 x0°5 x278 + 28800 d”4 x1°2 x076 x276 - 178421760 d~
4 x1°8 x073 x276 — 6480000 d~3 x172 x072 x278 - 28800 d~3 x272 x072 x178
+ 5508000 d~2 x174 x0°2 x278 - 446400 d x1°8 x072 x274 - 7200 x1710 x0°2
1620000 x2710 x072 + 3600 x1712 x072 + 810000 x2712 x0~2 + 64 x0710 x1
"4 + 64 x0710 x274 - 3240000 4”3 x2712 x072 - 223027200 d~3 x2710 x176 +
384 x0710 x174 472 + 69120 x0°5 x17°8 d”2 - 73728 x0°8 x17°8 d°3 - 256 x0~
10 x174 4 - 3672000 d x278 x174 x0°2 + 7680 x0°6 x1°5 d x2 - 20736000 xO
"2 x173 472 x277 + 72230400 x0°5 x1°2 d”2 x276 - 7680 x076 x1°6 d x272 +
86400 x072 x179 d72 x2 - 89458688 x078 x1°2 d”3 x276 - 176394240 43 x2~
9 x074 x173 + 88197120 d~4 x279 x074 x1°3 + 18247680 4”3 x2°5 x074 x1°7

- 9123840 d~4 x275 x074 x1°7 + 622080 d~3 x276 x0°5 x174 - 207360 d~4 x2
"6 x075 x174 - 12960000 x0°2 x279 d x1 + 6480000 x0°2 x2710 d x172 + 512
x0710 x272 d x172 + 921600 x072 x27°3 d x1°7 - 3041280 x0°5 x2°3 d~2 x1°7
+ 36115200 x075 x279 d72 x1 + 3041280 x0°5 x2°3 d~3 x17°7 - 36115200 x0~°5
x279 d~3 x1 + 337920 x079 x273 d72 x173 - 337920 x079 x273 d°3 x1°3 - 32
1024 x079 x275 d72 x1 + 321024 x079 x2°5 d~3 x1 - 172800 x0°6 x275 d~2 x
1 + 61440 x0°6 x274 d~3 x174 - 122880 x076 x273 d”3 x1°3 + 115200 x076 x
275 d73 x1 + 139968000 x0 x1°5 d~2 x277 - 46656000 x0 x1°6 d~2 x278 - 92
16 x079 x174 d°2 x272 - 346705920 x0°4 x1°5 d~3 x277 + 173352960 x074 x1
"5 d74 x277 + 270336 x0°8 x177 d°3 x2 - 135168 x078 x1°7 d”4 x2 - 540672
0 x0°8 x175 d~3 x273 + 2703360 x078 x1°5 d”4 x273 - 622080 x0°5 x1°6 d~3
x274 + 264960 x0°5 x1°7 d°3 x2 - 4573440 x0°5 x1°5 d~3 x273 + 207360 x0~
5 x176 d”4 x274 - 88320 x0°5 x1°7 d~4 x2 + 1524480 x0°5 x175 d74 x273 -

1036800 x0 x2°6 d x1°8 + 55296 x079 x27°4 d x1°2 + 3110400 x0 x2°5 d x1°7
- 9123840 x074 x275 d72 x177 + 2297856 x078 x2°5 d72 x1°3 - 4595712 x078
x275 d73 x173 - 46227456 x078 x277 d72 x1 + 92454912 x078 x277 d°3 x1 -

4296960 x0°5 x275 d73 x173 + 73440000 x0~5 x2°7 d~3 x1 + 2297856 x0°8 x2
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"5 d74 x173 - 46227456 x078 x2°7 d”4 x1 + 1432320 x0°5 x2°5 d"4 x1°3 - 2
4480000 x0°5 x277 d74 x1 + 864000 d~3 x176 x276 x072 - 216000 d~4 x1°6 x
276 x072 - 46656000 x1°5 d x0 x277 + 1497600 x1°9 d x2°3 x0 - 4492800 x1
"9 d72 x273 x0 - 22464000 x279 d x1°3 x0 + 67392000 x279 d°2 x1°3 x0 - 1
26720 x0°5 x179 d~3 x2 + 37509120 x0°5 x173 473 x277 + 42240 x075 x179 d
"4 x2 - 12503040 x0°5 x17°3 d"4 x2°7 + 16896 x079 x1°5 473 x2 - 5632 x079
x1°5 d74 x2 + 112640 x0°9 x1°3 d”4 x273 + 7680 x076 x1°5 d°3 x2 - 15360

