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Abstract

Let C , D andE ben-dimensional teisi, i.e., higher-dimensional Gray-categorical structures.
The following questions can be asked. Does a leftq-transforC ! D , i.e., a functor 2q
C ! D ,
induce a rightq-transforC ! D , i.e., a functorC 
2q ! D ? More generally, does a functorC 
 D ! E induce a functorD 
 C ! E? Forc;c0 elements ofC whose(k�1)-sources and(k� 1)-targets agree, does aq-transforC ! D induce aq-transforC (c;c0 ) ! D (d;d0 ), for
appropriated;d0 2 D ? Forc;c0 2 C andd;d0 2 D whose(k�1)-sources and(k� 1)-targets
agree, does aq-transforC 
D ! E induce a(q+k+1)-transforC (c;c0 )
D (d;d0 )! E(e;e0 ),
for appropriatee;e0 2 E? I give answers to these questions in the cases wheren-dimensional
teisi and their tensor product have been defined, i.e., forn� 3, and in some cases forn up to 5
which do not need all data and axioms ofn-dimensional teisi.

I apply the above to compositionsin teisi, and in particular to braidings and syllepses. One
of the results is that a braiding on a monoidal 2-category induces a pseudo-natural transforma-
tion ]?
�! ?
�, where]?
� is the “reverse” of ?
�, and is almost, but not quite, equal
to�
?. However, in higher dimensions
 need not be reversible, so the previous result does
not generalize to higher-dimensional teisi.

1 Introduction

In category theory, a natural transformationα between functorsF;G : C ! D is a function which
assigns to every objectC of the categoryC an arrowαC : F(C)!G(C) in the categoryD , such that
for every arrowf : C!C0 in C the diagram

F(C) αC

F( f )
G(C)

G( f )
F(C0) αC0G(C0)

commutes [42, p. 16]. Alternatively,α is a functionC0 ! D1 (whereC0 is the set of objects ofC
andD1 is the set of arrows ofD as usual), as in
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C1
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α
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;
such thatG( f )�α(C) = α(C0)�F( f ). Writing ‘+’ for composition and ‘∂’ for t�s, and extending
the above diagram to

C1
s

t

F G
α

C0

F G
α

D1 D1
s

t
D0

;
where the newα : C1 ! D1 sendsf to either composite in the first diagram above, the naturality
condition onα becomes∂(α( f )) = G( f )+α(s( f ))�α(t( f ))�F( f ) = G( f )�F( f )�α(∂( f )).
This is precisely the familiar conditionG�F = ∂α+α∂ for chain homotopies [48, p. 177].1 Note
that by takingC�1 = f�g andα(�) = 0 this also covers the condition thatα(C) has domainF(C)
and codomainG(C).

The relationship between topology and category theory is asold as category theory itself. It
began with the birth of category theory from homological algebra, with naturality one of the first
things being investigated [26], and has continued with and been strenghtened by the development
of topos theory [43], and the use of categorical methods in homotopical [46, 27, 31, 7, 12, 16] and
homological algebra [41], including K-theory [10, 33, 47],and elsewhere. Recently, the interaction
has intensified, with the connection between braids and tangles on the one hand and braided and
tortile tensor categories on the other [35, 36], and in the theory of operads [44, 6]. The above
connection between categories and chain complexes, and between natural transformations and chain
homotopies, is another instance of the interaction betweencategory theory and topology. I will not
attempt to make this connection more formal (see Johnson andWood [34] for that); instead, I will
use it in the sequel as a guiding motivation for higher dimensions.

For 2-categories, the evidence from chain complexes suggests that a natural transformation be-
tween 2-functorsF;G : C ! D would consist of functionsα : C0! D1 andα : C1! D2, as in

C2

F G

C1

F G
α

C0

F G
α

D2 D1 D0

such thatsα=αt+F andtα=G+αs. Such a concept, up to some signs, i.e., with source and target
interchanged in some places, does indeed exist in 2-category theory, but it is known as alax-natural
transformation. There are alsopseudo-natural transformations, which requireα( f ) (but notα(C))
to be invertible, and 2-natural transformations, which requireα( f ) to be an identity [40]. Just as
for chain homotopies, lax- and pseudo-natural transformations have the further condition thatα is
a homomorphism:α( f +g) = α( f )+α(g), with addition on the left hand side being composition

1This was first noted explicitly by Johnson [34].
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and on the right hand side, inD , beingpastingalong the common boundary, as in

F(C)α(C)
F( f )

G(C)
G( f )

F(C0)
F(g)

G(C)
G(g)

F(C00) α(C00)G(C00)α( f )
α( f 0) :

(As composition is an instance of pasting this does not introduce an asymmetry in the interpretation
of addition.)

For 2-categories, there is also room for chain homotopies ofdegree 2. For two (lax-, pseudo- or
2-) natural transformationsα;β : F !G this would consist of a functionµ : C0 ! D2, as in

C2 C1

α

β
C0

α

β

µ

D2 D1 D0

such thatsµ= µt+α and tµ= β+µs, together with a further naturality condition expressiblein
terms of aµ : C1!D3, and a functoriality condition requiringµ to be a homomorphism. The precise
interpretation of addition as pasting becomes quite involved, but again this concept does indeed exist
in 2-category theory, where it is known as amodification[40]. There are no further qualifications,
like lax, pseudo, or 2-natural, for a modification because these would indicate properties ofµ( f ),
which is an identity, i.e., a commutativity condition, anyway.

It is clear from the above that for higher-dimensional categorical structures a natural transfor-
mation of degreeq will consist of functionsρ : Cp! Dp+q, as in: : : Cq+1 Cq : : : C1

ρ

C0

ρ: : : Dq+1 Dq : : : D1 D0

such that: forc2Cp the faces ofρ(c) are given as certain pastings inD , involving ρ of faces ofc and
ρ�q0(c)’s, where theρ�q0 are natural transformations of lower degree that are the sources and targets of
ρ; and forn-composablec;c0 2 C , (and denotingn-composition by #n as in [24],)ρ(c0#nc) is equal to
the pasting ofρ(c0) andρ(c) along their common boundary, which will be(p+n)-dimensional. This
concept does indeed exist inω-category theory, and is called alax-q-transformation[17, Section
3-9]. One can also consider pseudo-q-transformations and strictq-transformations of course.
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Homotopy theory suggests thatω-categories are not the right higher-dimensional categorical
structures to consider. In fact, mere categories do suffice to do abstract homotopy as with topological
spaces [51], but not in a very nice way, involving the twice iterated subdivision and extension
functors. More importantly, categories have only structure up to dimension 1, and hence do not give
a separation of homotopy information according to dimension.

Weakω-groupoids, which areω-categories in which every element is invertible up to coherent
higher-dimensional data, also have the same abstract homotopy theory as topological spaces [38],
and do give such a separation of homotopy information according to dimension. However, the
invertibility condition on elements involves an infinite amount of extra data, which needs to be
carried along, which is hard to check, and which is not even algebraic, being given as the existence
of a “quasi-inverse” and not as a specified one.

ω-groupoids, which areω-categories in which every element has a (strict) inverse, are alge-
braic structures, because this inverse is then necessarilyunique. But the abstract homotopy theory
of ω-groupoids [23, 11] is more restricted than that of topological spaces, in particular, it has all
Whitehead products trivial [14, p. 114]. This inadequacy ofω-groupoids starts in dimension 3:
2-groupoids do classify homotopy 2-types [45], but 3-groupoids don’t classify homotopy 3-types.
Gray-groupoids, which are like 3-groupoids except that horizontal composition of 2-arrows is not
definable in terms of their vertical composition but resultsin a (specified) (iso-)3-arrow mediating
between the two possible ways of doing this, as in� f � g

g0δ �� f

f 0γ �
g0 � � f

f 0γ � g ��
f 0 � g

g0δ �δ #0 γ
3 ;

with further conditions on these 3-arrows, do classify homotopy 3-types [37]. This suggests that
Gray-categoriesare the right 3-dimensional categorical structures to consider. Further evidence
for this comes from the theory of braids [35, 36]: braided (strict) monoidal categories are precisely
one-object, one-arrowGray-categories [28].(ωωω-Cat)
-categories (the explanation of the name will follow later)[17, Section 3-12] are
higher-dimensional categorical structures generalizingGray-categories. They are likeω-categories
except that 0-composition of ap-arrow and aq-arrow results in a(p+q�1)-arrow whose source and
target are the two possible ways of 1-composing them, with further conditions on these(p+q�1)-
arrows. However, the other compositions are exactly as forω-categories, which is still too strict.

Chain complexes aredimension invariant, in the sense that the type of structure at each dimen-
sion is independent of the dimension. This makes it possibleto localize2 a chain complexC� at a
particular dimensionn, namely by looking at the chain complex: : : Cn+2 Cn+1 ker(∂) :
ω-categories don’t have a zero and no addition in each dimension, but they too can be localized, in
a slightly more elaborate way: for twon-arrowsc andc0 of anω-categoryC whose(n�1)-sources

2This use of the term ‘localization’ here seems to be unrelated to its use in algebra, where one localizes at prime ideals
[1].
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and(n�1)-targets agree, the collection of elements ofC which havec andc0 asn-source andn-
target respectively is itself anω-category, thelocalization ofC at c and c0. (ωωω-Cat)
-categories do
have localization, but not of the right kind: 0-compositionis dimension raising, butn-composition
for n > 0 is not, which implies that localization always gives anω-category, and never a more
general(ωωω-Cat)
-category.

My conjecture is thathigher-dimensional categorical structures that have dimension raising
compositions and have localizationare the right ones to consider. The reason for this conjecture is
that n-composition of ap-arrow and aq-arrow resulting in a(p+q�n�1)-arrow is exactly like
the Whitehead productπp�πq ! πp+q�n�1 [52, p. 472]. Such dimension-raising operations also
occur in hypercrossed complexes of groups, which classify all (connected) homotopy types [15].

Apart from the conditions on faces of a composite, there are two further restrictions I will im-
pose on such higher-dimensional categorical structures. Firstly, composition (and identity) should
be theonly dimension raising operation, in particular, there should be functoriality and associa-
tivity axioms stating the equality of certain composites. This implies that these structures will be
algebraic, which makes — potentially at least — methods fromuniversal algebra [9, 8] available.
Secondly, the result of a dimension raising composition should be invertible. This latter condition is
not by choice but by necessity, as calculations show that both directions for such a composite appear
in faces of lower-dimensional composites [21, p. 8].

There are two main tests for the above conjecture. The first one is that such structures in which
moreover all elements are invertible should classify all homotopy types. The second one is that,
just as every tricategory is triequivalent to aGray-category [28], these structures should feature in
a coherence theorem for weakn-categories [6, 4, 32]. Even the failure of these test-caseswould be
interesting, as that would give an abstract homotopy theorywhich is richer than forω-groupoids
but still not as rich as for topological spaces, and it would give a basis for the study of the weaker
structures that thenareweakly equivalent to weakn-categories.

The current and recent terminology for higher-dimensionalcategorical structures is quite im-
practical and confusing. What I callω-categories have also been called ‘∞-categories’ [2], whereas
‘ω-category’ has also been used without the condition that every element has a (finite) dimension
[50]. The use of ‘∞-categories’ was based on the use of ‘∞-groupoids’ forω-groupoids, because
‘ω-groupoid’ was already used for cubical sets with extra groupoid structures [13]. Then there are
‘weak n-groupoids’, referred to above, which weaken the strictness of the groupoid condition [38].
Another use of ‘weak’ occurs in ‘weakn-categories’, which have weakened axioms for composition
[32], and which some people prefer to call ‘n-categories’ [3, 49]. And then there is the term ‘Gray-
category’, which doesn’t give any indication that it is 3-dimensional, and for which the boldface
font is a bit tiresome.

The reason for all these problems is basically that categorical terminology was never made for
higher dimensions. Therefore I have stepped outside the categorical framework, and have baptized
the — hypothetical — higher-dimensional categorical structures that have dimension raising com-
positions, that are dimension invariant and that satisfy the two further conditions aboveω-teisi.
‘Teisi’ (pronounced TAY-see) is Welsh, plural of ‘tas’, which means ‘stack’. I have chosen this term
because of Grothendieck’s programme “Pursuing stacks” [30], in which he advocates the study of
weakn-categories, which he calls ‘n-stacks’, and because of my visit in 1993 to Bangor, Wales. I
call finite-dimensional such structuresn-dimensional teisi, or nD teisi for short, reserving the term
‘n-teisi’ for ω-teisi which behave likeω-categories above dimensionn�1. I will use ‘teisi’ as a
generic term forω- andnD teisi.

With this terminology, a category is a 1D tas, a 2-category isa 2D tas, and aGray-category is a
3D tas. So far, I have defined 4D teisi, and 5D and 6D teisi in some special cases, viz. trivial in low
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dimensions, and I have given some indications for higher-dimensional teisi [21, Section 2].

For teisi, then, natural transformations of degreeq should be similar to lax-q-transformations
betweenω-categories, but with the dimension raising of compositionin teisi taken into account.
Thus, such natural transformations should still consist offunctions ρ : Cp ! Dp+q, and should
satisfy a certain condition on the faces ofρ(c)’s in terms ofρ of faces ofc and ρ�q0(c)’s, and a
certain condition expressingρ(c0 #n c) as a pasting ofρ(c0) andρ(c).

The terminology for natural transformations is another example of the inappropriateness of
categorical terminology in higher dimensions, because, from the chain homotopy viewpoint, there
is nothing “weak” or “unreal” about lax- and pseudo-naturality respectively. Another objection to
the terminology is that it does record the condition on facesbut not the condition on composition.
Because of this, I have christened the maps of degreeq between teisi that satisfy these conditions
q-transfors. I call the conditions on faces and compositionnaturalityandfunctoriality3 respectively,
or transforiality4 for short. I will use ‘transfors’ as a generic term forq-transfors between teisi.

With this terminology, a natural transformation between categories is a 1-transfor, as is a lax-
natural transformation between 2-categories, and a modification between 2-categories is a 2-
transfor. So far, I have defined transfors betweennD teisi for n� 3 [19, Section 5], and I have
given some indications for transfors between higher-dimensional teisi [18, Section 2.5.1].

Transfors and composition in a tas are both dimension raising operations that are natural and
functorial. There is actually a precise connection betweenthem, which is best expressed using
enriched category theoretical terminology [39].

Given two higher- (n-)dimensional categorical structuresC andD , one can consider a structureC 
D which has as generators expressionsc
d of dimensionp+q for c2Cp andd 2Dq (for p+
q� n), and where, denoting source and target byd� andd+ respectively, the source (target) of such
a generator is a pasting ofdα(c)
d andc
dβ(d) with α=� (+) andβ= (�)p+1 ((�)p). Writing
‘+’ for pasting and ‘∂’ for t�s, as before, this condition becomes∂(c
d) = ∂c
d+(�1)p c
∂d,
which is precisely the familiar condition for the tensor product of chain complexes [48, p. 321].
Also, for composablec andc0 2 C andd 2 D , the generator(c0 #c)
d is required to be equal to the
pasting ofc
d andc0
d, and similarly forc2 C and composabled andd0 2 D . In terms of ‘+’
and ‘∂’, this condition becomes(c+ c0)
d = c
d+ c0
d, and similarly in the second variable,
which is just the condition that the tensor product is a bihomomorphism.

For 2-categories, this construction is known as Gray’s tensor product [29]. It being coher-
ently associative and having a unit, namely the trivial 2-category, makes the category of (small) 2-
categories (and 2-functors between them) into a monoidal category, usually denoted byGray.5 For
ω-categories, this construction makes the category ofω-categories (andω-functors between them)
into a monoidal category [17, Section 3-7 and 3-8], denoted by (ωωω-Cat)
. For Gray-categories,
this construction, with the extra requirement of “functoriality in both variables at the same time”,
makes the category ofGray-categories into a monoidal category [19], denoted 3D-Teisi. For higher-
dimensional teisi, it should still be possible to makeC 
 D into a tas, but the tensor product thus
defined will no longer be associative, as can be seen from the diagram on page 46 of [19].

