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A parameterized problem is xed parameter tra table if it
admits a solving algorithm whose running time on input instan e (I ; k)
is f (k)  jI j , where f is an arbitrary fun tion depending only on k.
Typi ally, f is some exponential fun tion, e.g., f (k) = k for onstantp .
We des ribe general te hniques to obtain growth of the form f (k) = k
for a large variety of planar graph problems. The key to this type of algorithm is what we all the \Layerwise Separation Property" of a planar
graph problem. Problems having this property in lude planar vertex
over, planar independent set, and planar dominating set.
Abstra t.

1 Introdu tion
While many problems of pra ti al interest tend to be intra table from a standard
omplexity-theoreti point of view, in many ases su h problems have natural
\stru tural" parameters, and pra ti ally relevant instan es are often asso iated
with \small" values of these parameters. The notion of xed parameter tra tability [10℄ tries to apture this intuition. This is done by taking into a ount solving
algorithms that are exponential with respe t to the parameter, but otherwise
have polynomial time omplexity. That is, on input instan e (I; k ) one terms a
(parameterized) problem xed parameter tra table if it allows for a solving algorithm running in time f (k )nO(1) , where f is an arbitrary fun tion only depending
on k and n = jI j. The asso iated omplexity lass is alled FPT. As xed parameter tra tability expli itly allows for exponential time omplexity on erning
the parameter, the pressing hallenge is to keep the related \ ombinatorial explosion" as small as possible. In this paper, we provide a general framework for
NP-hard planar graph
that allows us to go from typi ally time k nOp(1)
pkproblems
O
(1)
n
algorithms (subsequently brie y denoted by \ k algorithms to time
algorithms"), meaning an exponential speed-up.1 The main ontributions of our
work, thus, are
? Supported by the Deuts he Fors hungsgemeins haft (resear h proje t PEAL (Pa1

rameterized omplexity and Exa t ALgorithms), NI 369/1-1).
A tually, whenever we an onstru t a so- alled problem kernel of polynomial size in
polynomial time (whi
p h is oftenp the ase for parameterized problems), then we an
repla e the term k nO(1) by k kO(1) + nO(1) .






to provide new results and a \stru tural breakthrough" for the parameterized
omplexity of a large lass of problems,
to parallel and omplement results for the approximability of planar graph
problems obtained by Baker [4℄,
to methodize and extend previous work on on rete graph problems [1℄, and
to systemati ally ompute the bases in the exponential terms.

Fixed parameter tra tability. The parameterized tra tability approa h tries

to restri t the seemingly inherent \ ombinatorial explosion" of NP-hard problems to a \small part" of the input, the parameter. For instan e, vertex over
allows for an algorithm with running time O(kn + 1:3k ), where k is the size of
the vertex over to be onstru ted [8, 14℄. One dire tion in urrent resear h is to
investigate problems with xed parameter algorithms of running time k nO(1)
and to try to get the onstant as small as possible. Getting small onstant
bases in the exponential fa tor f (k ) is also our on ern, but here, we fo us on
fun tions f (asymptoti ally) growing as slowly as possible.
Planar graph problems. Planar graphs build a natural and pra ti ally important graph lass. Many problems that are NP- omplete for general graphs (su h
as vertex over and dominating set) remain so when restri ted to planar
graphs. Whereas many NP- omplete graph problems are hard to approximate
in general graphs, Baker, in her well-known work [4℄, showed that many of them
possess a polynomial time approximation s heme for planar graphs. However,
the degree of the polynomial grows with the quality of the approximation. Alternatively, nding an \eÆ ient" exa t solution in \reasonable exponential time"
is an interesting and promising resear h hallenge.
Relations to previous work. In re ent work, algorithms were presented that
onstru tively pprodu e a solution for planar dominating set and related probthe treewidth
lems in time k n [1℄. To obtain these results, it was proven that p
of a planar graph with a dominating set of size k is bounded by
p O( k), and that
a orresponding tree de omposition an be found in time O( kn). Building on
that problem-spe i work with its rather tailor-made approa h for dominating
sets, here, we take a mu h broader perspe tive. From a pra titioner's point of
view, this means that, sin e the algorithms developed here an be stated in a
very general framework, only small parts have to be hanged to adapt them
to the on rete problem. In this sense, our work di ers strongly from resear h
dire tions where running times of algorithms are improved in a very problemspe i manner (e.g., by extremely sophisti ated ase-distin tions, as in the ase
of vertex over for general graphs). For example, on e one an show that a
problem has the so- alled \Layerwise Separation Property," one an run a general algorithm whi h qui kly omputes a tree de omposition of guaranteed small
width (independent of the on rete problem).
p
Results. We provide a general methodology for the design of k -algorithms.
A key to this is the notion of sele t&verify graph problems and the introdu tion of the Layerwise Separation Property (see Se tion 3) of su h problems in
onne tion with the on ept of linear problem kernels (see Subse tion 2.1). We
show that problems that have the Layerwise Separation Property and admit ei-
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Roadmap of our methodology for planar graph problems.

