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Abstra t
We onsider how to implement Markov hain Monte Carlo (MCMC) moves within
a parti le lter. Previous, similar, attempts have required the omplete history
(`traje tory') of ea h parti le to be stored. We show how ertain MCMC moves
an be introdu ed within a parti le lter when only summaries of ea h parti les'
traje tory are stored. These summaries are based on suÆ ient statisti s. Using
this idea, the storage requirement of the parti le lter an be substantially redu ed, and MCMC moves an be implemented more eÆ iently. We illustrate how
this idea an be used for both the bearings-only tra king problem and a model of
sto hasti volatility. We give a detailed omparison of the performan e of di erent
parti le lters for the bearings-only tra king problem. MCMC, ombined with a
sensible initialization of the lter and strati ed resampling, produ es substantial
gains in the eÆ ien y of the parti le lter.
Keywords: Bearings-only tra king, Importan e sampling, Sto hasti Volatility
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1

Introdu tion

Dynami state-spa e models are ommonly used in engineering, e onometri s,
geophysi s, and bio-medi al and other s ienti

dis iplines. They model pro esses

where there is an underlying state of interest, whi h evolves over time. The state
is partially observed at su essive time-points, and these observations are used to
make inferen e about the state of the system. For su h problems, inferen es need
to be made in real-time. Computationally intensive Bayesian methods, based on
Markov hain Monte Carlo (MCMC) simulation, analyzing a bat h of observations
at on e, will generally be too slow. Hen e it will be ne essary to use re ursive
methods, whi h estimate the urrent state using the estimate of the state at the
previous time-point, and the latest observation.
The idea of the parti le lter is to approximate the posterior distribution of the
state (the ltering density ) by a set of possible realisations of the state (these
realisations are alled parti les ). Ea h parti le is assigned a weight, and the
ltering density is approximated by a dis rete distribution whose support is the
set of parti les, and with the probability mass of ea h parti le being proportional
to its weight. The parti le lter algorithm spe i es how the parti les and their
weights are propagated through time (normally via a derivative of importan e
sampling), to model the dynami s of the state and take a ount of the information
in new observations. The eÆ ien y of the parti le lter depends largely on how
the weighted parti les are updated, and numerous s hemes have been proposed
(For example, Gordon et al. 1993, Liu and Chen 1995, Kitagawa 1996). See Liu
and Chen (1998) and Dou et et al. (2001) for a review of parti le lters, and their
appli ation to many interesting and illustrative examples. For all these parti le
lter algorithms, rigorous onvergen e results exist (see Crisan and Dou et, 2000,
and referen es therein), whi h prove that as the number of parti les tends to
in nity, the parti le lter's dis rete approximation onverges to the true ltering
density. Under stronger regularity onditions, a Central Limit Theorem exists
(Del Moral and Guionnet, 1999).
One problem with parti le lters (and re ursive algorithms in general) is that,
over time, there is a ontinued loss of a ura y in the approximation of the pos3

terior distribution of the state. Due to the re ursive nature of the algorithm,
the approximation of the ltering density at time t + 1 is obtained by updating
the weighted parti les that approximate the ltering density at time t. Updating
the weighted parti les only introdu es further ina ura ies, and these ina ura ies
will a umulate over time. In pra ti e this is seen by parti les whi h are highly
orrelated ( lustered in just one region of the state-spa e).
One solution to this problem is to integrate MCMC methods into the parti le lter
algorithm as suggested by Fearnhead (1998), Berzuini and Gilks (2001), and Gilks
and Berzuini (2001). If ea h parti le stores a realisation of the omplete history
of the state (a traje tory ), and not just a realisation of the urrent state, then
MCMC an be used to simulate new traje tories. Applying the MCMC moves to
ea h parti le will redu e the orrelation between the parti les.
In this paper we will des ribe how suÆ ient statisti s an be used to summarize
the traje tory of ea h parti le, so that MCMC moves an be applied. Storing
suÆ ient statisti s, as opposed to omplete traje tories, will substantially redu e
the omputational and memory requirements of the algorithm. We give a number
of examples of how this idea an be applied in pra ti e, and give a detailed study
of these methods for the bearings-only tra king problem. For this problem, we
an summarize the history of a parti le by a 5-dimensional ve tor. Storing the
traje tory over t time points requires storing a (2t 2)-dimensional ve tor. In the
example we onsider, we tra k the ship over 100 time points (in pra ti e a mu h
longer tra king period ould be imagined), whi h results in a 40-fold redu tion in
the memory requirements of the lter, and a gain in the omputational eÆ ien y
of implementing the MCMC steps.