x0°6 x17°4 d"4 x274 - 1920 x0°6 x1°5 d”4 x2 + 30720 x0°6 x1°3 d~4 x2°3 +

28800 x1710 d x272 x072 + 10137600 d~3 x179 x074 x2°3 - 5068800 d"4 x179
x074 x273 + 4492800 d~3 x179 x273 x0 - 67392000 d~3 x279 x173 x0 + 53222
400 d~2 x177 x0 x277 - 53222400 d~3 x177 x0 x277 + 3801600 d~2 x1711 x2~
3 x0 - 3801600 d~3 x1°11 x273 x0 - 57024000 d~2 x2711 x1°3 x0 + 57024000
d~3 x2711 x173 x0 + 13824000 x0°2 x1°3 d x2°7 - 57600 x072 x1°9 d x2 + 1
26720 x0°5 x179 d~2 x2 - 37509120 x0°5 x173 472 x277 - 16896 x079 x1°5 d
"2 x2 + 88320 x0°5 x1°7 d x2 - 1524480 x0°5 x1°5 d x273 - 207360 x0°5 x1
"6 d x274 - 230400 x0°2 x273 d74 x1°7 + 3240000 x0~2 x279 d~4 x1 + 84480
x075 x272 d"4 x1°6 - 40550400 d"4 x176 x278 + 3600 d"4 x1712 x072 + 1115
13600 x1710 d"2 x276 + 918000 x278 x174 x0”"2 + 111513600 x2710 4”2 x176

+ 810000 x072 x278 d"4 + 6220800 x0°5 x278 d74 + 11943936 x078 x2°8 d"4

- 216000 x176 x276 x072 + 297676800 x1°8 x278 d"2 + 111513600 d"4 x1~10

x276 + 960 d°4 x076 x1°6 - 1920 x0°6 x1°5 x2 + 30720 x076 x1°3 x2°3 - 23
040 x0°5 x178 d x272 - 113000448 x077 x174 d°3 x276 + 111600 x0°2 x274 d
"4 x178 + 14400 x072 x272 d74 x176 + 123904 x07°8 x272 d”4 x176 + 3632640
d x0°5 x174 x274 - 32440320 d"3 x073 x1°6 x276 + 178421760 x1°8 d~3 x0°3
x276 + 178421760 x2°8 d~3 x0°3 x176 + 7200 d"4 x272 x072 x1°8 - 24076800
x075 x172 d x276 - 23040 x0°5 x1°8 d - 15360 x0°6 x174 x274 - 66355200 d
3 x177 x277 + 33177600 d~4 x177 x2°7 - 28800 x0°6 x275 x1 - 6220800 x0~
5 x278 d + 28800 x076 x276 x172 + 111513600 d"4 x2710 x1°6 - 1620000 d~4
x2710 x072 + 14400 d~4 x0°6 x276 + 3686400 d"4 x176 x276 + 1920 x076 x1~
6 x272 + 36864 x0°8 x178 d72 + 11943936 x078 x278 d”2 + 6220800 x2710 d

x0~5 + 57600 x076 x278 d - 7200 x1710 x272 x0°2 - 1620000 x1°2 x2710 x0~
2 - 960 x0°6 x174 d~4 x272 + 1751040 d~2 x177 x074 x2°3 + 10752000 d~2 x
1°8 x074 x2°4 - 84480 x075 x272 d x1°6 - 28477440 4”2 x27°7 x074 x1°3 + 5
7600 x0°6 x172 d”3 x274 + 32440320 d"4 x2°6 x0°3 x1°6 + 1620000 d~4 x1°2
x072 x278 - 10897920 d”2 x0°5 x174 x274 - 6035456 d~2 x078 x174 x274 + 7
1368704 d”4 x0°6 x176 x276 + 44729344 x0°8 x172 472 x276 + 123904 x0°8 x
272 d72 x176 - 200970240 d~2 x2°8 x074 x174 - 17740800 x1°7 d x0 x277 +

