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1 INTRODUCTION

CafeOBJ is an exe utable industrial strength algebrai spe i ation language whi h
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is a modern su essor of OBJ and in orporates several new algebrai spe i ation
paradigms. Its de nition is given in [10℄, a presentation of its logi al foundations
an be found in [12℄, and a presentation of some methodologies developed around
CafeOBJ an be found in [13, 14℄. CafeOBJ is intended to be mainly used for
system spe i ation, formal veri ation of spe i ations, rapid prototyping, or even
programming.
In the rst part of this paper we survey the mathemati al foundations of
CafeOBJ, while in the se ond part we survey some of its methodologies, in luding
some re ent ones.
Let us brie y overview some of CafeOBJ most important features.
Equational Spe i ation and Programming.

Equational spe i ation and programming is inherited from OBJ [23, 16℄ and onstitutes the basis of the language, the other features being somehow built on top
of it. As with OBJ, CafeOBJ is exe utable (by term rewriting), whi h gives an
elegant de larative way of fun tional programming, often referred as algebrai programming.1 As with OBJ, CafeOBJ also permits equational spe i ation modulo
several equational theories su h as asso iativity, ommutativity, identity, idempoten e, and ombinations between all these. This feature is re e ted at the exe ution
level by term rewriting modulo su h equational theories.
Behavioural Spe i ation.

Behavioural spe i ation [33, 34, 19, 20, 11, 24℄ provides a generalisation of ordinary
algebrai spe i ation. Behavioural spe i ation hara terises how obje ts (and
systems) behave, not how they are implemented. This new form of abstra tion an
be very powerful in the spe i ation and veri ation of software systems sin e it
naturally embeds other useful paradigms su h as on urren y, obje t-orientation,
onstraints, nondeterminism, et . (see [20℄ for details). Behavioural abstra tion
is a hieved by using spe i ation with hidden sorts and a behavioural on ept of
satisfa tion based on the idea of indistinguishability of states that are observationally
the same, whi h also generalises pro ess algebra and transition systems (see [20℄).
CafeOBJ behavioural spe i ation paradigm is based on oherent hidden algebra
(abbreviated `CHA') of [11℄, whi h is both a simpli ation and extension of lassi al
hidden algebra of [20℄ in several dire tions, most notably by allowing operations
with multiple hidden sorts in the arity. Coherent hidden algebra omes very lose
to the \observational logi " of Bidoit and Henni ker [24℄.
CafeOBJ dire tly supports behavioural spe i ation and its proof theory through
spe ial language onstru ts, su h as
 hidden sorts (for states of systems),
1

Although this paradigm may be used as programming, from the appli ations point of
view, this aspe t is se ondary to its spe i ation side.
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 behavioural operations (for dire t \a tions" and \observations" on states of sys-

tems),
 behavioural oheren e de larations for (non-behavioural) operations (whi h may
be either derived (indire t) \observations" or \ onstru tors" on states of systems), and
 behavioural axioms (stating behavioural satisfa tion).

The main behavioural proof method is based on oindu tion. In CafeOBJ, oindu tion an be used either in the lassi al hidden algebra sense [20℄ for proving
behavioural equivalen e of states of obje ts, or for proving behavioural transitions
(whi h appear when applying behavioural abstra tion to rewriting logi ).
Besides language onstru ts, CafeOBJ supports behavioural spe i ation and
veri ation by several methodologies. CafeOBJ urrently highlights a methodology
for on urrent obje t omposition whi h features high reusability not only of spe iation ode but also of veri ations [10, 25℄. Behavioural spe i ation in CafeOBJ
may also be e e tively used as an obje t-oriented (state-oriented) alternative for
lassi al data-oriented spe i ations. Experiments seem to indi ate that an obje toriented style of spe i ation even of basi data types (su h as sets, lists, et .) may
lead to higher simpli ity of ode and drasti simpli ation of veri ation pro ess
[10℄.
Behavioural spe i ation is re e ted at the exe ution level by the on ept of
behavioural rewriting [10, 11℄ whi h re nes ordinary rewriting with a ondition ensuring the orre tness of the use of behavioural equations in proving stri t equalities.
Rewriting Logi Spe i ation.

Rewriting logi spe i ation in CafeOBJ is based on a simpli ed version of
Meseguer's rewriting logi (abbreviated as `RWL') [27℄ spe i ation framework for
on urrent systems whi h gives a non-trivial extension of traditional algebrai spe i ation towards on urren y. RWL in orporates many di erent models of on urren y in a natural, simple, and elegant way, thus giving CafeOBJ a wide range of
appli ations. Unlike Maude [4℄, the urrent CafeOBJ design does not fully support
labelled RWL whi h permits full reasoning about multiple transitions between states
(or system on gurations), but provides proof support for reasoning about the existen e of transitions between states (or on gurations) of on urrent systems via a
built-in predi ate with dynami de nition en oding into equational logi both the
proof theory of RWL and the user de ned transitions (rules). At the level of the
semanti s, this amounts to the fa t that the CafeOBJ RWL models are preorders
rather than ategories. This avoids many of the semanti al ompli ations resulting
from the labelled version of RWL.
>>From a methodologi al perspe tive, CafeOBJ develops the use of RWL transitions for spe ifying and verifying the properties of de larative en oding of algorithms
(see [10℄) as well as for spe ifying and verifying transition systems. The restri tion
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of RWL to its unlabelled version is also motivated by the fa t that RWL plays only
a se ondary importan e role in CafeOBJ methodologies.
Module System.

