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1. Introduction

Ever since the notion df/pe was introduced in computer science, there have been people claiming that
Type (the collection of all types) should be a type, and hence be a member of itself. This was intended to permit
computations yielding types as results, and it seemed to be a straightforward extension of the (otherwise)
successful principle that, in programming languages, one should be able to operate uniformly on every entity in
the domain of discourse.

The notion ofType being a type (writteriType:Type) is however in apparent contrast with the
requirements of static typechecking, philosophically dubious, and often (when formalized) mathematically
inconsistent. All the existing programming languages Wigpe:Type have been designed on shaky grounds,
and built without much investigation of the really fundamental difficulties that have to be resolved.

Pebble [Burstall 84] is probably the first serious attempt at defining a programming language with a
consistent type structure based on dependent types and the nofigpeofype. Pebble's semantics and
typechecking strategy are defined operationally, and leave open some semantic questions. This paper describes
type-theoretical and denotational semantics foundation for Pebble-like languages.

To make sense dfype:Type it seems necessary to abandon at least two very familiar ideas: first, the
notion that a type is a set of values and second, the notion that typechecking should be decidable, or, ir
pragmatic terms, that program compilation should always terminate. The problem with the first notion is that we
would need a set which contains itself as an element - a concept not supported by ordinary set theory. Howevel
we shall see that we can use less intuitive meaningigefwhich are not inconsistent witfype:Type. The
second notion is questionable in the light of modern requirements of software engineering and data base
languages.

To deal withType:Type it is useful to introduce a relatively unfamiliar idea: the notiodependent type
This allows one to assign useful types to computations operating on types, and hence to perform static
typechecking even in very dynamic situations where types are being computed. We have to be careful with the
meaning ofstatic typechecking in this context: although computations do not require run-time typing,
typechecking requires arbitrary computations; it is still possible to identify a first phasatiof(although
possibly not terminating) typechecking, followed by a second execution phase which does not require any
typechecking.

All the key ideas presented here are fairly well known. Semantic domains Weelype holds were
defined by Scott [Scott 76]. The basic language semantics problems were solved by McCracken [McCracken
79]. Dependent types come from intuitionistic type theory [Martin-L6f 80], and their denotational semantics is
studied by Barendregt and Rezus [Barendregt 83] [Rezus 85]. Relevant languages have been proposed such
Russell [Boehm 80] and Pebble [Burstall 84]. Relevant formal systems have been widely studied; they include
intuitionistic logic and type theory [Scott 70] [Martin-L6f 80]; second-order lambda calculus [Girard 72]
[Reynolds 74] [Fortune 83] [Bruce 84]; Automath [de Bruijn 80] [Barendregt 83]; the theory of constructions
[Coquand 85a, 85b]); the foundations of Russell [Hook 84] [Donahue 85]; and a calculusypéiType
[Meyer 86].

Somehow, a clear connection between these ideas, from the programming language point of view, was

missing. For example, Girard discovered that a dependent type systemTyper&ype holds is inconsistent
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as a logic system (but it is not inconsistent as a computation system); Meyer and Reinhold concluded that &
language wherelype:Type holds is computationally consistent but pathological and dangerous for
programming; Burstall and Lampson concluded that such a language is useful and necessary for large-scal
programming, but did not investigate a denotational semantics; McCracken developed semantic techniques mort
general than the language she applied them to; and Girard and Reynolds developed systehyp®:figpe

does not hold but which have all the complications, from a denotational point of view, of systems where it does
holds.

The purpose of this paper is to present a polymorphic languag& yithType, where types are values.

Such a language has a formal type inference system and formal denotational semantics, and can be used
model second-ordex-calculus and the basic features of Pebble. The type system is very expressive, possibly the
most expressive type system known to date, as it embodies the power of intuitionistic type theory. However, this
expressive power comes at the cost of decidability: there are no typechecking algorithms for the full language.
In practice a whole range of partial typecheckers can be written, from very simple to very complex; a larger
number of correct programs will be recognized as legal by more complex typecheckers.

Languages with th&ype:Type property will be useful in areas such as software engineering, to express
computations involving collections of types and values (like parametric modules and linking), and data bases, to
express computations parameterized on data schemas. Although there may still be philosophical objections to it:
use, it is now clear that tHeype:Type property makes perfect sense and can be incorporated in useful and

semantically understood tools.

2. Syntax

An expression can be a variablethe constanType (the "type of all types"), a typexiexpression, an
application, auniversal type expression (also callédpendent product), a pair, aip-expression (for taking pairs
apart), arexistential type expression (also calldgpendent sum), or ap-expression for recursion.

Functions have universal types, which in simple cases degenerate to ordinary function types, and pairs hav¢
existential types, which degenerate to cartesian product types. Universal types are dependent bggpeusie the
the result of a function may depend on thkie of the argument. Existential types are dependent, agpbef
the second component of a pair may depend owudle of the first component.

Instead of having two primitive$ést andsnd, for breaking up pairs, we have a single primitie¢:x,y = ¢
in d (where we always assumay). Herec evaluates to a pair whose first and second components are bound to
x andy in the scopel.

In the following syntaxi are identifiers and are expressions:

€=

U

Type |

AMieg| g€ | Ore g |

<g, e> | leti,i=¢gineg | O:e. € |
Mi: €. €
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There is no distinction between type-expressions and value-expressions: they are both expressions and ca
be intermixed. If we add a constdnt for the integer type (which can be defined, as we shall see), then type
expressions and integer-expressions have similar status: they denote disjoint classes of well-typed expression:
This is in contrast to most languages, where integer-expressions camyiaged, while type-expressions are
used only in typechecking.