19008000 x2°11 d x173 x0 + 15552000 x0 x1°6 d x278 + 3072 x0°9 x1°4 d x2
"2 + 173352960 x0°4 x1°5 472 x277 - 135168 x078 x17°7 4”2 x2 - 1013760 xO
"5 x273 d74 x1°7 + 12038400 x0~5 x279 d~4 x1 + 88197120 x279 d~2 x074 x1
3 + 2703360 x0°8 x1°5 d72 x273 - 107008 x0~9 x275 d°4 x1 - 28800 x0°6 x
275 d74 x1 + 56954880 d°3 x074 x173 x277 - 3502080 d~3 x074 x273 x177 +

10897920 d”3 x0°5 x174 x274 - 5068800 x179 d~2 x074 x2°3 + 17740800 d~4

x177 x0 x277 + 1267200 d~4 x1711 x2°3 x0 - 3456000 x072 x1°3 x277 - 128

x0710 x172 x272 + 14400 x0°2 x179 x2 + 33177600 d~2 x177 x2°7 + 3240000

x072 x279 x1 - 230400 x0°2 x273 x177 - 182476800 d~4 x179 x27°7 - 1824768
00 d~4 x279 x177 + 58392576 d~3 x077 x1°3 x277 - 42240 x0°5 x179 d x2 +

12503040 x0°5 x1°3 d x277 + 5632 x079 x1°5 d x2 - 145981440 d~3 x177 x0~
3 x277 + 145981440 d"4 x177 x073 x277 + 1013760 x0°5 x273 d x1°7 - 12038
400 x0°5 x279 d x1 - 112640 x079 x2°3 d x1°3 - 1497600 d"4 x1°9 x273 x0

- 19008000 d~4 x2711 x1°3 x0 + 22464000 d"4 x279 x1°3 x0 - 3456000 d"4 x
173 x0 x277 + 230400 d~4 x273 x0 x1°7 - 540000 d~4 x174 x0°2 x274 - 2847
7440 d~4 x074 x173 x2°7 + 1751040 d"4 x074 x2°3 x177 - 3632640 d~4 x0°5

x174 x274 - 58392576 d”4 x077 x173 x277 - 3244032 d~3 x077 x2°3 x1°7 + 3
244032 d74 x077 x273 x177 + 12070912 4”3 x078 x174 x2°4 - 6035456 d"4 xO0
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8 x174 x274 - 21504000 d~3 x178 x0°4 x274 + 10752000 d"4 x1°8 x074 x274
+ 107008 x079 x2°5 d x1 + 401940480 d~3 x278 x074 x174 - 200970240 d~4 x
278 x074 x174 + 3840 x076 x174 x272 d"3 + 4308480 x0°5 x1°5 d"2 x2°5 - 1
436160 x0°5 x2°5 d x175 + 106444800 x0 x17°6 d~3 x276 + 364953600 x1°9 d~
3 x277 - 35481600 x0 x1°6 d"4 x276 - 106444800 x0 x17°6 d~2 x2°6 - 960 x0
"6 x174 x272 - 14400 x076 x172 x274 + 432000 x1°5 x275 x072 + 364953600

x279 d73 x177 - 1728000 d x1°5 x275 x072 + 35481600 x0 x1°6 d x2°6 + 267
632640 d”3 x276 x074 x1°6 - 133816320 d"4 x276 x074 x176 + 3110400 d"3 x
1710 x274 x0 - 1036800 d"4 x1710 x274 x0 - 46656000 d~3 x2710 x1°4 x0 +