2

State-Spa e Models

We onsider the following state-spa e model. Let t denote the state at time t,
and

a set of unknown parameters. We assume a prior,  (0; ), and that the

state evolves a ording to the system equation ,

t = f (t 1 ; wt ; );
4

(1)

where f is a known, possibly nonlinear fun tion, and wt is a realisation of a random
variable Wt . In order to draw inferen e about t and

we make observations zt ,

whi h satisfy the observation equation ,

zt = g (t ; vt; );

(2)

where g is a known, possible nonlinear, fun tion, and vt is a realisation of a random
variable Vt . We make the assumptions that the density fun tions of both Vt and

Wt are known (for all t), and that Vt , V , Wt , W are independent for t 6=  .

To make this model on rete, we now introdu e two examples. These examples
will be used later in the paper to illustrate how suÆ ient statisti s an be used
to redu e the storage burden of implementing MCMC within parti le lters.
Example 1 Bearings-only Tra king
Consider tra king a ship, solely using measurements of the bearing of the ship
with a stationary observer. The state, t = (xt; x_ t ; yt; y_t )T , is the position and
the velo ity of the ship. This satis es the following system equation (taken from
Carpenter et al., 1999)
0
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(3)

where wt is the realisation of a bivariate Gaussian random variable, with zero-

mean, and ovarian e  2 I2 (where I2 is the 2  2 identity matrix). For this model,
the de nition of the velo ity at time t is just the hange in position between time

t and time t

1; and wt is the e e t of a eleration between time t

1 and t.

(For the motivation of this model see Se tion 5 and referen es therein.)
The observation equation is

zt = tan 1 (yt =xt ) + I (xt < 0) + vt;

(4)

where vt is the realisation of a univariate Gaussian random variable with zeromean, and varian e  2; and I (xt < 0) is an indi ator fun tion whi h takes the value
5

1 is xt < 0 and the value 0 otherwise. We assume that tan 1 ( )
and hen e zt 2 ( =2; 3=2℄. For this model

2(

=2; =2℄,

= ( 2 ;  2 ).

Example 2 Sto hasti Volatility
Sto hasti volatility models are used in e onometri s to model the hanging
volatility of asset returns (for a review, see Shephard, 1996). A simple univariate
sto hasti volatility model (Taylor, 1982) is

t = t 1 + wt ;

(5)

zt = vt expft =2g;

(6)

where wt and vt are realisations from independent univariate Gaussian distributions, ea h with zero-mean, and with varian es  2 and 1 respe tively. (In this
model, t is the unobserved volatility and zt is the observed asset return.) For
this model,

= (;  2 ;  2). For examples of MCMC and parti le lter meth-

ods being applied to this problem see Pitt and Shephard (1998), and referen es
therein.

3

Parti le Filters

We ould be interested in drawing inferen e about the past, present or future
values of the state, or about the parameters. In this paper we onsider only
the ltering problem (inferen e about the urrent value of the state and the parameters). All the information about the state and parameters is ontained in

their joint posterior distribution. Denoting z1:t = fz1; : : : ; zt g to be the set of
observations up to time t, then the ltering problem redu es to al ulating (or
approximating) the ltering density, p(t ; jz1:t).

