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Abstract
In 1525, the painter Albrecht Durer introduced the notion of a net of
a polytope, and published nets for some of the Platonian and Archimedian
polyhedra, along with directions about how to construct them.
An unfolding of a 3-dimensional polytope P is obtained by cutting the
boundary of P along a collection of edges that spans the vertex set of P and
then attening the remaining set to a polygon in the plane. An unfolding
is a net if it does not overlap itself. Conversely, a simple connected plane
polygon with speci c folding lines is a net, if it is possible to fold it into (the
boundary of) a polytope.
We consider the question whether every 3-dimensional polytope has a
net. Although the problem is intuitive and easy to state, and there are nets
known for all regular and uniform polytopes, in general it is still unsolved.
After giving an overview of related questions and conjectures about the
nature or existence of nets for 3-polytopes, we present an account of our
experiments with a number of di erent \unfolding rules" and their results.
Some of the experiments produced counterexamples to (up to this point)
open conjectures about how nets can be constructed. Although all except
one of the unfolding rules we tested produce overlapping unfoldings for some
given polytopes, we still present most of them: First, in order to give an idea
of how di erent kinds of nets look like; second, to show that despite being
easy to state, the problem seems to be of the \old, unsolved and wicked"
type; and nally, to provide a compilation of unfolding methods that do not
work, so that others are exempted from inventing them again.
The best unfolding rule we found (that is, the one that is empirically least
likely to produce self-overlapping unfoldings) essentially cuts the boundary of
P along paths which are in a sense \as straight as possible": At each vertex,
cut along the steepest ascending edge w.r.t. a certain objective function c.
This approach does not always produce a net. However, experimenting
with di erent (deterministic as well as randomized) choices of c, we found
strong empirical evidence that for every polyhedron P there exists an objective function cP such that this rule does produce a net.
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\Experiment has always been, and increasingly is,
an important method of mathematical discovery. [. . . ]
Yet this tends to be concealed by the tradition of
presenting only elegant, well-rounded and rigorous results."1

1 Introduction
If you have ever tried to make a model of a cube from paper or similar material, you already have an idea of what a net of a polyhedron is: Informally,
take the surface of a polyhedron and cut it open along edges in such a way
that you can open it out in one piece and atten it out in the plane. If
this unfolding doesn't overlap, it is a net. Figure 1(a) shows the well-known
\cross" net of a cube, Figure 1(b) shows a less often published net.

(a)

(b)

Figure 1
The idea of a net is a fairly old one; in 1525 Albrecht Durer introduced the
concept of a net of a polyhedron in his Book \Unterweysung der Messung
mit dem Zyrkel und Rychtscheydt "2 ) [11]. Nonetheless Shephard [38] seems
to be the rst to have explicitly posed the following question:
D. Epstein, S. Levy, R. de la Llave: Experimental Mathematics; Statement of philosophy and Publishability Criteria [15].
2 The title could be translated to contemporary English as \Instructions for Measuring
with Compass and Ruler"; there is an English translation | \The Painter's Manual" |
with a commentary by W.L. Strauss.
1
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(A) Does every polytope have a net?
The particularly interesting aspect of the problem is that which mathematicians and non-mathematicians alike have always been fascinated by: it is an
\intuitive" geometrical problem in the sense that it is very easy to state and
the answer to Shephard's question is \obviously" yes. Apart from this, there
is considerable empirical evidence supporting a positive answer to (A): Up
to now, no one has been able to construct a convex polytope which does not
have a net.
On the other hand, there have been similar questions with equally \obvious"
answers, the most closely related of which probably is Cauchy's angle opening
lemma :
If one transforms a 2-dimensional convex polygon Q into another
convex polygon Q0, such that all but one side length is xed and
one or more of the angles not incident to this side increase, then
the last side length must increase (see Figure 2).
However, as \obviously" correct as this may seem, it wasn't easy to prove;
Cauchy's original proof was incorrect and was later corrected by Steinitz [28].
5

1
2

3

5

1
2

4

4
3

Figure 2: Cauchy's angle opening lemma : If the lengths of the thin edges are xed,
at least one of the angles 1 ; : : : ; 5 increases and P as well as P 0 are convex, then
the thick line must increase in length.
Finding a (1-dimensional) net of a 2-polytope (i.e. unfold the boundary of a
polygon, such that the unfolding is 1-dimensional) is a simple task: Cut the
boundary of the polygon at a vertex and unfold the edges to a single straight
line segment.
In three dimensions this task turns out to be considerably harder; the diculties start with trying to imagine what a net of a speci c polytope looks
5

(a)

(b)

Figure 3: The net in (a) is a net of a tetrahedron. After cutting o a vertex, the
net changes dramatically (b). Both nets were obtained by Flat-Spanning-Tree;
see section 4.7.3.
like | that is, unless the polytope is as familiar as a tetrahedron or a cube.
Also, unlike in the 2-dimensional case, small local changes in the polytope
(such as cutting o a vertex, or small deformations) may result in remarkable
changes in the resulting net; the nature of the change of course depends on
the unfolding method (see Figure 3 for an example).
The generalization of the concept of unfoldings and nets to dimensions higher
than 3 is straightforward. Several (2-dimensional projections of) 3-dimensional nets for special 4-polytopes have been published (see Figure 4 or Bancho 's \Beyond the Third Dimension" [3] for example); apart from that, to
our knowledge the problem of nding nets for higher-dimensional polytopes
has not been systematically investigated as yet.
Several other questions and conjectures about the existence or special properties of nets for a given polytope | and vice versa | have been posed.
We will present them in Section 3, along with answers, as far as they are
known. Section 4 shows several ways to obtain an unfolding, many of which
we conjectured to produce a net for any given polytope. Their implementa6

(a)

(b)

Figure 4: Cruci xion | Corpus Hypercubicus (Dali, 1954). The underlying structure of the \cross" is a (3-dimensional) net of a 4-dimensional hypercube (b).
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tion disproved all of them | except for one, which we conjecture to produce
a net for any given polytope, supported by considerable empirical evidence.

2 Preliminaries
Before we start, let's de ne the objects being addressed in this thesis:

De nition 2.1 (Hulls)
A set M  IRd is convex, if for any two points x; y 2 M the connecting
straight line segment
[x; y] = fx + (1 ? )y j  2 IR; 0    1g
is entirely contained in M . (See Figures 5 & 6(a).)
For n points x1 ; : : : ; xn 2 IRd , the convex hull is

n

conv(x1 ; : : : ; xn ) = 1 x1 + : : :+ nxn i  0;

n
X
i=1

o

i = 1 (see Figure 6(b)):

Or, alternatively: The convex hull of a set of points is the smallest convex
set containing these points [32].
The ane hull of n points x1 ; : : : ; xn 2 IRd is

n

aff(x1 ; : : : ; xn) = 1x1 + : : : + nxn

y

n
X
i=1

o

i = 1 :

y

x

x

(a)

(b)

Figure 5: A convex (a) and a non-convex set (b).
8

(a)

(b)

Figure 6: Convex (a) and ane (b) hull of two points in IR2

De nition 2.2 (Polyhedron,
Polytope)
d

A halfspace in IR is a set of the form

fx 2 IRd j ax  b; a 2 IRd ; b 2 IRg:
A d-polyhedron in IRd is the intersection of a nite number of closed halfspaces
in IRd . If the resulting polyhedron is bounded, we call it a polytope. The
dimension of a polyhedron is the dimension of its ane hull.
In this thesis we will almost exclusively deal with 3-polytopes in IR3 .

De nition 2.3 (Faces, Facets)
Let P be a polyhedron, a 2 IRd (a 6= 0), and b 2 IR. ax  b is a valid
inequality for P , if ax  b for all x 2 P .
A subset F  P is a face of P , if
F = P \ fx 2 IRd jax = bg;
where ax  b is a valid inequality for P . The dimension of a face F is

the dimension of the ane hull aff(F ). The faces of dimension 0, 1, and
dim(P ) ? 1 are called vertices, edges and facets; V (P ), E (P ) and F (P )
denote the set of vertices, edges and facets of P , respectively.
Two vertices v and w of P are adjacent, if there is an edge e = convfv; wg 2
E (P ). Two facets f and g of P are adjacent, if their intersection is an edge
of both of them.
9
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Figure 7
The normal vector nf of a facet f 2 F (P ) is a vector with jjnf jj = 1, such
that
hnf ; p ? qi = 0 for any two points p; q 2 f;
and the closed line segment [p; p + nf ] intersects P only in p.

De nition 2.4 (Equivalence)

Two polytopes P and P 0 are combinatorially equivalent, if there is a bijection
' between their faces that preserves the inclusion relation, i.e. for any face f
of P , '(f ) is a face of P 0, and for any two faces f1 and f2 of P with f1  f2
'(f1)  '(f2) holds.
One of the rst theorems being proved in many books on polyhedra is that
every polyhedron as de ned in De nition 2.2 can be obtained by taking the
convex hull of a nite set of points:

Theorem 2.1 (see McMullen, Shephard [29])

The convex hull of a nite set of points in IRd is a convex polytope; conversely,
a convex polytope is the convex hull of a nite set of points.
10

(a)

(b)

Figure 8: A 2-polytope | depicted as the convex hull of points (a), and as inter-

section of halfspaces (b). Arrows indicate on which side of the line the halfspace
lies.

Two further structures that we will make frequent use of are the graph and
dual graph of a polytope.

De nition 2.5 (Graph & dual graph of a polytope)

Let P be a 3-polytope. The graph
G(P ) = (VG; EG ); where
VG = fv j v 2 V (P )g; and
EG = f(v; w) j v & w are endpoints of a common edge e 2 E (P )g
is the graph (or 1-skeleton) of P . The graph
D(P ) = (VD ; ED ); where
VD = ff j f 2 F (P )g; and
ED = f(f; g) j f \ g 2 E (P )g
is the dual graph of P .
The number of edges incident to a node v is called the degree (v).
Obviously, there is a 1-to-1-correspondence between the edges of G(P ) and
of D(P ): For each edge of P there is an edge e in G(P ) and a corresponding
11

Figure 9: The graph (straight lines) and dual graph (dotted lines) of the polytope

in Figure 7(b).

dual edge e in D(P ); thus, (e) = e. In general, for an edge e of G(P ) or
D(P ), e denotes the dual edge of e.

De nition 2.6 (Planar embedding)

Let G = (V; E ) be a graph. A planar embedding of G is a mapping of each
node in V to a point in the plane and of each edge to a simple curve between
the images of its vertices, such that no two images of the edges intersect
except at their endpoints. A graph G is planar, if it has a planar embedding.
If the images of the edges are straight line segments, the mapping is a straight
line embedding.

De nition 2.7 (Connectedness)

A graph G = (V; E ) is connected, if for every two non-adjacent nodes v; w 2 V
there is a path (v; x1); (x1 ; x2); : : : ; (xs; w) in G. It is k-connected, if there
are k such paths whose inner nodes are pairwise disjoint (that is, the only
12

common nodes of the k paths are their endpoints). G is simple, if there is
at most one edge between any pair of nodes and there are no loops (edges of
the form (v; v)).
Steinitz provided a characterization of polytopal graphs:

Theorem 2.2 (Steinitz [39])

G is the graph of a 3-polytope if and only if it is simple, planar, and 3connected.

De nition 2.8 (Tree, spanning tree)

A graph G contains a cycle, if there exists a sequence of pairwise disjoint
edges e0 ; : : : ; ek ; ek+1 = e0 2 E such that ei is incident to ei+1 mod n.
A spanning tree of a graph G = (V; E ) is a connected subgraph of G with
vertex set V , which doesn't contain a cycle.
Now we will give a de nition of the net of a 3-polytope: Informally, an
unfolding of a 3-polytope is a mapping of its facets to IR2 , obtained by
cutting along certain edges of P such that the remaining connected set can
be attened out in the plane along the remaining edges; we then call the
unfolding a net, if it doesn't overlap itself.
As you may already have suspected, we will de ne it more formally:

De nition 2.9 (Polyhedral complex)
A polyhedral complex C is a nite collection of polyhedra in IRd such that
(i) ; 2 C ,
(ii) if P 2 C , then all the faces of P are also in C , and
(iii) for all P; Q 2 C , the intersection P \ Q is a face of both P and Q (note
that ; is a face of every polytope).
The dimension dim(C ) is the largest dimension of a polyhedron in C . If all
polyhedra in C are bounded, C is a polytopal complex. The d-dimensional
elements of C are called d-cells.
13

De nition 2.10 (Boundary complex)

Let P be a polytope. The boundary complex B(P ) is the collection of all
faces of P of dimension at most dim(P ) ? 1.