Denoting theω-tas (which is also theω-category) generated by one element in dimensionq by
2q, and calling maps between teisi that preserve all the structure functors, one sees thata q-transfor

3Note that in category theory ‘functoriality’ usually refers to both theexistenceof a map on the level of arrows and
this map preserving composition.

4The ultimate reason for ‘transfor’ was to be able to use ‘transforial’!
5The tensor product ofGray is in fact theiso-version of Gray’s tensor product.

6



C ! D is precisely a functorC 
2q ! D . Thus, there are alsoleft q-transfors, which are precisely
functors 2q
 C ! D .

In section 3 I show that foriso-transfors, i.e., transforsρ for which ρ(c) is invertible for c
of dimension greater than 0, between 3D teisi there is a correspondence between left transforsρ
and (right) transforseρ, the righting of ρ. This is a special case of the iso-version of the tensor
product of 3D teisi being symmetric, with a functorχ : C 
iso D ! E corresponding to a functoreχ : D 
iso C ! E , thereversalof χ. Inspection of the proofs shows that the iso-version of a tensor
product of higher-dimensional teisi will not be symmetric.

Enriching with respect to a monoidal categoryV of higher- (n-)dimensional structures gives
a new kind of higher- ((n+1)-)dimensional structure calledV -categories, where for each pair of
objectsC;D of aV -categoryC the collection of elements ofC which haveC andD as source and
target respectively is an objectC (C;D) of V , with 0-composition inC being given by a collection
of arrowsC (C;D) 
 C (D;E) ! C (C;E) in V . In particular, forV = ωωω-Cat with the cartesian
product as tensor product this givesω-categories again, forV = Gray this givesGray-categories,
for V = (ωωω-Cat)
 this gives(ωωω-Cat)
-categories, and forV = 3D-Teisi this gives 4D teisi.

Even though the tensor product of higher-dimensional teisiwill not give rise to a monoidal
category, it should still be possible to enrich with respectto it: the associativity of the tensor prod-
uct onV is only used to formulate associativity of 0-composition inV -categories, and the tensor
product of teisi should be sufficiently close to being coherently associative to be able to do that.
Carrying out this enrichment should give thatωωω-Teisi-categories areω-teisi, which is precisely the
localizability of ω-teisi. It also implies that locally,n-composition in a tasC should be a functorC (c;c0)
 C (c0 ;c00)! C (c;c00 ).

A q-dimensional element of a tasD gives, by freeness of the tas 2q, a functor 2q ! D . The
tensor product should itself be natural and functorial in both variables, i.e., it should be a functor
ωωω-Teisi�ωωω-Teisi ! ωωω-Teisi. So, a functorχ : C 
 D ! E and aq-dimensional element ofD
should give rise to aq-transforC 
 D ! E . Applying this to the functor #n : C (c;c0)
 C (c0 ;c00)!C (c;c00 ) gives that locally,right n-composition with a q-dimensional element in a tasC should be a(q�n�1)-transfor C (c;c0)! C (c;c00 ). There is a similar statement for left composition and left
transfors.

Another example of a dimension raising operation on categorical structures is given by braid-
ings. These, too, can be fitted into the current framework, namely by considering teisi that are trivial
up to a certain dimension.

(Strict) monoidal categories are precisely one-object 2-categories. However, going from one
viewpoint to the other involves ashift in dimension: the objects of the monoidal categoryC become
the arrows of the one-object 2-category. Because this process is similar todeloopingin the theory
of loop spaces [44] I denote this latter 2-category byΣ(C ). As the converse is similar tolooping, I
denote the monoidal category corresponding to a one-object2-categoryC by Ω(C ). The tensor on a
monoidal categoryC corresponds to 0-composition inΣ(C ). This suggests that one should be able
to definea monoidal (ω- or nD) tasto be a one-object (ω- or (n�1)D) tas, with formal delooping
and looping operations to relate these two viewpoints.

As already observed before, braided (strict) monoidal categories are precisely one-object one-
arrow 3D teisi. This time, the relation involves a double shift in dimension: the objects of the
braided monoidal categoryC become the 2-arrows of the one-object one-arrow 3D tas, thedouble
deloopingof C , denoted byΣ2(C ). Conversely, there is adouble loopingof a one-object one-arrow
3D tasC , denoted byΩ2(C ). Define a 2-monoidal (ω- or nD) tas to be a one-object one-arrow
(ω- or (n�2)D) tas, these two viewpoints being related viaΣ2 andΩ2. Note that delooping a 2-
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monoidal (ω- or nD) tasC oncemeans viewing it as a one-object (ω- or (n�1)D) tas with extra
structure, and thenlooping it means that it is a monoidal (ω- or nD)tas. The extra structure on this
monoidal tas corresponds to 0-composition inΣ2(C ), which has been shifted down two dimensions.
Hence, such structure is called(�2)-composition, or, alternatively, 2-tensor, in analogy with(�1)-
composition being called tensor, or evenbraiding, as that is what it gives forn= 1, and also for
n= 2 [21, Section 5].

This process continues, of course. Define ak-monoidal (ω- or nD) tasto be a one-object, . . . ,
one-(k�1)-arrow (ω- or (n�k)D) tas, these viewpoints being related viak-fold delooping, denoted
by Σk, andk-fold looping, denoted byΩk. By consideringm-fold deloopings of ak-monoidal (ω- or
nD) tas for 0�m< k, one sees that ak-monoidal tas is alsom-monoidal. For a(k�1)-monoidal
tas, beingk-monoidal gives an extra structure corresponding to 0-composition inΣk(C ), which has
been shifted downk dimensions, and hence is called(�k)-composition, or k-tensor. 3-tensor is also
calledsyllepsis[25], as that is what it gives forn= 2 [21, Section 6].

One can even define anω-monoidal (ω- or nD) tasto be a(nω- or nD) tas that isk-monoidal
for all k. One readily sees that thek-tensor of two objects of ak-monoidalnD tas should result in
a (k�1)-dimensional element. So ifk= n+2 thek-tensor only gives an identity, i.e., an equality
condition, onn-dimensional elements. Ifk> n+2 thek-tensor gives an identity between identities,
hence adds nothing new. Thus, this “proves” the Stabilization Hypothesis for teisi, thatk-monoidal
nD teisi areω-monoidal for k� n+2 [21, Theorem 3.8].ω-monoidal is also calledsymmetric, as
that is what it gives forn= 1 and forn= 2 [21, Section 7].

For ak-monoidal tasC , and 0< m� k, localization ofΣk(C ) at the unique(m�1)-arrow of
Σk(C ) is preciselym-fold looping, and results inΣk�m(C ). Thus, composition in a tas being locally
a functor from a tensor product gives, after careful shifting of dimensions, thatm-tensor on a k-
monoidal tasC should be a functorΣm�1(C )
Σm�1(C )! Σm�1(C ). In particular, the tensor of a
monoidal tasC should be a functorC 
 C ! C , as expected. Also, the braiding of a braided tasC
should be a functorΣ(C )
Σ(C ) ! Σ(C ). This is not as expected, as it is nota priori a 1-transfor
A
B! B
A, which is how braidings are usually defined. I will come back to this shortly.

Composition with an element of a tas being locally a transforgives, after careful shifting of
dimensions, thatright m-tensor with a q-dimensional element in a k-monoidaltas C should be a(q�m�1)-transfor Σm�1(C ) ! Σm�1(C ). In particular, tensoring with aq-dimensional element
should be aq-transforC ! C . Also, braiding with an objectA should be a 1-transforΣ(C )! Σ(C ),
which is nota priori a 1-transforA
�!�
A. I will come back to this shortly too.

Chain homotopies localize along with the localization of the chain complexes. First, a chain
map maps ker(∂) into ker(∂), hence restricts to a chain map between the localized chain complexes.
And then a chain homotopyρ : C�! D� of degreeq restricts to a map of degreeq as in: : : Cn+q+1 Cn+q : : : Cn+1

ρ

ker(∂)
ρ: : : Dn+q+1 Dn+q : : : Dn+1 ker(∂)

which is trivially a chain homotopy of degreeq again.
For higher-dimensional categorical structures, localization of structure preserving maps is

equally trivial: a functorF : C ! D induces a functorF : C (c;c0)! D (F (c);F(c0)) because struc-
ture is of the same type in all dimensions. The question of localization of transformations is more
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problematic. Viewing aq-transfor (or lax-q-transformation)ρ : C ! D as a functorρ : C 
2q ! D ,
it localizes to a functor(C 
 2q)(x;x0)! D (ρ(x);ρ(x0 )), for x and x0 `-arrows ofC 
 2q whose(`�1)-sources and(`�1)-targets agree. The first observation to make is that the localization of ρ
as a transformust have as domainC (c;c0) for c andc0 k-arrows ofC whose(k�1)-sources and(k�1)-targets agree. To get to that, one would want to takex= c
2q andx0 = c0
2q, but these
have non-agreeing sources and targets. The second observation to make is that the localization
of ρ as a transfor must have as codomainD (d;d0) for appropriatek-arrowsd andd0 of D whose(k�1)-sources and(k�1)-targets agree. Butρ(c) andρ(c0), besides having non-agreeing sources
and targets, are(k+q)-dimensional. And furthermore, forγ 2 C (c;c0), ρ(γ) is not inD (ρ(c);ρ(c0))
(which does not even exist), because its faces also involveρβ0

q0 (c) andρβ0
q0 (c0)’s for q0 < q andβ0 =�.

For k-arrowsc andc0 of C whose(k�1)-sources and(k�1)-targets agree, itis the case that
the (k� 1)-sources and(k� 1)-targets ofsk(ρ(c)) and tk(ρ(c0)) agree, because these both only

involve ρβ0
q0 (dα0

p0 (c)) for p0 � p0+q0 � k�1. Thus, it is possible to localizeD at these elements.
Also, for γ 2 C (c;c0), ρ(γ) is indeed inD (sk(ρ(c)); tk(ρ(c0))). Thus,ρ induces a map of degreeqbρ : C (c;c0)! D (sk(ρ(c)); tk(ρ(c0))).

This does not makebρ into aq-transfor (or lax-q-transformation) yet. For this, one also needs
maps of degreeq0 bρ�q0 : C (c;c0 )! D (sk(ρ(c)); tk(ρ(c0))) for all q0 < q which are themselvesq0-
transfors (or lax-q0-transformations) such thatbρ(γ) has the appropriate composites as faces. Now

ρβ0
q0 (γ) is not in D (sk(ρ(c)); tk(ρ(c0))), so the idea is to definebρβ0

q0 (γ) by composingρβ0
q0 (γ) with

elements in the faces ofρ(c) andρ(c0).
In section 4 I show that for a lax-q-transformationρ : C ! D betweenω-categoriesbρ thus de-

fined is indeed a lax-q-transformationC (c;c0 )! D (sk(ρ(c)); tk(ρ(c0))). The reason this works is
that composition in anω-category is a functorC (c;c0 )�C (c0 ;c00)! C (c;c00), and thus that compo-

sition with an element is afunctor C (c;c0)! C (c;c00). bρβ0
q0 can now be seen as the composite (as a

lax-q0-transformation[17, Sections 3-10 and 3-12]) of the lax-q0-transformationρβ0
q0 with composi-

tion functors, which do not spoil transforiality.

For aq-transforρ : C ! D between teisi, this will not work. This is partly because composi-
tion with an element is atransfor C (c;c0 )! C (c;c00), composition (as a transfor) with which can

and does spoil transforiality [19, Section 9], but also because in this casebρβ0
q0 can and will involve

dimension raising composites of elements in the faces ofρ(c) andρ(c0), which spoils transforiality
too.

In section 5 I show that forn� 4 andk� n�3, aq-transforρ betweennD teisi can be localized
at k-dimensional elements to aq-transforbρ. Inspection of the proofs shows that this works only
because the localized tas is a 2-category: from the next dimension, i.e., highern and/or lowerk,
the obstructions mentioned above do indeed occur. Thus, generally speaking,transfors are not
localizable.

Closely related to localization of transfors is the question of localization of functors from a ten-
sor product. Given a functorχ : C 
D ! E , it localizes to a functor(C 
D )(x;x0)! E (χ(x);χ(x0 )),
for x andx0 `-arrows ofC 
 D whose(`�1)-sources and(`�1)-targets agree. The first observa-
tion to make is that the localization ofχ as a functor from a tensor productmust have as domainC (c;c0)
D (d;d0) for c andc0 k-arrows ofC whose(k�1)-sources and(k�1)-targets agree andd
andd0 k-arrows (samek) of D whose(k�1)-sources and(k�1)-targets agree. One would want to
takex= c
d andx0 = c0
d0, but, as before, these have non-agreeing sources and targets. The sec-
ond observation to make is that the localization ofχ as a functor from a tensor product must have as
codomainE (e;e0) for appropriatek-arrowse ande0 of E whose(k�1)-sources and(k�1)-targets
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agree. But, as before,χ(c
d) andχ(c0
d0), besides having non-agreeing sources and targets, are(k+ k)-dimensional. And furthermore, although this can be overcome by takinge= sk(χ(c
d))
ande0 = tk(χ(c0
d0)), as before, it is the case that forγ 2 C (c;c0 )i andδ 2 D (d;d0) j , χ(γ
δ) is of
dimensioni+k+1+ j +k+1 in E , hence2 E (sk(χ(c
d); tk(χ(c0
d0)))i+ j+k+1.

In section 6 I show that forn� 4 andk� n�3, a functorχ betweennD teisi from a tensor
product can be localized atk-dimensional elements to a(k+1)-transforbχ from the localized tensor
product. Again, inspection of the proofs shows that this works only because the localized tas is a
2-category: from the next dimension, i.e., highern and/or lowerk, obstructions as mentioned above
for localization of transfors do indeed occur in this case too. Thus, generally speaking,functors
from tensor products are not localizable.

Throughout the paper, I apply all this to compositionin teisi, and in particular tok-monoidal
structureson teisi. The conclusions on braidings can be summarized as follows:� for an objectA of a braided 2D tasC , dRA;� is a 1-transforA
�!�
A,� for an arrow f : A ! A0 of a braided 2D tasC , dRf ;� is a 2-transfor[RA0;� #0 ( f 
�) !(�̂
 f )#0 dRA;� : A
�!�
A0,� for R : Σ(C )
Σ(C )! Σ(C ) the braiding of a braided 2D tasC , dR�;? is a 1-transfor]?
�!

?
�.

This answers the earlier concerns about braidings:for 2D teisi, RA;� is a posteriori a 1-transfor

A
�! �
A, and the braiding isa posterioria 1-transfor]?
�! ?
�, but not a1-transfor�
?! ?
�, as]?
� 6= �
?. For braidings on higher-dimensional teisi, one needs to impose
strong extra conditions to ensure that these results still go through.

The conclusions on syllepses can be summarized as follows:� for an objectA of a sylleptic 2D tasC , dvA;� is a 2-transfordRA;�! dgRA;� : A
�!�
A,� for v : Σ2(C ) 
 Σ2(C ) ! Σ2(C ) the syllepsis of a sylleptic 2D tasC , dv�;? is a 2-transfordR�;?!dgR�;? :]?
�! ?
�.

Again, for syllepses in higher-dimensional teisi, one needs to impose strong extra conditions to
ensure that these results still go through.

I have limited myself to looking at transfors betweennD teisi forn� 4. I could have defined 5D
teisi, and would have obtained slightly more general results than I do here. But the limited setting
gives enough interesting results already, enough pointersto the higher-dimensional case, and makes
the calculations easier.

One of the obstructions to localization resulting in a transfor has to do with functoriality. This
suggests that this obstruction might be dealt with by requiring transformations to be only weakly
functorial. If one wanted to apply these results to braidings etc., one would then also need to have
higher-dimensional categorical structures in which composition is only weakly functorial. Perhaps
the development of the theory of weakn-categories will eventually lead to this kind of structures.