The prin iples of the CafeOBJ module system are inherited from OBJ whi h builds
on ideas rst realized in the language Clear [2℄, most notably institutions [17, 15℄.
CafeOBJ module system features
 several kinds of imports,
 sharing for multiple imports,
 parameterised programming allowing
{ multiple parameters,
{ views for parameter instantiation,
{ integration of CafeOBJ spe i ations with exe utable ode in a lower level
language
 module expressions.
However, the on rete design of the language revises the OBJ view on importation
modes and parameters [10℄.
Type System and Partiality.

CafeOBJ has a type system that allows subtypes based on order sorted algebra (abbreviated `OSA') [21, 18℄. This provides a mathemati ally rigorous form of runtime
type he king and error handling, giving CafeOBJ a synta ti exibility omparable
to that of untyped languages, while preserving all the advantages of strong typing.
CafeOBJ does not dire tly do partial operations but rather handles them by using
error sorts and a sort membership predi ate in the style of membership equational
logi (abbreviated `MEL') [28℄.
2 INSTITUTIONAL SEMANTICS

Today one of the fundamental prin iples of algebrai spe i ation resear h and development is that ea h algebrai spe i ation and programming languge or system
has an underlying logi in whi h all language onstru ts an be rigorously de ned as
mathemati al entities and su h that the semanti s of spe i ations or programs is
given by the model theory of this underlying logi . All modern algebrai spe i ation languges, in luding CafeOBJ, follow stri tly this prin iple, other two important
modern algebrai spe i ation languages being Casl [31℄ and Maude [4℄.
On the other hand, there is a very big number of algebrai spe i ation languages
in use, some of them tailored to spe i lasses of appli ations, hen e a large lass of
logi s underlying algebrai spe i ation languages. However mu h of the algebrai
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spe i ation phenomena is independent of the a tual language and its underlying
logi . This potential to do algebrai spe i ation at a general level is realized by
the theory of institutions [17℄, whi h is a ategori al abstra t model theoreti metatheory of logi s originally intended for spe i ation and programming, but also very
suitable for model theory [9, 8, 36℄.
The use of the on ept of institution in algebrai spe i ation is manifold:
 It provides a rigorous on ept of logi underlying algebrai spe i ation languages, a logi thus being a mathemati al entity.
 It provides a framework for developing basi algebrai spe i ation on epts
and results independently of the a tual underlying logi . This leads to greater
on eptual larity, apropriate uniformity and unity, with the bene t of a simpler
and more eÆ ient top-down approa h on algebrai spe i ation theory whi h
ontrasts the onventional bottom-up approa h.
 It provides a framework for rigorous translations, en odings, and representations
between algebrai spe i ation systems via various morphism on epts between
institutions.
2.1 Institutions

Institution theory assumes some familiarity with ategory theory. We generally use
the same notations and terminology as Ma Lane [26℄, ex ept that omposition is
denoted by \;" and written in the diagrammati order. The appli ation of fun tions
(fun tors) to arguments may be written either normally using parentheses, or else
in diagrammati order without parentheses, or, more rarely, by using sub-s ripts or
super-s ripts. The ategory of sets is denoted as Set, and the ategory of ategories2
as C at. The opposite of a ategory C is denoted by C op . The lass of obje ts of
a ategory C is denoted by jC j; also the set of arrows in C having the obje t a as
sour e and the obje t b as target is denoted as C (a; b).
De nition 1. An institution (Sign; Sen; Mod; j=) onsists of

1. a ategory Sign, whose obje ts are alled signatures,
2. a fun tor Sen : Sign ! Set, giving for ea h signature a set whose elements are
alled senten es over that signature,
3. a fun tor Mod : Signop ! C at giving for ea h signature  a ategory whose
obje ts are alled -models, and whose arrows are alled -(model ) homomorphisms, and
4. a relation j=  jMod()j  Sen() for ea h  2 jSignj, alled -satisfa tion,
su h that for ea h morphism ' :  !  in Sign, the satisfa tion ondition
0

2

We steer lear of any foundational problem related to the \ ategory of all ategories";
several solutions an be found in the literature, see, for example [26℄.
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Mod(')(M ) j= e
2 jMod( )j and e 2 Sen(). We may denote the redu t fun tor

M j= Sen(')(e) i
0

0

0

holds for ea h M
Mod(') by ' and the senten e translation Sen(') simply by '( ). When M =
M ' we say that M is an expansion of M along '.
0

0

0

0

The signatures of the institution provide the synta ti entities for the spe iation language, the models provide possible implementations, the senten es are
formal statements en oding the properties of the implementations, and the satisfa tion relation tells when a ertain implementation satis es a ertain property.
The institution underlying CafeOBJ is de ned in [12℄.
2.2 Spe i ations

The on ept of CafeOBJ spe i ation is a spe ial ase of stru tured spe i ation
in an arbitary institution instantiated to the CafeOBJ institution. Our institutionindependent stru tured spe i ations follows [35℄, however CafeOBJ spe i ations
an be onstru ted by employing only a subset of the spe i ation building operations de ned in [35℄.3
De nition 2. Given an institution (Sign; Sen; Mod; j=), its stru tured spe i ations (or just spe i ations for short) are de ned from the nite presentations by

iteration of the spe i ation building operators presented below. The semanti s of
ea h spe i ation SP is given by its signature Sig[SP℄ and its ategory of models
Mod[SP℄, where Mod[SP℄ is a full sub ategory of Mod(Sig[SP℄).

PRES. Ea h nite presentation (; E ) (i.e.  is a signature and E is a nite set of
-senten es) is a spe i ation su h that
{ Sig[(; E )℄ = , and
{ Mod[(; E )℄ = Mod(; E ).4

UNION. For any spe i ations SP1 and SP2 su h that Sig[SP1℄ = Sig[SP2 ℄ we an take
their union SP1 [ SP2 with
{ Sig[SP1 [ SP2 ℄ = Sig[SP1 ℄ = Sig[SP2 ℄, and
{ Mod[SP1 [ SP2 ℄ = Mod[SP1℄ \ Mod[SP2 ℄.