The recursion operat@r can be used to define both recursive types (in the foeritype. €) and recursive
values.

Notation: we shall use any of the letteasb, c, A, B, C, as metavariables ranging over expressionsxand
y, Z as metavariables ranging over identifiers. The upper case letters will normally be used for expressions

which are type expressions.

3. Scoping and Substitution

The scoping of identifiers is determined by the following definition of the set of free varig&hesf{an

expression:
FV(x) = {3
FV(Type) = 0O
FV(Ax: A. b) = FV(A) O (FV(b)-{x})
FV(b(c)) = FV(b) OFV(c)
FV(Ox: A. B) = FV(A) O (FV(B)-{x})
FV(<b,c>) = FV(b) OFV(c)
FV(etx,y=binc) = FV(b) O (FV(c)-{x,y})
FV([x: A. B) = FV(A) O (FV(B)-{x})
FV(ux: A. b) = FV(A) O (FV(b)-{x})

Note that in expressions likex:x. x the second occurrence »fis not bound by the first one, so that the
previous expression is equivalentkg:x. y (in general, we identify expressions up to renaming of bound
variables). The following definition of substitution makes this clear, whfre a} is the result of substituting

the expressioa for all the free occurrences of the variakle the expressiob.

<b, c>{x ~a}

(letx,y =bin c){x—a}
(lety,x =binc){x—a}
(lety,z=binc){x—a}

<b{x ~a}, c{x-a}>
let X,y = b{x~a}inc
lety,x =b{x—a}inc
lety .z =b{x~a}inc{y «yHz-z'}{x-a}
v,z,y, Z#£x,y,2 OFV(c)

x{x — a} = a

y{x ~a} =y y#X

Type{x — a} = Type

(Ax: A. b){x ~a} = M A{x<a}.b

(Ay: A. b){x ~a} = Ay A{x<a} b{y -« y'Hx-a} yYy#x;, y OFV(b)
(b(c){x—a} = b{x-aj(c{x-a})

(Ox: A. B){x —a} = [Ox:A{x-a}.B

(Qy: A. B){x —a} = 0Oy A{x—a}. Bly -y {x-a} yY#£x;, y OFV(B)

(Ix: A. B{x —a} = [x:A{x-a}.B
(Ly: A. B){x ~a} = D:A{x-a} Bly -y'Hx-a} yy#x y OFV(B)
(ux: A. b){x —a} = px:Af{x-a}l. b
(by: A. b){x —a} = My A{x-a} bly -y'Hx-a} yy#x y OFV(b)
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4. Type Assignments

A type assignmenty” is a partial function from identifiers to terms, and it can be written as
X1:A1,...X5:Ap,... Where eaclx; is a variable and each; is a type [ is the empty assignment). The
assignmen¥.x:A is the same a¥, except that the variableis now associated with. We shall allowy.x:A
only in situations wherg 0 dom(Y), wheredom(Y) is the domain of; i.e., it is the set of variables which are
defined inY.

Assignments are used in the next sections to derive typing relationsg:A) and equivalence relation¥ (
F a ~ b). In each of these cases, when something holds relative to an assignment, it also holds for larger

assignments:

Y+ AType Y + biB
[Extend 1] ooooooooood
Y, x:A + b:B
Y AType YFraob
[Extend 2] oooooooooooo
Y, XAFaob

The relationsY + a:A andY + a o b are defined in the next section.

5. Type Inference and Reduction Rules

Although types and values are mixed, all expressions, whether denoting types or other valuesyehlust be
typed. In particular we must be able to determine types for expressions denoting types and computations over
types.

This section defines a set of typing and reduction rules. If an expression can be typed according to the
typing rules, then it is well-typed. Evaluation (i.e., reduction) may be required during the process of assigning
types to expressions. In general it is undecidable whether an expression is well-typed.

The presentation of the rules follows and extends that of Meyer and Reinhold [Meyer 86]. The rules are
divided into groups; thgyping rules describe the typing relations between values and types. There is exactly one
typing rule for each syntactic class of expressions, plus one rule which is responsible for introducing
computation during typing. Thenversions group adapts the usual conversion rules for untypealculus to
the typed case. The remaining two groups are lengthy but uninteresting; they extend the basic conversior
relation to a substitutive equivalence relation on terms.

The first line of assumptions (if any) in each of the rules states the well-formedness of the expressions in the
second line of assumptions (if any) and in the conclusions. Such well-formedness assumptions are often omittec

in the presentation of similar inference systems such as Martin-L6f's.