In this paper I have taken a formulaic approach, rather than adiagrammatic one. This is in
preparation for the development of the general higher-dimensional theory of teisi, which, at some
point, will have to involve formulae.
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2 Teisi and transfors

This section contains preliminaries on teisi and transfors. I will only give details insofar as is
necessary for this paper; for other details the reader may consult the referred papers.

2.1 Teisi

The basic ingredient of teisi is that they have dimension-raising compositions, withn-composition of
a p-arrow and aq-arrow resulting in a(p+q�n�1)-arrow. These compositions are to satisfy cer-
tain axioms on faces, callednaturality, certain axioms relating different compositions, calledfunc-
toriality andinterchange, and axioms on multiple composition, calledassociativity. n-composition

is written #n, in “evaluation order”, e.g.,� f � g � is denoted byg#0 f .
The precise definition is based on Gray’s tensor product of 2-categories [29] and on the tensor

product ofGray-categories [19]. Denote the monoidal category of 2-categories with the iso-version
of Gray’s tensor product byGray, and the monoidal category ofGray-categories with the iso-
version of the tensor product ofGray-categories byGray-Cat. Recall that aGray-category is a
category enriched inGray.

Definition 2.1 A 0-dimensional tasis a set. A 1-dimensional tasis a category. A 2-dimensional tas
is a 2-category. A 3-dimensional tasis aGray-category. A 4-dimensional tasis a category enriched
in Gray-Cat.

For 0� n� 4, a functor betweenn-dimensional teisi is a function, functor, 2-functor,Gray-
functor orGray-Cat-functor respectively. 3

n-dimensional teisi are also callednD teisi for short. An elementary description of 4D teisi is
given in [21, Lemma 2.5]. A functor is just a map that preserves all compositions “on the nose”.

It is possible to define a similar tensor product of 4D teisi. It is not associative, but it should be
possible to generalize the theory of enrichment to cover this case, and to define 5D teisi as categories
enriched (in this extended sense) with respect to this tensor product. In any case, it is possible to
define 5D teisi explicitly [20]. Besides the classes of axioms mentioned above, 5D teisi have further
axioms which can be calledassocia-functorialityandfunctorio-functoriality. These further axioms
play no rôle in this paper, though.

In the rest of this paper, when I refer tonD teisi, it will be assumed thatn� 5.
Denote the category ofnD teisi and functors bynD-Teisi.

An immediate consequence of the fact that teisi are repeatedly-enriched categories is that for
two k-arrowsc andc0 of an nD tasC satisfyingdα

k�1(c) = dα
k�1(c0) for α = �, the collection of

elements ofC which havec andc0 ask-source andk-target respectively is an(n�k)D tas, which is
called thelocalization ofC at c and c0, and is denoted byC (c;c0).
Proposition 2.2 Let c, c0 and c00 be k-arrows in an n-dimensional tasC satisfying dαk�1(c) =
dα

k�1(c0) = dα
k�1(c00) for α =�. Then k-composition is a functorC (c;c0 )
 C (c0 ;c00)! C (c;c00).

2.2 k-monoidal teisi

This subsection recalls the necessary parts of [21, Section3].
Note that if annD tasC has only onek-arrow, it also has only onek0-arrow for everyk0 < k, and

for every 0< k0 � k, the uniquek0-arrow ofC is an identity on the unique(k0�1)-arrow ofC .
11



Definition 2.3 For n+ k� 5 or n� 2, ak-monoidal n-dimensional tasis an(n+ k)-dimensional
tas having one(k�1)-arrow. A k-monoidal functorbetweenk-monoidaln-dimensional teisi is a
functor between the corresponding(n+k)-dimensional teisi.

1-monoidal is also calledmonoidal, 2-monoidal is also calledbraided, and 3-monoidal is also
calledsylleptic. Forn= 2 andk� 4 this definition mentions teisi of dimension> 5. These haven’t
been defined yet, so the result of [21, Section 7] will be takento define 4-monoidal 2D teisi as
symmetric 2D teisi, and the Stabilization Theorem [21, Theorem 3.8] implies that fork > 4, k-
monoidal 2D teisi are just symmetric 2D teisi.

k-monoidalnD teisi are considerednD teisi with extra structure. To emphasize this interpreta-
tion, the dimensions are renumbered: ifC is annD tas with one(k�1)-arrow, thei-arrows ofC are
seen as the(i�k)-arrows of the correspondingk-monoidalnD tas, andm-composition ofC is seen
as(m� k)-compositionsof thek-monoidalnD tas. (�m)-composition is also calledm-tensor, and
is also denoted by
m. 1-tensor is also calledtensor, 2-tensor is also calledbraiding, and 3-tensor
is also calledsyllepsis. For historical reasons,
 is not written in evaluation order,�
2? is also
written R�;?, and�
3? is also writtenv�;?.

Denote the category ofk-monoidalnD teisi andk-monoidal functors by
Nk -nD-Teisi.

There are inclusion functors

Σm :
Nk -nD-Teisi

Nk�m-(n+m)D-Teisi

for every k and 0� m� k. For annD tas C with a k-monoidal structure,Σm(C ) is the same
data considered as an(n+m)D tas which happens to have onem-arrow, with a(k�m)-monoidal
structure.Σm(C ) is called them-th delooping ofC .

There are also functors

U :
Nk -nD-Teisi

N j -nD-Teisi

for j < k which simply forget
m for all m> j.
The converse of delooping can be defined more generally.

Definition 2.4 Let k> 0, C annD tas, andC an object ofC . Ωk(C ;C) is the subtas ofC having as
only (k�1)-arrow idk�1

C . 3
By restricting to appropriate subcategories, there are functors

Ωm :
Nk -nD-Teisi

Nk+m-(n�m)D-Teisi

for every k and 0� m� n. Ωm(C ) is called them-th looping ofC . ΩmΣm = idNk -nD-Teisi, and
ΣmΩm(C ) is a subtas ofC which is equal toC precisely whenC has one(m�1)-arrow. The con-
nection between looping and localization is given byU(Ωk(C ;C)) = C (idk�1

C ; idk�1
C ) [21, Lemma

3.6].
By applying proposition 2.2, one sees that tensor in a monoidal tasC is a functorC 
 C ! C ,

braiding in a braided 2D (or 3D) tasC is a functorΣ(C )
Σ(C )! Σ(C ), and syllepsis in a sylleptic
2D tasC is a functorΣ2(C )
Σ2(C )! Σ2(C ).
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2.3 Transfors

This subsection recalls [19, Section 5.1].
For q� n, let 2q be thenD tas generated by one element in dimensionq.

Definition 2.5 Let q� n� 4, and letC andD ben-dimensional teisi. A (right)q-transforC ! D
is a functorC 
2q ! D . 3

Because I will use transfors extensively, I will repeat the explicit description of transfors be-
tween 3D teisiC andD :

Let ρ�0 ;ρ+
0 : C ! D be functors. A(right) 1-transfor, or lax-natural transformation, ρ : ρ�0 ! ρ+

0
consists of the following data:� for every objectC of C an arrowρ(C) : ρ�0 (C)! ρ+

0 (C) in D ,� for every arrowf : C!C0 in C a 2-arrow

ρ�0 (C)ρ(C)
ρ�0 ( f )

ρ+0 (C)
ρ+0 ( f )

ρ�0 (C0) ρ(C0)ρ+0 (C0)ρ( f )
in D ,� for every 2-arrowγ : C

f

f 0 C0 in C a 3-arrow

ρ�0 (C)ρ(C)
ρ�0 (γ)

ρ+0 (C)
ρ�0 (C0) ρ(C0)ρ+0 (C0)ρ( f ) ρ�0 (C)ρ(C) ρ+0 (C)

ρ+0 (γ)
ρ�0 (C0) ρ(C0)ρ+0 (C0)ρ( f 0)ρ(γ)

3

in D ,
satisfying the following conditions:
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� (naturality) for everyϕ : C

f

f 0 γγ0 3 C0 in C ,�
ρ( f 0)#1 (ρ+

0 (ϕ)#0 ρ(C))�
#2

ρ(γ) = ρ(γ0)
#2�(ρ(C0)#0 ρ�0 (ϕ))#1 ρ( f )� ;� (functoriality with respect to 0-composition of arrows) for every C

f
C0 f 0

C00 in C ,
ρ( f 0 #0 f ) = �ρ( f 0)#0 ρ�0 ( f )�#1

�
ρ+

0 ( f 0)#0 ρ( f )� ;� (functoriality with respect to 1-composition of 2-arrows)for every C

f

f 0
f 00γγ0 C0 in C ,

ρ(γ0 #1 γ) = �
ρ(γ0)#1 (ρ+

0 (γ)#0 ρ(C))�
#2�(ρ(C0)#0 ρ�0 (γ0))#1 ρ(γ)� ;� (functoriality with respect to 0-composition of a 2-arrow with an arrow) for every

C

f

f 0γ C0 f 00
C00 in C ,

ρ( f 00 #0 γ) = �(ρ( f 00)#0 ρ�0 ( f 0))#1 (ρ+
0 ( f 00)#0 ρ(γ))�

#2�(ρ( f 00)#0 ρ�0 (γ))#1 (ρ+
0 ( f 00)#0 ρ( f ))� ;� (functoriality with respect to 0-composition of an arrow with a 2-arrow) for every

C
f

C0 f 0
f 00γ0 C0 in C ,

ρ(γ0 #0 f ) = �(ρ( f 00)#0 ρ�0 ( f ))#1 (ρ�0 (γ0)#0 ρ( f ))�1
�

#2�(ρ(γ)#0 ρ�0 ( f ))#1 (ρ+
0 ( f 0)#0 ρ( f ))� ;� (functoriality with respect to identities) for everyC in C , ρidC = idρ(C), and for everyf :C!C0

in C , ρ(id f ) = idρ( f ).
Let ρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be 1-transfors. A(right) 2-transfor, or lax-modification, ρ : ρ�1 ! ρ+

1
consists of the following data:
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� for every objectC of C a 2-arrowρ(C) : ρ�0 (C) ρ�1 (C)
ρ+1 (C) ρ+

0 (C) in D ,� for every arrowf : C!C0 in C a 3-arrow

ρ�0 (C)ρ�1 (C)
ρ(C)ρ+0 (C)

ρ�0 (C0) ρ+1 (C0)ρ+0 (C0)ρ+1 ( f ) ρ�0 (C)ρ�1 (C) ρ+0 (C)
ρ�0 (C0) ρ+1 (C0)ρ(C0)ρ+0 (C0)ρ�1 ( f )ρ( f )

3 :
in D ,

satisfying the following conditions:� (naturality) for everyγ : C

f

f 0 C0 in C ,�(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�
#2�(ρ(C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�
#2�(ρ+

1 (C0)#0 ρ�0 (γ))#1 ρ( f )� = �
ρ( f 0)#1 (ρ+

0 (γ)#0 ρ+
1 (C))�

#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ(C))�1

�
#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C))� ;
(functoriality with respect to 0-composition of arrows) for every C

f
C0 f 0

C00 in C ,
ρ( f 0 #0 f ) = �(ρ( f 0)#0 ρ�0 ( f ))#1 (ρ+

0 ( f 0)#0 ρ�1 ( f ))�
#2�(ρ+

1 ( f 0)#0 ρ�0 ( f ))#1 (ρ+
0 ( f 0)#0 ρ( f ))� ;� (functoriality with respect to identities) for everyC in C , ρ(idC) = idρ(C).

Let ρ�2 ;ρ+
2 : ρ�1 ! ρ+

1 be 2-transfors. A(right) 3-transfor, or perturbation, ρ : ρ�2 ! ρ+
2 consists

of the following data:� for every objectC of C a 3-arrowρ(C) : ρ�2 (C)! ρ+
2 (C) in D ,

satisfying the following condition:� (naturality) for everyf : C!C0 in C ,
ρ+

2 ( f )
#2�

ρ+
1 ( f )#1 (ρ+

0 ( f )#0 ρ(C))� = �(ρ(C0)#0 ρ�0 ( f ))#1 ρ�1 ( f )�
#2

ρ�2 ( f ) :
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Transfors between lower-dimensional teisi are obtained byreplacing high-dimensionalρ(c)’s
by naturality conditions. Transfors between 4-dimensional teisi are obtained by replacing naturality
conditions byρ(c)’s and adding naturality and functoriality conditions for them. These further
conditions play no rôle in this paper, though.

To see composition in a tas as a transfor, letc, c0 andc00 bek-arrows in annD tasC satisfying
dα

k�1(c) = dα
k�1(c0) = dα

k�1(c00) for α = �, and fix an(i � k� 1)-arrow a in C (c0 ;c00), so a is an
i-arrow inC . Thenk-composition on the right witha is given byC (c;c0)
2i�k�1 C (c;c0 )
 C (c0 ;c00) C (c;c00 );
so it is an(i � k� 1)-transfor C (c;c0) ! C (c;c00 ). Its domain and codomainas a transforare
composition with the domain and codomain ofa respectively, and composition of such transfors
[19, Section 9] corresponds precisely to composition of thea’s in C . Analogously, composition on
the left is a left transfor.

Applying this to tensor, braiding and syllepsis with ani-arrow of ak-monoidalnD tasC , one
gets that tensor with ani-arrow is ani-transforC ! C , braiding with ani-arrow is an(i+1)-transfor
Σ(C )! Σ(C ), and syllepsis with ani-arrow is an(i+2)-transforΣ2(C )! Σ2(C ).
3 From left to right

Let C , D andE be n-dimensional teisi. Does a leftq-transforC ! D , i.e., a functor 2q
 C !D , induce a rightq-transforC ! D , i.e., a functorC 
2q ! D ? More generally, does a functorC 
 D ! E induce a functorD 
 C ! E? In this section I answer these questions forn= 3 and
n= 4, and apply the results to compositions in 4D teisi, and in particular to braidings and syllepses.

3.1 Righting left 1-transfors

First note that there is no difference between left and rightfunctors, even as seen as 0-transfors,
because 20
 C �= C �= C 
20.

To go from left to right transfors they need to beiso-transfors, i.e., transforsρ : C ! D such
thatρ(c) is invertible for everyc2 C that is not 0-dimensional. Left composition with an element
of annD tas is an example of a left iso-transfor.

Let C andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, and letρ : ρ�0 ! ρ+

0 be a left 1-transfor.
Define a map of degree 1eρ : C ! D by:eρ(C) = ρ(C)eρ( f ) = ρ( f )�1eρ(γ) = ρ( f 0)�1 #1 ρ(γ)#1 ρ( f )�1:
Proposition 3.1 eρ is a (right) 1-transforρ�0 ! ρ+

0 .

Proof.eρ( f ) andeρ(γ) indeed have the right faces.

Forϕ : C

f

f 0 γγ0 3 C0 in C ,
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�eρ( f 0)#1 (fρ+
0 (ϕ)#0eρ(C))�#2eρ(γ) == �

ρ( f 0)�1 #1 (ρ+
0 (ϕ)#0 ρ(C))�#2

�
ρ( f 0)�1 #1 ρ(γ)#1 ρ( f )�1

�= ρ( f 0)�1 #1
�((ρ+

0 (ϕ)#0 ρ(C))#1 ρ( f ))#2 ρ(γ)�#1 ρ( f )�1= ρ( f 0)�1 #1
�
ρ(γ0)#2 (ρ( f 0)#1 (ρ(C0)#0 ρ�0 (ϕ)))�#1 ρ( f )�1 by naturality ofρ= �

ρ( f 0)�1 #1 ρ(γ0)#1 ρ( f )�1
�

#2
�(ρ(C0)#0 ρ�0 (ϕ))#1 ρ( f )�1

�= eρ(γ0)#2

�(eρ(C0)#0
fρ�0 (ϕ))#1eρ( f )�

which proves naturality ofeρ.
Functoriality ofeρ with respect to 0-composition of arrows is straightforward.

