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Abstract

LetC, D andE ben-dimensional teisi, i.e., higher-dimensional Gray-catézal structures.
The following questions can be asked. Does addfaansforC — D, i.e., a functor g C — I,
induce a rightg-transforC — I, i.e., a functorlC® 2q — D? More generally, does a functor
C®D — E induce a functod ® C — E? Forc,c’ elements ofC whose(k — 1)-sources and
(k — 1)-targets agree, doesatransforC — D induce ag-transforC(c,c’) — D(d,d’), for
appropriated,d’ € D? Forc,c’ € C andd,d’ € D whose(k — 1)-sources andk — 1)-targets
agree, does g-transforC® D — E induce &g+ k+ 1)-transforC(c,c')  ID(d,d’) — E(e € ),
for appropriatee, € € E? | give answers to these questions in the cases whdmmensional
teisi and their tensor product have been defined, i.en #6013, and in some cases farup to 5
which do not need all data and axiomswsflimensional teisi.

| apply the above to compositionsteisi, and in particular to braidings and syllepses. One
of the results is that a braiding on a monoidal 2-categoru@ed a pseudo-natural transforma-
tion ?® — — ?® —, where?® — is the “reverse” of % —, and is almost, but not quite, equal
to — ® ?. However, in higher dimensiors need not be reversible, so the previous result does
not generalize to higher-dimensional teisi.

Introduction

In category theory, a natural transformatiarbetween functor§, G : C — D is a function which
assigns to every obje€t of the categoryC an arrowac : F(C) — G(C) in the categony, such that
for every arrowf : C — C' in C the diagram

G(C)
VRN
F(C) G(C')
F(f\ %
F(C)

commutes [42, p. 16]. Alternatively is a functionCyo — D4 (whereCy is the set of objects of
andD; is the set of arrows db as usual), as in
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such thats(f) oca(C) = a(C') o F(f). Writing ‘+’ for composition andd’ for t — s, and extending
Ci

the above diagram to
S
- Co
/F le/p“e ,
S

D1:D1:t§Do

where the newn : C; — D1 sendsf to either composite in the first diagram above, the natyralit
condition ona becomes(a(f)) = G(f)+a(s(f)) —a(t(f)) —F(f) = G(f) —F(f) —a(a(f)).
This is precisely the familiar conditio — F = da + ad for chain homotopies [48, p. 17¥]Note
that by takingC_; = {*} anda(x) = 0O this also covers the condition thatC) has domairf(C)
and codomair(C).

The relationship between topology and category theory isld®s category theory itself. It
began with the birth of category theory from homologicaleddrn, with naturality one of the first
things being investigated [26], and has continued with aeehbstrenghtened by the development
of topos theory [43], and the use of categorical methods mdtopical [46, 27, 31, 7, 12, 16] and
homological algebra [41], including K-theory [10, 33, 4@hd elsewhere. Recently, the interaction
has intensified, with the connection between braids anddaran the one hand and braided and
tortile tensor categories on the other [35, 36], and in theoith of operads [44, 6]. The above
connection between categories and chain complexes, andéenatural transformations and chain
homotopies, is another instance of the interaction betveagegory theory and topology. | will not
attempt to make this connection more formal (see JohnsoMéadl [34] for that); instead, | will
use it in the sequel as a guiding motivation for higher din@rs

For 2-categories, the evidence from chain complexes stgjtfest a natural transformation be-
tween 2-functor$-, G : C — D would consist of functions : Co — D1 anda : C; — Dy, asin

C C1

)

D> D, Do

F

such thasa = at + F andta = G+ as. Such a concept, up to some signs, i.e., with source and targe
interchanged in some places, does indeed exist in 2-cgtdyeory, but it is known as &x-natural
transformation There are alspseudo-natural transformationsvhich requirea(f) (but nota(C))

to be invertible, and -hatural transformationswhich requirea( f) to be an identity [40]. Just as
for chain homotopies, lax- and pseudo-natural transfaonathave the further condition thatis

a homomorphismo (f 4+ g) = a(f) + a(g), with addition on the left hand side being composition

1This was first noted explicitly by Johnson [34].



and on the right hand side, iy, beingpastingalong the common boundary, as in

2
LN
N

(As composition is an instance of pasting this does notdhuice an asymmetry in the interpretation
of addition.)

For 2-categories, there is also room for chain homotopiakegfee 2. For two (lax-, pseudo- or
2-) natural transformations, 3 : F — G this would consist of a functiop: Co — D>, as in

such thatsp= pt+ a andtp = 3+ us together with a further naturality condition expressibie
terms of gu: C; — D3, and a functoriality condition requiringto be a homomorphism. The precise
interpretation of addition as pasting becomes quite ired\out again this concept does indeed exist
in 2-category theory, where it is known asreodification[40]. There are no further qualifications,
like lax, pseudo, or 2-natural, for a modification becausséhwould indicate properties pff),
which is an identity, i.e., a commutativity condition, argyy

It is clear from the above that for higher-dimensional categl structures a natural transfor-
mation of degree will consist of functionsp : C, — Dy, g, @s in

Cas1 Cq C Co
DCH‘]- Dq Dl DO

such that: forc € C,, the faces op(c) are given as certain pastingslininvolving p of faces ofc and
pﬁ(c) 's, where thepat, are natural transformations of lower degree that are thecesiand targets of
p; and forn-composable, ¢’ € C, (and denotingn--composition by #as in [24],)p(c' #,¢) is equal to
the pasting op(c') andp(c) along their common boundary, which will §p-+ n)-dimensional. This
concept does indeed exist incategory theory, and is calledlax-g-transformation17, Section
3-9]. One can also consider pseugitransformations and stricttransformations of course.
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Homotopy theory suggests thatcategories are not the right higher-dimensional categori
structures to consider. In fact, mere categories do suffide tibstract homotopy as with topological
spaces [51], but not in a very nice way, involving the twicerated subdivision and extension
functors. More importantly, categories have only struetup to dimension 1, and hence do not give
a separation of homotopy information according to dimemsio

Weakw-groupoids, which are>-categories in which every element is invertible up to ceher
higher-dimensional data, also have the same abstract bpgntieory as topological spaces [38],
and do give such a separation of homotopy information adegrtb dimension. However, the
invertibility condition on elements involves an infinite aomt of extra data, which needs to be
carried along, which is hard to check, and which is not evgrlaic, being given as the existence
of a “quasi-inverse” and not as a specified one.

w-groupoids, which arev-categories in which every element has a (strict) inverse,atge-
braic structures, because this inverse is then necessaiifiyie. But the abstract homotopy theory
of w-groupoids [23, 11] is more restricted than that of topatagispaces, in particular, it has all
Whitehead products trivial [14, p. 114]. This inadequacyuwefroupoids starts in dimension 3:
2-groupoids do classify homotopy 2-types [45], but 3-gmidp don't classify homotopy 3-types.
Gray-groupoids, which are like 3-groupoids except that horiabnomposition of 2-arrows is not
definable in terms of their vertical composition but resutta (specified) (iso-)3-arrow mediating
between the two possible ways of doing this, as in

f g f g
7N
] ] 05 ] ] Uy ] ]
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~_ 7 ~_ 7
fl gl fl gl

with further conditions on these 3-arrows, do classify htopy 3-types [37]. This suggests that
Gray-categoriesare the right 3-dimensional categorical structures to consideaurther evidence
for this comes from the theory of braids [35, 36]: braidedi¢tt monoidal categories are precisely
one-object, one-arrosray-categories [28].

(w-Cat)g-categories (the explanation of the name will follow latgty, Section 3-12] are
higher-dimensional categorical structures generalizingy-categories. They are like-categories
except that 0-composition offgarrow and aj-arrow results in &p+q— 1)-arrow whose source and
target are the two possible ways of 1-composing them, witihéun conditions on thesg@+q— 1)-
arrows. However, the other compositions are exactly asxoategories, which is still too strict.

Chain complexes amimension invariantin the sense that the type of structure at each dimen-
sion is independent of the dimension. This makes it possiblecalize® a chain complex, at a
particular dimensiom, namely by looking at the chain complex

w-categories don’t have a zero and no addition in each dimenbut they too can be localized, in
a slightly more elaborate way: for ta@arrowsc andc’ of anw-categoryC whose(n— 1)-sources

2This use of the term ‘localization’ here seems to be unrdlatsts use in algebra, where one localizes at prime ideals
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and (n— 1)-targets agree, the collection of elementsCoivhich havec andc’ asn-source andr-
target respectively is itself am-category, thdocalization ofC at ¢ and ¢. (w-Cat) g -categories do
have localization, but not of the right kind: 0-compositisrdimension raising, but-composition
for n > 0 is not, which implies that localization always gives @rcategory, and never a more
general(w-Cat) y-category.

My conjecture is thahigher-dimensional categorical structures that have disien raising
compositions and have localizati@me the right ones to consider. The reason for this conjedsur
that n-composition of ap-arrow and ag-arrow resulting in & p-+q—n— 1)-arrow is exactly like
the Whitehead produat, x Ty — Tpq-n-1 [52, p. 472]. Such dimension-raising operations also
occur in hypercrossed complexes of groups, which clasdlifg@nnected) homotopy types [15].

Apart from the conditions on faces of a composite, there woefurther restrictions | will im-
pose on such higher-dimensional categorical structurgstlyi- composition (and identity) should
be theonly dimension raising operation, in particular, there shoutdfinctoriality and associa-
tivity axioms stating the equality of certain compositesisTimplies that these structures will be
algebraic, which makes — potentially at least — methods frtonversal algebra [9, 8] available.
Secondly, the result of a dimension raising compositiorughbe invertible. This latter condition is
not by choice but by necessity, as calculations show thatdictctions for such a composite appear
in faces of lower-dimensional composites [21, p. 8].

There are two main tests for the above conjecture. The fisi®that such structures in which
moreover all elements are invertible should classify alniotopy types. The second one is that,
just as every tricategory is triequivalent tdzaay-category [28], these structures should feature in
a coherence theorem for wealcategories [6, 4, 32]. Even the failure of these test-casmgd be
interesting, as that would give an abstract homotopy th&drich is richer than forw-groupoids
but still not as rich as for topological spaces, and it wouleg @ basis for the study of the weaker
structures that theare weakly equivalent to weak-categories.

The current and recent terminology for higher-dimensiaratkegorical structures is quite im-
practical and confusing. What | call-categories have also been calledcategories’ [2], whereas
‘w-category’ has also been used without the condition thatyeslement has a (finite) dimension
[50]. The use of d-categories’ was based on the use ofdroupoids’ forw-groupoids, because
‘w-groupoid’ was already used for cubical sets with extra good structures [13]. Then there are
‘weak n-groupoids’, referred to above, which weaken the stricdr&gthe groupoid condition [38].
Another use of ‘weak’ occurs in ‘weakcategories’, which have weakened axioms for composition
[32], and which some people prefer to caiicategories’ [3, 49]. And then there is the ter@ray-
category’, which doesn’t give any indication that it is 3rdinsional, and for which the boldface
font is a bit tiresome.

The reason for all these problems is basically that categbterminology was never made for
higher dimensions. Therefore | have stepped outside tlegoatal framework, and have baptized
the — hypothetical — higher-dimensional categorical striees that have dimension raising com-
positions, that are dimension invariant and that satiséy tthio further conditions above-teisi.
‘Teisi’ (pronounced TAY-see) is Welsh, plural of ‘tas’, vafi means ‘stack’. | have chosen this term
because of Grothendieck’s programme “Pursuing stacks]; [B@vhich he advocates the study of
weakn-categories, which he calls-stacks’, and because of my visit in 1993 to Bangor, Wales. |
call finite-dimensional such structuraesdimensional teisior nD teisifor short, reserving the term
‘n-teisi’ for w-teisi which behave likeo-categories above dimension- 1. | will use ‘teisi’ as a
generic term foro- andnD teisi.

With this terminology, a category is a 1D tas, a 2-categogy/ 2D tas, and &ray-category is a
3D tas. So far, | have defined 4D teisi, and 5D and 6D teisi inesspecial cases, viz. trivial in low
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dimensions, and | have given some indications for higheretiisional teisi [21, Section 2].

For teisi, then, natural transformations of deggeghould be similar to laxttransformations
betweenw-categories, but with the dimension raising of composiiiorteisi taken into account.
Thus, such natural transformations should still consisfuaictionsp : C, — Dy,q, and should
satisfy a certain condition on the facesm(fc)’s in terms ofp of faces ofc and pﬁ(c)’s, and a
certain condition expressing(c #, c) as a pasting gb(c’) andp(c).

The terminology for natural transformations is anotherregke of the inappropriateness of
categorical terminology in higher dimensions, becausenfthe chain homotopy viewpoint, there
is nothing “weak” or “unreal” about lax- and pseudo-natityatespectively. Another objection to
the terminology is that it does record the condition on fdmatsnot the condition on composition.
Because of this, | have christened the maps of degieetween teisi that satisfy these conditions
g-transfors | call the conditions on faces and compositimturality andfunctoriality® respectively,
or transforiality* for short. | will use ‘transfors’ as a generic term fgitransfors between teisi.

