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The expense of maintainingall observed data
during a learning episode has inspired many
researchers to consider various strategies to reduce the amount of data retained. Our work
introduces the rst true complexity theoretic
analysis of space utilization by learning algorithms that repeatedly input examples and produce new hypotheses. In our new model, memory is measured in bits as a function of the
size of the input. There is a hierarchy of learnablity based on increasing memory allotment.
The lower bound results are proved using an
unusual combination of pumping and mutual
recursion theorem arguments. For technical
reasons it is necessary consider two types of
memory: long and short term. Any trade o s
between the two types of memory are shown to
be limited.
Various aspects of machine learning have
been under empirical investigation for quite
some time [Michalski et al., 1983; Shapiro,
1987]. More recently, theoretical studies have
become popular [Haussler and Pitt, 1988;
Rivest et al., 1989; Fulk and Case, 1990; Warmuth and Valiant, 1991; ACM, 1992; ACM,
1993; ACM, 1994]. The research described
in this paper contributes toward the goal of
understanding how a computer can be programmed to learn by isolating features of incremental learning algorithms that theoretically
enhance their learning potential. In particular,
we examine the e ects of imposing a limit on
the amount of information that learning algorithm can hold in its memory as it attempts to
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learn. While this idea in itself is not novel, our
approach is. Our results clarify and re ne previous attempts to formalize restricted memory
learning.
In this work, we consider machines that learn
programs for recursive (e ectively computable)
functions. Several authors have argued that
such studies are general enough to include a
wide array of learning situations [Angluin and
Smith, 1983; Angluin and Smith, 1987; Blum
and Blum, 1975; Case and Smith, 1983; Gold,
1967; Osherson et al., 1986].
For example, a behavior to be learned can
be modeled as a set of stimulus and response
pairs. Assuming that any behavior associates
only one response to each possible stimulus, behaviors can be viewed as functions from stimuli to responses. It is possible to encode every
string of ascii symbols in the natural numbers.
These strings include arbitrarily long texts and
are certainly sucient to express both stimuli
and responses. By using suitable encodings,
the learning of functions represents several, ostensibly more robust, learning paradigms. For
the purposes of a mathematical treatment of
learning, it suces to consider only the learning of functions from natural numbers to natural numbers. A variety of models for learning
recursive functions have been considered, each
representing some di erent aspect of learning.
The result of the learning will be a program
that computes the function that the machine is
trying to learn. Historically, these models are
motivated by various aspects of human learning
[Gold, 1967] and perspectives on the scienti c
method [Popper, 1968].
We say that learning has taken place because
the machines we consider must produce the resultant program after having ascertained only
nitely much information about the behavior of
the function. The models we use are all based

on the model of Gold [Gold, 1967] that was
cast recursion theoretically in [Blum and Blum,
1975].
Gold, in a seminal paper [Gold, 1967], dened the notion called identi cation in the
limit. This de nition concerned learning by
algorithmic devices now called inductive inference machines (IIMs). An IIM inputs the range
of a recursive function, an ordered pair at a
time, and, while doing so, outputs computer
programs. Since we will only discuss the inference of (total) recursive functions, we may
assume, without loss of generality, that the input is received by an IIM in its natural domain
increasing order, (0), (1), . An IIM, on
input from a function will output a potentially in nite sequence of programs 0, 1 , .
The IIM converges if either the sequence is nite, say of length + 1, or there is program
such that for all but nitely many , = . In
the former case we say the IIM converges to ,
and in the latter case, to . In general, there
is no e ective way to tell when, and if, an IIM
has converged.
Following Gold, we say that an IIM identi es a function if, when is given the range
of as input, it converges to a program that
computes . If an IIM identi es some function
, then some form of learning must have taken
place, since, by the properties of convergence,
only nitely much of the range of was known
by the IIM at the (unknown) point of convergence. The terms infer and learn will be used
as synonyms for identify. Each IIM will learn
some set of recursive functions. The collection
of all such sets, over the universe of e ective
algorithms viewed as IIMs, serves as a characterization of the learning power inherent in the
Gold model. Mathematically, this collection is
set-theoretically compared with the collections
that arise from the other models we discuss below. Many intuitions about machine learning
have been gained by working with Gold's model
and its derivatives. In the next section, we describe the variants of Gold's model that we examine in this paper.
Several authors from the elds of cognative science, linguisitics, connectionism, PAC
learnablility and inductive inference considered
memory limited learning. Most of these prior
models consider only the accounting of the
number of data items remembered, independent of their size. Those models that do consider, in some way, the size of the data remebered, so not take into account the memory
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requirements of remembering other pertinent
information such as prior hypotheses and state
information for the algorithm under investigation. Also, in many of the previous studies, the
complexity function was curiously not a function of input size.