The idea of the parti le lter is to approximate the ltering density using a set of
weighted parti les. Ea h parti le onsists of a possible value of the state and parameters. The ltering density is approximated by a dis rete distribution, whose
support is the set of parti les. The probability mass assigned to ea h parti le is
proportional to that parti le's weight. Given a fun tion h, and a set of parti les
6

f(ti; i)gi

=1;:::;N

, with weights fqtigi=1;:::;N , the approximation of E(h(t; )jz1:t) is
N
X

!,

qtih(t ; i)
i
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N
X

!

qti :

i=1

After the (t 1)st iteration of the parti le lter we have a set of weighted parti les
whi h approximate the ltering density at time t

1. Using this approximation,

we an obtain the following approximation to the ltering density at time t:

p(t ; jz1:t)

/


where I ( =

i

p(zt jt; )
p(zt jt; )

Z

p(t jt 1; )p(t 1; jz1:t 1)dt

N
X
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) takes the value 1 if

1

qti 1p(t jt 1 i ; i)I ( = i );
=

i

(7)

, and the value 0 otherwise. A set

of weighted parti les whi h approximate (7) an be generated using importan e
sampling (MCMC and reje tion sampling have also been suggested; see Berzuini
et al. 1996 and Hurzeler and Kuns h 1998). A natural proposal density is
N
X

qti 1p(t jt 1 i ; i)I ( = i );

(8)

i=1

in whi h ase the new parti les are given weights proportional to the likelihood
of the observation at time t. This proposal density is used in the Bayesian Bootstrap lter of Gordon et al. (1993), however it is not optimal. Improved proposal
densities are used in the ASIR lter (Pitt and Shephard, 1999); in fa t Pitt and
Shephard (1999) show that it is sometimes possible to sample dire tly from (7).
Note that resampling is inherent in sampling from (8), or any proposal density. To
sample from (8), we an rst resample the parti les at time t 1 and then propagate ea h resampled parti les, using the system equation, to produ e parti les at
time t. An improvement on multinomial resampling is the strati ed resampling
s heme of Carpenter et al. (1999); su h a resampling s heme produ es a strati ed
sample from (8) instead of an independent one. It also possible to implement a
parti le lter step without any resampling. (See Liu and Chen, 1998, for further
details and a dis ussion of the advantages and disadvantages of resampling.)
The important fa tor that a e ts the eÆ ien y of the parti le lter, is the a umulation of ina ura ies over many time-steps. Even if dire t simulation from (7)
7

is possible, ina ura ies will still a umulate due to the dis rete approximation of
the ltering density. The result is often the lustering of parti les in small areas
of the state-spa e. It is a parti ular problem for parameters, as parti les may
ontain only a small number of distin t values for the parameters.
One solution to this problem is to use MCMC to allow parti les to move to areas
of high ltering density, and to generate new parameter values for the parti les
(see Gilks and Berzuini, 2001; Berzuini and Gilks, 2001). In the next se tion, we
onsider this idea in more detail, and show how gains in omputational eÆ ien y
and in storage requirements an be made over previously suggested methods.

4

MCMC

MCMC is a method for simulating from a target distribution whi h is known only
upto a normalising onstant (see Gilks et al., 1996, for a review of MCMC methods). Both Fearnhead (1998) and Gilks and Berzuini (2001) (see also the ompanion paper Berzuini and Gilks, 2001) suggest applying MCMC to parti le lters.
A Markov hain whi h has a marginal stationary distribution of p(t ; jz1:t) is de-

signed, and the transitions of this Markov hain are then applied to the parti les
in the parti le lter. Afterwards, the weighted parti les are still a representation
of the ltering density, and the orrelation between the parti les will be redu ed.
This is one method of over oming the a umulation of ina ura ies over time (if
suÆ iently many MCMC moves are applied, then the new set of weighted parti les
will be a good representation of the ltering density, regardless of the values of
the initial set of weighted parti les). Note that, as ompared to standard MCMC,
there is no need for a burn-in period, as the initial set of weighted parti les an
be viewed as an approximate (weighted) sample from the target density.
In order to design a Markov hain with the orre t stationary distribution, it
is ne essary to know that stationary distribution up to a normalising onstant.