15552000 d”4 x2710 x174 x0 + 160704000 x0 x17°4 d~3 x278 - 53568000 x0 x1
"4 474 x278 + 10713600 x0 x274 d°2 x1°8 - 10713600 x0 x274 d~3 x1°8 - 31
10400 x1710 472 x274 x0 + 3571200 x0 x274 d~4 x1°8 + 53568000 x174 x278

d xO - 160704000 x1°4 x2°8 d~2 x0 - 3571200 x1°8 x274 d xO - 4308480 d~3
x275 x075 x1°5 + 1436160 d"4 x2°5 x075 x17°5 - 133816320 x074 x276 d~2 x1
6 + 46656000 x2710 d~2 x174 x0 + 3840 x076 x174 x272 d + 57600 x0°6 x1~
2 x274 d - 5760 x076 x174 x272 d~2 + 2592000 x1°5 x0°2 x275 d~2 - 172800
0 d”3 x175 x072 x275 - 86400 x0°6 x172 x274 d~2 - 15552000 x2710 x1°4 d

x0 - 182476800 x279 x1°7 d~2 - 14400 x0°2 x1°7 d~4 x2 - 3240000 x0~2 x1

d~4 x277 + 1036800 x1°10 x274 d x0 + 432000 d"4 x175 x072 x2°5 + 216000

d™4 x072 x175 x273 + 216000 d"4 x0”"2 x2°5 x17°3 - 4 d72 x0 x1 x2 - 6 x072
x172 d x272 + 3 d72 x072 x172 x272

Obviously this polynomial is huge, having 556 terms. The degree of the poly-
nomial is, as expected, 18 with respect to the variables (2, 21, 22).

From now on, in order to save space we will not include the trace any more;
instead we will report. various measures such as the number of terms or the
degree.

Step (3.3)

Now we form the polynomial hy = (1 —€)ha — FZ?:O m;l“, then from it the

polynomials ]ng) = %];TA for each i. Since the degree of h4 is d4, the degrees of

]le) are dg — 1. Thus forn =m =d =2 and A = {3,4}, the degrees are 17.
For the example input, we obtain from the trace (not included here) the
following information:
Poly Terms Degree

o)

h fr 1039 17
7 (1

h 5 957 17
7(2

Mo 9T T

Step (3.4)

In this step, we need to compute the modified u resultant of the polynomi-
als h(AO)7 R h(An). Before making any actual attempt, let us first get a rough
estimate of its size.

According to the sub-algorithm, the modified u resultant R is a constant
multiple of the determinant of a certain matrix M, which is a representation of
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a linear transformation between the vector spaces generated by the monomials

Tg“ .- T:’_’:ﬁ] with the degree d= (n+ 1)((]— 1)+ 1 where d is the maximum of
the degrees of the polynomials fy, ..., f,, with respect to xq,..., x,.

()

Since the input polynomials f; to the sub-algorithm are the polynomials 71,A
of the main algorithm, we have that d = d4 — 1.

B The size of the matrix M

Now we estimate the size I of the matrix M. For this, we simply need to count,
the number of the monomials with the degree d. The following proposition gives
us the answer:

Proposition 1 The size of the set {(dy, ..., dpy1) | do+- -+ dppr = d, d; >0}
- (dFn41
& ( n+1 )

Forn =m =d=2and A = {3,4}, since dy3 43 = 18, we have d=18—1=

17, and so d= (2+ 1)(17— 1) + 1 = 49. Thus the number of the monomials is

(492':_2{"1) = 22100. The matrix M 1s, therefore, of the size

22100 x 22100.

B The degree of the polynomial det(M)

Next we estimate the degree of the polynomial det (M) with respect to the va-
riables ug, ..., u,11. Note first that u;’s appear only in the rows corresponding
to the monomials of B such that dy < (]N,7 ceydy < d. Clearly there are dn+
such rows. Furthermore each entry of those rows is either u; for some j or 0.

Therefore every monomial ul - - u;”_r_r; of det(M) is of degree d"*'. Tn other

words, the polynomial det (M) is a homogeneous polynomial in ug, ... w41 of
degree d"t!. B
Forn=m=d=2and A={3,4}, d=17. Thus det(M) is of degree

177 = 4913

in the variables wug, ... t,41.