For C

f

f 0
f 00γγ0 C0 in C ,eρ(γ0 #1 γ) == ρ( f 00)�1 #1 ρ(γ0 #1 γ)#1 ρ( f )�1= ρ( f 00)�1 #1
�((ρ+

0 (γ0)#0 ρ(C))#1 ρ(γ))#2(ρ(γ0)#1 (ρ(C0)#0 ρ�0 (γ)))�#1 ρ( f )�1 by functoriality ofρ= ρ( f 00)�1 #1
�((ρ+

0 (γ0)#0 ρ(C))#1 (ρ( f 0)#1 ρ( f 0)�1 #1 ρ(γ))#2(ρ(γ0)#1 ρ( f 0)�1 #1 ρ( f 0)#1 (ρ(C0)#0 ρ�0 (γ)))�#1 ρ( f )�1= ρ( f 00)�1 #1
�(ρ(γ0)#1 ρ( f 0)�1 #1 (ρ+

0 (γ)#0 ρ(C))#1 ρ( f ))#2(ρ( f 00)#1 (ρ(C0)#0 ρ�0 (γ0))#1 ρ( f 0)�1 #1 ρ(γ))�#1 ρ( f )�1 by naturality inD= �
ρ( f 00)�1 #1 ρ(γ0)#1 ρ( f 0)�1 #1 (ρ+

0 (γ)#0 ρ(C))�#2�(ρ(C0)#0 ρ�0 (γ0))#1 ρ( f 0)�1 #1 ρ(γ)#1 ρ( f )�1
�= �eρ(γ0)#1 (fρ+

0 (γ)#0eρ(C))�#2

�(eρ(C0)#0
fρ�0 (γ0))#1eρ(γ)�

which proves functoriality ofeρ with respect to 1-composition of 2-arrows.
The other functoriality axioms foreρ are left to the reader. 2
This will not work for transfors between 4D teisi as the naturality in D in the first functoriality

proof becomes a non-identity arrow. If it does happen to work, including what might go wrong
with the higher-dimensional naturality and functorialityconditions, which I didn’t mention, call the
transforrightable.

As an example, letC be a 4-dimensional tas,γ : C

f

f 0 C0 a 2-arrow ofC , C00 an object ofC ,
and consider the case thatρ is the left 1-transfor�#0 γ : C (C0 ;C00)! C (C;C00), which has source
and target the functors�#0 f and�#0 f respectively. Righting�#0 γ, one gets the right 1-transfor�̂#0 γ : C (C0 ;C00)! C (C;C00), given by�̂#0 γ(g) = g#0 γ�̂#0 γ(δ) = (δ #0 γ)�1�̂#0 γ(ψ) = (δ0 #0 γ)�1 #1 (ψ #0 γ)#1 (δ #0 γ)�1;
again with source and target�#0 f and�#0 f respectively.

A special case of the above example is for a braided 2D tasC : for an objectB of C , R�;B is a
left 1-transforΣ(C ) ! Σ(C ) with source and target the identity functor. Righting it, one gets the
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right 1-transforgR�;B : Σ(C )! Σ(C ), given bygR�;B(A) = RA;B�1gR�;B( f ) = RA0;B�1 #0 Rf ;B #0 RA;B�1:
3.2 Righting left 2-transfors

Let againC andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be left 1-

transfors, and letρ : ρ�1 ! ρ+
1 be a left 2-transfor. Define a map of degree 2eρ : C ! D by:eρ(C) = ρ(C)eρ( f ) = ρ+

1 ( f )�1 #1 ρ( f )#1 ρ�1 ( f )�1:
Proposition 3.2 eρ is a right 2-transforfρ�1 ! fρ+

1 .

Proof.eρ( f ) indeed has the right faces.

For γ : C

f

f 0 C0 in C ,�(eρ(C0)#0 ρ�0 ( f 0))#1
fρ�1 (γ)�#2�(eρ(C0)#0 ρ�0 (γ))#1
fρ�1 ( f )�#2�(fρ+

1 (C0)#0 ρ�0 (γ))#1eρ( f )�== �(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)�1 #1 ρ�1 (γ)#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 ρ( f 0)#1 (ρ�1 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 ρ( f 0)�1 #1 (ρ�1 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 ρ+
1 ( f 0)#1 (ρ(C0)#0 ρ�0 (γ))�1�1 #1 ρ�1 ( f )�1

�
#2�

ρ+
1 ( f 0)�1 #1 ρ+

1 (γ)�1 #1 (ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 ρ+
1 (γ)#1 (ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f )�1

�
#2�(ρ+

1 (C0)#0 ρ�0 (γ))#1 ρ+
1 ( f )�1 #1 ρ( f )#1 ρ�1 ( f )�1

�
by naturality inD twice and naturality ofρ= �

ρ+
1 ( f 0)�1 #1 ρ( f 0)#1 ρ�1 ( f 0)�1 #1 (ρ+

0 (γ)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)�1 #1 (ρ+

0 ( f )#0 ρ(C))#1 ρ�1 (γ)#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 (ρ+
0 ( f )#0 ρ(C))#1 ρ�1 (γ)�1 #1 ρ�1 ( f )�1

�
#2�

ρ+
1 ( f 0)�1 #1 (ρ+

0 (γ)#0 ρ(C))�1 #1 ρ�1 ( f )#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 (ρ+
0 (γ)#0 ρ�1 (C))#1 ρ( f )�1 #1 ρ�1 ( f )�1

�
#2�

ρ+
1 ( f 0)�1 #1 (ρ+

0 (γ)#0 ρ�1 (C))#1 ρ( f )#1 ρ�1 ( f )�1
�

#2�
ρ+

1 ( f 0)�1 #1 ρ+
1 (γ)#1 ρ+

1 ( f )�1 #1 (ρ+
0 ( f )#0 ρ(C))�= �eρ( f 0)#1 (ρ+

0 (γ)#0
fρ+

1 (C))�#2�fρ+
1 ( f 0)#1 (ρ+

0 (γ)#0eρ(C))�1
�

#2�fρ+
1 (γ)#1 (ρ+

0 ( f )#0eρ(C))�
which proves naturality ofeρ.

Functoriality ofeρ with respect to 0-composition of arrows is left to the reader. 2
For transfors between 4D teisifρ�1 andfρ+

1 need not be transfors, and it is clear that in higher
dimensions there will also be non-identity arrows in proofsof functoriality, so thateρ need not be a
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transfor either. Iffρ�1 , fρ+
1 andeρ are transfors, callρ rightable.

As an example, letC be a 4-dimensional tas,ϕ : C

f

f 0 γγ0 3 C0 a 3-arrow ofC , C00 an object

of C , and consider the case thatρ is the left 2-transfor�#0 ϕ : C (C0 ;C00)! C (C;C00 ), which has
source and target the left 1-transfors�#0 γ and�#0 γ0 respectively. Righting�#0 ϕ, one gets the

right 2-transfor�̂#0 ϕ : C (C0 ;C00)! C (C;C00), given by:�̂#0 ϕ(g) = g#0 ϕ�̂#0 ϕ(δ) = (δ #0 γ0)�1 #1 (δ #0 ϕ)#1 (δ #0 γ)�1;
with source and target̂�#0 γ and�̂#0 γ0 respectively.

A special case of the above example one dimension higher is for a sylleptic 2D tasC : for an
objectB of C , v�;B is a left 2-transforΣ2(C ) ! Σ2(C ) with source and target the identity left 1-
transfor.Σ2(C ) is a 4D tas, so things might go wrong, but in this situation there are many identities
around, and the map of degree 2gv�;B : Σ2(C )! Σ2(C ) given bygv�;B(A) = RA;B�1 #0 v�;B(A)#0 RB;A
is in fact a right 1-transfor; the calculations for this use the results on syllepses in [21, Section 6],
and are left to the reader. Note that, because these calculations make use of naturality axioms in
2-categories, this result will not hold for syllepses on 3D teisi.

3.3 Righting left 3-transfors

Let againC andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be left 1-

transfors, letρ�2 ;ρ+
2 : ρ�1 ! ρ+

1 be left 2-transfors, and letρ : ρ�2 ! ρ+
2 be a left 3-transfor. Define

a map of degree 3eρ : C ! D by: eρ(C) = ρ(C):
Proposition 3.3 eρ is a right 3-transforfρ�2 ! fρ+

2 .

Proof. For f : C!C0 in C ,fρ+
2 ( f )#2

�fρ+
1 ( f )#1 (fρ+

0 ( f )#0eρ(C))�== �
ρ+

1 ( f )�1 #1 ρ+
2 ( f )#1 ρ�1 ( f )�1

�
#2
�
ρ+

1 ( f )�1 #1 (ρ+
0 ( f )#0 ρ(C))�= ρ+

1 ( f )�1 #1
�
ρ+

2 ( f )#2 ((ρ+
0 ( f )#0 ρ(C))#1 ρ�1 ( f ))�#1 ρ�1 ( f )�1= ρ+

1 ( f )�1 #1
�(ρ+

1 ( f )#1 (ρ(C0)#0 ρ�0 ( f )))#2 ρ�2 ( f )�#1 ρ�1 ( f )�1 by naturality ofρ= �(ρ(C0)#0 ρ�0 ( f ))#1 ρ�1 ( f )�1
�

#2
�
ρ+

1 ( f )�1 #1 ρ�2 ( f )#1 ρ�1 ( f )�1
�= �(eρ(C0)#0

fρ�0 ( f ))#1
fρ�1 ( f )�#2

fρ�2 ( f )
which proves naturality ofeρ. 2

Note that the calculation here is very similar to the calculation in the proof of righting a left
1-transfor.
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Also note that the simplicity of the proof is due to the fact that the 3-transfor is between 3D
teisi; for 3-transfors between 4D teisi the problems will besimilar to the problems for righting of
2-transfors.

3.4 Reversing functors of two variables

Recall that the iso-version of Gray’s tensor product of 2-categories is symmetric. I will now show
that the previous results imply that this is also the case forGray-categories.

Let C andD be 3D teisi, andχ a functorC 
iso D ! E . Define a functioneχ : D 
iso C ! E by:eχ(D
c) = χ(c
D)eχ(d
C) = χ(C
d)eχ(g
 f ) = χ( f 
g)�1eχ(g
 γ) = χ( f 0
g)�1 #1 χ(γ
g)#1 χ( f 
g)�1eχ(δ
 f ) = χ( f 
g0)�1 #1 χ( f 
δ)#1 χ( f 
g)�1:
Theorem 3.4 eχ is a functorD 
iso C ! E .
Proof. Recall [19, Section 5.2] that the conditions onχ being a functorC 
iso D ! E are that
χ(c
�) is a left p-transfor for everyc2Cp, χ(�
d) is a rightq-transfor for everyd 2Dq, and an
interchange condition on 1-arrows. So the statement follows from propositions 3.1, 3.2 and 3.3 and
their duals, with interchange taking care of itself. 2

Hence, becauseeeχ = χ, the iso-version of the tensor product ofGray-categories [19] is sym-
metric. However, for the iso-version of the tensor product of 4D teisi,eχ need not be functorial, so
this tensor product is not symmetric. In this higher-dimensional case, ifeχ happens to be a functorD 
iso C ! E say thatχ is reversible.

As an example, letC be ann-dimensional tas, and consider the case thatχ is the functor #0 :C (C;C0)
 C (C0 ;C00)! C (C;C00). If n= 4 then e#0 is a functor, but in general 0-composition will
not be reversible.

A special case of the above example is for a monoidal 3D tasC : tensor is a functorC 
C ! C ,
which is reversible.

Another special case of the above example is for a braided 2D tas C : braiding is a functor
Σ(C )
Σ(C )! Σ(C ), which is again reversible. Braidings on 3D teisi are not reversible in general,
however.

Yet another special case of the above example is for a sylleptic 2D tasC : syllepsis is a functor
Σ2(C )
Σ2(C )! Σ2(C ), and it is reversible too. Syllepses on 3D teisi are not reversible in general,
however.

3.5 What is symmetry again?

The formulae for rightings of the transfors ‘braiding with’and ‘syllepsis with’, and for reversings
of the functors ‘braiding’ and ‘syllepsis’, suggest the following

Definition 3.5 Let n� 2 andk > 0, and letC be ak-monoidalnD tas. C is strongly symmetricif
k is reversible and
k =f
k : Σk�1C 
Σk�1C ! Σk�1C . 3
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To justify the terminology, I need to show that strongly symmetric implies symmetric.
Consider first the case whereC is a strongly symmetric monoidal 2D tas. BecauseC is a 2D tas
 is reversible.
= e
 amounts to:

A
B = B
A
f 
B = B
 f
A
g = g
A
f 
g = (g
 f )�1:

This gives a braiding onC by R�;?= id, and because the braiding gives identities this trivially makesC a symmetric 2D tas.
Consider now the case whereC is a strongly symmetric braided 2D tas.R�;? = gR�;? amounts

to:

RA;B = RB;A�1

Rf ;B = RB;A0�1 #0 RB; f #0 RB;A�1

RA;g = RB0;A�1 #0 Rg;A #0 RB;A�1:
This gives a syllepsis onC by v�;?= id, and because the syllepsis gives identities this trivially makesC a symmetric 2D tas.

Finally, consider the case whereC is a strongly symmetric sylleptic 2D tas.v�;?=gv�;? amounts
to

vA;B = RB;A�1 #0 vB;A #0 RA;B:
This precisely makesC a symmetric 2D tas.

Summarizing:

Proposition 3.6 Let n� 2 and k> 0, a strongly symmetric k-monoidal nD tas is a symmetric nD
tas. 2

For replacing the identity in the definition of strongly symmetric by a natural isomorphism, see
the sequel.

3.6 Reversing1-transfors of two variables

Let C , D andE be 2D teisi, letχ�0 ;χ+
0 : C 
iso D ! E be functors, and letχ : χ�0 ! χ+

0 be a (right)
1-transforC 
iso D ! E . Define a map of degree 1eχ : D 
iso C ! E by:eχ(D
c) = χ(c
D)eχ(d
C) = χ(C
d):
Proposition 3.7 eχ is a right 1-transforfχ�0 ! fχ+

0 .

Proof. First note thatχ�0 andχ+
0 are reversible by theorem 3.4.

Secondly, note thatχ�0 ( f 
g) andχ+
0 ( f 
g) are invertible, becausef 
g is invertible.
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For f : C!C0 in C andg : D! D0 in D ,(eχ(D0
C0)#0
fχ�0 (g
 f ))#1 (eχ(g
C0)#0

fχ�0 (D
 f ))#1 (fχ+
0 (g
C0)#0eχ(D
 f )) == (χ(C0
D0)#0 χ�0 ( f 
g)�1)#1(χ(C0
g)#0 χ�0 ( f 
D))#1 (χ+

0 (C0
g)#0 χ( f 
D))#1(χ+
0 ( f 
g)#0 χ(C
D))#1 (χ+

0 ( f 
g)�1 #0 χ(C
D))= (χ(C0
D0)#0 χ�0 ( f 
g)�1)#1 (χ(C0
D0)#0 χ�0 ( f 
g))#1(χ( f 
D0)#0 χ�0 (C
g))#1 (χ+
0 ( f 
D0)#0 χ(C
g))#1(χ+

0 ( f 
g)�1 #0 χ(C
D)) by naturality ofχ= (eχ(D0
 f )#0
fχ�0 (g
C))#1 (fχ+

0 (D0
 f )#0eχ(g
C))#1 (fχ+
0 (g
 f )#0eχ(D
C))

which proves naturality ofeχ.
Functoriality ofeχ is immediate from functoriality ofχ. 2
Already for transfors between 3D teisi things go wrong again: there is a problem with functori-

ality, which has to do with the diagram on page 46 of [19].

An example of the reversal of a 1-transfor will occur in section 6.1.

4 Localization of lax-q-transformations of ω-categories

Let C andD beω-categories and letc;c0 be elements ofC whose(k�1)-sources and(k�1)-targets
agree. In this section I show that a lax-q-transformationC ! D induces a lax-q-transformationC (c;c0)! D (d;d0 ), for appropriated;d0 2 D .