Typing Rules
Y + AType
[Assumption] gooood
Y, XA F XA

Page 5



[Type Formation]

[0 Formation]

[0 Introduction]

[O Elimination]

[OFormation]

[OIntroduction]

[OElimination]

[L Formation]

[Reduction]

Conversion Rules

[B Conversion]
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O + Type: Type

Y + A:Type
Y, xX:A + B:Type
ooooobooooo
Y + (Ox:A.B): Type

Y + AType Y, x:A + B:Type
Y, x:A + b:B
ooooooooobooooo
Y + (AX:A. b): (Ox:A.B)

Y + AType Y, xA + B:Type
Y + aA Y+ b:OxA. B
ooo0ooOOoooooooOooDo
Y + b(a): B{x-a}

Y + AType
Y, x:A + B:Type
oooobooooo
Y + (IX:A.B): Type

Y + AType Y, xA + B:Type
Y+ aA Y + b: B{x-a}
ooo0ooOOoooooooOooDo
Y F <a, b>: ((X:A.B)

Y F AType Y,xA F B:Type Y,z:(Ix:A.B) - C:Type
Y FcXAB Y, xA vyB F d C{z-<x y>}
OO0000ood0ooooOoooooooooooooood
Y F letx,y=cind: C{z~c}

Y + AType
Y, xA F aA
oooopoooon
Y+ (uxAa): A

Y + AType Y + B:Type

YHaA YFAoB

oooooooooooo
Y + aB

Y + AType Y, xA + B:Type
Y + aA Y, x:A + b:B
ooo0ooOOoooooooOooDo



[n Conversion]

[o Conversion]

[t Conversion]

[1 Conversion]

Equality Rules

[Reflexivity]

[Symmetry]

[Transitivity]

Congruence Rules

[0 Formation-C]

[0 Introduction-C]

Y + (AX:A. b)(@) -~ b{x-a}

Y + AType Y,xA + B:Type
Y + b: Ox:A. B
o0000o0ooO0o0ooooOooDo

Y+ AA.b(X) « b

Y F AType Y,xA F B:Type Y,z:(Ix:A.B) - C:Type

Y + aA Y + b:B{x~a} Y,xA yB  d:C{z-<x y>}

O00000000ooo0ooooooooooooDoo
Y + letxy=<a,b>ind o d{x-a,y-b}

Y + AType Y, xA + B:Type
Y I c:[XAB
0000000000000o00o0aa
Y <letxy=cinx, letxy=ciny> o ¢

Y + AType

Y, XA + aA
oooooOooooooooo
Y + (XA, @) o a{x —(px:A. a)}

Y F aA
opoooo
YFaoa

YFao~b
ooooo
YHFbeoa

YFao~b YHFbec
O00o0oooooooo
YFao~cC

Y + A:Type
Y, XA + B:Type
YEFAoA Y, xA+B o B’
o0000o0ooO0o0ooooOooDo
Y + (Ox:A.B) o (Ox:A".B)

Y + AType Y,xA + B:Type
Y,xA - b:B
Y+HAoA Y, XAFbob
o0000o0ooO0o0ooooOooDo

Page 7



Y F AXA. D) « (AXA". DY)

Y + AType Y,xA + B:Type
Y + aA Y + b: Ox:A. B
Yraoa Yrbolb
[0 Elimination-C] 0O0000O0O0OO0OO0OOCOOOO
Y F b@ - b (@)

Y + AType
Y, XA + B:Type
YEFAoA Y, XA+ B o B’
[OFormation-C] ooo0ooooooooooo
Y + (XA.B) o (OxXA.B)

Y + AType Y,xA + B:Type
Y F aA Y + b: B{x—a}
Yraoada Yrbolb
[Ointroduction-C] 0O0O0O0O0OOOOOOODOOO
Y + <a,b> o <a’,b>

Y F AType Y, xA F B:Type Y,z:(Ix:A.B) - C:Type
Y+ cXAB Y, xA yB F d C{z-<x,y>}
YFcCcocC Y, XA, yB - d o d
[OElmination-C] 00000000 0OOCOO0O0OOO0OOOOOODOOO
Y letxy=cind « letxy=c’ind’

Y + AType
Y, XA F aA
YFAcA VY, XAFaoa
[1 Formation-C] gooooboooooooo
Y F (A a) o (WA a")

Prop (Conversion preserves types)
f YFaA andY F a o b thenY F b:A

6. Examples
The best way to understand the typing rules is to look at examples and special cases, and this is what we ar

going to do in this section.

In many situations the constangpe will be omitted, according to the following abbreviations:

Ux. A 0O OxType. A
Xx. A 0O [xType.A
px. A 0O px:Type. A
AX.A O AxType. A
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6.1 Functions

All the common type constants and operators can be defined. We start with the function space operator
which can be defined as a special case of universal typesl-ifteoduction rule says that a functiam:A. b
has a universal typelx:A.B, where in generak may occur inB (for example AA:Type. Ax:A. X has type
OA:Type.Ox:A. A, where the variablé occurs in the body of the outer quantifier). Howevex, dfoes not
occur inB, thenx is useless, and we can take.B as an abbreviation fdix:A.B. Now, according to thé&-
introduction rule, some functions can have function types instead of the more general universal types; for
example AX:A. x has typeA - A (which is the same d3x:A. A). Even better~ can be defined as a term, as
opposed to a metasyntactic abbreviation: it is a function which takes twoAypedB and returnglx:A. B
(note thatx is not free irB asB is a variable). The type operatoris then immediately used to describe its own

type, and th@ype:Type property is put into action:

- =AA.AB.Ox:A. B : Type-Type-Type

The following inference rules can then be derived froniimeles:

Y + AType Y + B:Type
[- Formation] gooooooooooon
Y + A-B: Type

Y + AType Y + B:Type
Y, xA - b:B
[- Introduction] ooooboOoooooooo
Y + AX:A. b): (A-B)

Y + AType Y + B:Type
Y + aA Y+ b:A-B
[- Elimination] ooooboOoooooooo
Y + b(a): B

6.2 Basic types
The typelA. A is calledVoid as there are no normal-form (n.f.) terms of this type:

Void = 0A. A : Type
O=M. ux:A.x : Void

Given a valuev:Void, we can obtain a value @y type A asv(A), by [0 Elimination]; for example
O(Type):Type, andd(C(Type)): O(Type). The termd(A) represents the divergent computation of tfp@e.,
a computation which was trying to deliver something of #pbut diverged in the process).

