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PSEUDO LIMITS, BI-ADJOINTS, AND PSEUDO ALGEBRAS:
CATEGORICAL FOUNDATIONS OF CONFORMAL FIELD

THEORY

THOMAS M. FIORE

1. Introduction

The purpose of this paper is to work out the categorical basisfor the foundations
of Conformal Field Theory. The de�nition of Conformal Field Theory was outlined
in Segal [45] and recently given in [24] and [25]. Concepts of2-category theory,
such as versions of algebra, limit, colimit, and adjunction, are necessary for this
de�nition.

The structure present on the classC of rigged surfaces is captured by these con-
cepts of 2-category theory. Here arigged surfaceis a real, compact, not necessarily
connected, two dimensional manifold with complex structure and analytically pa-
rameterized boundary components. Isomorphisms of such rigged surfaces are holo-
morphic di�eomorphisms preserving the boundary parameterizations. These rigged
surfaces and isomorphisms form a groupoid and are part of thestructure present on
C. Concepts of 2-categories enter when we describe the operations of disjoint union
of two rigged surfaces and gluing of two rigged surfaces along boundary components
of opposite orientation. One needs a mathematical structure to capture all of these
features. This has been done in [24].

One step in this direction is the notion of algebra over a theory in the sense
of Lawvere [34]. We need a weakened notion in which relationsare replaced by
coherence isos. This weakened notion is called apseudo algebrain this paper.
Coherence diagrams are required in a pseudo algebra, but it was noticed in [24]
that Lawvere's notion of a theory allows us to write down all such diagrams easily.
See Section 6 below. A symmetric monoidal category as de�nedin [39] provides
us with a classical example of a pseudo algebra over the theory of commutative
monoids. Theories, duality, and related topics are discussed further in [1], [2], [3],
[35], [36].

Unfortunately, pseudo algebras over a theory are not enoughto capture the
structure on C. The reason is that the operation of gluing is indexed by the vari-
able set of pairs of boundary components of opposite orientation. The operation
of disjoint union also has an indexing. We need pseudo algebras over a \theory
indexed over another theory," which we call a 2-theory. Moreprecisely, the pseudo
algebras we need are pseudo algebras over the 2-theory ofcommutative monoids
with cancellation. See [24] and Section 12 below. The term 2-theory doesnot mean
a theory in 2-categories.
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Nevertheless, 2-categories are relevant. This is because we want to capture the
behavior of holomorphic families of rigged surfaces in our description of the struc-
ture of C. This amounts to saying that C is a stack of pseudo commutative monoids
with cancellation. To consider this, we must remark that pseudo algebras over a
theory and pseudo algebras over a 2-theory form 2-categories. A stack is a con-
travariant pseudo functor from a Grothendieck site into a 2-category which takes
Grothendieck covers into limits of certain type, which are called bilimits. They are
de�ned below, in [29], and [50], while a slightly stronger notion is called pseudo
limit in [50]. One needs to understand such notions for the rigorous foundations
of Conformal Field Theory. More elaborate notions, such as analogous kinds of
colimits are also needed in [25].

In this article I introduce the general concepts of weightedbilimits, weighted
bicolimits, and bi-adjoints for pseudo functors between 2-categories in the sense
below and prove statements about their existence in certaincases. There are many
versions of such concepts and many (but not all) of the theorems I give are in the
literature, see [8], [10], [13], [18], [20], [21], [22], [27], [28], [29], [46], [47], [49], [50],
and [51]. The circumstances of Conformal Field Theory suggest a particular choice
of concepts. To a topologist, the most natural and naive choice of terminology
may be to use the term \lax" to mean \up to coherence isos" with these coherence
isos required to satisfy appropriate coherence diagrams. \Iso" seems to be the only
natural concept in the case of pseudo algebras over a theory:there seems to be no
reasonable notion where coherences would not be iso. For this reason, the authors of
[24], [25], and [26] use the \lax=up to coherence isos" philosophy. This terminology
however turns out to be incorrect from the point of view of category theory (other
ad hoc terminology also appears in [24], [25], and [26]). In this paper, I decided to
follow established categorical terminology while giving aprecise translation of the
notions in [24], [25], and [26]. In the established categorical terminology, what is
called a lax algebra in [24], [25], and [26] is called apseudo algebra, what is called
a lax morphism (morphism which commutes with operations up to coherence isos)
in [24], [25], and [26] is called apseudo morphism(or just morphism), and what is
called a lax functor in [24], [25], and [26] is called apseudo functor. In addition,
the notions which the authors of [24], [25], and [26] refer toas lax limit, lax colimit,
and lax adjoint are called bilimit , bicolimit , and bi-adjoint in established categorical
terminology. The stronger categorical notions of pseudo limit, pseudo colimit, and
pseudo adjoint are also sometimes relevant.

The term \lax" in standard categorical terminology is reserved for notions \up
to 2-cells which are not necessarily iso". However, such notions will not play a
central role in the present paper, as our motivation here is the same as in [24], [25],
and [26], namely Conformal Field Theory and stacks.

I show that every pseudo functor from a 1-category to the 2-category of small
categories has both a pseudo limit and a pseudo colimit by constructive proofs.
Furthermore, the 2-category of small categories admits weighted pseudo limits and
weighted pseudo colimits. After that I introduce the notion s of a theory, an algebra
over a theory, and a pseudo algebra over a theory. I then go on to show that
any pseudo functor from a 1-category to the 2-category of pseudo T-algebras has a
pseudo limit by using the constructions from the proof of thecategory case. After a
proof of the existence of cotensor products in the 2-category of pseudoT-algebras,
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I conclude from a theorem of Street that this 2-category admits all weighted pseudo
limits.

I continue the study of weakened structures by turning to bi-adjoints. First I
show that a pseudo functor has a left bi-adjoint if and only if for each object of
the source category we have an appropriate bi-universal arrow in analogy to the
standard result in 1-category theory. By means of this description I show that for
any morphism of theories � : S ! T the associated forgetful 2-functor from the
2-category of pseudoT-algebras to the 2-category of pseudoS-algebras has a left bi-
adjoint. The formalism developed for bi-adjoints is then adapted to treat bicolimits
of pseudo T-algebras in the same section. Moreover, the universal property of
these bicolimits is slightly weaker than the universal property of the pseudo limits.
Similarly, the 2-category of pseudoT-algebras admits bitensor products, and hence
also weighted bicolimits.

Lastly, I construct pseudo limits of pseudo algebras over a 2-theory. Again, a
theorem of Street and existence of cotensor products imply that the 2-category of
pseudo algebras over a 2-theory admits all weighted pseudo limits. An example of
a pseudo algebra over a 2-theory comes from the category of rigged surfaces in [24].

Some of these results may be found in some form in the literature. There are
many di�erent ways to weaken 1-categorical concepts. The following study only
sets up the weakened notions needed for utilizing stacks to rigorously de�ne con-
formal �eld theory as in [24]. Results about bilimits can be found in the references
mentioned above. In particular, Gray explicitly describes quasi limits and quasi
colimits of strict 2-functors from an arbitrary small 2-category to the 2-category
Cat of small categories on pages 201 and 219 of [18], although hisquasi limit is de-
�ned in terms of quasi adjunction rather than cones. In any case, he does not have
formulas for pseudo limits ofpseudofunctors. Street has the most general result in
this context. In [50], he states that Cat admits all indexed pseudo limits of pseudo
functors and writes down the indexed pseudolimit. His indexed pseudo limit is the
same as the weighted pseudo limit in this paper. Results about notions similar to
the notion of bi-adjoint can be found in [18], [19], [29], and[50]. These similarities
are discussed in the introduction to the section on bi-adjoints. Blackwell, Kelly,
and Power have limit and adjoint results similar to ours for strict 2-functors into
2-categories of strict algebras and pseudo morphisms over a2-monad in [9]. In
fact, we prove below that pseudo algebras over a theory are the strict algebras for
a 2-monad below.

Any discussion of weakened algebraic structures must involve coherence ques-
tions. Coherence questions were treated by Laplaza, Mac Lane, and others as early
as the 70's. Some recent treatments in the context ofn-categories and categori�-
cation are [4], [5], and [14].

I thank Igor Kriz for his careful guidance, F. W. Lawvere, Ross Street, Steve
Lack, John Baez, Tibor Beke, Bob Bruner, James McClure, Je� Smith, Art Stone,
Martin Hyland, John Power, Michael Johnson, Mark Weber, and Bart Kastermans
for helpful comments.

I follow the usual convention that 2-categories are denotedby capital script
letters A ; C; D; X , pseudo functors are denoted by capital lettersF; G, morphisms
are denoted by e; f; g; h, and 2-cells are denoted by Greek letters�; �;  . The
identity 2-cell on a morphism f is denotedi f . Natural transformations and pseudo
natural transformations are also denoted by lowercase Greek letters. The double
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arrow ) is used to denote 2-cells, natural transformations, and pseudo natural
transformations, which in some cases are all the same thing.
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2. Weighted Pseudo Limits in a 2-Category

In this section I introduce the notion of a weighted pseudo limit and related
concepts. The most important examples of 2-categories to keep in mind are the
following.

Example 1. The 2-category of small categories is formed by taking the objects
(0-cells) to be small categories, the morphisms (1-cells) to be functors, and the
2-cells to be natural transformations. This 2-category is denoted Cat.

Example 2. A full sub-2-category of the previous example is the 2-category with
objects groupoids and 1-cells and 2-cells the same as above.

Example 3. An example of a di�erent sort is the 2-category with objects topologi-
cal spaces, morphisms continuous maps, and 2-cells homotopy classes of homotopies.
The 2-cells must be homotopy classes of homotopies in order to make the various
compositions associative and unital.

Example 4. Let J be a small 1-category. ThenJ has the the structure of a
2-category if we takeMor J (i; j ) to be a discrete category for alli; j 2 ObjJ .

These examples show that there are two ways of composing the 2-cells: vertically
and horizontally. Natural transformations can be composedin two ways. Homo-
topy classes of homotopies can also be composed in two ways. To clarify which
composition I mean, I follow Borceux's notation. See [11] for a more thorough
discussion.

De�nition 2.1. Let C be a 2-category. If A; B 2 ObjC and f; g; h : A ! B are
objects of the categoryMor (A; B ) with 2-cells � : f ) g and � : g ) h then the
composition

A
f //

�

��

B

A
g //

�

��

B

A
h //B

in the category Mor (A; B ) is called the vertical composition of � and � . The
composition is denoted� � � .

De�nition 2.2. Let C be a 2-category andA; B; C 2 ObjC. Let c : Mor (A; B ) �
Mor (B; C ) ! Mor (A; C ) denote the functor of composition in the 2-categoryC. If
f; g : A ! B and m; n : B ! C are objects of the respective categoriesMor (A; B )
and Mor (B; C ) and � : f ) g, � : m ) n are 2-cells, then the composite 2-cell
c(�; � ) : m � f ) n � g is is called the horizontal composition of � and � . It is a
morphism of the categoryMor (A; C ) and is denoted� � � .

A
f //

�

��

B
m //

�

��

C

A g
//B n

//C
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To de�ne the concept of weighted pseudo limit, we need to discuss pseudo func-
tors and pseudo natural transformations. A pseudo functor is like a 2-functor
except that it preserves composition and identity only up to iso coherence 2-cells.
A pseudo natural transformation is like a 2-natural transformation except that it is
natural only up to iso coherence 2-cell. These coherence 2-cells must satisfy certain
coherences among themselves. We de�ne these notions more carefully to �x some
notation. I reproduce Borceux's treatment in [11]. The coherence 2-cells for pseudo
functors and pseudo natural transformations in this paper are always assumed to
be iso. Recall again that a pseudo functor in this paper is a lax functor in [24],[25],
and [26] as well as in other previous papers.

De�nition 2.3. Let C; D be 2-categories. Apseudo functorF : C ! D consists of
the following assignments and iso coherence 2-cells:

� For every object A 2 ObjC an object F A 2 ObjD
� For every pair of objects A; B 2 ObjC a functor F : Mor C(A; B ) !

Mor D (F A; F B )
� For every triple of objects A; B; C 2 C a natural isomorphism  between

the composed functors

Mor C(A; B ) � Mor C(B; C ) c //

F � F

��

Mor C(A; C )

F
��

Mor D (F A; F B ) � Mor D (F B; F C ) c
//


08hhhhhhhhhhhhhhhhhh

hhhhhhhhhhhhhhhhhh
Mor D (F A; F C )

� For every object A 2 C a natural isomorphism � between the following
composed functors.

1
u //Mor C(A; A )

F
��

1

�
4<rrrrrrrrrrr

rrrrrrrrrrr
u

//Mor D (F A; F A )

where the functor u : 1 ! Mor C(A; A ) from the terminal object 1 in the
category of small categories to the categoryMor C(A; A ) takes the unique
object of 1 to the identity morphism on A.

These coherence 2-cells must satisfy the following coherence diagrams.

� For every morphism f : A ! B in C we require

F f � 1F A
i F f � � A � +3

i F f

��

F f � F 1A

 1A ;f

��

1F B � F f
� B � � i F f +3

i F f

��

F (1B ) � F f

 f; 1B

��
F f

i F f

+3F (f � 1A ) F f
i F f

+3F (1B � f )

to commute. Here � A � means the natural transformation � A evaluated at
the unique object � of 1. This is called the unit axiom for the pseudo
functor F .
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� For all morphisms f; g; h of C such that h � g � f exists we require that

F h � F g � F f
i F h �  f;g +3

 g;h � i F f

��

F h � F (g � f )

 g � f;h

��
F (h � g) � F f  f;h � g

+3F (h � g � f )

commutes. This is called thecomposition axiom for the pseudo functor F .

Each of these functors and natural transformations of course depends on the
objects, so they really need indices, e.g.cA;B;C ; FA;B ;  A;B;C ; uA ; uF A ; and � A .
Often I leave the indices o� for more convenient notation. Note that the �rst
diagram in the de�nition says that the pseudo functor preserves composition of

morphisms up to coherence 2-cell because for morphismsA
f //B

g //C in C we
have  f;g : F (g) � F (f ) ) F (g� f ) and  is natural in f and g. The second diagram
in the de�nition says that the pseudo functor preserves identity up to coherence
2-cell because� A � : 1F A ) F (1A ) for all A 2 ObjC.

De�nition 2.4. Let C F //D G //E be pseudo functors. Then thecomposition
G � F of pseudo functorsis the composition of the underlying maps of objects
and the composition of the underlying functors on the morphism categories. The
coherence 2-cells are

� For morphisms A
f //B

g //C in C the 2-cell  GF
f;g is the composition

GF (g) � GF (f )
 G

F f;F g +3G(F g � F f )
G( F

f;g )
+3GF (g � f )

� For each objectA 2 ObjC the 2-cell � GF
A � is the composition

1GF A
� G

F A � +3G(1F A )
G(� F

A � ) +3GF (1A )

Then the assignment (f; g ) 7!  GF
f;g is natural and  GF and � GF

A satisfy the
coherences to makeGF a pseudo functor.

De�nition 2.5. A pseudo natural transformation � : F ) G from the pseudo
functor F : C ! D to the pseudo functor G : C ! D consists of the following
assigments:

� For each A 2 ObjC a morphism � A : F A ! GA in the category D
� For all objects A; B 2 ObjC a natural isomorphism � between the following

functors.

Mor C(A; B ) F //

G
��

Mor D (F A; F B )

� B �

��
Mor D (GA; GB ) � � A

//

�
19lllllllllllll

lllllllllllll
Mor D (F A; GB )

The natural transformations � must satisfy the following coherence diagrams in-
volving � and  .
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� For every A 2 ObjC we require

� A
i � A +3

i � A

��

1GA � � A
� G

A � � i � A +3G(1A ) � � A

� 1A

��
� A � 1F A

i � A � � F
A �

+3� A � F (1A )

to commute. This is called the unit axiom for the pseudo natural transfor-
mation � .

� For all morphisms A
f //B

g //C in C we require

Gg � Gf � � A
i Gg � � f +3

 G
f;g � i � A

��

Gg � � B � F f
� g � i F f +3� C � F g � F f

i � C �  F
f;g

��
G(g � f ) � � A � g � f

+3� C � F (g � f )

to commute. This is called the composition axiom for the pseudo natural
transformation � .

Here � should of course also be indexed by the objectsA; B etc., but we leave
o� these indices for convenience. The coherence required on and � is the com-
mutativity of the 2-cells (from � and  ) written on the faces of the prism with
edgesF f; F g; F (g � f ); Gf; Gg; G (g � f ) where f and g are composable morphisms
in the 2-category C. There are several ways to compose these 2-cells, but they are
related by the interchange law. Here one must sometimes horizontally precompose
or postcompose a 2-cell with identity 2-cells in order to horizontally compose. Note
the diagram for � drawn in the de�nition says that the assignment of A 7! � A is
natural up to coherence 2-cell because forf 2 Mor C(A; B ) we have the diagram

F A
� A //

F f

��

GA

Gf

��

� f

x�zz
zz

zz
zz

zz
z

zz
zz

zz
zz

zz
z

F B � B
//GB

in D. The assignmentf 7! � f is natural in f , i.e. � A;B is a natural transformation.
Some authors prefer to denote the coherence 2-cells of� by � f instead of � f .

However I follow Borceux's notation in [11] and use the distinguished notation � in
order to navigate complicated diagrams with less e�ort.

Pseudo natural transformations can also be horizontally and vertically composed.

For example, if F � +3G
� +3H are pseudo natural transformations, the vertical

composition � � � has coherence 2-cells� � � �
f = ( i � B � � �

f ) � (� �
f � i � A ) for f : A ! B

as in the following diagram.
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F A
� A //

F f

��

GA

� �
f

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

� A //

Gf

��

HA

Hf

��

� �
f

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

F B � B
//GB

� B

//HB

Natural transformations can be seen as morphisms between functors. In the
context of 2-categories there is a similar notion of a modi�cation between pseudo
natural transformations.

De�nition 2.6. Let F; G : C ! D be pseudo functors and�; � : F ) G pseudo
natural transformations. A modi�cation � : �  � is a function which assigns to
everyA 2 ObjCa 2-cell � A : � A ) � A in D in such a way that � �

A;B (g)� (G � � A ) =
(� B � F  ) � � �

A;B (f ) for all A; B 2 ObjC and all morphisms f; g : A ! B and all
2-cells  : f ) g. Here � � and � � denote the natural transformations belonging
to the pseudo natural transformations � and � respectively, while  is an arbitrary
2-cell in C. This means that the following two compositions of 2-cells are the same.

(1) F A
� A //

� A

��

GA
Gf //

G

��

GB

F A
� A

//GA
Gg

//

� �
A;B (g)

��

GB

F A
F g

//F B
� B

//GB

(2) F A
� A //GA

Gf //

� �
A;B ( f )

��

GB

F A
F f //

F 

��

F B
� B //

� B

��

GB

F A
F g

//F B
� B

//GB

These two diagrams can be combined to make a cube whose faces have 2-cells
inscribed in them. In this de�nition  is not to be confused with the required
coherence 2-cell in the de�nition of pseudo functor.

De�nition 2.7. If F : D ! C is a pseudo functor, then apseudo limit of F consists
of an object W 2 ObjC and a pseudo natural transformation� : � W ) F from the
constant 2-functor W to the pseudo functor F which is universal in the following
sense: the functor (� � ) : Mor C(C; W) ! P seudoCone(C; F ) is an isomorphism of
categories for every objectC 2 ObjC.
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P seudoCone(C; F ) denotes here the category with objects taken to be the pseudo
natural transformations � C ) F and with morphisms taken to be the mod-
i�cations. Pseudo colimits can be de�ned in terms of P seudoCone(F; C) and
(� � ) : Mor C(W; C) ! P seudoCone(F; C) similarly.

Theorem 2.1. Any two pseudo limits of a pseudo functor are isomorphic.

De�nition 2.8. If F : D ! C is a pseudo functor, then abilimit of F consists of
an object W 2 ObjC and a pseudo natural transformation � : � W ) F from the
constant 2-functor W to the pseudo functor F which is universal in the following
sense: the functor (� � ) : Mor C(C; W) ! P seudoCone(C; F ) is an equivalence of
categories for every objectC 2 ObjC.

Some authors would call this bilimit a conical bilimit , see [29] and [50] for ex-
ample. They discuss the more general notion ofweighted bilimit or indexed bilimit,
which is de�ned below. Limits de�ned in terms of cones, such as this bilimit, have
constant weight or constant index. For our applications to conformal �eld theory,
it is su�cient to consider only conical bilimits although I p rove results for more
general weighted bilimits below. The existence of conical bilimits is su�cient to
speak of stacks. The termlax limit in [24],[25], and [26] is synonymous with the
term bilimit de�ned above.

Every pseudo limit for a �xed pseudo functor is obviously a bilimit of that pseudo
functor. One can ask whether or not bilimits and pseudo limits are the same. The
following trivial example shows that bilimits and pseudo limits are not the same.

Example 5. Let 1 denote the terminal object in the category of small categories,
in other words 1 is the category with one object � and one morphism, namely the
identity morphism. This category can be viewed as a 2-category with no nontrivial
2-cells. SupposeC is a 2-category with at least two objects W; W 0 such that we
have a morphism� 0 : W 0 ! W which is a pseudo isomorphism. This means that
there exists a morphism� : W ! W 0 and iso 2-cells� � � 0 ) 1W 0 and � 0� � ) 1W .
Suppose further that � 0 is not monic. This means there exists an objectC 2 ObjC
and distinct morphisms f 1; f 2 : C ! W 0 such that � 0 � f 1 = � 0 � f 2. Let F : 1 ! C
be the constant functor � W , i.e. F (� ) = W and the identity gets mapped to 1W .
Then P seudoCone(C; F ) is isomorphic to Mor C(C; W). We identify these two
categories. ObviouslyW and the pseudo natural transformation � = 1 W (under
the identi�cation) form a pseudo limit, while W 0 and � 0 form a bilimit. However,
W 0 and � 0 do not form a pseudo limit because (� 0� ) : Mor C(C; W 0) ! Mor C(C; W)
is not an isomorphism of categories, since� 0 � f 1 = � 0 � f 2 although f 1 6= f 2.

Example 6. There are also examples where a bicolimit exists but not a pseudo
colimit. This example goes back to [9]. LetLex denote the 2-category of small
�nitely complete categories, left exact functors, and natural transformations. A
functor is called left exact if it preserves all �nite limits. An initial object is a
colimit of the empty 2-functor. A pseudo colimit and a 2-colimit of the empty
2-functor are the same thing. The 2-categoryLex does not admit an initial object
because there are always two distinct functorsA ! I where I is the category with
only two isomorphic objects and no nontrivial morphisms besides the ismorphism
and its inverse. The two constant functors provide us with two distinct functors
A ! I for each A 2 ObjLex . The empty functor does however admit a bicolimit
becauseLex is the 2-category of strict algebras, pseudo algebra morphisms, and
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2-cells for some �nitary 2-monad on Cat. Blackwell, Kelly, and Power prove in [9]
that such algebra categories admit bicolimits.

Many pseudo algebra categories do not admit pseudo colimitsbecause the mor-
phisms are not strict. Another example can be obtained by adapting Example 19
on page 108 to colimits.

After Example 5, one might wonder whether or not the equivalences of categories
in the de�nition of bilimit can be chosen in some natural way. They can in fact
be chosen pseudo naturally as follows. We write it explicitly only for the bicolimit,
although a completely analogous statement holds for the bilimit.

Remark 2.2. Let C; D be 2-categories. LetF : D ! C be a pseudo functor.
SupposeW 2 ObjC is a bicolimit with universal pseudo cone� : F ) � W . Let � C

denote the equivalence of categories(� � ) : Mor C(W; C) ! P seudoCone(F ; C). Let
G(C) := Mor C(W; C) and F (C) := P seudoCone(F ; C). Then G and F are strict
2-functors and C 7! � C is a 2-natural transformation G ) F .

Proof: This follows from the de�nitions.

Remark 2.3. Let the notation be the same as in the previous remark. ForC 2
ObjC let  C : F C ! GC be a right adjoint to � C such that the unit � C : 1GC )
 C � � C and counit "C : � C �  C ) 1F C are natural isomorphisms. Then C 7!  C

is a pseudo natural transformation from F to G and there exist iso modi�cations
� : i G   � � and " : � �   i F which satisfy the triangle identities, namelyC 7!
� C and C 7! "C . In the terminology of [50], this means thatF and G are equivalent
in the 2-categoryHom[C; Cat] of pseudo functors, pseudo natural transformations,
and modi�cations. The equivalences inHom[C; Cat] are precisely the pseudo natural
transformations whose components are equivalences of categories.

Proof: Since � C is an equivalence of categories, there exists such a functor
 C with unit and counit as above. For f : A ! B in C de�ne the coherence iso
�  

f : Gf �  A )  B � F f to be the composition of 2-cells in the following diagram.

F A

1F A

��

 A //GA

1GA

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

F A

F f

�� CC
CC

CC
CC

CC
CC

CC
C

CC
CC

CC
CC

CC
CC

CC
C GA

� A

oo

Gf

��
F B

1F B

��

GB
� Boo

� B

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

1GB

��
F B

 B

//GB
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The middle square commutes because� is a 2-natural transformation. One can
see that the assignmentf 7! �  

f is natural after segmenting the naturality diagram
into three inner squares and using the fact that� is a 2-natural transformation as
follows. Let f; g : A ! B and � : f ! g in C.

1GB � Gf �  A

� B � i Gf � i  A

+3

i 1GB � G� � i  A

��

 B � � B � Gf �  A

i  B � � B � G� � i  A

��

 B � F f � � A �  A

i  B � i F f � " A

+3

i  B � F � � i � A �  A

��

 B � F f � 1F A

i  B � F � � i 1F A

��
1GB � Gg �  A

� B � i Gg � i  A

+3 B � � B � Gg �  A  B � F g � � A �  A

i  B � i F g � " A

+3 B � F g � 1F A

The left square and the right square commute because of the interchange law and
the de�ning property of identity 2-cells. The middle square commutes because� is
a 2-natural transformation. Hence the outermost rectanglecommutes andf 7! �  

f
is natural.

Since F and G are strict 2-functors, verifying the unit axiom for  reduces to
proving that �  

1C
is i  C for all C 2 ObjC. That follows from the de�nition of � 1C

and one of the triangle identities.
Since F and G are strict 2-functors, verifying the composition axiom for  

amounts to proving for A
f //B

g //C in C that the composition ( �  
g � i F f ) �
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(i Gg � �  
f ) in (3) is the same as�  

g� f in (4). That follows since the middle parallelo-
gram in (4) is i � B by the triangle identity. Hence  with �  satis�es the composition
axiom and we conclude thatC 7!  C is a pseudo natural transformationF ) G.

(3) F A

1F A

��

 A //
" A(

GA

� A

}}{{
{{

{{
{{

{{
{{

{{
{

Gf

��
F A

� B(

F f

��

GB

1GB

��

� B

}}{{
{{

{{
{{

{{
{{

{{
{

F B
 B

//

1F B

��

" B(

GB

Gg

��

� B

}}{{
{{

{{
{{

{{
{{

{{
{

F B

F g

��
� C(

GC

1GC

��

� C

}}{{
{{

{{
{{

{{
{{

{{
{

F C
 C

//GC

(4) F A

1F A

��

 A //GA

1GA

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

F A

F (g� f )

��

GA
� Aoo

G(g� f )

��
F C

1F C

��

GC
� B

oo

1GC

��

CCCCCCCCCCCCCCC

CCCCCCCCCCCCCCC

� C

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

F C
 C

//GC

Next I prove that A 7! � A is a modi�cation i G   � � . This entails showing
that (1) is the same as (2). Let f; g : A ! B be morphisms in C and  : f ) g
a 2-cell in C. Since � is a 2-natural transformation, we see that (2) is � B � G .
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I proceed by showing that (1) is � B � G . Note that � �
A;B (g) = �  � �

g in (1) is
(i  B � i � B � Gg ) � (�  

g � i � A ) by the remarks on page 9 about coherence isos for
a vertical composition of pseudo natural transformations. Writing out (1) with
� = i G ;
� =  � � , � = �; and including many trivial arrows gives (5).