For c andc0 k-arrows of anω-categoryC satisfyingdα
k�1(c) = dα

k�1(c0) for α = �, a functor
F : C ! D trivially induces a functorC (c;c0)! D (F (c);F(c0)).

Viewing a lax-q-transformationρ : C ! D as a functorρ : C 
2q ! D , it localizes to a functor(C 
2q)(x;x0)! D (ρ(x);ρ(x0)), for x andx0 `-arrows ofC 
2q whose(`�1)-sources and(`�1)-
targets agree. One would want to takex = c
 2q andx0 = c0
 2q, but these have non-agreeing
sources and targets. However, the(k�1)-sources and(k�1)-targets ofsk(ρ(c)) andtk(ρ(c0)) do
agree, andρ induces a map of degreeq bρ : C (c;c0)! D (sk(ρ(c)); tk(ρ(c0))). The idea is to definebρβ0

q0 (γ) by composingρβ0
q0 (γ) with elements in the faces ofρ(c) andρ(c0).

Formally, define assignmentsbρq : C (c;c0 )p ! D (sk(ρq(c)); tk(ρq(c0)))p+q andbρβ0
q0 : C (c;c0)p !D (sk(ρq(c)); tk(ρq(c0)))p+q0 for everyq0 < q andβ0 =� bybρ(γ) = ρ(γ)

andbρβ0
q0 (γ) is the composite inD of ρ(�)k+1β0

q0 (γ) anddβ0
k+q0+1(ρ(γ)) according to the pasting scheme

2p+k+1
2(�)k+1β0
q0 [dβ0

k+q0+1(2p+k+1
2q)� 2p+k+1
2q.

Note that the second part of this composite only involvesρβ00
q00 , for q00 > q0, of c or c0 or of faces of

those, and at mostρ(�)k+1β0
q0 (dβ0

k+1(γ)), which boundsρ(�)k+1β0
q0 (γ), making the composite legitimate,

and which is the reason for the occurrence of the sign(�)k+1.
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Theorem 4.1 Let c and c0 k-arrows of anω-categoryC satisfying dαk�1(c) = dα
k�1(c0) for α=�, and

let ρ : C ! D be a lax-q-transformation. Thenbρ is a q-transforC (c;c0 )! D (sk(ρq(c)); tk(ρq(c0))).
Proof.bρβ0

q0 (γ) has the correctk-faces:dα
k (bρβ0

q0 (γ)) = dα
k (dβ0

k+q0+1(ρq(γ))) = dα
k (ρq(γ))) which involves

at mostρq(dα
k (γ)) hence is equal tosk(ρq(c)) andtk(ρq(c0)) respectively.bρ is natural: ifγ is (k+1)-dimensional,

dα
k+q0(bρβ0

q0 (γ)) = dα
k+q0(the composite ofρ(�)k+1β0

q0 (γ) anddβ0
k+q0+1(ρ(γ)))= the composite ofρ(�)k+1α

q0�1 (γ) anddα
k+q0(ρ(γ))= bρα

q0�1(γ);
and if γ is of dimension greater thank+1 then because the second part of the composite forbρβ0

q0 (γ)
is low dimensional enough naturality ofbρ follows from naturality ofρ.

Functoriality ofbρ follows immediately from the fact that composition with lower-dimensional
elements is a functor. 2
5 Localization in one variable

Let C andD ben-dimensional teisi, and letc;c0 be elements ofC whose(k�1)-sources and(k�1)-
targets agree. Does aq-transforC ! D induce aq-transforC (c;c0)! D (d;d0), for appropriate
d;d0 2 D ? In this section I answer these questions forn= 3 andn= 4, and apply the results to
compositions in 4D teisi, and in particular to braidings andsyllepses.

5.1 Localization of functors

Is trivial.

5.2 Localizing a1-transfor once

Let C andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, and letρ : ρ�0 ! ρ+

0 be a 1-transfor. For
two objectsC;C0 of C , note thatC (C;C0) andD (ρ�0 (C);ρ+

0 (C0)) are 2D teisi.
Define functionsbρ�0 ;bρ+

0 : C (C;C0)! D (ρ�0 (C);ρ+
0 (C0)) by:bρ�0 (c) = ρ+

0 (c)#0 ρ(C)bρ+
0 (c) = ρ(C0)#0 ρ�0 (c):

ρ�0 andρ+
0 induce functorsC (C;C0)! D (ρ�0 (C);ρ�0 (C0)) andC (C;C0 )! D (ρ+

0 (C);ρ+
0 (C0)),

again calledρ�0 andρ+
0 respectively.ρ(C) : ρ�0 (C)! ρ+

0 (C) is a 1-arrow inD , so (right) composition
by ρ(C) induces a(1�1)-transfor, i.e., a functorD (ρ+

0 (C);ρ+
0 (C0))! D (ρ�0 (C);ρ+

0 (C0)). bρ�0 is
precisely the composite ofρ+

0 andρ(C)#0�, hence is a functor too. One could have also seen this
easily directly, of course.

Define a map of degree 1bρ : C (C;C0)! D (ρ�0 (C);ρ+
0 (C0)) by:bρ(c) = ρ(c):

Proposition 5.1 bρ is a1-transforbρ�0 ! bρ+
0 .
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Proof. I have to show thatbρ(c) has the right faces, and that it is transforial.
For an objectf of C (C;C0),

s0(bρ( f )) = s1(ρ( f )) = ρ+
0 ( f )#0 ρ(C) = bρ�0 ( f );

and similarlyt0(bρ( f )) = bρ+
0 ( f ), sobρ( f ) is indeed an arrowbρ�0 ( f )! bρ+

0 ( f ) in D (ρ�0 (C);ρ+
0 (C0)).

For an arrowγ : f ! f 0 in C (C;C0 ),
s1(bρ(γ)) = s2(ρ(γ))= (ρ(C0)#0 ρ�0 (γ))#1 ρ( f )= bρ+

0 (γ)#0bρ( f );
and similarlyt1(bρ(γ)) = (bρ( f 0)#0bρ�0 (γ), sobρ(γ) is indeed a 2-arrow

bρ�0 ( f )bρ( f )
bρ�0 (γ)

bρ+0 ( f ) bρ+0 (γ)
bρ�0 ( f 0) bρ( f 0)bρ+0 ( f 0)bρ(γ)

in D (ρ�0 (C);ρ+
0 (C0)).

For a 2-arrowϕ : f

γ

γ0 f 0 in C (C;C0),(bρ( f 0)#0bρ�0 (ϕ))#1bρ(γ) = �
ρ( f 0)#1 (ρ+

0 (ϕ)#0 ρ(C))�#2 ρ(γ)= ρ(γ0)#2
�(ρ(C0)#0 ρ�0 (ϕ))#1 ρ( f )� by naturality ofρ= bρ(γ0)#1 (bρ+

0 (ϕ)#0bρ( f ))
which proves naturality ofbρ.

For f
γ

f 0 γ0
f 00 in C (C;C0),bρ(γ0 #0 γ) = ρ(γ0 #0 γ)= �

ρ(γ0)#1 (ρ+
0 (γ)#0 ρ(C))�#2

�(ρ(C0)#0 ρ�0 (γ0))#1 ρ(γ)�
by functoriality ofρ with respect to 1-composition of 2-arrows= �bρ(γ0)#0bρ�0 (γ)�#1
�bρ+

0 (γ0)#0bρ(γ)�
which proves functoriality ofbρ.

For f in C (C;C0), bρ(id f ) = ρ(id f ) = idρ( f ) = idbρ( f ). 2
This actually also works orC andD 4D teisi. What happens here is the reindexation of the

data and some of the axioms, namely the ones relevant toC (C;C0). So far, this works almost
exactly as forω-categories, although there is already a difference for transfors between 4D teisi,
because functoriality with respect to 0-composition of a 2-arrow with an arrow involves a horizontal
composite, unlike for lax-1-transformations.

I have given a somewhat detailed proof here to illustrate thethings that are relevant; I will be
more succinct in the rest of paper.

As an example, letC be a 4-dimensional tas,δ : C0 g

g0 C00 a 2-arrow ofC , and consider the

case thatρ is the 1-transforδ #0� : C (C;C0)! C (C;C00 ), which has source and target the functors
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g#0� and g0 #0� respectively. Localizingδ #0� at the objectsf and f 0 of C (C;C0), one gets

the 1-transfor\δ #0� : C ( f ; f 0)! C (g#0 f ;g0 #0 f 0), with source and target(g0 #0�)#1 (δ #0 f ) and(δ #0 f 0)#1 (g#0�) respectively.

A special case of the above example is for a braided 2D tasC : for an objectA of C , RA;� is a
1-transforΣ(C )! Σ(C ) with source and target the identity functor. LocalizingRA;� at (�;�) gives
the 1-transfordRA;� : Σ(C )(�;�) ! Σ(C )(�;�) with source and targetRA;�
� and�
RA;�. I.e.,
RA;� induces a pseudo-natural transformationA
�!�
A : C ! C .
5.3 Localizing a2-transfor once

Let againC andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be 1-transfors,

and letρ : ρ�1 ! ρ+
1 be a 2-transfor.

Define functionsbρ�0 ;bρ+
0 : C (C;C0)! D (ρ�0 (C);ρ+

0 (C0)) by:bρ�0 (c) = ρ+
0 (c)#0 ρ�1 (C)bρ+

0 (c) = ρ+
1 (C0)#0 ρ�0 (c):

These are very similar to the situation above, and can be seenas instances of the above. Sobρ�0 andbρ+
0 are functors.

Define maps of degree 1bρ�1 ;bρ+
1 : C (C;C0)! D (ρ�0 (C);ρ+

0 (C0)) by:bρ�1 ( f ) = ρ+
1 ( f )#1

�
ρ+

0 ( f )#0 ρ(C)�bρ+
1 ( f ) = �

ρ(C0)#0 ρ�0 ( f )�#1 ρ�1 ( f )bρ�1 (γ) = �
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ(C))�1

�
#2
�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))�bρ+

1 (γ) = �(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2
�(ρ(C0)#0 ρ�0 (γ))#1 ρ�1 ( f )� :

Proposition 5.2 bρ�1 andbρ+
1 are1-transforsbρ�0 ! bρ+

0 .

Proof. I have to show thatbρ�1 (c) has the right faces, and that it is transforial.

For an objectf of C (C;C0),
s0(bρ�1 ( f )) = s1

�
ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))�= ρ+

0 ( f )#0 s1(ρ(C))= ρ+
0 ( f )#0 ρ�1 (C)= bρ�0 ( f );

and similarlyt0(bρ�1 ( f )) =bρ+
0 ( f ), sobρ�1 ( f ) is indeed an arrowbρ�0 ( f )!bρ+

0 ( f ) in D (ρ�0 (C);ρ+
0 (C0)).

For an arrowγ : f ! f 0 of C (C;C0),
s1(bρ�1 (γ)) = s2

�(ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ(C))�1)#2 (ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C)))�= s2
�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))�= s2(ρ+

1 (γ))#1
�
ρ+

0 ( f )#0 ρ(C)�= �
ρ+

1 (C0)#0 ρ�0 (γ)�#1 ρ+
1 ( f )#1

�
ρ+

0 ( f )#0 ρ(C)�= bρ+
0 (γ)#0bρ�1 ( f );

and similarlyt1(bρ�1 (γ)) = bρ�1 ( f 0)#0bρ�0 (γ), sobρ�1 (γ) is indeed a 2-arrow
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bρ�0 ( f )bρ�1 ( f )
bρ�0 (γ)

bρ+0 ( f ) bρ+0 (γ)
bρ�0 ( f 0) bρ�1 ( f 0)bρ+0 ( f 0)bρ�1 (γ)

in D (ρ�0 (C);ρ+
0 (C0)).

For a 2-arrowϕ : f

γ

γ0 f 0 in C (C;C0),�bρ�1 ( f 0)#0bρ�0 (ϕ)�#1bρ�1 (γ) == �
ρ+

1 ( f 0)#1 (ρ+
0 ( f 0)#0 ρ(C))#1 (ρ+

0 (ϕ)#0 ρ�1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ(C))�1

�
#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C))�= �
ρ+

1 ( f 0)#1 (((ρ+
0 ( f 0)#0 ρ(C))#1 (ρ+

0 (ϕ)#0 ρ�1 (C)))#2 (ρ+
0 (γ)#0 ρ(C))�1)�#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C))�= �
ρ+

1 ( f 0)#1 ((ρ+
0 (γ0)#0 ρ(C))�1 #2 ((ρ+

0 (ϕ)#0 ρ+
1 (C))#1 (ρ+

0 ( f )#0 ρ(C))))�#2�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))� by naturality inD= �

ρ+
1 ( f 0)#1 (ρ+

0 (γ0)#0 ρ(C))�1
�

#2�((ρ+
1 ( f )#1 (ρ+

0 (ϕ)#0 ρ+
1 (C)))#2 ρ+

1 (γ))#1 (ρ+
0 ( f )#0 ρ(C))�= �

ρ+
1 ( f 0)#1 (ρ+

0 (γ0)#0 ρ(C))�1
�

#2�(ρ+
1 (γ0)#2 (ρ+

1 ( f )#1 (ρ+
1 (C0)#0 ρ�0 (ϕ))))#1 (ρ+

0 ( f )#0 ρ(C))� by naturality ofρ= �
ρ+

1 ( f 0)#1 (ρ+
0 (γ0)#0 ρ(C))�1

�
#2�

ρ+
1 (γ0)#1 (ρ+

0 ( f )#0 ρ(C))�#2�
ρ+

1 ( f )#1 (ρ+
1 (C0)#0 ρ�0 (ϕ))#1 (ρ+

0 ( f )#0 ρ(C))�= bρ�1 (γ0)#1
�bρ+

0 (ϕ)#0bρ�1 ( f )�
which proves naturality ofbρ�1 .

For f
γ

f 0 γ0
f 00 in C (C;C0),bρ�1 (γ0 #0 γ) = �

ρ+
1 ( f 0)#1 (ρ+

0 (γ0 #1 γ)#0 ρ(C))�1
�

#2
�
ρ�1 (γ0 #1 γ)#1 (ρ+

0 ( f )#0 ρ(C))�= �
ρ+

1 ( f 0)#1 ((ρ+
0 (γ0)#1 ρ+

0 (γ))#0 ρ(C))�1
�

#2�
ρ+

1 (γ0)#1 (ρ+
0 (γ)#0 ρ+

1 (C))#1 (ρ+
0 ( f )#0 ρ(C))�#2�(ρ+

1 (C0)#0 ρ�0 (γ0))#1 ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C))�
by functoriality ofρ�1 and ofρ+

0= �
ρ+

1 ( f 0)#1 (ρ+
0 (γ0)#0 ρ(C))�1 #1 (ρ+

0 (γ)#0 ρ�1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ0)#0 ρ+

1 (C))#1 (ρ+
0 (γ)#0 ρ(C))�1

�
#2�

ρ+
1 (γ0)#1 (ρ+

0 (γ)#0 ρ+
1 (C))#1 (ρ+

0 ( f )#0 ρ(C))�#2�(ρ+
1 (C0)#0 ρ�0 (γ0))#1 ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))� by functoriality inD= �

ρ+
1 ( f 0)#1 (ρ+

0 (γ0)#0 ρ(C))�1 #1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�

ρ+
1 (γ0)#1 (ρ+

0 ( f 0)#0 ρ(C))#1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�(ρ+

1 (C0)#0 ρ�0 (γ0))#1 ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ(C))�1
�

#2�(ρ+
1 (C0)#0 ρ�0 (γ0))#1 ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))� by naturality inD= �bρ�1 (γ0)#0bρ�0 (γ)�#1

�bρ+
0 (γ0)#0bρ�1 (γ)�

which proves functoriality ofbρ�1 .
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For f in C (C;C0), bρ�1 (id f ) = ρ�1 (id f ) = idρ�1 ( f ) = idbρ�1 ( f ).bρ+
1 goes similar. 2

For transfors between 4D teisi, in naturality ofbρ�1 the non-identity arrow resulting from natu-
rality in D can be combined with the non-identity arrow resulting from naturality ofρ�1 . However,
in functoriality of bρ�1 the non-identity arrow resulting from naturality inD implies that this result
will not hold for for transfors between 4D teisi.