ther a tree de omposition based algorithm ( f., e.g., [17℄) or admit an
pk algorithm
nO(1) . For
based on bounded outerplanarity ( f. [4℄), an be solved in time
instan e, these in lude planar vertex over, planar independent set,
planar dominating set, or planar edge domination and also variations
of these, su h as their weighted versions. Moreover, we give expli it formulas to
determine the base of the exponential term with respe t to the problem
p spe i
parameters. For planar vertex over, e.g., we obtain a time O(24 3k n) algorithm. The methods an be generalized in a way that basi ally all FPT-problems
that admit tree-de omposition based algorithms an be atta ked with our approa h. A library ontaining implementations of various algorithms sket hed in
this paper is urrently under development. It uses the LEDA pa kage [13℄ for
graph algorithms and the results obtained so far are en ouraging.

Review of presented methodology. In a rst phase, one separates the graph

in a parti ular way (\layerwise"). The key property of a graph problem whi h
allows su h an approa h will be the so- alled \Layerwise Separation Property."
Corresponding details are presented in Se tion 3. It will be shown that su h a
property holds for quite a large lass of graph problems. In a se ond phase, the
problem is solved on the layerwisely separated graph. We present two independent ways to a hieve this in Seption 4; either using the separators to set up a
tree de omposition of width O( k ) and solving the problem using this tree deomposition, or using a ombination of a trivial approa h on the separators and
some algorithms working on graphs of bounded outerplanarity (see [4℄) for the
partitioned rest graphs. Figure 1 gives a general overview of our methodology.
Several details and proofs had to be deferred to the full version [2℄.

2 Basi de nitions and preliminaries
We onsider undire ted graphs G = (V; E ), V denoting the vertex set and E
denoting the edge set. Sometimes we refer to V by V (G). Let G[D℄ denote
the subgraph indu ed by a vertex set D. We only onsider simple (no double
edges) graphs without self-loops. We study planar graphs, i.e., graphs that an
be drawn in the plane without edge rossings. Let (G; ) denote a plane graph,
i.e., a planar graph G together with an embedding . A fa e of a plane graph is
any topologi ally onne ted region surrounded by edges of the plane graph. The
one unbounded fa e of a plane graph is alled the exterior fa e . We study the
following \graph numbers": A vertex over C of a graph G is a set of verti es
su h that every edge of G has at least one endpoint in C ; the size of a vertex over
set with a minimum number of verti es is denoted by v (G). An independent set
of a graph G is a set of pairwise nonadja ent verti es; the size of an independent
set with a maximum number of verti es is denoted by is(G). A dominating set
D of a graph G is a set of verti es su h that ea h of the verti es in G lies
in D or has at least one neighbor in D; the size of a dominating set with a
minimum number of verti es is denoted by ds(G). The orresponding problems
are (planar) vertex over, independent set, and dominating set.

2.1 Linear problem kernels
Redu tion to problem kernel is a ore te hnique for the development of xed
parameter algorithms (see [10℄). In a sense, the idea behind is to ut o the
\easy parts" of a given problem instan e su h that only the \hard kernel" of
the problem remains, where, then, e.g., exhaustive sear h an be applied (with
redu ed osts).