While this is not the ase for p(t ; jz1:t), it is the ase for the joint posterior density of the traje tory (the states at all time points) and the parameters. Denoting

8

0:t = f0; : : : ; tg:
p(0:t ; jz1:t) /  (0; )

t
Y

p(i ji 1; )p(zi ji; ):

(9)

i=1

Gilks and Berzuini (2001) suggests that ea h parti le should store the omplete
traje tory of the state (0:t), and not just the urrent value. It is then possible
to design a Markov hain whose stationary distribution is (9), and to apply the
transitions of this Markov hain to the parti les. They suggest applying the
Markov hain transitions after the resampling stage of the parti le lter algorithm.
It is also valid to implement the MCMC moves at other points in the parti le
lter algorithm, for example before resampling. However applying the MCMC
moves immediately after resampling is likely to be most eÆ ient. To illustrate
this, onsider the ideal MCMC move: one whi h generates a new parti le, (0:t; ),
independently from the orre t posterior distribution. Applying su h a move after
resampling will produ e an independent sample of parti les, ea h with identi al
weights; while implementing su h a move prior to resampling will produ e an
independent sample of parti les, ea h with unequal weights. Inferen e (estimates
of posterior means) based on the former is more a urate.
Implementing MCMC within the parti le lter algorithm in this way su ers from
the problem that the traje tories need to be stored. This leads to memory storage
problems if long time-series are analysed. Furthermore, the omputational ost
of implementing an MCMC move will in rease with t (as it involves evaluating
Equation 9; see the omments in Gilks and Berzuini 2001). We now show how both
these problems an be over ome. The idea is that summaries of the traje tory may
ontain all the information about ertain parameters, or fun tions of the state.
Only these summaries need to be stored in order to use MCMC moves to update
these parameters or fun tions. This idea is based on the idea of suÆ ient statisti s.
The summaries of the traje tories are suÆ ient statisti s for the parameters or
fun tions of the state whi h we wish to apply MCMC moves to.
Consider writing (0:t; ) = ( ; Æ ) (perhaps after a suitable re-parameterisation).
For example, = ( ; t) (the urrent state and parameters), and Æ = (0:t 1) (the
traje tory to time t
suÆ ient for

1). Let s = s(Æ; z1:t) be a statisti for . The statisti s is

if p( jÆ; z1:t) = p( js). A ne essary and suÆ ient ondition for a
9

statisti to be suÆ ient is given by the Fa torisation Theorem. That is, a statisti

s is suÆ ient for if and only if there exist fun tions k1 () and k2 () su h that
p( ; Æ; z1:t) = k1 [ ; s(Æ; z1:t)℄k2(Æ; z1:t):

(10)

4.1 Use of SuÆ ient Statisti s in Parti le Filters
The idea behind using suÆ ient statisti s, is that given a suÆ ient statisti s

for , a Markov hain an be designed whose stationary distribution is p( js).

This stationary distribution is equal to p( jÆ; z1:t), and hen e nothing is lost by
updating

onditional on s, rather than onditional on all the measurements and

the rest of the traje tory. (The drawba k of su h an implementation is that, for
any given suÆ ient statisti , the set of possible MCMC moves is restri ted: we
an only update , and not Æ .)
To design su h a Markov hain, we need to know p( js) upto a normalising onstant. However we know p( ; Æ; z1:t) up to a normalising onstant (from Equation
9) and we an fa torise this density a ording to (10), to obtain k1 [ ; s(Æ; z1:t)℄.
Yet, p( js) / k1 [ ; s(Æ; z1:t)℄, so we an al ulate p( js) up to a normalising on-

stant, and hen e we an use standard MCMC algorithms to design a suitable
Markov hain. As parti le lters are re ursive algorithms, in order to use these
suÆ ient statisti s to summarise the traje tories of the parti les, it is ne essary
to be able to update them re ursively. (We must be able to al ulate the value of
the statisti at time t from its value at time t

1 and the values of the state and

observation at time t).
We now give a number of examples, both to make this idea on rete, and to show
how the idea an be implemented in pra ti e. All these examples are based on
either the bearings-only tra king model (see Example 1) or the sto hasti volatility
model (see Example 2); and the suÆ ient statisti s that are found an be updated
re ursively, and hen e used to summarise traje tories in the parti le lter. See
Se tion 5 for a detailed analysis of how these ideas work in pra ti e when applied
to the bearings-only tra king model.
Example 3 System Parameters
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Consider nding suÆ ient statisti s for the system noise,  , in the bearings-only
tra king model. Using the fa torisation theorem (10), we get (remembering that