An alternative way to look atbρ�1 is as follows. First note that� #0 ρ(C) is a left 1-transforD (ρ+
0 (C);ρ+

0 (C0))! D (ρ�0 (C);ρ+
0 (C0)). Righting it (if that is possible) gives a right 1-transfor

which can be composed with the functorρ+
0 : C (C;C0)! D (ρ+

0 (C);ρ+
0 (C0)), to give a 1-transforC (C;C0) ! D (ρ�0 (C);ρ+

0 (C0)). cρ+
1 (as opposed tobρ+

1 ) is also a 1-transforC (C;C0) !D (ρ�0 (C);ρ+
0 (C0)). 0-composing theseas transfors[19, Section 9] givesbρ�1 , which is a 1-transfor

if ( ^�#0 ρ(C))�ρ+
0 andcρ+

1 are truly composable.

Forbρ+
1 , cρ�1 and(ρ(C0)#0�)�ρ�0 need to be truly composable.

Define a map of degree 2bρ : C (C;C0)! D (ρ�0 (C);ρ+
0 (C0)) by:bρ(c) = ρ(c):

Proposition 5.3 bρ is a2-transforbρ�1 ! bρ+
1 .

Proof. I have to show thatbρ(c) has the right faces, and that it is transforial. But the definition of bρ�0 ,bρ+
0 , bρ�1 , andbρ+

1 was made such thatbρ has the right faces and is natural. 2
Functoriality is not an issue for 2-transfors between 2D teisi, but it is one dimension higher. A

long calculation, or a nice big diagram (well, not too big, actually), shows that ifbρ�1 andbρ+
1 are

1-transfors then functoriality ofbρ follows from functoriality ofρ. If this is indeed the case, callρ
localizable.

As an example, letC be a 4-dimensional tas,ψ : C0 g

g0 δδ0 3 C00 a 3-arrow ofC , and consider

the case thatρ is the 2-transforψ #0� : C (C;C0)! C (C;C00), which has source and target the 1-
transforsδ #0� andδ0 #0� respectively. Localizingψ #0� at the objectsf and f 0 of C (C;C0), one
gets the 2-transfor\ψ #0� : C ( f ; f 0)! C (g#0 f ;g0 #0 f 0), with sources and targets given by:\ψ #0��

0 = (g0 #0�)#1 (δ #0 f )\ψ #0�+
0 = (δ0 #0 f 0)#1 (g#0�)\ψ #0��
1 (γ) = (δ0 #0 γ)#2 ((g0 #0 γ)#1 (ψ #0 f ))\ψ #0�+
1 (γ) = ((ψ #0 f 0)#1 (g#0 γ))#2 (δ #0 γ)\ψ #0��
1 (ϕ) = �(δ0 #0 γ0)#2 ((g0 #0 ϕ)#1 (ψ #0 f ))�1

�
#3 ((δ0 #0 ϕ)#2 ((g0 #0 γ)#1 (ψ #0 f )))\ψ #0�+

1 (ϕ) = (((ψ #0 f 0)#1 (g#0 γ0))#2 (δ #0 ϕ))#3 (((ψ #0 f 0)#1 (g#0 ϕ))#2 (δ #0 γ)) :
A special case of the above example is for a braided 2D tasC : for an arrow f : A! A0 of C ,

Rf ;� is a 2-transforΣ(C ) ! Σ(C ) with source and targetRA;� andRA0;� respectively. Localizing

27



Rf ;� at (�;�) gives the 2-transfordRf ;� : C ! C with sources and targets given by:dRf ;��0 = A
�dRf ;�+
0 = �
A0dRf ;��1 (B) = RA0;B #0 ( f 
B)dRf ;�+
1 (B) = (B
 f )#0 RA;BdRf ;��1 (g) = (RA0;B0 #0 ( f 
g)�1)#1 (RA0;g #0 ( f 
B))dRf ;�+
1 (g) = ((B0
 f )#0 RA;g)#1 ((g
 f )#0 RA;B):

I.e.,Rf ;� induces a modificationRA0;� #0 ( f 
�)! (�
 f )#0 RA;�, provided its source and target
are interpreted as pseudo-natural transformations in the above – correct – way. Note, again, that this
source and target can be seen as a composite of transfors.

5.4 Localizing a3-transfor once

Let againC andD be 3D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be 1-transfors,

let ρ�2 ;ρ+
2 : ρ�1 ! ρ+

1 be 2-transfors, and letρ : ρ�2 ! ρ+
2 be a 3-transfor.

Define functionsbρ�0 ;bρ+
0 : C (C;C0)! D (ρ�0 (C);ρ+

0 (C0)) by:bρ�0 (c) = ρ+
0 (c)#0 ρ�1 (C)bρ+

0 (c) = ρ+
1 (C0)#0 ρ�0 (c):

These are the same as for the localization of a 2-transfor. Sobρ�0 andbρ+
0 are functors.

Define maps of degree 1bρ�1 ;bρ+
1 : C (C;C0)! D (ρ�0 (C);ρ+

0 (C0)) by:bρ�1 ( f ) = ρ+
1 ( f )#1

�
ρ+

0 ( f )#0 ρ�2 (C)�bρ+
1 ( f ) = �

ρ+
2 (C0)#0 ρ�0 ( f )�#1 ρ�1 ( f )bρ�1 (γ) = �

ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ�2 (C))�1
�

#2
�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ�2 (C))�bρ+

1 (γ) = �(ρ+
2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2

�(ρ+
2 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )� :

These are very similar to the situation for localization of a2-transfor above, and can be seen as
instances of the above. Sobρ�1 andbρ+

1 are 1-transforsbρ�0 ! bρ+
0 . But not always forρ a 3-transfor

between 4D teisi.
Define maps of degree 2bρ�2 ;bρ+

2 : C (C;C0)! D (ρ�0 (C);ρ+
0 (C0)) by:bρ�2 ( f ) = ρ+

2 ( f )#2
�
ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))�bρ+

2 ( f ) = �(ρ(C0)#0 ρ�0 ( f ))#1 ρ�1 ( f )�#2 ρ�2 ( f ):
Proposition 5.4 bρ�2 andbρ+

2 are 2-transforsbρ�1 ! bρ+
1 .

Proof. bρ�2 (c) has the right faces more or less by definition ofbρ�1 andbρ+
1 , and a lengthy calculation

similar to the ones above shows thatbρ�2 is natural.bρ+
2 goes similar. 2

This becomes more interesting one dimension higher, as the proof of naturality turns into a
composite of non-identity arrows.

As before, bρ�2 and bρ+
2 can be seen as composites of transfors, namelybρ�2 ascρ+

2 #1

�cρ+
1 #0 ((�#0 ρ(C))�ρ+

0 )�, andbρ+
2 similar.
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Proposition 5.5 bρ�2 = bρ+
2 .

Proof. Exactly by naturality ofρ. 2
This becomes more interesting one dimension higher, of course.

As an example, letC be a 4-dimensional tas,∆ : C0 g

g0 δδ0
ψ3

ψ0
3

4 C00 a 4-arrow ofC , and

consider the case thatρ is the 3-transfor∆ #0� : C (C;C0)! C (C;C00), which has source and target
the 2-transforsψ#0� andψ0#0� respectively. Localizing∆#0� at the objectsf and f 0 of C (C;C0),
one gets a 3-transfor\∆ #0� : C ( f ; f 0 )! C (g#0 f ;g0 #0 f 0), with sources and targets given by:\∆ #0��

0 = (g0 #0�)#1 (δ #0 f )\∆ #0�+
0 = (δ0 #0 f 0)#1 (g#0�)\∆ #0��
1 (γ) = (δ0 #0 γ)#2 ((g0 #0 γ)#1 (ψ #0 f ))\∆ #0�+
1 (γ) = ((ψ0 #0 f 0)#1 (g#0 γ))#2 (δ #0 γ)\∆ #0��
1 (ϕ) = �(δ0 #0 γ0)#2 ((g0 #0 ϕ)#1 (ψ #0 f ))�1

�
#3 ((δ0 #0 ϕ)#2 ((g0 #0 γ)#1 (ψ #0 f )))\∆ #0�+

1 (ϕ) = (((ψ0 #0 f 0)#1 (g#0 γ0))#2 (δ #0 ϕ))#3 (((ψ0 #0 f 0)#1 (g#0 ϕ))#2 (δ #0 γ))\∆ #0��
2 (γ) = (ψ0 #0 γ)#3 ((δ0 #0 γ)#2 ((g0 #0 γ)#1 (∆ #0 f )))\∆ #0�+
2 (γ) = (((∆ #0 f 0)#1 (g#0 γ))#2 (δ #0 γ))#3 (ψ #0 γ);

i.e., the equality of\∆ #0��
2 and\∆ #0��

2 .

A special case of the above example is for a braided 2D tasC : for a 2-arrowα : A

f

f 0 A0 ofC , Rα;� is a 3-transforΣ(C )! Σ(C ) with source and targetRf ;� andRf 0;� respectively. Localizing
Rα;� at (�;�) gives the 3-transfordRα;� : C ! C with sources and targets given by:dRα;��0 = A
�dRα;�+

0 = �
A0dRα;��1 (B) = RA0;B #0 ( f 
B)dRα;�+
1 (B) = (B
 f 0)#0 RA;BdRα;��1 (g) = (RA0;B0 #0 ( f 
g)�1)#1 (RA0;g #0 ( f 
B))dRα;�+
1 (g) = ((B0
 f 0)#0 RA;g)#1 ((g
 f 0)#0 RA;B)dRα;��2 (B) = Rf 0;B #1 (RA0;B #0 (α
B))dRα;�+
2 (B) = ((B
α)#0 RA;B)#1 Rf ;B:

I.e., dRα;� says thatdRα;��2 equalsdRα;�+
2 , which is the correct way of stating thatdRf ;� is 2-natural in
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α. Note, here, that dRα;��0 = dRf ;��0dRα;�+
0 = [Rf 0;�+

0dRα;��1 = dRf ;��1dRα;�+
1 = [Rf 0;�+

1 :
Also note thatdRα;��2 is a composite of transfors, namely[Rf 0;� #1

�[RA0;� #0 (α
�)�.

5.5 Localizing a1-transfor twice

Localizing a 1-transfor twice is the same as localizing it once and then once again, of course. But it
is useful to express the result in terms of the original 1-transfor.

The situation would be too trivial when starting from transfors between 3D teisi, so from now
on I will consider transfors between 4D teisi. As they will belocalized twice, I will not need a full
definition of such transfors, and the parts which do affect the localizations will become apparent in
the sequel.

So letC andD be 4D teisi, letρ�0 ;ρ+
0 : C ! D be functors, and letρ : ρ�0 ! ρ+

0 be a 1-transfor.
For two arrowsf ; f 0 : C!C0 of C , note thatC ( f ; f 0) andD (ρ+

0 ( f )#0 ρ(C);ρ(C0)#0 ρ�0 ( f 0)) are 2D
teisi. (Note thatρ+

0 ( f )#0 ρ(C) = s1(ρ( f )) and,ρ(C0)#0 ρ�0 ( f 0) = t1(ρ( f 0)).)
Define functionsbρ�0 ;bρ+

0 : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ�0 (c) = (ρ(C0)#0 ρ�0 (c))#1 ρ( f )bρ+
0 (c) = ρ( f 0)#1 (ρ+

0 (c)#0 ρ(C)):
An argument similar to for localization once gives thatbρ�0 andbρ+

0 are functors. Alternatively,
they are functors because they are the result of repeated localization once, which is known to give
functors.

Define a map of degree 1bρ : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ(c) = ρ(c):
Proposition 5.6 bρ is a 1-transforbρ�0 ! bρ+

0 .

Proof. Thatbρ(c) has the right faces, and thatbρ is natural is almost immediate. Functoriality ofbρ with
respect to 0-composition of arrows follows from functoriality of ρ with respect to 2-composition of
3-arrows. 2

Alternatively,bρ is a repeated localization once, and use the remark following proposition 5.1.

As an example, letC be a 5-dimensional tas,δ : C0 g

g0 C00 a 2-arrow ofC , and consider

the case thatρ is the 1-transforδ #0� : C (C;C0)! C (C;C00 ), which has source and target the
functors g#0� and g0 #0� respectively. Localizingδ #0� at the arrowsγ and γ0 : f ! f 0 ofC (C;C0), one gets the 1-transfor\δ #0� : C (γ;γ0)! C (s1(g#0 γ); t1(g0 #0 γ0)), with source and target((δ #0 f 0)#1 (g#0�))#2 (δ #0 γ) and(δ #0 γ0)#2 ((g0 #0�)#1 (δ #0 f )) respectively.
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5.6 Localizing a2-transfor twice

Let againC andD be 4D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be 1-transfors,

and letρ : ρ�1 ! ρ+
1 be a 2-transfor.

Define functionsbρ�0 ;bρ+
0 : C ( f ; f 0 )! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ�0 (c) = (ρ+

1 (C0)#0 ρ�0 (c))#1 ρ+
1 ( f )#1 (ρ+

0 ( f )#0 ρ(C))bρ+
0 (c) = (ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+

0 (c)#0 ρ�1 (C)):
By the same argument as before,bρ�0 andbρ+

0 are functors.
Define maps of degree 1bρ�1 ;bρ+

1 : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ�1 (γ) = �(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2�(ρ(C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ( f )�bρ+

1 (γ) = �
ρ( f 0)#1 (ρ+

0 (γ)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ(C))�1
�

#2�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))�bρ�1 (ϕ) = ��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ0)�#2�(ρ(C0)#0 ρ�0 (γ0))#1 ρ�1 ( f )�#2�(ρ+

1 (C0)#0 ρ�0 (ϕ))#1 ρ( f )��1
�

#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ0)�#2�(ρ(C0)#0 ρ�0 (ϕ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ( f )��#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (ϕ)�#2�(ρ(C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ( f )��bρ+

1 (ϕ) = ��
ρ( f 0)#1 (ρ+

0 (γ0)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)#1 (ρ+

0 (γ0)#0 ρ(C))�1
�

#2�
ρ+

1 (ϕ)#1 (ρ+
0 ( f )#0 ρ(C))��#3��

ρ( f 0)#1 (ρ+
0 (γ0)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 ((ρ+
0 (γ0)#0 ρ(C))�1 #2 (ρ+

0 (ϕ)#0 ρ(C))#2 (ρ+
0 (γ)#0 ρ(C))�1)�#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ(C))��#3��
ρ( f 0)#1 (ρ+

0 (ϕ)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ(C))�1
�

#2�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))�� :

Proposition 5.7 bρ�1 andbρ+
1 are1-transforsbρ�0 ! bρ+

0 .

Proof. That bρ�1 (c) has the right faces, and thatbρ�1 is natural is a long but straightforward cal-
culation. Functoriality ofbρ�1 with respect to 0-composition of arrows follows, again by a long
calculation, from functoriality ofρ�1 with respect to 2-composition of 3-arrows and functoriality of
1-composition in a 4-dimensional tas. 2

As before, functoriality uses naturality inD several times, so will not hold for transfors between
higher-dimensional teisi.

As before,bρ�1 andbρ+
1 can be seen as composites of transfors.
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Define a map of degree 2bρ : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ(c) = ρ(c):
Proposition 5.8 bρ is a 2-transforbρ�1 ! bρ+

1 .

Proof. Again, as in proposition 5.3, the definitions ofbρ�0 , bρ+
0 , bρ�1 , andbρ+

1 have been made exactly
with this purpose; in particular, naturality ofbρ follows from naturality ofρ. 2

In the higher-dimensional situation, ifbρ�1 andbρ+
1 are 1-transfors callρ twice localizable. Again,

this can be expressed in terms of true composability of the transfors making upbρ�1 andbρ+
1 .