De nition 1. Let L be a parameterized problem, i.e., L onsists of pairs (I; k),

where problem instan e I has a solution of size k (the parameter).2 Redu tion to
problem kernel 3 then means to repla e problem (I; k ) by a \redu ed" problem
(I 0 ; k 0 ) (whi h we all the problem kernel) su h that k 0   k and jI 0 j  q (k 0 )
with onstant , polynomial q , and (I; k ) 2 L i (I 0 ; k 0 ) 2 L. Furthermore, we
require that the redu tion from (I; k ) to (I 0 ; k 0 ) (that we all kernelization) is
omputable in polynomial time TK (jI j; k ).
Usually, having onstru ted a size k O(1) problem kernel in time nO(1) , one
an improve the time omplexity f (k )nO(1) of a xed parameter algorithm to
f (k )k O(1) + nO(1) . Subsequently, our fo us is on de reasing f (k ), and we do
not always refer to this simple fa t. Often ( f. the subsequent example vertex over), the best one an hope for the problem kernel is size linear in k ,
a so- alled linear problem kernel . For instan e, using a theorem of Nemhauser
2
3

In this paper, we assume the parameter to be a positive integer, although, in general,
it might also be from an arbitrary language (e.g., being a subgraph).
Here, we give a somewhat \restri ted de nition" of redu tion to problem kernel
whi h, however, applies to all pra ti al ases we know.

and Trotter [15℄, Chen et al. [8℄ re ently observed a problem kernel of size 2k
for vertex over on general (not ne essarily planar) graphs. A ording to the
urrent state of knowledge, this is the best one ould hope for. As a further
example, note that due to the four olor theorem for planar graphs and the
orresponding algorithm generating a four oloring [16℄, it is easy to see that
planar independent set has a problem kernel of size 4k .
Besides the positive e e t of redu ing the input size signi antly, this paper gives further justi ation, in parti ular, for the importan e of linear problem kernels. The point is that on e we have a linear problem kernel, e.g., for
planar
vertex over or planar independent set, it is fairly easy to get
pk
-algorithms for these problems based upon the famous planar separator theorem [12℄. The onstant fa tor in the problem kernel size dire tly in uen es the
value of the exponential base and hen e, lowering the kernel size means improved
eÆ ien y. We will show alternative, more eÆ ient ways (without using the planar separator theorem) ofp how to make use of linear problem kernels in a generi
way in order to obtain k -algorithms for planar graph problems.

2.2 Tree de omposition and layer de omposition of graphs
De nition 2. A tree de omposition of a graph G = (V; E ) is a pair hfXi j i 2

I g; T i, where Xi  V is alled a bag and T is a tree with the elements of I as
nodes, su h that the following hold:
S
1. i2I Xi = V ;
2. for every edge fu; v g 2 E , there is an i 2 I su h that fu; v g  Xi ;
3. for all i; j; k 2 I , if j lies on the path between i and k in T , then Xi \Xk  Xj .

The width of hfXi j i 2 I g; T i is maxfjXi j j i 2 I g 1. The treewidth tw(G)
of G is the minimum ` su h that G has a tree de omposition of width `.

Details on tree de ompositions an be found in [5, 6, 11℄. Let G = (V; E ) be a
planar graph. The verti es of G an be de omposed a ording to the level of the
\layer" in whi h they appear in an embedding , see [1, 4℄.

De nition 3. Let (G = (V; E ); ) be a plane graph.
a) The layer de omposition of (G; ) is a disjoint partition of the vertex set V
into sets L1 ; : : : ; Lr , whi h are re ursively de ned as follows:
 L1 is the set of verti es on the exterior fa e of G, and Si 1
 Li is the set of verti es on the exterior fa e of G[V
j =1 Lj ℄ for i =
2; : : : r.
We will denote the layer de omposition of (G; ) by L(G; ) := (L1 ; : : : ; Lr ).
b) The set Li is alled the ith layer of (G; ).
) The (uniquely de ned) number r of di erent layers is alled the outerplanarity of (G; ), denoted by out(G; ) := r.
d) We de ne out(G) to be the smallest outerplanarity possible among all plane
embeddings, i.e., minimizing over all plane embeddings  of G we set
out(G) := min out(G; ):


Proposition 4 ([1℄). Let (G = (V; E ); ) be a plane graph. The layer de omposition L(G; ) = (L1 ; : : : ; Lr ) an be omputed in time O(jV j).
2.3 Algorithms based on separators in graphs
One of the most useful algorithmi te hniques for solving omputational problems is divide-and- onquer. To apply this te hnique to planar graphs, we need
graph separators and related notions.
Graph separators and sele t&verify problems. Graph separators are dened as follows. Let G = (V; E ) be an undire ted graph. A separator S  V
of G partitions V into two sets A and B su h that A [ B [ S = V with
A \ B = A \ S = B \ S = ; and no edge joins verti es in A and B . In general,
of ourse, A, B and S will be non-empty.