De nition 2.11 (Net)

Let N be a 2-dimensional polytopal complex in IR2 , together with a prescribed identi cation of some of its edges. We call N a net of a 3-polytope
P if
(i) the union of the cells of N is a connected polygon,
(ii) no vertex (0-cell) of N is a cut-set of N , (i.e. for any two 2-cells f; g 2 N ,
f \ g is either empty, or a 1-cell),
(iii) each edge (1-cell) which lies in only one 2-cell of N is identi ed with
exactly one other such edge,
(iv) N is isomorphic to, and isometric with the boundary complex B(P )
of P .
When unfolding a polytope, one has to cut at least one edge at each vertex
in order to allow the incident faces to spread apart. The boundary of the
unfolding consists of 2m edges, where m is the number of cut edges ; each cut
edge appears exactly twice on the boundary. Moreover, the cut edges form
a spanning tree, the cut tree, of the polytope's graph.

Lemma 2.1

The set of cut edges for a net is a spanning tree of G(P ).
Proof: Since G(P ) is connected, it has a spanning tree. The set of cut
edges cannot contain a cycle, since otherwise the resulting unfolding would
not be connected. Since the boundary of the unfolding is a connected cycle
of edges, the cut edges must form a connected graph, which is necessarily
a tree, because it does not contain a cycle. Furthermore, since there has
to be at least one cut edge at every vertex, the tree spans the vertex set of
G(P ).
2
14

Lemma 2.2

On the other hand, given a net of a polytope, the set of join edges
T = fe 2 D(P )je is not a cut edgeg
forms a spanning tree of D(P ).
Proof: Since we required the unfolding to be an edge-connected polygon,
T has to be connected. Since all facets are unfolded, T has to span the vertex
set of D(P ). Moreover, T cannot contain a cycle, since otherwise the set of
cut edges would not be connected. Thus, T is a spanning tree of D(P ). 2
Therefore, we can construct an unfolding from any given spanning tree of
G(P ) or D(P ). For the experiments in Section 4 we also need a formal
de nition of an unfolding : What we will actually do is
(1) construct an unfolding and
(2) check for overlaps.

De nition 2.12 (Unfolding)

Let P be a polytope, T a spanning tree of D(P ). An unfolding is an isometric
mapping  : F (P ) ! IR2 of the facets of P to the Euclidean plane, such that
for all (f1 ; f2) 2 D(P ), '(f1 ) \ '(f2 ) is an edge of both '(f1 ) and '(f2).
N (P; T ) = '(F (P )) is the unfolding of P induced by T .
If an unfolding of a polytope P does not contain any overlaps, we can apply the map ' to its boundary complex B(P ), and the resulting polytopal
complex N = '(B(P )) is a net in the sense of De nition 2.11. Otherwise, if
there are overlaps, the resulting complex is not polytopal, since some of its
edges intersect in their relative interior, and thus, their intersection is not a
facet of either of them.
Finally we introduce some notation:

De nition 2.13 (Neighbours)

Let f and g be two facets that are adjacent on P , and let e be the common
edge of f and g. Then de ne the neighbour of f or g (w.r.t. e):
f +(e) := g and g+(e) := f:
15

3 Overview
In this section we will present known answers to questions regarding nets of
polyhedra, and related work being done.

3.1 Polytope unfolding
Countless books which show how to construct nets of commonly encountered
polyhedra, like the Platonian or Archimedian solids have been published [37],
[41]. However, Shephard seems to be the rst who explicitly stated the
following simple question [38]:
(A) Does every convex 3-polytope have a net?
To our knowledge, up to now nobody has constructed a convex polytope
that does not have a net. On the other hand, in many cases there seems to
be a way to cut \perversely" and obtain an overlapping unfolding; we will
later present a few unfolding algorithms (\rules") which are likely to generate
would-be nets. Even \nice" polytopes like the regular 12-sided prism allow
an overlapping unfolding | although it is of course possible to construct a
net (see Figure 10).
Actually, it seems to be even worse: Schevon found empirical evidence supporting the conjecture that \almost all unfoldings of a polytope overlap":

Conjecture (Schevon [35])

The probability that a random unfolding of a random polytope overlaps
approaches 1 as the number of vertices of the polytope approaches in nity.
This conjecture seems to be true even if only local overlaps are considered. Of
course, the notion of randomness has to be stated more precisely: What is a
random polytope? What is a random unfolding?. Two kinds of random polytopes were considered in [35]: random spherical polytopes that are the convex
hull of uniformly distributed points on the unit sphere, and random cubical
polytopes which were generated by selecting points uniformly distributed in
a unit cube and then taking their convex hull. The de nition of a random
unfolding is simple: Among all spanning trees of D(P ) (or G(P )), choose
16

(a)

(b)

Figure 10: A net and a would-be net of a regular 12-sided prism.
any tree with equal probability. Experiments showed that the percentage
of (even locally) overlapping unfoldings approaches 100% quickly for both
kinds of random polytopes, as the number of vertices increases.
If the above conjecture is true, this leads to a curious situation: On the one
hand, a polytope hasn't been found which doesn't have a net but, on the
other hand, almost all unfoldings overlap.
Apart from our work, there is much more evidence to be found supporting
the conjecture that every 3-polytope has a net, among it the Hypergami
software package developed by Eisenberg and Nishioka, a System for Creating
Polyhedral Models, which | up to now | was able to nd a net for every
given convex polytope, and even for many non-convex polytopes [13], [14].
For non-convex polyhedra, the question has been answered: There are nonconvex polyhedra for which every unfolding has overlaps [9].
Shephard also investigated the problem of when a polytope has a (strictly)
convex net (that is, when it can be unfolded to a non-overlapping convex
polygon) [38], which is very rare. Considering combinatorially equivalent
polytopes, Shephard found several classes of polytopes with combinatori17

ally equivalent representatives which have (strictly) convex Hamiltonian nets
(that is, nets which are obtained by cutting edges of the polytope along a sequence of edges that visits all its vertices exactly once), or, equivalently, nets
which consist of a \strip" of facets, where each facet is adjacent to only one
or two others). He also provided a set of transformation rules for polytopes
with a (strictly) convex Hamiltonian net, which produce new polytopes with
the same property.
He conjectured, inter alia, that any polytope with a Hamiltonian path is
combinatorially equivalent to one that has a convex Hamiltonian net. This
would imply that every polytope with up to 13 vertices would have this
property, since such polyhedra all have a Hamiltonian path [24], [38].
A number of related questions have been asked; for example:
(B) Does every spanning tree of a polyhedron lead to a net?
We have already seen that this conjecture is generally wrong (recall Figure 10). On the other hand there are polytopes for which it is true, e.g., the
regular tetrahedron. It is not true for all tetrahedra, however; as a minimal
example of a polytope with an overlapping unfolding, Namiki constructed
the skinny tetrahedron in Figure 11.
Since the answer to (A) is not known, it is sensible to ask the following
question:
(C) Given a polytope P , is there a polytope Q combinatorially equivalent to P , for which every spanning tree leads to a net?
Grunbaum conjectured that the answer is negative in general and that every
polytope that is combinatorially equivalent to the n-sided prism has some
would-be nets, if n is large enough [24]. Note that apart from the kind of
overlap shown in Figure 10, there are other overlaps possible, for example
when the prism is \ at"; see Figure 12.
Another question closely related to (A) is the following:
(D) Given a polytope P , is there a polytope Q combinatorially equivalent to P , which has a net?
18

(a) A tetrahedron. . .

(b) . . . and a \bad" unfolding.

Figure 11

Figure 12: A bad unfolding of a at 15-sided prism.
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Figure 13: Truncated cube
As in (A), the answer is still unknown, but | since (A) implies (D) | it is
widely believed to be positive.
(E) Does every polyhedron have a single-chain net? (A net is a \singlechain" net, if every facet of the unfolding shares an edge with only
one or two other facets.)
The answer is negative [24]. The reason lies in combinatorics: For example,
consider the truncated cube in Figure 13. No two triangles have a common
edge. Therefore in an arrangement of the facets in a single chain between
any two triangles there has to be a non-triangular facet. Since there are eight
triangles, but only six other facets, this is impossible. On the other hand,
the ve Platonian solids do admit single-chain nets; in fact, they even have
the property that every chain consisting of all facets yields a net. This is
a result of Reggini's enumeration of all such chains for the ve Platonian
polytopes [34]; he showed that there are the following numbers of distinct
chains of this type (not counting mirror images and rotations as distinct):
1 for the tetrahedron, 4 for the cube,
3 for the octahedron, 340 for the dodecahedron and
18 for the icosahedron.
20

This leads to a more general question:
(F) How many di erent (up to isomorphism) nets does a polytope
have?
A general answer isn't known (which is not surprising, since it isn't even
known whether every polytope has one net). Jeger showed that the answer
is 11 if the polytope is a cube or an octahedron [25].
Barnette [4] proved that dual graph of every polytope has a spanning tree
where each node has degree at most 3. This leads to a question analogous
to (D):
(G) Does every polytope have a net in which each facet has at most 3
neighbours?
A di erent unfolding approach in [35] results in a theorem on the development of convex polygonal curves: A directed polygonal curve is a connected
sequence of line segments on the surface of a polygon. At a point p where
two adjacent segments s1 and s2 meet, one can measure the surface angle,
which is
 ^(s ; s )
p is in the interior of a facet;
^P (s1 ; s2) = ^(s1; s2) ? (s ; s ) ifotherwise
;
1 2
1 2
where (s1; s2) is the angle between the normal vectors of the two facets on
which s1 and s2 lie.
Intuitively, then, a development of a polygonal curve is the trace it leaves
on the plane when the polytope is rolled along the curve without slippage
(see the sketch in Figure 14). More precisely, the development is obtained
by laying out the curve's line segments on the plane so that the angle on one
side of the developed curve between each adjacent pair of segments equals the
surface angle between them. One of the main results here is the following:

Theorem 3.1 (Schevon, [35])

A closed convex polygonal curve on the surface of a 3-polytope develops in
the plane without self-intersection.
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Figure 14: Development of a polygonal curve: \Roll" the polytope along the

curve.

This may be used to construct a net for a polytope P by developing convex
polygonal curves on P . In particular, if the convex polygonal curve is a
sequence of edges of P , this leads to a net:

Corollary 3.1

If a polytope is cut open along a Hamiltonian path, such that the surface
angle is strictly less that  at all inner vertices of the path, the resulting
unfolding does not overlap.
There were a few conjectures posed by Fukuda [16]: The rst is that a
minimum-perimeter unfolding of a polytope is always a net. (A minimum
perimeter unfolding is an unfolding obtained from a minimum spanning tree
of G(P ), where the length of an edge taken to be the length of the corresponding edge on P .) Just recently, Rote constructed counterexamples to
this conjecture (see Figure 15). We will also give counterexamples to another
open conjecture of Fukuda that cutting along a shortest path tree of G(P )
leads to a net (see Section 4.6).
Yet another approach to polytope unfolding is not to require that the cuts
are a spanning tree of the 1-skeleton of P , but rather allow arbitrary (straight
line) cuts through the interior of facets. A special kind of unfolding is the
star unfolding. It is constructed as follows: Let the source x be a point on
the surface of a polytope P , such that there is a unique shortest path to every
vertex of P (distance measured on the surface of P ). The star unfolding is
then obtained by cutting the boundary of P along these paths and attening
the resulting surface Sx in the plane; see the sketch in Figure 16. For the
star unfolding the following theorem holds:
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(a)

(b)

Figure 15: Counterexamples for the \minimum perimeter" conjecture of Fukuda;
reproduced with kind permission of Gunter Rote.
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Theorem 3.2 (Aronov & O'Rourke [2])

When viewed as a metric space with the natural de nition of interior metric,
Sx is isometric to a simple polygon in the plane (with the internal geodesic
metric).
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B
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C

x1

x2

C

D

A

B

A

E

(b)

(a)

Figure 16: A pyramid with a shortest path tree emanating from x (front view (a)

and side view (b)), and the corresponding star unfolding. Dotted lines in (c)
indicate the \natural" unfolding obtained by cutting along edges.

Theorem 3.2 can be used to prove that certain polytopes have nets:

Corollary 3.2

Let P be a polytope. If P has a vertex which is adjacent to all other vertices
of P , then P has a net.
Proof: The shortest paths from x to all other vertices pi of P are the edges
[x; pi]. The star unfolding Sx is a net in the sense of De nition 2.11, since the
shortest paths introduce cuts along the edges emanating from x. According
to Theorem 3.2, Sx is isometric to a simple polygon, i.e. it doesn't overlap.