 () denotes the prior)

(

k1 [; s(0:t; z1:t;  )℄ =  ( )
Thus s =

Pt

i=2

2(t 1)

exp

t

1 X
[(x_
2 2 i=2 i

)

x_ i 1 )2 + (y_i

y_i 1 )2 ℄ :

[(x_ i x_ i 1)2 +(y_ i y_i 1 )2 ℄ is a suÆ ient statisti for  . Furthermore,

if we assume a onjugate, inverse gamma prior for  2 then the onditional density
for  2 (given s) will also be inverse gamma, and an be sampled from dire tly (i.e.
a Gibbs sampling move an be performed); see Gilks and Berzuini (2001).
For the sto hasti volatility model, the system equation is parameterized by (;  ).
Pt

i 1 )2 is suÆ ient for  , while applying the fa torisation
theorem for the parameter  gives

The statisti

i=1

(i

(

k1 [; s(0:t; z1:t; ;  )℄ =  () exp
So

Pt

i=1

i

1

2

,

Pt

i=1

i i

1

t

1 X 2
 i
2 2 i=1

1

2

2i i

)


1

:

and  2 are suÆ ient statisti s for .

Example 4 Fixed-Lag Statisti s
Due to the Markov nature of the system equation, it is possible to use the onditional independen e stru ture of the states to obtain a simple summary of the
traje tory. The idea is to note that for any t >  > 0, the states (t
independent of 0:(t
statisti s for (t

 1)

 +1):t

given ( ; t  ). This means that

and t



 +1):t

are

are suÆ ient

.

The hoi e of  involves a trade-o between the amount of storage and the dependen e of the urrent state on the suÆ ient statisti (whi h a e ts the eÆ ien y of
using MCMC moves to update the value of the urrent state). For the sto hasti
volatility model the orrelation of t and t



is just  , and this ould be used

as a guideline for hoosing  .
For the Sto hasti Volatility model and this hoi e of suÆ ient statisti , a sensible MCMC update is given by Shephard and Pitt (1998). Their idea is to update
blo ks of state values in one MCMC move, using the Metropolis-Hastings algorithm with a multivariate Gaussian proposal density.
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Example 5 Re-parameterisation
For the bearings-only tra king model, onsider the re-parameterisation

x2i + yi2
; for i = 1; : : : ; t;
x20 + y02
1
i = tan (yi =xi ) + I (xi < 0); for i = 0; : : : ; t:
2 = x20 + y02; 2i =

The interpretation of this parameterisation is that  is the target's range at time
0; i is the ratio of the range of the target at time i to its range at time 0; and
i

is the bearing of the target at time i. Updating , onditional on the other

parameters, is equivalent to s aling the whole traje tory of the target in or out.
Fearnhead (1998; Proposition 6.1) shows that x0, y0, x1, y1, and

Pt

i=2

[(x_ i

x_ i 1 )2 + (y_i y_i 1 )2 ℄ are suÆ ient statisti s for . Furthermore, Fearnhead (1998)
suggests using reje tion sampling to simulate from the onditional distribution
of . The idea of using MCMC moves whi h s ale the tra k omes from the
work of Carpenter et al. (1996), where this s aling move was found to be entral
to designing an MCMC algorithm for the bearings-only tra king problem whi h
mixes well.

5

Bearings-only Tra king

We demonstrate the e e tiveness of in orporating MCMC within the parti le lter
algorithm, and the use of suÆ ient statisti s for summarising traje tories, by a
detailed analysis of the bearings-only tra king problem (see Example 1). This is a
mu h studied model, on whi h many di erent lters have been tested (see Aidala,
1979; Aidala and Hammel, 1983; Pea h, 1995; Anderson and Itlis, 1996; LeCadre
and Tremois, 1998, for a few examples).
Parti le lters have been applied to this problem by Gordon et al. (1993), Fearnhead (1998; Se tion 6.2), Carpenter et al. (1999), Pitt and Shephard (1999) and
Gilks and Berzuini (2001). The exa t model used has varied, mainly through the
de nition of the velo ity. Here we use the model of Carpenter et al. (1999), where
the velo ity at time t is the hange in position between times t