TRANS. For any spe i ation SP and and signature morphism ' : Sig(SP) !  we an
take its translation along ' denoted by SP ? ' and su h that
0

{ Sig[SP ? '℄ =  , and
{ Mod[SP ? '℄ = fM 2 Mod( ) j M ' 2 Mod[SP℄g.
0

0

3
4

0

0

CafeOBJ spe i ations do not involve the \derivation" building operation.

Mod(

;E

) is the sub ategory of all -models satisfying all senten es in .
E
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FREE. For any spe i ation SP and signature morphism ' :  ! Sig
[SP ℄ we an take
the persistently free spe i ation of SP along ' denoted SP ' and su h that
{ Sig[SP ' ℄' = Sig[SP ℄, and
{ Mod[SP ℄ =
fM 2 Mod[SP ℄ j M strongly persistently SP ; Mod(')-free g, where SP
is the sub ategory in lusion Mod[SP ℄ ! Mod(Sig[SP ℄).
The strongly persistent freeness property says that for ea h N 2 Mod[SP ℄ and
for ea h model homomorphism h : M ' ! N ' there exists an unique model
homomorphism h : M ! N su h that h ' = h.
De nition 3. A spe i ation morphism ' : SP1 ! SP2 between spe i ations
SP1 and SP2 is a signature morphism ' : Sig[SP1 ℄ ! Sig[SP2 ℄ su h that M ' 2
Mod[SP1℄ for ea h M 2 Mod[SP2 ℄.
Spe i ations and their morphisms form a ategory Spe .
With the ex eption of `in luding' or `using' imports (see [10℄), any CafeOBJ
spe i ation onstru t an be redu ed to the kernel spe i ation building language
of De nition 2. In the ase of initial denotations, `in luding' and `using' imports
an be in luded by adding orresponding variants of the building operation FREE.
For example, CafeOBJ imports orrespond to spe i ation in lusions (a simple
import an be obtained as union (UNION) between a stru tured spe i ation and a
presentation (PRES)), module parameters to spe i ation inje tions, `views' to arbitrary spe i ation morphisms, parameter instantiations to spe i ation pushouts
(obtained by translations (TRANS) and union (UNION)), modules with initial denotation are obtained as free spe i ations (FREE), et .
0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

3 THE CAFEOBJ INSTITUTION
3.1 Grothendie k institutions
Institution morphisms

CafeOBJ is a multi-logi language. This means that di erent features of CafeOBJ

require di erent underlying institutions. For example, behavioural spe i ation has
oherent hidden algebra [11℄ as underlying institution, while rewriting logi spe iation has rewriting logi as underlying institution. Both institutions are in fa t
extensions of the more onventional equational logi institution. On the other hand,
they an be ombined to ` oherent hidden rewriting logi ' whi h extends both of
them. Other features of CafeOBJ require other institutions. Therefore, onsequently
to its multi-logi aspe t, CafeOBJ involves a system of institutions and extension
relationships between them rather than a single institution.
The solution to the multi-logi aspe t of CafeOBJ is given by the on ept of
Grothendie k institution whi h attens the underlying system of institutions to
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a single institution in whi h the attened omponents still retain their identity.
Grothendie k institutions have been invented in [7℄, but their spirit already appeared in [5℄, and although initially motivated by CafeOBJ semanti s, they provide
the solution for the semanti s of any multi-logi language. For example, Casl, when
used together with its extensions, has also adopted Grothendie k institutions as its
semanti s [29℄.
Institution morphism [17℄ provide the ne essary on ept for relating di erent
institutions:
De nition 4. An institution morphism
(; ; ) : (Sign ; Sen ; Mod ; j= ) ! (Sign; Sen; Mod; j=) onsists of
1. a fun tor  : Sign ! Sign,
2. a natural transformation : ; Sen ) Sen , and
3. a natural transformation : Mod ) op; Mod
su h that for any signature  the following satisfa tion ondition holds
M j=  (e) i  (M ) j=  e
for any model M 2 Mod ( ) and any senten e e 2 Sen( ).
An adjoint institution morphism is an institution morphism su h that the fun tor  : Sign ! Sign has a left adjoint.5
The institutions and their morphisms with the obvious omposition form a ategory denoted Ins.
This type of stru ture preserving institution mapping, introdu ed already in the
seminal paper [17℄, has a forgetful avour in that it maps from a \ri her" institution
to a\poorer" institution. The dual on ept of institution mapping, alled omorphism [22℄ in whi h the mapping between the ategories of signatures is reversed,
an be interpreted in the a tual examples as embedding a \poorer" institution into
a \ri her" one. Any adjun tion between the ategories of signatures determines an
`duality' pair of institution morphism and institution omorphism; this has been observed rst time in [38℄ and [1℄. Below we may noti e that all institution morphisms
involved in the semanti s of CafeOBJ are adjoint.
0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

Indexed institutions

Let us now re all the on ept of indexed ategory [32℄. A good referen e for indexed
ategories also dis ussing appli ations to algebrai spe i ation theory is [37℄. An
indexed ategory [37℄ is a fun tor B : I op ! C at; sometimes we denote B (i) as Bi
(or B i) for an index i 2 jI j and B (u) as B u for an index morphism u 2 I . The
following ` attening' onstru tion providing the anoni al bration asso iated to an
5