2
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Viewing polytope unfolding as an optimization problem, many more issues
can be considered, for example, nding a net whose convex hull has minimal
diameter, area, or other properties.

3.2 Polytope folding
The primary reference in this area is probably Aleksandrov's Konvexe Polyeder [1]. He proved that a given polygon, together with edge matching
information and folding lines can be folded into at most one polytope, and
gave a scheme for determining if a given polygon is a net [1].
Surprisingly and, as Fukuda put it, \against human intuition", if one starts
with a simple connected polygon (that is, without an a priori identi cation
of some of its edges), it is sometimes possible to fold it into polyhedra that
are geometrically or even combinatorially di erent.
The question whether a given polygon can be folded to a polytope has been
answered theoretically by Aleksandrov [1], who proved the following theorem:

Theorem 3.3 (Aleksandrov, [1], pp. 88 & 91)

Every net which is homoeomorphic to a sphere, and for which the angle sums
at each vertex are  2 is the net of a unique closed convex polyhedron (up
to motions and ips).
He also mentioned that it is of course possible to construct this polytope,
but he wouldn't nd that interesting because one could just go ahead and
fold the polygon, and the convex polyhedron would come out \by itself"; the
only thing one has to maintain is that the resulting polyhedron is convex.
Thus, in principle it is possible to distinguish between the two polygons in
Figure 18: One is a net of a triangular prism (a), the other one is not a net
of any convex polytope (b).
An algorithm which solves this folding problem was published by Lubiw
and O'Rourke [27]. They developed an O(n2)-algorithm, which answers the
question if a given polygon (without any edge matching information) can
be folded to a polytope, by testing the angle condition mentioned above for
(a sucient subset of) all possible edge matchings. Their algorithm also
solves the problem if vertices of the net are allowed fold \ at", or conversely,
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Figure 17: The pictures were reproduced with kind permission by Gunter Rote.
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(a) Net of a triangular
prism.

(b) Not a polytopal net.

Figure 18
nets which are obtained from a polytope by cutting through the interior of
one or more facets, a case which is also covered by Aleksandrov's theorem.
In this case the resulting polytope may not be unique. For example, the
\cross" net of the cube in Figure 1(a) may be folded into as many as ve
distinct polytopes: A cube, a tetrahedron, an octahedron, a pentahedron,
and a doubly covered quadrangle; here we show two of these nets in detail:
Identifying the edges

e0  e3; e1  e2; e4  e13 ; e5  e6; e7  e12 ; e8  e11 and e9  e10
leads to a polytope which is (combinatorially equivalent to an) octahedron
(see Figure 19). Likewise, identifying the edges

e0  e1 ; e2  e3 ; e4  e13 ; e5  e6 ; e7  e12 ; e8  e11 ; and e9  e10 ;
leads to a tetrahedron (see Figure 20).
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Figure 19: Folding net for an octahedron.
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Figure 20: Folding net for a tetrahedron.

28

4 Experiments
For the rest of the thesis, we will focus on the initial question:
(A') Does every 3-polytope possess a net (and, if so, how does the net
look like)?
The following section describes the implementation tools we used. Section 4.2
presents the polytope test set all unfolding rules were applied to. Section 4.3
introduces a few primitive unfolding operations and further notation. After
that we exhibit the actual unfolding rules along with their results.

4.1 Environment
One of the most useful tools for the manipulation of polytopes that was
available was polymake [19] | a tool for algorithmic treatment of polytopes
and polyhedra. In particular, it allows the user to switch back and forth
between di erent descriptions or representations of a polytope, and obtain
combinatorial information about it, like its graph or the corresponding dual
graph. In fact, the most often used polymake features were, given a set V
of points in IR3, compute their convex hull (that is, separate those points
which are vertices of P = conv(V ) from the points in the relative interior of
P ), dim(P ), G(P ) and D(P ). That is, the input for the unfolding rules is a
complete description of the polytope.
Another useful tool is Geomview [21] | a software package written at the
Geometry Center, University of Minnesota, which we used to visualize the
polytopes we were working with; most of the polytope drawings here have
been created with Geomview.
All algorithms described below have been implemented in C++, and make
heavy use of the LEDA library [30], as well as the C++ interface of polymake .

4.2 Test Polytopes
We tested each of the unfolding rules described below by applying them to
a test set of about 10 000 polytopes of di erent kinds:
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- 55 regular and semi-regular polytopes such as the regular tetrahedron,
cube, octahedron, dodecahedron and icosahedron and several other
\non-random" polytopes (see Figures 22(a) and 22(b)).
- 4200 random spherical polytopes which are the convex hull of 4{500
random points uniformly distributed on a unit sphere (see Figure 22(c)).
In order to compute points uniformly distributed on the unit sphere,
let x1 , x2 , x3 be independent and normal distributed. Then the density
of their common distribution in the point (x1 ; x2 ; x3) is
e?x1 2  e?x2 2  e?x3 2 = e?(x1 2 +x2 2 +x3 2 ) = e?jj(x1 ;x2 ;x3 )jj2 ;
since the xi are independent. That is, the distribution of (x1 ; x2 ; x3) is
independent of longitude and latitude, and thus,
x = jj((xx1 ;; xx2;; xx3 ))jj
1 2 3
is uniformly distributed on the unit sphere. (When simulating these
random variables, of course one has to omit all zero triples.)
- The cyclic polytopes C3 (4); : : : ; C3(50), where
Cd (n) = convf(t; t2; : : : ; td ) j t 2 f1; : : : ; ngg (see Figure 22(d)):
- 672 polytopes which were constructed by repeated random truncation
of the standard tetrahedron
8001 011 001 0019
<
=
 = conv :@0A ; @0A ; @1A ; @0A; :
0
0
0
1
Here, \repeated random truncation" means to repeatedly select a random vertex of the current polytope, compute the truncation P\n(v) of P ,
and make P\n(v) the current polytope. Intuitively, P\n (v) is constructed
from P by cutting o the vertex v (see the sketch in Figure 21). Formally, let ax  b0 be a valid inequality for P , such that
fvg = P \ fx j ax = bg;
and choose b1 < b0 such that cw < b1 for all w 2 V (P ) n fvg. Then the
truncation of P is de ned as
P\n(v) = P \ fx j cx  b1 g:
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- 350 regular and irregular prisms.
- 2350 random cubical polytopes which are the convex hull of 5{100
uniformly distributed points in the unit cube (see Figure 22(h)). (The
term cubical polytope often refers to polytopes whose facets are cubes
| di erent from the polytopes just described.)
- 1575 \ at" polytopes Pi;j;k which are the convex hull of k points uniformly distributed in [0; i]  [0; j ]  [0; 1=2], with i; j 2 f1; : : : ; 10g (see
Figure 22(g)).
- 630 polytopes that are the convex hull of 10 : : : 100 points
(x; y; z) = (sin  cos ; cos  cos ; sin );
with (; ) uniformly distributed in [0; ]  [0; 2]; these polytopes look
like the example in Figure 22(f). Note that the points are not uniformly
distributed on the \half sphere", but are more dense at the north pole.
- \Turtle" polytopes T (i; j ), with

T (i; j ) = convf(x; y; x2 + y2) j x = ?i; : : : ; i; y = ?j; : : : ; j g;
for i; j 2 f1; : : : ; 7g, i  j (see Figure 22(e)). We expected the at
polytopes above to be the \nastiest" possible polytopes for many unfolding rules | to our surprise the turtle polytopes turned out to be
the ones where most of the unfoldings overlap (see Section 4.11).
- \"-triangulations" of most of the polytopes above; that is, for each
facet f of P , we choose a point xf just beyond f , and compute

T"(P ) = conv(V (P ) [ fxf j f 2 F (P )g) (see Figure 22(i)):

4.3 Unfolding Operations
Before we describe the unfolding experiments, we will introduce a few more
conventions for describing the process of constructing a net.
Technically, starting from the empty set N = ;, we construct a collection
of 2-dimensional convex polygons in IR2 by adding polygons isometric with
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Figure 21: Truncation of a polytope: Cutting o a vertex.
the facets of a given polytope P , such that their union is connected and the
intersection of any two polygons in N is either empty or an edge of both
polygons. Additionally, each polygon fN 2 N is associated with the facet of
f 2 P it was constructed from; the same holds for all edges and vertices of
the polygons in N .
The rst thing that always happens during the construction of a net is that a
single facet f is embedded or laid out somewhere in the Euclidean plane IR2 .
By this we mean that f is mapped to a polygon fN 2 IR2 isometric with f .
We call this operation Layout (f ).
Another primitive operation we need is to extend a partial net by join ing
a facet g 2 P to a facet fN in the partial net N along an edge e 2 f
by mapping g to an isometric polygon gN , such that their common edge
e = f \ g is mapped to fN \ gN (f and g are of course required to be adjacent
facets of P .) This operation is called Layout (g; f ) (see Figure 23).
Recall from Section 2 that a net can be constructed from two di erent trees
| a cut tree and a join tree (see Figure 24):
(i) Given a spanning tree TG of P 's graph G(P ) (a cut tree ), the boundary
of P is \cut open" along the edges of T , and the facets of P are laid
out by joining them along the remaining edges.
(ii) Given a spanning tree TD in the dual graph D(P ) (a join tree ), two
adjacent facets f and g of P are laid out next to each other only if
(f; g) 2 T .
It is actually more straightforward to implement the latter method, because
incrementally joining facets together is what really happens during the construction. This is what Join (P; TD ) does (Procedure 1).
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(a) \Snub cube"

(b) Truncated tetrahedron

(c) Convex hull of
400 random points
on a sphere

(d) Cyclic polytope
C3 (8)

(e) \Turtle" T (3; 5)

(f) Random points
on a half-sphere

(g) Flat polytope

(h) Random cubical
polytope

(i) "-triangulation
of a cube

P4;3;30

Figure 22
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Figure 23: Joining f and g by Layout (g; f )
111111111111111111111111101
100000000000000000000000000
01
01
01
01

1111111111111111111111111
0000000000000000000000000

0000001
11111

11111
00000

01
01

01

(a)

(b)

(c)

Figure 24: A spanning tree (cut tree ) of the 1-skeleton of the \cut cube" from
Figure 9 (a), the corresponding dual spanning tree (join tree ) (b) and the corresponding unfolding (c).
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Procedure 1

Join (P; TD )

D = D(P )
E = E (T )
N =;
e = (f; g) = some arbitrary (dual) edge in T
N = Layout (f )
N = N [ Layout (g; f )
E = E n feg
while E 6= ; do
let e = (f; g) 2 E
N = N [ Layout (f; g)
E = E n feg
return N
In Procedure 1, we assume the edges E = E (T ) be represented as a list
of edges e1 ; : : : ; ejEj, such that each edge ei is adjacent to some edge ej ,
j < i. Such an ordering can be constructed in O(jE j) time by, for example,
appending the edges of T to E in the order they are visited by breadthrst search, since breadth- rst search only visits nodes which are adjacent to
nodes that have been visited before [7]. Hence, if (e1; : : : ; ejEj) are the edges
of a breadth- rst tree T in the order they are visited by the search, every
pre x (e1 ; : : : ; ei), i < jE j, forms a connected subtree of T .
Clearly, it is super uous to provide a di erent procedure for a cut tree : each
of the above trees can be computed from the other one because

e 2 TG () e 2= TD :

Running time analysis of the unfolding rules
We will use the usual \O notation" when giving a brief running time analysis

of the unfolding rules.
A remark on the running time of Join (P; T ) and Cut (P; T ) in terms of the
number of vertices or facets of the input polytope: In general (i.e. in arbitrary
dimension) the number of facets of a polytope can be exponential in the
35

Procedure 2
TD = ;

Cut (P; TG )

// Compute a join tree from TG

for all edges e 2 G(P ) do
if e 2= TG
TD = TD [ e

// Unfold P using TD as the join tree
return Join (P; TD )

number of its vertices and vice versa. For 3-polytopes, however, according
to Euler's famous formula

v ? f + e = 2; where v = jV (P )j; f = jF (P )j; e = jE (P )j;
the number of vertices, edges and facets are linearly related. Thus, all lines
of procedure 1 can be performed in constant time. Therefore, given a join
or cut tree of P , Join (P; TD ) and Cut (P; TG) will compute an unfolding in
time O(jF (P )j) = O(jE (P )j) = O(jV (P )j).