Some useful type constants &rait (there is a single n.f. term of this type) ddol (there are two n.f.

terms of this type):
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Unit = 0A. Da:A. A : Type
unity = AA. Aa:A.a : Unit

Bool = OA. Da:A. OOb:A. A : Type
true = AA. Aa:A. Ab:A.a : Bool
false = AA. Aa:A. Ab:A. b : Bool
cond = Ac:Bool. AA. Aa:A. Ab:A. c(A)(a)(b) : Bool - Bool

We can use the following syntactic sugar for conditionals, where we may want to ontibtheA" type

information whenever possible.

if c then a else b both A 0O cond(c)(A)(a)(b)

6.3 Pairs
A cartesian product operator can be defined as a special case of existential types, in the same way in whicl
we defined— as a special case of universal types. An object of k. B (where in generat may occur in
B) is a pair<a,b> wherea has typeA andb has typeB{x — a}. If x does not occur iB then an object of type
Ox:A. B is simply a paixa,b> with ain A andb in B, and we can abbreviafé&:A. B asA x B. Again, we can

definex as a term:

x = AA.AB. IX:A. B . Type-Type - Type
pair = AA. AB. Aa:A. Ab:B.<a,b> : OA.0OB.A-B-(AxB)
fst=AA. AB. Ac: AxB.letxy=cinx : OA.OB. (AxB)-A
snd=AA.AB.Ac: AxB.letxy=ciny : OA.0OB.(AxB)-B
split = AA. AB. AC:(A x B-Type). Ac: A x B. Ad: (Ox:A. Oy:B. C(<x,y>)). let x,y = c in

d(x)(y)
: OA. OB. OC:(Ax B-Type). Oc: A x B. Od: (Ox:A. Oy:B. C(<x,y>)). C(c)

The usual properties gfir, fst andsnd (modulo the heavy typing) hold:

¢ = pair(A)(B)(a)(b)
fst(tA)(B)(c) o a
snd(A)B)(c) o~ b
pair(A)(B)(fst(A)(B)(c))(snd(A)(B)(c)) - ¢

We now have the following rules, derivable from theules:

Y + AType Y + B:Type
[ x Formation] oooooooooooon
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Y + AxB: Type

Y + AType Y + B:Type
Y + aA Y + b:B
[ x Introduction] 00o0DoO0ooboooooo
Y + pair(A)(B)(@)(b): AxB

Y+ AType Y + B:Type Y,zzAxBFr C:Type
Y+ cAxB Y F dDOxA. Oy:B. C{z-pair(A)(B)X)(Y)}
[ x Elimination] 00000000 00O0bO0o0ooOOob0o0obDOoDOoDbo
Y + split(A)(B)(Az: A x B. C)(c)(d): C{z —c}

Alternatively, the cartesian product can be defined using only universal types. The previous rules still hold
and can be derived from thérules, except that we can only obtain a weaker forfrxdlimination):

x = AA.AB.OC. (A-B-C)-> C : Type-Type-Type
pair = AA. AB. Aa:A. Ab:B. AC.Ac: A-B-C.c(a)(b) : OA.OB. A-B-(A x B)
fst = AA. AB. Ac: A x B. c(A)(Aa:A. Ab:B.a) : OA.0OB.(AxB)-A
snd = AA. AB. Ac: A xB. c(B)(Aa:A. Ab:B.b) : OA.OB.(AxB)-B
split= AA. AB. AC:(A x B Type). Ac: A x B.
Ad: (Ox:A. Oy:B. C(pair(A)(B)(X)(y)))- d(fst(A)(B)(c))(snd(A)(B)(c))
: OA. OB. OC:(Ax B-Type). Oc: A x B. Od: (Ox:A. Oy:B. C(pair(A)(B)(X)(Y))).
C(pair(A)(B)(fst(A)(B)(c))(snd(A)(B)(c)))

6.4 Unions

Disjoint unions can also be encoded in terms of universal types only:

+=AMA.AB.0OC. (A-C)-» B-C)-» C : Type-Type-Type
inl =AA. AB. Aa:A. A\C.Af: A C.Ag: B~ C.f(a) : OA. OB. A~ (A+B)
inr = AA. AB. Ab:B.AC. Af: A C.Ag: B-C.g(b) : UA.OB.B-(A+B)
unioncase = AA. AB. Ac: A+B. AC. A:A- C. Ag:B-C. c(C)(f)(g) : UA. OB. (A+B) - (A+B)

The operation#nl andinr inject a value in the left or right component of a union. Thr@oncase operation
takes an elemenmtof A+B, and calls one of two functions on the projectior ofto A or B, as appropriate. For

example, the operatiasl (detecting whether something is in the left component of a union) can be programmed
as:

isl = AA. AB. Ac: A+B.
unioncase(A)(B)(c)(Bool)
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(Aa:A. true)
(Ab:B. false)
. OA. OB. (A+B) »Bool

Unfortunately, this definition of disjoint unions is not as general as we might want. We would like to have

the following inference rules:

Y + AType Y + B:Type
[+ Formation] oooooooooooon
Y + A+B:Type

Y + AType Y + B:Type
Y-aA Y bB
[+ Introduction] o000DO0o0O0ooooboonod
Y I inl(@): A+B Y F inr(b): A+B

Y+ AType Y + B:Type Y,zZA+B + C: Type
Y+c:A+tB Y,aA + f:C{z~inl(a)} Y,b:B F g: C{z~inr(b)}
[+ Elimination] o0000O0o000o0O0obO0o0oOo0ooO0oboooOOooDOoDboon
Y + (unioncase cof |0 a.f,r 0 b.g) : C{z-c}

These rules (in particulaft+ Elimination]) cannot be derived, and have to be taken as primitives. Given that
we have to introduce new primitives, it is more convenient to introduce n-ary disjoint unions instead of binary
ones. The constructoisl andinr are now replaced by a countable Seatf constructors which, for convenience,

we take to be identifiers (the syntactic context will allow us to distinguish them from identifiers used as
variables). N-ary union types are denoted[®y.Aq, ..., S:A,], where here and in the following rules we

assumesq, ..., s; O S. Moreover, we identify union types up to reordering of their componentscasel
expressions up to reordering of their branches.

Y FAType ... Y I AyType
[[] Formation] o0000o0ooO0o0ooooOooDo
Y F [s1:Aq, ..., Sp:Ap] - Type

Y FA:Type ... Y I AyType
Y FaA;
[[ Introduction] oooobooboboooboon io0{1,..,n}
Y + [si=a] i [S1:Aq, ..., SpiApl

Y FA;Type ... Y+ ApType Y, z[s1:Aq, ..., Sy'AL] F C: Type
Y F ci[s1:Aq, ..., SpiAL]
Y,a:Aq F fiClz<[s1=a1]} ... Y, anA, F fyi C{z<[sy=a,l}
[[I Elimination] booobodbooooobdoooooboooooodoooooan
Y + (casecofsy O a.fy,...,sp0 ay. f) : C{z~c}

The semantics of these types is not treated later in the paper. However, disjoint unions have important

applications, and we describe some of them in the following subsections.
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Binary disjoint unions can now be defined by taking:

A+B 0O [inl:A, inr:B]

6.5 Finite sets

Finite sets (also called enumeration types) can now be defined as a degenerate form of n-ary unions:

[S1: - Spl O [sq:Unit, ..., sy:Unit]
Isil O [s{=unity]
6.6 Dependent conditionals

A dependent conditional is one in which the types otliee andelse branches may differ. Its type is then

dependent on the test value. We want:

if x then 3 else true : if x then Int else Bool

An operator of this kind can only be defined by using disjoint unions:

Bool O [true,false]

true O |[true|

false 0 |false]

ifathenbelsec O caseaoftrued x.b, false O x.c (xOb,c)

It is now possible to check that the dependent conditional example above is well-typed.
6.7 Records
Again using n-ary unions, we can define unordered labeled cartesian products, that is recordsc(fiere
ag, .. ,an A L AR
{s1:Aq ... ,sp:Agp O Ob:fsq,..,spl.casebofs; 0 xAq,...,s50 XAy
{s1=aq,... ,sp=a,} 0O Ab:[sq,..,sy].casebofs; 0 x.aq,...,s,0 x.a,

a.s 0 a(ls])

It is now possible to deduce that, for example:

{a=3, b=true}: {a:Int, b: Bool}

Page 13



Note also that these record types are more flexible than ordinary record types in programming languages:
field selection can be expressedaéls) wherea is a record and is a selector that does not have to be statically

known.

6.8 Recursion
Types can be defined by recursion. An elemertist{A) (lists whose elements have typg is either the

empty list (of typdaJnit) or a pair of arA (the head of the list) and, recursively,ist(A) (the tail of the list).

List = AA. uB. Unit + (A x B) : Type- Type
nil = AA. inl(Unit)(AxList(A))(unity) : OA. List(A)
cons = AA. Ax:A. Ay:List(A). inr(Unit)(AxList(A))(pair(A)(List(A))(x)(y))
: DA. A List(A) - List(A)
listcase = AA. AC. Ac: List(A). Af:Unit— C. Ag:(AxList(A)) -C.
case(Unit)(AxList(A))(C)(c)(f)(g)
: OA. OC. List(A) - (Unit - C) - (AxList(A)- C) - C

Natural numbers can be definedLast(Unit), which is the same 8. Unit + (Unit x B).

Nat = List(Unit) : Type
0 = nil(Unit) : Nat
succ = An:Nat. cons(Unit)(unity)(n) : Nat- Nat
pred = An:Nat. listcase(Unit)(Nat)(n)(Aa:Unit. 0)(Aa:UnitxNat. snd(Unit)(Nat)(a))
Nat — Nat
zero = An:Nat. listcase(Unit)(Bool)(n) (Aa:Unit. true) (Aa:UnitxNat. false) : Nat- Bool

Alternatively, the list type can be defined as:
List = uB: Type - Type. AA. Unit + (A x B(A)) : Type-Type
6.9 Self-describing objects
If we have a typé\ and an objeca of that type, we can form the (dependent) g&ira>. Such a pair has
type DA. A, and sincany object which has a type can be so treaf&d A is also calledAny:
Any=[0A. A : Type
any = AA. Aa:A. <A,a> : OA. ASAny

typeof = Aa:Any. let X,y = a in x: Any - Type
valueof = Aa:Any. let x,y = a in y :0a:Any. typeof(a)
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If we have an objea of typeAny we really have no information about it, because it can be anything. But such
an object has its own type information with it, and this can be extracted lypthef(a) operation. It is also

possible to extract the value bglueof(a), whose type isypeof(a).