Adjoint institution morphisms have been previously alled `embedding' institution
morphisms in [5℄ and [7℄.
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indexed ategory is known under the name of the Grothendie k onstru tion, and
plays an important role in mathemati s. Given an indexed ategory B : I op ! C at,
let B ℄ be the Grothendie k ategory having hi; i, with i 2 jI j and  2 jBij, as
obje ts and hu; 'i : hi; i ! hi ;  i, with u 2 I (i; i ) and ' :  !  B u, as arrows.
The omposition of arrows in B ℄ is de ned by hu; 'i; hu ; ' i = hu;u ; ';(' B u )i.
Indexed institutions [7℄ extend indexed ategories to institutions.
De nition 5. Given a ategory I of indi es, an indexed institution J is a fun tor
J : I op ! Ins.
For ea h index i 2 jI j let us denote the institution J i by (Signi; Modi; Seni ; j=i)
and for ea h index morphism u 2 I let us denote the institution morphism J u by
(u; u; u).
0

0

0

0

0

0

0

0

Grothendie k institutions

Grothendie k institutions [7℄ extend the attening Grothendie k onstru tion from
indexed ategories to indexed institutions.
De nition 6. The Grothendie k institution J ℄ of an indexed institution J : I op !
Ins is de ned as follows:
1. its ategory of signatures Sign℄ is the Grothendie k ategory of the indexed
ategory of signatures Sign : I op ! C at of the indexed institution J ,
2. its model fun tor Mod℄ : (Sign℄)op ! C at is given by
 Mod℄(hi; i) = Modi() for ea h index i 2 jI j and signature  2 jSignij,
and
 Mod℄(hu; 'i) = u ; Modi (') for ea h hu; 'i : hi; i ! hi ;  i,
3. its senten e fun tor Sen℄ : Sign℄ ! Set is given by
 Sen℄℄(hi; i) = Senii() foru ea h index i 2 jI j and signature  2 jSignij, and
 Sen (hu; 'i) = Sen (');  for ea h hu; 'i : hi; i ! hi ;  i,
4. M j=℄i; e i M j=i e for ea h index i 2 jI j, signature  2 jSignij, model
M 2 jMod℄(hi; i)j, and senten e e 2 Sen℄ (hi; i).
By the satisfa tion ondition of the institution J i for ea h index i 2 jI j and the
satisfa tion ondition of the institution morphism J u for ea h index morphism u 2 I :
Proposition 1. J ℄ is an institution and for ea h index i 2 jI j, there exists a
anoni al institution morphism (i; i; i) : J i ! J ℄ mapping any signature  2
jSignij to hi; i 2 jSign℄j and su h that the omponents of i and i are identities.
By [5, 7℄, under adequate onditions, the important properties of institutions
(in luding theory olimits, free onstru tion, alled liberality, model amalgamation,
alled exa tness, in lusion systems) an be `globalized' from the omponents of the
indexed institution to the Grothendie k institution.
0

0

0

h

i

0

0

0
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If one repla es institution morphisms to institution omorphisms, one an de ne
the so- alled ` omorphism-based' Grothendie k institutions [30℄. When the institution morphisms of the indexed institution are adjoint, the Grothendie k institution
and the orresponding omorphism-based Grothendie k institution are isomorphi .
It will be easy to noti e that this a tually happens in the ase of CafeOBJ.
3.2 The CafeOBJ ube

Now we are ready to de ne the a tual CafeOBJ institution as the Grothendie k
institution of the indexed institution below, alled the CafeOBJ ube. (The a tual
CafeOBJ ube onsists of the full arrows, the dotted arrows denote the morphisms
from omponents of the indexed institution to the Grothendie k institution.)
HOSA

HOSRWL
H = hidden
A = algebra
O = order
M =many
S = sorted
RWL = rewriting logic

HRWL

HA

CafeOBJ

OSA
MSA

OSRWL
RWL

The details of the institutions of the CafeOBJ ube an be found in [12℄. Below
we present them brie y.
The institution MSA of many-sorted algebra has the so- alled `algebrai signatures' ( onsisting of sets of sort symbols and sorted fun tion symbols) as signatures,
algebras interpreting the sort symbols as sets and the fun tion symbols as fun tions, and (possibly onditional) universally quanti ed equations as senten es. The
satisfa tion between algebras and equations is the standard Tarskian satisfa tion.
As in other algebrai spe i ation languages, onditions of equations are en oded
as Boolean-values terms, hen e in reality MSA should be thought as a onstraint
equational logi in the sense of [6℄. Alternatively, one may adopt membership equational logi [28℄ as the base equational logi institution.
OSA extends the MSA institution with order sortedness su h that the set of
sorts of a signature is a partially ordered set rather than a dis rete set, and algebras interpret the subsort relationship as set in lusion. The forgetful institution
morphism from OSA to MSA just forgets the order sortedness.
The institution RWL has the same signatures as MSA but the models interpret
the sort symbols as preorders and the fun tion symbols as preorder fun tors (i.e.
fun tors between preorders). Besides equations, RWL has other senten es too, the
so- alled `transitions' whi h an be regarded as of one-dire tional equations not
obeying the symmetry rule. Their satisfa tion by the models is determined by the
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preorder relation between the interpretation of the terms of the transition. The
forgetful institution morphism from RWL to MSA essentially forgets the preorder
relationship between the elements of models.
Signatures of the institution HA of ` oherent hidden algebra' [11℄ are spe ial
MSA signatures in whi h the set of sort symbols is divided into `visible' sorts for
the data and `hidden sorts' for states (of abstra t ma hines) and we mark a subset
of the fun tion symbols as `behavioural'. Behavioural fun tion symbols must have
exa tly one hidden sort in the arity. Besides ordinary stri t equations, HA has
also `behavioural equations' and ` oheren e de larations'. An algebra satis es a
behavioural equation when all strings of appli ations of behavioural fun tions to the
interpretation of the sides of the equation give the same results in the visible sorts.
Coheren e de larations an be regarded as just abbreviations for a spe ial type of
onditional behavioural equations (see [11, 12℄) for details. There is a forgetful
institution morphism from HA to MSA forgetting the distin tion between visibile
and hidden.
These extensions of MSA towards three di erent paradigms an be all ombined
into HOSRWL (see [12℄ for details). All institutions of the CafeOBJ ube an be
seen as sub-institution of HOSRWL by the adjoint omorphisms orresponding to
the forgetful institution morphisms.
Various extensions of CafeOBJ an be further onsidered by transforming the
CafeOBJ ube into a `hyper- ube' and by attening it to a Grothendie k institution.
Some omparison between CafeOBJ on one hand, and CASL and Maude on the
other hand, two e orts very lose to CafeOBJ, an be made at the level of their
underlying institutions. Maude is based on labelled rewriting logi , built on top of
membership equational logi , while CASL is based on order sorted partial rst order
logi .
Proof al ulus