(5)

GA
1GA //

� A

��

GA
Gf //

G

��

GB
1GB //

i 1GB

��

GB

GA
� A //

i � A

��

F A
 A //

i  A

��

GA
Gg //

i Gg

��

GB
1GB

//

� B

��

GB

GA
� A

//

i � A

��

F A
 A

//

i  A

��

GA
Gg

//GB

i F g � � A

��

� B //F B
 B //

i  B

��

GB

GA
� A

//

i � A

��

F A
 A

//GA
� A

//

" A

��

F A

i F g

��

F g //F B
 B

//

i  B

��

GB

GA
� A

//F A
1F A

//

i � B � Gg

��

F A
F g

//F B
 B

//

i  B

��

GB

GA
Gg

//GB
� B

//F B
 B

//GB

Using a triangle identity and contracting all the trivial id entities, we see that the
only thing that does not cancel is� B � G . Hence (1) is the same as (2) andA 7! � A

is a modi�cation.
One can similarly show that A 7! "A is a modi�cation. The modi�cations � and

" satisfy the triangle identities because their constituentarrows do.

De�nition 2.9. A 2-category C admits bilimits if every pseudo functorF : J ! C
from a small 1-categoryJ to C has a bilimit in C.

In this de�nition we are of course viewing the category J as a 2-category with
no nontrivial 2-cells. There are analogous de�nitions for bicolimits and pseudo
colimits. If we view the category J as an indexing category, then we can speak
of bilimits of diagrams, i.e. we can view a diagram inC as the image of a pseudo
functor from a source diagramJ to the 2-category C.
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The concept of pseudo limit can be further generalized to weighted pseudo limit.
For any small 2-categoryC we denote the small categoryHomC(A; B ) by C(A; B )
for A; B 2 ObjC.

De�nition 2.10. Let C; D be 2-categories. LetJ : D ! Cat and F : D ! C be
pseudo functors. LetHom[D; Cat] denote the 2-category with pseudo functors
D ! Cat as objects, pseudo natural transformations as morphisms, and modi�ca-
tions as 2-cells. Thenf J; F gp 2 ObjC is called a J -weighted pseudo limit ofF if
the strict 2-functors Cop ! Cat

C 7! C(C; f J; F gp)

C 7! Hom[D; Cat](J; C(C; F � ))

are 2-isomorphic. The image� : J ) C (f J; F gp; F � ) of 1f J;F gp under this 2-
representation is called theunit .

Street refers to this as the J -indexed pseudo limit of F in [50], although now
the term weighted is used instead of indexed. This is similarto Kelly's de�ni-
tion in [29], except that his de�nition is for strict 2-funct ors J; F and he uses the
full sub-2-category P sd[D; Cat] of Hom[D; Cat] in place of Hom[D; Cat]. The 2-
category P sd[D; Cat] consists of strict 2-functors, pseudo natural transformations,
and modi�cations.

We recover the usual de�nition of pseudo limit wheneverJ is the constant func-
tor which takes everything to the trivial category with one o bject. A weighted
pseudo limit is said to be conical whenever J is the constant functor just men-
tioned. Another special type of weighted limit called cotensor productoccurs when
D is the trivial 2-category with one object and J and F are strict 2-functors. In
this caseJ and F can be identi�ed with objects of Cat and C respectively. Tensor
products can be de�ned similarly.

De�nition 2.11. Let J 2 ObjCat and F 2 ObjC. Then f J; F g 2 ObjC is called a
cotensor productof J and F if the strict 2-functors Cop ! Cat

C 7! C(C; f J; F g)

C 7! Cat(J; C(C; F ))

are 2-naturally isomorphic.

Remark 2.1. (Kelly) We can rephrase the de�nition of cotensor product entirely
in terms of the unit � : J ! C (f J; F g; F ). The object f J; F g of C is a cotensor
product of J and F with unit � : J ! C (f J; F g; F ) if and only if the functor
C(C; f J; F g) ! Cat(J; C(C; F )) de�ned by composition with �

b 7! C(b; F) � �

� 7! C(�; F ) � i �

for arrows b : C ! f J; F g and 2-cells� : b ! b0 in C is an isomorphism of categories
for all C 2 ObjC. More speci�cally,

(1) For every functor � : J ! C (C; F ) there is a unique arrow b : C ! f J; F g
in C such that C(b; F) � � = �

(2) For every natural transformation � : � ) � 0 there is a unique 2-cell
� : b ) b0 in C such that C(�; F ) � i � = �.
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A useful reformulation of an observation by Street on page 120 of [50] illustrates
the importance of cotensor products in the context of weighted pseudo limits.

Theorem 2.4. (Street) A 2-category C admits all weighted pseudo limits if and
only if it admits 2-products, cotensor products, and pseudoequalizers.

Remark 2.2. (Street) Pseudo equalizers can be constructed from cotensor prod-
ucts and 2-pullbacks, while 2-pullbacks can be constructedfrom 2-products and
2-equalizers. Thus it is su�cient to require 2-equalizers instead of pseudo equaliz-
ers in the previous theorem.

De�nition 2.12. Let C; D be 2-categories. LetJ : D ! Cat and F : D ! C be
pseudo functors. As above, letHom[D; Cat] denote the 2-category with pseudo
functors D ! Cat as objects, pseudo natural transformations as morphisms, and
modi�cations as 2-cells. Then f J; F gb 2 ObjC is called aJ -weighted bilimit of F if
the strict 2-functors Cop ! Cat

C 7! C(C; f J; F gb)

C 7! Hom[D; Cat](J; C(C; F � ))
are equivalent in the 2-categoryHom[Cop; Cat], i.e. there is a pseudo natural trans-
formation going from one to the other whose arrow componentsare equivalences of
categories. The image� : J ) C (f J; F gb; F � ) of 1f J;F gb

under this birepresentation
is called the unit .

Kelly refers to this in [29] as the J-indexed bilimit of F . The concepts weighted
bicolimit and bitensor product can be de�ned similarly. Lat er we will need bitensor
products, so we formulate this precisely and describe it entirely in terms of the unit
like Kelly in [29].

De�nition 2.13. Let J 2 ObjCat and F 2 ObjC. Then J � F 2 ObjC is called a
bitensor product of J and F if the strict 2-functors Cop ! Cat

C 7! C(J � F; C)

C 7! Cat(J; C(F; C))
are are equivalent in the 2-categoryHom[Cop; Cat].

Remark 2.3. We can rephrase the de�nition of bitensor product entirely in terms of
the unit � : J ! C (F; J � F ). The object J � F of C is a bitensor product of J and F
with unit � : J ! C (F; J � F ) if and only if the functor C(J � F; C) ! Cat(J; C(F; C))
de�ned by

b 7! C(F; b) � �

� 7! C(F; � ) � i �

for arrows b : J � F ! C and 2-cells� : b ! b0 in C is an equivalence of categories
for all C 2 ObjC.

Street points out the dual version of the following theorem on page 120 of [50].

Theorem 2.5. (Street) A 2-category C admits all weighted bicolimits if and only
if it admits bicoproducts, bitensor products, and bicoequalizers.

Cotensor products, bitensor products, and the theorems above will be used later
to show that the 2-categories of interest to us admit weighted pseudo limits as well
as weighted bicolimits.
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3. Weighted Pseudo Colimits in the 2-Category of Small Categori es

In this section I show constructively that the 2-category C of small categories
admits pseudo colimits. A theorem of Street will imply that t his 2-category also
admits weighted pseudo colimits. One of the concepts in the proof is the free
category generated by a directed graph.

De�nition 3.1. A directed graph G consists of a setO of objects and a setA of
arrows and two functions S; T : A ! O called source and target.

A directed graph is like a category except composition and identity arrows are
not necessarily de�ned. Any directed graph G whose sets of arrows and objects
are both small generates a free category onG, which is also called the path cate-
gory of G. Similarly G generates a free groupoid. One can force commutivity of
certain diagrams by putting an equivalence relation on the morphism sets of the
free category or free groupoid and then passing to the quotient category. I use this
construction in the proof below. The S; T in the de�nition of directed graph will
also be used to denote the source and target of a morphism in a category, although
they are di�erent concepts.

Theorem 3.1. The 2-categoryC of small categories admits pseudo colimits.

Proof: Let J be a small 1-category andF : J ! C a pseudo functor. Here
we view J as a 2-category which has no nontrivial 2-cells. The category J plays
the role of an indexing category. For anyX 2 ObjC let � X denote the constant 2-
functor which takes every object ofJ to X , every morphism to 1X , and every 2-cell
to the identity 2-cell i X : 1X ) 1X . Then a pseudo cone fromF to X is a pseudo
natural transformation F ) � X . Let P seudoCone(F; X ) denote the category with
objects the pseudo cones fromF to X with morphisms the modi�cations between
them. The pseudo colimit ofF is an objectW 2 C with a pseudo cone� : F ) � W

which are universal in the sense that (� � ) : Mor C(W; V ) ! P seudoCone(F; V ) is
an isomorphism of categories for all small categoriesV .

First I de�ne candidates W 2 ObjCand � : F ) � W . Then I show that they are
universal. For eachj 2 ObjJ let A j denote the small categoryF j and let af denote
the functor F f between small categories. SinceF is a pseudo functor, for every
pair f; g of morphisms ofJ such that g� f exists we have a natural transformation
(a 2-cell in the 2-category of small categories) f;g : F g � F f ) F (g � f ). I de�ne
a directed graph with objects O and arrows A as follows. Let O =

`
j 2J ObjA j .

There is a well de�ned function p : O ! ObjJ satisfying p(ObjA j ) = f j g because
this union is disjoint, i.e. even if the small categoriesA i and A j are the same,
we distinguish them in the disjoint union by their indices. L et the collection of
arrows be A = (

`
j 2J MorA j )

`
f h(x;f ) ; h� 1

(x;f ) : (x; f ) 2 O � Mor J such that
p(x) = Sf g where the elements of

`
j 2J MorA j have the obvious source and target

while Sh(x;f ) = x and T h(x;f ) = af (x). Let W 0 be the free category generated by
this graph. We put the smallest equivalence relation� on MorW 0 such that

� All of the relations in each A i are contained in � , i.e. for m; n 2 MorA i �
MorW 0 with Sn = T m we haven � W 0 m � n � A i m where the composition
on the left is the composition in the free categoryW 0 and the composition
on the right is the composition in the small categoryA i .
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� For all f; g 2 Mor J with Sg = T f and all x 2 ObjA Sf we have
 f;g (x) � W 0 h(a f (x ) ;g) � W 0 h(x;f ) � h(x;g � f ) and also every identity 1x 2 A i

is equivalent to the identity in the free category on the object x .
� For all i; j 2 ObjJ and all f 2 Mor J (i; j ) and all morphisms m : x ! y of

A i we haveh(y;f ) � W 0 m � af (m) � W 0 h(x;f ) .
� For all j 2 ObjJ and all x 2 ObjA j we have (� F

j � )x � h(x; 1j ) where �
denotes the unique object of the terminal object1 in the category of small
categories and� F

j � is the natural transformation � F
j evaluated at � .

� For all h(x;f ) from above we haveh� 1
(x;f ) � W 0 h(x;f ) � 1x and h(x;f ) � W 0

h� 1
(x;f ) � 1a f x

De�ne W to be the quotient category of the free categoryW 0 by the equivalence
relation � . This is the candidate for the pseudo colimit.

Now I de�ne a pseudo natural transformation � : F ) � W and its coherence
2-cells� , i.e. I de�ne an element of P seudoCone(F; W ). For each object j 2 ObjJ
we need a morphism inC (i.e. a functor) � j : F j = A j ! W = � W (j ). De�ne
� j : A j ! W to be the inclusion functors A j ,! W . In order for � to be a pseudo
natural transformation, this assignment must be natural up to coherence 2-cell,i.e.
for all i; j 2 ObjJ we should have a natural isomorphism� i;j of the following sort.

Mor J (i; j ) F //

� W

��

Mor C(A i ; A j )

� j �

��
Mor C(W; W ) � � i

//

� i;j

2:mmmmmmmmmmmm

mmmmmmmmmmmm
Mor C(A i ; W )

Evaluating this diagram at a morphism f : i ! j of J we should have a natural
isomorphism between functors� i;j (f ) : � i ) � j � af . In other words, � i;j (f ) should
be a 2-cell in the 2-categoryC of small categories. For eachx 2 ObjA i de�ne
� i;j (f )x : � i (x) = x ! af (x) = � j � af (x) to be the isomorphism h(x;f ) .

Lemma 3.2. The map � : F ) � W is a pseudo natural transformation with
coherence 2-cells given by the natural isomorphisms� .

Proof: I continue the notation from the comments before the Lemma. First
I show that the assignment ObjA i 3 x 7! � i;j (f )x 2 Mor W (� i (x); � j � af (x)) is
a natural transformation for �xed f : i ! j . To this end, let m : x ! y be a
morphism in the small category A i . By de�nition, � i;j (f )x = h(x;f ) , � i;j (f )y =
h(y;f ) , � i (m) = m, � i (x) = x, � j � af (x) = af (x), and � j � af (m) = af (m). Some
similar statements hold for the object y. The third requirement on the equivalence
relation in W 0 gives us the following commutative diagram in the small category
W .

x
h ( x;f ) //

m

��

af (x)

a f (m )

��
y

h ( y;f )

//af (y)

Using the identities just mentioned, the commutivity of thi s diagram says precisely
that x 7! � i;j (f )x is a natural transformation. Thus � i;j (f ) : � i ) � j � af is a
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natural transformation between functors, i.e. a 2-cell in the 2-categoryC of small
categories.

The assignmentf 7! � i;j (f ) for �xed i; j is natural because the categoryMor J (i; j )
has no nontrivial morphisms. Thus � i;j is a natural transformation between the in-
dicated functors.

Next I verify the composition axiom for pseudo natural transformations which

involves � and  . The diagram states that � must satisfy for all i
f //j

g //k
in J the coherence axiom (i � k �  f;g ) � (� j;k (g) � i a f ) � (i 1W � � i;j (f )) = � i;k (g �
f ) � (i 1W � i � i ) as natural transformations. This coherence is satis�ed because
of the second requirement on the relation inW 0 for each x 2 ObjA i which states
 f;g (x) � � j;k (g)a f (x ) � � i;j (f )x = � i;k (g� f )x . Note that ( i � k �  f;g )(x) = � k ( f;g (x)) =
 f;g (x).

Lastly I verify the unit axiom for pseudo natural transforma tions which involves
� and � . This coherence requires the commutivity of the following diagram for all
j 2 ObjJ .

� j
i � j +3

i � j

��

1W � � j
�

� W
j � � i � j +3� W (1j ) � � j

� 1 j = � j;j (1 j )

��
� j � 1F j

i � j � � F
j �

+3� j � F (1j )

Here � � W
j and � F

j are the natural transformations associated to the pseudo func-
tors � W and F which make them preserve the identity morphisms 1j up to coher-
ence 2-cell. In fact,� � W

j � is trivial. If 1 denotes the terminal object of the category
of small categories, then� � W

j and � F
j must satisfy the following diagrams for all

objects j of J .

1
u j //Mor J (j; j )

� W

��
1 uW

//

�
� W
j

6>vvvvvvvvvvvvvv

vvvvvvvvvvvvvv
Mor C(W; W )

1
u j //Mor J (j; j )

F

��
1 uF j

//

� F
j

6>uuuuuuuuuuuuuu

uuuuuuuuuuuuuu Mor C(F j; F j )

Using the fact that � � W
j evaluated on the unique object� of 1 gives the identity

2-cell i W : 1W ) 1W , the desired coherence diagram simpli�es to the following.
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� W (1j ) � � j

� j;j (1 j )

"*MMMMMMMMMMMMMM

MMMMMMMMMMMMMM

i � j

��
� j � 1F j

i � j � � F
j �

+3� j � F (1j )

Recall that ( � F
j � )x = h(x; 1j ) in W by the fourth requirement on the equiva-

lence relation in W 0. By de�nition we also have h(x; 1j ) = � j;j (1j )x . This implies
(� F

j � )x = h(x; 1j ) = � j;j (1j )x and the simpli�ed diagram commutes because� j is
the inclusion functor. Hence the required coherence diagram involving � and � is
actually satis�ed.

Thus � : F ) � W is a pseudo natural transformation with the indicated coher-
ence 2-cells.

Now I must show that the small category W and the pseudo natural transfor-
mation � : F ) � W are universal in the sense that the functor� : Mor C(W; V ) !
P seudoCone(F; V ) de�ned by � (b) = b� � for objects b is an isomorphism of cat-
egories for all objectsV of C. More precisely, � is de�ned for b 2 ObjMor C(W; V )
and j 2 ObjJ as � (b)( j ) = b � � j . The coherence 2-cells for the pseudo cone� (b)
are i b � � i;j (f ) for all f : i ! j in J . For morphisms  : b ) b0 in MorMor C (W; V )
I de�ne � ( ) : b � �  b0 � � to be the modi�cation which takes j 2 ObjJ to
� ( )( j ) =  � i � j . Here i � j denotes as usual the identity 2-cell� j ) � j between
these morphisms ofC. In the following, V is a �xed object of the 2-category C of
small categories.

Lemma 3.3. The map � : Mor C(W; V ) ! P seudoCone(F; V ) is a functor.

Proof: Let b 2 ObjMor C(W; V ) be a functor and i b : b ) b its identity
natural transformation. Then obviously � (i b)( j ) = i b � i � j : b � � j ) b � � j is the
identity natural transformation i b� � j for all j 2 ObjJ and thus � (i b) is the identity
modi�cation. Hence � preserves identities.

To verify that � preserves compositions, let : b ) b0 and  0 : b0 ) b00be natural
transformations. Then for each j 2 ObjJ we have� ( 0 �  )( j ) = (  0 �  ) � i � j =
( 0 �  ) � (i � j � i � j ). By the interchange law we have ( 0 �  ) � (i � j � i � j ) =
( 0 � i � j ) � ( � i � j ) = ( � ( 0)( j )) � (� ( )( j )) = ( � ( 0) � � ( )) j where the last
equality follows from the de�nition of vertical compositio n of modi�cations. Thus
� ( 0 �  ) = � ( 0) � � ( ) and � preserves compositions. Thus� is a functor.

The purpose of the next few lemmas is to exhibit an inverse functor  for � .

Lemma 3.4. There is a functor  : P seudoCone(F; V ) ! Mor C(W; V ).

Proof: First I de�ne  for objects. Then I de�ne  for morphisms. Finally I
verify that  is a functor.

Let � 0 be an object ofP seudoCone(F; V ), i.e. � 0 : F ) � V is a pseudo natural
transformation with coherence 2-cells� 0 up to which � 0 is natural. To de�ne a
functor  � 0 = b 2 ObjMor C(W; V ) I use the universal mapping property of the
quotient category W as follows. De�ne an auxiliary functor d : W 0 ! V as the
functor induced by the map of directed graphs below which is also calledd.
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� For all i 2 ObjJ and x 2 ObjA i � ObjW 0 let dx := � 0
i x

� For all i 2 ObjJ , x; y 2 ObjA i , and all g 2 Mor A i (x; y) � Mor W 0(x; y) let
dg := � 0

i g
� For all i; j 2 ObjJ , f 2 Mor J (i; j ), and all x 2 ObjA i � ObjW 0 de�ne

d(h(x;f ) ) := � 0
i;j (f )x : � 0

i x ! � 0
j � af x and

d(h� 1
(x;f ) ) := � 0

i;j (f )� 1
x : � 0

j � af x ! � 0
i x.

I claim that d preserves the equivalence relation placed on the categoryW 0.
Following the order in the de�nition of � we have the veri�cations

� For m; n 2 MorA i � MorW 0 with Sn = T m we have d(n � W 0 m) =
dn � V dm = � i n � V � i m = � i (n � A i m) = d(n � A i m) and for all 1x 2 A i

we haved1x = � 0
i (1x ) = 1 � 0

i x because� 0
i is a functor. But 1 � 0

i x is also the
same asd applied to the identity on x in the free categoryW 0.

� Since� 0 is a pseudo natural transformation, for all i
f //j

g //k in J we
have
(i � 0

k
�  f;g ) � (� 0

j;k (g) � i a f ) � (i 1V � � 0
i;j (f )) = � 0

i;k (g� f ) � (i 1V � i � i ) as natural
transformations. Evaluating this at x 2 ObjA i yields
(� 0

k  f;g (x)) � � 0
j;k (g)a f x � � 0

i;j (f )x = � 0
i;k (g � f )x . This says precisely

d( f;g (x) � W 0 h(a f (x ) ;g) � W 0 h(x;f ) ) = d(h(x;g � f ) ).
� For all i; j 2 ObjJ and all f 2 Mor J (i; j ) and all morphisms m : x ! y of

A i we have to showd(h(y;f ) � W 0 m) = d(af (m) � W 0 h(x;f ) ). Writing out d,
we see that this is the same as verifying� 0

i;j (f )y � V � 0
i m = ( � 0

j � af )m � V

� 0
i;j (f )x , which is true because the assignmentx 7! � 0

i;j (f )x is a natural
transformation from � 0

i to � 0
j � af .

� For all j 2 ObjJ and all x 2 ObjA j we have to showd(� F
j � )x = dh(x; 1j )

where � denotes the unique object of the terminal object 1 in the category
of small categories and� F

j � is the natural transformation � F
j evaluated at � .

Writing out d we see that this is the same as verifying� 0
j (� F

j � )x = � 0
j;j (1j )x .

Since � 0 is a pseudo natural transformation from F to � V , the natural
transformation � 0 must satisfy the coherence (i � 0

j
� � F

j � ) � i � 0
j

= � 0
j;j (1j ) �

(i 1V � i � 0
j
) � i � 0

j
as natural transformations. Evaluating this coherence at

x 2 ObjA j we get � 0
j (� F

j � )x � 1� 0
j x = � 0

j;j (1j )x � 1� 0
j x � 1� 0

j x , which implies

d(� F
j � )x = dh(x; 1j ) by the remarks above.

� For all i; j 2 ObjJ , f 2 Mor J (i; j ), and all x 2 ObjA i � ObjW 0 we
have d(h� 1

(x;f ) � W 0 h(x;f ) ) = � 0
i;j (f )� 1

x � � 0
i;j (f )x = 1 � 0

j x = d(1x ) and similarly

d(h(x;f ) � W 0 h� 1
(x;f ) ) = d(1a f x ).

Thus d : W 0 ! V is a functor that preserves the equivalence relation onW 0.
By the universal mapping property of quotient category W of W 0, there exists a
unique functor b : W ! V which factors d via the projection. De�ne  (� 0) :=
b 2 ObjMor C(W; V ). This is how  is de�ned on the objects of the category
P seudoCone(F; V ).

Next I de�ne  on morphisms of the categoryP seudoCone(F; V ). Let � :
�  � 0 be a morphism of P seudoCone(F; V ), i.e. � is a modi�cation from the
pseudo natural transformation � : F ) � V to the pseudo natural transformation
� 0 : F ) � V . Let � and � 0 respectively denote the natural transformations that
make the pseudo natural transformations � and � 0 natural up to cell. I de�ne
a morphism  (�) of Mor C(W; V ) as follows. Note that such a morphism is by
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de�nition a natural transformation between functors from t he small categoryW to
the small categoryV . Since � is a modi�cation, we have a 2-cell � i : � i ) � 0

i in the
category C for eachi 2 ObjJ . Let b; b0 denote the respective functors (� );  (� 0) :
W ! V . For x 2 ObjA i � ObjW de�ne  (�) x : bx = � i x ! � 0

i x = b0x to be
� i (x) : � i x ! � 0

i x. The following two commutative diagrams show that  (�) is a
natural transformation. For x; y 2 ObjA i and m 2 Mor A i (x; y) � Mor W (x; y) the
diagram

bx
� i x //

� i m = bm

��

b0x

b0m = � 0
i m

��
by

� i y
//b0y

in V commutes because �i : � i ) � 0
i is a natural transformation. For a morphism

f : i ! j of J the diagram

bx
� i x //

� i;j ( f ) x = bh( x;f )

��

b0x

b0h ( x;f ) = � 0
i;j ( f ) x

��
baf (x)

� j a f (x )
//b0af (x)

commutes because of the coherence in the de�nition of modi�cation and because
of the de�nitions of b; b0 on h(x;f ) . One sees this by taking = i f in diagrams
(1) and (2) in the de�nition of modi�cation. An inductive arg ument shows that
 (�) is natural for all other arrows in W as well. Hence (�) :  (� ) )  (� 0) is a
morphism of the categoryMor C(W; V ).

Lastly I verify that  is a functor, i.e. that  preserves the identity modi�cations
and the composition of modi�cations. Let � : �  � be the identity modi�cation
belonging to a pseudo natural transformation � : F ) � V . This means that
� i : � i ) � i is the identity natural transformation for the functor � i : A i ! V . For
all i 2 ObjJ and all x 2 ObjA i we have by de�nition of  that  (�) x :  (� )x =
� i x ! � i x =  (� )x is � i (x) : � i x ! � i x, which is the identity morphism on the
object � i x of the small category V by hypothesis. Hence (�) :  (� ) !  (� ) is
the identity natural transformation and  preserves identity modi�cations.

To verify that  preserves compositions, let � : �  � 0 and � 0 : � 0  � 00

be modi�cations. Then the vertical composition of modi�cat ions (which makes
P seudoCone(F; V ) a category) is de�ned as (� 0� �) i := � 0

i � � i where � 0
i � � i is the

vertical composition of the natural transformations � i : � i ) � 0
i and � 0

i : � 0
i ) � 00

i
as usual. Then for all i 2 ObjJ and all x 2 ObjA i � ObjW we have (� 0 � �) x =
(� 0� �) i (x) = (� 0

i � � i )x = � 0
i (x) � � i (x) =  (� 0)x �  (�) x = (  (� 0) �  (�)) x . Thus

 (� 0 � �) =  (� 0) �  (�) and  preserves compositions of modi�cations. Hence 
is a functor.

Lemma 3.5. The composite functor� �  : P seudoCone(F; V ) ! P seudoCone(F; V )
is the identity functor.
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Proof: First I verify this for objects, then on for morphisms. Let � 0 : F ) � V

be a pseudo natural transformation with coherence isomorphisms� 0. Let b =  (� 0).
Then using the de�nitions of b in Lemma 3.4 and the de�nition of � above we
evaluate � ( (� 0)) at each object i of J and compare the resulting functor� ( (� 0)) i

to the functor � 0
i . Formally this is:

� For all x 2 ObjA i , we have
� ( (� 0)) i x = � (b) i x = ( b� � i )x = bx = � 0

i x
� For all x; y 2 ObjA i and all g 2 Mor A i (x; y) we have

� ( (� 0)) i g = � (b) i g = ( b� � i )g = bg= � 0
i g.

Thus � ( (� 0)) = � 0 for all objects � 0 of the category P seudoCone(F; V ). Hence
� �  is the identity on objects.