6.10 Dependent pairs
The typeof andvalueof operations can be generalized to arbitrary existential types. In their general form

they are known as tHeft projection andright projection of a dependent product:

Ift = AA. AB:A-Type. Ac: (Ok:A. B(X)). let x,y =cin x
: OA. OB: A Type. Oc: (Ox:A. B(x)). A
rht = AA. AB:A-Type. Ac: (KA. B(X)). letx,y =ciny
: OA. OB: A Type. Oc: (OxA. B(x)). B(Ift(A)(B)(c))

6.11 Data abstraction

Following Mitchell and Plotkin [Mitchell 85], it is possible to tredostract types as existential types, given
operators for building and examining objects of existential types [Girard 71]. We considephekeoperator,
which packages an object so that it has an existential type (and hides some type information which is usually
interpreted as theepresentation of the abstract type), and apen operator, which allows one to open and use a

package without getting access to the representation. See examples in [Cardelli 85].

pack = AA:Type - Type. AB. Aa:A(B). <B,a>
: DA Type - Type. OB. Da:A(B). CC. A(C)

open = AA:Type - Type. AB. Aa:(CC. A(C)). A f:(OD. Da:A(D). B). let x,y = a in f(x)(y)
: DA Type - Type. OB. Da:(CC. A(C)). Of:(OD. Da:A(D). B). B

Abs = AA. Ax(A - Nat) : Type-Type
AbsType = [A. Abs(A) : Type

a = pack(Abs)(Nat)(pair(Nat)(Nat - Nat)(3)(succ)) : AbsType
open(Abs)(Bool)(a)(AD. Aa:Abs(D). zero(snd(D)(D —Nat)(a)(fst(D)(D - Nat)(a))) -~ false

6.12 More on dependent types
It is interesting to notice that two termsandX can be defined which are essentially equivalent tdlthe
andUconstructs respectively.

M =AA. AB:A-Type. Ja:A. B(a) : OA. OB:A-Type. Type

> =AA.AB:A-Type. (&:A. B(a) :UA. OB:A-Type. Type
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pair = AA. AB:A-Type. Aa:A. Ab:B(a). <a,b>
: OA. OB:A-Type. Da:A.B(a) - Z(A)(B)
unpair = AA. AB:A - Type. AC:(Z(A)(B) - Type). Ac:Z(A)(B). Ad: (Da:A.0Ob:B(a). C(<a,b>)).
let x,y = ¢ in d(X)(y)
: OA. OB:A-Type. OC:(Z(A)(B) - Type). Oc:Z(A)(B). Od: (Da:A.Ob:B(a). C(<a,b>)). C(c)
Ift = AA. AB:A-Type. Ac: Z(A)(B). unpair(A)(B)(Ax:Z(A)(B). A)(c)(Aa:A. Ab:B(a). a)
: OA. OB: A Type. Oc: Z(A)(B). A
rht = AA. AB:A-Type. Ac: Z(A)(B). unpair(A)(B)(Ax:Z(A)(B). B(Ift(A)(B)(X)))(c)(Aa:A. Ab:B(a). b)
: OA. OB: A- Type. Oc: Z (A)(B). B(Ift(A)(B)(c))

Generalizing the way we defined cartesian product in terms of universal types only, we can attempt to
defineX without using existential types. This plan however fails; here is the best we can do [Martin-Lof 71]:

> = MA.AB:A-Type. OC. (Da:A.B(a) - C)- C : 0OA. OB:A-Type. Type
pair’ = AA. AB:A- Type. Aa:A. Ab:B(a). AC. Ac: (Ja:A.B(a) - C). c(a)(b)

: OA. OB:A-Type. Oa:A.B(a) - 2" (A)(B)
unpair’ = AA. AB:A- Type. AC. Ap:Z"(A)(B). Ag: (Da:A.B(a) - C). p(C)(q)

: OA. OB:A-Type. OC. £ (A)(B) - (Da:A.B(a)-» C)- C

The problem is thatinpair” is not as flexible aanpair, as its result typeQ) cannot be made dependent. Using

unpair” we can define a version b, but the corresponding versionrbit is not typeable:

Ift” = AA. AB:A - Type. Ac: Z'(A)(B). unpair’ (A)(B)(A)(c)(Aa:A. Ab:B(a). a)
= AA. AB:A- Type. Ac: Z°(A)(B). c(A)(Aa:A. Ab:B(a). a)
: OA. OB: A~ Type. Oc: Z'(A)(B). A
rht” = AA. AB:A-Type. Ac: Z'(A)(B). unpair (A)(B)(B(Ift(A)(B)(c)))(c)(Aa:A. Ab:B(a). b)
wrong!
: OA. OB: A- Type. Oc: Z'(A)(B). B(Ift(A)(B)(c))

The right projection of a pair is very useful for defining they type and the parametric modules operators in

[MacQueen 86]. Thus we have existential types as a primitive construct.
7. The meaning of Type
A type is, in first approximation, ietraction [Scott 76]. A retraction is similar to a coercion, as we can see

from the following example of a boolean retraction (in the untypediculus):