De nition 5. A set G of tuples (G; k), G an undire ted graph with vertex set

= fv1 ; : : : ; vn g and k a positive real number, is alled a sele t&verify graph
problem if there exists a pair (P ; opt) with opt 2 fmin; maxg, su h that P is a
fun tion that assigns to an undire ted graph G (with n verti es) a polynomial
time omputable fun tion PG : f0; 1gn ! R+ [ f1g, su h that

V

(G; k ) 2 G

,

 opt

x2f0;1gn PG (x)  k
optx2f0;1gn PG (x)  k

if opt = min
if opt = max :

It is an easy observation that every sele t&verify graph problem that additionally
admits a linear problem kernel of size dk is solvable in time O(2dk k + TK (n; k )).
Vertex over is an easy example for a sele t&verify graph problem. Here,
for G = (V; E ), one may use (with the onvention 1  0 = 0)
PG (x) =

n
X
i=1

xi +

X
fvi ;vj g2E

1  (1

xi )(1

xj ):

Algorithms based on separator theorems. Lipton and Tarjan [12℄ have used
their famous
pn separator theorem in order to design algorithms with a running time

of O( ) for ertain sele t&verify planar graph problems. This naturally implies
that, in the ase of parameterized planar graphpproblems for whi h a linear kernel
is known, algorithms with running time O( 0 k + TK (n; k )) an be derived. As
worked out in [3℄, a straightforward appli ation yields very bad onstants, even
when dealing with improved versions of the planar separator theorem (see [9℄);
for instan e, 0 = 215:1823  40000 for planar vertex over. We will see
algorithms with mu h better onstants in this paper. In addition, the advantages
of the approa h pursued in this paper also lie in weaker assumptions. In some
ases, we may drop requirements su h as linear problem kernels by repla ing it
with the so- alled \Layerwise Separation Property," a seemingly less restri tive
demand.

3 Phase 1: Layerwise separation
We will exploit the layer-stru ture of a plane graph in order to gain a \ni e"
separation of the graph. It is important that a \yes"-instan e (G; k ) (where G is
a plane graph) of the graph problem G admits a so- alled \layerwise separation"
of small size. By this, we mean, roughly speaking, a separation of the plane graph
G (i.e., a olle tion of separators for G), su h that ea h separator is ontained
in the union of onstantly many subsequent layers (see onditions 1 and 2 of
the following de nition). For ( xed parameter) algorithmi purposes, it will be
important that the orresponding separators are \small" (see ondition 3 below).
De nition 6. Let (G = (V; E ); ) be a plane graph of outerplanarity r :=
out(G; ) and let L(G; ) = (L1 ; : : : ; Lr ) be its layer de omposition. A layerwise
separation of width w and size s of (G; ) is a sequen e (S1 ; : : : ; Sr ) of subsets
of V , with the properties that:
S w 1) L , 2. S separates layers L and L , and 3. Pr jS j  s.
1. Si  ij+(
j
i
i 1
i+w
=i
j =1 j

G for planar graphs is said to have
the Layerwise Separation Property (abbreviated by: LSP) of width w and sizefa tor d if for ea h (G; k ) 2 G and every planar embedding  of G, the plane
graph (G; ) admits a layerwise separation of width w and size dk .

De nition 7. A parameterized problem

3.1 How an layerwise separations be obtained?
The Layerwise Separation Property an be shown dire tly for many parameterized graph problems. As an example, onsider planar vertex over. Here,
we get onstants w = 2 and d = 2. In fa t, for (G; k ) 2 vertex over (where
(G; ) is a plane graph) with a \witnessing" vertex over V 0 of size k , the sets
Si := (Li [ Li+1 ) \ V 0 form a layerwise separation, given the layer de omposition
L(G; ) = (L1 ; : : : ; Lr ). In [1℄, the non-trivial fa t is proven that for planar
dominating set, the LSP holds with onstants w = 3 and d = 51.
Lemma 8. Let G be a parameterized problem for planar graphs that admits
a problem kernel of size dk . Then, the parameterized problem G 0 where ea h
instan e is repla ed by its problem kernel has the LSP of width 1 and sizefa tor d.
With Lemma 8 and the size 2k problem kernel for vertex over (see Subse tion 2.1), we derive, for example, that planar vertex over has the LSP
of width 1 and size-fa tor 2 (whi h is even better than what was shown above).
Using the 4k problem kernel for planar independent set, we see that this
problem has the LSP of width 1 and size-fa tor 4 on the set of redu ed instan es.