Next I verify the lemma for morphisms. Let � : �  � 0 be a morphism of
the category P seudoCone(F; V ), i.e. � is a modi�cation from the pseudo natural
transformation � : F ) � V to the pseudo natural transformation � 0 : F ) � V .
Let b =  (� ); b0 =  (� 0) : W ! V and  =  (�) : b ) b0 for more convenient
notation. Then � ( (�)) = � ( ) : b � �  b0 � � is a modi�cation from � to � 0

by the result on objects. For eachj 2 ObjJ we have the natural transformation
� ( )( j ) =  � i � j : b � � j ) b0 � � j . But this natural transformation is precisely
� j : � j ) � 0

j by the de�nition of  via  . Thus for all morphisms � of the category
P seudoCone(F; V ) we have� ( (�)) = �. Hence � �  is the identity on morphisms.

Lemma 3.6. The composite functor  � � : Mor C(W; V ) ! Mor C(W; V ) is the
identity functor.

Proof: First I verify this for objects, then on generators for morphisms. Let
b : W ! V be a functor and x 2 ObjA i � ObjW . Then  � � (b)x =  (b � � )x =
(b� � i )x = bx. Similarly for a morphism g 2 Mor A i (x; y) � Mor W (x; y) we have
 � � (b)g =  (b � � )g = ( b � � i )g = bg. For morphisms h(x;f ) , the analogous
calculation is  � � (b)h(x;f ) =  (b� � )h(x;f ) = ( i b � � i;j (f )) x = b(� i;j (f )x ) = bh(x;f ) .
That follows because the coherence 2-cell up to whichb� � is natural is
(i b � � i;j (f )) x = b(� i;j (f )x ), then we use the third part of the de�nition of  as
well as the de�nition h(x;f ) = � i;j (f )x . Thus  � � (b) = b for all objects b of the
category Mor C(W; V ). Hence  � � is the identity on the objects of the category
Mor C(W; V ).

Next I verify the lemma for morphisms. Let  : b ) b0 be a morphism of
Mor C(W; V ), i.e. a natural transformation from some functor b to some functor
b0. Let � = � ( ), � = � (b), and � 0 = � (b0) for more convenient notation. Then
by de�nition � : � = b � �  b0 � � = � 0 is the modi�cation which takes j 2 J
to  � i � j . Let x 2 ObjA j � ObjW . Then  (�) x :  (� )x = � j x ! � 0

j x =  (� 0)x
is � j (x) = (  � i � j )x : (b � � ) j x ! (b0 � � ) j x. This is described by the following
diagram.

A j
� j //

i � j

��

W
b //



��

V

A j � j
//W

b0
//V
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But by de�nition of � and (b � � ) j , we see that � j (x) =  � j x =  x is precisely
 x : bx ! b0x. Thus  (�) x =  x and  (� ( )) =  (�) =  . Hence  � � is the
identity on the morphisms of the category Mor C(W; V ).

Lemma 3.7. The small categoryW and the pseudo natural transformation� : F )
� W are universal in the sense that the functor� : Mor C(W; V ) ! P seudoCone(F; V )
de�ned by �b = b� � for objects b is an isomorphism of categories for all objectsV
of C.

Proof: This follows immediately from the previous four lemmas becauseV was
an arbitrary object of the 2-category C.

Lemma 3.8. The small categoryW and the pseudo natural transformation
� : F ) � W are a pseudo colimit of the pseudo functorF : J ! C .

Proof: This follows from Lemma 3.2 and the previous lemma.

Thus every pseudo functor F : J ! C from a small 1-category J to the 2-
category C of small categories has a pseudo colimit. In other words, the2-category
C of small categories admits pseudo colimits. This completesthe proof of Theorem
3.1.

Lemma 3.9. The 2-category ofC of small categories admits tensor products.

Proof: Let J and F be small categories. ThenJ � F := J � F is a tensor
product of J and F with unit � : J ! Cat(F; J � F ) de�ned by

� (j )(x) := ( j; x )

� (j )( f ) := (1 j ; f )

� (g)x := ( g;1x )

for j 2 ObjJ; x 2 ObjF; f 2 MorF; g 2 MorJ . Alternatively one can see that
Cat(J � F; C) is isomorphic to Cat(J; Cat(F; C)) by the usual adjunction.

Lemma 3.10. The 2-category C of small categories admits all weighted pseudo
colimits.

Proof: This 2-category admits pseudo coequalizers by Theorem 3.1.It also
admits tensor products by Lemma 3.9. It is not di�cult to cons truct 2-coproducts
in this 2-category by using disjoint union. Hence, by the dual version of Theorem
2.4, C admits all weighted pseudo limits.

Remark 3.11. The 2-category of small groupoids admits weighted pseudo colimits.

Proof: The proof is the same as in the proof for the 2-category of small cate-
gories except that one replaces the free category by the freegoupoid.

Theorem 3.12. The 2-category of small categories and the 2-category of small
groupoids admit weighted bicolimits.

Proof: These 2-categories admit weighted pseudo colimits. Every weighted
pseudo colimit is a weighted bicolimit.
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4. Weighted Pseudo Limits in the 2-Category of Small Categories

Not only does the 2-categoryC of small categories admits pseudo colimits, but
it also admits pseudo limits. In fact I construct them explicitly in the next proof.
The notation remains the same as in the previous section. This description is not
new, since the candidateL in the proof below can be found in [50]. The same
construction works for weighted pseudo limits in this 2-category. A theorem from
Street also allows us to conclude thatC admits all weighted pseudo limits.

Theorem 4.1. The 2-categoryC of small categories admits pseudo limits.

Proof: Let J be a small 1-category andF : J ! C a pseudo functor, i.e. J
has no nontrivial 2-cells. For any X 2 ObjC let � X denote the constant 2-functor
which takes every object ofJ to X , every morphism to 1X , and every 2-cell to
the identity 2-cell i X : 1X ) 1X . Then a pseudo cone fromX to F is a pseudo
natural transformation � X ) F . Let P seudoCone(X; F ) denote the category with
objects the pseudo cones fromX to F with morphisms the modi�cations between
them. A pseudo limit of F is an object L 2 ObjC with a pseudo cone� : � L ) F
which are universal in the sense that (� � ) : Mor C(V; L) ! P seudoCone(V; F) is an
isomorphism of categories for all small categoriesV .

First I de�ne candidates L 2 ObjC and � : � L ) F . Then I show that they
are universal. For eachj 2 ObjJ let A j denote the small categoryF j as in the
proof for the pseudo colimit. Let 1 denote the small category with one object�
and no nontrivial morphisms. Then the candidate for the pseudo limit is L :=
P seudoCone(1; F ), also called the category of pseudo cones toF on a point. The
pseudo natural transformation candidate � : � L ) F is de�ned for all objects
� : � 1 ) F of L as � i (� ) := � i (� ) for all i 2 ObjJ . For morphisms � : �  � 0 of
L de�ne � i (�) := � i (� ) : � i (� ) ! � 0

i (� ) for all i 2 ObjJ . De�ne the coherence isos
� i;j

Mor J (i; j )
� L //

F
��

Mor C(L; L )

� j �

��
Mor C(A i ; A j ) � � i

//

� i;j

2:nnnnnnnnnnnn

nnnnnnnnnnnn
Mor C(L; A j )

belonging to � : � L ) F by � i;j (f )� := � �
i;j (f )� for all f 2 Mor J (i; j ) and all

� 2 ObjL where� �
i;j is the coherence natural isomorphism belonging to� : � 1 ) F .

Mor J (i; j )
� 1 //

F
��

Mor C(1; 1)

� j �

��
Mor C(A i ; A j ) � � i

//

� �
i;j

2:nnnnnnnnnnnn

nnnnnnnnnnnn
Mor C(1; A j )

Lemma 4.2. The map � : � L ) F is a pseudo natural transformation with
coherence 2-cells given by� .

Proof: First I show that for each j 2 ObjJ we have a morphism� j : L =
� L (j ) ! F j = A j in the 2-category C. I claim that � j is a morphism, i.e. a
functor. Let 1 � = � : �  � be the identity modi�cation of the pseudo cone
� : � 1 ) F . This means � j = i � j : � j ) � j is the identity natural transformation
for all j 2 ObjJ . Then � j (1� ) = � j (�) = � j (� ) = 1 � j ( � ) = 1 � j ( � ) and � j preserves
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identities. Now let � ; � denote arbitrary modi�cations in L such that � � � exists.
Then � j (� � �) = (� � �) j (� ) = � j � � j (� ) = � j (� ) � � j (� ) = � j (�) � � j (�). Thus
� j : L ! A j is a functor.

Next I show that � i;j as de�ned above is a natural transformation for all i; j 2
ObjJ . By inspecting the de�nition diagram for � i;j above we see that for all
f 2 Mor J (i; j ) we should have an element� i;j (f ) of MorMor C(L; A j ). To this
end, I claim that � i;j (f ) : F f � � i ) � j is a natural transformation. To see this, let
� : �  � 0 be a modi�cation, i.e. a morphism of the categoryL . Then by taking
 = i f in the de�nition of modi�cation and evaluating the modi�cat ion diagrams
(1) and (2) at � 2 Obj1 with � = �; � = � 0; A = i; B = j; � = � we obtain the
commutivity of the diagram in the category A j

F f (� i (� ))
� �

i;j ( f ) � //

F f (� i ( � ))

��

� j (� )

� j ( � )

��
F f (� 0

i (� ))
� � 0

i;j ( f ) �

//� 0
j (� )

where � � and � � 0
denote the coherence natural transformations belonging tothe

pseudo cones� and � 0 respectively. Using the de�nitions � i;j (f )� := � �
i;j (f )� ; � i (� ) :=

� i (� ), and � i (�) := � i (� ) we see that this diagram is

F f � � i (� )
� i;j ( f ) � //

F f � � i (�)

��

� j (� )

� j (�)

��
F f � � i (� 0)

� i;j ( f ) � 0

//� j (� 0)

which says precisely that � 7! � i;j (f )� is natural for �xed morphisms f : i ! j of
J . Thus � i;j (f ) : F f � � i ) � j is a natural transformation. On the other hand,
the assignmentMor J (i; j ) 3 f 7! � i;j (f ) is vacuously natural because the category
Mor J (i; j ) is discrete. Thus � i;j is a natural transformation for all i; j 2 ObjJ .

The natural isomorphisms � satisfy the unit axiom and composition axiom in-
volving � and  because the individual� � do.

Now I must show that the small category L and the pseudo natural transfor-
mation � : � L ) F are universal in the sense that the functor� : Mor C(V; L) !
P seudoCone(V; F) de�ned by �b = � � b for objects b is an isomorphism of cate-
gories for all objectsV of C. More precisely,� is de�ned for b 2 ObjMor C(V; L) and
j 2 ObjJ as � (b)( j ) = � j � b. The natural transformations for the pseudo cone�b
are � i;j (f ) � i b for all f : i ! j in J . For morphisms  : b ) b0 in MorMor C (V; L)
I de�ne � ( ) : � � b  � � b0 to be the modi�cation which takes j 2 ObjJ to
� ( )( j ) = i � j �  . Here i � j denotes as usual the identity 2-cell� j ) � j between
these morphisms ofC. In the following, V is a �xed object of the 2-category C of
small categories.

Lemma 4.3. The map � : Mor C(V; L) ! P seudoCone(V; F) is a functor.
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Proof: The proof is analogous to the proof for the� of the pseudo colimit.

Now I construct a functor  : P seudoCone(V; F) ! Mor C(V; L) that is inverse
to � . First I de�ne  for objects, then for morphism. Finally I verify that it is a
functor and inverse to � . The key observation in the construction is that we can
get a pseudo cone on a point by evaluating a pseudo cone on an object. This is the
essence of the identi�cation I make below.

Remark 4.4. Let ObjP be the subset of the set
f (ai ) i � (" f )f 2

Q
i 2 Obj J ObjA i �

Q
f 2 Mor J MorA T f j " f : F f (aSf ) ! aT f is iso

for all f 2 Mor J g consisting of all (ai ) i � (" f )f such that

� "1j � � F
j � (aj ) = 1 a j for all j 2 ObjJ

� "g � (F g(" f )) = "g� f �  F
f;g (aSf ) for all f; g 2 Mor J such that g � f exists.

Then ObjL and ObjP are in bijective correspondence via the mapObjL ! ObjP; � 7!
(� i (� )) i � (� �

Sf;T f (f )� )f .

Proof: The two conditions express exactly the required coherencesfor a pseudo
cone � : � 1 ) F . Any pseudo cone� : � 1 ) F is completely determined by the
data listed in the image sequence.

Remark 4.5. Let � = ( ai ) i � (" f )f and � 0 = ( a0
i ) i � ("0

f )f be elements ofObjP .
Let Mor P (�; � 0) denote the set of(� i ) i 2

Q
i 2 Obj J Mor A i (ai ; a0

i ) such that

F f (ai )
" f //

F f ( � i )

��

aj

� j

��
F f (a0

i ) " 0
f

//a0
j

commutes for all f : i ! j in J . Then Mor L (�; � 0) and Mor P (�; � 0) are in bijective
correspondence via the mapMor L (�; � 0) ! Mor P (�; � 0), � 7! (� i (� )) i . Moreover,
the composition � � � in Mor L (�; � 0) corresponds to the componentwise composition
in Mor P (�; � 0).

Proof: The diagram is the result of evaluating the coherence statedin diagrams
(1) and (2) in the de�nition of modi�cation at � . The claim about composition
follows immediately from the de�nition of vertical composi tion � of modi�cations.

Remark 4.6. Under the identi�cation above, P is a category and� j is the projec-
tion onto the j -th coordinate.

Proof: This follows directly from the de�nition of � and the identi�cation.

I will use the identi�cation without explanation. Now I de�n e a functor  (� 0) =
b : V ! L for any object � 0 of P seudoCone(V; F). This will substantiate the
comment that evaluating a pseudo cone on an object gives a pseudo cone on a
point.
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Lemma 4.7. Let � 0 : � V ) F be a pseudo natural transformation with coherence
natural transformations � 0. For any �xed x 2 ObjV we have (� 0)(x) := b(x) :=
(� 0

i (x)) i � (� 0
Sf;T f (f )x )f is an element ofObjP = ObjL .

Proof: Evaluating the coherences for� involving � and  at the object x gives
the coherences in the de�nition of P. Thus b(x) 2 ObjP and b(x) is a pseudo cone
� 1 ) F , in other words b(x) is a pseudo cone on a point.

Lemma 4.8. Let � 0 : � V ) F be a pseudo natural transformation with coher-
ence natural transformations � 0. Then for any �xed h 2 Mor V (x; y) we have a
modi�cation  (� 0)(h) := b(h) := ( � 0

i (h)) i : b(x)  b(y). This notation means
b(h) i (� ) := � 0

i (h).

Proof: For notational convenience let � := b(x) : � 1 ) F and � 0 := b(y) :
� 1 ) F . Let � = b(h). Then � 0

i;j (f )x = � �
i;j (f )� and � 0

i;j (f )y = � � 0

i;j (f )� and
� i (� ) = � 0

i (h) for all f : i ! j in J by the identi�cation. The naturality of � 0
i;j (f )

says � 0
i;j (f )y � F f (� 0

i (h)) = � 0
j (h) � � 0

i;j (f )x for all f : i ! j in J . Rewriting this

identity using �; � 0, and � gives � � 0

i;j (f )� � F f (� i (� )) = � j (� ) � � �
i;j (f )� . This last

identity says that the composition of natural transformati ons (2-cells)

1
� i //

� i

��

F i
F f //

F i f

��

F j

1
� 0

i

//F i
F f

//

� � 0

i;j ( f )

��

F j

1
� 1 ( f )

//1
� 0

j

//F j

is the same as the composition

1
� i //F i

F f //

� �
i;j ( f )

��

F j

1
� 1 ( f ) //

� 1 ( i f )

��

1
� j //

� j

��

F j

1
� 1 ( f )

//1
� 0

j

//F j

of natural transformations for all f : i ! j in J . The only 2-cells in the category
J are of the form i f . Therefore we have veri�ed diagrams (1) and (2) for � to be
a modi�cation. Thus  (� 0)(h) = b(h) = � : �  � 0 is a modi�cation.

Lemma 4.9. For any pseudo natural transformation � 0 : � V ) F the map (� 0) =
b : V ! L is a functor.

Proof: For eachx 2 ObjV and all j 2 ObjJ we haveb(1x ) j (� ) = � 0
j (1x ) = 1 � 0

j x

since� 0
j : V ! A j is a functor. Henceb(1x ) j = i b(x ) j . Henceb(1x ) : b(x)  b(x) is

the identity modi�cation. If h and ` are morphims in V such that ` � h exists, then
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b(` � h) j (� ) = � 0
j (` � h) = � 0

j (`) � � 0
j (h) = b(`) j (� ) � b(h) j (� ) = ( b(`) j � b(h) j )( � ) =

(b(`) � b(h)) j (� ). Hence b(` � h) = b(`) � b(h) and b preserves compositions.

Lemma 4.10. Let � : �  � be a morphism of the categoryP seudoCone(V; F).
Then  (�) :  (� ) )  (� ) de�ned by V 3 x 7! (� i (x)) i 2 Mor L ( (� )x;  (� )x) is a
natural transformation. As in Remark 4.5 above, this de�nit ion means (�)( x) i (� ) :=
� i (x).

Proof: Since � : �  � is a modi�cation, for each object i of J there is a
2-cell of C (a natural transformation) � i : � i ) � i and these satisfy the coherence
listed in the de�nition of modi�cation. Evaluating this coh erence in diagrams (1)
and (2) at x 2 V we see that (� i (x)) i :  (� )x   (� )x is a modi�cation. Hence
(� i (x)) i 2 Mor L ( (� )x;  (� )x).

I claim that  (�) is natural, i.e. that the diagram

 (� )x
(� i (x )) i //

 ( � )g=( � i (g)) i

��

 (� )x

( � i (g)) i =  ( � )g

��
 (� )y

(� i (y )) i

// (� )y

in L commutes. We only need to verify that the diagram commutes componentwise,
since the vertical composition of modi�cations corresponds to the componentwise
composition of these sequences under the identi�cation. But the diagram obviously
commutes componentwise because �i : � i ) � i is a natural transformation.

Theorem 4.11. The map  : P seudoCone(V; F) ! Mor C(V; L) as de�ned in the
previous lemmas is a functor.

Proof: Suppose � : �  � is the identity modi�cation for a pseudo cone
� : � V ) F . Then � j = i � j : � j ) � j for all j 2 ObjJ , so that � j (x) = ( i � j )x =
1� j (x ) . Then x 7! (1� j (x ) ) j is the identity morphism  (� ) !  (� ) in Mor C(V; L).

If � ; � are modi�cations in P seudoCone(V; F) such that � � � exists, then for
all x 2 V we have (� � �)( x) = ((� � �) i (x)) i

= ((� i � � i )(x)) i

= (� i (x) � � i (x)) i

= (� i (x)) i � (� i (x)) i

=  (�)( x) �  (�)( x)
= (  (�) �  (�))( x)

Hence (� � �) =  (�) �  (�) and  preserves compositions.

Now that I have constructed the functor  , I prove that it is inverse to � .

Lemma 4.12. The functor  is a left inverse for � , i.e.  � � = 1 Mor C (V;L ) .

Proof: First I verify the identity on objects. Let b : V ! L be an object of
Mor C(V; L). Recall that � (b) is the pseudo natural transformation � � b with the
coherence natural transformations� 0

i;j (f ) = � i;j (f ) � i b for all f : i ! j . For x 2 V
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we have � � (b)(x) =  (� � b)(x)
= ( � i � b(x)) i � (� 0

Sf;T f (f )x )f

= ( � i � b(x)) i � (( � Sf;T f (f ) � i b)x )f

= ( b(x) i (� )) i � (� Sf;T f (f )b(x ) )f

= ( b(x) i (� )) i � (� b(x )
Sf;T f (f )� )f by de�nition

= b(x) by the identi�cation.
For g : x ! y in V we have � � (b)(g) =  (� � b)(g)
= ( � i � b(g)) i

= ( b(g) i (� )) i

= b(g) by the identi�cation.
Thus  � � (b) and b agree as functors.

Next I verify the identity on morphisms. Let  : b ) b0 be a natural transfor-
mation. Then for x 2 V we have � � ( )x =  (i � �  )x

= (( i � j �  )x ) j

= ( � j ( x )) j

= (  xj (� )) j

=  x by the identi�cation.
Thus  � � ( ) and  agree as natural transformations and � � = 1 Mor C (V;L ) .

Another way to see this is to notice that � i is the projection onto the i -th
coordinate.

Lemma 4.13. The functor  is a right inverse for � , i.e. � �  = 1 P seudoCone (V;F ) .

Proof: First I verify the identity on objects. Let � 0 : � V ) F be a pseudo
cone. For j 2 ObjJ and x 2 V we have (� �  (� 0)) j (x) = ( � �  (� 0)) j (x)
= � j �  (� 0)(x)
= � j (( � 0

i (x)) i � (� 0
Sf;T f (f )x )f )

= � 0
j (x) because� j is basically projection onto the j -th coordinate under the iden-

ti�cation.
Next I verify the identity on morphisms. Let � : �  � be a modi�cation in

P seudoCone(V; F). For j 2 ObjJ and x 2 V we have (� �  (�)) j (x) = ( i � j �  (�)) x

= � j ( (�) x )
= � j ((� i (x)) i )
= � j (x). Thus � �  (�) = � and � �  = 1 P seudoCone (V;F ) .

Lemma 4.14. The small category L with the pseudo cone� : � L ) F are a
pseudo limit of the pseudo functorF : J ! C .

Proof: The functor � : Mor C(V; L) ! P seudoCone(V; F) is an isomorphism
of categories by the previous lemmas. SinceV was arbitrary we conclude that L
and � are universal.

Thus every pseudo functor F : J ! C from a small 1-category J to the 2-
category C of small categories has a pseudo limit. In other words, the 2-category C
of small categories admits pseudo limits. This completes the proof of Theorem 4.1.

Lemma 4.15. The 2-categoryC of small categories admits cotensor products.
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Proof: Let J and F be small categories. Thenf J; F g := C(J; F ) is a cotensor
product of J and F with unit � : J ! C (C(J; F ); F ) de�ned by evaluation.

Theorem 4.16. The 2-category C of small categories admit all weighted pseudo
limits.

Proof: This 2-category admits 2-products. It also admits cotensorproducts
and pseudo equalizers by Lemma 4.15 and Theorem 4.1. Theorem2.4 then implies
that it admits all weighted pseudo limits.

Remark 4.17. The 2-category of small groupoids admits pseudo limits.

Proof: The proof is exactly the same as the proof for small categories, since
L = P seudoCone(1; F ) is obviously a groupoid when the target of F is the 2-
category of small groupoids.

Theorem 4.18. The 2-category of small categories and the 2-category of small
groupoids admits bilimits.

Proof: They have pseudo limits, hence they also admit bilimits.

5. Theories and Algebras

The axioms for a group provide an example for the concept of atheory and an
example of a group is analgebra over the theory of groups. In this section we
describe what this means. Hu and Kriz point out in [24] that Lawvere's notion of
a theory [34] is equivalent to another notion of theory. We prove this equivalence.
It is well known that the category of algebras over a theoryT is equivalent to the
category of algebras for some monadC. We present a version of this. Next we
generalize the concept of theory in two ways. Firstly, we introduce theories on a set
of objects. This allows one to describe algebraic structures on more than one set,
such as modules or theories themselves. It also allows one todescribe the free theory
on a sequence of sets. Secondly, we introduce theories enriched in groupoids, which
will be useful in the next section. Pseudo algebras over a theory T are described in
the next section as algebras over a theoryT enriched in groupoids.

A theory can also be described as a �nitary monad onSet as put forth in [7].
Theories on more than one object are calledmany-sortedin the monad description.
Free �nitary monads in the enriched and many-sorted contexts can be found in [30]
and [33]. See [48] for monads in a general 2-category.

De�nition 5.1. A theory is a categoryT with objects 0; 1; 2; : : : such that n is the
product of 1 with itself n times in the category T and eachn is equipped with a
limiting cone.

This de�nition means for each n 2 ObjT we have chosen morphismspr i : n !
1 for i = 1 ; : : : ; n with the universal property: for any object m 2 ObjT and
morphisms wi : m ! 1 for i = 1 ; : : : ; n there exists a unique morphismQ n

j =1 wj : m ! n such that the diagram

n
pr i //1

m

Q n
j =1 w j

OO

w i

;;vvvvvvvvv
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commutes for all i = 1 ; : : : ; n. In particular 0 is the terminal object of the category
T . Note that we do not require the projection pr1 : 1 ! 1 to be the identity,
although it will automatically be an isomorphism. A useful notation is T(n) :=
Mor T (n; 1) for n 2 ObjT . Elements of T(n) are called words of arity n.

Another relevant morphism is the following. Let � i : f 1; : : : ; ni g ! f 1; : : : ; n1 +
n2 + � � � + nk g be the injective map which takes the domain to thei -th block and
suppose that wi : ni ! 1 for all i = 1 ; : : : k. Then there exists a unique map
denoted (w1; : : : ; wk ) such that

k
pr i //1

n1 + n2 + � � � + nk

(w1 ;:::;w k )

OO

w i � � 0
i

::uuuuuuuuuuuuuu

commutes for all i = 1 ; : : : ; k where �0 : n1 + n2 + � � � + nk ! ni is the unique
morphism such that

ni
pr j //1

n1 + n2 + � � � + nk

� 0
i

OO

pr � i j

::uuuuuuuuuuuuuu

commutes. One should keep in mind thatn1 + n2 + � � � + nk is the product of
n1; : : : ; nk . Note that ( w1; : : : ; wk ) is not the same thing as the tuple w1; : : : ; wk .
The arrow (w1; : : : ; wk ) is not the product of w1; : : : ; wk .

Lemma 5.1. Let T be a theory. Then Mor T (m; n) can be identi�ed with the
set product

Q n
j =1 Mor T (m; 1) via the map which takesw to the tuple with entries

pr1 � w; : : : ; prn � w. We identify w with that tuple. In particular a theory is
determined up to isomorphism by the setsT(0); T (1); T (2); : : : .

Proof: This follows directly from the de�nition of product in a cate gory.

Example 7. Let X be a set. Then theendomorphism theory End(X) has objects
0; 1; 2; : : : and hom setsMor End (X ) (m; n) = Map(X m ; X n ). Composition is the
usual function composition. Here one readily sees thatf�g is the terminal object
and that End(X )(0) = Mor End (X ) (0; 1) can be identi�ed with X .

Let w 2 End(X )(k) and wi 2 End(X )(ni ) for i = 1 ; : : : ; k. Then the composite
function  (w; w1; : : : ; wk ) := w� (w1; : : : ; wk ) is an element ofEnd(X )(n1+ � � �+ nk ).
This composition is associative. Let 1 := 1X 2 End(X )(1). Then apparently
w � (1; : : : ; 1) = w and 1� w = w, i.e. the composition is also unital.