1 and t. The

model of Pitt and Shephard 1999 or Gilks and Berzuini 2001, de nes the velo ity
12

at time t as the hange in position between times t and t + 1. Our hoi e of
velo ity improves the performan e of the parti le lter by delaying the simulation
of the velo ity by one time unit; as the hoi e of velo ity an depend on one
further measurement. The implementation of the simplest parti le lter on our
model is equivalent to the implementation of Pitt and Shephard's ASIR lter on
the alternative model.
We follow the example of Gilks and Berzuini (2001), and assume that the system noise  is unknown (but that the observation noise is known). We take a
onjugate, gamma prior on  2 , and a Gaussian prior on 0 . The gamma distribution has shape parameter 1 and s ale parameter 10 5 . The Gaussian prior on
the state (x0; y0; x_ 0 ; y_ 0)T has mean (0:01; 1:0; 0:002; 0:01)T and a diagonal ovarian e matrix, diagf1:0; 1:0; 0:01; 0:01g. A tra k of length 100 was simulated, with

 2 = 5  10

6

and (x0 ; y0; x_ 0; y_0 )T = ( 1:25; 2:0; 0:05; 0:04)T . The simulated

tra k is shown in Figure 1.
[Figure 1 about here℄
We ompared six di erent implementations of parti le lters:



the SIR lter of Gordon et al. (1993).



the SIR lter, but with strati ed sampling (Carpenter et al., 1999), and
an alternative proposal density for parti les at the initialisation step (this
proposal density takes a ount of the rst observation; see Fearnhead 1998,
Se tion 6.2.6.). We all this parti le lter the ISS (initialised, strati ed
sampling) lter.



the ASIR le of Pitt and Shephard (1999) (see Carpenter et al., 1999, for
how to implement the ASIR lter for this bearings-only tra king problem).
This lter also used the initialisation step and strati ed sampling of the ISS
lter.



the SIR, ISS and ASIR lters, but ea h with MCMC moves.

The MCMC moves that we used were to s ale the omplete traje tory in and out
(see Example 5), and to update the system noise parameter (see Example 3). In
13

order to perform these MCMC moves, the traje tory an be summarised by ve
suÆ ient statisti s (see Examples 3 and 5 for details). The parti les were altered
by the MCMC moves every se ond iteration of the parti le lter algorithm. This
regime appeared to give the best trade-o between the gain in a ura y and the
in rease in omputational ost. We did not implement the `lo al perturbation'
move of Gilks and Berzuini (2001), be ause the whole traje tory needs to be
stored to use this move. If the whole traje tory is stored, then there is an in nite
hoi e of possible MCMC moves that ould be used, and the work of Carpenter
et al. (1996) suggests that lo al moves have poor mixing properties.

We hose the number of parti les used by ea h lter so that one iteration of
ea h parti le lter ould be performed in one se ond (on a 600MHz PC). The
performan e of ea h lter was summarised using the e e tive sample size (ESS)
of Carpenter et al. (1999). This is the ratio of an estimate of the posterior varian e
of a parameter (or fun tion of the state), to the varian e of the estimates of the
posterior mean of that parameter (or fun tion) a ross 1,000 independent runs
of the algorithm. (The posterior varian e was estimated using the parti le lter
output from all 6,000 runs: 1,000 runs for ea h of the six lters.) The ESS
an be interpreted as an estimate of the number of independent samples from
the true posterior whi h would be required to estimate the posterior mean as
a urately as the parti le lter does. Comparing algorithms based on their ESS
is equivalent to omparing them based on the varian e, a ross independent runs
of ea h algorithm, of estimates of this posterior mean. The ESS an vary over
hoi es of the parameter (or fun tion of the state), and we re ord it for the range
of the target and the system noise. The ESSs for the Cartesian oordinates of the
target are almost identi al to those for the range.
[Table 1 about here℄
The results are summarised in Table 1. Using MCMC moves improves the eÆien y of all three parti le lters. The gain in eÆ ien y is largest for the SIR lter,
and for estimating the range of the target. The gains in eÆ ien y in rease with
time. Substantial gains are also obtained from the improvements in orporated in
the ISS lter. Only small improvements are obtained by in orporating either the
14