Rounding problems
The nal thing to do after the construction of an unfolding is to check whether
it is a net. We used the sweep line algorithm described in [7], pp. 892{897, to
check whether any of the bounding line segments of the unfolding intersect.
For n segments this can be done in time O(n log n). It turned out, however,
that it is numerically dicult to reliably implement this check because of
rounding errors that occur during the computation of the vertex coordinates
of the net:
- Although we only considered polytopes with rational vertex coordinates, these rounding errors can still occur since we resorted to nite
precision arithmetic when computing the length of an edge, which can
of course be irrational.
- Intersections at endpoints of line segments had to be dealt with: all line
segments meeting at a vertex of N intersect at their endpoints, but we
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Figure 25: An intersection caused by rounding, when rounding downwards, that

is, moving a point to the nearest grid point below and left of it: Before rounding
(dotted) the two segments do not intersect, after rounding (straight lines) they do.

don't want to \count" those as intersections, although the sweep line
algorithm nds them. A straightforward approach would check whether
the intersection point is the endpoint of a segment and, if so, do not
count this as an overlap, as we de ned an overlap as the intersection
of two boundary edges in their interior. Due to rounding errors as
mentioned above, it is possible that, numerically, the intersection of
two incident line segments does not happen at the endpoints, but in
their interior.
One way out of this dilemma is to shorten all segments prior to the check
using a transformation
shorten((v; w); ) = (v +  (w ? v); w +  (v ? w));
2
2
for some small  > 0. The choice of  is crucial here: If it is too big, very
small overlaps may not be detected; if it is to small, we will detect \false"
overlaps that are caused only by rounding errors. Furthermore, a sensible
choice for  is hardware dependent, or even compiler dependent, because it
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depends on the number of signi cant digits that are used for storing a oating
point number. In the compiler we used for the implementation3, the double
data type has 52 signi cant bits. This means, for example, that
1 + 2?53 \="1 (!) and 1 + 2?52 6= 1;
at least as far as the compiler is concerned. Since
2?52  2:22204  10?16;
p
and the worst case distance between a \real" and a \rounded" point is 2=253
we decided to set
 := 10?10  n  `max;
where n is the maximal degree of a node in D(P ), and `max is the length of
the longest edge of P . The added \safety" is meant to compensate e ects
such as the following: Suppose an endpoint of a short edge e1 is displaced
by, say,  > 0. This edge will slightly change its direction. Another edge e2
which is appended to this edge at a certain ( xed) angle will also change its
direction by the same amount as e, but in the worst case the other endpoint
of e2 will be displaced by  jje2 jj. From a facet f we compute the embedding
fN by successively appending the edges of f ; thus, if f has n bounding edges,
the rounding error may occur n times; that's where the \n" comes from in the
de nition of . This choice of  worked well, except for the "-triangulations,
where we had to manually adjust the value of .

4.4 Unfolding rules
Here we will present our unfolding experiments. For each unfolding rule we
will show \good" and \bad" unfoldings it produces, and brie y note the
overall rate of overlapping unfoldings. See Table 1 on page 93 for a more
detailed overview over the performance of the unfolding rules w.r.t. di erent
types of input polytopes. All unfolding algorithms were developed under the
assumption that the following conjecture is true:

Conjecture

There is a simple rule which produces a net for every 3-polytope. (Here with
\simple rule" we mean a procedure that can be explained in less that 10
minutes to anyone who knows what a polyhedron is.)
3

GNU g++ Version 2.7.2.

38

With this in mind, we will present a number of di erent unfolding rules along
with their results. We did not come up with an unfolding rule for which we
could prove that it always nds a net. Nonetheless, most of the unfolding
rules are explained below in order to
- provide images of how the unfoldings produced by di erent rules look
like, and an intuitive understanding of why some unfolding rules are
more likely to produce nets (or overlaps) than others,
- save others from inventing and trying the same things again, once it is
clear that they do not work,
- provide supporting empirical evidence for the above conjecture: There
is an unfolding rule which found a net for any ever so obstinate polytope
and it is simple in the above sense.

4.5 Simple trees
4.5.1 Breadth- rst unfolding
The rst unfolding rule we tried uses breadth- rst search. Breadth- rst search
is one of the simplest algorithms for searching a graph and the archetype for
many important graph algorithms. Given a connected graph G = (V; E ) and
a distinguished source node s, breadth- rst search produces a \breadth- rst
tree" with root s that contains all vertices of G. Furthermore, the path from
s to any other vertex is a shortest path in terms of the number of edges [7].
Rule 1 computes a breadth- rst tree T of D(P ) and then produces an unfolding of P according to T . This rule is used as the default rule in Fukuda's
and Namiki's \Mathematica package for unfolding polytopes" [31]. As a
breadth- rst search ignores the geometric structure of the polytope it is not
surprising that it eventually fails. Well it does, for example, when applied to
the polytope in Figure 26(a).

Rule 1

Breadth-First-Search-Unfold (P )

T =Breadth-First-Search (D(P ))
Join (P; T )

return
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(a) A random cubical polytope,. . .

(b) . . . and a breadth- rst unfolding;
numbers showing the order in which
the facets are laid out.
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Overlaps: 16.4% of the unfoldings overlapped.
Running time: A breadth- rst tree of a graph with jE (P ) edges can be
computed in time O(jE (P )j) [7], so the total running time is O(jE (P )j).
4.5.2 Depth rst unfolding
Speaking of breadth rst search : Another well-known graph search algorithm
is depth- rst search. As its name implies, depth- rst search follows the strategy to search \deeper" in the graph whenever possible; edges are explored
starting from the most recently discovered vertex v that still has unexplored
edges leaving it. When all of v's edges have been explored, the search \backtracks" to explore edges leaving the vertex from which v was discovered. An
unfolding rule using depth- rst search is also implemented in [31].
We implemented this rule mainly in order to be sure to have a method
that seemed very likely to fail: It not only ignores the polytope's geometric
structure, but also tends to generate longer paths than breadth- rst search,
that is, the resulting unfolding contains longer chains of facets.

Rule 2

Depth-First-Search-Unfold (P )

T =Depth-First-Search (D(P ))
Join (P; T )

return

Overlaps: 49.2% of the unfoldings overlapped. Nonetheless, this unfolding

rule is not even the worst unfolding rule we found. In the next section we
will present two variations of breadth- rst and left- rst search; both of which
lead to more would-be nets than their \normal" counterparts. The latter is
one of the two unfolding rules that produce overlaps in more than half of the
test polytopes.

Running time: Since a depth- rst tree can be computed in linear time,
the total running time is O(jE (P )j).
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(c)

(d)
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(f)

y
(g)

(h)

Figure 26: Typical breadth- rst unfoldings ((a), (c) & (e)) and depth- rst unfoldings ((b), (d) & (f)) of spherical polytopes; there are overlaps in (e) and (f).
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4.5.3 Left- rst unfolding
We will now introduce a di erent approach which uses a graph search technique called \left- rst search", and present two unfolding rules based on it
| one we expect to produce less overlaps than breadth- rst unfolding and
one we expect to produce even more overlaps than depth- rst unfolding.

De nition 4.1

Let G = (V; E ) be a planar graph, with a xed straight line embedding. For
v 2 V , let L(v) = ((v; w1); : : : ; (v; w(v) )) be the edges incident to v, such
that (w1; : : : ; w(V )) appear in counterclockwise order around v (viewed from
the \inside" of P ).
For a facet f of G with barycenter b, let L (f ) = (e1; : : : ; e(f ) ) be the edges
of f , such that their midpoints appear in counterclockwise order around b
(again, viewed from the \inside" of P ; see Figure 28).
L(v) is a left- rst ordering of the edges incident to v; L (f ) is a left- rst
ordering of the edges that bound the facet f .
From a polytope, one can easily construct a straight line embedding of its
graph: Let f be a facet of P , and xf be a point beyond f , such that for
all vertices v except those of f the closed line segment [x; v] intersects f
in its interior. (Ziegler [42] or Lovasz [26], for example, describe how to
compute such a point explicitly.) Then, the projection of the polytope's
vertices and edges onto f along \rays of vision" results in the desired straight
line embedding (see Figure 27).
When computing the left- rst ordering for the edges of a certain facet, we
don't even have to compute the straight line embedding explicitly: It is sucient to \look at" the facet from a point inside the polytope | its barycenter,
for example, in order to compute the ordering. If f is surrounded by edges
(e0; : : : ; e (f ) ), we compute the angles i between

m0 ? bf and mi ? bf for i = 1; : : : ; (f );
where mi is the midpoint of ei.
We will now use this left- rst ordering to produce a left- rst version of the two
graph search techniques depth- rst search and breadth- rst search, in order
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xf
Figure 27: How to compute a straight-line embedding of a polytope's graph

m5
m6

m4
bf

m3
m2

m1
Figure 28: A left- rst numbering of the bounding edges of f .
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Figure 29: A depth- rst (a) and a breadth- rst left rst tree (b); numbers indicate
the order in which nodes are discovered by the search.
to obtain cut or join trees. They are essentially specializations of depth- rst
search and breadth- rst search: in the left- rst versions, the adjacent edges
of a node are visited in a counterclockwise order, such that the leftmost edge
comes rst (see Figure 29).
When using a combinatorial embedding of G(P ), this leftmost neighbour
of a node does not necessarily correspond to the real leftmost neighbour
as de ned above, since for each facet f of the graph there exists a planar
embedding such that this facet lies on the outside of the embedding. For
a polytopal graph, one can obtain a planar embedding such that a certain
facet f is the outer facet, if one constructs the embedding like in Figure 27,
projecting along rays to a point xf beyond f . For di erent embeddings of a
planar graph, this may permute the left- rst order of the edges at some of
the vertices (see the example in Figure 30).
The rationale behind this unfolding rule is (at least for the left- rst version
of breadth- rst search) that a \normal" breadth- rst search almost entirely
ignores the geometric structure encoded in P . Therefore, it isn't surprising
that unfoldings constructed from a breadth- rst join tree may overlap. From
using a left- rst breadth- rst join tree we expect less overlaps to occur in
comparison with \normal" breadth- rst search, because at each facet the
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Figure 30: A pyramid and two di erent combinatorial embeddings of its graph
with di erent left- rst orderings of the edges.

subtrees are attached left- rst and thus (in a sense we will not attempt
to make precise), at least some of P 's geometric structure is re ected by
the tree. Conversely, unfoldings obtained from a left- rst depth- rst tree
should look rather like an \apple-peel", consisting of only a few long \strips"
starting from the rst facet. Indeed, these unfoldings turn out as expected
(see Figure 31).
Rule 3 shows the pseudo-code for left- rst breadth- rst search. We omit the
code for the depth- rst version, because the only modi cation is to replace
the queue Q by a stack.

Rule 3

Left-First-Breadth-First-Unfold (P; v )

Initialize

T
=;
Q
= L (v)
visited[v] = false 8v 2 D(P )

while Q 6= ; do

pop (v; w) from the front of Q
T = T [ fvg
visited[v]= true
forall (w; x) 2 L (v) do
if visited[w] = false then
append (w; x) to Q
return Join (T );

Overlaps:

Left-First-Depth-First-Unfold is indeed the worst rule
we found | 57.3% of its unfoldings overlap. As we expected, Left-First-
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 31: Typical left- rst breadth- rst ((a), (c) & (e)) and left- rst depth- rst
unfoldings ((b), (d) & (f)). In particular, (a) and (b) have (local) overlaps.
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Breadth-First-Unfold produces less overlaps than Breadth-FirstUnfold: Only 16.9% of the unfoldings overlap.

Running time: The worst case time for nding a left- rst ordering for all
facets is O(jE (P )j log jE (P )j): In the case of the pyramid over an n-gon there
is a facet that is bounded jE (P )j=2 edges; hence we need O(jE (P )j log jE (P )j)

time to sort them. Thus, the overall running time of Left-First-. . . Unfold is O(jE (P )j log jE (P )j).

4.6 Shortest paths tree unfolding
An (up to this point) open conjecture of Fukuda was the following:
Cutting the boundary of a polytope along the edges of a shortest
path tree originating from a xed vertex of P leads to a nonoverlapping unfolding.
A shortest path tree of a graph G = (V; E ) with root v 2 V is a set of
edges T  E , such that the shortest path from every node w 2 V to v uses
only edges in T . Such a tree can, for example, be computed using Dijkstra's
algorithm [7].
We found a counterexample for this conjecture using the unfolding rule shown
below, which implements this conjecture; see Figure 33.

Rule 4
Shortest-Paths-Unfold (P; v )
for all edges e 2 G(P ) do
costs[v] = jjejj

// compute a shortest-paths tree in G w.r.t. costs.
T =Shortest-Paths-Tree (G; v; costs)
return Cut (P; T )

4.6.1 Variations
There are many thinkable choices for the root node of the shortest path tree:
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(a) Shortest-Path-Min-Unfold

Choose a node with minimal degree as the root node.

(b) Shortest-Path-Max-Unfold

Choose a node with maximal degree.