Let f 1; : : : ; kg
f //f 1; : : : ; `g

g //f 1; : : : ; mg be maps of sets. For
w 2 End(X )(k) we de�ne a new word wf 2 End(X )(`) by wf (x1; : : : ; x` ) :=
w(x f 1; : : : ; x fk ) called the substituted word. Thus we have maps

End(X )(k)
() f //End(X )( `)

() g //End(X )(m). If e : ; ! f 1; : : : ; kg is the empty
function and x 2 X = End(X )(0), then xe : X k ! X is the constant function
(x1; : : : ; xk ) 7! x. There are no other functions ; ! f 1; : : : ; kg. One easily sees
that ( wf )g = wg� f and wid = w for the identity map id : f 1; : : : ; kg ! f 1; : : : ; kg,
i.e. thesesubstitution mapsare functorial.
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These substitution maps relate to the composition in two ways. Let f : f 1; : : : ; kg !
f 1; : : : ; `g, w 2 End(X )(k), and wi 2 End(X )(ni ) for i = 1 ; : : : ; `. Then wf �
(w1; : : : ; w` ) = ( w � (wf 1; : : : ; wfk )) �f where �f : f 1; 2; : : : ; nf 1 + nf 2 + � � � + nfk g !
f 1; 2; : : : ; n1 + n2 + � � � + n` g is the function obtained by parsing the sequence
1; 2; : : : ; n1 + n2 + � � � + n` into consecutive blocksB1; : : : ; B ` of lengths n1; : : : ; n`

respectively and then writing them in order B f 1; : : : ; B fk . For example, let n1 =
1; n2 = 2 ; n3 = 3 ; n4 = 1 ; w 2 T(3), and wi 2 T(ni ) for i = 1 ; : : : ; 4 and let
f : f 1; 2; 3g ! f 1; 2; 3; 4g be given by

�
1 2 3
3 2 4

�
:

Then �f : f 1; 2; : : : ; 6g ! f 1; 2; : : : ; 7g is given by
�

1 2 3 4 5 6
B f 1 B f 2 B f 3

�
=

�
1 2 3 4 5 6
4 5 6 2 3 7

�
:

We see that

wf � (w1; w2; w3; w4)(x1; : : : ; x7) = wf (w1(x1); w2(x2; x3); w3(x4; x5; x6); w4(x7))

= w(w3(x4; x5; x6); w2(x2; x3); w4(x7))

= w � (wf 1; wf 2; wf 3)(x4; x5; x6; x2; x3; x7)

= w � (wf 1; wf 2; wf 3)(x �f 1; x �f 2; : : : ; x �f 6):

In other words we have wf � (w1; w2; w3) = ( w � (wf 1; wf 2; wf 3)) �f . Note that �f
depends not only onf , but also on the arity of the words we are composing. The
equality wf � (w1; : : : ; w` ) = ( w � (wf 1; : : : ; wfk )) �f is the �rst relationship between
composition and the substitution maps ()f .

The second way the composition and the substitution maps relate occurs in the
following situation. If w 2 End(X )(k), wi 2 End(X )(ni ), and gi : f 1; : : : ; ni g !
f 1; : : : ; n0

i g are functions for i = 1 ; : : : ; k, then w � ((w1)g1 ; : : : ; (wk )gk ) = ( w �
(w1; : : : ; wk ))g1 + ��� + gk whereg1 + � � � + gk : f 1; 2; : : : ; n1 + � � � + nk g ! f 1; 2; : : : ; n0

1 +
� � � + n0

k g is the function obtained by placing g1; : : : ; gk next to each other from left
to right.

Example 8. Let X be a category. Then theendomorphism theory End(X) has
objects 0; 1; 2; : : : and it has hom setsMor End (X ) (m; n) = F unctors (X m ; X n ). One
can proceed as in the previous example and de�ne substitutedfunctors (substituted
words). Note that End(X ) can be made into a 2-category by taking the 2-cells to
be natural transformations, although we leave out the 2-cells for now. In most
applications we will only be concerned with the 1-categoryEnd(X ).

Example 9. Let X be an object of a category with �nite products. Then we can get
a theory End(X ) by taking the hom sets to be Mor End (X ) (m; n) = Mor (X m ; X n ).

We can abstract the essential properties ofEnd(X ) in the previous examples to
get the following lemma for arbitrary theories.

Lemma 5.2. Let T be a theory. Then for all k; n1; : : : ; nk 2 f 0; 1; : : : g there is a
map  : T (k) � T (n1) � � � � � T (nk ) ! T (n1 + � � � + nk ) called composition and

for every function f : f 1; : : : ; kg ! f 1; : : : ; `g there is a map T(k)
() f //T (`) called

substitution. These maps have the following properties.
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(1) The  's are associative, i.e.
 (w;  (w1; w1

1; : : : ; w1
n 1

);  (w2; w2
1 ; : : : ; w2

n 2
); : : : ;  (wk ; wk

1 ; : : : ; wk
n k

)) is the
same as
 ( (w; w1; : : : ; wk ); w1

1 ; : : : ; w1
n 1

; w2
1 ; : : : ; w2

n 2
; : : : ; wk

1 ; : : : ; wk
n k

).
(2) The  's are unital, i.e. there exists an element1 2 T(1) called the unit

such that  (w; 1; : : : ; 1) = w =  (1; w) for all w 2 T(k). Moreover, such an
element is unique.

(3) The  's are equivariant in the sense that
 (wf ; w1; : : : ; w` ) =  (w; wf 1; : : : ; wfk ) �f for all f : f 1; : : : ; kg ! f 1; : : : ; `g
where �f : f 1; 2; : : : ; nf 1 + nf 2 + � � � + nfk g ! f 1; 2; : : : ; n1 + n2 + � � � + n` g
is the function that moves entire blocks according tof as mentioned in the
example above. Here�f depends also on the particular .

(4) The  's are equivariant in the sense that
 (w; (w1)g1 ; : : : ; (wk )gk ) =  (w; w1; : : : ; wk )g1 + ��� + gk for all functions gi :
f 1; : : : ; ni g ! f 1; : : : ; n0

i g where g1 + � � � + gk : f 1; 2; : : : ; n1 + � � � + nk g !
f 1; 2; : : : ; n0

1 + � � � + n0
k g is the function obtained by placingg1; : : : ; gk next

to each other from left to right.
(5) The substitution is functorial, i.e. for functions

f 1; : : : ; kg
f //f 1; : : : ; `g

g //f 1; : : : ; mg the composition

T(k)
() f //T (`)

() g //T (m) is the same as

T(k)
() g � f //T (m) and for all k the identity map id : f 1; : : : ; kg ! f 1; : : : ; kg

induces the identity map T(k)
() id //T (k) .

Proof: First I de�ne the substitution. Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a
function. Then there exists a unique morphismf 0 such that the diagram

k
pr i //1

`

f 0

OO

pr f i

@@��������

commutes for all i = 1 ; : : : ; k. For w 2 T(k) de�ne wf := w � f 0. Thus the map

T(k)
() f //T (`) is de�ned by precomposition with f 0.

Next I de�ne the composition  : T (k) � T (n1) � � � � � T (nk ) ! T (n1 + n2 +
� � � + nk ). Let w 2 T(k); wi 2 T(ni ) for i = 1 ; : : : ; k. De�ne  (w; w1; : : : ; wk ) :=
w � (w1; : : : ; wk ) where the composition� is the composition of the categoryT and
(w1; : : : ; wk ) is the unique morphism such that

k
pr i //1

n1 + n2 + � � � + nk

(w1 ;:::;w k )

OO

(w i ) � i

::uuuuuuuuuuuuuu

commutes as de�ned above.

(1) I claim that  is associative.
 (w;  (w1; w1

1; : : : ; w1
n 1

);  (w2; w2
1 ; : : : ; w2

n 2
); : : : ;  (wk ; wk

1 ; : : : ; wk
n k

)) =
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= w � (w1 � (w1
1 ; : : : ; w1

n 1
); : : : ; wk � (wk

1 ; : : : ; wk
n k

))
= w � ((w1; : : : ; wk ) � ((w1

1 ; : : : ; w1
n 1

); : : : ; (wk
1 ; : : : ; wk

n k
)))

= ( w � (w1; : : : ; wk )) � (w1
1 ; : : : ; w1

n 1
; : : : ; wk

1 ; : : : ; wk
n k

) by associativity of
composition in the category and by properties of products
=  ( (w; w1; : : : ; wk ); w1

1 ; : : : ; w1
n 1

; w2
1 ; : : : ; w2

n 2
; : : : ; wk

1 ; : : : ; wk
n k

).
(2) I claim that  is unital. Let 1 : 1 ! 1 be the projection morphism of the

object 1 in the category T , which is not necessarily the identity morphism
of the object 1. Then (1; : : : ; 1) : k ! k is the identity morphism of the
object k because 1� i = 1 � (pr � 1

1 � pr i ) = pr1 � (pr � 1
1 � pr i ) = pr i in the

diagram

k
pr i //1

k

(1 ;:::; 1)

OO

1� i

@@��������

for all i = 1 ; : : : ; k. Here � i : f 1g ! f 1; : : : ; kg is de�ned by � i (1) = i . Thus
 (w; 1; : : : ; 1) = w � (1; : : : ; 1) = w � 1k = w.

To show  (1; w) = w we consider the diagram

1
pr 1 //1

n

(w )

OO

w � 1

??••••••••

where �1 : f 1; : : : ; ng ! f 1; : : : ; ng is the identity. Then w� 1 = w and
(w) = pr � 1

1 � w. Thus  (1; w) = 1 � (w) = pr1 � (pr � 1
1 � w) = w.

The uniqueness follows from 1 = (1; 10) = 1 0.
(3) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function and wi 2 T(i ) for i = 1 ; : : : ; `.

Using the de�nitions of �f : f 1; : : : ; nf 1 + � � � + nfk g ! f 1; : : : ; n1 + � � � + n` g
and � i from above we see that the following two diagrams

k
pr i //1

nf 1 + � � � + nfk

(w f 1 ;:::;w fk )

OO

(w f i ) � i

88ppppppppppppppppp

n1 + � � � + n`

�f 0

OO

n1 + � � � + n`

(w f i ) � f i

OO

k
pr i //1

`

f 0

OO

pr f i

88qqqqqqqqqqqqqqqqqq

n1 + � � � + n`

(w1 ;:::;w ` )

OO

n1 + � � � + n`

(w f i ) � f i

OO
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commute for all i = 1 ; : : : ; k. Hence by the universal property of the product
k we havef 0 � (w1; : : : ; w` ) = ( wf 1; : : : ; wfk ) � �f 0. Using this we see that
 (wf ; w1; : : : ; w` ) = w � f 0 � (w1; : : : ; w` )
= w � (wf 1; : : : ; wfk ) � �f 0

=  (w; wf 1; : : : ; wfk ) �f .
(4) Let gi : f 1; : : : ; ni g ! f 1; : : : ; n0

i g be functions for i = 1 ; : : : ; k. Then
 (w; (w1)g1 ; : : : ; (wk )gk ) = w � (w1 � g0

1; : : : ; wk � g0
k )

= w � (w1; : : : ; wk ) � (g0
1; : : : ; g0

k )
= w � (w1; : : : ; wk ) � (g1 + � � � + gk )0

=  (w; w1; : : : ; wk )g1 + ��� + gk .

(5) Let f 1; : : : ; kg
f //f 1; : : : ; `g

g //f 1; : : : ; mg be functions. Then f 0 and
g0 make the two small subdiagrams in

k
pr i //1

`

f 0

OO

pr f i

>>~~~~~~~~

m

g0

OO

m

pr gf i

OO

commute for all i = 1 ; : : : ; k. Thus the outer diagram commutes andg �
f )0 = f 0� g0 by the universal property of the product. We conclude (wf )g =
w � f 0 � g0 = w � (g � f )0 = wg� f . The identity 1 k : k ! k makes

k
pr i //1

k

1k

OO

pr id ( i )

@@��������

commute for all i = 1 ; : : : ; k where id : f 1; : : : ; kg ! f 1; : : : ; kg is the
identity function. Hence ( id)0 = 1 k and wid = w � (id)0 = w � 1k = w for all
w 2 T(k).

We have veri�ed all of the axioms.

There is another description of a theory which can be formulated by using the
category �.

De�nition 5.2. Let � be the category with objects ; = 0 ; 1; 2; : : : where k =
f 1; : : : ; kg. The morphisms k ! ` are just maps of sets. In particular 0 is the
initial object since the only map ; ! k is the empty function. There are no maps
k ! ; for k � 1. The object 1 is the terminal object. Let + : � � � ! � denote
the usual functor obtained by adding the sets and placing maps side by side.

Remark 5.1. Let T be a theory. Then by the previous lemmaT de�nes a functor
from � to Sets by k 7! T(k) and f 7! () f . Morover, this functor comes with maps
 : T (k) � T (n1) � � � � � T (nk ) ! T (n1 + � � � + nk ) which satisfy 1. through 5.
The compositions  , unit 1, and substitution are sometimes called theoperations
of theories. The relations in 1. through 5. are sometimes called therelations of
theories.
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Lemma 5.3. Let T be a functor from � to Sets equipped with maps : T (k) �
T (n1) � � � � � T (nk ) ! T (n1 + � � � + nk ) and an element1 2 T(1) which satisfy (1)
through (5) whereT(f ) =: () f for functions f : k ! `. Then T determines a theory
with Mor (n; 1) = T(n) for all n � 0.

Proof: De�ne the underlying category of the theory to formally have objects
0; 1; 2 : : : and morphismsMor (m; n) :=

Q n
i =1 Mor (m; 1). In particular Mor (m; 0)

only has one element. We denote a tuple of wordsw1; : : : ; wn 2 Mor (m; 1) byQ n
i =1 wi . For k; ` � 0 let � `;k : f 1; : : : ; `kg ! f 1; : : : ; kg be the function such that

� `;k (i + jk ) = i for i = 1 ; : : : ; k, in other words � `;k wraps the domain around
the codomain ` times. Now de�ne the composition of

Q `
i =1 wi 2 Mor (k; ` ) withQ m

i =1 vi 2 Mor (`; m) to be
Q m

i =1 vi �
Q `

i =1 wi :=
Q m

i =1  (vi ; w1; : : : ; w` )� `;k . This composition is associative
because is associative and equivariant.

Let f i : f 1g ! f 1; : : : ; ng be the map f i (1) = i . De�ne pr i := 1 f i 2 T(n) where
1 2 T(1) is the distinguished element whose existence is guaranteed by the axioms.
This notation is slightly imprecise because I have di�erent sequencespr1; : : : ; prn

for di�erent n � 0. From the context it will always be clear which sequence of
morphisms is meant. I claim that

Q n
i =1 pr i 2 Mor (n; n) is the identity on the

object n. Let
Q m

i =1 wi 2 Mor (n; m). ThenQ m
i =1 wi �

Q n
i =1 pr i =

Q m
i =1  (wi ; pr1; : : : ; prn )� n;n

=
Q m

i =1  (wi ; 1f 1 ; : : : ; 1f n )� n;n

=
Q m

i =1 ( (wi ; 1; : : : ; 1)f 1 + ��� + f n )� n;n by equivariance
=

Q m
i =1  (wi ; 1; : : : ; 1)� n;n � ( f 1 + ��� + f n ) by functoriality of T

=
Q m

i =1 wi by unitality of  and �n;n � (f 1+ � � � + f n ) = 1 f 1;:::;n g and also functoriality
of T . Now for the other side let

Q n
i =1 wi 2 Mor (m; n). ThenQ n

i =1 pr i �
Q n

i =1 wi =
Q n

i =1  (pr i ; w1; : : : ; wn )� n;m by de�nition
=

Q n
i =1  (1f i ; w1; : : : ; wn )� n;m by de�nition

=
Q n

i =1 ( (1; wi ) �f i
)� n;m by equivariance

=
Q n

i =1 (wi )� n;m � �f i
by unitality of  and functoriality of T

=
Q n

i =1 wi since �n;m � �f i = 1 f 1;:::;m g. This can be seen by observing that �f i :
f 1; : : : ; mg ! f 1; : : : ; nmg has the form

�
1 2 : : : m

(i � 1)m + 1 ( i � 1)m + 2 : : : (i � 1)m + m

�

and by using the de�nition of �n;m . Thus
Q n

i =1 pr i 2 Mor (n; n) is the identity on
the object n.

Thus far we have shown that we have a category with objects 0; 1; 2; : : : and
morphisms Mor (m; n). I claim that n is the product of n copies of 1 in this
category with projections pr1; : : : ; prn : n ! 1 introduced above. First note forQ n

i =1 wi 2 Mor (m; n) we have
pr i �

Q n
i =1 wi =  (pr i ; w1; : : : ; wn )� n;m

=  (1f i ; w1; : : : ; wn )� n;m by de�nition
=  (1; wi )� n;m � �f i

by equivariance and functoriality
= wi by �n;m � �f i = 1 f 1;:::;m g and functoriality.
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Now suppose we are given morphismsw1; : : : ; wn 2 Mor (m; 1). Then

n
pr i //1

m

Q n
j =1 w j

OO

w i

>>~~~~~~~~

commutes for all i = 1 ; : : : ; n by the remark just made. If
Q n

i =1 vi 2 Mor (m; n) is
another morphism such that

n
pr i //1

m

Q n
j =1 v j

OO

w i

>>~~~~~~~~

commutes for all i = 1 ; : : : ; n, then by the remark vi = pr i �
Q n

j =1 vj = wi and hence
Q n

j =1 vj =
Q n

j =1 wj and the factorizing map is unique. Hencen is the product of
n copies of 1.

We conclude that the functor T with the maps  satisfying the axioms (1)
through (5) determines a theory with the indicated hom sets.

Theorem 5.4. A theory T is determined by either of the following equivalent col-
lections of data:

(1) A category T with objects 0; 1; 2; : : : such that n is the categorical product
of 1 with itself n times and eachn is equipped with a choice of projections

(2) A functor T : � ! Sets equipped with maps : T (k)� T (n1) �� � �� T (nk ) !
T (n1 + � � � + nk ) and a unit 1 2 T(1) which satisfy (1) through (5) of Lemma
5.2.

Proof: In each description Mor T (n; 1) is the same. By the universality of
products this determines the rest of the theory. The two processes of Lemmas 5.2
and 5.3 are inverse to one another by further inspection, provided one identi�es
Mor T (m; n) with

Q n
i =1 T(m).

De�nition 5.3. Let S and T be theories. In the categorical description ofS and T
a morphism of theories� : S ! T is a functor from the category S to the category
T such that �( nS ) = nT and �( pr i ) = pr i for all projections.

One easily sees that the theories form a category and we have asuitable forgetful
functor.

Theorem 5.5. The forgetful functor from the category of theories to
Q

n � 0 Sets
given byT 7! (T(0); T (1); : : : ) has a left adjoint called the free theory functor.

Proof: Later we will construct the free theory on a sequence of sets
(T(0); T (1); : : : ).

To make later proofs easier, we need the following lemma.

Lemma 5.6. Let � : S ! T be a morphism of theories.



40 THOMAS M. FIORE

(1) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function. As usual, f 0 : ` ! k denotes
the unique morphism in any theory such that

k
pr i //1

`

f 0

OO

pr f i

@@��������

commutes. Then�( f 0) = f 0.
(2) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function and w 2 Mor S (k; 1). Then

�( wf ) = �( w)f .
(3) Let w1; : : : ; wn 2 Mor S (m; 1). Then �(

Q n
j =1 wj ) =

Q n
j =1 �( wj ).

(4) Let wi 2 Mor S (ni ; 1) for i = 1 ; : : : ; k. Then
�( w1; : : : ; wk ) = (�( w1); : : : ; �( wk )) .

Proof:
(1) The diagram

k
pr i //1

`

�( f 0)

OO

pr f i

@@��������

commutes for all i = 1 ; : : : ; k by the properties of �. Then �( f 0) = f 0 by
the universal property of the product.

(2) This follows from (1) and the de�nition wf = w � f 0.
(3) The properties of � imply that the diagram

n
pr i //1

m

�(
Q n

j =1 w j )

OO

�( w i )

>>~~~~~~~~

commutes for all i = 1 ; : : : ; n. Then �(
Q n

j =1 wj ) =
Q n

j =1 �( wj ) by the
universal property of the product.

(4) By (2) we have �(( wi )� i ) = �( wi )� i . Hence, the properties of � imply that
the diagram

k
pr i //1

n1 + n2 + � � � + nk

�( w1 ;:::;w k )

OO

�( w i ) � i

77ooooooooooooo

commutes for all i = 1 ; : : : ; k. Then �( w1; : : : ; wk ) = (�( w1); : : : ; �( wk ))
by the universal property of the product.

Just as a theory has a categorical description and a functorial description, a
morphism of theories also has a second description. We work towards the second
description in the following two lemmas.

Lemma 5.7. Let � : S ! T be a morphism of theories, i.e. a functor such that
�( nS ) = nT and �( pr i ) = pr i for all projections. Then these data determine a
natural transformation S ) T also denoted by� such that
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S(k) � S(n1) � � � � � S(nk )
�( k ) � �( n 1 ) ����� �( n k ) //

 S

��

T (k) � T (n1) � � � � � T (nk )

 T

��
S(n1 + � � � + nk )

�( n 1 + ��� + n k )
//T (n1 + � � � + nk )

commutes and �(1)(1 S ) = 1 T , where S; T : � ) Sets are the functors in the
functorial description of the theories S and T.

Proof: Let �( m) : Mor S (m; 1) ! Mor T (m; 1) denote the map obtained from
the functor �, i.e. �( m)(w) := �( w) for w 2 S(m). Then for f : m ! n in � and
w 2 S(m), we have �( wf ) = �( w)f by the previous lemma. Hence

S(m)
�( m ) //

S(f )

��

T (m)

T ( f )

��
S(n)

�( n )
//T (n)

commutes andm 7! �( m) is natural.
Let w 2 S(k); wi for i = 1 ; : : : ; k. Then

�( n1 + � � � + nk )(  S (w; w1; : : : ; wk )) = �( w � (w1; : : : ; wk ))

= �( w) � (�( w1); : : : ; �( wk ))

=  T (�( w); �( w1); : : : ; �( wk ))

=  T (�( k)(w); �( n1)(w1); : : : ; �( nk )(wk )) :

Hence the natural transformation m 7! �( m) preserves the 's.
Let 1S 2 S(1) and 1T 2 T(1) be the units in the respective theories. Then

�(1)(1 S ) = 1 T because the functor � preserves identities of the categories.
Thus � : S ) T is a natural transformation which preserves the compositions

and the units.

Lemma 5.8. Let S; T : � ! Sets be theories. Let � : S ) T be a natural
transformation preserving the  's and their units as in the proof of the previous
lemma. Then these data determine a functorS ! T also denoted� , where S and
T are the categories in the categorical description of the theories S; T : � ! Sets.
Moreover, the functor � : S ! T satis�es �( nS ) = nT and �( pr i ) = pr i for all
projections.

Proof: De�ne �( nS ) = nT for all nS 2 ObjS and �(
Q `

j =1 wj ) :=
Q `

j =1 �( k)(wj )

for all
Q `

j =1 wj 2 Mor S (k; ` ). Then for
Q m

i =1 vi 2 Mor S (`; m) we have
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�(
mY

i =1

vi �
Ỳ

j =1

wj ) = �(
mY

i =1

 (vi ; w1; : : : ; w` )� `;k ) from Lemma 5.3

=
mY

i =1

 (�( `)(vi ); �( k)(w1); : : : ; �( k)(w` )) � `;k

=
mY

i =1

�( `)(vj ) �
Ỳ

j =1

�( k)(wj )

= �(
mY

i =1

vi ) � �(
Ỳ

j =1

wj ):

Hence � preserves compositions.
I claim that � preserves projections. Let f i : f 1g ! f 1; : : : ; ng be the map

f i (1) = i . Then (1S )f i = pr i and

�( pr i ) = �( n)((1S )f 1 )

= �( n)(1S )f i by naturality

= (1 T )f i since � preserves the unit

= pr i :

Hence � preserves projections.
I claim that � preserves identities. Recall that

Q n
j =1 pr j : n ! n is the identity

on the object n of the category S. Then

�(
nY

j =1

pr j ) =
nY

j =1

�( pr j ) by de�nition

=
nY

j =1

pr j because � preserves projections.

Thus � preserves identites and is a functor S ! T .

Combining these two lemmas gives us the two descriptions of amorphism of
theories in the following theorem.

Theorem 5.9. Let S and T be theories. Then a morphismS ! T of theories is
given by either of the following equivalent collections of data:

(1) A functor � : S ! T such that �( nS ) = nT for all nS 2 ObjS and
�( pr i ) = pr i for all projections

(2) A natural transformation � : S ) T of the functors S; T : � ! Sets which
preserves the 's and the units.

Proof: The processes of the previous two lemmas are \inverse" to each other
by inspection.

Theorem 5.10. The category of theories with objects and morphisms as in (1)of
Theorems 5.4 and 5.9 is equivalent to the category with objects and morphisms as
in (2) of Theorems 5.4 and 5.9.



CATEGORICAL FOUNDATIONS OF CFT 43

The concept of analgebrais closely related to the concept of theories. Roughly
speaking, an algebra over a theory is a category together with a rule that assigns
an n-ary operation on X to every word of the theory of arity n in such way that
compositions, substitutions, and identity 1 are preserved.

De�nition 5.4. Let X be a category andT a theory. Then X is a T-algebraif it is
equipped with a morphism of theoriesT ! End(X ), where End(X ) is the theory
in Example 8. We also sayX is an algebra over the theoryT .

Notice that if X is a set viewed as a discrete category, this is the usual de�nition
of an algebra over a theory. For example, a group is an algebraover the theory of
groups as follows.

Example 10. Let T be the theory of groups,i.e. there are morphismse 2 T(0); � 2
T(1), and � 2 T(2) which satisfy the usual group axioms. The theory T is the
largest theory containing suche; �; � . A set X is a group if there is a morphism of
theories T ! End(X ). This means we have realizations ofe; �; and � on X .

De�nition 5.5. Let X and Y be T-algebras. Then a functor H : X ! Y is a
morphism of T-algebrasif

T (n) //

��

End(X )(n)

H �
��

End(Y )(n)
� H ����� H

//F unctors (X � � � � � X; Y )

commutes for all n.

Example 11. Let T be the theory of groups and letX and Y be groups. Then
a set map H : X ! Y is a morphism of T-algebras if and only if it is a group
homomorphism.

Let T be any theory. It is well known that T-algebras are algebras for a monad
C, which depends onT. See for example [39] or [43]. I now present a version of
this in preparation for the 2-monad whose strict algebras are pseudoT-algebras.
Let Cat0 denote the 1-category of small categories. LetT be a theory. De�ne a
functor C : Cat0 ! Cat0 as follows. For a small categoryX , set

ObjCX :=
(
S

n � 0(T (n) � ObjX n ))

�
where we mod out by the smallest equivalence relation satisfying (wf ; x1; : : : ; xn ) �
(w; x f 1; : : : ; x fm ) for all m 2 N0, w 2 T(m), and maps f : m = f 1; : : : ; mg !
f 1; : : : ; ng = n. To de�ne the morphisms of CX we note that

S
n � 0(T (n) � X n )

is a category if we interpret T(n) as a discrete category for eachn. Consider the
directed graph with objects ObjCX and arrows from [a] to [b] given by the union

[
Mor [ n � 0 (T (n ) � X n ) (a

0; b0)

over all a0 � a and b0 � b. Next take the free category on this directed graph and
mod out by the relations of

S
n � 0(T (n) � X n ) and the relations

(i w f ; g1; : : : ; gn ) = ( i w ; gf 1; : : : ; gfm ):

This quotient category is CX . One de�nesC on functors X ! Y analogously. Then
C : Cat0 ! Cat0 is a functor because each step in the construction is functorial.
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Next de�ne a natural transformation � : 1Cat 0 ) C by � X (x) := [1 ; x] for
x 2 ObjX and � X (g) := [ i 1; g] for a morphism g in X . Also de�ne a natural
transformation � : C2 ) C by

� X ([w; [v1; x1
1; : : : ; x1

j 1
]; [v2; x2

1; : : : ; x2
j 2

]; : : : ; [vk ; xk
1 ; : : : ; xk

j k
]]) :=

[ (w; v1; v2; : : : ; vk ); x1
1; : : : ; xk

j k
]

for w 2 T(k); vi 2 T(j i ), and (x i
1; : : : ; x i

j i
) 2 X j i for i = 1 ; : : : ; k. On morphisms

we de�ne it to be

� X ([i w ; [i v1 ; g1
1 ; : : : ; g1

j 1
]; [i v2 ; g2

1 ; : : : ; g2
j 2

]; : : : ; [i vk ; gk
1 ; : : : ; gk

j k
]]) :=

[i  (w;v 1 ;v 2 ;:::;v k ) ; g1
1 ; : : : ; gk

j k
]:

These assignments make� X : C2X ! CX into a well de�ned functor because of
the equivariances of . These natural transformations commute appropriately to
make C into a monad on the categoryCat0.