Bool = Ax. if x then true else false
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This retraction coerces an arbitrary objedb true or false (or diverges ik diverges). Note that booleans are

not affected by this coercion, while non-booleans are mapped to booleans. A retraction maps the whole domair
of values to a subdomain (calledeiract) whose elements are all fixpoints of the retraction @apl(true) =

true). Hence, retracting twice is the same as retracting once, for exBogli@ool(x)) = Bool(x), which can

be writtenBool - Bool = Bool. The latter is taken as the defining property of retractions:

r is aretraction iff ror=r

d is atypeiff it is a retract (the image of a retraction)

a has type (writtena:r), wherer is a retraction, iff r(@) =a

It is possible to define retractions for function spaces, cartesian products, etc., and the definitions are given

in the following section. Consider now the function:

d=Ar.ror

All retracts are fixpoints ofl, henced defines the set of all retracts. Is such a set a retract? Unfortunately not,
andd itself is not a retraction (it does not satidfy d = d). Hence the set of all (retractions determining) types
is not a type.

Retractions fail to satisfyype:Type, but not by much. If we consider particular classes of retractions, then
we can achiev@ype:Type. The basic idea is still valid: a type is determined by a coercion operation, which is
itself avalue which can be manipulated. In this slightly indirect sense types are values, and the indirection

avoids the paradoxes connected Witfpe: Type.

8. Thexr-calculus
We axiomatize a general class of models of the typeAfresdculus with pairing and retractions having the
desired properties [Amadio 85]. These are called models of\ffwatt-calculus, or simphAt-calculus.

Expressions of th&t-calculus have the form:

€=

U

T
A.g | g€ |
<g &> | lett,1 =¢gine

First we need some definitions:

fog=Ax. f(g(x)).
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fst(p) = let x,y = pin x

snd(p) =letx,y=piny

M(A)(B) = Af. Ax. B(AX))(f(A(X)))

Z(A)(B) = Ap. <A(fst(p)), B(A(fst(p)))(snd(p))>
Y = Af. (A f(x(X)))(Ax. f(x(x)))

The following are the axioms:

[B] (Ax. a)(b) = a{x-b}

[o] let x,y =<a,b>inc = c{x—a,y-b}
[T] <fst(c), snd(c)> = c

[t] (1) =1

[ta] 1(a) - 1(a) = 1(a)

[l «(MEA)( - B))
[tz]  1(Z((A)(E - B))
[TY] T(A)(Y(T(A) - a - T(A)))

M(t(A)(T - B)
2(T(A))(1 - B)
Y(T(A) odo T(A))

From the[t] and[ta] axioms it follows thatt = T - T.

Def a A iff A(@) =a

The intended meaning ofis obviously to serve as the type of all types, including itself:

Prop (Type formation)

T

The function space closure operatian. B takes any functiofi and coerces its argumentsAacand its

results toB, hence coercinfto A - B:

Def A-B = AMf.Bofo A

Prop
AT,B:t O A-B:t

The - operator is a special case of the dependent product opBrator

Prop (M formation)
A T,B:A-T O NA)B):t
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The cartesian product of two typAsB takes any paip and coerces its left componentAaand its right

component t@, hence coercing to AxB:

Def A xB = Ap. <A(fst(p)),B(snd(p))>

Prop
AT,B:t O AxB:t

Cartesian products can be generalized to dependent3sums

Prop (= formation)
AT,BA-T O ZA)B):T

The fixpoint operator satisfies the property:

Prop (Y formation)
At,aaA-A O Y@:A

and it can be used for recursive type definitions:

Corollary
Art-1 O  Y(A):T

Several models of thet-calculus are known [Scott 76] [McCracken 86] [Amadio 85] .

9. Semantics

The denotational semantics of our calculus can now be given easily in any model M\ofcddeulus.
Herep is an environment mapping variables to elements of M,\arid a function mapping terms and
environments to elements of M. The environmgfx — v} is the same ag, except thak is associated tg;

p(x) is the element associatedxtdn p.

Vix]p = p(X

V [Type] p =1

V [Ax:a.b]p = AV [b] p{x < (V[a] p)(v)}

Vab)] p = (V[alp)(VIb]p)

V[Ox:A.B] p = TI(VIA]I p)(Av. V[B] p{x < v})
V[<ab>]p = <VJ[a]p,VI[b]p>

V [letx,y =ain b] p = V[b]p{x ~ fst(V [a] p), y < snd(V [a] p)}
V [X:A. Bl p = Z(VIAIp)(Av. V[B] p{x « v}
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V [ux:A. a] p = Y(V[AxA.a]p)

To show that the semantics is in some sense correct, we want to relate it to the type inference system. In fac
we are only interested in the semantics of well-typed terms, Whdéeves semantics to all terms. The main
result is hence a soundness theorem stating that the semantics of a well-typed term is semantically related to tr
semantics of its inferred type.