As an example, letC be a 5-dimensional tas,ψ : C0 g

g0 δδ0 3 C00 a 3-arrow ofC , and consider

the case thatρ is the 2-transforψ #0� : C (C;C0)! C (C;C00 ), which has source and target the
1-transforsδ #0� and δ0 #0� respectively. Localizingψ #0� at the arrowsγ and γ0 : f ! f 0 ofC (C;C0), one gets the 2-transfor\ψ #0� : C (γ;γ0 )! C (s1(g#0 γ); t1(g0 #0 γ0)), whose sources and
targets can be derived from the formulae forbρ�0 , bρ+

0 , bρ�1 , andbρ+
1 , as before.

A special case of the above example is for a sylleptic 2D tasC : for an objectA of C , vA;� is
a 2-transforΣ2(C ) ! Σ2(C ) with source and target the identity transfor, or, more precisely, vid�;�
andvid�;�. LocalizingvA;� twice, at(id�; id�), gives the 2-transfordvA;� : C ! C with sources and
targets given by: dvA;��0 = A
�dvA;�+

0 = �
AdvA;��1 (B) = RA;BdvA;�+
1 (B) = RB;A�1dvA;��1 (g) = RA;gdvA;�+
1 (g) = RB0;A�1 #0 Rg;A #0 RB;A�1:

Note that heredvA;��1 = dRA;�, but also note that there is more involved in arriving atRA;� as a
1-transforC ! C than just localizing it: it is composed with further transfors which are identities

because of unit axioms.dvA;�+
1 = dgRA;�, also composed with further identity functors. I.e.,vA;�

induces a modificationRA;�! R�;A but only provided, again, its source and target are interpreted
as pseudo-natural transformations in the above – correct – way.

5.7 Localizing a3-transfor twice

Let againC andD be 4D teisi, letρ�0 ;ρ+
0 : C ! D be functors, letρ�1 ;ρ+

1 : ρ�0 ! ρ+
0 be 1-transfors,

let ρ�2 ;ρ+
2 : ρ�1 ! ρ+

1 be 2-transfors, and letρ : ρ�2 ! ρ+
2 be a 3-transfor.

Define functionsbρ�0 ;bρ+
0 : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ�0 (c) = (ρ+

1 (C0)#0 ρ�0 (c))#1 ρ+
1 ( f )#1 (ρ+

0 ( f )#0 ρ�2 (C))bρ+
0 (c) = (ρ+

2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (c)#0 ρ�1 (C)):

These are the similar to for the localization twice of a 2-transfor. Sobρ�0 andbρ+
0 are functors.
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Define maps of degree 1bρ�1 ;bρ+
1 : C ( f ; f 0)! D (s1(ρ( f )); t1(ρ( f 0))) by:bρ�1 (γ) = �(ρ+

2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2�(ρ+
2 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

2 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))�bρ+

1 (γ) = �(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�

ρ�2 ( f 0)#1 (ρ+
0 (γ)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�2 (C))�1

�
#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ�2 (C))�bρ�1 (ϕ) = ��(ρ+
2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ0)�#2�(ρ+

2 (C0)#0 ρ�0 (γ0))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ0))#1 ρ+

2 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (ϕ))#1 ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))��1

�
#3��(ρ+

2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ0)�#2�(ρ+
2 (C0)#0 ρ�0 (γ0))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (ϕ))#1 ρ+

2 ( f )��1
#2�(ρ+

1 (C0)#0 ρ�0 (γ))#1 ρ+
1 ( f )#1 (ρ+

0 ( f )#0 ρ(C))��#3��(ρ+
2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ0)�#2�(ρ+

2 (C0)#0 ρ�0 (ϕ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

2 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))��#3��(ρ+

2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (ϕ)�#2�(ρ+
2 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

2 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ+

1 ( f )#1 (ρ+
0 ( f )#0 ρ(C))��bρ+

1 (ϕ) = ��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�

ρ�2 ( f 0)#1 (ρ+
0 (γ0)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ0)#0 ρ�2 (C))�1

�
#2�

ρ+
1 (ϕ)#1 (ρ+

0 ( f )#0 ρ�2 (C))��#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�

ρ�2 ( f 0)#1 (ρ+
0 (γ0)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 ((ρ+
0 (γ0)#0 ρ�2 (C))�1 #2 (ρ+

0 (ϕ)#0 ρ�2 (C))#2 (ρ+
0 (γ)#0 ρ�2 (C))�1)�#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ�2 (C))��#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�1 (C))�#2�

ρ�2 ( f 0)#1 (ρ+
0 (ϕ)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�2 (C))�1

�
#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ�2 (C))��#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+
0 (ϕ)#0 ρ�1 (C))�#2�

ρ�2 ( f 0)#1 (ρ+
0 (γ0)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ�2 (C))�1

�
#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ�2 (C))�� :
Proposition 5.9 bρ�1 andbρ+

1 are1-transforsbρ�0 ! bρ+
0 .

Proof. Only slightly more complicated than the proof of proposition 5.7, and left to the reader.2
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As before, functoriality uses naturality inD several times, so will not hold for transfors between
higher-dimensional teisi.

As before,bρ�1 andbρ+
1 can be seen as composites of transfors.

Define maps of degree 2bρ : C (C;C0)! D (ρ�0 (C);ρ+
0 (C0)) by:bρ�2 (γ) = ��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 ( f 0)#1 (ρ+

0 (γ)#0 ρ�1 (C))�#2

ρ�2 (γ)�#3��(ρ(C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2�(ρ�2 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ�2 ( f )��#3��(ρ+
2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2�(ρ(C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+

1 (C0)#0 ρ�0 (γ))#1 ρ�2 ( f )��#3��(ρ+
2 (C0)#0 ρ�0 ( f 0))#1 ρ�1 (γ)�#2�(ρ+

2 (C0)#0 ρ�0 (γ))#1 ρ�1 ( f )�#2�(ρ+
1 (C0)#0 ρ�0 (γ))#1 ρ( f )��bρ+

2 (γ) = ��
ρ+

2 ( f 0)#1 (ρ+
0 (γ)#0 ρ+

1 (C))�#2�
ρ+

1 ( f 0)#1 (ρ+
0 (γ)#0 ρ+

2 (C))�1
�

#2�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ(C))�1

��
#3��

ρ+
2 ( f 0)#1 (ρ+

0 (γ)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)#1 ((ρ+

0 (γ)#0 ρ+
2 (C))�1 #2 (ρ+

0 (γ)#0 ρ(C))#2 (ρ+
0 (γ)#0 ρ�2 (C))�1)�#2�

ρ+
1 (γ)#1 (ρ+

0 ( f )#0 ρ�2 (C))��#3��
ρ( f 0)#1 (ρ+

0 (γ)#0 ρ+
1 (C))�#2�

ρ+
1 ( f 0)#1 (ρ+

0 (γ)#0 ρ�2 (C))�1
�

#2�
ρ+

1 (γ)#1 (ρ+
0 ( f )#0 ρ�2 (C))��#3�

ρ+
2 (γ)#2�(ρ+

1 (C0)#0 ρ�0 (γ))#1 ρ+
1 ( f )#1 (ρ+

0 ( f )#0 ρ(C))�� :
Proposition 5.10 bρ�2 andbρ+

2 are2-transforsbρ�1 ! bρ+
1 .

Proof. Straightforward, and left to the reader. 2
In the higher-dimensional situation, ifbρ�1 andbρ+

1 are 1-transfors callρ twice localizable. Again,
this can be expressed in terms of true composability of the transfors making upbρ�1 andbρ+

1 .

Proposition 5.11 bρ�2 = bρ+
2 .

Proof. Precisely by naturality ofρ. 2
As an example, letC be a 5-dimensional tas,∆ : C0 g

g0 δδ0
ψ3

ψ0
3

4 C00 a 4-arrow ofC , and

consider the case thatρ is the 3-transfor∆ #0� : C (C;C0)! C (C;C00), which has source and target
the 2-transforsψ #0� andψ0 #0� respectively. Localizing∆ #0� at the arrowsγ andγ0 : f ! f 0
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of C (C;C0), one gets the 3-transfor\∆ #0� : C (γ;γ0)! C (s1(g#0 γ); t1(g0 #0 γ0)), whose sources and
targets can be derived from the formulae forbρ�0 , bρ+

0 , bρ�1 , andbρ+
1 , as before.

A special case of the above example is for a sylleptic 2D tasC : for an arrow f : A! A0 of C ,
vf ;� is a 3-transforΣ2(C ) ! Σ2(C ) with source and targetvA;� andvA0;� respectively. Localizing
vf ;� twice, at(id�; id�), gives the 3-transfordvf ;� : C ! C with sources and targets given by:dvf ;��0 = A
�dvf ;�+

0 = �
A0dvf ;��1 (B) = RA0;B #0 ( f 
B)dvf ;�+
1 (B) = (B
 f )#0 RB;A�1dvf ;��1 (g) = (RA0;B0 #0 ( f 
g)�1)#1 (Rf ;B0 #0 ( f 
B))dvf ;�+
1 (g) = ((B0
 f )#0 (RB;A�1 #0 RB; f #0 RB;A0�1))#1 ((g
 f )#0 RB;A�1)dvf ;��2 (B) = ((B
 f )#0 vA;B)#1 Rf ;Bdvf ;�+
2 (B) = ((RB;A�1 #0 RB; f #0 RB;A0�1)#1 (vA;B #0 ( f 
B):

I.e.,dvf ;� says thatdvf ;��2 equalsdvf ;�+
2 , which is the correct way of stating thatdvA;� is natural in

f .

5.8 Localizing a transfor more often

One special case of some interest here is for a symmetric 2D tas C : for an objectB of C , σ�;B is
a 3-transforΣ3(C )! Σ3(C ) with source and target the identity transfor. Localizingσ�;B thrice, at(id2�; id2�), gives the 3-transfordσ�;B : C ! C with sources and targets given by:dσ�;B�0 = B
�dσ�;B+0 = �
Bdσ�;B�1 (A) = RB;Adσ�;B+1 (A) = RA;B�1dσ�;B�1 ( f ) = Rf ;Bdσ�;B+1 ( f ) = RA0;B�1 #0 RB; f #0 RA;B�1dσ�;B�2 (A) = RA;B�1 #0 vA;B #0 RB;Adσ�;B+2 (A) = vB;A:

I.e., dσ�;B says thatdσ�;B�2 equalsdσ�;B+2 .

This localizing is expected to continue, with ever longer formulas, and with more and more
trueness conditions for localizability.

The localization question has a topological interpretation: transfors are “governed by” 2p
2q

(and functoriality by(2p[n 20p)
2q), and localization of a transfor is asking for a canonical func-
tor/map 2p�k
2q!Ωk(2p
2q). This seems to me an interesting question in its own, topological,
right.

6 Localization in both variables

Let C , D andE be n-dimensional teisi, and letc;c0 2 C andd;d0 2 D whose(k�1)-sources and(k� 1)-targets agree, does a functorC 
 D ! E induce a(k+ 1)-transforC (c;c0 )
 D (d;d0)!E (e;e0), for appropriatee;e0 2 E? In this section I answer this question forn= 3 andn= 4, and
apply the results to compositions in 4D teisi, and in particular to braidings and syllepses.
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6.1 Localizing a functor of two variables once

Let C , D andE be 3D teisi, and letχ be a functorC 
 D ! E .
Define functionsbχ�0 ;bχ+

0 : C (C;C0)
 D (D;D0)! E(χ(C
D);χ(C0
D0)) by:bχ�0 ( f 
g) = χ( f 
D0)#0 χ(C
g)bχ�0 (γ
g) = χ(γ
D0)#0 χ(C
g)bχ�0 ( f 
δ) = χ( f 
D0)#0 χ(C
δ)bχ�0 (ϕ
g) = χ(ϕ
D0)#0 χ(C
g)bχ�0 ( f 
ψ) = χ( f 
D0)#0 χ(C
ψ)bχ�0 (γ
δ) = (χ(γ
D0)#0 χ(C
δ))�1bχ+
0 (c
d) = χ(C0
d)#0 χ(c
D):

By definition of functors from a tensor product,χ(�
D0) is a functorC ! E and χ(C
�) is a functorD ! E , which localized give functorsC (C;C0)! E(χ(C
D0);χ(C0
D0)) andD (D;D0)! E (χ(C
D);χ(C
D0)) respectively. Also, 0-composition inE gives a functorE(χ(C

D);χ(C
D0))
E (χ(C
D0);χ(C0
D0))! E (χ(C
D);χ(C0
D0)). Combining these gives the

functor #0 � ( \χ(C
�)
 \χ(?
D0)) : D (D;D0)
 C (C;C0) ! E (χ(C 
D);χ(C0 
D0)), and nowbχ�0 = (#0 � ( \χ(C
�)
 \χ(?
D0))f. There is a similar story forbχ+
0 but without reversing. Sobχ�0 andbχ+

0 are functorsC (C;C0)
 D (D;D0)! E (χ(C
D);χ(C0
D0)). But for C , D andE 4D
teisibχ�0 is a functor only if the above functor can be reversed.

Define a map of degree 1bχ : C (C;C0)
 D (D;D0)! E(χ(C
D);χ(C0
D0)) by:bχ( f 
g) = χ( f 
g)bχ(γ
g) = χ(γ
g)bχ( f 
δ) = χ( f 
δ)�1:
Proposition 6.1 bχ is a 1-transforbχ�0 ! bχ+

0 .

Proof. It is natural because I have constructedbχ andbχ�0 andbχ+
0 such that it follows from naturality

of χ, and it is functortorial by functoriality ofχ with respect to 1-composition of 2-arrows in each
variable. 2

Note that interchange is not an issue for functors from a tensor product of 3D teisi. But for 4D
teisi,bχ does satisfy interchange because of local interchange ofχ.

As an example, letC be a 4-dimensional tas, andχ the functor #0 : C (C;C0)
 C (C0 ;C00)!C (C;C00 ) Localizing χ at the objectsf and f 0 of C (C;C0) andg andg0 of C (C0 ;C00), one gets the
1-transforb#0 : C ( f ; f 0)
C (g;g0)! C (g#0 f ;g0 #0 f 0), whose source and target can be derived from
the formulae forbχ�0 andbχ+

0 above.

A special case of the above example is for a braided 2D tasC , where the braiding is a functor
R : Σ(C )
Σ(C )! Σ(C ), where the usualR�;? corresponds toR(?
�), see [21, p. 20]. Localizing
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R�;? at (�;�) and(�;�) gives the 1-transfordR�;? : C 
 C ! C with source and target given by:dR�;?�0 (A;B) = A
BdR�;?�0 ( f ;B) = f 
BdR�;?�0 (A;g) = A
gdR�;?�0 (α;B) = α
BdR�;?�0 (A;β) = A
βdR�;?�0 ( f ;g) = ( f 
g)�1dR�;?+0 (a;b) = b
a:
I.e., R�;? induces a pseudo-natural transformation]?
�! ?
�. As]?
� 6= �
?, this is not a
pseudo-natural transformation�
?! ?
� !

Note thatdR�;?( f ;B) = Rf ;B�1. The different choices for direction off 
g, RA;g andRf ;B can
now be attributed to the use of the braiding as a pseudo-natural transformation�
?! ?
� as the
guiding motivation [5, Definition 6],[25, Definition 12].

Because in higher dimensions the functor
 is not always reversible, there is no hope that
braidings on higher-dimensional teisi are localizable.

For later use, in section 6.3, I need to consider the reverse of the 1-transfor (see section 3.6)dR�;? :]?
�! ?
�. This results in the 1-transforgdR�;? : ?
�!]?
� defined by:gdR�;?(A;B) = dR�;?(B;A) = RB;AgdR�;?( f ;B) = dR�;?( f ;B) = RB; fgdR�;?(A;g) = dR�;?(A;g) = Rg;A�1:
(So far it seems thatgdR�;? = dR?;� but they have different functors as source and target, and differ in
their proof of naturality.)

6.2 Localizing a1-transfor of two variables once

Let againC , D andE be 3D teisi, letχ�0 ;χ+
0 : C 
 D ! E be functors, and letχ be a 1-transforC 
 D ! E .