Theorem 5.11. The category of C-algebras is equivalent to the category ofT-
algebras.

Proof: Let CC and CT denote the categories ofC-algebras and T-algebras
respectively. We construct a functor � : CT ! C C . Let (X; �) be a T-algebra.
Then � n : T (n) ! F unctors (X n ; X ) is a sequence of maps that is natural in
n, preserves identity 1 2 T(1), and preserves compositions . This sequence of
maps completely describes the algebraic structure. Leth0 denote the element of
F unctors (

S
n � 0(T (n) � X n ); X ) that corresponds to the sequence under the bijec-

tion

(6) F unctors (
[

n � 0

(T (n) � X n ); X ) $
Y

n � 0

F unctors (T(n); X X n
):

Then
h0(wf ; x1; : : : ; xn ) = h0(w; x f 1; : : : ; x fm )
h0(i w f ; g1; : : : ; gn ) = h0(i w ; gf 1; : : : ; gfm )

because

T(m)
� m //

() f

��

F unctors (X m ; X )

() f

��
T (n)

� n

//F unctors (X n ; X )

commutes. Henceh0 :
S

n � 0(T (n) � X n ) ! X induces a functor h : CX ! X ,
namely

[w; x1; : : : ; xm ] 7! � m (w)(x1 ; : : : xm )
[i w ; g1; : : : ; gm ] 7! � m (i w )(y1; : : : ; ym ) � � m (w)(g1; : : : ; gm )

= � m (w)(g1; : : : ; gm )
for gi : x i ! yi . Then h : CX ! X makesX into a C-algebra because the diagrams

C2X

� X

��

Ch //CX

h
��

X
� X //

1X !!CC
CC

CC
CC

CX

h
��

CX
h

//X X
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commute.
De�ne � ((X; �)) := ( X; h ). For a morphism f : (X; �) ! (Y;	) of T -algebras,

let � (f ) : X ! Y be the same functor asf on the underlying categories. Then

CX
hX //

C� ( f )

��

X

� ( f )

��
CY

hY

//Y

commutes. Then� : CT ! C C is obviously a functor.
An \inverse" to � can easily be constructed using the bijection (6). For example,

let (X; h ) be a C-algebra. Then h : CX ! X corresponds uniquely to a functor
h0 :

S
n � 0(T (n) � X n ) ! X which satis�es

h0(wf ; x1; : : : ; xn ) = h0(w; x f 1; : : : ; x fm )

h0(i w f ; g1; : : : ; gn ) = h0(w; gf 1; : : : ; gfm )

and h0 corresponds uniquely to some sequence �n natural in n which preserves 1
and  .

The equivalence of Theorem 5.10 yields the desired result.

The concept of theory can be generalized to handle algebraicstructures on more
than one set, such as modules.

De�nition 5.6. A theory on a set of objectsJ , also called amany-sorted theory,
is a categoryT whose objects are �nite sequences (j m 1

1 ; : : : ; j m p
p ) with j 1; : : : ; j p 2

J; p � 1, and m1; : : : ; mp 2 N0 such that (j m 1
1 ; : : : ; j m p

p ) is a product of copies of
j 2 J where eachj appears

P
r :j r = j mr times. Each sequence is equipped with a

limiting cone. Objects are equal to their reduced form, e.g.(j m 1 ; j m 2 ) = ( j m 1 + m 2 ).
We also abbreviate (j 1) = j .

Example 12. An ordinary theory is a theory on one object, i.e. on the set f 1g.
We previously usedn to denote 1n in the new notation.

Example 13. Let X 1 and X 2 be categories. Then theendomorphism theory
End(X j : j 2 J ) on X 1 and X 2 is an example of a theory on the setJ = f 1; 2g.
The morphisms are

Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); (kn 1
1 ; : : : ; kn q

q )) :=

F unctors (X m 1
j 1

� � � � � X m p

j p
; X n 1

k1
� � � � � X n q

kq
)

for j r ; ks 2 f 1; 2g and mr ; ns 2 N0. One easily sees that 10 and 20 as well as (10; 20)
and (20; 10) are terminal objects and that (j m 1

1 ; : : : ; j m p
p ) is a product of

P
r :j r =1 mr

copies of 1 and
P

r :j r =2 mr copies of 2 equipped with the usual projections. Note
also that there is bijective correspondence.

Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); (kn 1
1 ; : : : ; kn q

q )) $
Y

r :k r =1

Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); 1)� n r �
Y

s:ks =2

Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); 2)� n s

In other words, the theory is determined by the sets

Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); 1) =: End(X j : j 2 J )1(j m 1
1 ; : : : ; j m p

p )
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Mor End (X j :j 2 J ) (( j m 1
1 ; : : : ; j m p

p ); 2) =: End(X j : j 2 J )2(j m 1
1 ; : : : ; j m p

p )

where j 1; : : : ; j p 2 f 1; 2g and m1; : : : ; mp 2 N0 such that j r 6= j r +1 for all 1 � r �
p � 1.

Note also that for n1; : : : ; nq 2 N 0 and k1; : : : ; kq 2 J and maps

f :
X

r :j r =1

mr !
X

r :k r =1

nr

g :
X

s:j s =2

ms !
X

s:ks =2

ns

in � we have substitution maps

End(X j : j 2 J )1(j m 1
1 ; : : : ; j m p

p )
() f;g //End(X j : j 2 J )1(kn 1

1 ; : : : ; kn q
q )

End(X j : j 2 J )2(j m 1
1 ; : : : ; j m p

p )
() f;g //End(X j : j 2 J )2(kn 1

1 ; : : : ; kn q
q ) :

For example, let w 2 End(X j : j 2 J )1(12; 22; 11; 22) and

f :=
�

1 2 3
1 1 1

�
; g :=

�
1 2 3 4
1 2 2 1

�
;

where (kn 1
1 ; kn 2

2 ) = (1 1; 22) so that

f : 3 ! 1; g : 4 ! 2:

Then wf;g 2 End(X j : j 2 J )1(11; 22) is de�ned by

wf;g (x1
1; x2

1; x2
2) := w(x1

f 1; x1
f 2; x2

g1; x2
g2; x1

f 3; x2
g3; x2

g4)

= w(x1
1; x1

1; x2
1; x2

2; x1
1; x2

2; x2
1):

The notation () f;g suppresses the dependence of ()f;g on (j m 1
1 ; : : : ; j m p

p ) and (kn 1
1 ; : : : ; kn q

q ).
There also two compositions  1 and  2. For example

 1 : End(X j : j 2 J )1(12; 22) � End(X j : j 2 J )1(�n1) � End(X j : j 2 J )1(�n2)�

� End(X j : j 2 J )2(�n3) � End(X j : j 2 J )2(�n4) ! End(X j : j 2 J )1(�n1 � �n2 � �n3 � �n4)

and

 2 : End(X j : j 2 J )2(23; 11) � End(X j : j 2 J )2(�n1) � End(X j : j 2 J )2(�n2)�

� End(X j : j 2 J )2(�n3) � End(X j : j 2 J )1(�n4) ! End(X j : j 2 J )2(�n1 � �n2 � �n3 � �n4)

where �n1 � �n2 � �n3 � �n4 means to concatenate the objects �n1; : : : ; �n4 and to reduce,
e.g. (11; 22) � (23; 12) = (1 1; 25; 12).

There are also units 11 2 End(X j : j 2 J )1(1) and 12 2 End(X j : j 2 J )2(2).
The compositions are associative, unital, and equivariant. The substitution is

also functorial. This example easily extends to arbitrary J .

De�nition 5.7. Let � J denote the category whose objects are �nite sequences
(j m 1

1 ; : : : ; j m p
p ) with j 1; : : : ; j p 2 J; p � 1, and m1; : : : ; mp 2 N0. Objects are equal

to their reduced form, e.g. (j m 1 ; j m 2 ) = ( j m 1 + m 2 ). We also abbreviate (j 1) = j .
The morphisms are

Mor � J (( j m 1
1 ; : : : ; j m p

p ); (kn 1
1 ; : : : ; kn q

q )) :=
Y

` 2 J

Mor � (
X

r :j r = `

mr ;
X

s:ks = `

ns)

where � denotes the category in De�nition 5.2.
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In this de�nition the hom sets are assumed to be disjoint.
Several of the results on theories carry over to these generalized theories on a

set of objects.

Theorem 5.12. A theory T on a set of objectsJ is equivalent to a collection of
functors f T j : � J ! Setsjj 2 J g equipped with compositions

 j : T j (j k1
1 ; : : : ; j kp

p ) � T j 1 (�n1
1) � � � � � T j 1 (�n1

k1
)�

� T j 2 (�n2
1) � � � � � T j 2 (�n2

k2
)�

� � �

� T j p (�np
1) � � � � � T j p (�np

kp
) ! T j (�n1

1 � � � �n1
k1

� �n2
1 � � � �n2

k2
� � � �np

1 � � � �np
kp

)

for each j 2 J and (j k1
1 ; : : : ; j kp

p ); �n1
1; : : : ; �np

kp
2 Obj � J and equipped with units

1j 2 T j (j ) for each j 2 J which satisfy analogues of (1) through (5) in Lemma 5.2.
Elements of T j (�n) are called words.

Proof: Set T j (�n) := Mor T (�n; j ) and proceed like in the case of a theory on
the set f 1g.

Example 14. The theory R of theories is a theory on the setN0. There are three
types of generating morphisms.

� For eachk � 1 and n1; : : : ; nk � 0 there is a morphism : (k; n1; : : : ; nk ) !
(n1 + � � � + nk ) called composition

� For each f : m ! n in � there is a morphism () f : (m) ! (n) called
substitution

� There is a morphism 1 : (10) ! (11) called the unit .
The substitution and unit are not to be confused with the substitution and units
with which every theory on a set of objects is equipped. Thesemorphisms must
satisfy the relations of theories in Lemma 5.2, namely associativity, equivariances,
unitality, and functoriality.

Next one can speak of morphisms of theories on the setJ as well as algebras for
theories on the setJ just as in the caseJ = f 1g.

De�nition 5.8. A morphism of theories on a setJ is a functor � : S ! T such
that �( j m 1

1 ; : : : ; j m p
p ) = ( j m 1

1 ; : : : ; j m p
p ) and �( pr) = pr for every projection.

Theorem 5.13. The analogue of Theorem 5.10 holds for theories on a set of objects
J .

De�nition 5.9. Let T be a theory on the setJ and f X j jj 2 J g a collection of
categories. Thenf X j gj form an algebra overT or a T -algebraif they are equipped
with a morphism � : T ! End(X j : j 2 J ) of theories onJ .

Example 15. Let R denote the theory of theories. Let T be a theory. Then
f T(j )jj 2 N0g form an R -algebra. In other words, a theory is an algebra for the
theory of theories. A morphism of theories is nothing more than a morphism of
algebras over the theory of theories.

One can use the theoryR of theories to construct a monadC on the categoryQ
n � 0 Sets whose algebras are the usual theories. In fact,CT is the sequence of

sets underlying the free theory on T. This free theory is essential to several of the
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proofs in this paper. Let T = ( T(n))n � 0 be an object of
Q

n � 0 Sets and J := N0.
Then the free theory on T is de�ned by

CT(n) :=

S
�m 2 Obj � J

R n ( �m) � T (j 1)� m 1 � � � � � T (j p)� m p

� J

where �m = ( j m 1
1 ; : : : ; j m p

p ).
One can generalize the notion of theory in yet another direction. Instead of

considering arbitrary sets J , one can consider theories which are also 2-categories
in which every 2-cell is iso. These will be used to describe pseudo algebras in a
compact way. See [43] for a more general concept of enriched Lawvere theory.

De�nition 5.10. A theory enriched in groupoidsis a 2-categoryT with iso 2-cells
and with objects 0; 1; 2; : : : such that n is the 2-product of 1 with itself n times in
the 2-categoryT and eachn is equipped with a limiting 2-cone.

This de�nition means for each n 2 ObjT we have chosen morphisms� n
i = pr i :

n ! 1 for i = 1 ; : : : ; n with the universal property that

Mor T (m; n) � n � //2 � Cone(m; F )

is an isomorphism for all m 2 ObjT , where F : f 1; : : : ; ng ! T is the 2-functor
which is constant 1. It is tempting to call such a theory a 2-theory, but we reserve
that name for something else. As before, we use the notationT (n) for the category
Mor T (n; 1). Using the universal property, we can construct

Q
and (: : : ) for the 2-

cells. For any objectm 2 ObjT , morphisms wi ; vi : m ! 1, and 2-cells� i : wi ) vi

for i = 1 ; : : : ; n there exists a unique 2-cell
Q n

j =1 � j :
Q n

j =1 wj )
Q n

j =1 vj such that

i pr i �
nY

j =1

� j = � i

for all i = 1 ; : : : n. For any k 2 N0, any morphisms wi ; vi : ni ! 1, and any 2-cells
� i : wi ) vi for i = 1 ; : : : ; k there is a unique 2-cell (� 1; : : : ; � k ) : (w1; : : : ; wk ) )
(v1; : : : ; vk ) such that

i pr i � (� 1; : : : ; � k ) = ( � i )� i

for all i = 1 ; : : : ; k.

Example 16. Let X be a category. Then the endomorphism theory End(X )
enriched in groupoids has objects 0; 1; 2; : : : , morphisms ObjMor End (X ) (m; n) =
F unctors (X m ; X n ) and 2-cells the natural isomorphisms.

Most of the work on theories carries over to the enriched context with minor
additions for the 2-cells. The statements of the relevant theorems are as follows.
The term map is simply replaced byfunctor.

Lemma 5.14. Let T be a theory enriched in groupoids. Then the categoryMor T (m; n)
is isomorphic to the product category

Q n
j =1 Mor T (m; 1).

Lemma 5.15. Let T be a theory enriched in groupoids. Then for allk; n1; : : : ; nk 2
f 0; 1; : : : g there is a functor  : T (k) �T (n1) � � � ��T (nk ) ! T (n1 + � � � + nk ) called
composition and for every function f : f 1; : : : ; kg ! f 1; : : : ; `g there is a functor

T (k)
() f //T (`) called substitution. These functors satisfy the enriched analogues

of (1) through (5) in Lemma 5.2.
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Proof: De�ne  (w; w1; : : : ; wk ) := w � (w1; : : : ; wk ) as before. Additionally,
de�ne  (�; � 1; : : : ; � k ) := � � (� 1; : : : ; � k ) for 2-cells. De�ne wf := w � f 0 as before
and � f := � � i f 0 where i f 0 : f 0 ) f 0 is the identity 2-cell of the morphism f 0 in T
and � : w ) v is a 2-cell. The rest of proof is similar to Lemma 5.2.

Lemma 5.16. Let T be a 2-functor from � to Cat equipped with functors
 : T (k) � T (n1) � � � � � T (nk ) ! T (n1 + � � � + nk ) and an object1 2 T (1) which
satisfy (1) through (5) of Lemma 5.2 whereT (f ) =: () f for functions f : k ! `.
Then T determines a theory withMor (n; 1) = T (n) for all n � 0.

Proof:

Theorem 5.17. A theory T enriched in groupoids is determined by either of the
following equivalent collections of data:

(1) A 2-category T with objects0; 1; 2; : : : such that n is the 2-categorical prod-
uct of 1 with itself n times and eachn is equipped with a limiting 2-cone

(2) A 2-functor T : � ! Cat equipped with functors : T (k) � T (n1) � � � � �
T (nk ) ! T (n1 + � � � + nk ) and a unit 1 2 T (1) which satisfy (1) through
(5) of Lemma 5.2.

Proof: In each description Mor T (n; 1) is the same. By the universality of
2-products this determines the rest of the theory.

De�nition 5.11. Let S and T be theories enriched over groupoids. In the 2-
categorical description ofS and T a morphism of theories enriched over groupoids
� : S ! T is a 2-functor from the 2-category S to the 2-category T such that
�( nS ) = nT and �( pr i ) = pr i for all projections.

The analogue for Lemma 5.6 incorporates the 2-cells below.

Lemma 5.18. Let � : S ! T be a morphism of theories enriched over groupoids.
(1) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function. As usual, f 0 : ` ! k denotes

the unique morphism in any theory such that

k
pr i //1

`

f 0

OO

pr f i

@@��������

commutes. Then�( f 0) = f 0.
(2) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function and w 2 Mor S (k; 1). Then

�( wf ) = �( w)f .
(3) Let wj ; vj 2 Mor S (m; 1) and � j : wj ) vj for j = 1 ; : : : ; n. Then

�(
Q n

j =1 wj ) =
Q n

j =1 �( wj ) and �(
Q n

j =1 � j ) =
Q n

j =1 �( � j ).
(4) Let wj ; vj 2 Mor S (nj ; 1) for j = 1 ; : : : ; k. Then

�( w1; : : : ; wk ) = (�( w1); : : : ; �( wk )) and �( � 1; : : : ; � k ) = (�( � 1); : : : ; �( � k )) .

Theorem 5.19. Let S and T be theories enriched over groupoids. Then a mor-
phism S ! T of theories enriched over groupoids is given by either of thefollowing
equivalent collections of data:

(1) A 2-functor � : S ! T such that �( nS ) = nT for all nS 2 ObjS and
�( pr i ) = pr i for all projections
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(2) A 2-natural transformation � : S ) T of the 2-functors S; T : � ! Cat
which preserves the 's and the units.

Theorem 5.20. The 2-category of theories enriched over groupoids with objects and
morphisms as in (1) of Theorems 5.17 and 5.19 is 2-equivalentto the 2-category
with objects and morphisms as in (2) of Theorems 5.17 and 5.19.

We can now de�ne algebras over theories enriched in groupoids in analogy to
algebras over theories.

De�nition 5.12. Let X be a category andT a theory enriched over groupoids.
Then X is a T -algebra if it is equipped with a morphism of theories T ! End(X )
enriched over groupoids. We also sayX is an algebra over the theoryT .

Our main example, pseudoT-algebras, will be given in the next section as strict
T -algebras, whereT is obtained from the free theory onT.

6. Pseudo T-Algebras

In this section we introduce the 2-category of pseudoT-algebras for a theory
T . A pseudo algebrain this paper is the same thing as alax algebrain [24], [25],
and [26]. We construct from T a theory T enriched over groupoids and show that
a pseudo algebra overT is the same thing as an algebra overT . Theorem 6.6
says that the 2-category of pseudoT-algebras is 2-equivalent to the 2-category of
strict C-algebras with pseudo morphisms for the 2-monadC de�ned below. This 2-
category obtained from a 2-monadC admits pseudo limits by a result of Blackwell,
Kelly, and Power. Hence the 2-category of pseudoT-algebras admits pseudo limits.
In the next section we give a concrete construction of the pseudo limit. For more
on pseudo algebras over 2-monads see [23], [32], and [33].

De�nition 6.1. Let T be a theory. Let X be a category. X is a pseudo T-
algebraor a pseudo algebra overT if for every n 2 N there is a map � n : T (n) !
F unctors (X n ; X ) (sometimes called thestructure map) which is equipped with the
following coherence isomorphisms and coherence diagrams between them. I write
simply � for all � n . The coherence isomorphisms are indexed by the operations of
theories and are as follows:

(1) For every k 2 N, w 2 T(k), and all words w1; : : : ; wk there is a natural iso-
morphism cw;w 1 ;:::;w k : �(  (w; w1; : : : ; wk )) )  (�( w); �( w1); : : : ; �( wk )).
This means that composition is preserved by � up to natural isomorphism.

(2) There is a natural isomorphism I : �(1) ) 1X where 1 is the identity word
and 1X is the identity functor X ! X . This means that the action of the
identity word is trivial up to a natural isomorphism.

(3) For every word w 2 T(m) and function f : f 1; : : : ; mg ! f 1; : : : ; ng there
is a natural isomorphism sw;f : �( wf ) ) �( w)f where the substituted
functor �( w)f : X n ! X is de�ned in Example 8. In other words the
equivariance is preserved by up to natural isomorphism.

The coherence diagrams are as follows. The commutivity of these diagrams means
that they commute when evaluated on every tuple of objects ofX of appropriate
length. Coherence diagrams are indexed by the relations of theories.
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(1) The action of T on X via � is associative up to the natural isomorphisms
above. For example, foru; v; w 2 T(1)

�(  (w;  (v; u))) = �(  ( (w; v); u))
c ( w;v ) ;u +3

cw; ( v;u )

��

 (�(  (w; v)) ; �( u))

 (cw;v ;i �( u ) )

��
 (�( w); �(  (v; u)))

 ( i �( w ) ;cv;u )
+3 (�( w);  (�( v); �( u))) =  ( (�( w); �( v)) ; �( u)))

must commute wherei F means the identity natural transformation F ! F
for a functor F .

(2) The natural isomorphism for the identity word commutes with the natural
isomorphism for the composition, i.e. for every n 2 N and every word
w 2 T(n)

�(  (w; 1; : : : ; 1))

cw; 1;:::; 1

��

�( w)

 (�( w); �(1) ; : : : ; �(1))
 ( i �( w ) ;I;:::;I )

+3 (�( w); 1X ; : : : ; 1X )

must commute where 1X is the identity functor on X .
(3) The natural isomorphism for the identity word commutes with the natural

isomorphism for the composition also in the sense that for every word
w 2 T(n) the diagram

�(  (1; w))

c1;w

��

�( w)

 (�(1) ; �( w))
 ( I;i �( w ) )

+3 (1X ; �( w))

must commute.
(4) Let f : f 1; : : : ; kg ! f 1; : : : ; `g be a function and let

�f : f 1; 2; : : : ; nf 1 + nf 2 + � � � + nfk g ! f 1; 2; : : : ; n1 + n2 + � � � + n` g be
the function that moves entire blocks according tof . Then equivariance is
preserved in the sense that the diagram

�(  (w; wf 1; : : : ; wfk ) �f )
s ( w;w f 1 ;:::;w fk ) ; �f +3�(  (w; wf 1; : : : ; wfk )) �f

(cw;w f 1 ;:::;w fk ) �f

��
�(  (wf ; w1; : : : ; w` ))

cw f ;w 1 ;:::;w `

��

 (�( w); �( wf 1); �( wfk )) �f

 (�( wf ); �( w1); : : : ; �( w` ))
 (sw;f ;i �( w 1 ) ;:::;i �( w ` ) )

+3 (�( w)f ; �( w1); : : : ; �( w` ))

must commute.
(5) Let gi : f 1; : : : ; ni g ! f 1; : : : ; n0

i g be functions and let
g1 + � � � + gk : f 1; 2; : : : ; n1 + � � � + nk g ! f 1; 2; : : : ; n0

1 + � � � + n0
k g be the

function obtained by placing g1; : : : ; gk next to each other from left to right.
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Then equivariance is preserved in the sense that the diagram

�(  (w; w1; : : : ; wk )g1 + ��� + gk )
s ( w;w 1 ;:::;w k ) ;g 1 + ��� + g k +3�(  (w; w1; : : : ; wk ))g1 + ��� + gk

(cw;w 1 ;:::;w k )g 1 + ��� + g k

��
�(  (w; (w1)g1 ; : : : ; (wk )gk ))

cw; ( w 1 ) g 1 ;:::; ( w k ) g k

��

 (�( w); �( w1); : : : ; �( wk ))g1 + ��� + gk

 (�( w); �(( w1)g1 ); : : : ; �(( wk )gk ))
 ( i �( w ) ;sw 1 ;g 1 ;:::;s w k ;g k )

+3 (�( w); �( w1)g1 ; : : : ; �( wk )gk )

must commute.
(6) The substitution is associative up to the natural isomorphisms above,i.e.

for every word w 2 T(`) and functions f : f 1; : : : ; `g ! f 1; : : : ; mg and g :
f 1; : : : ; mg ! f 1; : : : ; ng we mimic the equality wg� f = ( wf )g by requiring
the following diagram to commute.

�(( wf )g) = �( wg� f )
sw;g � f +3

s( w f ) ;g

��

�( w)g� f

�( wf )g
(sw;f )g

+3(�( w)f )g

Here (sw;f )g is the natural transformation which is de�ned for objects
A1; : : : ; An of X by (sw;f )g(A1; : : : ; An ) = sw;f (Ag1; : : : ; Agm ).

(7) For all w 2 T(k) and id : f 1; : : : ; kg ! f 1; : : : ; kg the natural transforma-
tion sw;id is the identity.

Remark 6.1. One can compactly describe the concept of a pseudo algebra asfollows.
A category X is a pseudoT-algebra if it is equipped with a pseudo morphism of
theories � : T ! End(X ). The assignment � is pseudo in the sense that the
requirements of Lemma 5.7 are only satis�ed up to coherence isos, namely the
assignment preserves up to c, preserves the identity up I , and is natural up to s
as in the diagrams below and these coherence isos satisfy coherence diagrams.

(1)

T(k) � T (n1) � � � � � T (nk ) //
�( k ) � �( n 1 ) ����� �( n k )

 T

��

End(X )(k) � End(X )(n1) � � � � � End(X )(nk )

 End ( X )

��
T (n1 + � � � + nk )

�( n 1 + ��� + n k )
//

c

/7hhhhhhhhhhhhhhhhhhhhhhhhhhh

hhhhhhhhhhhhhhhhhhhhhhhhhhh
End(X )(n1 + � � � + nk )

(2)

X

�(1)(1 T )

��

X

1X

��
X

I

7?xxxxxxxxxxxx

xxxxxxxxxxxx
X
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(3)

T(m)
�( m ) //

T ( f )

��

End(X )(m)

End (X )( f )

��
T (n)

�( n )
//

s� ;f

4<qqqqqqqqqqqqqqq

qqqqqqqqqqqqqqq
End(X )(n)

Remark 6.2. It is possible to describe the general form of these coherence diagrams.
In general, a relation � � � = � 0� � 0 in the theory of theories and a tuple �w of words
gives rise to a coherence diagram

�( � 0 � � 0( �w))
" � 0( � 0( �w)) +3� 0(�( � 0( �w)))

� 0( " � 0( �w))

��
�( � � � ( �w))

" � ( � ( �w ))

��

� 0 � � 0(�( �w))

� (�( � ( �w)))
� ( " � ( �w))

+3� � � (�( �w))

where " � ; " � 0; " � , and " � 0 are the coherence isos associated to the morphisms
�; � 0; �; � 0 respectively in the theory of theories and �( �w) denotes the tuple of words
obtained by applying � to each of the constituents of �w. Note that " � ; " � 0; " � , and
" � 0 are tuples of the 2-cellsc; I; s and identity 2-cells. In the de�nition of pseudo
algebra above, the morphisms�; � 0 are tuples of generating morphisms in all cases
except in (4). In (4) the � 0 is the result of applying a substitution morphism in the
theory of theories to  . This substitution morphism can be written in terms of f
appropriately. In this case we have" � 0( �w) = cw;w f 1 ;:::;w fk .

De�nition 6.2. Let X and Y be pseudoT-algebras andH : X ! Y a functor
between the underlying categories. Denote the structure maps ofX and Y by � and
	 respectively. For all n 2 N and all w 2 T(n) let � w : H � �( w) ) 	( w)� (H; : : : ; H )
be a natural isomorphism. Then H is a pseudo morphism of pseudoT-algebras
with coherence 2-cells� w (or just morphism of pseudoT-algebrasfor short) if the
following coherence diagrams of natural isomorphisms are satis�ed.