intialisation s heme or strati ed sampling on its own (results not shown). The
initialisation s heme is needed in order to start the parti le lter with an a urate
representation of the ltering density at time 1. The strati ed sampling is then
better able, than multinomial sampling, at maintaining a good representation of
the ltering density at later times. Any in rease in a ura y obtained by using
the ASIR lter is more than o set by the in rease in omputing time ( ompare
the ISS and ASIR lters, both with and without MCMC moves). The ISS lter
with MCMC moves is the most eÆ ient.
[Figure 2 about here℄
The output from one run of the ISS lter (using MCMC moves) is summarised in
Figures 1{2. The ltered estimates of the target's positions are shown in Figure 1.
Initially, the lter struggles to tra k the target, but when the target passes lose
to the observer, an a urate estimate of the target's position is obtained. This is
maintained over future time steps. The observations are most informative when
the target passes lose to the observer; this is not only shown by the better estimates of the target's position, but also by the smaller un ertainty in the estimate
of the target's range.
Also of interest is how well the lter is able to estimate the unknown parameter

 . It is hard to estimate  be ause of the diÆ ulty di erentiating between a lose
target whi h travels and a elerates slowly, and a fast-moving (and a elerating)
target whi h is mu h further away. The observations are only informative about

 and the range of the target, r, through the ratio r= . The joint posterior
distribution for r and  at time 100, shows strong positive orrelation between r
and  (estimated orrelation of 0.43), whi h is an artifa t of this. The information
about the a tual values of r and  omes from their joint prior; thus for the parti le
lter to be able to estimate these quantities well, this information must be kept
over all the iterations of the lter. The true values of r and  lie in an area of
high posterior probability (results not shown).
The un ertainty in the value of  is still large, with posterior standard deviation
of 1:4  10

3

(the true value of  is 2:2  10 3 ). The observations ontained in-

formation about  ; the standard deviation of the posterior distribution de reases
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over time (see Figure 2). The short period when the standard deviation in reases
orresponds with the time when the target makes its largest manoeuvre. This
resulted in an in rease, in both the mean and the standard deviation of the posterior distribution for  . For large t, the posterior standard deviation de reases
at rate t

1=2

; whi h is the expe ted rate for independent, equally informative

observations.