First, we prove a set of propositions which are the semantic versions of the introduction and elimination

type inference rules:

Prop (M introduction)
AT, B:AS T, (Ox. xA O b(x):B(xX)) O  Ax. b(A(X)) : N(A)(B)

Prop (M elimination)
AT, B:A- T, a A b:N(A)B) O b(a):B(a)

Prop (Z introduction)
A T,B:A-1,a A b:B@ O <ab>: Z(A)B)

Prop (Z elimination)
A 1,B:A- 1,C: Z(A)B) - 1,
c: Z(A)(B), (Ox. Oy. x:A,y:B(X) O d(X)(y):C(<x,y>))
O letx,y=cindX)(y): C(c)

Lemma (substitution)
V [bfx—a}] p=V [b] p{x -V [a] p}

Def
Y is type compatible with p if for all x in the domain of, Y{(x) = A impliesp[x] : V [A] p’,

wherep p and the domain g&” includes all the free variables Af

Theorem (semantic soundness)
If Y is type compatible witlp, then
) YraA O V[alp:VI[Alp
(i) YEFboecO V[blp=Vi]clp

Semantic soundness is normally stated as (i) alone. However, type inference is mixed here with reduction,
and as a part of showing (i) one must show that reductions are well behaved; moreover, one needs (i) in proving

(ii).
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A deeper reason for including (i) in the statement of the theorem (as opposed to having it as a separate
theorem) is the following. In a retraction semantics the conclusion of (i) may be true even if the premise is false:
for example, a = (Ax:Bool. x)(3) : Bool, as theBool retraction map$8 to a boolean. Hence (i) alone leaves
open the possibility that the type inference system is somehow "incorrectly" defined @dstiall typed and
(i) still holds. But, in the exampl@, reduces to 3, whose denotation (an integer) is generally differenafsom
(a boolean). Hence (ii) does not hold for such an incorrect type system. This inadequacy of (i) does not arise in
Milner's definition of soundness for a semantics not based on retractions [Milner 78]; hence (ii) is incorporated

to make the "semantic soundness theorem" closer to its original significance.

10. Expressing other type systems
Our calculus can be regarded ascaarder typed\-calculus; hence it is very easy to encode the second-
order typedA-calculus, which in turn can be used as a foundation for the type systems of Russell and ML

[Milner 84]. Using Reynolds' notation:

AaA. b O AaA.b (value abstraction)
a(b) 0 a(b) (value application)
NA. a O AMA:Type. a (type abstraction)
alA] O a(A) (type application)

- o - (function types)
AAB 0 OA:Type.B (polymorphic types)

The language used in the ideal model of types [MacQueen 84a], which is the basis for the Standard ML

modules and type system [MacQueen 84b], can also be easily expressed:

AaA. b O AaA.b (value abstraction)
a(b) 0 a(b) (value application)
- o - (function types)

x O x (product types)

+ o + (union types)
OA.B 0 OA:Type.B (universal types)
CA.B 0 OA:Type.B (existential types)
- o - (function kinds)

x O x (product kinds)

where the structure ¢dfndsis pushed down at the type level.
The Pebble type system is not as easy to encode, due to notation peculiarities, although it is clear that ther

are the following rough correspondences:

type o Type (the type of all types)
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—> o O (dependent function types)

X X o O (dependent product types)

Moreover, existential types can be used to simulate Peltidtelisngs anddeclarations. A binding is an
association of values to variables, and a declaration is an association of types to variables. The type of a bindiny
is a declaration. Each variable in a binding or declaration can be used in the definition of the following

variables:

[Aitype~int, a:A~3, biint~a+1]: (A:type) x x (a:A) x x (b:int)

Examples will illustrate the translation from bindings to typed terms in our calculus. Bindings are translated
to nested pairs, and the variable names are lost in the process; hence we perform substitutions if a variable i
used in later bindings. Declarations are translated to existential types, and the variable names are retained.
nil : void unity : Unit
[a:int~3] : (a:int) <3,unity>: [A:Int. Unit
[a:int~3, b:int~a+1] : (a:int) x x (b:int)
[Aitype~int, a:A~3] : (Aitype) x x (a:A)

<3,<3+1,unity>>: Oa:Int. [h:Int. Unit
<Int,<3,unity>>: 0A. [&:A. Unit

A bindingb can be opened in a scope bletin construct. The binding can be a parameter, and hence

unknown, but its type is sufficient to carry out the translation:

let b : (Aitype) x x (a:A) in ..A...a... a (AA:Type. AaA. ..A..a...) (bg) (by)

wherebq andb, are the appropriate terms (definedripy selecting the first and second components. of

Finally, the relations with the theory of constructions [Coquand 85a] are very interesting, and are

investigated in [Amadio 86].

11. Conclusions

Intuitionistic type theory provides powerful proof systems, based on the proposition-as-type (proof-as-
program) isomorphism, which are very promising for program verification. Such systems work only under the
assumption that programs always terminate, since proofs must terminate. Hence, general recursion anc
unbounded iteration are initially banned, as well asTie: Type property which leads to logic inconsistencies
in the form of non-terminating proofs.

While it is true that most ordinary programs are total, at the current state of knowledge it is unthinkable to
ask programmers to constrain themselves to bounded iterations. Moreover, computer Iygtiemgossibly

divergent programs for routine functioning, hence total programming languages cannot cover interesting aspects
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of programming. The retrofitting of recursion into type theory is being actively pursued [Backhouse 84,
Constable 83, Constable 84, Paulson 84] and these problems may be solved in the future.

If our position is instead to admit divergent computations from the start, then the proposition-as-type
paradigm can be recast as a powerful type system (no longer a logic) which is not incompatible with the
Type:Type property. Although this position is conceptually divergent from intuitionistic type theory, it is a
natural extension of work on programming language type systems, and adds to the impression that logic,

program verification, and type systems for practical languages are on a collision course.
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