3.2 What are layerwise separations good for?
The idea of the following is that, from a layerwise separation of small size (say
bounded by O(k )),pwe are able to hoose a set of separators su h that their size
is bounded by O( k ) and|at the same time|the subgraphs into whi
p h these
separators ut the original graph have outerplanarity bounded by O( k ).

De nition 9. Let (G = (V; E ); ) be a plane graph with layer de omposition

L(G; ) = (L ; : : : ; Lr ). A partial layerwise separation of width w is a sequen e
S = (S ; : : : ; Sq ) su h that there exist i = 1  i < : : : < iq  r = iq su h
that for i = 1; : : : ; q :
S
1. Sj  i` i w L` ,
2. ij + w  ij (so the sets in S are pairwise disjoint), and
1

1

0

4

j +(

1

+1

1)

= j

+1

3. Sj separates layers Lij 1 and Lij +w .
The sequen e CS = (G0 ; : : : ; Gq ) with
Gj

:= G[(

[

ij +1 +(w 1)
`=ij

L` )

(Sj [ Sj +1 )℄;

j

= 0; : : : ; q

is alled the sequen e of graph hunks obtained by S .

Theorem 10. Let (G = (V; E ); ) be a plane graph that admits a layerwise
separation of width w and size dk . Then, for every 2 R+ , there exists a partial
layerwise separation S ( ) of width w su h that
p
1. maxS 2S ( )pjS j 
dk and
2. out(H )  dk + w for ea h graph hunk H in CS ( ) .

p

Moreover, there is an algorithm with running time O( kn) whi h, for given ,
re ognizes whether (G; ) admits a layerwise separation of width w and size dk
and, if so, omputes S ( ).
Proof. (Sket h) For m = 1; : : : ; w, onsider the integer sequen es Im = (m +
br=w 1 and the orresponding sequen es of separators S = (S )
jw)j =0
m
i i2Im . Note
that ea h Sm is a sequen e of pairwise disjoint separators. Sin e (S1 ; : : : ; Sr ) is
a layerwise
separation of size dk , this implies that there exists a 1  m0  w
P
with i2Im jSi j  dk
w (). p
For a given , let s :=
dk . De ne S ( ) to be the subsequen e of Sm su h
that jS j  s for all S 2 S ( ), and jS j > s for all S 2 Sm S ( ). This yields
ondition 1. As to ondition 2, suppose that S ( ) = (Si1 ; : : : ; Siq ). The number
of separators in Sm that appear between Sij and Sij+1 is (ij +1 ij )=w. Sin e
all of these separators have sizep s, their number has to be bounded by dk=ws,
see (). Therefore, ij +1 ij  dk= for all j = 1; : : : ; q 1. Hen e, the hunks
p
Si +(w 1)
L` ) (Sij [ Sij+1 )℄ have outerplanarity at most dk= + w.
G[( `j=+1
ij
The proof an be turned into a onstru tive algorithm. This is outlined in
the full version [2℄.
ut
0

0

0

0

4 Phase 2: Algorithms on layerwisely separated graphs
After
p Phase 1, we are left with a set of disjoint (layerwise) separators of size
O( k ) separating
p the graph in omponents, ea h of whi h having outerplanarity
bounded by O( k ).
4

By default, we set Si := ; for

i <

1 and i > q .

4.1 Using tree de ompositions
We will show how the existen e of a layerwise separation of small size helps to
onstru tively obtain a tree de omposition of small width. The following result
an be found in [6, Theorem 83℄ and [1, Theorem 12℄.

Proposition 11. For a plane graph (G; ), we have tw(G)

 3  out(G)

Su h a tree de omposition an be found in O(out(G)  n) time.

1.