We now describe the model investigated in
this paper. To insure an accurate accounting
of the memory used by an IIM, we will henceforth assume that each IIM receives its input
in such a way that it is impossible to back up
and reread some input after another has been
read. All of the previously mentioned models of learning languages or functions measured
memory used in the number of data items or
hypotheses that could be remembered. Since
it is possible to encode an arbitrary nite set
within any single hypothesis, coding techniques
played a major role in the proofs of some of the
above mentioned results. Computers, and humans, use storage proportional to the size of
what is being remembered. To circumvent the
use of coding techniques, the memory used will
be measured in trits, as opposed to integers.
Each data entry will appear as a bit string with
a designated delimeter separating the entries.
The delimiter will be viewed as a \special bit"
and we will henceforth count the memory utilization in bits.
Each of the machines we consider will have
two types of memory. In the long term memory the IIM will remember portions of the input it has seen, prior conjectures, state information pertaining to the underlying nite state
device and perhaps other information as well.
Including the state information in the memory
that we are accounting for is a major departure from previous work. None of the previous
models of memory limited learning even considers the state information of the learning algorithm itself. If the number of states of a learning algorithm was unbounded, then the possiblity of encoding information into the state space
arises. For example, given a set of states, 0 ,
, , of some learning algorithm, consider
another learning algorithm that has states
for 1
and 0
1 000 000 000.
One interpretation is that state means that
the original algorithm would be in state and
it would have seen data encoded by . If the
states are not assumed to consume any space,
then an arbitrary amount of information can
be encoded into the state space without impacting the memory utilization. As an added
bene t to including the state information in our
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long term memory, we can use pumping techniques from formal language theory [Lewis and
Papadimitriou, 1981] in our proofs.
In addition, each machine will have a potentially unlimited short term memory that will
be annihilated every time the IIM either outputs a new conjecture or begins reading the bits
corresponding to another point in the graph of
the mystery function providing the input to the
IIM. The short term memory clear operation is
done automatically and takes one time step.
The short term memory is necessary to insure
an accurate accounting of the real long term
memory utilization of a learning process. It
might be, as indicated by our results in the
section on trade o s between long and short
term memory, that some very space consuming
computation must be performed in order to decide which few bits of information to retain and
which to discard. Without a short term memory, such a temporary use of space would articially in ate the long term memory need by a
learning algorithm. The introduction of the the
short term memory enabled us to get sharper
lower bound results. Most of our results, however, are stated in terms of long term memory
requirements, with the short term memory appearing only in the proof.
As an added side bene t, we note that our
technically motived model bears a strong resemblance to contemporary models of memory
function with respect to the dichotomy between
long and short term memory that was initiated
in [Miller, 1956]. This dichotomy is evident
in neural nets. The weights in the nodes correspond to long term storage and the calculations as to how to update the weights is carried out using a short term memory [Levine,
1991]. Some well known implementations of
learning algorithms, the Soar project [Rosenbloom et al., 1991; Servan-Schreiber, 1991] and
the ACT* project [Anderson, 1983], also divide memory into long and short term components. The Soar project uses the concept
of \chunking" [Miller, 1956] to as a way to
convert traces of problem solving behavior into
new rules, freeing up space in the working short
term memory in the process. The rules of Soar,
in some sense, are analogous to the states of
the nite state devices that we study. As in
the Soar program, we keep state information
in long term memory. Another similarity between our model and the way Soar operates
is that temporary calculations are lost in both
schemes. When Soar reaches an impasse, some

calculations are performed to generate a new
subgoal. Just like our short term memory, the
subgoal calculations are lost when an appropriate one is found.
In the remaining space, we state some of our
results [Freivalds and Smith, 1992; Freivalds et
al., 1993]. It turns out that linear space, with
very small constants, is sucent to be able
to learn anything that can be learned. Furthermore, sometimes, linear long term space
is required. we also have several examples of
classes requiring logarithmic lower bounds on
long term memory. One of our more complicated examples of a class requireing logarithmic
space has the property that it can be learned by
a probabilistic learning algorithm, in constant
space, with probability 1.
There is a hierarchy, based on larger and
larger space allotments. A recursive function
is almost surjective if there is an such that
is included in the range of .
Suppose is a nondecreasing, almost surjective recursive function such that = ( ) and
is a recursive function such that = ( ).
Then there is a class of recursive functions than
can be learned in space, but not in space.
For the contrived example space learnable
set of functions that we use in the proof, it
can be shown that to learn the set, the bound
of space is exceeding in nitely often. The
proof uses a novel combination of pumping arguments from formal language theory [Lewis
and Papadimitriou, 1981] and mututal recursion arguments from recursion theory [Soare,
1987].
In contrast to the hierarchy result, we also
have discovered a gap phenomeneon for certain
types of classes. A class of functions is dense
if every nite data set can be extended to form
some function in the class. Dense classes can
either be learned in constant space, or they require at least logarithmic space. The intuition
is that all dense classes are either trivial and
can be learned simple device like a nite automation, or to learn them requires counting
some feature of the data. Counting requires
logarithmic space. We have examples of dense
classes that can be learned in constant space
and examples where at least logarithmic space
is required for learning.
The order of the input is crucial, as we
have an example where learning can be accomplished within a small constant amount of
space, if the data arrives in a nice order, but
takes linear (the maximum) if the data arrives
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