The proof al ulus of CafeOBJ is obtained by attening the `indexed' proof al ulus
orresponding to the CafeOBJ ube, onsisting of well known proof al uli for ea h of
the CafeOBJ institutions. Re all that while the equational and rewriting logi proof
al uli are sound and omplete, the behavioural proof al ulus is only sound [3℄. It
is rather easy to remark that by falttening, the soundness and the ompleteness of
the proof al ulus an be `globalized' from the omponents of the indexed logi to
the Grothendie k logi .
4 DESCRIPTION AND VERIFICATION OF DATA TYPES

Data types are des ribed in terms of initial algebra [42℄. In this se tion, three data
types are used to explain how to des ribe data types and how to verify lemmas on
the data types. Ea h of the data types is de lared in one module. The data types are
pro ess IDs, labels and queues. The three data types are used in the next se tion,
where we dis uss a mutual ex lusion program using a queue.
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Suppose that we need an arbitrary number of pro ess IDs instead of a xed
number of spe i pro ess IDs. Therefore, pro ess IDs are de lared as follows:
mod* PID {
[Pid℄
op _=_ : Pid Pid -Bool { omm}
var I : Pid
eq (I = I) = true .
}

The module denotes an arbitrary set of pro ess IDs, whi h is designated by keyword
mod*. The keyword indi ates that the module is a loose semanti s de laration,
meaning an arbitrary model (implementation) that respe ts all requirements written
in the module.
Labels are the names given to atomi ommands in the program. We need three
spe i labels, whi h are l1, l2 and s. Therefore, labels are de lared as follows:
mod! LABEL {
[Label℄
ops l1 l2 s : -Label
op _=_ : Label Label -Bool { omm}
var L : Label
eq (L = L) = true .
eq (l1 = l2) = false .
eq (l1 = s) = false .
eq (l2 = s) = false .
}

The module denotes the exa t three labels, whi h is designated by keyword mod!.
The keyword indi ates that the module is a tight (initial) semanti s de laration,
meaning the smallest model (implementation) that respe t all requirements written
in the module.
Queues of arbitrary data types are de ned, instead of those of a spe i data
type. Su h queues are de lared in a parameterized module. Therefore, we need to
de lare a module that is used as a formal parameter of the parameterized module.
The module is de lared as follows:
mod* EQTRIV {
[Elt℄
op _=_ : Elt Elt -Bool { omm}
}

The formal parameter indi ates the onstraint of a tual parameters with whi h
the parameterized module is instantiated, but does not indi ate a spe i module.
Therefore, module EQTRIV should be interpreted by loose semanti s.
Then, the parameterized module is de lared as follows:
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mod! QUEUE (D :: EQTRIV) {
[Queue℄
op empty :
-Queue
op __
: Elt.D Queue -Queue
op put
: Queue Elt.D -Queue
op get
: Queue
-Queue
op top
: Queue
-Elt.D
op empty? : Queue
-Bool
op _\in_ : Elt.D Queue -Bool
var Q : Queue
vars X Y : Elt.D
eq put(empty,X) = X empty .
eq put((Y Q),X) = Y put(Q,X) .
eq get(empty)
= empty .
eq get((X Q))
= Q .
eq top((X Q))
= X .
eq empty?(empty) = true .
eq empty?((X Q)) = false .
eq X \in empty = false .
eq X \in (X Q) = true .
eq X \in (Y Q) = X \in Q if not(X = Y) .
}

Constant empty and juxtaposition operator __ are the onstru tors of queues. We
want queues to be made from these two onstru tors only. Therefore, module QUEUE
should be interpreted by tight semanti s.
Besides, in the next se tion, we need lemmas on queues, whi h are as follows:
Lemma 1 (of queues). For any q : Queue and any x; y : Elt:D,
(not empty?(q) and top(q) = x) implies (top(put(q; y)) = x) ,
(1)
not empty?(put(q; x)) ,
(2)
empty?(q ) implies (not x \in q ) ,
(3)
x \in put(q; x) ,
(4)
(x \in q) implies (x \in put(q; y)) .
(5)
The rst three are proved by ase analyses only, and the remaining by stru tural
indu tion on queues. All proofs are done by writing proof s ores in CafeOBJ. Proof
s ores of (1) and (5) are shown in this paper.
In a module, say LEMMA, operators lemma1 and lemma5 are de lared as follows:
op lemma1 : Queue Elt.D Elt.D -Bool
op lemma5 : Queue Elt.D Elt.D -Bool

Equations that let lemma1 and lemma5 denote (1) and (5) are de lared as follows:
eq lemma1(Q,X,Y) = (not empty?(Q) and top(Q) = X implies top(put(Q,Y)) =
X) .
eq lemma5(Q,X,Y) = (X \in Q implies X \in put(Q,Y)) .

where Q, X and Y are CafeOBJ variables for Queue, Elt.D and Elt.D, respe tively.
In module LEMMA, three onstants are also de lared as follows:
op q : -Queue
ops x y : -Elt.D

Constant q is used to denote an arbitrary Queue, and onstants x and y to denote
an arbitrary Elt.D in proof s ores. The ase an be split into multiple ones by
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de laring equations on these onstants in proof s ores. Let us onsider that the ase
is split into two: one where q is empty, and the other where q is not. The former
an be denoted by de laring the following equation:
eq q = empty .