Theorem 12. Let (G; ) be a plane graph that admits
p a layerwise separation of
width w and size dk . Then, we have tw(G)  2 6dk + (3w 1). Su h a tree
de omposition an be omputed in time O(k 3=2 n).
Proof. (Sket h) By Theorem 10, for ea h 2 R+ , there exists a partial layerwise
separation S ( ) = (S1 ; : : : ; Sq ) of width w with porresponding graphp hunks
CS ( ) = (G0 ; : : : ; Gq ), su h that maxS2S ( ) jS j  dk and out(Gi )  dk= +
w for i = 0; : : : ; q . The algorithm that onstru ts a tree de omposition X is:

1. Constru t a tree de omposition Xi of width at most 3 out(Gi ) 1 for ea h
of the graphs Gi (using the algorithm from Proposition 11).
2. Add Si and Si+1 to every bag in Xi (i = 0; : : : ; q ).
3. Let Ti be the tree of Xi . Then, su essively add an arbitrary onne tion
between the trees Ti and Ti+1 in order to obtain a tree T .
The tree T , together with the onstru ted bags, gives a tree de omposition
of G,
p
dk
+(3
w
1),
see [1, Prop. 4℄. Its widthp
tw(X ) is upperbounded by (2
+3
=
)
p
whi h is minimal if = 3=2. Therefore, tw(X )  2 6dk + (3w 1).
ut

p

For example, Theorem
p 12 and previous observations imply tw(G)  4 3 v (G)+
5 and tw(G)  6 34 ds(G)+8 for planar graphs G. Note that for general graphs,
no relation of the form tw(G)  f (ds(G)) (for any fun tion f ) holds. For vertex
over, only the linear relation tw(G)p v (G) an be shown easily.
In addition, Theorem 12 yields a k -algorithm for ertain graph problems.

G be a parameterized problem for planar graphs. Suppose
that G has the LSP of width w and size-fa tor d and that there exists a time  ` n
algorithm that de ides (G; k ) 2 G , if G is given together with a tree de omposition
of width `.
p
3w 1 1 (;d) k
n),
Then, there is an algorithm
to
de
ide
(
G;
k
)
2
G
in
time
O
(


2
p
where 1 (; d) = 2 log( ) 6d.

Theorem 13. Let

p

Proof. In time O( kn) (see Theorem 10), we an he k whether an instan e
(G; k ) admits a layerwise separation of width w and size dk . If so,
p the algorithm
of Theorem 12 omputes a tree de omposition of width at most 2 6dk +(3w 1),
and we anpde ide (G; k ) 2 G by using the given tree de omposition algorithm in
time O( 2 6dk+(3w 1) n). If (G; k ) does not admit su h a layerwise separation,
we know that (G; k ) 2= G , by de nition of LSP.
ut

Going ba k to our running examples, it is well-known that planar vertex
over and planar independent set admit su h a tree de omposition based
algorithm for  = 2. For planar vertex over, we have seen that the LSP
p of
4 3k
n)
width 1 and size-fa tor d = 2 holds. Hen e, Theorem 13 guarantees an O(2
algorithm for this problem. For planar independent set, we have a linear
problem kernel of sizep4k , hen e, the LSP of width 1 and size-fa tor d = 4 holds,
whi h yields an O(24 6k n) algorithm.

4.2 Using bounded outerplanarity
We now turn our attention to sele t&verify problems subje t to the assumption
that a solving algorithm of linear running time on the lass of graphs of bounded
outerplanarity exists. This issue was addressed in [4℄; a variety of examples an
be found therein. We examine how, in
p this ontext, the notions of sele t&verify
problems and the LSP will lead to k -algorithms.
Due to the la k of spa e, we only give an intuitive explanation of the notions
\weak glueability" and \ onstraint G " asso iated to a sele t&verify problem G
whi h appear in the formulation of the following results. For a more detailed
de nition we refer to the long version [2℄ or to [3℄. A problem G is weakly glueable
with  olors if a solution of G on an instan e G an be obtained by \merging"
solutions of onstraint G with G[A [ S ℄ and G[B [ S ℄, where S separates G into
two parts A and B . Here, onstraint G is a variant of G , in whi h it is already
xed whi h verti es of S belong to an admissible solution. The number , in
some sense, measures the omplexity of the merging step. For example, planar
vertex over, and planar independent set are weakly glueable with  = 2
olors and, planar dominating set is weakly glueable with \essentially"  = 3
olors.
Similar to Theorem 13, we onstru t a partial layerwise separation S ( )
with optimally adapted trade-o parameter to enable an eÆ ient dynami
programming algorithm. We omit the proof of the following theorem (see [2℄ for
details).