(c) Short-Shortest-Path-Unfold

Compute the shortest paths trees for every node, and use the shortest
tree as te cut tree. Here, the length of a tree is the sum of the lengths
of all edges in T .

(d) Long-Shortest-Path-Unfold

Likewise, use the shortest shortest paths tree as the cut tree.

Note that not all shortest paths trees of a graph necessarily have the same
length: Consider a graph consisting of a cycle (v1 ; v2); : : : ; (vn; vn+1 = v1 ),
where
 n ? 3 for i = 1
costs(vi; vi+1 ) = 1
otherwise.

Then, a shortest path tree with root v1 will contain the edge (v1 ; v2) (because
it is the shortest path from v1 to v2 ); it will not contain this edge if the root
is v2 ; hence, the two shortest-paths trees have the lengths n ? 1 and n ? 2,
respectively.
A straightforward implementation of this method is shown in Rule 5: For
each vertex v 2 V (P ), it computes the length of the shortest-paths tree with
root v and then cuts P along the edges of a shortest shortest-paths tree.
We omit the pseudo-code for Long-Shortest-Paths-Unfold, since it is
essentially the same as Short-Shortest-Paths-Unfold.

Rule 5
Short-Shortest-Paths-Unfold (P )
for all nodes v 2 G(P ) do
costs[e] = jjejj 8e 2 G(P )
Tv =Shortest-Paths-Tree (G; v; costs)
let Tmin be the tree of minimal length
return Cut (P; Tmin)
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 32: Shortest-paths unfoldings constructed by the unfolding rules intro-

duced on page 48 ((a){(d)) and 51 ((e){(h)). Figures (a) & (b) are nets of the same
cone, but with di erent root nodes (minimal & maximal degree). Figures (c){(h)
are di erent nets of a spherical polytope, obtained by the unfolding rules described
on page 48 and 51.
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Another idea is to nd a shortest path tree in D(P ) and use it as a join
tree, where the costs of an edge (f; g) 2 D(P ) is the distance between the
barycenter of f and the barycenter of g. This leads to four more shortestpaths unfolding rules.

(a0) Shortest-Path-Join-Min-Unfold

Choose a node with minimal degree as the root node.

(b0) Shortest-Path-Join-Max-Unfold
Choose a node with maximal degree.

(c0) Short-Shortest-Path-Join-Unfold

Compute the shortest-paths tree with minimal length.

(d0) Long-Shortest-Path-Join-Unfold

Compute the shortest-paths tree with maximal length.

Rule 6
Shortest-Paths-Join-Unfold (P; v )
for all edges (f1; f2) 2 D(P ) do
costs[e] = jjbarycenter(f1) ? barycenter(f2)jj
Tv =Shortest-Paths-Tree (G; v; costs)
return Cut (P; Tv )

Overlaps: After the variations of Steepest-Edge-Unfold, the best ve

variations of Shortest-Paths-Unfold immediately follow Steepest-EdgeUnfold in the ranking of page 93:
(-) Shortest-Paths-Unfold
3.1 %
(a) Shortest-Paths-Min-Degree-Unfold 14.7 %
(b) Shortest-Paths-Max-Degree-Unfold 15.7 %
(c) Short-Shortest-Paths-Unfold
3.6 %
(d) Long-Shortest-Paths-Unfold
2.3 %
0
(a ) Shortest-Paths-Join-Min-Unfold
3.4 %
(b0) Shortest-Paths-Join-Max-Unfold
3.1 %
0
(c ) Short-Shortest-Paths-Join-Unfold 19.2 %
(d0) Long-Shortest-Paths-Join-Unfold
11.0 %
Figure 32 shows nets produced with these unfolding rules; Figure 33 shows
a would-be net for each rule.
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Running time: A shortest-paths tree of G(P ) can be computed in time
O(jE (P )j log jV (P )j), which is of the same order as O(jF (P ) log jF (P )j),

since the number of facets, edges and vertices of P are linearly related. This
is also the total running time of Shortest-Paths-Unfold (P; v).
To determine the shortest or longest shortest-paths tree, we need jV (P )j
calls to Shortest-Paths-Tree; thus the unfolding rules that compute a
shortest or longest shortest-paths tree can be implemented to run in time
O(jV (P )j2 log jV (P )j).
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File: b-1-8-5.poly - tree type: shortest paths from max-degree node

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 33: A bad unfolding for each of the various . . . -Shortest-Paths-

. . . -Unfold() rules.
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4.7 Direction unfolding
The general idea behind the next class of unfolding rules is the following:
Let c 2 IR3 be an objective function in general position with respect to
P (again, see Ziegler's or Lovasz' Lecture notes for how to compute such
a vector explicitly, [42] & [26]), and let v? and v+ the lowest and highest
vertex of P w.r.t. c. With the exception of the unfolding rule presented in
Section 4.7.4 we want to obtain a net by choosing cut edges along (in some
sense) \straight" paths from v? to v+ (see Figure 34).
v+

v?
Figure 34

4.7.1 Steepest edge cut tree
A conjecture about the kind of cut paths that lead to a non-overlapping
unfolding was to cut along paths that are \as straight as possible". In this
case, we will interpret \straight" as \steep": If c is an objective function in
general position, here is one possible way to choose cut edges which belong
to (in some sense) \straight" paths: Let v? and v+ be the bottom and top
vertex of P w.r.t. c. For each vertex, we choose the steepest ascending edge
at that vertex as a cut edge. This should intuitively lead to straight paths
from v? to v+.
The union of these edges clearly forms a spanning tree of G(P ): If P has
n vertices, n ? 1 edges are chosen, and the resulting graph doesn't contain
a cycle. (Proof: Suppose there is a cycle. c is in general position w.r.t. P .
Hence the cycle has a lowest vertex v? with two ascending edges adjacent to
it, which is a contradiction.)
This rule is the most promising rule we found; Figure 35 shows a net.
While producing nets for almost all of our test polytopes, there are a few
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Figure 35: Net of a spherical polytope (400 vertices, 796 facets) constructed with

Steepest-Edge-Unfold.
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Rule 7

Steepest-Edge-Unfold (P; c)

T =;
for all vertices v 2 P; v 6= v+ do

Initialize

compute the steepest ascending edge incident to v (w.r.t. c),
i.e. the edge e = (v; w), for which

hc; v ? wi is maximal:
jv ? wj
T = T [ feg
return Cut (P; T )
polytopes (118 out of 9703, to be precise) where this rule produces would-be
nets; for example, for the polytope in Figure 36.

Overlaps: This rule is the one that produces the fewest would-be nets for
the set of test polytopes described in Section 4.2: Only 1.2% of the unfoldings
are would-be nets.
We also implemented several variations of Steepest-Edge-Unfold which
di er in the way they choose the objective function c. When comparing the
results of these unfolding rules, we discovered a surprising fact: Whichever
\cut direction" c was chosen, for all these rules there were roughly the
same number of overlapping unfoldings. Furthermore, for Steepest-EdgeUnfold (P; C ), there were always  110(10) polytopes for which it produced a would-be net.
We will reconsider a variation of this rule in Section 4.13.
Running time: The steepest edge incident to a node v can be found in
time O( (v)), where (v) is the number of edges incident to v. Each edge is
considered twice during the procedure, since each edge is incident to exactly
two nodes. Thus the running time is O(jE (P )j).
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(a)

(b)

(c)

(d)

Figure 36: A polytope P (a), its skeleton with steepest edges shown (thick lines)

in (b), the steepest-edge unfolding with overlaps (c) and a minimum-perimeter
net (d).
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4.7.2 Greatest increase cut tree
Another possible method to obtain \straight" paths is used in the following
rule. Here, for each vertex v except the highest vertex of P , among all ascending edges incident to v we choose the edge with greatest increase w.r.t. a
given objective function c in general position, that is, the edge e = (v; w) for
which
hc; w ? vi is maximal and positive:
The edges thus obtained form a spanning tree for the same reason as in Section 4.7.1. Figure 37 shows a net and a would-be net produced by GreatestIncrease-Unfold (P; c) for two di erent choices of c.

Rule 8

Greatest-Increase-Unfold (P; c)

T =0
for all vertices v 2 P do

Initialize

compute the edge with greatest increase (w.r.t. c) incident to
v, .i.e. the edge e = (v; w) , for which

hc; w ? vi is maximal:
T = T [ feg
return Cut (P; T )

Overlaps: 8.6% of the unfoldings overlap.
Running time: Analogously to
time is O(jE (P )j).

Steepest-Edge-Unfold the running

Variations
Up to now, we didn't say anything about the particular choice of c. We
investigated a few variations with both of the two unfolding rules above
(Sections 4.7.1 & 4.7.2):
(1) Compute a pair of diametral vertices p and q, and use c = p ? q as the
"cut direction".
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(a)

(b)

Figure 37: Two greatest-increase unfoldings of a spherical polytope obtained using
di erent objective functions. (b) is a would-be net.

(2) As (1), but use c = (p ? q) + r, where
r = (; 2; 3)
for a small  > 0, for perturbation.
(3) Choose a random vector c with jjcjj = 1.
It appears that the particular choice of c does not a ect the overall performance of Steepest-Edge-Unfold and Greatest-Increase-Unfold.

4.7.3 Flat edge unfolding
A rule which is in a sense \dual" to cutting the steepest ascending edge at
each vertex is, informally: Instead of cutting the boundary along \steep"
edges, we join facets along at edges (that is, along edges which are as
perpendicular as possible to a given vector c). One possible way to do this
is the following: Assign costs to each edge e 2 D(P ):
costs[e ] = hc; p ? qi ;
jjcjj jjp ? qjj
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where e = (p; q) is the corresponding primal edge of e . Then compute a
minimum spanning tree T of D(P ) w.r.t. these costs, and use this tree as the
join tree (see Rule 9).

Rule 9

Flat-Spanning-Tree-Unfold (P; c)

T =0
for all edges e = (p; q) 2 P do
let e be the corresponding dual edge of e
c;p?qi
let costs(e ) = jjchjjjj
p?qjj
compute a minimal spanning tree T in D w.r.t. costs
return Join (P; T )

Initialize

Overlaps: At rst sight one might assume that the unfoldings should be

similar to the ones produced by Steepest-Edge-Unfold (P; c). It turned
out that this is only half of the truth | Figure 38 shows a typical would-be
net of a spherical polytope, and the kind of overlaps this rule leads to. It is
almost the worst rule we came up with: 51.3% of its unfoldings overlap.

Running time: There are several algorithms to compute a minimum spanning tree of a graph G = (V; E ) eciently in time O(jE j log jE j) [7]. Thus
we yield a total running time of O(jE j log jE j).
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Figure 38: Typical at spanning tree unfolding of a spherical polytope.
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e

c

v

Figure 39: e is the rightmost ascending edge at v (w.r.t. c).

4.7.4 Cutting the rightmost ascending edge
Let c be a vector in general position and v? and v+ the lowest and highest
vertex of P w.r.t. c. For each vertex v 2 V (P ) n fv?g, we can then compute
the rightmost ascending edge incident to v (viewed from the inside of P ).
The collection of these edges, together with the \ attest ascending edge"
incident to v?, forms a spanning tree of G(P ): There are jV (P ) ? 1j edges.
Furthermore, there is at least one edge from a vertex w which is adjacent
to v+, such that (w; v+) is the rightmost ascending edge emanating from w:
Suppose otherwise, then the rightmost ascending edges of all nodes adjacent
to v+ would form a cycle. This is impossible, since they are all strictly
ascending.

Rule 10

Rightmost-Ascending-Edge-Unfold (P; c)

v? = the minimal vertex of P w.r.t. c
b = the barycenter of P
T =;
for all vertices v 2 P do
let e = (v; w) be the rightmost ascending edge incident to v,

Initialize

i.e. the edge, for which

hw ? v; ci > 0; and
jjw ? vjj jjcjj
det(c; jjvv??bbjj ; jjww??vvjj ) maximal
T = T [ feg
return Cut (P; T )
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Overlaps: We expected this rule to produce unfoldings like the ones ob-

tained by Left-First-Depth-First-Unfold. Not behaving as expected,
a mere 12.8% of the unfoldings produced by this rule overlap.
Figure 40 shows a few typical unfoldings produced by Rightmost-AscendingEdge-Unfold. For the objective function c, we tried the same choices as
for Steepest-Edge-Unfold; the particular choice of c, however, did not
in uence the overall performance of this rule.

Running time: The statements in the for-loop can be implemented to run

in constant time; each edge is considered exactly twice during the execution
of the whole rule; thus the total running time is O(jE (P )j).