B The number of monomials in the polynomial det (M)

Tt is extremely hard (impossible) to exactly determine the number of monomi-
als in det(M). So we will be satisfied with a rough estimate, which is based
on the reasonable conjecture: det(M) is dense with respect to the variables
g, - .., Up41- The inspection of the structure of the matrix seems to support
this conjecture. Under this conjecture, the number of monomialsin det(M) can
be estimated, by using Proposition 1, to be

A" 41
n+1.
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Forn=m=d=2and A= {34}, it is
("7 = 19,788,792, 660 &0 10'°.

Now even though we assume that the representation of each coefficient takes
only 1 byte (which is far under estimate since they are again polynomials of the
variables € and d), the representation of the polynomial det( M) would take about
10 Giga bytes. Since our computer (DEC-Station 5000) has only 32 Mega bytes
main memory, it 1s hopeless to store the polynomial in the computer’s memory,
let alone computing it.

B The size of base (integer) coefficients of R

As shown in Step (3) of the sub-algorithm, Renegar defines the modified u
resultant, R to be a constant (D!) multiple of the determinant of M, in order
to avoid division during determinant computation. However this causes the
absolute value of the base (integer) coefficient, of every monomial of R to be at
least. DI. Forn=m =d =2 and A = {3,4},

D= 221001 = ? (22101) a7 1030000,

Thus even if we would use one consecutive memory block to represent any long
integer, each base coefficient would take at least

log,, 10%°9%9 bits a2 260000 bytes ~ 33 Kbytes.

Remembering that the number of monomials in det(M) can be as big as 107,
it 18 totally impossible to store the polynomial R in any currently available
computers’ memory. Since it is not possible to trace the algorithm on a computer
any more, the following discussion will depend only on theoretical estimation.

Step (3.5)

We will estimate the degrees of the polynomials Rji’j’k> produced in this step.
Recall first that R4 is a homogeneous polynomial in ug, ..., %, 4q. So the degree
of Rj”'7’k> is k less than that of Ra. Since the degree of Ry is (da — 1)"F",

therefore, the the degree of Rji’j’k> is (da — )"+ — k.

Step (4)

In this step, we gather into the set R all the polynomials Rji’j’k> produced
in Step (3). We are interested in estimating the degrees and the numbers of
the polynomials in R. Tn order to simplify our analysis we will assume that for
each A there is one polynomial with the degree (d4 — 1)"*'. This is far under

estimate, since in general R4 will be a polynomial of high degree in €, d, ug.

26



From now on let Dy denote (2(d+ 1)(£+1) — 1)""'1. Since there are (6"7;'2)

sets A such that |[A| = ¢, we conclude that the set R has at least (°7F?)
polynomials of degree 1y for each £ =10,...,n+ 1.

Thus for n = m = d = 2 we obtain the following estimates:

Degree  Number

125 > 1
1331 > 14
4913 > 91

12167 > 364

Step (5)

We will estimate the degrees and the numbers of the polynomial list in the set Q.
An easy check shows that the degrees of the polynomials V,,, . ..., R(B+tentq)
are (very tightly) bounded above by the degree of R with respect to the variable
41, which in turn is (very tightly) bounded above by the degree Dg of R.
Thus for each R € R the set @ has nD% polynomial lists of degree Dg — j for
each j =0,..., Dg.

Now according to the analysis of Step (4), the set R has at least (
polynomials R of degree 1y foreach £ =10,... ,n+ 1.

Thus we see that the set. Q has at least (6"7;2)77,]),? polynomial lists of degree
Dy —jforeach £ =0,...,.n+ 1 and 5 = 0,...,D;. But in order to simplify

677;—{—2)

our analysis we ignore all the polynomial lists in @ with £ < n 4+ 1. (Here we
are again making a far under estimate on the size of the set Q.) Tn conclusion,
the set @ has at least (6::;2)77,/)5_‘_1 polynomials lists of degree pu for each
/’L:0717"'7Dn+1-

Forn =m =d =2, since Dy = 12167, the set Q has at least

(W -2-121677 ~ 10"
polynomials lists of degree p, for each p = 1,2,...,12167. Thus we have

Q] > 10'.