The latter an be denoted by de laring the following equation:
eq (q = empty) = false .

There is another way of denoting the latter. To do this, two more onstants that
also denote arbitrary obje ts should be de lared as follows:
op z : -Elt.D
op qq : -Queue

Then, the latter an be denoted by de laring the following equation:
eq q = z qq .

Moreover, the latter an be split into two more: one where z equals x, and the other
where z does not. This ase split an be done by de laring the following equations,
ea h equation for ea h ase:
eq z = x .

eq (z = x) = false .

It is time that you ould read the proof s ores of (1) and (5). The proof s ore
of (1) is as follows:
open LEMMA -- Case 1
eq q = empty .
red lemma1(q,x,y) .
lose

open LEMMA -- Case 2
op z : -Elt.D .
op qq : -Queue .
eq q = z qq .
red lemma1(q,x,y) .
lose

Command red redu es a given term by regarding de lared equations as left-to-right
rewrite rules. In either ase, we expe t the given term to be redu ed to true, and
it is a tually done.
The proof s ore of (5) is as follows:
open LEMMA -- Base ase
eq q = empty .
red lemma5(q,x,y) .
lose
open LEMMA -- Indu tive ase 1
op z : -Elt.D .
op qq : -Queue .
eq q = z qq .
eq z = x .
red lemma5(q,x,y) .
lose

open LEMMA -- Indu tive ase 2
op z : -Elt.D .
op qq : -Queue .
eq q = z qq .
eq (z = x) = false .
red lemma5(qq,x,y) implies lemma5(q,x,y) .
lose

Term lemma5(qq,x,y) denotes the indu tive hypothesis.
Proof s ores of (2), (3) and (4) an be written in a similar way. On e we prove
these lemmas, we an de lare them as equations in module QUEUE. The equations
are as follows:
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(top(put(Q,Y)) = X) = true
if not empty?(Q) and top(Q) = X .
empty?(put(Q,X))
= false .
X \in Q
= false if empty?(Q) .
X \in put(Q,X)
= true .
X \in put(Q,Y)
= true
if X \in Q .

whi h orrespond to (1), (2), (3), (4) and (5), respe tively.
Notes on equality between terms CafeOBJ provides built-in equality operator
_==_. Given two terms s and t whi h sorts are the same, s == t is redu ed to true if

the results of redu ing the two terms are the same, and to false otherwise, even if the
two terms might denote the same data. If you are on dent that your spe i ation
is on uent, it might be safe to use _==_. Besides, if _==_ is used, more ase split
should be done. Suppose that two onstants are used in a proof s ore, whi h are
de lared as follows:
ops x y : -Elt.D

In the proof s ore, x is treated as di erent from y if _==_ is used, provided that
no equations on x and y su h as (eq x = y .) are de lared. Therefore, we should
onsider another ase where x equals y. If user-de ned operator _=_, instead of
_==_, is used as in this se tion, x and y are treated as a ompletely arbitrary Elt.D,
namely that x may be the same as y or di erent from y, provided that no equations
on x and y are de lared.
5 DESCRIPTION AND VERIFICATION OF ABSTRACT MACHINES

Abstra t ma hines are des ribed in terms of oherent hidden algebra [11℄. In this
se tion, a system in whi h multiple pro esses exe ute a parallel program is used
to explain how to des ribe abstra t ma hines and how to verify that they have
properties. The program supposedly solves the mutual ex lusion problem, namely
that it allows at most one pro ess to enter the riti al se tion, where resour es su h
as I/O devises that have to be a essed by at most one pro ess at any given time
are used. The parallel program for pro ess i is as follows:
l1: put(queue,i)
l2: repeat until top(queue) = i
Criti al Se tion
s: get(queue)
Pro ess i repeatedly exe utes this program, namely that if the pro ess at label s
exe utes get(queue), it moves to label l1. queue is a queue of pro ess IDs, whi h is
shared by all pro esses. Pro ess ID i is put into the queue at the end by put(queue,i),
and the top of the queue is obtained and deleted by top(queue) and get(queue),
respe tively. These operations are supposed to be done atomi ally. Besides, ea h
iteration of the loop at label l2 is also supposed to be atomi .
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5.1 Observational Transition Systems

The system under onsideration is modeled in terms of a restri ted type of oherent
hidden algebra, whi h is alled observational transition systems, or OTSs. OTSs are
a e ted by UNITY [40℄.
We assume that there exists a universal state spa e alled . We also suppose
that ea h data type used has been de ned beforehand, in luding the equivalen e
between two data values v1 ; v2 denoted by v1 = v2 . An OTS S = hO; I ; T i onsists
of:
 O : A set of observable values. Ea h o 2 O is a fun tion o :  ! D, where D
is a data type and may be di erent for ea h observable value. Given an OTS
S and two states 1 ; 2 2 , the equivalen e between two states, denoted by
1 = 2, w.r.t. S is de ned as 1 = 2 def
= 8o 2 O:o(1) = o(2).
 I : The set of initial states su h that I  .
 T : A set of onditional transition rules. Ea h  2 T is a fun tion  : == !
== on equivalen e lasses of  w.r.t. = . Let  () be the representative
element of  ([℄) for ea h  2  and it is alled the su essor state of  w.r.t.  .
The ondition  for a transition rule  2 T , whi h is a predi ate on states, is
alled the e e tive ondition. The e e tive ondition is supposed to satisfy the
following requirement: given a state  2 , if  is false in , namely  is not
e e tive in , then  =  ().
An OTS is des ribed in CafeOBJ. Observable values are denoted by CafeOBJ observations, and transition rules by CafeOBJ a tions.
An exe ution of S is an in nite sequen e 0 ; 1; : : : of states satisfying:
 Initiation : 0 2 I .
 Conse ution : For ea h i 2 f0; 1; : : :g, i+1 =  (i) for some  2 T .
A state is alled rea hable w.r.t. S i it appears in an exe ution of S . Let R be
the set of all the rea hable states w.r.t. S .
All properties onsidered in this se tion are invariants, whi h are de ned as
follows:
invariant p def
= (8 2 I : p()) ^ (8 2 R :8 2 T :(p() ) p( ()))) ;
whi h means that predi ate p is true in any rea hable state of S . Let x be all free
variables ex ept for one for states in p. We suppose that invariant p is interpreted as
8x:(invariant p) in this paper.
S