4.7.5 Normal order unfolding
A \natural" order of the facets is as follows: Let c be a vector in general
position, and for each facet compute the angle f between c and the normal
vector on f . Then let L = (f1 : : : ; fm ) be a list of all facets of P such that
i  j if i < j . We start with T = ff1 g as the initial tree and then
incrementally build a join tree as follows: Let fi be the rst facet in L that
is adjacent to a facet fj 2 T . Add the (dual) edge (fi; fj ) to T , and remove
fi from L.
As before, there are many possible ways to choose fj , if fi is adjacent to more
than one facet in T . We settled for the same rules as in Section 4.8 above:
Min

Max
Flat

Choose fj such that j is minimal, that is, choose fj to be a facet that
has been embedded as early in the process as possible | this should
result in breadth- rst search like join trees,
Choose fj such that j is maximal | this is expected to produce depthrst search like join trees,
Choose fj such that the primal edge e shared by fi and fj is as \ at"
as possible, that is, the (absolute) angle between e and c is maximal,
and
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(a) Cubical polytope, 40 vertices

(b) Icosahedron

(c) Spherical polytope, 300 vertices

(d) Turtle polytope T (3; 4)

Figure 40:
Unfold.

Unfoldings constructed with Rightmost-Ascending-Edge-
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Long

Choose fj such that the primal edge e shared by fi and fj is as long as
possible.

The tree T constructed as above is a spanning tree of D(P ) again: At any
time during the construction, T is connected and contains jT j ? 1 edges;
therefore, it must be a tree.

Rule 11

Normal-Order-Unfold (P; c)

m = jF (P )j let nf be the normal vector on fi for i = 1; : : : ; m
hnf ; ci for i = 1; : : : ; m
i = arccos
jjcjj
Let L = (f1 ; : : : ; fm) be the sequence of all facets, such that
1 < 2 < ::: < m
t = ff1g
while L 6= ; do
Let fi be the rst facet in L that is adjacent to a facet in T
fj = Choose-Adjacent-Tree-Facet (fi)
let e be the common edge of fi and fj
T = T [ feg
L = L n feg
return Join (P; T )
i

i

Overlaps: 15.5% of the unfoldings overlapped.
Running time: The computation of 1; : : : ; m can be done in O(jF (P )j),
sorting them takes O(jF (P )j log jF (P )j). Finding the rst facet in L which
is incident to a given facet g can be done in O( (g)); since each facet is a
candidate for being the rst facet in L at most as often as its number of neighbours, the total time for these lookups during the algorithm is O(jE (P )j),
which leads to a total running time of O(jF (P )j2 log jF (P )j).
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(a)

(b)

(c)

(d)

Figure 41: Two pairs of di erent unfoldings of the turtle polytope T (2; 4) ((a) &
(b)) and the cyclic polytope C3 (11) ((c) & (d)), using di erent objective functions
for Normal-Order-Min-Unfold.

66

(a)

(b)

(c)

Figure 42: An overlapping unfolding for each of the remaining variations of
Normal-Order-Unfold (): Max (a), Long (b) & Flat (c).
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4.8 Shellings
A shelling is a special ordering of the faces of P and does not have much to do
with unfolding at rst sight. The idea of using them to construct unfoldings
comes from the proof of a theorem by Bruggesser & Mani, which guarantees
the existence of shellings with a special property [6].

De nition 4.2 (Pure)
A polyhedral complex C is pure, if each of its facets is contained in a facet
of dimension dim(C ) (i.e. all inclusion-maximal facets of C have the same

dimension.

This is clearly the case for the boundary complex B(P ) of a polytope.

De nition 4.3 (Shelling)
Let C be a pure k-dimensional polytopal complex. A linear ordering of its
facets (f1; f2; : : : ; fr ) is a shelling if either C is 0-dimensional or the following
conditions hold:

(i) The boundary complex C (@f1 ) has a shelling.
(ii) For 1 < j  r the intersection of fi with the previous facets is nonempty and is a beginning segment of a shelling of the (k?1)-dimensional
boundary complex of fj , i.e.

[

j ?1

fj \ ( fi ) = g 1 [ : : : [ g s
i=1

for some shelling (g1; : : : ; gs; : : : ; gt) of C (@fj ), and 1  s  t.
A polytope is shellable, if its boundary complex C (@P ) has a shelling.
It is not dicult to prove that every polytope is shellable [6], [42]. For
3-dimensional polytopes, this means in particular: For every 3-polytope
P there exists an ordering (f1; : : : ; fr ) of its facets such that for each i 2
f1; : : : ; rg the intersection

fi \

[

i?1

j =1
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(b)

Figure 43: Two 2-dimensional complexes, a shellable (a) and a non-shellable one
(b): When adding the last one of the facets incident to the bottom right vertex,
condition (ii) of De nition 4.3 will be violated since the intersection with the
previous facets is not pure 1-dimensional. If you omit one of the facets 5 or 6, the
remaining complex is shellable.
is a non-empty set of edges of P .
Here is the way back to unfolding polytopes: If (f1; : : : ; fr ) is a shelling of a
polytope, we can start with an embedding of f1 and construct an unfolding
by successively joining the remaining facets | in the order they appear in
the shelling | to one of the facets f1 ; : : : ; fi?1 , because the intersection with
at least one of the latter is an edge of both facets.

Theorem 4.1 (Bruggesser & Mani [6])
Let P 2 IRn be a polytope. Let x 2 IRd a point in general position w.r.t. P
and outside of P . Then the boundary complex C (@P ) has a shelling in which
the facets of P that are visible from x come rst.

A facet f  P is visible from x if for every y 2 F the closed line segment
[x; y] intersects P only in y.
(Idea of the) proof [42]: Given P and x, choose a shelling line ` through
x and an interior point p of P . Assume ` is not parallel to any of the facet
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x
f2 f1
p

f3

`
Figure 44: Illustration for the proof of Theorem 4.1.
hyperplanes aff(f ), such that the intersections of ` \ aff(f ) are distinct, and
orient it from p to x. Let f1 be the facet where ` leaves P . Now imagine a
rocket that lifts o of f1 and ies along `, away from P . Since the intersections
` \ aff(f ) are all distinct, as the rocket ies o \to in nity", facets of P will
appear at the horizon, one by one (see Figure 44). Then, let the rocket
\pass through in nity" and come back to P from the other side. After that,
the remaining facets of P will disappear on the horizon, one by one again.
The thus obtained ordering of the facets is a shelling and, since the rocket
eventually passes through x, in the shelling the facets visible from x come
rst.
(2)
At rst sight, this looks like an ordering of the facets similar to the one
from the previous section, but it isn't: The normal ordering of the facets
is completely determined by the objective function c, whereas for a speci c
direction of the shelling line there can be di erent shelling orders, depending
on where the shelling line intersects P . In particular, given two distinct facets
f1 and f2 of P , there is always a shelling order in which f1 is rst and f2 is
last (just choose a shelling line through the interiors of f1 and f2 ).
A remaining point is that each facet f might be adjacent to more than one
facet appearing prior to f | so, which facet should we join it to? There
are many thinkable ways to make a decision here { we decided to try ve
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Rule 12

Shelling-Unfold (P )

Initialize

T =;
S = (f1 ; : : : ; fm) a shelling order of
P 's facets like in the proof of

for i = 2; : : : ; m do

Theorem 4.1.

fj =Choose-Adjacent-Prior-Facet (fi; S )
T = T [ f(fi; fj )g
return Join (P; T )

(*)

di erent strategies:
Choose-Minimal-Index (fi ; S ) Select the facet f

2 S for which
j = k=1min
fk j fi & fj are adjacentg
;:::;i?1

Choose-Maximal-Index (fi ; S ) Select the facet f

2 S for which
j = k=1max
fk j fi & fj are adjacentg
;:::;i?1

Choose-Flat-Edge (fi ; S ) Let fe1 ; : : : ; ek g be those edges of fi , for which

the facet fi+(e) 2 S , and let
sj = jjheejjj ;jjccijj ; j = 1; : : : ; i ? 1;
where c is the objective function used to obtain the shelling. Select the
facet fi+(ej ) such that sj is as small as possible | that is, such that
the (absolute) angle between c and ej is as big as possible, or, in other
words, such that the edge is as \ at" as possible, w.r.t. c.
Choose-Long-Edge (fi ; S ) Let fe1 ; : : : ; ek g be the edges of fi , for which
the facet fi+(e) 2 S , and let emax be the longest such edge. Select the
facet fi+(emax).
Choose-Min-Normal-Difference (fi ; S ) Among all facets ffj j j < ig,
choose f such that the di erence of the normal vectors of the two facets,
jnf ? nf j, is as small as possible.
i
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Overlaps: Here it is of great importance, how the joining facet is chosen in

step (*) of Rule 12: Selecting the facet that comes rst in the shelling order
(Choose-Minimal-Index) leads to breadth- rst search like unfoldings and
| not surprisingly then | a similar performance: 24.9% of the unfoldings
overlap. Likewise, Choose-Maximal-Index leads to depth- rst search like
unfoldings with almost equally many overlapping unfoldings: 47.1%. The
remaining three variations lie in between these two (see the \Statistics" Section 4.11 for more detailed gures).

Running time: For each facet f , the intersection of aff(f ) with the shelling
line can be computed in time O(1), sorting the intersection points on the
shelling line takes O(jF (P )j log jF (P )j), which also is the total running time.
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(a) Min-Index

(b) Max-Index

(c) Flat-Edge

(d) Long-Edge

(e) MinDiff

Figure 45: Five di erent unfoldings of the same polytope, obtained by ShellingUnfold, using the ve di erent rules to select the adjacent facet.
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4.9 Incremental unfolding
Up to now, we use a three-step procedure:
(1) Compute a spanning tree of G(P ) or D(P ).
(2) Compute the unfolding of P according to this tree.
(3) Check the unfolding for overlaps.
Since this didn't succeed, we will now try a di erent approach:
(1) Start with embedding a single facet. While there are still unaccountedfor facets left, join them to the net one by one, possibly taking into
account how the partial net constructed thus far looks like, and/or the
positions at which they can be joined.
(2) Check the resulting net for overlaps.
In order to avoid writing \already accounted-for facet", \facet which is not
yet embedded and has an embedded neighbouring facet in N " and the like
over and over again during the descriptions of the layout processes, we introduce a little more notation:

De nition 4.4

For a ( nished or partial) net, let @ (N ) be the set of edges e where exactly
one of the facets incident to e is in N ; that is, @ (N ) is the boundary of N .
Let @  (N ) = fe = (f; g) j e 2 @ (N ); f 2 @ + (N ); g 2 @ ? (N )g.
Let @ + (N ) be the facets incident to edges in @ (N ) that are not (yet) in N
(the \to do list") and @ ? (N ) be the facets of N which are incident to edges
in @ (N ).
Obviously, if N is nished, then

@ (N ) = @  (N ) = @ + (N ) = @ ?(N ) = ;:
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f3
e3

f1
f0

f1

f3

e1

f0
f2

f2

e2

Figure 46: A partial net of a tetrahedron; @ (N ) = fe1 ; e2 ; e3 g (indicated by thick
lines), N = @ ? (N ) = ff0 g, @ + (N ) = ff1 ; f2 ; f3 g, fi = f0+(ei ) for i = 1; 2; 3.

4.9.1 Nearest facet rst
The rst unfolding rule illustrates what we mean by \taking the current
partial net into account". It results in unfoldings similar to those obtained
by breadth- rst join trees, and works as follows: We start with some facet
f of P , and compute the barycenter b (of it's unfolded image fN ). Then
we incrementally join the facets of P to the unfolding along an edge whose
midpoint is as near to b as possible.
This amounts to the heuristic \if a facet is near the rst facet f of the
unfolding (the center facet) on P , then it should also be near fN in the
unfolding of P ".

Rule 13

Nearest-Facet-First (P )

choose a facet f
N = ffN g = Layout (f )
compute the barycenter b of fN
while @ + (N ) 6= ; do
let e 2 @ (N ) be an edge such that is midpoint has minimal
distance to b among all edges in @ (N )
N = N [ Layout (e+ ; e?).

return N
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 47: Unfoldings obtained by Nearest-Facet-First.

Overlaps: 20.51% of the unfoldings overlapped.
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Running time: The distance of a facet f from b (w.r.t. a bounding edge

of f ) can be computed once the boundary edge becomes a member of @ (N ).
Using a priority queue as a data structure for @ (N ), where insertion and
deletion of an item takes O(log jN j) time and the extraction of the edge with
minimal distance can be done in O(1) time, all updates of @ (N ) can be done
in time O(jE (P )j log jE (P )j), since each edge is inserted and removed from
@ (N ) exactly once. This yields a total running time of O(jE (P )j log jE (P )j).