With this terminology, a natural transformation betweetegaries is a 1-transfor, as is a lax-
natural transformation between 2-categories, and a matldit between 2-categories is a 2-
transfor. So far, | have defined transfors betw@énteisi for n < 3 [19, Section 5], and | have
given some indications for transfors between higher-dsraral teisi [18, Section 2.5.1].

Transfors and composition in a tas are both dimension igperations that are natural and
functorial. There is actually a precise connection betwd#m, which is best expressed using
enriched category theoretical terminology [39].

Given two higher- §-)dimensional categorical structur€sandl), one can consider a structure
C® D which has as generators expressiogsd of dimensionp+qfor ¢ € Cp andd € Dy (for p+
g < n), and where, denoting source and targetibyandd™ respectively, the source (target) of such
a generator is a pasting df (c) ® d andc® d®(d) with a = — (+) andP = (—)P*1 ((—)P). Writing
‘4’ for pasting and &’ for t — s, as before, this condition becomge®d) =dc®d+ (—1)Pc®ad,
which is precisely the familiar condition for the tensor guat of chain complexes [48, p. 321].
Also, for composable andc’ € C andd € D, the generatofc #c) ® d is required to be equal to the
pasting ofc® d andc’ ® d, and similarly forc € C and composabld andd’ € ID. In terms of %+’
and 9’, this condition become¢tc+c') ® d = c® d+c ®d, and similarly in the second variable,
which is just the condition that the tensor product is a bibororphism.

For 2-categories, this construction is known as Gray’sdemsoduct [29]. It being coher-
ently associative and having a unit, namely the trivial #gary, makes the category of (small) 2-
categories (and 2-functors between them) into a monoidatjoay, usually denoted bgray.®> For
w-categories, this construction makes the categomp-oategories (and»functors between them)
into a monoidal category [17, Section 3-7 and 3-8], denotedubCat),,. For Gray-categories,
this construction, with the extra requirement of “funcédity in both variables at the same time”,
makes the category @ray-categories into a monoidal category [19], denotedT&si. For higher-
dimensional teisi, it should still be possible to ma&key D into a tas, but the tensor product thus
defined will no longer be associative, as can be seen fromistggadn on page 46 of [19].

Denoting thew-tas (which is also thex-category) generated by one element in dimensjdry
24, and calling maps between teisi that preserve all the streiinctors one sees that g-transfor

3Note that in category theory ‘functoriality’ usually refeto both theexistenceof a map on the level of arrows and
this map preserving composition.

4The ultimate reason for ‘transfor’ was to be able to use %farial’!

SThe tensor product dray is in fact theiso-version of Gray’s tensor product.



C — D is precisely a functoC® 2q — ID. Thus, there are aldeft g-transfors, which are precisely
functors 2® C — .

In section 3 | show that foiso-transfors i.e., transforsp for which p(c) is invertible forc
of dimension greater than 0, between 3D teisi there is a spomdence between left transfgrs
and (right) transforp, therighting of p. This is a special case of the iso-version of the tensor
product of 3D teisi being symmetric, with a functgr. C®iso D — E corresponding to a functor
X : D®iso C — E, thereversalof x. Inspection of the proofs shows that the iso-version of aden
product of higher-dimensional teisi will not be symmetric.

Enriching with respect to a monoidal categol of higher- fi-)dimensional structures gives
a new kind of higher- (h+ 1)-)dimensional structure calle@®-categories, where for each pair of
objectsC, D of a //-categoryC the collection of elements @ which haveC andD as source and
target respectively is an obje€{C,D) of 7/, with 0-composition inC being given by a collection
of arrows C(C,D) ® C(D,E) — C(C,E) in V. In particular, for? = w-Cat with the cartesian
product as tensor product this givescategories again, fot’ = Gray this givesGray-categories,
for 7 = (w-Cat), this gives(w-Cat)-categories, and fot’ = 3D-Teisi this gives 4D teisi.

Even though the tensor product of higher-dimensional tillinot give rise to a monoidal
category, it should still be possible to enrich with respedt: the associativity of the tensor prod-
uct on is only used to formulate associativity of 0-compositionlihicategories, and the tensor
product of teisi should be sufficiently close to being cohdlyeassociative to be able to do that.
Carrying out this enrichment should give thadTeisi-categories arex-teisi, which is precisely the
localizability of w-teisi. It also implies that locallyp-composition in a ta§” should be a functor
C(c,c)®C(c,c") — C(c,c").

A g-dimensional element of a td3 gives, by freeness of the tag, 2 functor 2 — ID. The
tensor product should itself be natural and functorial ithbeariables, i.e., it should be a functor
w-Teisi x w-Teisi — w-Teisi. So, a functory : C® D — E and ag-dimensional element aob
should give rise to g-transforC® D — E. Applying this to the functor #: C(c,c') ® C(c',c") —
C(c,c") gives that locallyright n-composition with a g-dimensional element in aGshould be a
(g— n—1)-transfor C(c,c’) — C(c,c”). There is a similar statement for left composition and left
transfors.

Another example of a dimension raising operation on categbstructures is given by braid-
ings. These, too, can be fitted into the current frameworkyaig by considering teisi that are trivial
up to a certain dimension.

(Strict) monoidal categories are precisely one-objecatagories. However, going from one
viewpoint to the other involves shift in dimensionthe objects of the monoidal categdtybecome
the arrows of the one-object 2-category. Because this psoisesimilar todeloopingin the theory
of loop spaces [44] | denote this latter 2-category2l§{’). As the converse is similar tooping |
denote the monoidal category corresponding to a one-oBjeategoryC by Q(C). The tensor on a
monoidal categor{C corresponds to 0-composition ¥{C). This suggests that one should be able
to definea monoidal (»>- or nD) tasto be a one-objectu¢ or (n— 1)D) tas, with formal delooping
and looping operations to relate these two viewpaints.

As already observed before, braided (strict) monoidalgmies are precisely one-object one-
arrow 3D teisi. This time, the relation involves a doubleftshi dimension: the objects of the
braided monoidal category become the 2-arrows of the one-object one-arrow 3D tasjdlble
deloopingof C, denoted by?(C). Conversely, there is@ouble loopingof a one-object one-arrow
3D tasC, denoted byQ?(C). Define a 2monoidal (> or nD) tasto be a one-object one-arrow
(w- or (n— 2)D) tas, these two viewpoints being related ¥faand Q2. Note that delooping a 2-
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monoidal ¢>- or nD) tasC oncemeans viewing it as a one-objeeb-(or (n— 1)D) tas with extra
structure, and thelvopingit means that it is a monoidal or nD)tas. The extra structure on this
monoidal tas corresponds to 0-compositioz#iC), which has been shifted down two dimensions.
Hence, such structure is calléd 2)-composition or, alternatively, 2ensor in analogy with(—1)-
composition being called tensor, or everaiding, as that is what it gives fon = 1, and also for
n=2[21, Section 5].

This process continues, of course. Definemonoidal (- or nD) tasto be a one-object, ...,
one{k— 1)-arrow (@- or (n—Kk)D) tas, these viewpoints being related kifold delooping denoted
by =K, andk-fold looping denoted byRX. By consideringm-fold deloopings of &-monoidal ¢o- or
nD) tas for 0< m < k, one sees that lemonoidal tas is alsarmonoidal. For gk — 1)-monoidal
tas, beingk-monoidal gives an extra structure corresponding to O-amsition in=X(C), which has
been shifted dowk dimensions, and hence is calledk)-composition or k-tensor 3-tensor is also
calledsyllepsig[25], as that is what it gives far= 2 [21, Section 6].

One can even define an-monoidal (o~ or nD) tasto be a(nw- or nD) tas that isk-monoidal
for all k. One readily sees that thetensor of two objects of &monoidalnD tas should result in
a (k— 1)-dimensional element. Solf= n+ 2 thek-tensor only gives an identity, i.e., an equality
condition, om-dimensional elements. K> n+ 2 thek-tensor gives an identity between identities,
hence adds nothing new. Thus, this “proves” the Stabibpatiypothesis for teisi, tha&-monoidal
nD teisi arew-monoidal for k> n+ 2 [21, Theorem 3.8]w-monoidal is also calledymmetri¢ as
that is what it gives fon = 1 and forn = 2 [21, Section 7].

For ak-monoidal tasC, and 0< m < k, localization of>¥(C) at the uniqugm— 1)-arrow of
>X(C) is preciselym-fold looping, and results ia*™(C). Thus, composition in a tas being locally
a functor from a tensor product gives, after careful shiftof dimensions, thatn-tensor on a k-
monoidal tasC should be a functoE™1(C) ® 3™ 1(C) — =™ (C). In particular, the tensor of a
monoidal tasC should be a functoE® C — C, as expected. Also, the braiding of a braided@as
should be a functoE(C) ® Z(C) — Z(C). This is not as expected, as it is ropriori a 1-transfor
A® B — B® A, which is how braidings are usually defined. | will come bazkhis shortly.

Composition with an element of a tas being locally a trangfiees, after careful shifting of
dimensions, thatight m-tensor with a g-dimensional element in a k-monotdslC should be a
(@— m— 1)-transfor =™1(C) — =™ (C). In particular, tensoring with g-dimensional element
should be ar-transforC — C. Also, braiding with an objech should be a 1-transf@(C) — Z(C),
which is nota priori a 1-transforA® — — — ® A. | will come back to this shortly too.

Chain homotopies localize along with the localization af tthain complexes. First, a chain
map maps kep) into ker(d), hence restricts to a chain map between the localized cloaiplexes.
And then a chain homotopy: C, — D, of degreeq restricts to a map of degregas in

Cn+q+1 Cn+1 a

—

———— Dnpgr1———>Dnyq Dnyp ——— 6

which is trivially a chain homotopy of degregagain.

For higher-dimensional categorical structures, locélra of structure preserving maps is
equally trivial: a functor : C — D induces a functoF : C(c,c’') — ID(F (c),F(c')) because struc-
ture is of the same type in all dimensions. The question dlipation of transformations is more
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problematic. Viewing a-transfor (or laxg-transformation)p : C — ID as a functop : C® 2q — I,

it localizes to a functor(C ® 24)(x,x') — D(p(x),p(X')), for x andx' ¢-arrows of C ® 24 whose

(¢ —1)-sources an@/ — 1)-targets agree. The first observation to make is that thditatan of p

as a transformust have as domai@i(c,c’) for ¢ andc’ k-arrows of C whose(k — 1)-sources and
(k— 1)-targets agree. To get to that, one would want to takec® 24 andx' = ¢’ ® 24, but these
have non-agreeing sources and targets. The second olimeri@imake is that the localization
of p as a transfor must have as codomaifd,d’) for appropriatek-arrowsd andd’ of D whose
(k—1)-sources andk — 1)-targets agree. Byi(c) andp(c’), besides having non-agreeing sources
and targets, argk+ q)-dimensional. And furthermore, fgre C(c,c’), p(y) is not inD(p(c),p(c’))
(which does not even exist), because its faces also in\ﬁﬁ]"(e) andpg: (c)'sforq < qandp =+

For k-arrowsc andc’ of C whose(k — 1)-sources andk — 1)-targets agree, is the case that
the (k — 1) sources andk — 1)-targets ofs(p(c)) andtk(p(c')) agree, because these both only
involve p (d“ (c)) for P < p'+d <k—1. Thus, it is possible to localiz® at these elements.
Also, forye (C(c, c'), p(y) is indeed inD(s¢(p(c)),t(p(c’))). Thus,p induces a map of degrep
p:Cc,¢) — D(sc(p(c)). k(p(c))).

This does not make into ag-transfor (or laxe-transformation) yet. For this, one also needs
maps of degree/ ﬁat : C(c,c) — D(s(p(c)),tk(p(c))) for all d < g which are themselvey-
transfors (or laxg -transformations) such tha@iy) has the approprlate composites as faces. Now
pﬁ,'(y) is not in D(sc(p(c)),t(p(c))), so the idea is to deflnfs)q (Y) by composmgpq (y) with
elements in the faces pfc) andp(c’).

In section 4 | show that for a lag-transformationp : C — ID betweenw-categorie$ thus de-
fined is indeed a laxrtransformationC(c,c') — (s (p(c)),tk(p(c’))). The reason this works is
that composition in anx-category is a functo€(c,c’') x C(c’,c") — C(c,c"), and thus that compo-
sition with an element is &unctor C(c,c’) — C(c,c”). ﬁgl can now be seen as the composée &

lax-q -transformation[17, Sections 3-10 and 3-12]) of the qu—transformatiorpg: with composi-
tion functors, which do not spoil transforiality.

For ag-transforp : C — DD between teisi, this will not work. This is partly because pmsi-
tion with an element is &ansfor C(c,c’) — C(c,c”), composition (as a transfor) with which can

and does spoil transforiality [19, Section 9], but also seain this caséB: can and will involve
dimension raising composites of elements in the facgx©fandp(c’), which spoils transforiality
too.