S

S

S

S

S

S

S

S

5.2 Des ription of the System

Two kinds of observable values and three kinds of transition rules are used to model
the system under onsideration, whi h are as follows:
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 Observable values.
{ queue denotes the queue shared by all pro esses, whi h is initially empty.
{ p i (i 2 Pid ) denotes the label of a ommand that pro ess i will exe ute

next, whi h is initially l1.
 Transition rules.
{ wanti (i 2 Pid ) denotes the ommand orresponding to label l1.
{ tryi (i 2 Pid ) denotes the ommand orresponding to label l2.
{ exiti (i 2 Pid ) denotes the ommand orresponding to label s.
Pid is a set of pro ess IDs.
The OTS modeling the system is des ribed in module QLOCK, whi h imports
modules LABEL, PID and QUEUE(PID). QUEUE(PID) is the module that is QUEUE
instantiated with PID. The signature of QLOCK is as follows:
*[Sys℄*
-- any initial state
op init : -Sys
-- observations
bop p
: Sys Pid -Label
bop queue : Sys -Queue
-- a tions
bop want : Sys Pid -Sys
bop try : Sys Pid -Sys
bop exit : Sys Pid -Sys

The state spa e  is represented by hidden sort Sys, observable values queue and
p i by observations queue and p , respe tively, and transition rules wanti, tryi and
exiti by a tions want, try and exit, respe tively. Constant init denotes any initial
state of the OTS.
Equations de ning the three a tions are show, where S is a CafeOBJ variable
for Sys, and I and J for Pid. A tion want is de ned with equations as follows:
op -want : Sys Pid -Bool
eq -want(S,I) = (p (S,I) = l1) .
-eq p (want(S,I),J) = (if I = J then l2 else p (S,J) fi) if -want(S,I) .
eq queue(want(S,I)) = put(queue(S),I)
if -want(S,I) .
eq want(S,I)
= S
if not
-want(S,I) .

Operator -want denotes the e e tive ondition of transition rule wanti.
A tion try is de ned with equations as follows:
op
eq
-eq
eq
eq

-try : Sys Pid -Bool
-try(S,I) = (p (S,I) = l2 and top(queue(S)) = I) .
p (try(S,I),J) = (if I = J then s else p (S,J) fi) if -try(S,I) .
queue(try(S,I)) = queue(S) .
try(S,I)
= S
if not -try(S,I) .

Operator -try denotes the e e tive ondition of transition rule tryi .
A tion exit is de ned with equations as follows:
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op -exit : Sys Pid -Bool
eq -exit(S,I) = (p (S,I) = s) .
-eq p (exit(S,I),J) = (if I = J then l1 else p (S,J) fi) if -exit(S,I) .
eq queue(exit(S,I)) = get(queue(S))
if -exit(S,I) .
eq exit(S,I)
= S
if not
-exit(S,I) .

Operator

-exit denotes

the e e tive ondition of transition rule exiti .

5.3 Veri ation of the System

We verify that the system under onsideration has the following invariant:
Claim 1 (Mutual Ex lusion).

invariant (p (s; i) =

s and p

(s; j ) =

s implies i = j ) .

(1)

This invariant means that at most one pro ess an exe utes the riti al se tion at
any given time. To prove the invariant, we need three more invariants, whi h are as
follows:
Claim 2.

invariant (p (s; i) = s implies top(queue(s)) = i) ,
(2)
invariant (p (s; i) = l2 or p (s; i) = s implies not empty?(queue(s))) , (3)
invariant (p (s; i) = l2 implies i \in queue(s)) .
(4)
How to Constru t Proof S ores

We brie y des ribe how to onstru t proof s ores of invariants [49℄. Suppose that all
predi ates and a tion operators takes only states as their arguments for simpli ity.
Invariants are often proved by indu tion on the number of transition rules applied.
Suppose that we prove that the system has \invariant p1(s)" by indu tion on the
number of transition rules applied, where s is a free variable for states.
It is often impossible to prove invariant p1(s) alone. Suppose that it is possible
to prove invariant p1(s) together with n 1 other predi ates. Let the n 1 other
predi ates be p2(s); : : : ; pn(s). That is, we prove invariant p1(s) ^ : : : ^ pn(s). Let
p(s) be p1 (s) ^ : : : ^ pn(s).
Let us onsider an indu tive ase in whi h it is shown that any transition rule
denoted by CafeOBJ a tion operator a preserves p(s). To this end, it is suÆ ient
to show p(s) ) p(a(s)). This formula an be proved ompositionally. The proof of
the formula is equivalent to the proofs of the n formulas:
p(s) ) p1(a(s));

...