Step (6)

We will estimate the degrees and the numbers of the univariate polynomials
lists in the set F. Since the degree of (G; is d, the degree of G;(q) is d - deg(q).
Thus referring the analysis of Step (5), we obtain the following estimate: the
set F has at least 2(6::;2)77,])2,_‘_1 univariate polynomial lists of degree 2u for
each u=10,1,..., Dy41.

Thus for n = m = d = 2, the set F contains at least

210"
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univariate polynomial lists of degree u, for each p = 2,4, ...,24334. Again we
estimate the size of the set F as

|F| > 2-10'.

Step (7)

Now we need to compute the consistent sign vectors of each univariate polyno-
mial list in the sett F. Renegar proposes to use the algorithm of Ben-Or, Kozen,
and Reif [4]. So we need to make at least 2(6:;2)77,])%_‘_1 calls to the BKR al-
gorithm with univariate polynomials lists of degree p for each p=10,..., Dyyq.

For n = m = d = 2, this means that we need to make at least
2-10"

calls to the BKR algorithm with polynomials lists of degree pu, for each u =
2,4,...,24334.

The author conjectures that even just one call of BKR on a polynomial list
of degree 24334 will take longer than a day using any modern computer.” Even
though we assume that each call takes in average only 0.1 second, since we need
to do this at least 2-10'® times, Step (7) alone will take at least

210" seconds & 6 million years.

Step (8)

This final step is trivial. For the example input, this step should not take more
than a second to decide it to be false.

9 Conclusion and Discussion

In this section we make certain conclusions based on the results obtained from
the previous three sections. Further we briefly discuss their implication on the
complexities of the three algorithms for arbitrary inputs (possibly with quantifier
alternation). We also give a brief comparison of Colling’ algorithm and Tarski’s
algorithm.

B Conclusion of the last three sections

We set out to answer the following questions posed in the introduction of this
paper.

7Tt is shown in [4] that the computing time of one application of BKR algorithm is domi-
nated by (m,r])o“) where m is the number of polynomials in a univariate polynomial list, and
d is its degree bound.
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(Q1) Which algorithm among the three is the fastest for small inputs? Tet
X be the fastest one.

(Q2) Tf X is not Renegar’s, then at what input size does Renegar’s algorithm
become faster than X7

(Q3) At that trade off point, how much computing time is required by

either of the algorithms?

In an attempt to answer these questions, in the last three sections we esti-
mated the running time of the three algorithms on the inputs with n = m =
d =L =2 (on DEC station 5000, running UNTX operating system, with 32
Mega byte main memory). Here is their summary:

Algorithm n=m=d=171=2
Collins < 1 second
Grigor’ev/Vorobjov > 1 million years
Renegar > 1 million years

Choice of different hardware and programming environments make some
difference on the speed of algorithms, but not by the factor of millions. Therefore
we can safely answer to the question Q1 as follows:

(A1) Colling’ algorithm is the fastest for small inputs with n = m = d =
L =2

As for the question Q2, our analysis in the previous sections is not sufficient
enough to give a meaningful answer.

In order to answer the question Q3, let us make a safe assumption that the
three algorithms will take longer on bigger inputs. From this assumption and
their estimated running times for the case n = m = d = 1. = 2, we logically
deduce the following answer to Q3:

(A3) The computing time at the trade off point is far greater than a million
years on currently available machines.

In conclusion, Colling’” algorithm 1is expected to be the fastest among the
three algorithms on inputs which can be decided in a reasonable amount of
time.

B Comparison on inputs with quantifier alternation

Until now, we compared the three algorithms only on existential sentences (or
equivalently sentences without, quantifier alternation). Below we briefly compare
them or their extensions on deciding arbitrary sentences possibly with quantifier
alternations. (A paper with a detailed discussion is in preparation [22].)

Collins’ algorithm, without any modification, can decide arbitrary sentences.
In [14] Grigor’ev, by generalizing the algorithm reviewed in Section 3, gave an
algorithm for deciding arbitrary sentences. Tn [30] Renegar did the same by
generalizing the algorithm reviewed in Section 4.
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Let w be the number of quantifier blocks in the input sentence. TLet n; be
the number of quantifiers in the ¢ th quantifier block so that ny +---4+n, = n.
The table below gives the (already known) theoretical complexities of the three
general algorithms:

Algorithm Theoretical
C()Hins L,‘%(md)QO(n)
Grigor’ev T/(md)o(")"“’?