In section 5 | show that fan < 4 andk > n— 3, ag-transforp betweembD teisi can be localized
at k-dimensional elements togtransforp. Inspection of the proofs shows that this works only
because the localized tas is a 2-category: from the nextrdiioe, i.e., highen and/or lowerk,
the obstructions mentioned above do indeed occur. Thusran speakingtransfors are not
localizable

Closely related to localization of transfors is the questiblocalization of functors from a ten-
sor product. Given a functy: C® D — E, it localizes to a functofC® D) (x, X' ) — E(x(x),x(X)),
for x andx ¢-arrows of C® D whose(¢ — 1)-sources and/ — 1)-targets agree. The first observa-
tion to make is that the localization gfas a functor from a tensor productust have as domain
C(c,c')®D(d,d") for candc’ k-arrows ofC whose(k — 1)-sources andk — 1)-targets agree ardl
andd’ k-arrows (samé) of D whose(k — 1)-sources andk — 1)-targets agree. One would want to
takex=c®d andX = ¢ ®d’, but, as before, these have non-agreeing sources andstafet sec-
ond observation to make is that the localizatiory @fs a functor from a tensor product must have as
codomainE(e, € ) for appropriatek-arrowse ande€ of E whose(k — 1)-sources andk — 1)-targets
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agree. But, as beforg(c®d) andx(c ®d'), besides having non-agreeing sources and targets, are
(k+ k)-dimensional. And furthermore, although this can be overedy takinge = sc(x(c®d))

and€ =t (x(c ®d')), as before, it is the case that fpe C(c,c’); andd € D(d,d");, x(Y® ) is of
dimensioni +k+ 1+ j+k+ 1inE, hencec E(sc(X(c®d),t(X(c' @ d")))isj+ks1-

In section 6 | show that fon < 4 andk > n— 3, a functory betweennD teisi from a tensor
product can be localized ktdimensional elements to(&+ 1)-transfory from the localized tensor
product. Again, inspection of the proofs shows that thisksanly because the localized tas is a
2-category: from the next dimension, i.e., higineand/or lowelk, obstructions as mentioned above
for localization of transfors do indeed occur in this case. td hus, generally speakinfunctors
from tensor products are not localizable

Throughout the paper, | apply all this to compositionteisi, and in particular ti&-monoidal
structuresonteisi. The conclusions on braidings can be summarized ksl

« for an objectA of a braided 2D ta€, Ry is a 1-transfoA®@ — — — ® A,

e for an arrow f : A — A’ of a braided 2D ta<’, F\Tft is a 2-transforR/A:#o (fe—-)—
(—® f)#oRa_ tA®— - —QA,

e for R: 5(C) ® £(C) — Z(C) the braiding of a braided 2D t&% R - is a 1-transfo?® — —
?®—.

This answers the earlier concerns about braidirfgs:2D teisi, Ra — is a posterioria 1-transfor
A® — - — ®A, and the braiding ig posterioria 1-transfor?® — — ?® —, but not al-transfor
—®?5?2®—, as?® — # — ® ?. For braidings on higher-dimensional teisi, one needmfmse
strong extra conditions to ensure that these results stilhgpugh.

The conclusions on syllepses can be summarized as follows:

—

o for an objectA of a sylleptic 2D ta<, Vo~ is a 2-transfoRa . — R (A® — — — ®A,

e for v: 2?(C) ® £2(C) — Z2(C) the syllepsis of a sylleptic 2D ta8, V_» is a 2-transfor

—

R»2R 21720 — = 20—

Again, for syllepses in higher-dimensional teisi, one rset@limpose strong extra conditions to
ensure that these results still go through.

I have limited myself to looking at transfors betwead teisi forn < 4. | could have defined 5D
teisi, and would have obtained slightly more general regiian | do here. But the limited setting
gives enough interesting results already, enough poitdelse higher-dimensional case, and makes
the calculations easier.

One of the obstructions to localization resulting in a tfandas to do with functoriality. This
suggests that this obstruction might be dealt with by reggitransformations to be only weakly
functorial. If one wanted to apply these results to braidietc., one would then also need to have
higher-dimensional categorical structures in which cosifimn is only weakly functorial. Perhaps
the development of the theory of wealcategories will eventually lead to this kind of structures

In this paper | have taken a formulaic approach, rather thdragrammatic one. This is in
preparation for the development of the general higher-dsianal theory of teisi, which, at some
point, will have to involve formulae.
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2 Teisi and transfors

This section contains preliminaries on teisi and transfdrsill only give details insofar as is
necessary for this paper; for other details the reader maguibthe referred papers.

2.1 Teisi

The basic ingredient of teisi is that they have dimensiasittg compositions, witin-composition of
a p-arrow and ag-arrow resulting in g p+ g—n— 1)-arrow. These compositions are to satisfy cer-
tain axioms on faces, callethturality, certain axioms relating different compositions, calfedc-
toriality andinterchange and axioms on multiple composition, callagsociativity n-composition

is written #,, in “evaluation order”, e.g.» LI is denoted by#, f.

The precise definition is based on Gray'’s tensor product cditgories [29] and on the tensor
product ofGray-categories [19]. Denote the monoidal category of 2-categavith the iso-version
of Gray’s tensor product byray, and the monoidal category @ray-categories with the iso-
version of the tensor product @ray-categories byGray-Cat. Recall that &Gray-category is a
category enriched iGray.

Definition 2.1 A 0-dimensional tags a set. A ldimensional tass a category. A Zlimensional tas
is a 2-category. A dlimensional tags aGray-category. A 4dimensional tass a category enriched

in Gray-Cat.
For 0< n < 4, afunctor betweenn-dimensional teisi is a function, functor, 2-funct@yay-
functor orGray-Cat-functor respectively. O

n-dimensional teisi are also calledD teisi for short. An elementary description of 4D teisi is
given in [21, Lemma 2.5]. A functor is just a map that preserak compositions “on the nose”.

It is possible to define a similar tensor product of 4D teisis hot associative, but it should be
possible to generalize the theory of enrichment to coverdhse, and to define 5D teisi as categories
enriched (in this extended sense) with respect to this tguraaluct. In any case, it is possible to
define 5D teisi explicitly [20]. Besides the classes of axganentioned above, 5D teisi have further
axioms which can be calleassocia-functorialityandfunctorio-functoriality These further axioms
play no role in this paper, though.

In the rest of this paper, when | refer td teisi, it will be assumed that < 5.

Denote the category @D teisi and functors byD-Teisi.

An immediate consequence of the fact that teisi are replyagediched categories is that for
two k-arrowsc andc’ of annD tasC satisfyingd_ ;(c) = d¢ ,(c) for a = &, the collection of
elements ofC which havec andc’ ask-source andk-target respectively is afn — k)D tas, which is
called thelocalization ofC at ¢ and ¢, and is denoted b§(c,c').

Proposition 2.2 Let ¢, ¢ and ¢ be k-arrows in an n-dimensional taS satisfying ¢ ,(c) =
b (c)=d? (c") for a = £. Then k-composition is a funct@¥{c,c') ® C(c',c") — C(c.c").
2.2 k-monoidal teisi

This subsection recalls the necessary parts of [21, Se8tion
Note that if amD tasC has only oné-arrow, it also has only onké-arrow for everyk’ < k, and
for every 0< K’ <k, the uniquel-arrow of C is an identity on the uniquék’ — 1)-arrow of C.
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Definition 2.3 Forn+k < 5 orn < 2, ak-monoidal n-dimensional tas an (n+ k)-dimensional
tas having ondk — 1)-arrow. A k-monoidal functobetweenk-monoidaln-dimensional teisi is a
functor between the correspondifig+ k)-dimensional teisi.

1-monoidal is also callethonoidal 2-monoidal is also calletraided and 3-monoidal is also
calledsylleptic Forn= 2 andk > 4 this definition mentions teisi of dimension5. These haven't
been defined yet, so the result of [21, Section 7] will be takedefine 4-monoidal 2D teisi as
symmetric 2D teisi, and the Stabilization Theorem [21, Tkeo 3.8] implies that fok > 4, k-
monoidal 2D teisi are just symmetric 2D teisi.

k-monoidalnD teisi are consideredD teisi with extra structure. To emphasize this interpreta-
tion, the dimensions are renumberedCifs annD tas with ongk — 1)-arrow, thei-arrows ofC are
seen as thé@ — k)-arrows of the correspondinigmonoidalnD tas, andn-composition ofC is seen
as(m— k)-compositionof the k-monoidalnD tas. (—m)-composition is also calleth-tensor and
is also denoted by, 1-tensor is also calletensor 2-tensor is also calledraiding, and 3-tensor
is also calledsyllepsis For historical reasonsy is not written in evaluation order-®5,? is also
written R_ », and—®3? is also written/_ ».

Denote the category d¢monoidalnD teisi andk-monoidal functors b3®k—nD—Teisi.

There are inclusion functors

M ®K-nD-Teisi & ®*™M-(n+ m)D-Teisi

for everyk and 0< m< k. For annD tas C with a k-monoidal structurex™(C) is the same
data considered as gn-+ m)D tas which happens to have omearrow, with a(k —m)-monoidal
structure.X™(C) is called them-th delooping of_.

There are also functors

U : ®%-nD-Teisi — ® -nD-Teisi

for j < kwhich simply forget®n, for all m> |.
The converse of delooping can be defined more generally.

Definition 2.4 Letk > 0, C annD tas, andC an object ofC. Q(C,C) is the subtas of having as
only (k— 1)-arrow ick *. &

By restricting to appropriate subcategories, there aretfus
QM : ®@*-nD-Teisi — ®**™-(n— m)D-Teisi

for everyk and 0< m<n. QM(C) is called them-th looping ofC. QMZ™ = id gk b 1eisi» @Nd
ZMQM(C) is a subtas of® which is equal taC precisely wherC has onglm— 1)-arrow. The con-
nection between looping and localization is givenW§QX(C,C)) = C(id& L,id< ) [21, Lemma
3.6].

By applying proposition 2.2, one sees that tensor in a mahoasC is a functorCR C — C,
braiding in a braided 2D (or 3D) t&Sis a functorz(C) ® Z(C) — Z(C), and syllepsis in a sylleptic
2D tasC is a functorz?(C) ® 2?(C) — 22(C).
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2.3 Transfors
This subsection recalls [19, Section 5.1].

Forq < n, let 2, be thenD tas generated by one element in dimensjon

Definition 2.5 Letg < n <4, and letC andD be n-dimensional teisi. A (rightp-transforC — D
is a functorC® 24 — D. &

Because | will use transfors extensively, | will repeat thplieit description of transfors be-
tween 3D teisiC andD:

Letpy ,pg : C— D be functors. Aright) 1-transfor, orlax-natural transformationp : py — pg
consists of the following data:

e for every objecC of C an arrowp(C) : p, (C) — p§ (C) in D,

e for every arrowf :C — C' in C a 2-arrow

pg (C)
p(C) pg ()
Ip(f)
Po (C) g (C)
Po () p(C)
o (C)

in D,
f

e for every 2-arrowy: C @C’ in C a 3-arrow
fl

5 (C)
p(C)
¢
/ \ Pg (Y)
ps ( \ ¢

Po (C')
in D,
satisfying the following conditions:
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f

e (naturality) foreveryp: C vy ~3.. rv C' inC,

A L
”
(p(f )#1(p3<¢> p(C))) p(Y)
- #2 3
p(v) ((p(C) #opy (¢)) #1p(f))

e (functoriality with respect to 0-composition of arrowsy fevery C *f>C’ L>C” in C,
p(f'#0 ) = (p(')#opg (1)) #1 (pg (') #op(f))
f
o . Py .
¢ (functoriality with respect to 1-composition of 2-arrowisy every C —f'WC’ in C,

fII

(p(Y) #1(P5 (V) #0p(C)))
p(Y#y) = # :
((p(C) #opg (Y)) #10(Y))

e (functoriality with respect to O-composition of a 2-arrowithv an arrow) for every
f

c wc ¢ inc,
~—__F
f/

((p(f") #opg (1)) #1(pg (") #op(Y)))
p(f”#oy) = H y
((p(f") #opg (v)) #1 (PS (") #op(1)))

e (functoriality with respect to 0O-composition of an arrow tlvia 2-arrow) for every
f/
f .
C—=C |y C inC,
~_ 7
fII

((p(f") #opg (1)) #1 (Po (V) #op(F)) 1)
p(Y# f) = # ,
((p(y) #opg () #1 (pg (') #op(f)))

. _(functor_iality V\_/ith respect to identities) for eve/in C, pig. = idy(c), and for everyf :C — C’'
inC, p(ids) = idg(f)-

Let p;,p5 i py — P be l-transfors. Aright) 2-transfor, or lax-modification p : p; — p7
consists of the following data:
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e for every objecC of C a 2-arrowp(C) : py(C) | p¢(C) inD,
P1(C)
e for every arrowf :C — C' in C a 3-arrow
p; (C) p(JJr(C) 1 (C) pO C
c
NG \
Py (C Yei () pg(c) 34> Po (C /’ Po ()
pa(C’) /pir(cl) pO CI /

in D,
satisfying the following conditions:

f
. . X\ ;o
¢ (naturality) for everyy: C\{}XC inC,
fl

((p(C) #opg (1) #1p1 (V) (p(f")#1 (pg (V) #0p7 (C)))

# #
((p(C’)#opo#év))#lpl(f)) = (pl(f’)#l(pi(zv)#op(C))l),
((p1 (C) #opg (V) #1p(1)) (P1 (V) #1 (p§ (F) #0p(C)))

(functoriality with respect to 0-composition of arrowsy fevery C *f>C’ L>C” in C,

((p(f") #opg (1)) #1 (pg (F) #opy (1))
p(f'#f)= # :
((p7 (f) #opg (1)) #1 (pg () #op(1)))

e (functoriality with respect to identities) for evein C, p(idc) = idy(c)-

Letp,,ps : p; — p; be 2-transfors. Aright) 3-transfor, or perturbation p : p, — p3 consists
of the following data:

e for every objecC of C a 3-arrowp(C) : p, (C) — p3 (C) in D,
satisfying the following condition:

e (naturality) for everyf :C — C'in C,

Pz (f) ((P(C) #opg (1)) #1py (1))
# = # :
(p1 (F)#1 (g () #0p(C))) P (f)
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Transfors between lower-dimensional teisi are obtainedeipacing high-dimensiong(c)’s
by naturality conditions. Transfors between 4-dimendidgiai are obtained by replacing naturality
conditions byp(c)’s and adding naturality and functoriality conditions féretm. These further
conditions play no role in this paper, though.