p(s) ) pn(a(s)) :
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Moreover, it suÆ es to prove the following n formulas, if possible, instead of the
previous n formulas:
p1 (s) ) p1(a(s));
...
pn(s) ) pn(a(s)) :
But, some of them may not be proved be ause their indu tive hypotheses are too
weak. Let pi(s) ) pi(a(s)), where 0  i  n, be one of su h formulas. Let SIH i
be a formula that is suÆ ient to strengthen the indu tive hypothsis pi(s). SIH i an
be pi1 (s) ^ : : : ^ pik , where 1  i1; : : : ; ik  n. Then, all we have to do is to prove
(SIH i ^ pi(s)) ) pi(a(s)).
Besides, we may have to split the ase into muptiple sub ases in order to prove
(SIH i ^ pi(s)) ) pi (a(s)). Suppose that the ase is split into l sub ases. The l
sub ases are denoted by l formulars ase i1 ; : : : ; ase il, whi h should satisfy ( ase i1 _
: : : _ ase il) = true. Then, the proof an be repla ed with the l formulas:
( ase i1 ^ SIH i ^ pi (s)) ) pi(a(s));
...
i
( ase l ^ SIH i ^ pi(s)) ) pi(a(s));
SIH i may not be needed for some sub ases.
Proof s ores of invariants are based what has been dis ussed. Let us onsider
that we write proof s ores of the n invariants dis ussed. We rst write a module,
say INV, where pi(s) (i = 1; : : : ; n) is expressed as a CafeOBJ term as follows:
op inv1 : H -Bool


op
eq



invn : H -Bool
inv1 (S) = p1 (S) .

invn(S) = pn(S) .
where H is a hidden sort and S is a CafeOBJ variable for H. Term pi(S ) (i = 1; : : : ; n)
denotes pi(s).
We are going to mainly des ribe the proof of the ith invariant. Let init denote
any initial state of the system. To show that pi (s) holds in any initial state, the
following proof s ore is written:
eq

open INV
red invi (init) .
lose

We next write a module, say ISTEP, where two onstants s; s are de lared,
denoting any state and the su essor state after applying a transition rule in the
state, and the predi ates to prove in ea h indu tive ase are expressed as a CafeOBJ
term as follows:
0
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op istep1 : -Bool


op istepn : -Bool
eq istep1 = inv1 (s) implies inv1 (s ) .
0



eq istepn = invn (s) implies invn (s ) .
0

In ea h indu tive ase, the ase is usually split into multiple sub ases. Suppose that we prove that any transition rule denoted by CafeOBJ a tion operator a
preserves pi(s). As des ribed, the ase is supposed to be split into the l sub ases
ase i1 ; : : : ; ase il . Then, the CafeOBJ ode showing that the transition rule preserves
pi(s) for ase ij (j = 1; : : : ; l) looks like this:
open ISTEP

De lare onstants denoting arbitrary obje ts.
De lare equations denoting ase ij .
De lare equations denoting fa ts if ne essary.
eq s = a(s) .
0

red istepi .
lose

Constants may be de lared for denoting arbitrary obje ts. Equations are used to
express ase ij . If ne essary, equations denoting fa ts about data stru tures used, et .
may be de lared as well. The equation with s as its left-hand side spe i es that s
denotes the su essor state after applying the transition rule denoted by a in the
state denoted by s.
If istepi is redu ed to true, it is shown that the transition rule preserves pi(s)
in this ase. Otherwise, we may have to strengthen the indu tive hypothesis in the
way des ribed. Let SIHi be the term denoting SIH i . Then, instead of istepi , we
redu e the term (SIHi and invi (s)) implies invi(s ), or SIHi implies istepi .
The way to onstru t proof s ores an be also applied to proofs of data types.
0

0

0

Proof S ores

We partly show the proof of invariant (1). In module INV, the following operator is
de lared and de ned:
op inv1 : Sys Pid Pid -Bool
eq inv1(S,I,J) = (p (S,I) = s and p (S,J) = s implies I = J) .

In the module, onstants i and j for Pid are de lared.
In module ISTEP, the following operator denoting the predi ate to prove in ea h
indu tive ase is de lared and de ned:
op istep1 : Pid Pid -Bool
eq istep1(I,J) = inv1(s,I,J) implies inv1(s',I,J) .

Let us onsider the indu tive ase where we show that any transition rule denoted
by a tion try preserves the predi ate of invariant (1). We use onstant k for Pid,
whi h is used as the se ond argument of try. In this indu tive ase, the state spa e
is split into ve sub-spa es, whi h is shown as follows:
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1
i = k
j = k
2 -try(s,k)
not(j = k)
3
not(i = k) j = k
4
not(j = k)
5 not -try(s,k)
Ea h ase is denoted by the predi ate obtained by onne ting ones appearing in the
row with onjun tion.
In this paper, the proof s ore of ase 2 is shown, whi h is as follows:
open ISTEP
-- arbitrary obje ts
op k : -Pid .
-- assumptions
-- eq -try(s,k) = true .
eq p (s,k) = l2 .
eq top(queue(s)) = k .
-eq i = k .
eq (j = k) = false .
-- su essor state
eq s' = try(s,k) .
-- he k if the predi ate is true.
red inv2(s,j) implies istep1(i,j) .
lose

In this proof s ore, invariant (2) is used to strengthen the indu tive hypothesis
denoted by inv1(s,i,j).
Remarks

Although the invariants dis ussed in this se tion do not seem worth verifying just
be ause they seem trivial, the same method with whi h they are veri ed an be
applied to non-trivial problems su h that distributed systems and se urity proto ols
have more interesting properties [44, 45, 46, 47℄. It is worth stating that we found
that 2KP and 3KP ele troni payment proto ols [39℄ do not have a desired property
[48℄ while we were trying to verify it with the method des ribed in this se tion.
OTSs an be extended to deal with time onstraints [41, 43℄.
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