4.9.2 Place high vertices far away
The next unfolding rule is sort of the \other side of the coin", compared to the
previous one: For a polytope P and an height function c in general position,
let one of the facets incident to the lowest vertex of P be the start facet, and
for each facet fi 2 F (P ) let fimax be the highest node of fi . Furthermore, for
a facet f 2 @ +(N ) and an edge e 2 f , let f max(e) be the image of f max if f
is joined to the unfolding along e.
After embedding a start facet and computing its barycenter b, in each further
step we join a facet f along an edge e 2 @ (N ) (i.e. f = e+ ), such that the
distance between b and f max(e) is as large as possible.
The rationale behind this strategy is that \if a vertex is the highest vertex
of a facet f , we want it to have the greatest distance from the center of the
unfolding".
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 48: Unfoldings obtained by Highest-Vertex-Far-Away.
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Rule 14

Highest-Vertex-Far-Away (P )

let c 2 IR3 n f0g
let f0 be one of the facets incident to the lowest node of P
N =Layout (f0 )
and compute the barycenter b of the embedding of this facet.
compute the height height(v) = hv; ci of each vertex of P .
for all facets f  P; f 6= f0 do
compute the highest node f + of f w.r.t. c
while @ + (N ) 6= ; do
for all edges e 2 @ (N ) do
compute the mid-point of me of e
compute df = f+ ? me
choose the facet for which hme ? b; dei is maximal, and
embed it
return Check (N )

Overlaps: 40.2% of the unfoldings overlapped.
Running time: As before, using a priority queue as the data structure for
@ (N ) yields a total running time of O(jE (P )j log jE (P )j).
4.9.3 Outward-pointing facets
The dream of nding unfoldings like the one in Figure 35 is still alive. Our
next attempt to nd such unfoldings in general is to join facets to the current
partial net if they \point away" from some center facet of the unfolding. First,
we de ne what we mean by \point away" here.

De nition 4.5 (Opposite)

Let p = (p1; : : : ; pk ) be a polygon, where p1 ; : : : ; pk are the vertices of p in
counterclockwise order. For an edge e = (pi; pi+1) of p, let
p
if k is odd,
opposite(p; e) = 1i(+pk=2 mod k + p
)
if
k is even.
i+k=2+1 mod k
2 i+k=2 mod k
See Figure 49 for a sketch.
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opposite(p; e)
p3

p4
e
p1

opposite(q; f )
q4

q5

p2

q3
q1

f

q2

Figure 49
Now let N be a partial net, b a point in the interior of a polygon in N ,
and e 2 @ (N ). We say that the facet f = e+ points away from b when
joined along e, if b and opposite(fN ; e) lie on di erent sides of fN , where
fN =Layout (f; e?).
For an edge e 2 @ (N ), let me be its midpoint. During the construction of
N , in each step we choose a facet f 2 @ + (N ) for which the absolute angle
between the vectors
me ? b and opposite(f; e) ? me
is minimal; here e denotes the edge along which f is joined to N .

A di erent notion of \pointing away"
Here is a di erent plausible de nition of \outward-pointing": For an edge
e = (v1; v2 ) 2 @ (N ), let fn =Layout (e+ ; e?), and let e1 = (v1; w1) and
e2 = (v2 ; w2) be the two edges of the polygon fN which are incident to e.
Furthermore, let b be an interior point of a polygon in N . We say that the
facet f = e+ points away from b when joined along e, if the points
1 (w + w ) and b
2 1 2
lie on di erent sides of aff(e) (see Figure 51).
In the unfolding rule we then choose an edge e 2 @ (N ), such that the absolute
angle between
((w1 ? v1 ) + (w2 ? v2)) and ((v1 ? v2) ? b)
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f3
me2

me3

me 4

f2

f0
me1
f1

f4

Figure 50: Facet 0 is done; in the next step Outward-Pointing-Unfold-I ()
will take facet f3 , because the absolute turn angle at me3 is minimal.

f1
f2

f0
f3

Figure 51: f3 is the \best" face by the rst de nition of \outward", f2 by the
second de nition.
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Rule 15

Outward-Pointing-Unfold-I (P )

choose a start-facet f
N =Layout (f )
compute the barycenter b of f
while @ + (N ) 6= ; do
for all edges e = (p1; p2) 2 @ (N ) do
let me = 21 (p1 + p2 )
compute de = opposite(f; e) ? me
let e be an edge such that the absolute turn angle

arccos hme ? b; dei
jjme ? bjj jjdejj

is minimal

N = N [ Layout (e+ ; e?)
return N
is as small as possible.
We omit the pseudo-code for Outward-Pointing-Unfold-II here, since
it is essentially the same as Outward-Pointing-Unfold-I, except for the
line where the \outward-pointingness" is computed.
As yet, in the preceding two unfolding rules, we left open how the rst facet
is chosen. That, however, does not in uence the overall performance of the
two rules, so we resorted to taking a randomly chosen facet of P as the start
facet.

Overlaps: In Outward-Pointing-Unfold-I, 42.5% of the unfoldings
overlapped; for the second version, overlaps occurred in 36.7% of the test
polytopes.

Running time: Again we can use a priority queue to implement @ (N ) and
yield a running time of O(jE (P )j log jE (P )j).
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 52: Unfoldings obtained by the rst ((a), (c)& (e)) and second ((b), (d) &
(f)) version of Outward-Pointing-Unfold.
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e02
e3

e01

e03

e2
e3

e1

e01

e2

e1

Figure 53: A partial net with an overlap, and a simple modi cation to \repair"

it.



f1

f2

e1
e1 (f1)

e2
e2 (f2 )

Figure 54: Projection of a facet to the ane hull of one of its edges.

4.9.4 Avoid \hanging facets"
A frequently occurring kind of overlap is a local overlap: Two facets overlap
which are adjacent on P . Although this can be repaired by the operation
shown in Figure 53, the aim of the following rule is to avoid this kind of
overlap altogether.
One observation is that local overlaps are often caused by hanging facets. If
we join a new facet f to an unfolding along an edge e, we say the facet hangs
over e, if the projection e (f ) of f onto aff(e) is strictly longer than e, i.e.

jje(f )jj > jjejj;
or, equivalently, if the angle between e and at least one of the edges incident
to e is larger than =2 (see Figure 54).
The unfolding rule then works as follows: Starting with a rst facet f0 with
barycenter b, in each step,
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- if there is at least one edge e 2 @ (N ), such that e+ does not hang over
e: let e~ be the edge where

jjb ? me~jj is as small as possible:
(Here me is the midpoint of an edge e.) Join e~+ along e.
- otherwise, join the next facet along an edge e where

jje(e+)jj ? jjejj is as small as possible.

Rule 16

Avoid-Hanging-Facets (P )

`max = 0
min = 1
choose a facet f
N =Layout (f )
while @ + (N ) 6= ; do
for all edges e 2 @ (N ) do
f = e+
let succ(e) and pred(e) be the succeeding and preceding edge
of e along f , respectively.
e = max(j^(e?; e)j; j^(e; e+)j):
if e < min then
min = e
emin = e
`e = jjejj
if `e > `max then
`max < `e
emax = e
if emax < =2 then
N = N [Layout (e+max ; e?max)

Initialize

else

N = N [Layout (e+min; e?min)
return N

Overlaps: 16.5% of the unfoldings overlapped.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 55: Unfoldings obtained by Avoid-Hanging-Facets.
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Running time: This time we use two concurrent priority queues for @ (N )

| one where the sorting criterion for the edges in @ (N ) is the length `e, and
one for which the sorting criterion is e, and we can always compute these
two values before inserting an edge into @ (N ). This, again, leads to a total
running time of O(jE (P )j log jE (P )j) if we implement the for-loop of Rule 16
using the priority queues.

4.10 Last resorts
One class of methods which we left out until now are the \last resort" methods: Provided that a given polytope has a net, there are a number of methods
that will de nitely nd it. As good as this may sound, they all have a major
drawback in common: Their application will most likely (or even most definitely, like the enumeration approach in the next section) spend inordinate
computation time even for small polytopes with, say, 50 vertices.

4.10.1 Spanning tree enumeration
A possible way to nd out whether a speci c polytope has a net is to enumerate all spanning trees of its graph, compute N =Cut (T ) for each tree
and check whether the resulting unfolding is a net.
It is possible to enumerate all spanning trees of a graph G = (V; E ) in time
O(jV j + jE j + jE jN ), where N is the number of spanning trees; a spanning
tree enumeration algorithm is presented in [18]. The number N of spanning
trees, however, can be exponential in the size of the graph, which makes this
method even more impractical:

Theorem 4.2 (Read & Tarjan, [33])

A connected graph G = (V; E ) has at least 2t spanning trees, where

&

'

p

t = ?1 + 1 + 8 2(jE j ? jV j + 1) :
Evaluating this lower bound for even small polytopes with, say, 100 vertices,
leads to expected computation times of several years on the computers we
used. Therefore, we didn't pursue this approach further.
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4.10.2 Backtrack unfolding
The following rule is a \brute force" strategy which also will produce a net
for a given polytope, if the polytope has a net at all. The basic idea for the
algorithm (as it is described in [13]) is backtracking :
1. begin by choosing a face f ; N = Layout (f )
2. repeat:
(a) choose a face f with neighbour g in @ + (N )
(b) check whether p =Layout (g; f ) overlaps any other facet in N
(c1) if there are no overlaps:N = N [ fpg; goto (2 a)
(c2) if there is an overlap: check whether f has other neighbours g0 in
@ + (N ) and go back to (2 b), using g0 in the role of g;
(d) if all neighbouring facets of f have been considered, go back to
(2 a) and try to nd an alternative choice for f ;
(e) if all facets in @ +(N ) have been tried without success, announce
failure.
A more pseudo-code like, recursive implementation of this algorithm is shown
in Rule 17. Here, unlike in the other rules, (N ) is a reference parameter, such
that in every level of recursion, Backtrack-Unfold (P; (N )) operates on
the same instance of N .
This approach actually works, at least with small input polytopes, i.e. polytopes with few facets. For larger polytopes Backtrack-Unfold will spend
inordinate computation time in many cases. Figure 56 below shows the
computation time needed4 to generate a net for a subset of our test polytopes. The major point this diagram illustrates is: In practice BacktrackUnfold (as presented in rule 17) either nds a net within a few seconds, or
it takes several hours (or even days) to produce a net (see Figure 56).
There are two points in this rule that considerably in uence the running time:
One is the order in which the facets are chosen. Another question is, if a facet
f has been chosen as the next facet, and f is adjacent to two or more facets in
4

All measurements were made on a Sun 4/20 workstation.
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Rule 17
Backtrack-Unfold (P; (N ))
if N = ; then
choose a facet f
N = Layout (f )

return Backtrack-Unfold (P; N )
else
if @ + (N ) = ; then
return true
else
forall f 2 @ ? (N ) do
forall g 2 @ + (N ) that share an edge with f

pf = Layout (f; g)
if p does not intersect with N
N = N [ fpf g
if Backtrack-Unfold (P; N ) = true

return false

(*)
(**)

return true

@ ? (N ), and all possible placements of f would be feasible, which facet should
be chosen as the neighbouring facet in the net? To make BacktrackUnfold fast, appropriate \tuning" has to be done | otherwise this method
will perform badly, as the graphs in Figure 56 show.
One application where Backtrack-Unfold was useful was in repairing
would-be nets: We implemented a slight modi cation of the rule, such that
given a join tree T , the pairs of facets chosen in steps (*) and (**) of Rule 17
correspond to edges in T . That is, given some join tree T of P which leads
to few overlaps, P is unfolded according to T as far as possible; then the
remaining facets are joined to the unfolding using normal backtracking. This
approach worked well (i.e. fast) for polytopes with up to 150 vertices; beyond
that, computation time again increased considerably.
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(a) Computation time needed by Backtrack-Unfold for
1000 random spherical polytopes with 4{108 vertices.
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(b) Computation time shown only if it is less than 100
seconds.

Figure 56
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4.11 Statistics
We have summarized the performance data for the unfolding rules in Table 1
on page 93.
Above all else, Steepest-Edge-Unfold | one of the simplest rules we
presented | produces the least overlapping unfoldings. The second and third
row of Table 1 show the performance of two variations of Steepest-EdgeUnfold that di er in the choice of the cut direction: Steepest-EdgeDiam computes two diametral vertices v and w of P , and uses w ? v as the
cut direction; Steepest-Edge-Rnd-Vertex selects two random vertices
v and w, and also uses w ? v as the cut direction. We implemented several
more variations, and the result remained the same: For every deterministic
or non-deterministic choice for the cut direction we came up with, 1{2% of
the resulting unfoldings overlapped.
Contrary to our expectation that the at polytopes will turn out to be the
toughest input for many unfolding rules, in fact the turtle polytopes lead to
the most would-be nets.
Even Steepest-Edge-Unfold produces overlapping unfoldings for almost
half of them. It is easy to see why the turtles have many overlapping unfoldings. Consider the sketch of a (part of a) turtle surface in Figure 57(a).
Figure 57(b) shows how to cut the boundary in order to obtain an overlap.
In fact, this kind of cut is possible at many vertices of a turtle polytope.