To see composition in a tas as a transforclet andc”’ bek-arrows in anmnD tasC satisfying
dy ,(c) =d¢ ,(c) =d? ,(c") for a =+, and fix an(i —k — 1)-arrow a in C(c’,c"), soais an
i-arrow inC. Thenk-composition on the right witl is given by

C(c,d)®2 k1 —C(c,d)®C(c,c') —=C(c,c"),

so it is an(i — k — 1)-transfor C(c,c’) — C(c,c”). Its domain and codomaias a transforare
composition with the domain and codomainafespectively, and composition of such transfors
[19, Section 9] corresponds precisely to composition ofagken C. Analogously, composition on
the left is a left transfor.

Applying this to tensor, braiding and syllepsis with iaarrow of ak-monoidalnD tasC, one
gets that tensor with ararrow is an-transforC — C, braiding with ari-arrow is an(i + 1)-transfor
3(C) — Z(C), and syllepsis with airarrow is an(i + 2)-transforz?(C) — =2(C).

3 From left to right

Let C, D andE be n-dimensional teisi. Does a lefi-transforC — I, i.e., a functor g& C —
D, induce a rightg-transforC — D, i.e., a functorC ® 2, — D? More generally, does a functor
C®D — E induce a functoiD® C — E? In this section | answer these questionsrfet 3 and
n= 4, and apply the results to compaositions in 4D teisi, and ntiqdar to braidings and syllepses.

3.1 Righting left 1-transfors

First note that there is no difference between left and rfghttors, even as seen as O-transfors,
because@ C=C=C® 2.

To go from left to right transfors they need to l®®-transfors i.e., transforg : C — I such
thatp(c) is invertible for everyc € C that is not O-dimensional. Left composition with an element
of annD tas is an example of a left iso-transfor.

LetC andD be 3D teisi, lep , pg : C — D be functors, and gt : p; — pg be a left 1-transfor.
Define a map of degreed.: C — ID by:

pP(C) = p(C)
p(f) = p(f)*
p(Y) = p(f) tap(y)#p(f)

Proposition 3.1 p is a (right) 1-transforp, — p{ .

Proof. p(f) andp(y) indeed have the right faces.
f

For¢: Cy:~3 )y C' inC,

f’
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(B(F')#1(p5 (6) #B(C)) ) #25(y) =
= (p( ’)*1#1(pé(¢)#op(C)>)#z(p(f’)*l#lp(v)#lp(f)*l)
= p(f) "M (((p§ (0) #op(C)) #1p(F)) #2p(y)) #rp(f) 1
= p(f) M (p(Y) % (p(f) #1(p(C) #opg (9)))) #1p(f) 1 by naturality ofp
= (p(f") " Tp(Y)#p(f) 1) # ((P(C) Hopg (0)) #1p(f) L)

|
3t
je)
-

BY) #2 ((B(C) #opg (6)) #1B(1)
which proves naturality of.

Functoriality ofp with respect to 0-composition of arrows is straightforward
f

WO
For C—f——C' inC,

W
7

p(Y#y) =
= p(f")” 1#1P(V#1V)#1p(f) !

p(f") 141 (((pg (V) #0p(C)) #1p(Y)) #2

(P(Y) #(p(C ’)#opo( ) #p(f) ! by functoriality of p
= p(f") M (PG (V) #op(C)) #1 (p(f) #rp(f) T p(Y)) #2

(p(Y) #Lp(f')~ 1#1p( ) 1(p(C) #opg (V) #1p(f) 1
= p(f") Hh ((p(Y) #p(f)) H#h (g (V) #0p(C)) #1p(f)) #2

(P(f") #1(P(C) #opg (V) #Lp () T p(Y)) #p(f) 1 by naturality inl
= (p(f") 1#1p(\/)#1p(f’) 1#1(p$(v)#op(c)))#z

((p(C) #opg (V) #Lp(F) Lo p(y) #rp(f) 1)

= (BY)#1 (0§ (W #P(C))) # ((B(C) Hopg (V) #1P(Y))
which proves functoriality op with respect to 1-composition of 2-arrows.
The other functoriality axioms fop are left to the reader. O

This will not work for transfors between 4D teisi as the natity in D in the first functoriality
proof becomes a non-identity arrow. If it does happen to workluding what might go wrong
with the higher-dimensional naturality and functorialgnditions, which | didn’t mention, call the
transforrightable

f
As an example, le€ be a 4-dimensional tag,: C @C’ a 2-arrow ofC, C" an object ofC,
f/
and consider the case thais the left 1-transfor-#,y: C(C',C") — C(C,C"), which has source
and target the functors # f and— # f respectively. Righting- #yy, one gets the right 1-transfor
—#yy: C(C',C") — C(C,C"), given by

—tHyle) = g#y

—Hy(®) = (3#y)

—thy(W) = (8#y) M (WHY) # (BHy)
again with source and target#y f and— # f respectively.

A special case of the above example is for a braided 2[@taf®r an objectB of C, R_g is a
left 1-transforZ(C) — Z(C) with source and target the identity functor. Righting iteagets the
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right 1-transforR_g : 2(C) — Z(C), given by

R g(A) = Rag™?

R g(f) = Rap '#Rip#Rap?
3.2 Righting left 2-transfors

Let againC andD be 3D teisi, letp,,pg : C — D be functors, lep;.p; : p, — pg be left 1-
transfors, and lep : p; — p; be a left 2-transfor. Define a map of degrep 2C — I by:

p(C)
pi () H#hp(f)#py ().

o
2
1

Proposition 3.2 p is a right 2—transfor[?>f — Ef
Proof. p(f) indeed has the right faces.
f
Fory: C_ | C' inG,
~—__+7
f/

((B(C)#0po (1) 211 (V) #
(B #op (v #1p pr (1) #
(P () #opg (v) #.B(1)) =
= (lp (C/)#Opo(f))#lpf( ) tpr (Ve (f) 1) #
(P ()M p(T) #1 (1 (C) #opg (V) #rpy () 1) #
(P (F)H#ap(f) 4 (p (C’)#opo(v))#lpl(f)*l)#z
(P (f)t#pg (F)# ((C’)#opo()) “tp () N #
(P (1) H#pL (V) H#1 (P(C') Hopg (1)) #rpy () 1) #2
(P1 () Mapf (W # (P(C) #opo () #1py () 1) #e
(£ (C") #opo (V) #p1 (F) () #py () 1)
by naturality in) twice and naturality op
= (p7 (F) " tp(F) #hpy ()M (pg (V) #o P71 (C))) #2
(P1 ()M (pg () #op(C)) #1 1 ( )#191( ) ) #
(Py ()24 (pg () #0p(C)) #rpy () M pr () 1) #
(P1 () 1 (Pg (V) #0P(C)) 1#1p1(f)#1p1(f) Y #
(P ()11 (Pg () #opy (C) #1p(T) Hpy () 1) #2
(P1 () M1 (pg (V) #opy (C)) #1p() #py (F) 1) #
(p1 (f) " t#1p7 (v)#p1 ()~ #(pg (f) #0p(C)))
= (B(r)# (05 (V) #0p{ (©)) #2
(P7 ()% (p5 (V) #0P(C)) ) #2
(P50 #.(pg (1) #0B(C)))
which proves naturality op.
Functoriality ofp with respect to 0-composition of arrows is left to the reader O

For transfors between 4D teipi andﬁf need not be transfors, and it is clear that in higher
dimensions there will also be non-identity arrows in proof$unctoriality, so thap need not be a
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transfor either. Ifal: , 511 andp are transfors, calb rightable
f

As an example, le€ be a 4-dimensional tag,: C y <3 ) )y C' a 3-arrow ofC, C" an object

N

f!
of C, and consider the case thais the left 2-transfor— #, ¢ : C(C',C") — C(C,C"), which has
source and target the left 1-transforsyy and — #y Y respectively. Righting-#,¢, one gets the

right 2—transfor—/§.ﬁ> : C(C',C") — C(C,C"), given by:

~#0(9) = g#o
“H0(8) = (3toY) L4 (3400)# (Stoy) .

with source and targe% and—/%?/ respectively.

A special case of the above example one dimension higher & $glleptic 2D tasC: for an
objectB of C, v_p is a left 2-transforz?(C) — =?(C) with source and target the identity left 1-
transfor.22(C) is a 4D tas, so things might go wrong, but in this situatiornr¢ree many identities
around, and the map of degre@ 2 : 52(C) — 2(C) given by

V_B(A) = Rag '#V g(A)#Raa

is in fact a right 1-transfor; the calculations for this uke tesults on syllepses in [21, Section 6],
and are left to the reader. Note that, because these cabridanake use of naturality axioms in
2-categories, this result will not hold for syllepses on gi3it

3.3 Righting left 3-transfors

Let againC andD be 3D teisi, letp,,pg : C — D be functors, lep;,p; : py — p§ be left 1-
transfors, lep, ,p5 : p; — p; be left 2-transfors, and lgt: p, — p5 be a left 3-transfor. Define
a map of degree : C — D by:

Proposition 3.3 pis a right3-transfor[§§ — gf)g
Proof. For f :C — C'in (C
o3 (1) #2 (pF (1) #.(p5 (1) #0B(C)) ) =
= (p1(f) t#py(f )#1 L () Y #(p1 l#1(p (f )#op( )))
) #2

p
= pi(f) M (p3 (f)#((pg (f)#0p(C) )#191 (1)) #1py (f
= pi(f) M ((pf (F)# (p(C’;#o a(f))f)#zpz( ) #1py (f ) by naturality ofp

= ((p(C) #opg (1)) #py () ) # (p1 (F) Hp, (f)#py ()71
= (B #0po (M) #pr (1) #2p5 ()
which proves naturality of. O

Note that the calculation here is very similar to the calttatain the proof of righting a left
1-transfor.
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Also note that the simplicity of the proof is due to the facttthe 3-transfor is between 3D
teisi; for 3-transfors between 4D teisi the problems willdmmilar to the problems for righting of
2-transfors.

3.4 Reversing functors of two variables

Recall that the iso-version of Gray’s tensor product of &garies is symmetric. | will now show
that the previous results imply that this is also the casé&tary-categories.
Let C andD be 3D teisi, ang a functorC ®iso D — E. Define a functiory : D ®iso C — E by:

X(Dec) = X(
X(d®C) = X(
X(gef) = x(feg*
X(goy) = x(f'eg) ‘#ix(yeg#x(feg !
XO®f) = x(fod)tHax(fedhax(fog

Theorem 3.4 ¥ is a functorD ®iso C — E.

Proof. Recall [19, Section 5.2] that the conditions grbeing a functorC ®iso D — E are that
X(c® —) is a left p-transfor for everyc € Cp, x(— ®d) is a rightg-transfor for everyd € Dq, and an
interchange condition on 1-arrows. So the statement fallfsam propositions 3.1, 3.2 and 3.3 and
their duals, with interchange taking care of itself. O

Hence, becausg = ¥, the iso-version of the tensor product Gfay-categories [19] is sym-
metric. However, for the iso-version of the tensor produc#D teisi, X need not be functorial, so
this tensor product is not symmetric. In this higher-dimenal case, if{ happens to be a functor
D®iso C — E say thaty is reversible

As an example, le€ be ann-dimensional tas, and consider the case jhat the functor % :
C(C,C")®C(C',C") — C(C,C"). If n= 4 then# is a functor, but in general 0-composition will
not be reversible.

A special case of the above example is for a monoidal 3@taensor is a functoC ® C — C,
which is reversible.

Another special case of the above example is for a braideda2@:t braiding is a functor
2(C)®Z(C) — Z(C), which is again reversible. Braidings on 3D teisi are noersible in general,
however.

Yet another special case of the above example is for a si@lpttasC: syllepsis is a functor
>2(C)®2?(C) — 2?(C), and it is reversible too. Syllepses on 3D teisi are not st in general,
however.

3.5 What is symmetry again?

The formulae for rightings of the transfors ‘braiding withhd ‘syllepsis with’, and for reversings
of the functors ‘braiding’ and ‘syllepsis’, suggest theldaling

Definition 3.5 Letn < 2 e}gdk > 0, and letC be ak-monoidalnD tas. C is strongly symmetridf
®x is reversible and®y = ®y : T 1C® Ik 1C — ¢ 1C. o
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To justify the terminology, | need to show that strongly syatrnt implies symmetric.