Theorem 14. Let G be a sele t&verify problem for planar graphs. Suppose that

G

has the LSP of width w and size-fa tor d, that G is weakly glueable with 
olors, and that there exists an algorithm that solves the problem onstraint
G for a given graph G in time  out(G) n.
p
Then, there is anp
algorithm to de ide (G; k ) 2 G in time O( w  22 (;;d) k n),
where 2 (; ; d) = 2 2d log() log( ).

It remains to say for whi h problems there exists a solving algorithm of the
problem onstraint G for a given graph G in time  out(G) n. For planar
vertex over, we have d = 2, w = 1 and  = 8 (see the result of Baker [4℄ whi h
an be adapted to the onstraint
ase fairly easily) and, hen e, the approa h in
p
4 3k
n) time algorithm.
Theorem 14 yields an O(2
As an alternative to Baker, we again may use tree de omposition based approa hes: Let G be a parameterized problem for planar graphs. Suppose that

there exists a time  ` n algorithm that solves onstraint G , when G is given
together with a tree de omposition of width `. Then, due to Proposition 11,
there is an algorithm that solves onstraint G in time  out(G) n for  =  3 .
The following easy orollary helps omparing the approa h from Subse tion 4.1 (i.e., Theorem 13) with the approa h in this subse tion (i.e., Theorem 14).

Corollary 15. Let G be a sele t&verify problem for planar graphs. Suppose that

G

has the LSP of width w and size-fa tor d, that G is weakly glueable with 
olors, and that there exists a time  ` n algorithm that solves onstraint G for
a graph G, if G is given together with a tree de omposition of width `. p
Then, there is an p
algorithm to de ide (G; k ) 2 G in time O( 3w 23 (;;d) k n),
where 3 (; ; d) = 2 6d log() log( ).

The exponential fa tor of the algorithm in Corollary 15, i.e., 3 (; ; d), is related
to
the orrespondingpexponent of Theorem 13, i.e., 1 (; d), in the following way:
plog
  1 (; d) = log   3 (; ; d): From this, we derive that, if  >  , the
algorithm in Theorem 13 outperforms the one of Corollary 15, whereas, if  <  ,
the situation is vi e versa. However, in order to apply Corollary 15, we need the
three extra assumptions that we have a sele t&verify problem whi h is weakly
glueable and that we an deal with the problem onstraint G in the treewidth
algorithm.

5 Con lusion
To some extent, this paper an be seen as the \parameterized omplexity ounterpart" to what was developed by Baker [4℄ in the ontext of approximation
algorithms. We des ribe two main ways (namely linear problem kernels and
problem-spe i approa hes) to a hieve the novel on ept of Layerwise Separation Property, from whi h again,
pk two approa hes (tree de omposition and
-algorithms for planar graph problems (see
bounded outerplanarity) lead to
Figure 1 for an overview). A slight modi ation of our presented te hniques an
be used to extend our results to parameterized problems that admit a problem
kernel of size p(k ) (not ne essarily linear!).
p In this ase, the running time an
O ( p(k)) O (1)
O
(p(k)) O (1)
be sped up from 2
n
to 2
n
(see [2℄ for details). Basi ally
all FPT-problems that admit treewidth based algorithms an be handled by our
methods (see [17℄).
Future resear h topi s raised by our work in lude to further improve the (\exponential") onstants, e.g., by a further re ned and more sophisti ated \layer
de omposition tree"; to investigate and extend the availability of linear problem
kernels for all kinds of planar graph problems; to provide implementations of our
approa h a ompanied by sound experimental studies, thus taking into a ount
that all our analysis is worst ase and often overly pessimisti . Finally, a more
p
general question is whether there are other \problem lasses" that allow for k
xed parameter algorithms. Cai and Juedes [7℄, however, very re ently showed

the surprising result that for a list of parameterized problems (e.g., vertex
over on general graphs) o(k) -algorithms are impossible unless FPT = W [1℄.
A knowledgements. We'd like to mention that parts of this work were disussed at the rst international Workshop on Parameterized Complexity (organized by Mike Fellows and Venkatesh Raman) in Chennai, India, De ember 7{9,
2000.
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