Renegar L(log L)(log log L)(md)QO(w) [T~

The table shows that, for sufficiently large n and small w, Renegar’s algo-
rithm is the fastest, Grigor’ev’s is the next fastest, and Collins’ is the slowest. Tt
also shows that, for sufficiently large n and large w, the algorithms of Renegar
and Collins are similar in speed, while Grigor’ev’s is slower than either. Tn order
to find out the complexities of these algorithms on small inputs, let us again
consider the inputs with n = m = d = . = 2 but this time with the quantifiers
such as (3x1) (V) or (Va)(Fas).

The dependence of the running time of Collins” algorithm on the quantifier
being used is negligible, and we can safely conclude that the input sentences
can be decided within a second on a DEC station.

Grigor’ev’s algorithm, besides other expensive computations, makes at least
one call of the algorithm of Section 3 with the same input polynomials (see page
70 of [14]), so it is clear that the algorithm will take more computing time than
the algorithm of Section 3. Thus we safely conclude that Grigor’ev’s algorithm
will take at least one million years to decide the input sentences.

Renegar’s algorithm begins by projecting the two bivariate polynomials into
a set of univariate polynomials. An analysis of the projection sub algorithm
shows that the number of the univariate polynomials is expected to be at least
one million® (see [22] for details). But then the algorithm should continue to
compute sample points of the connected sign partition of R for the univariate
polynomials, then 1ift them to obtain sample points in R?, and then determine
signs of the input polynomials on them. Thus it is expected that the whole
computation would take enormous amount of computing time.

Thus 1t suggests that Collins’ algorithm is faster than either of the algorithms
of Grigor’ev [14] and Renegar [30] on any inputs (possibly with quantifier alter-
nations) which can be decided in a reasonable amount of time.

B Comparison of the algorithms of Tarski and Collins

Since Collins’ algorithm 1s faster than the algorithms with better theoretical
complexities for small inputs, a question naturally arises: Is Tarski’s algorithm
(with non-elementary time complexity” ) in turn faster than Collins’ for small

#Tn contrast, Colling’ projection produces at most five polynomials as shown in Section 6.
?Tn particular, the running time of Tarski’s algorithm cannot be bounded by any finite
tower of exponential functions in the number of variables.
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mmputs? Tn fact this question can be broadened by recalling that both algo-
rithms solve quantifier elimination problems, which are more general than de-
cision problems. A paper with the detailed discussion on this question is in
preparation [23], but here we give a brief summary of what we have learned so
far.

e For decision problems, Collins’ algorithm is in general much faster than
Tarski’s, even for small inputs. For the example input in Section b, Tarski’s
algorithm, after eliminating one quantifier (3x2), produces a formula in a
having at least 20,000 atomic formulas, where several polynomials are of
degrees about 500 with coefficients of about 80 decimal digits. But then,
in order to decide the sentence, the algorithm should continue to eliminate
the remaining quantifier (321) from this huge formula. An inspection of
the algorithm (especially of the T" operator) suggests that it will take an
enormous amount of computing time, producing a huge number of large
intermediate polynomials.

e For quantifier elimination problems, Collins’ algorithm is also in general
much faster than Tarski’s, even for small inputs. But for certain quantifier
elimination problems, especially those with only one quantifier to elimi-
nate, Tarski’s algorithm can be improved so that it is often faster than

Collins’ [24].

B Suggestions

The investigations in this paper suggest that theoretical analyses based on the
big O notation are too coarse for comparing decision algorithms over the reals.
Tt seems that one should devise finer methods for analyzing the algorithms,
in order to obtain meaningful insight into their relative complexities. Tt also
shows the need for more research on devising and improving practically efficient
decision algorithms for small inputs.

The author would like to thank Bruno Buchberger who has made various
helpful suggestions on the draft of this paper.
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