Consider first the case whetgis a strongly symmetric monoidal 2D tas. Beca(sis a 2D tas
® is reversible.® = ® amounts to:

ARB = BRA
feB B f
A®g g®A
feg = (gef) L

This gives a braiding oft by R_ » = id, and because the braiding gives identities this triyiaibkes
C a symmetric 2D tas.

Consider now the case whetgis a strongly symmetric braided 2D taR. » = Ii,vo amounts
to:

Rag = Real
Rig = Rsa #oRsi#Rsa *
Rag = Roa #oRya#oRsa 1.

This gives a syllepsis 0@ by v_ » =id, and because the syllepsis gives identities this thwialakes
C a symmetric 2D tas.

Finally, consider the case whefkis a strongly symmetric sylleptic 2D tag. » = V_ > amounts
to

Vag = Rea l#Vea#oRag.

This precisely make§€ a symmetric 2D tas.
Summarizing:

Proposition 3.6 Let n< 2 and k> 0, a strongly symmetric k-monoidal nD tas is a symmetric nD
tas. |

For replacing the identity in the definition of strongly symimc by a natural isomorphism, see
the sequel.

3.6 Reversingl-transfors of two variables

LetC, D andE be 2D teisi, letxy,Xs : C®iso D — E be functors, and let : Xq — X¢ be a (right)
1-transforC ®iso D — E. Define a map of degree)l: D®iso C — E by:

Proposition 3.7 X is a right 1—transfor)z§ — )a.

Proof. First note thal, andy{ are reversible by theorem 3.4.
Secondly, note that, (f ® g) andxg (f ® g) are invertible, because® g is invertible.
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Forf:C—>£’inCandg:D—>D’in@ N
(X(D'®C) #oXo (9® 1)) #1 (X(9®C) #0Xo (D® ) #1 (X (9@ C) #oX(D® )) =
= (X(C'eD)#X,(feg) H#
X(C'®9)#oXo (f®D))#1 (X (C'®@9) #oX(f®D))#
Xo (f®9)#oX(C®D))# (x§ (f ®9) T #X(C®D))
X(C'®D')#oXo (f®9) ) # (X(C'@D) #0X, (f®09)) #
X(f©D)#Xo (C®9))# (X§ (f @ D) #X(C®Q))#
X$(f®9) #x(CoD)) by naturality ofy
= (X(D'®f)#oXo (9®C))# (X (D'® ) #oX(g®C)) #1(Xo (9® f) %X (D®C))
which proves naturality of.
Functoriality ofy is immediate from functoriality of. O

(
(
=
(
(

Already for transfors between 3D teisi things go wrong ag#iere is a problem with functori-
ality, which has to do with the diagram on page 46 of [19].

An example of the reversal of a 1-transfor will occur in setb.1.

4 Localization of lax-g-transformations of w-categories

Let C andD bew-categories and let ¢’ be elements of whose(k— 1)-sources angk — 1)-targets
agree. In this section | show that a IgxransformationC — 1D induces a laxg-transformation
C(c,c') — I(d,d’), for appropriated,d’ € D.

For c andc' k-arrows of anw-categoryC satisfyingdy ;(c) = d¢ ,(c) for a = =+, a functor
F : C — D trivially induces a functofC(c,c') — D(F (c),F(c')).

Viewing a laxg-transformatiorp : C — DD as a functop : C® 2q — D, it localizes to a functor
(C®2q)(x,X) = D(p(x),p(x')), for xandx' ¢-arrows of C® 24 whose(¢ — 1)-sources ang¢ — 1)-
targets agree. One would want to take= c® 24 andx = ¢’ ® 24, but these have non-agreeing
sources and targets. However, fthe- 1)-sources andk — 1)-targets ofs(p(c)) andtk(p(c')) do
agree, ang induces a map of degregp : C(c,c’) — D(sk(p(c)),tk(p(c'))). The idea is to define
ﬁgl (y) by composingpg (y) with elements in the faces pfc) andp(c).

Formally, define assignmenfg, : C(c,c’)p — D(sk(Pq(C)),tk(Pg(C))) p+q andﬁg :Cle.d)p—
D(s(Pqg(C)), t(Pg(C))) p+g for everyq’ < qandB’ =+ by

and

_\k+1pr /
é, ") anddE+q,+1

U dE+q'+1(2p+k+1 ®2q) C 2pikr1® 2

ﬁgl (y) is the composite i) of p

k+1B/

(p(y)) according to the pasting scheme

2piki1® 2((17

Note that the second part of this composite only involpglls for g’ > ¢, of c or ¢ or of faces of

those, and at moﬁéf)mﬁ’(dﬂl(y)), which boundspéf)mg (y), making the composite legitimate,
and which is the reason for the occurrence of the $igji+?.
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Theorem 4.1 Let c and ¢k-arrows of arw-categoryC satisfying ¢ ;(c) =d ;(c’) fora =+, and
letp: C — I be a lax-g-transformation. Themis a g-transforC(c, c’) — D(sc(Pq(C)). tk(Pg(C)))-

Proof. ﬁg, (y) has the corredt-faces:dy (ﬁg: (y) =d¢ (dE;q, +1(Pq(Y))) = d2(pqg(y))) which involves
at mostpq(dy (y)) hence is equal te(pg(C)) andty(pq(c')) respectively.
pis natural: ifyis (k+ 1)-dimensional,

Q! . )kl /
dg+q,(pg, (V) = dg 4(the composnek?lpg, By anddE+q,+1(p(y)))
the composite opél)l “(y) andd, , (P(Y))
63’71(y)7

and ifyis of dimension greater thatt 1 then because the second part of the compositéﬁf(yy)
is low dimensional enough naturality pffollows from naturality ofp.

Functoriality ofp follows immediately from the fact that composition with lemdimensional
elements is a functor. O

5 Localization in one variable

Let C andD ben-dimensional teisi, and l&t ¢’ be elements of whose(k— 1)-sources angk — 1)-
targets agree. DoesatransforC — D induce ag-transfor C(c,c’) — D(d,d’), for appropriate
d,d’ € D? In this section | answer these questionsrfer 3 andn = 4, and apply the results to
compositions in 4D teisi, and in particular to braidings agtlepses.

5.1 Localization of functors

Is trivial.

5.2 Localizing al-transfor once

Let C andD be 3D teisi, letp,,pg : C — D be functors, and lep : p, — p§ be a 1-transfor. For
two objectsC,C’ of C, note thatC(C,C’) andID(p, (C),pg (C')) are 2D teisi.
Define functiong, , pg : C(C,C') — D(pg (C),pg (C')) by:

Po(c) = pg(e)#p(C)
ps(e) = p(C)#opg(C).

Po andpg induce functorsC(C,C') — D(p, (C),pqy (C')) andC(C,C') — D(pg (C),pg (C))),
again calleg, andpg respectivelyp(C) : p, (C) — pg (C) is a 1-arrow inD, so (right) composition
by p(C) induces a1 — 1)-transfor, i.e., a functob(p{ (C),pg (C')) — D(py (C),pg (C)). Py is
precisely the composite @ff andp(C) #, —, hence is a functor too. One could have also seen this
easily directly, of course.

Define a map of degreef: C(C,C') — ID(p, (C),pg (C')) by:

p(c) = p(o).

Proposition 5.1 p is a 1-transforp, — p¢ .
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Proof. | have to show thab(c) has the right faces, and that it is transforial.
For an objectf of (C(C c,
S(B(1)) =si(p(f)) = p5 () #p(C) =P (1),
and similarlyto(p(f)) = pg (f), sop(f) is indeed an arrow, (f) — pg (f) in D(p, (C),pg (C')).
For an arrowy: f — f’ in C(C,C'),
si(P(y) = s(p(v)
= (p(C)#opo
= ol )#op(f)
and S|m|IarIyt1( ( y)) = (p(f'

y)) #1p(f)

) #oPo (Y), SOp(y) is indeed a 2-arrow

o (f)

b
V Wv)
Iply) N

P (f) Pg ()

@N A)

%

p

()
inD(p, (C),pg(C)).

¥
Fora 2-arromp : f @f’ in C(C,C'),
y
(P(T') #aPo (0))#1B(Y) = (P(f')#1(pg () #0P(C))) #2p(Y)
= p(Y)# ((P(C) #opg (9)) #1p(f)) by naturality ofp
= P(Y)#(Pg (¢) #oP(1))

which proves naturality op.

For f Y~ Y inc(c,C),

PY#Hy) = p(Y#Y)
= (p(Y)#1(pg () #0p(C))) #2 ((P(C) #opo (V) #1P(Y))
by functoriality of p with respect to 1-composition of 2-arrows
= (P(Y)#0Pq (v)) #1 (B¢ (V) #oP(V))
which proves functoriality op.
For f in C(C,C"), p(idf) = p(id) = idg(s) = id51)- O

This actually also works o andDD 4D teisi. What happens here is the reindexation of the
data and some of the axioms, namely the ones relevaf{@C'). So far, this works almost
exactly as forw-categories, although there is already a difference forsfiars between 4D teisi,
because functoriality with respect to 0-composition ofaw with an arrow involves a horizontal
composite, unlike for lax-1-transformations.

| have given a somewhat detailed proof here to illustratethivegs that are relevant; | will be
more succinct in the rest of paper.

g
As an example, le€ be a 4-dimensional tas,: C' EC” a 2-arrow ofC, and consider the
gl
case thap is the 1-transfob#, — : C(C,C') — C(C,C"), which has source and target the functors

24



g#o — and g #p — respectively. Localizingd#p — at the objectsf and f’' of C(C,C'), one gets
the 1-transfo®#, — : C(f, f') — C(g#o f,d # '), with source and targdty’ #, —) #1 (0# f) and
(0# f') #1 (g#o —) respectively.

A special case of the above example is for a braided 2[@taf®r an objectA of C, Ry _ is a
1-transforz(C) — Z(C) with source and target the identity functor. LocaliziRg_ at (*, *) gives
the 1-transforR/A_t :Z(C)(*,%) = Z(C)(*,*) with source and targeRs . ® — and — ® Ra .. l.e
Ra — induces a pseudo-natural transformat® — — —A: C — C.

5.3 Localizing a2-transfor once

Let againC andD be 3D teisi, lep, ,pd : C — D be functors, lep;,pi : py — pg be 1-transfors,
and letp : p; — p; be a 2-transfor.

Define functiong, ,p¢ : C(C,C') — D(p, (C),p¢ (C')) by:

(¢)
~

Po (

Po(c) = pg(c)#py (C)
Po(0) =

P (C)#opg (C).

o
S~—
|

These are very similar to the situation above, and can bea®#rstances of the above. §gp and
pg are functors.

Define maps of degreef; ,p; : C(C,C') — D(p, (C),pg (C')) by:

DD = pi(h# (0514 ())
p(f) = (p( ’#opo ))#191
Py = (pr(f)# po(v) 1)#2( (v)#1.(p5 (1) #0p(C)))
Pr(Y) = ((p(C)#opy f’))#lpl )#2( © #opo())#lpi(f))-

Proposition 5.2 p; andp; are 1-transforsp, — pg -

Proof. | have to show thap; (c) has the right faces, and that it is transforial.
For an objectf of C(C,C'),
2Py () = (pl(f)#l(po( )#2p(C)))
= pg(f)#Hsi(p(C))
(f)#Opl( )

)
—
—h
~—

and similarlyto(p1 ( )) =P (f), sop; (f) isindeed an arro, (f) — pg (f) inID(py (C), pg (C)).
For an arrowy: f — f’ of C(C,C'),

s(P1(y) = ((pl(f’)#l(Po() ()) Y# (p1 (V) #1 (pg () #0p(C))))
(pl(y)#l(po )
= SQ(DI(vD#l(po (©)
= gpI(C’)#jopo())#lpl(f) 1 (pg () #op(C))
= pg(y)#Py (f),

and similarlyt; (p; (y)) = Py (f') #0Pg (y), S0P (y) is indeed a 2-arrow
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pi () B v)
ZA(/N
Po(f) B ()
Po (1)
in D(pg (C), pg (C')).
Y
For a 2-arrow : f@f’ in C(C,C'),
%
(Py (') #0Pg (9)) #1571 (¥) =
= (pf (f)#(pg (f)#0p(C)) #1 (pg (0) #opy (C))) #2
(PT (f)#1(pg (V) #0p(C)) 1) #2
(P (V) #1(Pg (f) #0p(C)))
= (P1(f)#1(((pg (") #op(C)) #1 (g (9) #o Py (C))) #2(Pg (V) %0 P(C)) 1)) #2
(P1 (V) #1(pg (f) #0p(C)))
= (Pf (f)#1((pg () #0p(C)) M ((Pg (§) #opq (C) #1 (p§ (F) #0p(C))))) #2
(P1 (V) #1(pg () #op(C))) by naturality inD>
= (p1 () #(pg (V) #p(C)) 1) #
(((pT () #1 (P (9) #op1 (C))) #2p7 (¥)) #1 (Pg () #0P(C)))
= (P (F)#1(p{ (V) #0p(C) ) # |
(P (V) #2(p1 (f)#1 (P71 (C) #opg (9)))) #1 (g () #0p(C))) by naturality ofp
= (P () #1(p{ (V) #0p(C)) ) #
(Pf (V) #1.(pg () #0p(C))) #2
(P2 () # (py (C') #0.pg (9)) #1 (pg () #op(C)))
= P1(Y)# (Pg (9)#0py ()
which proves naturality of; .
For f '~ Y-t inc(c,0),
Py (Y #oy) (pl(f)#l(po (Y #1Y) #p(C)) 1) #2 (pl (Y#1y)# (pg () #0p(C)))

(P pg (V) #1p¢ ( )) p(C)) 1) #

(o #1 Po Y) #p7 (C)) # (pé(f) p(C))) #

(pl C’ )#oPg (V) #1071 (V) #1.(pg () #0p(C)))

by functoriality ofp; and ofpg

= (pr(f)#( po (Y)#0p(C)) 2 #1 (pg (V) #0p1 (C))) #2

(py (") #( po (Y) #0071 (C)) #1 (g (v) #o ( )) ') #

(P2 (V) #1 (g (V) %0 P1 (C)) #1.(P5 () #0P(C)) #2

((p1(C #opo (V) #1p1 (V) #1 (pg () #o ( ) by functoriality inID
= (p3(f)#( po (Y)#p(C))~ 1#1(90( Y)#0p1 (C))) #

(PT (Y) #1(pg (') #0p(C)) #1 (P (Y) #0 Py (C))) #2

((p1 (C) #opg (V) #rpy (f ’)#1(90() ( ) 1) #

((P1(C") #opg (V) #1p1 (V) #1 (P (f (€))) by naturality inlD
= (PL(Y)#0Po (V) #1 (PS (V) #o Py ( ))

which proves functorlallty op; .