(a)

(b)

Figure 57: How to construct an overlap in a turtle unfolding.
A further (rather subjective) observation one can make in Table 1 is that the
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\less complicated" an unfolding rule is, the less overlaps it produces.

4.12 Finding an \unfolding rule cover"
After implementing and testing all unfolding rules described up to this point,
not having found a single rule that suced to unfold all polytopes, we looked
for a minimal set of unfolding rules, such that given a polytope, at least one
of the rules produces a net for it.
For this purpose, let P1; : : : ; P9703 be the test polytopes, and let the unfolding
rules be R1 ; : : : ; R34. De ne

ui;j =

1



if Rj produced a net for Pi, ; 1  i  9703; q  j  34;
0 otherwise.

0
1
u1;1    u1;9703
... C
U =B
@ ...
A

and

u34;1    u9703;34
Finding such a minimal set of unfolding rules, such that at least one of them
unfolds every given polytope from our test set, amounts to nding a minimal
number of columns of U , such that in each row of this sub-matrix there is at
least one 1. This can be done by solving the integer program
minimize

34
X

i=1

xi such that Ux  1 ; xi 2 f0; 1g:

Although nding a solution for the integer program above is known to be

NP-hard in general [20], cplex | a linear and integer program solver [8]

| found a solution within a few seconds. It turned out that for our test
polytopes there are several triples of unfolding rules such that at least one
of them produces a net. In Table 2, each column describes one such triple.
Two observations can be made here: First, Steepest-Edge-Unfold is in
every such triple. Second, in every unfolding rule triple except for the rst
one, there is a variation of Shortest-Paths-Unfold involved.
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Steepest-Edge
Steepest-Edge-Diam
Steepest-Edge-Rnd-Vertex
Long-Shortest-Path
Random-Shortest-Path
Shortest-Join-Maxdegree
Shortest-Join-Mindegree
Short-Shortest-Path
Greatest-Increase
Long-Shortest-Join
Rightmost-Edge
Normal-Order-Long
Min-Perimeter
Shortest-Path-Mindegree
Shortest-Path-Maxdegree
Breadth-First
Avoid-Hanging
Left-First-BFS
Short-Shortest-Join
Shelling-Min
Normal-Order-Max
Normal-Order-Min
Normal-Order-Flat
Shelling-Flat
Shelling-Long
Nearest-Facet
Outward-II
Highest-Node-Far
Outward-I
Shelling-Diff
Shelling-Max
Depth-First
Flat-Tree
Left-First-DFS

?

|
0.9
1.5
2.7
5.4
8.4
7.5
12.3
9.8
18.4
16.2
13.2
13.2

31.2
37.4

26.7
26.9
25.3

49.7

45.6
46.8
47.0
36.0
49.7
29.9
27.8
38.5
45.4
43.1
38.8
39.4
57.3
46.1
46.5
25.8

-Sph
e
Trun rical
Tetr cat
ahed ed
ra

|
0.7
0.7
0.6
0.7
0.3
1.0
1.0
2.2
6.1
5.7
1.9
1.9
8.8
9.4
7.5
8.8
8.1
10.9
13.9
14.4
14.4
14.5
17.7
12.0
18.7
19.8
25.1
25.1
18.9
18.5
30.3
29.6
28.1
10.5

Half

| |
| 0.6
| |
| 0.6
| |
| 0.3
| |
| 0.6
| |
| 0.5
| |
| 0.4
| |
| 0.4
| |
| 0.6
| |
| 10.6
| | 45.6 10.0
4.0 |
| 15.4
| |
| 20.5
4.0 |
| 20.5
| | 17.3 11.5
| | 17.3 11.5
| |
| 17.1
4.0 |
| 17.5
| |
| 17.9
| | 2.1 12.1
| | 41.3 20.1
| | 39.1 30.3
| | 39.1 30.5
| | 30.4 33.4
4.0 | 29.1 30.5
4.0 | 4.3 44.8
8.0 |
| 47.5
4.0 7.1 30.4 49.3
8.0 | 8.6 54.4
8.0 | 6.5 59.8
4.0 | 41.3 61.1
4.0 | 26.0 67.1
12.0 | 82.6 60.4
16.0 21.4
| 66.2
12.0 | 91.3 78.3
2.6 0.9 16.1 23.7

Turt
le

Spec
ial
Pris
ms
C yc
lic
Sph
erica
l
Cub
ical
Flat

Unfolding rule

Table 1: Ranking of the unfolding rules w.r.t. the rate of overlapping unfoldings
they produce (in %). The rightmost column and bottom row show the overall rate
of overlapping unfoldings per rule and per polytope kind, respectively.
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?

| 1.5 1.2
16.6
| 5.2 1.2
33.3
0.5 5.7 1.5
56.2
2.2 6.2 2.3
64.5
| 10.4 3.1
54.1
| 8.3 3.1
58.3
1.1 10.4 3.4
33.3
| 8.3 3.6
58.3
13.9 2.6 8.6
| 13.9 11.4 11.0
4.1 22.9 11.9 12.8
22.9
20.6 3.6 13.1
31.2
20.6 5.2 13.4
| 21.2 16.6 14.7
| 21.2 15.1 15.7
52.0
21.7 12.5 16.4
29.1 33.5 4.6 16.5
64.5
22.9 13.0 16.9
| 26.8 27.0 19.2
| 49.1 28.6 24.9
50.0
23.4 18.7 27.9
50.0
23.4 18.2 28.0
14.5 58.6 19.7 29.1
2.0 65.9 32.2 31.0
27.0 70.3 23.4 32.1
50.0 66.4 19.2 32.2
68.7 75.9 16.1 36.7
35.4 77.0 19.7 40.2
64.5 76.5 28.1 42.5
27.0 77.0 25.1 44.2
52.0 83.7 20.8 47.1
70.8 81.5 27.6 49.2
85.4
70.9 40.1 51.3
83.3
79.8 31.2 57.3
37.5
34.3 15.5 20.7

45.0

Unfolding rule

Steepest-Edge-Unfold
Greatest-Increase-Unfold
Shelling-Min-Unfold
Min-Perimeter-Unfold
Shelling-Flat-Unfold
Shortest-Path-Min-Unfold
Shortest-Path-Max-Unfold
Shortest-Path-Join-Min-Unfold
Shortest-Path-Join-Max-Unfold
Short-Shortest-Path-Unfold
Long-Shortest-Path-Unfold

Unfolding \cover"










































Table 2: Each column describes a triple of unfolding rules, such that for each test
polytope there is at least one rule that unfolds it.

4.13 Steepest edge unfolding revisited
As far as the overall performance is concerned, a surprising fact about Steepest-Edge-Unfold (P; c) is that it does not seem to matter how c is chosen,

as long as it is in general position. In particular, selecting a random vector
on the unit sphere leads to similar results. Furthermore, if Wc is the set
of would-be nets produced by Steepest-Edge-Unfold (P; c), for di erent
random c and c0, the size of the intersection jWc \ Wc0j was always less than
40, and very often even empty.
This led us to a rule Steepest-Edge-Loop (P ) that repeatedly calls SteepestEdge-Unfold (P; c) with a random vector of length 1, until the unfolding
is a net (see Rule 18. This rule produced a net for all test polytopes, and, in
the sequel, for more than 50 000 randomly generated spherical and cubical
polytopes with 4 : : : 1000 vertices:
Although especially the random choice of c does not seem a promising approach to nding a proof that this rule even terminates eventually, we conjecture that it does, and have convincing empirical evidence supporting this
conjecture: The main loop in Steepest-Edge-Loop (P ) was executed
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Rule 18
do

Steepest-Edge-Loop (P )

let c = (c1 ; c2; c3) be uniformly distributed on the unit sphere.

Ensure that c is in general position
N =Steepest-Edge-Unfold (P; c)
until N is a net

return N
once
twice
three times
four times
ve times
six times
seven times:

in  98:8% of the runs
in  0:79% of the runs,
in  0:39% of the runs,
in  0:19% of the runs
in  0:015% of the runs,
in  0:0025% of the runs (i.e. 124 times out of 50 000), and
never (!)

Thus, the above observation gave rise to the following conjecture:

Conjecture:

For every 3-dimensional polytope P there exists a vector c 2 IR3 ,
such that Steepest-Edge-Unfold (P; c) produces a net of P .

4.14 Shortest paths unfolding revisited
Since the variations of Shortest-Paths-Unfold also produced few overlaps, we also implemented a Shortest-Paths-Loop rule, that considers
all vertices of the polytope in random order, computes the corresponding
shortest-paths tree, and unfolds it according to this tree | until the unfolding is a net.

95

Rule 19
Shortest-Paths-Loop (P )
for all vertices v 2 V (P ) do

N =Shortest-Paths-Unfold (P; v)

if N is a net
return N
return ; // return ; to indicate failure
Using this rule (see the pseudo-code in Rule 19), we we obtained nets for
all our test polytopes, too. It is, however, much more expensive (in terms
of computation time) than Steepest-Edge-Loop: The turtle polytope
T (6; 6) turned out to be the toughest input here | 163 out of 169 shortestpaths trees lead to overlaps (see Figure 58).
We conjecture that there are polytopes for which no shortest paths tree leads
to a net.
Bad unfoldings left
100
90
80
70
60
50
40
30
20
10
0
0

20

40

60

80

100

120

140
160
Number of calls

Figure 58: Number of calls to Shortest-Paths-Unfold (P; v) needed (each call
with a di erent choice of v) to unfold all 9703 test polytopes; the diagram shows
only those for which the rst unfolding did not succeed.
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5 Conclusion
The open questions and conjectures mentioned in Section 3 (except for the
shortest-paths tree conjecture) are still open. We still believe the answer to
the main question to be positive, namely, that every 3-polytope has a net.
We found one unfolding strategy (Steepest-Edge-Loop) that always succeeded for 60 000 polytopes. This of course does not prove that it always
works, but leads us to the conjecture that for each polytope P there exists
a cut direction c such that Steepest-Edge-Unfold (see Section 4.7.1)
produces a net for P .
The problem turned out to be harder than suspected: we tried numerous
other unfolding strategies and all of them failed for at least a few polytopes.
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List of unfolding rules
1
2
3
{
4
{
{
{
{
5
{
{
6
7
8
9
10
{
{
{
{
11
12
13
14
15

Breadth-First-Search-Unfold () . . .
Depth-First-Search-Unfold () . . . . .
Left-First-Breadth-First-Unfold () .
Left-First-Depth-First-Unfold () . . .
Shortest-Paths-Unfold () . . . . . . . .
Shortest-Paths-Join-Min-Unfold () . .
Shortest-Paths-Join-Max-Unfold () .
Short-Shortest-Paths-Unfold () . . . .
Long-Shortest-Paths-Unfold () . . . .
Short-Shortest-Paths-Unfold () . . . .
Shortest-Paths-Join-Min-Unfold () . .
Shortest-Paths-Join-Max-Unfold () .
Shortest-Paths-Join-Unfold () . . . . .
Steepest-Edge-Unfold () . . . . . . . . .
Greatest-Increase-Unfold () . . . . . .
Flat-Spanning-Tree-Unfold () . . . . .
Rightmost-Ascending-Edge-Unfold ()
Normal-Order-Min-Unfold () . . . . .
Normal-Order-Max-Unfold () . . . . .
Normal-Order-Long-Unfold () . . . . .
Normal-Order-Flat-Unfold () . . . . .
Normal-Order-Unfold () . . . . . . . .
Shelling-Unfold () . . . . . . . . . . . . .
Nearest-Facet-First () . . . . . . . . . .
Highest-Vertex-Far-Away () . . . . . .
Outward-Pointing-Unfold-I () . . . . .
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39
41
46
46
48
48
48
48
48
49
51
51
51
56
58
60
62
65
65
65
65
65
71
75
79
82

{
16
17
18
19

Outward-Pointing-Unfold-II ()
Avoid-Hanging-Facets () . . . . .
Backtrack-Unfold () . . . . . . .
Steepest-Edge-Loop () . . . . . .
Shortest-Paths-Loop () . . . . . .
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