(1) For all k 2 N, w 2 T(k), and all words w1; : : : ; wk of T

H � �( w � (w1; : : : ; wk ))
i H � cw;w 1 ;:::;w k +3

� w � ( w 1 ;:::;w k )

��

H � �( w) � (�( w1); : : : ; �( wk ))

� w � i (�( w 1 ) ;:::; �( w k ))

��
	( w) � (H; : : : ; H ) � (�( w1); : : : ; �( wk ))

i 	( w ) � ( � w 1 ;:::;� w k )

��
	( w � ((w1; : : : ; wk )) � (H; : : : ; H )

cw;w 1 ;:::;w k � i ( H;:::;H )

+3	( w) � (	( w1); : : : ; 	( wk )) � (H; : : : ; H )

must commute.



54 THOMAS M. FIORE

(2) The diagram

H � �(1)
i H � I +3

� 1

��

H � 1X

	(1) � H
I � i H

+31Y � H

must commute.
(3) For every word w 2 T(m) and every function f : f 1; : : : ; mg ! f 1; : : : ; ng

H � �( wf )
i H � sw;f +3

� w f

��

H � �( w)f

( � w ) f

��
	( wf ) � (H; : : : ; H )

sw;f � i ( H;:::;H )

+3	( w)f � (H; : : : ; H )

must commute.

Example 17. Let T be the theory of commutative monoids and let F initeSets
be the category of �nite sets. De�ne A

`
B := A � f 1g [ B � f 2g for �nite

sets A and B . De�ne coproduct similarly for morphisms of �nite sets. The n`
: F initeSets � F initeSets ! F initeSets is a functor which makesF initeSets

into a pseudo T-algebra, i.e. a pseudo commutative monoid. More generally, any
symmetric monoidal category is a pseudoT-algebra.

Example 18. Let T be the theory of commutative semi-rings. Then the category
of �nite dimensional complex vector spaces is a pseudoT-algebra whose structure
is given by direct sum and tensor product. We also say this category is apseudo
commutative semi-ring.

De�nition 6.3. Let X; Y ,and Z be pseudoT-algebras andG : X ! Y; H : Y ! Z
morphisms of pseudoT-algebras with coherence 2-cells� G

w and � H
w respectively.

Then the composition H � G is the composition of the underlying functors . It
has the coherence 2-cells� H � G

w := ( � H
w � i (G;:::;G ) ) � (i H � � G

w ) : H � G � �( w) )
	( w) � (H � G; : : : ; H � G) where �( w) and 	( w) denote the actions ofw on X and
Z respectively.

Lemma 6.1. The composition of morphisms of pseudoT-algebras is a morphism
of pseudoT-algebras.

Proof: Immediate.

De�nition 6.4. Let X and Y be pseudoT-algebras andG; H : X ! Y morphisms
of pseudoT-algebras. Denote the action of the theoryT on X and Y by � and 	
respectively. A natural transformation � : G ) H between the underlying functors
is a 2-cell in the 2-category of pseudoT-algebrasif for all n 2 N and all w 2 T(n)

G � �( w)
� � i �( w ) +3

� G
w

��

H � �( w)

� H
w

��
	( w) � (G; : : : ; G)

i 	( w ) � ( �;:::;� )
+3	( w) � (H; : : : ; H )
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commutes. The vertical and horizontal compositions of the 2-cells are just the
vertical and horizontal composition of the underlying natural transformations.

Lemma 6.2. The small pseudoT-algebras with morphisms and 2-cells de�ned
above form a 2-category.

Proof: The axioms can be veri�ed directly.

As mentioned in the last section, a pseudoT-algebra is the same thing as a
strict T -algebra. This was observed in [26]. One can see this as follows. Let T 0

denote the free theory on the sequence of sets underlyingT. Recall that T 0 was
described in terms of the setsT 0(n) for n � 0 and the compositions, substitutions,
and identities. From this description, the hom sets areMor T 0(m; n) =

Q n
j =1 T 0(m).

There is a map of theoriesT 0 ! T which gives the theory structure on T. Let the
underlying 1-category of the 2-categoryT be T 0. For v; w 2 T (n) = Mor T (n; 1) we
de�ne a unique iso 2-cell betweenv and w if v and w map to the same element of
T(n) under the map of theoriesT 0 ! T . Otherwise there is no 2-cell betweenv and
w. With these de�nitions, the only 2-cell between w and w is the identity and the
vertical composition of 2-cells is uniquely de�ned. ThusT (n) is a category. Next
de�ne Mor T (m; n) to be the product category

Q n
j =1 T (m) for all m; n 2 ObjT .

From this it follows that there is a unique iso 2-cell betweenv; w 2 Mor T (m; n)
if they map to the same element ofMor T (m; n) and otherwise there is no 2-cell.
This uniquely de�nes the horizontal composition of 2-cellsand T is a 2-category.
From the de�nitions it also follows easily that n is the 2-product of n copies of 1 in
T . HenceT is a theory enriched in groupoids. In [26]T is denoted (T h(T); G(T)).

We introduce the notation c; I; s for some of these 2-cells, which breaks the usual
convention of labeling 2-cells by lowercase greek letters.Let

cw;w 1 ;:::;w k : (() id n 1 + ��� + n k
;  (w; w1; : : : ; wk )) +3(; w; w 1; : : : ; wk )

denote the unique 2-cell forw 2 T(k); wi 2 T(ni ); i = 1 ; : : : ; k. The  on the right
is a generator of the theory of theories while the on the left is the composition in
the theory T . The map idn 1 + ��� + n k is the identity of the object n1 + � � � + nk in the
category �. Let

I : (() id 1 ; 1) +3(1; � )

where (()id 1 ; 1) 2 R 1(1) � T (1) and (1; � ) 2 R 1(10) � T (1)0. Let

sw;f : (() id n ; wf ) +3(() f ; w)

denote the unique 2-cell forw 2 T(m) and f : m ! n in �. We call these 2-cells
as well as identity 2-cells theelementary 2-cells. By the following inductive proof,
every other 2-cell in T can be obtained from these ones and their inverses.

Lemma 6.3. Let � be a word in the theory of theories, i.e.� 2 R n ( �m) for some
n 2 N0, �m = ( j m 1

1 ; : : : ; j m p
p ), and m := m1 + � � � + mp. Then the 2-cell

(() id n ; � (v1; : : : ; vm )) +3(�; v 1; : : : ; vm )

in T can be expressed as a vertical composition

� s � � s� 1 � � � � � � 1

where each� r is the result of applying a morphism inR to a tuple of elementary
2-cells.
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Proof: Let � = � i �� � �� � 1 where� 1; : : : ; � i are tuples of generating morphisms
in the theory R of theories such that i is minimal. We induct on i . If i = 1, then
� is a generating morphism forR and the 2-cell

(() id n ; � (v1; : : : ; vm )) +3(�; v 1; : : : ; vm )

must be one ofc; I; or s. Now let i � 1 and suppose the Lemma holds for all words
that can be expressed withi terms or less. Suppose� 2 R n ( �m) has an expression
with i + 1 terms but not does not have an expression with fewer terms. Then
� = � � (� 1; : : : ; � k ) where � is a generating morphism for the theory of theories
and � 1; : : : ; � k are some words in the theory of theories, each withi 1; : : : ; i k � i .
Then the 2-cells

"1 : (() id ; � 1(v1; : : : )) +3(� 1; v1; : : : )

"2 : (() id ; � 2(: : : )) +3(� 2; : : : )

...

" k : (() id ; � k (: : : ; vm )) +3(� k ; : : : ; vm )

can be obtained from elementary 2-cells in the prescribed manner by the induction
hypothesis. Hereid is generically used to denote any identity morphism in �. Then

(() id n ; � (v1; : : : ; vm )) (() id n ; � � (� 1; : : : ; � k )(v1; : : : ; vm ))

e

��
(�; � 1(w1; : : : ); � 2(: : : ); : : : ; � k (: : : ; vm ))

� ( " 1 ;:::;" k )

��

(�; (� 1; : : : ; � k )(v1; : : : ; vm ))

(�; (� 1; w1; : : : ); (� 2; : : : ); : : : ; (� k ; : : : ; vm )) (� � (� 1; : : : ; � k ); v1; : : : ; vm )

(�; v 1; : : : ; vm )

is also a composition of the prescribed type, wheree is an elementary 2-cell.

Lemma 6.4. Let � and � be words in the theory of theories. Suppose that there is
a 2-cell

(�; v 1; : : : ; vm 1 ) +3(�; w 1; : : : ; wm 2 )

in T . Then this 2-cell is a vertical composition of 2-cells obtained from elementary
2-cells and their inverses by applying morphisms in the theory of theories.

Proof: From the previous Lemma we have 2-cells

(�; v 1; : : : ; vm 1 )KS (�; w 1; : : : ; wm 2 )KS

(() id ; � (v1; : : : ; vm 1 ) (() id ; � (w1; : : : ; wm 2 ))

of the prescribed type. One obtains the desired result by inverting the 2-cell on the
left.
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Theorem 6.5. There is a bijection between the set of small pseudoT-algebras and
the set of smallT -algebras.

Proof: Let (X; �) be a small pseudo T-algebra. De�ne a morphism 	 : T !
End(X ) of theories enriched over groupoids by the following sequence of functors
	 n : T (n) ! End(X )(n). For notational convenience, the subscript n is usually
left o� below. For ( �; w 1; : : : ; w` ) 2 T (n) de�ne

	( �; w 1; : : : ; w` ) := � (�( w1); : : : ; �( w` )) :

For elementary 2-cells, de�ne

	( cw;w 1 ;:::;w k ) := cw;w 1 ;:::;w k

	( I ) := I

	( sw;f ) := sw;f

where the symbols on the right denote the coherence natural isomorphisms from
the pseudoT-algebra structure.

If � is a word in the theory of theories and"1; : : : ; " k are elementary 2-cells, then

	( � ("1; : : : ; " k )) := � (	( "1); : : : ; 	( " k )) :

This is well de�ned, because if� ("1; : : : ; " k ) = � ("1; : : : ; " k ) with "1; : : : ; " k elemen-
tary, then � = � .

Consider the 2-cell

(() id n ; � (v1; : : : ; vm )) +3(�; v 1; : : : ; vm )

for some � 2 R n ( �m). By the above lemma, the word � can be expressed in the
form � s � � � � � � 1 where each� r is obtained from a tuple of elementary 2-cells by
applying a morphism in R . De�ne

	( � s � � � � � � 1) := 	( � s) � � � � � 	( � 1)

where each 	( � r ) is de�ned as in the previous paragraph. To see that this is well
de�ned, suppose� s � � � � � � 1 = � 0

s0 � � � � � � 0
1 where each� 0

r 0 is obtained from a
tuple of elementary 2-cells by applying a morphism inR . Such a sequence gives
rise to an expression� = � 0

s0 � � � � � � 0
1 where � 0

1; : : : ; � 0
s0 are tuples of generating

morphisms. Let � = � s � � � � � � 1 be the expression that gave rise to� s � � � � � � 1.
It su�ces to consider the case

� = � 4 � � 3 � � 2 � � 1 = � 4 � � 0
3 � � 0

2 � � 1

with � 3 � � 2 = � 0
3 � � 0

2 because� 0
s0 � � � � � � 0

1 can be obtained from� s � � � � � � 1 by
a �nite number of applications of the relations in the theory of theories. Then we
have the following diagram, whose vertical columns are 	(� 4 � � 3 � � 2 � � 1) and
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	( � 4 � � 0
3 � � 0

2 � � 1) respectively.

�( � 4 � � 3 � � 2 � � 1( �w))

" 4 ( � 3 � � 2 � � 1 ( �w ))

��

�( � 4 � � 0
3 � � 0

2 � � 1( �w))

" 4 ( � 0
3 � � 0

2 � � 1 ( �w))

��
� 4�( � 3 � � 2 � � 1( �w))

� 4 ( " 3 ( � 2 � � 1 ( �w )))

��

� 4�( � 0
3 � � 0

2 � � 1( �w))

� 4 ( " 0
3 ( � 0

2 � � 1 ( �w)))

��
� 4 � � 3�( � 2 � � 1( �w))

� 4 � � 3 ( " 2 ( � 1 ( �w )))

��

� 4 � � 0
3�( � 0

2 � � 1( �w))

� 4 � � 0
3 ( " 0

2 ( � 1 ( �w)))

��
� 4 � � 3 � � 2�( � 1( �w))

� 4 � � 3 � � 2 ( " 1 ( �w ))

��

� 4 � � 0
3 � � 0

2�( � 1( �w))

� 4 � � 0
3 � � 0

2 ( " 1 ( �w))

��
� 4 � � 3 � � 2 � � 1�( �w) � 4 � � 0

3 � � 0
2 � � 1�( �w)

Here " i denotes the tuple of elementary 2-cells needed to bring� i past �. The
inner square commutes because of the coherence diagrams. The top and bottom
squares commute because� 3 � � 2 = � 0

3 � � 0
2. Hence

	( � 4 � � 3 � � 2 � � 1) = 	( � 4 � � 0
3 � � 0

2 � � 1)

and 	 is well de�ned on any 2-cell of the form

(() id n ; � (v1; : : : ; vm )) +3(�; v 1; : : : ; vm ) :

Next one must de�ne 	 on 2-cells of the form

(�; v 1; : : : ; vm 1 ) +3(�; w 1; : : : ; wm 2 ) :

According to Lemma 6.3 we have 2-cells

(�; v 1; : : : ; vm 1 )KS
�

(�; w 1; : : : ; wm 2 )KS
�

(() id ; � (v1; : : : ; vm 1 ) (() id ; � (w1; : : : ; wm 2 ))

on which 	 is already de�ned. De�ne

	( � � � � 1) := 	( � ) � 	( � )� 1:

To see that this is well de�ned, suppose

� s � � � � � � 1 : (�; v 1; : : : ; vm 1 ) +3(�; w 1; : : : ; wm 2 )

is another expression where each� r is obtained by applying a morphism ofR to a
tuple of elementary 2-cells or their inverses. Then

	( � ) =	( � s � � � � � � 1 � � )

	( � ) =	( � s � � � � � � 1) � 	( � )

	( � ) � 	( � � 1) =	( � s � � � � � � 1)

	( � � � � 1) =	( � s � � � � � � 1)

and 	 is well de�ned on 2-cells.
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By construction 	 n : T (n) ! End(X )(n) is a functor and it preserves; ()g; and
(1; � ) = 1. Hence X is a T -algebra with structure map given by 	. This procedure
� 7! 	 de�nes a map

PseudoT-Algebras ! T -Algebras:

Now I de�ne a map

T -Algebras ! PseudoT-Algebras:

Let (X; 	) be a T -algebra. Then de�ne natural isomorphisms

cw;w 1 ;:::;w k := 	( cw;w 1 ;:::;w k )

I := 	( I )

sw;f := 	( sw;f )
where the symbolsc; I; s on the right are 2-cells in T . Also de�ne

� n (w) := 	 n (() id n ; w)

for w 2 T(n). Then the coherence diagrams are satis�ed because 	n : T (n) !
End(X )(n) is a functor for every n and 	 preserves ; ()g; and 1.

One can easily check that the two procedures are inverse to one another and that
they de�ne a bijection.

Next we can de�ne a 2-monadC : Cat ! Cat like on page 43. De�ne a 2-functor
C by

CX :=
(
S

n � 0(T (n) � X n ))

�
for any small category X . One can similarly de�ne 2-natural transformations � :
1Cat ) C and � : C2 ) C.

Theorem 6.6. Let CC denote the 2-category of small strictC-algebras, pseudo
morphisms, and 2-cells. LetCT denote the 2-category of small pseudoT-algebras.
Then CC and CT are 2-equivalent.

Proof: The small C-algebras are precisely the smallT -algebras by a proof
similar to Theorem 5.11. But by the previous theorem, the small T -algebras are
precisely the pseudoT-algebras. To see that the morphisms of the 2-categoriesCC

and CT are the same, one must compare the coherence isos of the morphisms. They
are related by

� C
(�;w 1 ;:::;w k ) � (�x ) = � (� T

w1
; : : : ; � T

wk
)(�x):

In diagram (1) of De�nition 6.2 the right vertical compositi on can be replaced by
the appropriate component of � C by the composition coherence diagram for coher-
ence isos of pseudo morphisms ofC-algebras. Then (1) commutes by naturality
of � C . In (2) of De�nition 6.2, the right vertical equality can be r eplaced by the
appropriate component of � C by the unit coherence diagram for coherence isos of
pseudo morphisms ofC-algebras. Then (2) commutes by the naturality of � C . Di-
agram (3) commutes by the naturality of � C . The 2-cells of the 2-categoriesCC and
CT are also the same.

Power's Theorem 5.3 in [43] states that the 2-category of strict C-algebras,
pseudo morphisms and 2-cells is bi-equivalent to the 2-category of strict T -algebras,
pseudo morphisms, and 2-cells whereT is a theory enriched in categories andC is
the corresponding 2-monad in his construction. Power's theorem di�ers from the
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above Theorem 6.6 in several regards. Theorem 6.6 above usesstrict C-algebras
to describe pseudoT-algebras, whereT is a usual theory. Theorem 6.6 also has a
2-equivalence rather than a biequivalence.

Finally, the 2-equivalence of Theorem 5.20 yields the desired 2-equivalence.

A reformulation of Theorem 2.6 of [9] in our language is the following.

Theorem 6.7. Let C be a 2-monad. Then the 2-category of small strictC-algebras,
pseudo morphisms, and 2-cells of pseudo morphisms admits strictly weighted pseudo
limits of strict 2-functors.

We conclude the following completeness theorem from the result of Blackwell,
Kelly, and Power.

Theorem 6.8. Let T be a theory. Then the 2-category of pseudoT-algebras admits
strictly weighted pseudo limits of strict 2-functors.

Proof: A 2-equivalence of 2-categories preserves weighted pseudolimits be-
cause it admits a left 2-adjoint. Then the result follows from the previous two
theorems.

7. Weighted Pseudo Limits in the 2-Category of Pseudo T-Algebras

In this section we prove that for any �xed theory T the 2-category of pseudoT-
algebras introduced in the previous section has pseudo limits. The proof in section
4 of pseudo limits in the 2-category of small categories is modi�ed below to �t
the pseudo algebra case. LetC denote the 2-category of pseudoT-algebras in this
section. The existence of cotensor products inCallows us to conclude thatCadmits
all weighted pseudo limits from a theorem of Street. This result is more general
than Theorem 6.8 because it allows the functors to be lax. Theproof in this section
for pseudo limits is also constructive, whereas Theorem 6.8is not.

Theorem 7.1. The 2-categoryC of small pseudoT-algebras has pseudo limits.

Proof: Let J be a small 1-category andF : J ! C a pseudo functor. Let
1 denote the terminal object of the 2-category of small categories as before. Let
U denote the forgetful 2-functor from the 2-category C of pseudo T-algebras to
the 2-category of small categories. The candidate for the pseudo limit of F is
L := P seudoCone(1; U � F ) as before. Note that these are pseudo cones into the
2-category of small categories, not into the 2-category of pseudoT-algebras. De�ne
� : � L ) F as before. I must show thatL has the structure of a pseudoT-algebra,
that � is a pseudo natural transformation to F , and that L and � are universal.
These proofs will draw on the analogous results for the pseudo limit of U � F .

Lemma 7.2. The small categoryL has the structure of a pseudoT-algebra.

Proof: We �rst make the identi�cation of the categories P and L as in Remarks
4.4 and 4.5. Let � ` = ( a`

i ) i � (" `
f )f 2 ObjL and (� `

i ) i 2 MorL for 1 � ` � n and
w 2 T(n). Denote the action of the theory T on F i = A i by � i for all i 2 ObjJ .
De�ne ai := � i (w)(a1

i ; : : : ; an
i ) and " f := � T f (w)("1

f ; : : : ; "n
f ) � � F f

w (a1
Sf ; : : : ; an

Sf ) :
F f (aSf ) ! aT f as well as� i := � i (w)( � 1

i ; : : : ; � n
i ). Then the action � of T on L is

de�ned by �( w)( � 1; : : : ; � n ) := ( ai ) i � (" f )f and �( w)(( � 1
i ) i ; : : : ; (� n

i ) i ) := ( � i ) i . It
must be veri�ed that these outputs belong to L .
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I claim that ( ai ) i � (" f )f 2 ObjL . I prove this by verifying the coherences in
Remarks 4.4 and 4.5 for a �xed wordw 2 T(2). To avoid cumbersome notation, I
write + for the action of the word w in any pseudoT-algebra. The veri�cation for
a general word is the same. I abbreviate� H

w as � H for any morphism H of pseudo
T-algebras. The only word appearing in the following diagrams is w, so there is no
ambiguity. Let  f;g :=  F

f;g and � j := � F
j . First I show that for all j 2 ObjJ the

diagram.

(7) aj
� j � (a j )//

1a j ##GGG
GGG

GGG
G F 1j (aj )

" 1 j

��
aj

commutes whereaj = a1
j + a2

j and "1j = ( "1
1j

+ "2
1j

) � � F 1j (a1
j ; a2

j ) as de�ned above.
After writing this diagram out we get

a1
j + a2

j

� 1F j (a1
j ;a 2

j )=1 a 1
j + a 2

j
��

� j � (a1
j + a2

j )
//F 1j (a1

j + a2
j )

� F 1j (a1
j ;a 2

j )

��
a1

j + a2
j

1a 1
j + a 2

j

��

� j � (a1
j )+ � j � (a2

j )
//F 1j (a1

j ) + F 1j (a2
j )

" 1
1 j

+ " 2
1 j

��
a1

j + a2
j 1a 1

j + a 2
j

//a1
j + a2

j

where the top horizontal arrow is � j � (aj ) and the right vertical composition is
"1j by de�nition. The top square commutes because� j � : 1F j ) F 1j is a 2-cell
in the 2-category C. The bottom square commutes because + is a functor and
" `

1j
� � j � (a`

j ) = 1 a`
j

for ` = 1 ; 2. Hence (7) commmutes. Next I show that for all

i
f //j

g //k in J the diagram

(8) F g � F f (ai )
 f;g (a i )//

F g (" f )

��

F (g � f )(ai )

" g � f

��
F g(aj ) " g

//ak



62 THOMAS M. FIORE

commutes where" f = "1
f + "2

f etc. After writing out this diagram we get

F g � F f (a1
i + a2

i )
 f;g (a1

i + a2
i ) //

F g ( � F f (a1
i ;a 2

i ))

��

� F g � F f (a1
i ;a 2

i )

""EE
EE

EE
EE

EE
EE

EE
EE

EE
EE

EE
EE

EE
EE

EE
E F (g � f )(a1

i + a2
i )

� F ( g � f ) (a1
i ;a 2

i )

��
F g(F f (a1

i ) + F f (a2
i ))

� F g (F f (a1
i ) ;F f (a2

i ))

//

F g (" 1
j + " 2

j )

��

F g � F f (a1
i ) + F g � F f (a2

i )
 f;g (a1

i )+  f;g (a2
i )

//

F g (" 1
f )+ F g (" 2

f )

��

F (g � f )(a1
i ) + F (g � f )(a2

i )

" 1
g � f + " 2

g � f

��
F g(a1

j + a2
j )

� F g (a1
j ;a 2

j )
//F g(a1

j ) + F g(a2
j )

" 1
g + " 2

g

//a1
k + a2

k

where the outermost square is (8). The upper left triangle commutes by the de�ni-
tion of composition of pseudoT-algebras. The upper right quadrilateral commutes
because f;g : F g � F f ) F (g� f ) is a 2-cell in the 2-category of pseudoT-algebras.
The lower left square commutes because� F g : F g(+) ) F g + F g is a natural
transformation. The bottom right square commutes because +is a functor and
" `

g � (F g(" `
f ) = " `

g� f �  f;g (a`
i ) for ` = 1 ; 2. Thus all four inner diagrams com-

mute and (8) commutes. Thus both coherences in Remark 4.4 aresatis�ed and
� 1 + � 2 = ( ai ) i � (" f )f is an object of L .

I claim that ( � 1
i ) i + ( � 2

i ) = ( � i ) i is a morphism ofL where (� 1
i ) i : (a1

i ) i � ("1
f )f !

(b1
i ) i � (� 1

f )f and (� 2
i ) i : (a2

i ) i � ("2
f )f ! (b2

i ) i � (� 2
f )f are morphisms inL . In other

words I must show that

(9) F f (ai )
" f //

F f ( � i )

��

aj

� j

��
F f (bi ) � f

//bj
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commutes for all morphismsf : i ! j in J , where ai = a1
i + a2

i etc. If we write
out the diagram we get

F f (a1
i + a2

i )
� F f (a1

i ;a 2
i ) //

F f ( � 1
i + � 2

i )

��

F f (a1
i ) + F f (a2

i )
" 1

f + " 2
f //

F f ( � 1
i )+ F f ( � 2

i )

��

a1
j + a2

j

� 1
j + � 2

j

��
F f (b1

i + b2
i )

� F f (b1
i ;b2

i )
//F f (b1

i ) + F f (b2
i )

� 1
f + � 2

f

//b1
j + b2

j

where the outermost square is (9). The square on the left commutes because� F f :
F f (+) ) F f + F f is a natural transformation. The right square commutes because
the diagram

F f (a`
i )

" `
f //

F f ( � `
i )

��

aj

� `
j

��
F f (bi )

� `
f

//b̀j

commutes for ` = 1 ; 2 and because + is a functor. Hence (� 1
i ) i + ( � 2

i ) = ( � i ) i is a
morphism of L . Thus �( w) : L � L ! L .

The map �( w) preserves compositions and identities because the individual com-
ponents do. Thus �( w) : L � L ! L is a functor. The same argument works for
words in T(n) for all n 2 N. Thus � de�nes an action of the theory T on the small
category L .

We de�ne the coherence isos for � to be those maps which have the coherence
isos of � i in the i -th component. One can prove that they are morphisms of the
categoryL , i.e. satisfy the diagram in Remark 4.5, by using the coherence diagrams
of � with the respective coherence iso as well as the naturality of the individual
components. The coherence isos for � are natural because they are natural in each
component. The coherence isos for � satisfy the coherence diagrams because the
individual components do. Thus L is a pseudoT-algebra with the action of the
theory T given by �.

Lemma 7.3. The map � : � L ) F is a pseudo natural transformation with the
coherence 2-cells determined by� .

Proof: It is clear from the work on the small category case that� is a pseudo
natural transformation when we forget all the pseudoT-algebra structures. There-
fore it su�ces to show that � j : L ! F j is a morphism of pseudoT-algebras for
all j 2 ObjJ and that � i;j (f ) : F f � � i ) � j is a 2-cell in the 2-category of pseudo
T-algebras for all morphismsf : i ! j in J .

Let j 2 ObjJ . Then � j : L ! F j is a functor. We abbreviate the action of
w 2 T(2) by + as above. Then for � ` = ( a`

i ) i � (" `
f )f 2 ObjL for ` = 1 ; 2 we have

� j (� 1+ � 2) = � j ((a1
i + a2

i ) i � (( "1
f + "2

f ) � � F f
w (a1

Sf ; a2
Sf )) f ) = a1

j + a2
j = � j (� 1)+ � j (� 2).