26



FOI‘f in C(C,C/),ﬁiﬂdf) pl (|df)—|d ( ) Idﬁl(f)'

p; goes similar. 0

For transfors between 4D teisi, in naturality@f the non-identity arrow resulting from natu-
rality in D can be combined with the non-identity arrow resulting froatunality ofp, . However,
in functoriality of p; the non-identity arrow resulting from naturality i» implies that this result
will not hold for for transfors between 4D teisi.

An alternative way to look ap; is as follows. First note that #,p(C) is a left 1-transfor
D(pg (C),pg (C)) — D(py (C),pg (C')). Righting it (if that is possible) gives a right 1-transfor
which can be composed with the functf : C(C,C') — D(pg§ (C),pg (C')), to give a 1-transfor
C(C,C") — D(p, (C),pg(C')). p; (as opposed top;) is also a 1-transforC(C,C') —

D(p, (C), (©):po $(C")). 0-composing thesas transforg19, Section 9] give®; , which is a 1-transfor

if (— #op( )) o pg andpy are truly composable.

Forp;, p; and(p(C')#,—) op, need to be truly composable.
Define a map of degree@: C(C,C') — I(p, (C),pd (C')) by:

p(c) = p(o).
Proposition 5.3 p is a 2-transforp; — p; .

Proof. | have to show thgb(c) has the right faces, and that it is transforial. But the dediniof p,
Py, P, andp; was made such thathas the right faces and is natural. 0

Functoriality is not an issue for 2-transfors between 2Bitdiut it is one dimension higher. A
long calculation, or a nice big diagram (well, not too bigtueadly), shows that ifp; andp; are
1-transfors then functoriality gb follows from functoriality ofp. If this is indeed the case, cal
localizable

g

As an example, le€ be a 4-dimensional tagy: C' & ~3.))5 C" a 3-arrow ofC, and consider

gl
the case thap is the 2-transfop #, — : C(C,C') — C(C,C"), which has source and target the 1-
transforsd#, — andd' #, — respectively. Localizingp#, — at the objects and f’ of C(C,C'), one

gets the 2—transf0ﬁf.7— :C(f, f") — C(g#p f,g #o f'), with sources and targets given by:

|

b~ = (g —)# (BH0f)

P~ = (B T)#(g#)

bt —1 () = (B#0Y)#2 (g HoY) 1 (WHo T))

P 1(Y) = (W) #1(g#oY) #2 (B%0Y)

D=1 (0) = ((8#Y)#2((g #0d)# (W f) ) # (8 #0) #2 (g #oy) 1 (WHo 1))
D=1 (0) = (W ') #1(gtoY)) #2 (5#09)) 3 (o 1) #1 (90 9)) #2 (B¥oY))

A special case of the above example is for a braided 2[TCtafor an arrowf : A — A’ of C,
R is a 2-transforz(C) — %(C) with source and targeRa — andRy _ respectively. Localizing
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R, at(*,x) gives the 2—transfo§f-; : C — C with sources and targets given by:

Ri_o AR —

Rf,fg = —QA

Ri~,(B) = Ragto(f®B)

Ri 1 (B) = (B®f)#Rag

Ri-1(9 = (Rea#o(feg) ) (Rugh(f©B))
Ri_1(9 = ((B'®f)#Rag)# (g2 f)#Rap).

l.e.,R¢ _ induces a modificatioRy — #(f ® —) — (—® f)#Ra _, provided its source and target
are interpreted as pseudo-natural transformations intibeea— correct — way. Note, again, that this
source and target can be seen as a compaosite of transfors.

5.4 Localizing a3-transfor once

Let againC andD be 3D teisi, lep,,pg : C — D be functors, lep;,pf : p, — pg be 1-transfors,
letp,,p; : p; — Py be 2-transfors, and lgt: p, — p3 be a 3-transfor.
Define functiong, ,p$ : C(C,C'") — D(p, (C),pg (C')) by:

Po(c) = pg(0)#op;(C)
pg(c) = pi(C)#pg ().

These are the same as for the localization of a 2-transfop,Sandpg are functors.
Define maps of degree; ,p; : C(C,C') — D(p, (C),pg (C')) by:

Ef(f) = pl( )#1(po(f)#opz( ))
pi(f) = (pz(C’)#opo(f>)#1p1(>
pr(y) = (1 (f)#1(pg (V) #0p5 (C)) 1) #2 (pF (V) #1 (g () #op; (C)))
p1 (V) ((P3(C) #opy () #1p1 (V) #2 ((p3 (C) #opg (V) #1p4 (F)) -

These are very similar to the situation for localization o2-&ransfor above, and can be seen as
instances of the above. $§ andp; are 1-transforp, — pg. But not always foip a 3-transfor
between 4D teisi.

Define maps of degree ,p; : C(C,C') — D(p, (C),pg (C')) by:

B2(1) = e3(N# (e (1) (5 (1) #0p(0)))
Py (f) = ((P(C)#opy () #apy (f ))#zpz(f)

Proposition 5.4 p, andpj are 2-transforsp; — p; .

Proof. p, (c) has the right faces more or less by definitiorpefandp;, and a lengthy calculation
similar to the ones above shows tigt is natural.
P4 goes similar. ]

This becomes more interesting one dimension higher, asrtaf pf naturality turns into a
composite of non-identity arrows.
As before, p, and p; can be seen as composites of transfors, namgly as

5 #1 (i 0 ((~#0p(C)) op3) ). andp similar

28



Proposition 5.5 p, = p; .
Proof. Exactly by naturality op. O
This becomes more interesting one dimension higher, ofssour

g

A
As an example, le€ be a 4-dimensional tagy: C' & \ _Af /5 C" a 4-arrow ofC, and
gl
consider the case thptis the 3-transfoA#,— : C(C,C') — C(C,C"), which has source and target
the 2-transforgy#, — andy’ #, — respectively. Localizing\#, — at the objectd andf’ of C(C,C’),
one gets a 3-transfdx#, — : C(f, f') — C(g#o f,d #o f'), with sources and targets given by:

|

(g #o—)#1(d# )
(0'#o ') #1 (g%0 —)
(d'#Hoy)#2 ((d #HoY) #e (Y#o )
= ((W#H ') #1(9%0y)) #2 (dHoY)
0) = ((B#Y)# (g #H0)# (WH f)) 1) #3((8 #d) # ((d #oY) #1 (W T)))
o) = (( ) #2
(
(

>
i

|

>
i

|

>
i

|

|

>
i

>
|
N +N [P 4P [P 4 O 40O |

|

(W f') #1(9#0Y ) #2 (8#00)) #3 (W' #o ') #1 (%0 §)) #2 (3%0Y))
W Hoy) #3 (8 #oy) #2 (0 Hoy) #1 (A#o T)))
(A#o T')#1 (g#0Y)) #2 (OH0Y)) #3 (WHoY).

>
i

|

>
d

|

>
d

i.e., the equality of\#o —, andA#y—, .

f
A special case of the above example is for a braided 2[@tder a 2-arrowd : A@A’ of
f’
C, Ry, is a 3-transfoiz(C) — %(C) with source and targd®; _ andRy _ respectively. Localizing
Ra,— at(x,*) gives the 3—transfoR/(; : C — C with sources and targets given by:

Rz(i = A®—

Ra, o = —QA

R’JQB) — Rust(f@B)

Ra—1(B) = (Bef')#Rag

Ra— «1;(9) = (Ragt#(f®g) H# (Rag#(f©B))
Ri—1(0) = ((B®f)#Rag)#((g® ') #oRag)
Re,— %(B) = Ryp# (R (0®B))

Ri_,(B) = ((B®a)#Rag)#Rip.

lLe., R/q\, says thaR?; equaIsR/O'(:;, which is the correct way of stating thR/t: is 2-natural in
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o. Note, here, that

— —

)

&L
|
Py

o

—0 = :
— —t
Rct,fg = Rf’ﬁg
Ry T Ry
Ra-y = Re .

Also note thalRE:; is a composite of transfors, namd@: # (R/A\, #H(a® —)) .

5.5 Localizing al-transfor twice

Localizing a 1-transfor twice is the same as localizing k®and then once again, of course. But it
is useful to express the result in terms of the original hfar.

The situation would be too trivial when starting from tramsf between 3D teisi, so from now
on | will consider transfors between 4D teisi. As they willloealized twice, | will not need a full
definition of such transfors, and the parts which do affeetltitalizations will become apparent in
the sequel.

So letC andD be 4D teisi, leip, ,pg : C — D be functors, and lgb : p, — pg be a 1-transfor.
For two arrowsf, f': C — C' of C, note thatC(f, f') andD(p] (f)#op(C),p(C') #op, (') are 2D
teisi. (Note thap; (f) #p(C) = s1(p(f)) and,p(C') #opy () = ta(p(f")).)

Define functiong, ,pg : C(f, f') — D(s1(p(f)).ta(p(f'))) by:

(c) (P(C) #opg (©) #p(f)
) = p(f)#i(pg(c)#p(C)).

()

[
Pg (

(¢)

An argument similar to for localization once gives tipgt andp] are functors. Alternatively,
they are functors because they are the result of repeatatizaiion once, which is known to give

functors.
Define a map of degreed.: C(f, f') — ID(sy (p(f)),t1(p(f"))) by:

Proposition 5.6 p is a 1-transforp, — pg .

Proof. Thatp(c) has the right faces, and thais natural is almost immediate. Functorialityivith
respect to 0-composition of arrows follows from functaitiabf p with respect to 2-composition of

3-arrows. O
Alternatively, p is a repeated localization once, and use the remark folipwioposition 5.1.

g
As an example, leC be a 5-dimensional tagy: C' EC” a 2-arrow of C, and consider
gl
the case thap is the 1-transford#, — : C(C,C') — C(C,C"), which has source and target the
functors g#, — and g #, — respectively. Localizingd#, — at the arrowsy andy : f — f' of
C(C,C), one gets the 1-transfd#y — : C(y,y) — C(s1(g%#oY),t1(d #oY)), with source and target
((0#o ') #1.(g#o —)) #2 (dHoy) and (S#oY) #2 ((d' #o —) #1 (O )) respectively.
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5.6 Localizing a2-transfor twice

Let againC andD be 4D teisi, lep,,pg : C — D be functors, lep;,p; : p; — pg be 1-transfors,
and letp : p; — p; be a 2-transfor.
Define functiong, ,pg : C(f, f') — D(s1(p(f)),ta(p(f'))) by:

EE(C) = (p7(C)#opy () #1p7 (F)# (pg (f)#op(C))
py(c) = (p(C)#opy () #py (f')#1 (0] (c)#opy (C)).

By the same argument as befopg, andpg are functors.
Define maps of degreed; ,p; : C(f, f') — D(s1(p(f)),ta(p(f"))) by:

Py = ((p(C (f
(P(C) #opg (V) 107 (f)) #2
(p1(C) #o o(v))#lp )
p(f")# (pg ) #
Py ( ’)#1(p () )t
pir( )#1(p0(f
" #opo (V) #py (f ))#12
)
)

(C) #opg (B ))#1p
’)#Opo #1p1 )#2
#oPg (¢ ))#191( )

P
p #
p(C) t#
p1 (C) #opy (V) #1p(f))) #3
p(C")

P1

';#opo ’))#1912))

( (f

") #o ©)

f C) 1) #
))

(((C)#opo( g) #191 )) #2

+

1

(P

(

!