6

Dis ussion

We have extended the idea of in orporating MCMC into parti le lters (Gilks
and Berzuini 2001 and Berzuini and Gilks 2001). In general to update parti les
using MCMC moves requires storing the omplete traje tory of ea h parti le.
Storing traje tories requires a large omputer-memory, and for large traje tories,
implementing the MCMC moves an be ome slow, as it is ne essary to evaluate
fun tions of the omplete traje tory.
The idea presented in this paper is to use suÆ ient statisti s to summarise traje tories. Parameters for whi h summary statisti s exist, an be updated using
MCMC moves if their summary statisti s are stored (there is no need to store the
rest of the traje tory). Summarising the traje tory in this way leads to a large
redu tion in the storage requirements, and the ost of implementing the MCMC
moves no longer in reases with the length of the traje tory. A disadvantage of
this idea is that only parameters whi h have suitable summary statisti s an be
updated using MCMC moves. However in Se tion 4.1 we gave a number of examples of how this idea an be used in pra ti e. In parti ular, the use of xed-lag
statisti s (see Example 4) is possible for any state-spa e model.
For any hoi e of summary statisti s, the set of possible MCMC moves is restri ted; whereas if the omplete traje tory of ea h parti le is stored, then any
MCMC move ould be implemented. If MCMC moves based on our hoi e of
summary statisti s mix poorly, then it is likely that storing the whole traje tory
(if this is feasible), and implementing MCMC moves onditional on the whole
traje tory will be more eÆ ient. (In pra ti e, the best implementation of MCMC
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moves within the parti le lter will be problem dependent.)
Furthermore, if the omplete traje tory is stored then it will always be possible
to generate a set of (virtually) independent parti les from an arbitrarily lose
approximation to the true posterior, just by applying a suÆ iently large number
of MCMC moves to ea h parti le (though this will be impra ti able for realtime problems). If only suÆ ient statisti s are stored then this appealing, albeit
theoreti al, property will no longer hold. Applying the MCMC moves onditional
on values of the suÆ ient statisti s, an at best generate a new parti le from
its onditional distribution given the values of the statisti s. As more and more
observations are pro essed, the set of values of the suÆ ient statisti s stored by the
parti les will be ome highly positively orrelated. As a result, the new parti les
generated using the MCMC moves will also be positively orrelated (regardless of
eÆ a y of the MCMC moves, and the number of moves applied to ea h parti le),
and the values of the new parti les will be biased towards values suggested by
the urrent set of suÆ ient statisti s (as opposed to being a representative sample
from the true posterior).
The eÆ a y of using MCMC moves will depend on the hoi e of transitions.
Our re ommendation is, where possible, to use experien e gained from applying
MCMC to the problem of interest. For example, the hoi e of the s aling move
used for the bearings-only tra king problem was based on the results of the MCMC
s heme of Carpenter et al. (1996). When designing transitions for the sto hasti
volatility model, the results and work of Shephard and Pitt (1998) should be used.
In Se tion 5 we gave a detailed omparison of di erent parti le lters for the
bearings-only tra king problem. MCMC moves an be used to update the system
noise varian e, and to s ale whole traje tories, provided ea h parti les' traje tory
is summarised by six suÆ ient statisti s. These MCMC moves result in a large
in rease in eÆ ien y for all three parti le lter algorithms that were onsidered.
Throughout this paper we have onsidered dynami state-spa e models. Chopin
(2000) proposes a parti le lter algorithm for stati problems, and the idea of
using parti le lters for stati problems is mentioned in Gilks and Berzuini (2001).
Central to su h algorithms will be the in orporation of MCMC methodology (and
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the ideas presented here). Whether, and for what types of stati problems, parti le
lters will be more eÆ ient than standard MCMC remains to be seen.
A knowledgements I would like to thank Peter Cli ord for helpful dis ussions
about this work, and omments on early forms of this paper.
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Captions
Figure 1: A realisation from the bearings-only tra king model. The simulated
traje tory is shown by the thi k line, and the estimated traje tory obtained from
the ltered estimates of the position of the target is shown by the thin full line.
The true position of the target and the ltered estimate of the position of the
target are shown every 10 time steps (by ir les and triangles respe tively). Error

bounds for the estimates of the range (1 standard deviation) are shown every
20 time steps by the dashed lines. The ross marks the position of the observer.

Figure 2: The posterior standard deviation for  at ea h time-point (full line);
and a tted urve, proportional to (t + 1)

1=2

(dotted line).

Table 1: Comparison of di erent parti le lter algorithms. The number of partiles used in ea h lter was hosen so that one iteration of the algorithm took one
se ond. E e tive sample sizes for estimating the range r, and the system noise
standard deviation  are given. The larger the e e tive sample size, the more
a urate the estimate: doubling the number of parti les in a lter will (roughly)
double the lters' ESS for any parameter.
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Filter

ESS for r at time

Parti les

ESS for  at time

10

20

50

100

10

20
488

50

100

no MCMC:
SIR

150,000

767

320

36.0

19.4

1,650

37.1 15.9

ISS

150,000

9,930

3,630

246

119

17,500 4,980

262

96.6

ASIR

95,000

6,400

2,220

177

83.6

11,600 3.070

188

68.3

SIR

110,000

1,700

438

378

277

5,360

ISS

110,000

14,800 3,840 1,460 1,000 19,500 5,520

438

189

ASIR

65,000

8,310

269

120

with MCMC:

2,540
Table 1:

22

867

621

1,030 90.0 48.1

11,200 3,330

3
2
1
0
-1
-2
-3

0

2

4

Figure 1:

23

6

8

0.0

SD of posterior distribution
0.002
0.004
0.006

0.008

0
20
40
Time

Figure 2:

24

60
80
100