The same calculation works for words inT(n) for all n 2 N. We conclude that � j
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commutes with the action of T . If we take � � j
w = i � j � i �( w ) then � j is a morphism

of pseudoT-algebras for all j 2 J .
Let f : i ! j be a morphism ofL . To show that � i;j (f ) is a 2-cell, we must show

that the diagram
(10)

F f � � i � �( w)
� i;j ( f ) � i �( w ) +3

�
F f � � i
w

��

� j � �( w)

�
� j
w

��
� j (w) � (F f � � i ; : : : ; F f � � i )

i � j ( w ) � ( � i;j ( f ) ;:::;� i;j ( f ))
+3� j (w) � (� j ; : : : ; � j )

commutes for all words w. Recalling that � i;j (f )� := � �
i;j (f ) and evaluating the

diagram on (� 1; � 2) where � ` = ( a`
i ) i � (" `

f )f 2 ObjL for ` = 1 ; 2 gives

F f (a1
i + a2

i )

� F f (a1
i ;a 2

i )

��

( " 1
f + " 2

f ) � � F f (a1
i ;a 2

i )
+3a1

j + a2
j

1a 1
j + a 2

j

��
F f (a1

i ) + F f (a2
i )

" 1
f + " 2

f

+3a1
j + a2

j

which obviously commutes. Hence� i;j (f ) is a 2-cell in the 2-category of pseudo
T-algebras for all f : i ! j and � is a pseudo natural transformation.

Now I must show that the pseudoT-algebraL and the pseudo natural transfor-
mation � : � L ) F are universal in the sense that the functor� : Mor C(V; L) !
P seudoCone(V; F) as de�ned in the small category case is an isomorphism of cat-
egories for all objectsV of C. In the following, V is a �xed object of the 2-category
C of pseudoT-algebras.

Lemma 7.4. The map � : Mor C(V; L) ! P seudoCone(V; F) is a functor.

Proof: The proof is analogous to the proof for the� of the pseudo colimit
of small categories in Lemma 3.3. The only di�erence is that here we have to
verify that � i;j (f ) � i b is a 2-cell of the 2-categoryC of pseudoT-algebras for any
morphism b : V ! L as in the comments just before Lemma 3.3. But that is
immediate becausei b is obviously a 2-cell and the horizontal composition of 2-cells
is again a 2-cell.

Now I construct a functor  : P seudoCone(V; F) ) Mor C(V; L) that is inverse
to � . First I de�ne  for objects, then for morphisms. Finally I verify that it is a
functor and inverse to � . The next two lemmas de�ne a morphism  (� 0) : V ! L
in C for any object � 0 of P seudoCone(V; F).

Lemma 7.5. Let � 0 : � V ) F be a pseudo natural transformation with coher-
ence 2-cells� 0. For any �xed x 2 ObjV we have (� 0)(x) := b(x) := ( � 0

i (x)) i �
(� 0

Sf;T f (f )x )f is an element ofObjL .

Proof: This follows from Lemma 4.7 by forgetting the pseudoT-algebra struc-
tures. Thus  (� 0)(x) 2 ObjL .
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Lemma 7.6. Let � 0 : � V ) F be a pseudo natural transformation with coherence
2-cells � 0. Then for any �xed h 2 Mor V (x; y) we have a modi�cation  (� 0)(h) :=
b(h) := ( � 0

i (h)) i : b(x)  b(y). This notation means b(h) i (� ) := � 0
i (h).

Proof: This is exactly the same as the proof of Lemma 4.8 because the pseudo
T-algebra structure on L makes no additional requirements on the morphisms of
the small categoryL .

Lemma 7.7. For any pseudo natural transformation � 0 : � V ) F the map (� 0) =
b : V ! L as de�ned above is a morphism of pseudoT-algebras.

Proof: By Lemma 4.9 the mapb : V ! L is a functor between the underlying
small categories. I de�ne a natural transformation � b

w for w 2 T(2) and abbreviate
the action by +. De�ne � b

w (x1; x2) := � b(x1; x2) := ( � � 0
i (x1; x2)) i : b(x1 + x2) !

b(x1) + b(x2) for all x1; x2 2 ObjV . I claim that � b(x1; x2) is a morphism of L .
Let � 0

i;j (f ) denote the 2-cell associated to� 0 : � V ) F for f : i ! j in J . Since
� 0

i;j (f ) : F f � � 0 ) � 0
j is a 2-cell, we know that

F f � � 0
i (x1 + x2)

� 0
i;j ( f ) x 1 + x 2 //

� F f � � 0
i (x 1 ;x 2 )

��

� 0
j (x1 + x2)

�
� 0

j (x 1 ;x 2 )
��

F f � � 0
i (x1) + F f � � 0

i (x2)
� i;j ( f ) x 1 + � i;j ( f ) x 2

//� 0
j (x1) + � 0

j (x2)

commutes. Rewriting the left vertical arrow and the bottom arrow gives

F f (� 0
i (x1 + x2))

� 0
i;j ( f ) x 1 + x 2 //

F f � � 0
i (x 1 ;x 2 )

��

� 0
j (x1 + x2)

� � 0
j (x 1 ;x 2 )

��
F f (� 0

i (x1) + � 0
i (x2))

( � i;j ( f ) x 1 + � i;j ( f ) x 2 ) � � F f ( � 0
i (x 1 ) ;� 0

i (x 2 ))
//� 0

j (x1) + � 0
j (x2)

which states precisely that � b(x1; x2) = ( � � 0
i (x1; x2)) i : b(x1 + x2) ! b(x1) + b(x2)

is a morphism in L by Remark 4.5. The map� b is natural because each component
is natural. Hence � b is a natural transformation. If we de�ne � b

w analogously for
arbitrary words w of the theory T , then the coherences of De�nition 6.1 are satis�ed
because they are satis�ed componentwise. Hence (� 0) = b : V ! L is a morphism
of pseudoT-algebras.

Lemma 7.8. Let � : �  � be a morphism of the categoryP seudoCone(V; F).
Then  (�) :  (� ) )  (� ) de�ned by V 3 x 7! (� i (x)) i 2 Mor L ( (� )x;  (� )x) is
a 2-cell in the 2-category of pseudoT-algebras. As in Lemma 4.10, this de�nition
means (�)( x) i (� ) := � i (x).
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Proof: The map  (�) is a natural transformation by Lemma 4.10. For all
i 2 ObjJ we have morphisms� i ; � i : V ! F i and 2-cells � i : � i ) � i . Hence

� i (x1 + x2)
� i (x 1 + x 2 ) //

� � i (x 1 ;x 2 )

��

� i (x1 + x2)

� � i (x 1 ;x 2 )
��

� i (x1) + � i (x2)
� i (x 1 )+� i (x 2 )

//� i (x1) + � i (x2)

commutes. Since these are the components for (� )(x);  (� )(x), and  (�)( x), we
see that

 (� )(x1 + x2)
 (�)( x 1 + x 2 ) //

�  ( � ) (x 1 ;x 2 )
��

 (� )(x1 + x2)

�  ( � ) (x 1 ;x 2 )
��

 (� )(x1) +  (� )(x2)
 (�)( x 1 )+  (�)( x 2 )

// (� )(x1) +  (� )(x2)

commutes. Similar diagrams hold for arbitrary words w in the theory T . Thus
 (�) is a 2-cell.

Theorem 7.9. The map  : P seudoCone(V; F) ! Mor C(V; L) as de�ned in the
previous lemmas is an inverse functor to� .

Proof: This follows from the calculations of Theorem 4.11 and Lemmas 4.12
and 4.13.

Lemma 7.10. The pseudoT-algebra L with the pseudo cone� : � L ) F is the
pseudo limit of the pseudo functorF : J ! C .

Proof: The functor � : Mor C(V; L) ! P seudoCone(V; F) is an isomorphism
of categories by the previous lemmas. SinceV was an arbitrary object of C we
conclude that L and � are universal.

Thus every pseudo functor F : J ! C from a small 1-category J to the 2-
category C of pseudoT-algebras has a pseudo limit. HenceC has pseudo limits.
This completes the proof of Theorem 7.1.

Theorem 7.11. The 2-category of pseudoT-algebras admits bilimits.

Proof: It admits pseudo limits and therefore admits bilimits.

Lemma 7.12. The 2-categoryC of pseudoT-algebras admits cotensor products.

Proof: Let J 2 ObjCat and let F be a pseudoT-algebra. Let U : C ! Cat
be the forgetful functor. De�ne P := ( UF)J , which is the 1-category of 1-functors
J ! UF . I claim that P has the structure of a pseudoT-algebra. Let � n : T (n) !
F unctors (F n ; F ) denote the structure maps for F . De�ne
� P

n : T (n) ! F unctors (Pn ; P) by

� P
n (w)(p1; : : : ; pn )( j ) := � n (w)(p1(j ); : : : ; pn (j ))
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for j 2 ObjJ and p1; : : : ; pn 2 ObjP . Coherence isos are de�ned analogously. For
example, de�ne
sP

w;f : � P (wf ) ) � P (w)f for f : m ! n on p1; : : : ; pn 2 ObjP as the 1-natural
transformation

sP
w;f (p1; : : : ; pn ) : � P

n (wf )(p1; : : : ; pn ) +3� P
n (w)f (p1; : : : ; pn )

which is sP
w;f (p1; : : : ; pn )( j ) := sw;f (p1(j ); : : : ; pn (j )) for j 2 ObjJ . Then all coher-

ence diagrams are satis�ed because they are satis�ed pointwise. Hence,P has the
structure of a pseudoT-algebra.

I claim that P is a cotensor product ofJ and F . We use Remark 2.1. De�ne a
functor � : J ! C (P; F ) by

� (j )(p) := p(j )

� (j )( � ) := � (j )

� (g)(p) := p(g)

for j an object of J , p a a functor from J to UF, � a natural transformation, and g
a morphism of J . Let � : J ! C (C; F ) be a functor. De�ne a morphism b : C ! P
of pseudoT-algebras by

b(c)( j ) := � (j )(c)

b(c)( f ) := � (f )(c)

b(m)( j ) := � (j )(m)

for c 2 ObjC, j 2 ObjJ , f 2 MorJ , and m 2 MorC . Then b is strict and it is the
unique morphism C ! P such that C(b; F) � � = � . A similar argument can be
made for 2-cells. ThusP is a cotensor product ofJ and F with unit � .

Theorem 7.13. The 2-categoryC of pseudoT-algebras admits all weighted pseudo
limits.

Proof: By Theorem 7.1 it admits pseudo limits, and hence it admits pseudo
equalizers. The 2-categoryC obviously admits products. By Lemma 7.12 it admits
cotensor products. Hence by Theorem 2.4 it admits all weighted pseudo limits.

8. Bi-universal Arrows and Bi-adjoints

After studying bilimits and bicolimits, we turn our attenti on to another type of
weakened structure calledbi-adjoints. The concept of an adjunction from 1-category
theory consists of two functors and a natural bijection between appropriate hom
sets. Mac Lane lists several equivalent ways of describing an adjunction in [39] on
pages 79-86. One of these ways involves a universal arrow foreach object of the
source category. To weaken these concepts, we replace the functors by pseudo func-
tors, the natural bijection of hom sets by a pseudo natural equivalence of categories,
and the universal arrow by a bi-universal arrow. The main goal in this section is
to prove that a bi-adjunction can be described via pseudo natural equivalences or
via bi-universal arrows. This is the meaning of Theorem 8.12and Theorem 8.13.

A close result in the literature can be found in Gray's work [18]. His concept of
transcendental quasi-adjunctionbetween two 2-functors on page 177 is similar to
the concept of bi-adjunction between two pseudo functors except that the functors
in a bi-adjoint are allowed to be pseudo. Gray remarks on pages 180-181 that a
transcendental quasi-adjunction gives rise to a certain universal mapping property.
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The analogous concept for bi-adjoints is a bi-universal arrow and the appropriate
theorem is Theorem 8.12. On page 184 Gray remarks that under certain hypothesis,
the universal mapping property gives rise to a quasi-adjunction. The biadjoint
version of this is Theorem 8.13 in which the starting functor G is allowed to be a
pseudo functor.

Kelly phrases a similar result in [29] on page 316 in terms of homomorphisms
of bicategories and birepresentations. His notion of bi-adjoint is the same as in
this paper, except that I am considering only pseudo functors between 2-categories
rather than homomorphisms between bicategories. Kelly's statement is equivalent
to 8.13 after an application of Yoneda's Lemma for bicategories. Yoneda's Lemma
for bicategories can be found in [50].

Street makes an observation on page 121 in [50] similar to Theorem 8.13: if each
object has a left bilifting then a left bi-adjoint exists. Th e unit for a left bi-lifting
is the bi-universal arrow of Theorem 8.13.

MacDonald and Stone also have weakened notion of adjunctionin [37] calledsoft
adjunction. In that article they consider strict 2-functors and natura l adjunctions
between hom sets. They prove theorems about the universality concepts that arise
in such a context.

I follow Mac Lane's presentation of adjoints except I account for the 2-cells. The
notation in this study is analogous to the notation in Mac Lane's book. Recall the
de�nition of a universal arrow and its uniqueness.

De�nition 8.1. Let S : D ! C be a functor between 1-categories andc 2 ObjC.
Then an object r 2 ObjD and a morphism u 2 Mor C (c; Sr) are a universal arrow
from c to S if for every d 2 ObjD and every f 2 Mor C (c; Sd) there exists a unique
morphism f 0 2 Mor D (r; d) such that Sf 0 � u = f . Pictorially this means for every
d and every f as above, there exists a uniquef 0 making

c u //Sr

Sf 0

��

r

f 0

��
c

f
//Sd d

commute. This is equivalent to saying the assignmentf 0 7! Sf 0 � u,
Mor D (r; d) ! Mor C (c; Sd) is a bijection of hom sets for every �xed d 2 ObjD .

Lemma 8.1. Let u : c ! Sr and u0 : c ! Sr0 be universal arrows from the object
c to the functor S. Then there exists a unique morphismf 0 : r ! r 0 such that
Sf 0 � u = u0. Moreover, the morphism f 0 : r ! r 0 is an isomorphism.

Proof: There exist unique morphismsf 0and g0 such that the following diagram
commutes.

c u //Sr

Sf 0

��

r

f 0

��
c u0

//Sr0

Sg0

��

r 0

g0

��
c u

//Sr r
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The middle vertical column could be replaced byS1r to make the outermost rec-
tangle commutative. Hence by the uniqueness we haveg0 � f 0 = 1 r . Similarly one
shows that f 0 � g0 = 1 r 0. Hencef 0 is an isomorphism andSf 0 � u = u0.

Before weakening the concept of universal arrow, I prove a simple lemma that
will make it easier to visualize a bi-universal arrow.

Lemma 8.2. Let X
� //A
 

oo be adjoint functors with unit � : 1X )  � � and counit

� : � �  ) 1A . Suppose that both the unit and the counit are natural isomorphisms.
Let � : � (x) ! a be a morphism inA and x 2 ObjX; a 2 ObjA . Then there exists
a unique morphism� 0 : x !  (a) such that

x

� 0

��

� (x) � //

� ( � 0)
��

a

 (a) � ( (a))
� (a)

//a

commutes. Moreover,� 0 is iso if and only if � is iso.

Proof: The existence and uniqueness claims follow because� (a) is a universal
arrow from � to a. If � 0 is iso, then � (� 0) is iso and so is� = � (a) � � (� 0) because
� (a) is iso by hypothesis. It only remains to show that � 0 is iso if � is iso. Suppose
� is iso. Then � (� 0) is iso from the commutivity of the diagram because� (a) and
� are iso. By the naturality of � we have

x
� (x ) //

� 0

��

 � � (x)

 � � ( � 0)
��

 (a)
� (  (a))

// � � ( (a))

commutes. Then� 0 is iso because� (x); � ( (a)) ; and  (� (� 0)) are iso.

To weaken the concept of universal arrow in the context of 2-categories, we
replace the bijection of sets above by an equivalence of the appropriate morphism
categories.

De�nition 8.2. Let S : D ! C be a pseudo functor between 2-categories and
C 2 ObjC. Then an object R 2 ObjD and a morphism u 2 Mor C(C; SR) are a bi-
universal arrow from C to S if for every D 2 ObjD the functor � : Mor D (R; D ) !
Mor C(C; SD) de�ned by f 0 7! Sf 0� u and  7! S � i u is an equivalence of categories.

We suppressed the dependence of� on D in the notation of the de�nition. This
de�nition implies that � has a right adjoint  such that the counit � : � �  )
1Mor C (C;SD ) and unit are natural isomorphisms. Pictorially the de�niti on implies
that for every object D 2 ObjD and every morphismf : C ! SD in C there exists
an f 0 and a natural universal 2-cell � (f ) which is iso (an arrow of the counit) as in
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the following diagram.

C
u //SR

Sf 0

��

� ( f )

t|

R

f 0

��
C

f
//SD D

The assignment : f 7! f 0 is functorial and � : � �  ) 1Mor C (C;SD ) is a natural
transformation. This diagram is not equivalent to the de�ni tion because it does not
express the naturality of the 2-cells, nor does it include the natural isomorphism
(the unit) from the the identity functor on Mor D (R; D ) to  � � . The universality
of the 2-cell � (f ) from the functor � to the object f means pictorially that the
arrow f 0 is unique up to 2-cell in the following way. If �f 0 : R ! D is an arrow in D
and � is a (not necessarily iso) 2-cell as in

C
u //SR

S �f 0

��

�

t|qqqqqqqqqqq

qqqqqqqqqqq R

�f 0

��
C

f
//SD D

then there exists a unique 2-cell� 0 : �f 0 ) f 0 whose � image factors � via the
universal arrow � (f ), i.e. � 0 is such that

�f 0

� 0

��

S �f 0 � u
� +3

� ( � 0)= S� 0� i u

��

f

f 0 Sf 0 � u
� ( f )

+3f

commutes. We also know that� 0 is iso if and only if � is iso as in Lemma 8.2. Note
that these diagrams are dual to De�nition 8.1, although it is the same concept of
universal arrow.

One can ask if the equivalences of categories in the de�nition of bi-universal
arrow can be chosen in some natural way as in Remark 2.3. They can in fact as
the following theorem shows.

Theorem 8.3. Let u : C ! SR be a bi-universal arrow from C to the pseudo
functor S as in De�nition 8.2. Let � D : Mor D (R; D ) ! Mor C(C; SD) be the
functor de�ned by f 0 7! Sf 0 � u and  7! S � i u . Then D 7! � D is a pseudo
natural transformation Mor D (R; � ) ) Mor C(C; S� ). For D 2 ObjD let  D :
Mor C(C; SD) ! Mor D (R; D ) be a right adjoint to � D such that the unit � D :
1Mor D (R;D ) )  D � � D and the counit "D : � D �  D ) 1Mor C (C;SD ) are natural
isomorphisms. ThenD 7!  D is a pseudo natural transformation andD 7! � D and
D 7! "D are iso modi�cations i Mor D (R; � )   � � and � �   i Mor C (C;S � ) which
satisfy the triangle identities.

Proof: Let F; G : D ! Cat be the pseudo functors de�ned by F (D) =
Mor D (R; D ) and G(D) = Mor C(C; SD). Then F is a strict 2-functor. One can
prove that � : F ) G is a pseudo natural transformation by de�ning the coherence
2-cell � in terms of  S and then using the unit and composition axioms forS to
prove the unit and composition axioms for � . After doing that, we are in the setup
of Lemma 8.5, from which everything else follows.
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In analogy to the uniqueness statement for universal arrows, we have a unique-
ness statement for bi-universal arrows. It requires the concept of pseudo isomor-
phism in a 2-category.

De�nition 8.3. Let D be a 2-category andf : R ! R0 a morphism in D. Then
f is a pseudo isomorphismif there exists a morphism g : R0 ! R and iso 2-cells
g � f ) 1R and g � f ) 1R 0. A pseudo isomorphism is also called anequivalence.

Lemma 8.4. Let S : D ! C be a pseudo functor. Letu1 : C ! SR1 and u2 : C !
SR2 be bi-universal arrows fromC to S. Then there exists a pseudo isomorphism
g0 : R1 ! R2 in D and an iso 2-cell as in (11).

(11) C
u1 //SR1

Sg0

��

� 1 (u2 )

t|

R1

g0

��
C u2

//SR2 R2

Morever, if �g0 and � are a morphism and an iso 2-cell that also �ll in the diagram,
then �g0 and g0 are isomorphic via the unique 2-cell� 0 : �g0 ! g0 such that � 1(u2) �
(S� 0 � i u1 ) = � .

Proof: The bi-universality of u1 and u2 guarantees the existence of arrows
f 0; g0, and h0 and iso 2-cells� 1(u2); � 2(u1); and � 1(u1) to �ll in the following dia-
grams.

(12) C
u1 //SR1

Sf 0

��

� 1 (u1 )

t|

R1

f 0

��
C u1

//SR1 R1

(13) C
u1 //SR1

Sg0

��

� 1 (u2 )

t|

R1

g0

��
C u2

//SR2

Sh 0

��� 2 (u1 )
t|

R2

h0

��
C u1

//SR1 R1

The arrow 1R 1 also �lls in the diagram

(14) C
u1 //SR1

S1R 1

��

i u 1 � � � 1
R 1 �

rzl l l l l l l l l l l l l l l l

l l l l l l l l l l l l l l l l R1

1R 1

��
C u1

//SR1 R1

with an iso 2-cell. Diagram (13) combined appropriately with ( S
g0;h 0)� 1 gives an

iso 2-cell h0 � g0 ) f 0 by the comments after the de�nition of bi-universal arrow.
Similarly, diagram (14) gives an iso 2-cell 1R 1 ) f 0 for the same reason. Combining
these two iso 2-cells appropriately gives an iso 2-cellh0 � g0 ) 1R 1 . By a similar
argument one obtains an iso 2-cellg0 � h0 ) 1R 2 . Thus g0 : R1 ! R2 is a pseudo
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isomorphism. The iso 2-cell between �g0 and g0 is also guaranteed by the comments
after the de�nition of bi-universal arrow in 8.2.

After these preparations involving bi-universal arrows, we can now introduce the
main concept of this section.

De�nition 8.4. Let X and A be 2-categories. Abi-adjunction hF; G; � i : X * A
consists of the following data

� Pseudo functors

X
F //A
G

oo

between 2-categories
� For all X 2 ObjX and all A 2 ObjA an equivalence of categories� X;A :

Mor A (F X; A ) ! Mor X (X; GA ) assigned in such a way to make� into
a pseudo natural transformation in each variable between the following
pseudo functors of two variables.

X op � A
F op � 1A //A op � A

Mor //

�

��

Cat

X op � A
1X op � G //X op � X

Mor //Cat

In this situation, F is called aleft bi-adjoint for G and G is called aright bi-adjoint
for F .

Recall again that a bi-adjoint is called a lax adjoint in [24], [25], [26]. The
degree of uniqueness of a left bi-adjoint (if a left bi-adjoint exists), will be dealt
with at the end of this section. One can ask whether or not an adjoint functor
 X;A : Mor X (X; GA ) ! Mor A (F X; A ) to � X;A can be chosen in a natural way.
This is similar to the question answered in Remark 2.3 for bicolimits. To show that
right adjoints can be chosen in a pseudo natural way, I need the following lemma.

Lemma 8.5. Let F; G : A ! Cat be pseudo functors andF a strict 2-functor.
Suppose we have a pseudo natural transformation� : F ) G such that � A : F A !
GA is an equivalence of categories for allA 2 ObjA . For each A 2 ObjA , let
 A : GA ! F A be a right adjoint to � A such that the unit � A : 1F A )  A � � A

and counit "A : � A �  A ) 1GA are natural isomorphisms. Then A 7!  A is a
pseudo natural transformation G ) F and A 7! � A respectivelyA 7! "A de�ne iso
modi�cations � : i F   � � respectively " : � �   i G . Furthermore, � and "
satisfy the triangle identities.

Proof: For all A 2 ObjA there exists such a right adjoint  A because� A is an
equivalence of categories.

To show that A 7!  A is a pseudo natural transformation, we need to de�ne the
coherence 2-cell� 0

f for each morphismf of A , show that it is natural, it satis�es
the unit axiom, and that it satis�es the composition axiom.

For a morphism f : A ! B in A let � f : Gf � � A ) � B � F f denote the coherence
2-cell belonging to the pseudo natural transformation� . De�ne � 0

f : F f �  A )
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 B � Gf to be the composition of the 2-cells in the following diagram.

(15) GA

1GA

��

 A //F A

1F A

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA

Gf

��

F A
� Aoo

F f

��
GB

1GB

��

F B
� B

oo

1F B

��

� � 1
f

]eCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCC

� B

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GB
 B

//F B

I claim that the assignment f 7! � 0
f is natural in f . To see this, let f; g : A ! B

be morphisms inA and � : f ) g a 2-cell in A . Then � 0
f is the composition of top

row of 2-cells in the following diagram and� 0
g is the bottom composition.

1F B � F f �  A

� B � i F f � i  A

+3

i 1F B � F � � i  A

��

 B � � B � F f �  A

i  B � � � 1
f � i  A

+3

i  B � � B � F � � i  A

��

 B � Gf � � A �  A

i  B � i Gf � " A

+3

i  B � G� � i � A � � A

��

 B � Gf � 1GA

i  B � G� � i 1GA

��
1F B � F g �  A

� B � i F g � i  A

+3 B � � B � F g �  A

i  B � � � 1
g � i  A

+3 B � Gg � � A �  A

i  B � i Gg � " A

+3 B � Gg � 1GA

The left square and the right square commute because of the interchange law and
the de�ning property of identity 2-cells. The middle square commutes because
f 7! � f is natural by the de�nition of � pseudo natural. Hence the outermost
rectangle commutes andf 7! � 0

f is natural.
I claim that � 0 satis�es the unit axiom for pseudo natural transformations. Since

F is strict, proving the coherence diagram reduces to provingthat � 0
1A

= i  A � � G
A � .
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Using the de�nition of � 0 above and the unit axiom for � we see that � 0
1A

is the
composition of 2-cells in diagram (16).

(16) GA

1GA

��

 A //F A

1F A

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA

G1A

��

F A
� Aoo

F 1A

��
GA

1GA

��

F A
� A

oo

1F A

��

� G
A � � i � A

]eCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCC

� A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA
 A

//F A

But the composition of 2-cells in (16) is the same as the composition of 2-cells in
(17) by the interchange law.

(17) GA

1GA

��

 A //F A

1F A

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA

G1A

��

GA

1GA

��

� G
A �

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{ F A

� Aoo

F 1A =1 F A

��
GA GA

1GA

��

F A
� A

oo

1F A

��

i � A

]eCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCC

� A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA
 A

//F A

By one of the triangle identities we see that the right three squares of (17) collapse
to i  A and therefore (16) is the same asi  A � � G

A � . Hence� 0
1A

= i  A � � G
A � and the

unit axiom is satis�ed.
I claim that � 0 satis�es the composition axiom for pseudo natural transforma-

tions. Let A
f //B

g //C be morphisms in A . Since F is a strict 2-functor,
proving the composition coherence reduces to proving that
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� 0
g� f = ( i  C �  G

f;g ) � (� 0
g � i Gf ) � (i F g � � 0

f ). Following the same approach as for the
unit axiom, we write out � 0

g� f in (18).

(18) GA

1GA

��

 A //F A

1F A

��

" A

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GA

G(g� f )

��

F A
� Aoo

F (g� f )

��
GC

1GC

��

F C
� B

oo

1F C

��

� � 1
g � f

]eCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCC

� C

y�{{
{{

{{
{{

{{
{{

{{
{

{{
{{

{{
{{

{{
{{

{{
{

GC
 C

//F C

Using the composition axiom for � and writing the 2-cells more compactly we see
that the composition of 2-cells in diagram (18) is the same asin diagram (19).