(P(C) #opy (1)) #1p1 (9)) #

(C) #opg (V) #1071 () #2

T(C) #opy (V) #1p(f)))

p(f')# (pg V)#opl C)))

p1 (f')#1(p§ (V) #0p(C)) 1) #

p1 (0)#1 (p¢ (f)#0p(C)))) #a

(p(f’ (pS(\/)#opl (C))) #

py (') # ((Pé(\/) (C))’ # (05 (9) #0p(C)) #2 (pg (Y) #0p(C)) 1)) #2

p1 (Y)#1 (0§ () #0p(C)))) #s

( )))l

> )

p )

) #
p(f)#l(p (d)
() #o

((p
(
(
(
(
(
(
(
(
( ) #
+
!
1
A
1
1 C))
#Opl (C
( )

(©))

Proposition 5.7 p; andp; are 1-transforsp, — pg -

) #

0}
Ir( )#1(po (V) #o
1 (V) #1(pg (

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

Proof. Thatpj (c) has the right faces, and thgi is natural is a long but straightforward cal-
culation. Functoriality ofp; with respect to 0-composition of arrows follows, again byoad
calculation, from functoriality op; with respect to 2-composition of 3-arrows and functoryatt
1-composition in a 4-dimensional tas. O

As before, functoriality uses naturality ib several times, so will not hold for transfors between

higher-dimensional teisi.
As before p; andp; can be seen as composites of transfors.
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Define a map of degree@: C(f, f') — D(sy (p(f)),t1(p(f"))) by:
p(c) = p(o).
Proposition 5.8 p is a 2-transforp; — Py .

Proof. Again, as in proposition 5.3, the definitions@f, pg, p; , andp; have been made exactly
with this purpose; in particular, naturality pffollows from naturality ofp. O

In the higher-dimensional situation,gf andp; are 1-transfors cap twice localizable Again,
this can be expressed in terms of true composability of #esfors making up; andp; .

g

As an example, le€ be a 5-dimensional tagy: C' & ~3 15 C" a 3-arrow ofC, and consider
gl

the case thap is the 2-transfonp#, — : C(C,C') — C(C,C"), which has source and target the

1-transforsd#, — and & #, — respectively. Localizingp #, — at the arrowsy andy : f — f' of

C(C,C'), one gets the 2-transfap#y — : C(y,Y) — C(s1(g%oY),t1(d #0Y)), whose sources and

targets can be derived from the formulae figr, 5, p;, andp;, as before.

A special case of the above example is for a sylleptic 2DCta$or an objectA of C, va _ is
a 2-transforz?(C) — 2(C) with source and target the identity transfor, or, more elgi viq,
andvig, —. Localizingva — twice, at(id,,id,), gives the 2-transfova — : C — C with sources and
targets given by:

W, - Ae-

A, = —®A

Va_1(B) = Rap

Va_,(B) = Rsal

\B\?I(g) = RA7g

Va_1(9) = Rga #Rga#oRea ™.

Note that here/a~; = R/A\, but also note that there is more involved in arrivingRat_ as a
1-transforC — C than just localizing it: it is composed with further transfavhich are identities

because of unit axiomsva_1 = Ra_, also composed with further identity functors. I.g,
induces a modificatioRa - — R_ A but only provided, again, its source and target are intéggre
as pseudo-natural transformations in the above — correay- w

5.7 Localizing a3-transfor twice

Let againC andD be 4D teisi, lep,, pg : C — D be functors, lep;,p; : p, — pg be 1-transfors,
letp,,p; : p; — Py be 2-transfors, and lgt: p, — p3 be a 3-transfor.
Define functiong, ,pg : C(f, f') — D(s1(p(f)),ta(p(f"))) by:

= (p1(C)#opg (c) #rpy (f)# (p§ (f)#op, (C))
= (p5(C)#opo (') #1p1 (f')#1(p§ (c) #opy (C)).

These are the similar to for the localization twice of a hyfar. Sop, andp] are functors.

o
~—

Po
5+

Po (

()
~—
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Define maps of degreed; ,p; : C(f, f') — D(s1(p(f)),t(p(f"))) by:

'
—~
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o
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i e o
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PR PP e e P P P R R P PP P PP P m P e Prr oo
SRR REE o~ ))))))))))))%##%%w/#%%w/w/#ﬂ%#w/#ﬂ

T e el T L EE e S e T E i & s & i ie & i
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Il Il I I
= = s s
| — +- | — +—
(Q (Q (Q (Q

~4
Po -

Po —

dp; are l-transfors

Py an

Proposition 5.9

Proof. Only slightly more complicated than the proof of proposit®.7, and left to the reader. O
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As before, functoriality uses naturality ib several times, so will not hold for transfors between
higher-dimensional teisi.

As before p; andp; can be seen as composites of transfors.

Define maps of degree@: C(C,C') — D(p, (C),pg (C')) by:

?)C) #o o (1)) #11 (') #1.(pg (V) #o 1 (C))) #2
0@y o0 (1)) 4101 (9) %
> (C)#opg (V) #1py (T)) #2
1 ( (f)
(P35 (

Py =

P v)

P (C) #opo (V) #ap; (1)) #
5 (C) #opo(f))#lp;( Y)) #
(C #Opo )#1p1 ))#2
f( '#Opo #192 ) #
C’ #opo( )#101(Y)) #2
2+ )#oPg (V) #1pq (f ))
ir C')#opg (V) #1pf))

(((p(
((
((
((
((
((
((
((
o
Pily) = (((pi(f )# ( po(v)#opl( ) #2
(
(
(
(
(
(
(
(
((

P
P
(pz
P2 (
P

Py () # ( po v)#opz C )*1)
p+ v)#l po f)#p(C)) 1)) #s
(p3 (f')#1 (g (V) #Opl( ) #2

pI f') # S(V)#opz( )2 (0§ (V) #0p(C)) #2 (0] (V) #o 0, (C)) 1)) #2
pir V)#l po (f)#p, (C) )))

(p(f") #1( po (Y) #0p7 (C))) #2

Py (f/)#41 ( po (V) #0p; (C)) 1) #

pT (V) #1 (P () #op, (C)))) #a

p3 (V) #

(P71 (C) #opo (V) #1031 (f) #1 (0§ (F) #0p(C)))) -

Proposition 5.10 p, andp; are 2-transforsp; — Py .

Proof. Straightforward, and left to the reader. O

In the higher-dimensional situation,gf andp; are 1-transfors cap twice localizable Again,
this can be expressed in terms of true composability of tesfors making up; andp; .
Proposition 5.11 p, = pj.

Proof. Precisely by naturality op. O

g

As an example, le€ be a 5-dimensional tagy: C' & N 4 /5 C" a 4-arrow ofC, and

gl

consider the case thptis the 3-transfoA#, — : C(C,C’') — C(C,C"), which has source and target
the 2-transforap#, — andy' #, — respectively. Localizind\#; — at the arrowsy andy : f — f’
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of C(C,C'), one gets the 3-transfdr# — C(y,Y) — C(s1(g#oy),ta(d #oY)), whose sources and
targets can be derived from the formulae figr, p¢, p; , andp;, as before.

A special case of the above example is for a sylleptic 2Dtafor an arrowf : A — A’ of C,
vi_ is a 3-transfoiz?(C) — $2(C) with source and targets — andvx _ respectively. Localizing
v, twice, at(id,,id,), gives the 3-transfov; — : C — C with sources and targets given by:

Vi—q = A®-—
\Tf,\—g = —Q®A
Vi, (B) = Rag# (f®B)
f(B) = (Bef)#HRga
Vi, (9) = (RA’B’ (f®g)” )#1(RfB’#0(f®B))
f(g) = (Bef)#(Rea #Rei#Rea 1))t (9 f)#oRea 1)
Vi—,(B) = ((B®f)#vas)# 1 Rip
2T(B) ((Rea '#oRe r#oRea 1) #1 (Vas#o (f ® B).

l.e., Vs~ says thatif _, equalsVs,_,, which is the correct way of stating tha{_ is natural in
f.

5.8 Localizing a transfor more often

One special case of some interest here is for a symmetric 20:téor an objectB of C, o_p is
a 3-transforz3(C) — =3(C) with source and target the identity transfor. Localizimgg thrice, at
(id2,id?), gives the 3-transfad_g : C — C with sources and targets given by:

— —

(O Bo = B®-
o/\ Bo = —-®B
i(A) = Rga
G B, (A) = Rag™?
o Bl( ) = Rf,B
G 8 (f) = Rag L#oRef#ioRap
G B, (A) = Rag ‘#oVas#Rsa
o_ 7B-21_(A) VBA.

l.e.,0_g says that_g, equalsd_g, .

This localizing is expected to continue, with ever longemfalas, and with more and more
trueness conditions for localizability.

The localization question has a topological interpretatitsansfors are “governed by p& 2
(and functoriality by(2, Un 2,) ® 24), and localization of a transfor is asking for a canonicaldu
tor/map 2, x®2q — Qk(2p® 24). This seems to me an interesting question in its own, topcdhg
right.

6 Localization in both variables

Let C, D andE be n-dimensional teisi, and let, ¢’ € C andd,d’ € D whose(k — 1)-sources and
(k— 1)-targets agree, does a functr® D — E induce a(k+ 1)-transforC(c,c’) @ D(d,d’) —
[E(e €), for appropriatee, € € E? In this section | answer this question foe= 3 andn = 4, and
apply the results to compositions in 4D teisi, and in paléicto braidings and syllepses.
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6.1 Localizing a functor of two variables once

LetC, D andE be 3D teisi, and lex be a functolC® D — E.
Define function(y, X3 : C(C,C') ® D(D,D’) — E(x(C ® D),x(C' ® D')) by:

Xo(f®g) = x(feD)#x(Cog)
Xo(y®g) = X(y®D)#X(C®g)
Xo(f®d) = Xx(feD)#X(C®J)
Xo(0®09) = X(0®D)#X(C®Q)
Xo(few) = x(feD)#Xx(Cauy)
Xo (Y®3) = (X(y®D)#Xx(C®?d))*
Xs(c®d) = x(C'®d)#x(c®D).

By definition of functors from a tensor producgt(— ® D') is a functorC — E and X(C ®
—) is a functorD — E, which localized give functor€(C,C') — E(x(C ® D'),x(C' ® D’)) and
D(D,D') — E(x(C®D),x(C®D')) respectively. Also, 0-composition i gives a functoii(x(C®
D), x(CeD"))®E(x(C®D'),x(C'®D")) = E(Xx(C®D),x(C'®D')). Combining these gives the
functor # o (x(C/éz)\—) ®x@)’)) : D(D,D") ® C(C,C') — E(x(C®D),x(C'®D’)), and now
Xo = (#oo (x@) ®x@)’))~. There is a similar story fogj but without reversing. So
X, andXg are functorsC(C,C') ® D(D,D’') — E(X(C ® D),x(C' ® D')). But for C, D andEE 4D
teisiX, is a functor only if the above functor can be reversed.

Define a map of degree}l: C(C,C') @ D(D,D’) — E(x(C ® D),x(C' ® D')) by:

X(feg = x(fog)
X(y® Q) X(y®9)
X(f®d) = x(fed L

Proposition 6.1 ¥ is a 1-transforX, — X¢ -

Proof. It is natural because | have construcfeendy, andXg such that it follows from naturality
of X, and it is functortorial by functoriality ok with respect to 1-composition of 2-arrows in each
variable. O

Note that interchange is not an issue for functors from adeepsoduct of 3D teisi. But for 4D
teisi, X does satisfy interchange because of local interchange of

As an example, le€ be a 4-dimensional tas, andthe functor # : C(C,C') ® C(C',C") —
C(C,C") Localizing x at the objectsf and f’ of C(C,C') andg andd' of C(C',C"), one gets the
1-transforfy : C(f, ') ® C(g,d ) — C(g#o f,g #o f'), whose source and target can be derived from
the formulae forx, andX/ above.

A special case of the above example is for a braided 2[X"taghere the braiding is a functor
R:Z(C)® Z(C) — Z(C), where the usudR  » corresponds t®(?® —), see [21, p. 20]. Localizing
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R_»at(*,*) and(x,*) gives the 1—transfoP:; : C®C — C with source and target given by:

R 2, (AB) A®B
R »(f.B) = foB
R %(Ag = A®g
R 2 (0,B) = a®B
R % (AB) = Axp
Fg?é(f,g) = (feg™
R 2 (ab) = b®a

l.e.,R_»induces a pseudo-natural transformat®m — — ?®@ —. As 2@ — # —®?, thisis not a
pseudo-natural transformatien® ? — ?2Q — !

Note thatPCT?(f, B) = RLB*l. The different choices for direction df® g, Rag andR¢ g can
now be attributed to the use of the braiding as a pseudoaldtansformation- ® ? — ?® — as the
guiding maotivation [5, Definition 6],[25, Definition 12].

Because in higher dimensions the functoris not always reversible, there is no hope that
braidings on higher-dimensional teisi are localizable.

For later use, in section 6.3, | need to consider the revefrsieeol-transfor (see section 3.6)
R »:?® — — ?®@ —. This results in the 1-transf® »:?® — — 2@ — defined by:

= ———

R 7(A7 B) = R')(BuA) = RB7A

R 2(f,B) = R o(f,B)=Re;

—

R2(Ag = @(A,g):ngAfl_

(So far it seems tha® , = R,_ but they have different functors as source and target, afet i
their proof of naturality.)