Define functionsbχ�0 ;bχ+
0 : C (C;C0)
 D (D;D0)! E (χ(C
D);χ(C0
D0)) by:bχ�0 ( f 
g) = χ+

0 ( f 
D0)#0 χ+
0 (C
g)#0 χ(C
D)bχ�0 (γ
g) = χ+

0 (γ
D0)#0 χ+
0 (C
g)#0 χ(C
D)bχ�0 ( f 
δ) = χ+

0 ( f 
D0)#0 χ+
0 (C
δ)#0 χ(C
D)bχ�0 (ϕ
g) = χ+

0 (ϕ
D0)#0 χ+
0 (C
g)#0 χ(C
D)bχ�0 ( f 
ψ) = χ+

0 ( f 
D0)#0 χ+
0 (C
ψ)#0 χ(C
D)bχ�0 (γ
δ) = (χ+

0 (γ
D0)#0 χ+
0 (C
δ)#0 χ(C
D))�1bχ+

0 (c
d) = χ(C0
D0)#0 χ�0 (C0
d)#0 χ�0 (c
D):
χ(C
D) is a 1-arrowχ�0 (C
D)! χ+

0 (C
D) of E , so left composition with it is a left 1-
transforE(χ+

0 (C
D);χ+
0 (C0
D0))! E (χ�0 (C
D);χ+

0 (C0
D0)). Arguments as before give that
χ+

0 (�
D0) and χ+
0 (C
�) localized give functorsC (C;C0)! E (χ+

0 (C
D0);χ+
0 (C0
D0)) and
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D (D;D0)! E(χ+
0 (C
D);χ+

0 (C
D0)) respectively. Combining this with 0-composition inE gives

thatbχ�0 = ^�#0 χ(C
D)� ^
#0 � ( \χ+

0 (C
�)
 \χ+
0 (?
D0)). There is a similar story forbχ+

0 but without
reversing. Sobχ�0 andbχ+

0 are functorsC (C;C0)
 D (D;D0)! E(χ�0 (C
D);χ+
0 (C0
D0)). But forC , D andE 4D teisibχ�0 is a functor only if the above functors can be reversed.

Define maps of degree 1bχ�1 ;bχ+
1 : C (C;C0)
 D (D;D0)! E (χ�0 (C
D);χ+

0 (C0
D0)) by:bχ�1 ( f 
g) = (χ(C0
D0)#0 χ�0 ( f 
g))#1 (χ( f 
D0)#0 χ�0 (C
g))#1 (χ+
0 ( f 
D0)#0 χ(C
g))bχ+

1 ( f 
g) = (χ(C0
g)#0 χ�0 ( f 
D))#1 (χ+
0 (C0
g)#0 χ( f 
D))#1 (χ+

0 ( f 
g)#0 χ(C
D))bχ�1 (γ
g) = �(χ(C0
D0)#0 χ�0 ( f 0
g))#1(χ( f 0
D0)#0 χ�0 (C
g))#1(χ+
0 (γ
D0)#0 χ(C
g))�1

�
#2�(χ(C0
D0)#0 χ�0 ( f 0
g))#1(χ(γ
D0)#0 χ�0 (C
g))#1(χ+

0 ( f 
D0)#0 χ(C
g))�#2�(χ(C0
D0)#0 χ�0 (γ
g))#1(χ( f 
D0)#0 χ�0 (C
g))#1(χ+
0 ( f 
D0)#0 χ(C
g))�bχ+

1 (γ
g) = �(χ(C0
g)#0 χ�0 ( f 0
D))#1(χ+
0 (C0
g)#0 χ( f 0
D))#1(χ+
0 (γ
g)#0 χ(C
D))�#2�(χ(C0
g)#0 χ�0 ( f 0
D))#1(χ+
0 (C0
g)#0 χ(γ
D))#1(χ+
0 ( f 
g)#0 χ(C
D))�#2�(χ(C0
g)#0 χ�0 (γ
D))#1(χ+
0 (C0
g)#0 χ( f 
D))#1(χ+
0 ( f 
g)#0 χ(C
D))�bχ�1 ( f 
δ) = �(χ(C0
D0)#0 χ�0 ( f 
g0))#1(χ( f 
D0)#0 χ�0 (C
g0))#1(χ+
0 ( f 
D0)#0 χ(C
δ))�#2�(χ(C0
D0)#0 χ�0 ( f 
g0))#1(χ( f 
D0)#0 χ�0 (C
δ))#1(χ+
0 ( f 
D0)#0 χ(C
g))�#2�(χ(C0
D0)#0 χ�0 ( f 
δ))#1(χ( f 
D0)#0 χ�0 (C
g))#1(χ+
0 ( f 
D0)#0 χ(C
g))�bχ+

1 ( f 
δ) = �(χ(C0
g0)#0 χ�0 ( f 
D))#1(χ+
0 (C0
g0)#0 χ( f 
D))#1(χ+
0 ( f 
δ)#0 χ(C
D))�#2�(χ(C0
g0)#0 χ�0 ( f 
D))#1(χ+
0 (C0
δ)#0 χ( f 
D))�1 #1(χ+
0 ( f 
g)#0 χ(C
D))�#2�(χ(C0
 γ)#0 χ�0 ( f 
D))#1(χ+
0 (C0
g)#0 χ( f 
D))#1(χ+
0 ( f 
g)#0 χ(C
D))� :

Proposition 6.2 bχ�1 andbχ+
1 are 1-transforsbχ�0 ! bχ+

0 .
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Proof. Left to the reader. 2
Again, note howbχ�1 andbχ+

1 are composites of 1-transfors and their reversings, and howtheir
being 1-transfors depends on trueness of these compositions.

Define a map of degree 2C (C;C0)
 D (D;D0)! E (χ�0 (C
D);χ+
0 (C0
D0)) by:bχ( f 
g) = χ( f 
g):

Proposition 6.3 bχ is a2-transforbχ�1 ! bχ+
1 .

Proof. Straightforward; there is not much to check. 2
Again, in higher dimensions there is the obstruction thatbχ�1 andbχ+

1 might not be 1-transfors. If
this and other obstructions do not occur callχ localizable.

The example of triple composition in a 4D tas with one factor fixed is left to the reader. A more
interesting example is to apply this localization to a transfor obtained from localization, which is
the subject of the next subsection.

A specific case of triple composition is a Yang-Baxter operator obtained from a braiding, so this
(and other) localizations will be relevant for Yang-Baxteroperators, see [22].

6.3 Localizing a functor of two variables twice

Localizing a functor twice could be defined as localizing it once and then once again, of course. But
a more direct approach gives a slightly different result, expressed in terms of the original functor:
the need to introduce some extra inverses for localization once is not there for localization twice.
Also, a functor might be twice localizable even if it is not once localizable as obstructions for once
might disappear on localizing further.

The situation would be too trivial when starting from functors between 3D teisi, so from now
on I will consider functors between 4D teisi. As they will be localized twice, I will not need a full
definition of such functors, and the parts which do affect thelocalizations will become apparent in
the sequel.

Let C , D andE be 4D teisi, letχ�0 ;χ+
0 : C 
D ! E be functors, and letχ be a functorC 
D ! E .

Define functionsbχ�0 ;bχ+
0 : C ( f ; f 0 )
 D (g;g0)! E (s1(χ( f 
g)); t1(χ( f 0
g0)) by:bχ�0 (c
δ) = (χ(C0
g)#0 χ(c
D))#1 χ( f 
g0)#1 (χ( f 
D0)#0 χ(C
δ))bχ�0 (γ
d) = (χ(C0
g)#0 χ(γ
D))#1 χ( f 
g0)#1 (χ( f 
D0)#0 χ(C
d))bχ�0 (ϕ
ψ) = (χ(C0
g)#0 χ(ϕ
D))#1 χ( f 
g0)#1 (χ( f 
D0)#0 χ(C
ψ))�1bχ+

0 (c
d) = (χ(C0
d)#0 χ( f 0
D))#1 χ( f 0
g)#1 (χ(c
D0)#0 χ(C
g)):
By the same argument as before,bχ�0 andbχ+

0 are functors.
Define maps of degree 1bχ�1 ;bχ+

1 : C ( f ; f 0)
 D (g;g0)! E(s1(χ( f 
g)); t1(χ( f 0
g0)) by:
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bχ�1 (γ
δ) = ((χ(C0
δ)#0 χ( f 0
D))#1 χ(γ
g))#2((χ(C0
δ)#0 χ(γ
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
δ))bχ+
1 (γ
δ) = (χ( f 0
δ)#1 (χ(γ
D0)#0 χ(C
g0)))#2�

χ( f 0
g0)#1 (χ(γ
D0)#0 χ(C
δ))�1
�

#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
δ)))bχ�1 (ϕ
δ) = (((χ(C0
δ)#0 χ( f 0
D))#1 χ(γ0
g))#2((χ(C0
δ)#0 χ(γ0
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(ϕ
D))#1 χ( f 
δ))�1
�

#3(((χ(C0
δ)#0 χ( f 0
D))#1 χ(γ0
g))#2((χ(C0
δ)#0 χ(ϕ
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
δ)))#3(((χ(C0
δ)#0 χ( f 0
D))#1 χ(ϕ
g))#2((χ(C0
δ)#0 χ(γ
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
δ)))bχ+
1 (ϕ
δ) = ((χ( f 0
δ)#1 (χ(γ0
D0)#0 χ(C
g0)))#2�

χ( f 0
g0)#1 (χ(γ0
D0)#0 χ(C
δ))�1
�

#2(χ(ϕ
g0)#1 (χ( f 
D0)#0 χ(C
δ))))#3((χ( f 0
δ)#1 (χ(γ0
D0)#0 χ(C
g0)))#2�
χ( f 0
g0)#1 ((χ(γ0
D0)#0 χ(C
δ))�1 #2 (χ(ϕ
D0)#0 χ(C
δ))#2(χ(γ
D0)#0 χ(C
δ))�1)�#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
δ))))#3((χ( f 0
δ)#1 (χ(ϕ
D0)#0 χ(C
g0)))#2�
χ( f 0
g0)#1 (χ(γ
D0)#0 χ(C
δ))�1

�
#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
δ))))bχ�1 (γ
ψ) = (((χ(C0
δ0)#0 χ( f 0
D))#1 χ(γ
g))#2((χ(C0
δ0)#0 χ(γ
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
ψ)))#3(((χ(C0
δ0)#0 χ( f 0
D))#1 χ(γ
g))#2((χ(C0
ψ)#0 χ(γ
D))#1 χ( f 
g))�1 #2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
δ))�1
�

#3�((χ(C0
ψ)#0 χ( f 0
D))#1 χ(γ
g))�1 #2((χ(C0
δ)#0 χ(γ
D))#1 χ( f 
g))#2((χ(C0
g0)#0 χ(γ
D))#1 χ( f 
δ)))bχ+
1 (γ
ψ) = ((χ( f 0
δ0)#1 (χ(γ
D0)#0 χ(C
g0)))#2�

χ( f 0
g0)#1 (χ(γ
D0)#0 χ(C
δ0))�1
�

#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
ψ))))#3((χ( f 0
δ0)#1 (χ(γ
D0)#0 χ(C
g0)))#2�
χ( f 0
g0)#1 ((χ(γ
D0)#0 χ(C
δ0))�1 #1 (χ(γ
D0)#0 χ(C
ψ))#1(χ(γ
D0)#0 χ(C
δ))�1)��1

#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
δ))))#3�(χ( f 0
ψ)#1 (χ(γ
D0)#0 χ(C
g0)))�1 #2�
χ( f 0
g0)#1 (χ(γ
D0)#0 χ(C
δ))�1

�
#2(χ(γ
g0)#1 (χ( f 
D0)#0 χ(C
δ)))) :
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(cf. the formulae for localization of 2-transfors twice andthrice and 3-transfors twice.)

Proposition 6.4 bχ�1 andbχ+
1 are1-transforsbχ�0 ! bχ+

0 .

Proof. Left to the reader. 2
Again, note howbχ�1 andbχ+

1 are composites of 1-transfors and their reversings, and howtheir
being 1-transfors depends on trueness of these compositions.

Define a map of degree 2bχ : C ( f ; f 0 )
 D (g;g0)! E(s1(χ( f 
g)); t1(χ( f 0
g0)) by:bχ(γ
δ) = χ(γ
δ):
Proposition 6.5 bχ is a2-transforbχ�1 ! bχ+

1 .

Proof. Straightforward; there is not much to check. 2
In higher dimensions,bχ(c;d) is not just equal toχ(c;d), so there are reversibility and trueness

issues then. If these do hold callχ localizable.

As an example, letC be a 4-dimensional tas, andχ the functor #0 : C (C;C0)
 C (C0 ;C00)!C (C;C00) Localizing χ at the arrowsγ andγ0 of C (C;C0) andδ andδ0 of C (C0 ;C00), one gets the
2-transforb#0 : C (γ;γ0 )
 C (δ;δ0)! C (s2(δ #0 γ); t2(δ0 #0 γ0)), with source and target can be derived
from the formulae forbχ�1 andbχ+

1 above.

A special case of the above example is for a sylleptic 2D tasC , where the syllepsis is a functor
v : Σ2(C )
Σ2(C )!Σ2(C ), where the usualv�;? corresponds tov(?
�), see [21, p. 33]. Localizing
v�;? twice, at(id�; id�) and(id�; id�) gives the 2-transfordv�;? : C 
 C ! C with source and target
given by: dv�;?�0 (A;B) = A
Bdv�;?�0 ( f ;B) = f 
Bdv�;?�0 (A;g) = A
gdv�;?�0 (α;B) = α
Bdv�;?�0 (A;β) = A
βdv�;?�0 ( f ;g) = ( f 
g)�1dv�;?+0 (a;b) = b
adv�;?�1 (A;B) = RA;Bdv�;?�1 ( f ;B) = Rf ;B�1dv�;?�1 (A;g) = RA;gdv�;?+1 (A;B) = RB;A�1dv�;?+1 ( f ;B) = RB;A0�1 #0 RB; f

�1 #0 RB;A�1dv�;?+1 (A;g) = RB0;A�1 #0 Rg;A #0 RB;A�1:
Comparing these formulae to ones seen earlier in this paper,we see thatdv�;? becomes a modifi-

cation ]?
� dR�;?dgR�;? ?
� :
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Using the final result of section 6.1, there is another way to describe the target ofdv�;?, namely

asgdR�;?�1
, the inverseas an invertible transfor, that is, which also involves the appropriate mates. I

do not know whether this is a coincidence, or an instance of the possible more general phenomenon

that for a (reversible, localizable) functorχ : C 
 D ! E it is always the case thatbeχ = ebχ�1
.

As for braidings, there is no hope that generally syllepses on higher dimensional teisi are local-
izable.

6.4 Localizing functors and transfors of two and more variables more often

One special case of some interest here is for a symmetric 2D tasC , where the symmetry is a functor
σ�;? : Σ3(C ) 
 Σ3(C ) ! Σ3(C ). Localizing σ�;? thrice, at(id2�; id2�) and (id2�; id2�), gives the 3-
transfordσ�;? : C 
 C ! C with sources and targets given by:dσ�;?�0 = ]�
?dσ�;?+0 = �
?dσ�;?�1 = dR?;�dσ�;?+1 = dgR?;�dσ�;?�2 = dgv?;�dσ�;?+2 = dv?;�:

I.e.,dσ�;? says thatdgv?;� equalsdv?;�.

This localizing is expected to continue, with ever longer formulas, and with more and more
trueness and reversibility conditions for localizability.

This localization question has a topological interpretation too: functorsC 
 D ! E are “gov-
erned by 2p
 2q
 2r ”, and localization of such a functor is asking for a canonical functor/map
2p�k
2q�k
2r+k ! Ωk(2p
2q
2r). This seems to me an interesting question in its own, topo-
logical, right.

For more variables there is a similar question, which will berelevant for Yang-Baxter and
Zamolodchikov operators, see [22].
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