6.2 Localizing al-transfor of two variables once

Let againC, D andE be 3D teisi, letx,, X : C®D — E be functors, and lex be a 1-transfor
CeDh —E.
Define function(,, X3 : C(C,C') ® )(D,D’) — E(x(C ® D), X(C' ® D')) by:

Xo(f®g) = Xg(feD)#Xi(C®a)#X(C®D)
Xo (Y®Q) = X3(y®D)#X;(C®g) #X(C®D)
Xo(f®d) = x{(feD)#xs(C®38)#x(CxD)
Xo (®09) = X5 (0®D)#X{(C®Q)#HX(C®D)
Xo(fow) = x5(feD)#Xs(Coy)#X(CeD)
Xo (Y®3) = (X{(y®D')#X3(C®d)#HX(CoD))t
Xs(c®d) = X(C'®@D)#X,(C' ®d)#X,(c®D).

X(C®D) is a 1-arrowx, (C® D) — X¢ (C® D) of E, so left composition with it is a left 1-
transforE(x{ (C® D), x4 (C'®D')) — E(X, (C®D),Xg (C'®D’)). Arguments as before give that
X$(— ®D') andxg (C® —) localized give functor<C(C,C') — E(x{ (C®D’'),x$ (C' ® D)) and
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D(D,D') — E(x4 (C®D),X$ (C®D')) respectively. Combining this with 0-compositionlirgives

thatX, = —#oX(C®D)o#yo (X{ (C® —) ® X¢ (?®@D’)). Thereis a similar story fo{ but without
reversing. S, andXg are functorsC(C,C') @ D(D,D’) — E(Xo (C® D), Xg (C'®D’)). But for
C, D andE 4D teisi¥X, is a functor only if the above functors can be reversed.

Define maps of degree}, ,X; : C(C,C') @ )(D,D’) — E(x, (C® D), X3 (C'® D")) by:

X1 (f®g)
Xi(feg)
X1 (Y®0)

(C' D) #oXo (f®0))# (X(f D) #oX, (C®0))# (XJ (f © D) #X(C®Q))
(C'®9)#oXo (f®D))#1 (X (C'®9)#oX(f ®D))#1 (g (f ®9) #oX(C® D))
(C'aD)#ox (f'®0))#H

X(f'@D")#Xo (C®9))#

xS(V®D’)#ox(C®g)) Y #

X(C'®@D)#ox, (f'®09))#

(Y® D) #0Xo (C®09))#

X5 (f®@D)#X(C®Q)))#

X(C' @D')#oXo (Y® ) #1

(feD)#X,(C®Q))#

J(feD)#X(CeQ)))
(C'®0)#oxy (f'®D))#
;(C'@a)#x(f'®@D))#
+(v<>9@1)#ox((3<>9 D)))#z
(C'®@9)#oXo (f'®D))#
+(C’®@1)#ox(y®D))#l
s (f®Q)#X(C®D)))#

Xi(y®g) =

X
X
X
X
(C' ®@9)#oXo (Y®© D)) #
0 (C'®9)#X(feD))#
X¢ (f ®9)#oXx(C®D)))
X1 (f®d) = )#
X(feD')#X, (C®d))#H
(D) #X(C®J))) #
(C'aD)#ox (f®d))#h
(feD')#Xo (C®9))#
Xg (f@D)#X(C®Q)))#
(C'®D")#oX, (f ®9))#
X(f®D")# X, (C®9))#
Xg (f®@D)#X(C®Q)))
Xi(f®d) = ((X(C'ed)#X, (feD))#
Xo (C'®g)#x(f@D))#
S (f @) #Hox(C®D)))#
(C'®d) #oxo(f®D))
0 (C'®3)#x(feD)) 1#
Xg (f©9)#X(C®D))) #
X(C' ®y)#Xo (fRD))#
X

X
X
X
X
X
X
1
X
X

(X(
(x(
(
0
(X
0
0
(X
0
0
(X
0
0
(X(C'®@ D) #Xq (f®J)
0
(X
0
(X
0
(
0
0
(X
0
0
(

1
(C'®9)#Xx(foD))#

(X
(X
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(Xo

(xg (f®g) #X(C®D))).

Proposition 6.2 X; andX; are 1-transforsX, — X3 -
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Proof. Left to the reader. O

Again, note howy; and¥X{ are composites of 1-transfors and their reversings, andtheir
being 1-transfors depends on trueness of these compasition

Define a map of degree@(C,C')  D(D,D’) — E(x, (C®D),Xg (C'®D')) by:
X(feg = x(feg).

Proposition 6.3 ¥ is a2-transforX; — X1 .
Proof. Straightforward; there is not much to check. O

Again, in higher dimensions there is the obstruction fyaandX; might not be 1-transfors. If
this and other obstructions do not occur galbcalizable

The example of triple composition in a 4D tas with one facteediis left to the reader. A more
interesting example is to apply this localization to a tfansbtained from localization, which is
the subject of the next subsection.

A specific case of triple composition is a Yang-Baxter opmrabtained from a braiding, so this
(and other) localizations will be relevant for Yang-Baxogerators, see [22].

6.3 Localizing a functor of two variables twice

Localizing a functor twice could be defined as localizingrite and then once again, of course. But
a more direct approach gives a slightly different resulpressed in terms of the original functor:
the need to introduce some extra inverses for localizatioceads not there for localization twice.
Also, a functor might be twice localizable even if it is notoenocalizable as obstructions for once
might disappear on localizing further.

The situation would be too trivial when starting from functdetween 3D teisi, so from now
on | will consider functors between 4D teisi. As they will lmelized twice, | will not need a full
definition of such functors, and the parts which do affectltivalizations will become apparent in
the sequel.

LetC, D andE be 4D teisi, lei , Xg : C®D — E be functors, and let be a functolC® D — E.

Define function(, ,X¢ : C(f, ') @ D(g9,9') — E(s1 (X(f ® 9)).a(x(f' ®d)) by:

Xo(€®d) = (X(C'®g)#x(c®D))#aix(fed)# (X(feD')#HX(C®J))
Xo(y®d) = (X(C'®g)#x(y®D))#X(fod)# (X(foD')#Xx(Cod)
Xo@®Y) = (X(C'®9#HX(d®D))HaX(fod)h(X(feD)#HxCoy)
X (cod) = (X(C'ed)#x(f'®@D))#X(f'®g)# (X(c®D')#X(C®g)).

By the same argument as befoxg, andXg are functors.
Define maps of degreex , X7 : C(f, f') @ D(g,d') — E(s1 (X(f ® 9)).ta(X(f' ® ¢')) by:
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X1 (y®0) = ((X(C'®d)#x(f'®D))#iX(Yy®9))#
(X(C'®3)#X(y®D))#aX(f29))#
(X(C'®@d)#X(y@D))#x(f®9))
x((f’®6)#1(x(v® D) #Xx(C®(J')))
X
X(

(
(
(

X1 (y®d) = (
( #
(

) #
f'®g)# (X(Y®© D) #X(C®d))~

y®g)# (X(f @ D) #X(C®8J)))
X (0®d) = (C'®8)#ox(f'®D))#X(Y ® Q) #2
(C'®d)#X(Y ®D))#1X(f ®0)) #
(C'od)#X($®D)*x(fed) ')#

Y
(X
X
X ) )
(X(C'®0)#X(f'®D))#1X(Y ®0)) #
C'ed)#Xx(yeD))#X(f®0))
(C'®8)#x(f'®@D))#1X(d®0)
(C'®@0)#HX(y®D))#ax(f®Qg)#
(C’®g)#ox(V® D)) #x(f ®5))§

tH

((
((
((
((
(X(C'®d)#ox(d®D))#ix(f®Q))#
((x( ) #3
(((x ) #2
((x
((X )
(X(f'®8)# (XY @D')#x(C®(d)))
(X(f'®d)# (X(Y @ D) #X(C®3J)) 1) #
(X (¢®g)#1( (feD)#X(C®9J))))#s
(X(F'®@3)# (X(Y@D)#X(CxJ)))#
(X(F"®d)# ((X(Y ®D') #oX(C®8))  #2 (X($ ® D) #oX(C® d))#2
(X(yo D) #X(C®3)) 1)) #
x(V®g)#1( (f®D)#X(C®9J))))#s
(X(f'®d)#1 (X(d@D') #X(C®J)))#
(x(f'@d)# (X(y® D) #X(C®8)) 1) #
X(y®g)# (x(f D) #Xx(C®J))))
(X(C'®@8)#Hx(f'®@D))#1X(Y® Q) #2
X(C'®d)#x(yeD))#X(f®Qg)) #
X(C'@d)#x(yeD))#aX(fow)))#
(X([C'®@8)#Hx(f'®@D))#1X(Y® Q) #2
X( '®¢)#0X(V®D))#1X(f®g))13¢2
(

Xi (d®d) =

(
(
A (
X vew) = (
((
((
(
((

(X([C'®d)#oX(y®D))#x(f®d

(

((X(C @Y #ox(F'© D) #ix(y ) #
(X(C'®d)#Hox(y® D)) #aX(f®Q)) #
(x(C'®d)#Hx(y@D))#ax(f®90)))
(x('®d)# (x(yo D) #Xx(C®d)))#
(X(f'®g)# (X(yO D) #X(C®¥)) 1) #

(X (V®g)#1( (feD)#Xx(CoW))))#s

(x(f'®8)# (x(y@ D) #X(C®4d))) #

(x(f'od)#(( X(V®D')#0Xl(c®5')) L (X(Y® D) #oX(CRW))#
(X(ye D) #Xx(C®3)) 1)) “#

(X
(x

X:(yey) =

(Y& J)# (X(f®D') #X(C®D)))) #s
(X(F'@Y)# (X(Y® D) #X(C®J))) *#
(f'®d)# (X(y® D) #X(C®d)) 1) #
(X(y®d)# (X(f @ D) #%X(C®3)))).
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(cf. the formulae for localization of 2-transfors twice athdice and 3-transfors twice.)

Proposition 6.4 X; and¥X; are 1-transforsX, — Xg .

Proof. Left to the reader. O

Again, note howy; and¥; are composites of 1-transfors and their reversings, andtheir
being 1-transfors depends on trueness of these compasition
Define a map of degree@: C(f, f')®D(g,d') — E(s1(X(f ®9)),ta(x(f'®d)) by:

X(y®d) = Xx(y®9).
Proposition 6.5 ¥ is a 2-transforX; — X; .

Proof. Straightforward; there is not much to check. O

In higher dimensionsy(c,d) is not just equal tg(c,d), so there are reversibility and trueness
issues then. If these do hold cgllocalizable

As an example, le€ be a 4-dimensional tas, andthe functor # : C(C,C') ® C(C',C") —
C(C,C") Localizing x at the arrowsy andy of C(C,C') andd andd' of C(C',C"), one gets the
2-transfor# : C(y,Y ) ® C(8,8') — C(s2(3#oY),t2(8 #oY)), with source and target can be derived
from the formulae foX; and¥; above.

A special case of the above example is for a sylleptic 2Btashere the syllepsis is a functor
v:32(C)®3?(C) — 22(C), where the usual_ » corresponds tg(?® ), see [21, p. 33]. Localizing
V_ » twice, at(id,.id,) and(id,,id,) gives the 2-transfov_>: C® C — C with source and target
given by:

V 2 (A,B) A®B

V_(f,B) = f®B

V-2 (a,B) = a®B

GS(A,B) = A®B

Vo(fo = (feg™

V2 (ab) = b®a

@I(AaB) = RA,B

GI(f,B) = Rf,Bil

GI(A,Q) = RA,g

GI(AuB) = RB,A71

V5 (f,B) = Rea ‘#oRer *#Rsa’
V-7 (AQ) Rea #oRgatoRea 1.

Comparing these formulae to ones seen earlier in this paesee tha?_ > becomes a modifi-
cation

R >



Using the final result of section 6.1, there is another wayetscdbe the target of_ 5, namely

—~ -1

asli} , the inverseas an invertible transfqrthat is, which also involves the appropriate mates. |

do not know whether this is a coincidence, or an instanceeptssible more general phenomenon
~1

that for a (reversible, localizable) functgr: C® D — E it is always the case thﬁt: X
As for braidings, there is no hope that generally syllepsekigher dimensional teisi are local-
izable.

6.4 Localizing functors and transfors of two and more variadles more often

One special case of some interest here is for a symmetric20, tahere the symmetry is a functor
0 -:33C) ®23(C) — 23(C). Localizing o_» thrice, at(id?,id?) and (id?,id?), gives the 3-
transfor6_ > : C® C — C with sources and targets given by:

—~

O-*-,?O = —Q7?
T = o2
02 = R
G2 = R
G = Vo
o = W

l.e.,0_» says that,_ equalsv,_.

This localizing is expected to continue, with ever longemfalas, and with more and more
trueness and reversibility conditions for localizability

This localization question has a topological interpretatioo: functorsC® D — E are “gov-
erned by 2 ® 23® 2", and localization of such a functor is asking for a canohfeactor/map
20 k@24 k® 24k — Qk(2p® 24®2;). This seems to me an interesting question in its own, topo-
logical, right.

For more variables there is a similar question, which will leéevant for Yang-Baxter and
Zamolodchikov operators, see [22].
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