(19) GA

1GA

��

 A //
" A(

F A

� A

}}{{
{{

{{
{{

{{
{{

{{
{

F f

��
GA

G(g� f )

��

GA

� B(

� � 1
f
(

Gf

��

F B

1F B

��

� B

}}{{
{{

{{
{{

{{
{{

{{
{

 G
f;g
(

GB
 B

//

1GB

��

" B(

F B

F g

��

� B

}}{{
{{

{{
{{

{{
{{

{{
{

GB

Gg

��

� � 1
g
(

� C(

F C

1F C

��

� C

}}{{
{{

{{
{{

{{
{{

{{
{

GC GC
 C

//F C
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The middle parallelogram involving � B and "B is the same asi � B by the triangle
identity. Hence (19) is (i  C �  G

f;g ) � (� 0
g � i Gf ) � (i F g � � 0

f ) and we conclude that
� 0

g� f = ( i  C �  G
f;g ) � (� 0

g � i Gf ) � (i F g � � 0
f ) as required by the composition axiom.

Thus far we have shown thatA 7!  A is a pseudo natural transformationG ) F .
Next I show that A 7! � A de�nes a modi�cation i F   � � .

Let f; g : A ! B be morphisms in the 2-categoryA and  : f ) g a 2-cell. I
claim that the compositions in diagrams (1) and (2) are the same, i.e. that � is a
modi�cation. Our diagrams will of course have F = G, � = i F , � =  � � , and the
coherence iso belonging toi F is trivial while the coherence iso for the composite
pseudo natural transformation  � � is (i  B � � f ) � (� 0

f � i � A ) by the remarks on page 9
about coherence isos for a vertical composition of pseudo natural transformations.
Then we see that the composition (2) is� B � F  . I proceed by reducing (1) to
� B � F  . The composition in diagram (1) is explicitly (20), where I left o� the
vertical equal signs.

(20) F A
1F A //

� A

��

F A
F f //

F 

��

F B

F A
� A //

i � A

��

GA
 A //F A

F g
//

� 0
g

��

F B

F A
� A

//GA
Gg

//

� g

��

GB
 B //

i  B

��

F B

F A
F g

//F B
� B

//GB
 B

//F B

Writing out the de�nition � 0
g in (20) and including some identities gives (21).

(21) F A
1F A //

� A

��

F A
F f //

F 

��

F B
1F B //

i 1F B

��

F B

F A
� A //

i � A

��

GA
 A //F A

F g
//

" A

x�yy
yyy

yyy

yyy
yyy

yy
� A

��

F B

� � 1
gx�yy

yyy
yyy

yyy
yyy

yy 1F B

//

� B

��

F B

� Bx�yy
yyy

yyy

yyy
yyy

yy

F A
� A

//GA
1GA

//GA
Gg

//

� g

��

GB
 B //

i  B

��

F B

F A
F g

//F B
� B

//GB
 B

//F B

After cancelling � g with � � 1
g and using one of the triangle identities we see that

(21) is the same as� B � F  . Thus we conclude that (1) is the same as (2) and that
A 7! � A is a modi�cation.

One can similarly show that A 7! "A is a modi�cation.
The modi�cations � and " satisfy the triangle identities because the individual

2-cells � A and "A do.
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Now I use this lemma to prove how the right adjoints  X;A : Mor X (X; GA ) !
Mor A (F X; A ) to � X;A can be chosen in a pseudo natural way in the following
theorem.

Theorem 8.6. Let hF; G; � i : X * A be a bi-adjunction. For all X 2 ObjX
and all A 2 ObjA let  X;A : Mor X (X; GA ) ! Mor A (F X; A ) be a right adjoint
to � X;A such that the unit � X;A : 1Mor A (F X;A ) )  X;A � � X;A and the counit
"X;A : � X;A �  X;A ) 1Mor X (X;GA ) are natural isomorphisms. Then the assignment
(X; A ) 7!  X;A is pseudo natural in each variable. Moreover, the assignments
(X; A ) 7! � X;A and (X; A ) 7! "X;A comprise modi�cations in each variable of the
form � : i Mor A (F � ;� )   � � and " : � �   i Mor X ( � ;G � ) .

Proof: I prove the pseudo naturality and modi�cation in the second variable.
The �rst variable is similar. Let �F respectively �G be the pseudo functorA ! Cat
obtained by holding X �xed in the �rst respectively second row in De�nition 8.4.
See the proof of Lemma 8.11 for a precise description of�F and �G. The pseudo
functor �F is actually a strict 2-functor because it is the composition of strict 2-
functors. If we drop the notation X in all occurences, we see that we are precisely
in the setup of Lemma 8.5. This proves the theorem for the second variable. To
prove it for the �rst variable one only needs to prove an analogue of Lemma 8.5 for
F pseudo andG strict.

Next I prove a series of lemmas needed to prove Theorems 8.12 and 8.13.

Lemma 8.7. Let X and A be 2-categories. LethF; G; � i : X * A be a bi-adjunction
and let � X := � X;F X (1F X ) : X ! GF X . Then � X : X ! G(F X ) is a bi-universal
arrow from X to G.

Proof: The assignment (X; A ) 7! � X;A is pseudo natural in each variable by
assumption. Let � denote the coherence 2-cells for� X; � . From the de�nition of
pseudo natural transformation � X; � we obtain for f 0 2 Mor A (F X; D ) the following
diagram in Cat.

Mor A (F X; F X )
� X;F X //

f 0
�

��

Mor X (X; GF X )

(Gf 0) �

��

� F X;D ( f 0)

s{ooooooooooooooooooooo

ooooooooooooooooooooo

Mor A (F X; D )
� X;D

//Mor X (X; GD )

Chasing 1F X along this diagram gives a diagram in the 2-categoryX .

X
� X //G(F X )

Gf 0

��

� F X;D ( f 0)(1 F X )

rznnnnnnnnnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnnnnnnnnn

X
� X;D ( f 0)

//GD

The map Mor A (F X; D ) 3 f 0 7! � F X;D (f 0)(1F X ) is natural. This fact combined
with the diagram in X above says that we have a natural isomorphism from the
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functor Mor A (F X; D ) 3 f 0 7! Gf 0 � � X 2 Mor X (X; GD ) to the functor f 0 7!
� X;D (f 0). From the de�nition of bi-adjunction, � X;D is an equivalence of categories.
Hencef 0 7! Gf 0 � � X is naturally isomorphic to an equivalence of categories andis
therefore itself an equivalence of categoriesMor A (F X; D ) ! Mor X (X; GD ). We
conclude that � X is a bi-universal arrow.

Lemma 8.8. Let X and A be 2-categories. LethF; G; � i : X * A be a bi-adjunction
and let � X := � X;F X (1F X ) : X ! GF X . Then the assignmentX 7! � X is a pseudo
natural transformation 1X ) GF .

Proof: Let f : X 0 ! X be a morphism ofX . Let � respectively � 0 denote the
coherence 2-cells for the pseudo natural transformation� X 0;� respectively � � ;F X .
I must show that we have a 2-cell

X 0
� X 0 //

f

��

GF X 0

GF f

��x�yy
yy

yy
yy

yy
yy

yy
yy

yy
yy

yy
yy

X � X
//GF X

in X which is natural in f and satis�es the coherences involving� and  . Since �
is pseudo natural in each variable we have the diagram

Mor A (F X 0; F X 0)
(F f ) � //

� X 0;F X 0

��

Mor A (F X 0; F X )

� X 0;F X

��

Mor A (F X; F X )

� X;F X

��

(F f ) �

oo

Mor X (X 0; GF X 0)
(GF f ) �

//

� F X 0;F X (F f )

3;oooooooooooooooooooooo

oooooooooooooooooooooo
Mor X (X 0; GF X ) Mor X (X; GF X )

f �
oo

� 0
X;X 0( f op )

ckOOOOOOOOOOOOOOOOOOOOOO

OOOOOOOOOOOOOOOOOOOOOO

in Cat. By chasing 1F X 0 and 1F X from the upper corners of this diagram to the
center and then down we see that they both get mapped to� X 0;F X (F f ). Chasing
the identities in the opposite directions and evaluating the natural transformations
at the identities yields a diagram of 2-cells inX .

(GF f ) � � X 0

� F X 0;F X (F f )(1 F X 0)
+3� X 0;F X (F f ) � X � f

� 0
X;X 0( f op )(1 F X )

ks

These 2-cells are invertible by hypothesis. Let ~� X 0;X (f ) denote the composition
from left to right obtained by inverting the second 2-cell. ~� X 0;X is natural in f
because the constituents are natural inf . The coherence 2-cells ~� satisfy the
coherences with � and  from GF also because the individual constituents do.
Hence

X 0
� X 0 //

f

��

GF X 0

~� X 0;X ( f )

x�zz
zz

zz
zz

zz
zz

zz
z

zz
zz

zz
zz

zz
zz

zz
z

GF f

��
X � X

//GF X
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is natural in f and satis�es the required coherences, soX 7! � X is a pseudo natural
transformation.

Thus we have seen that given a bi-adjunction� we get a pseudo natural trans-
formation � whose arrows are bi-universal arrows. Now we consider the converse
of this statement.

Lemma 8.9. Let X and A be 2-categories. Let X
F //A
G

oo be pseudo functors

between 2-categories. Let� : 1X ) GF be a pseudo natural transformation such
that each arrow � X : X ! G(F X ) is a bi-universal arrow from X to G. De�ne
� X;A (f ) := Gf � � X for each f : F X ! A and � X;A ( ) := G � i � X for each
 : f ) f 0. Then � X;A : Mor A (F X; A ) ! Mor X (X; GA ) is an equivalence of
categories for all X 2 ObjX and all A 2 ObjA .

Proof: The functor � X;A is an equivalence since� X is a bi-universal arrow.

Lemma 8.10. Let X and A be 2-categories. LetX
F //A
G

oo be pseudo functors

between 2-categories. Let� : 1X ) GF be a pseudo natural transformation such
that each � X : X ! G(F X ) is a bi-universal arrow from X to G. Let � X;A be
de�ned as in Lemma 8.9 above. Then for �xedA 2 ObjA the assignmentObjX op 3
X 7! � X;A denoted� � ;A is pseudo natural.

Proof: Let A 2 ObjA be a �xed object throughout this proof. Let �F : X op !
Cat denote the pseudo functor obtained by holdingA �xed in the top row in
the de�nition of bi-adjunction. This means �F (X ) = Mor A (F X; A ), �F (f op) =
(F f )� , and for � : f op ) (f 0)op in X the natural transformation �F (� ) : (F f )� )
(F f 0)� is h 7! i h � F � . Note that the morphisms of X op are formally the opposites
of morphisms of X , but the 2-cells of X op are precisely the same as the 2-cells
in X . The vertical composition is the same in both X op and X , although the
horizontal compositions are switched. The pseudo functor�F is the composition of

a pseudo functor and a strict functor. For morphisms X
f //Y

g //Z in X we
have  �F

gop ;f op : h 7! i h �  F
f;g and for X 2 ObjX op we have� �F

X � : h 7! i h � � F
X � by

the rules for composition of pseudo functors. Then �F
gop ;f op : �F (f op) � �F (gop) )

�F (f op � gop) and � �F
X � : 1 �F X ) �F (1X ). Let �G denote the strict 2-functor obtained

by holding A �xed in the bottom row in the de�nition of bi-adjunction. Thi s means
�G(X ) = Mor X (X; GA ), �G(f op) = f � , and for � : f op ) (f 0)op in X the natural
transformation �G(� ) : �G(f op) ) �G(( f 0)op) is the natural transformation h 7! i h � � .
The 2-functor �G is the composition of two strict 2-functors and is thereforestrict.

In order to prove that � � ;A is a pseudo natural transformation from �F to �G one
must display coherence 2-cells� 0 up to which � � ;A is natural and prove that they
satisfy the coherences involving� and  . Now I describe this � 0 and later prove the
coherences. Let ~� denote the coherence 2-cells which make� : 1X ) GF pseudo
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natural, i.e. for all f : X ! Y in X we have

X
� X //

f

��

GF X

GF f

��

~� X;Y ( f )

y�zz
zz

zz
zz

zz
zz

zz
z

zz
zz

zz
zz

zz
zz

zz
z

Y � Y
//GF Y

in X . De�ne a natural isomorphism � 0
f op = � 0

Y;X (f op) : �G(f op) � � Y;A ) � X;A �
�F (f op) by h 7! ( G

F f;h � i � X ) � (i Gh � (~� X;Y (f )) � 1) for h 2 Mor A (F Y; A) as in the
following diagram.

X
� X //

f

��

GF X

~� X;Y ( f )

y�zz
zz

zz
zz

zz
zz

zz
z

zz
zz

zz
zz

zz
zz

zz
z

GF f

��

GF X

G(h� F f )

��

Y � Y
//GF Y

Gh

��
GA

 G
F f;h



























AI




























GA

The map � 0
Y;X (f op) is a natural transformation because G

F f;h is natural in h. The
assignmentf op 7! � 0

Y;X (f op) is also natural for a similar reason.
I claim that � 0 satis�es the unit axiom for pseudo natural transformations. I

must show that the diagram of 2-cells inCat

(22) � X;A 1 �GX � � X;A �G(1X ) � � X;A

� 0
1op

X

��
� X;A � 1 �F X

i � X;A � �
�F

X �

+3� X;A � �F (1X )

commutes for all X 2 ObjX . Evaluating this diagram on a morphism h : F X ! A
of A gives the diagram of 2-cells

(23) Gh � � X Gh � � X Gh � � X � 1X

i Gh � (~� X;X (1 X )) � 1

��
Gh � GF 1X � � X

 G
F 1X ;h � i � X

��
G(h � 1F X ) � � X

G( i h � � F
X � ) � i � X

+3G(h � F (1X )) � � X
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in X . Since � : 1X ) GF is a pseudo natural transformation from the strict 2-
functor to the composition G � F of pseudo functors, its unit axiom for ~� simpli�es
to the following commutative diagram.

1GF X � � X
(G( � F

X � ) � � G
F X � ) � i � X +3

TTTTTTTTTTTTTTTTTTTTTTTT

TTTTTTTTTTTTTTTTTTTTTTTT GF 1X � � X

~� X;X (1 X )

��
� X � 1X

Hence (~� X;X (1X )) � 1 = ( G(� F
X � ) � � G

F X � ) � i � X as 2-cells. Note also that� GF
X � =

(G(� F
X � ) � � G

F X � ) by the de�nition of composition of pseudo functors. Using this,
we see that diagram (23) becomes the outermost rectangle of the following diagram.

Gh � 1GF X � � X
i Gh � � GF

X � � i � X +3

i Gh � i � X

��

i Gh � � G
F X � � i � X

%-SSSSSSSSSSSSSSSSSSSSS

SSSSSSSSSSSSSSSSSSSSS
Gh � GF 1X � � X

 G
F 1X ;h � i � X

��

Gh � G1F X � � X

i Gh � G( � F
X � ) � i � X

19kkkkkkkkkkkkkkkkkkkkk

kkkkkkkkkkkkkkkkkkkkk

 G
1F X ;h � i � Xqykkkkkkkkkkkkkkkkkkkkk

kkkkkkkkkkkkkkkkkkkkk

G(h � 1F X ) � � X
G( i h � � F

X � ) � i � X

+3G(h � F 1X ) � � X

The upper left vertex of this diagram is the upper right vertex of diagram (23) and
the composition of the top arrow and right vertical arrow of t his diagram is the
right vertical arrow of diagram (23). The top triangle of thi s diagram commutes by
de�nition. The left triangle commutes by the unit axiom of th e pseudo functorG
applied to the morphism h : F X ! A of A . The right quadrilateral commutes by
the naturality of  G

� ;h and becauseG(i h � � F
X � ) = i Gh � G(� F

X � ). The morphism � X

and the 2-cell i � X just tag along. Hence the outermost rectangle commutes and dia-
gram (23) commutes. This implies that diagram (22) commutes. We conclude that
� 0 satis�es the unit axiom required for � � ;A to be a pseudo natural transformation.

I claim that � 0 satis�es the composition axiom required for � � ;A to be a pseudo

natural transformation. We must prove that for all morphism s X
f //Y

g //Z

of X , i.e. for all morphisms Z
gop

//Y
f op

//X of X op , the diagram of 2-cells inCat

(24)
�G(f op) � �G(gop) � � Z;A

+3

��

�G(f op) � � Y;A � �F (gop) +3� X;A � �F (f op) � �F (gop)

��
�G(f op � gop) � � Z;A

+3� X;A � �F (f op � gop)
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commutes. More precisely the diagram of 2-cells inCat
(25)

f � � g� � � Z;A
i f � � � 0

g op +3f � � � Y;A � (F g)�
� 0

f op � i ( F g ) �
+3� X;A � (F f )� � (F g)�

i � X;A � 
�F

g op ;f op

��
(g � f )� � � Z;A

� 0
f op � g op

+3� X;A � (F (g � f )) �

must commute. I evaluate this diagram on a morphismh : F Z ! A of A , �ll in
the diagram with more vertices, and cut the result down the middle column to get
the left respectively right half below.

(26) Gh � � Z � g � f
� 0

g op (h) � i f +3

i Gh � (~� Y;Z (g)) � 1 � i f

%-SSSSSSSSSSSSSS

SSSSSSSSSSSSSS
G(h � F g) � � Y � f

Gh � GF g � � Y � f
 G

F g;h � i � Y � i f

08jjjjjjjjjjjjjjj

jjjjjjjjjjjjjjj

i Gh � i GF g � (~� X;Y ( f )) � 1

&.TTTTTTTTTTTTTTTT

TTTTTTTTTTTTTTTT

(I) Gh � GF g � GF f � � X

i Gh �  G
F f;F g � i � X

��
i Gh �  GF

f;g

�"

Gh � G(F g � F f ) � � X

i Gh � G(  F
f;g ) � i � X

��
Gh � � Z � g � f

i Gh � (~� X;Z (g� f )) � 1
+3

i Gh � (~� Y;Z (g)) � 1 � i f

=E���������������������������

���������������������������
Gh � GF (g � f ) � � X

(27)

G(h � F g) � � Y � f
� 0

f op (h � F g )
+3

i G ( h � F g ) � (~� X;Y ( f )) � 1 &.UUUUUUUUUUUUUUUU

UUUUUUUUUUUUUUUU
G(h � F g � F f ) � � X

G( i h �  F
f;g ) � i � X

��

G(h � F g) � GF f � � X

 G
F f;h � F g � i � X

08iiiiiiiiiiiiiii

iiiiiiiiiiiiiii

(II)

Gh � GF g � GF f � � X

i Gh �  G
F f;F g � i � X

��

 G
F g;h � i GF f � i � X

08iiiiiiiiiiiiiiii

iiiiiiiiiiiiiiii
G(h � F g � F f ) � � X

tttttttttttttttttttttttt

tttttttttttttttttttttttt

Gh � G(F g � F f ) � � X

 G
F g � F f;h � i � X

08iiiiiiiiiiiiiiii

iiiiiiiiiiiiiiii

i Gh � G(  F
f;g ) � i � X

��

(III)

Gh � GF (g � f ) � � X
 G

F ( g � f ) ;h � i � X

+3G(h � F (g � f )) � � X



CATEGORICAL FOUNDATIONS OF CFT 83

These are diagrams of 2-cells inX . Subdiagram (I) commutes by the composition

axiom applied to the morphisms X
f //Y

g //Z for the pseudo natural trans-
formation � : 1X ) GF with its coherence 2-cells ~� . Subdiagram (II) commutes by
the composition axiom applied to the morphismsF f; F g; h for the pseudo functor
G with its coherence 2-cells G . The �fth arrow which is an equality symbol was
only drawn for convenience. Subdiagram (III) commutes by the naturality of  G .
All other subdiagrams commute by de�nition or by the interch ange law. There-
fore the outermost rectangle commutes when we put the two halves together. This
outermost rectangle is diagram (25) evaluated on the morphism h : F Z ! A of A .
Hence (25) and (24) commute. We conclude that� 0 satis�es the composition axiom
required for � � ;A to be a pseudo natural transformation.

Since � � ;A with coherence 2-cells� 0 satis�es the unit axiom and composition
axiom for pseudo natural transformations we conclude that� � ;A is a pseudo natural
transformation for �xed A 2 ObjA .

Lemma 8.11. Let X and A be 2-categories. LetX
F //A
G

oo be pseudo functors

between 2-categories. Let� : 1X ) GF be a pseudo natural transformation such
that each � X : X ! G(F X ) is a bi-universal arrow from X to G. Let � X;A

be de�ned as in Lemma 8.9 above. Then for �xedX 2 ObjX the assignment
ObjA 3 A 7! � X;A denoted� X; � is pseudo natural.

Proof: Let X be a �xed object of the 2-category X throughout the proof. I
introduce new pseudo functors �F and �G di�erent from those in the previous proof.
Let �F : A ! Cat be the strict 2-functor obtained by �xing X in the top row in
the de�nition of bi-adjunction. This means �F (A) = Mor A (F X; A ), �F (f ) = f � ,
and for � : f ) f 0 we have �F (� ) is the natural transformation h 7! � � i h . The
2-functor �F is strict because it is the composition of two strict 2-functors. Similarly
let �G : A ! Cat be the pseudo functor obtained by �xing X in the bottom row of
the de�nition of bi-adjunction. This means �G(A) = Mor X (X; GA ), �G(f ) = ( Gf )� ,
and for � : f ) f 0 we have �G(� ) is the natural transformation h 7! G(� ) � i h . The
pseudo functor �G is pseudo because it is the composition of a pseudo functor and a
strict functor. The de�nition of composition of pseudo func tors then says that the
coherence 2-cells for�G are  �G

f;g : h 7!  G
f;g � i h for morphisms f; g of A such that g� f

exists and� �G
A � : h 7! � G

A � � i h for A 2 ObjA . These are natural transformations,i.e.
2-cells in Cat, such that  �G

f;g : �G(g) � �G(f ) ) �G(g � f ) and � �G
A � : 1 �G(A ) ) �G(1A ).

They are natural in f and g and they satisfy the required coherences for a pseudo
functor.

I must show that � X; � is a pseudo natural transformation from �F to �G. In other
words I must display coherence 2-cells� up to which � X; � is natural and satisfy the
coherence diagrams involving and � from �F and �G. For morphisms k : A ! A0
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of A de�ne � A;A 0(k) : e 7!  G
e;k � i � X to �ll in the diagram

Mor A (F X; A )
� X;A //

k �

��

Mor X (X; GA )

(Gk ) �

��

� A;A 0(k )

s{nnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnn

Mor A (F X; A 0)
� X;A 0

//Mor A (X; GA 0)

whose vertices are�F (A); �G(A); �G(A0), and �F (A0) read clockwise. The map� A;A 0(k)
is a natural transformation (2-cell in Cat) between the indicated functors because
 G

e;k is natural in e. The assignment Mor A (A; A 0) 3 k 7! � A;A 0(k) is a natural
transformation ( � � X;A ) � �G ) (� X;A 0� ) � �F because G

e;k is natural in k. Hence this
family � of natural transformations provides us with a candidate for the coherence
2-cells to make� X; � into a pseudo natural transformation.

I claim that � satis�es the unit axiom for pseudo natural transformations. This
entails proving that the diagram of 2-cells in Cat

� X;A

i � X;A +31 �GA � � X;A

�
�G

A � � i � X;A +3�G(1A ) � � X;A

� 1A

��
� X;A � 1 �FA � X;A � �F (1A )

commutes for all A 2 ObjA . Evaluating this diagram on a morphism e : F X ! A
of A results in the diagram of 2-cells

Ge � � X

ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ

ZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ 1GA � Ge � � X
� G

A � � i Ge � i � X +3G(1A ) � Ge � � X

 G
e; 1A

� i � X

��
G(1A � e) � � X

in X which commutes because of the unit axiom for the pseudo functor G. Hence
� satis�es the unit axiom for pseudo natural transformations.

I claim that � satis�es the composition axiom for pseudo natural transformations.

This entails proving that for all morphisms A
f //B

g //C in A the diagram of
2-cells in Cat

�Gg � �Gf � � X;A
i �G g � � f +3


�G

f;g � i � X;A

��

�Gg � � X;B � �F f
� g � i �F f +3� X;C � �F g � �F f

�G(g � f ) � � X;A � g � f
+3� X;C � �F (g � f )
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commutes. Evaluating this diagram on a morphisme : F X ! A of A results in
the diagram of 2-cells

Gg � Gf � Ge � � X
i Gg �  G

e;f � i � X +3

 G
f;g � i Ge � i � X

��

Gg � G(f � e) � � X
 G

f � e;g � i � X +3G(g � f � e) � � X

G(g � f ) � G(e) � � X
 G

e;g � f

+3G(g � f � e) � � X

in X , which commutes by the composition axiom for the pseudo functor G applied

to F X e //A
f //B

g //C . Hence� satis�es the composition axiom for pseudo
natural transformations.

We conclude that � X; � is a pseudo natural transformation from �F to �G with
coherence 2-cells de�ned by� .

Now we can �nally state and prove the two main theorems of this section.

Theorem 8.12. Let X and A be 2-categories. Let X
F //A
G

oo be pseudo func-

tors. Then F is a left bi-adjoint for G if and only if there exists a pseudo natural
transformation � : 1X ) GF such that � X : X ! G(F X ) is a bi-universal arrow
for all X 2 ObjX .

Proof: This follows immediately from the previous lemmas.

Theorem 8.13. Let X and A be 2-categories. LetX AGoo be a pseudo functor.
Then there exists a left bi-adjoint for G if and only if for every object X 2 ObjX
there exists an objectR 2 ObjA and a bi-universal arrow � X : X ! G(R) from X
to G.

Proof: By Lemma 8.7, the existence of a left bi-adjoint implies the existence of
such a bi-universal arrow. Now we prove the other direction.Suppose we have such
a bi-universal arrow for eachX 2 ObjX . De�ne F X := R. The object R 2 ObjA
of course depends onX . For X 2 ObjX and A 2 ObjA let � X;A : Mor A (F X; A ) !
Mor X (X; GA ) denote the functor f 0 7! Gf 0 � � X and  7! G � i � X . Let  X;A :
Mor X (X; GA ) ! Mor A (F X; A ) denote a right adjoint equivalence, which exists
because� X is a bi-universal arrow. Let � X;A : � X;A �  X;A ) 1Mor X (X;GA ) denote
a counit for these adjoint functors. All of this implies that for any morphism
f : X ! GA there exists a morphismf 0 :=  X;A (f ) and a 2-cell � X;A (f ) as in the
diagram.

X
� X //G(F X )

Gf 0

��

� X;A ( f )

rz

F X

f 0

��
X

f
//GA A

Moreover, this 2-cell � X;A (f ) is a universal arrow from the functor � X;A �  X;A to
the object f because all of the arrows of the counit of an adjunction are universal.
This means that for any other morphism �f 0 : F X ! A and 2-cell � as in the
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diagram

X
� X //G(F X )

G �f 0

��

�

rzmmmmmmmmmmmmm

mmmmmmmmmmmmm F X

�f 0

��
X

f
//GA A

there exists a unique 2-cell� 0 : �f 0 ) f 0 such that the following diagram commutes.

�f 0

� 0

��

G �f 0 � � X
� +3

G� 0� i � X

��

f

f 0 Gf 0 � � X
� X;A ( f )

+3f

If � is iso, this 2-cell � 0 : �f 0 ) f 0 is also iso by the comments after De�nition 8.2.
The uniqueness and iso property of� 0 will be integral to de�ning the coherence
isomorphisms and proving the coherence diagrams below.

After setting up this notation, I de�ne a left bi-adjoint can didate F for G. We
already haveF de�ned for objects X 2 ObjX above. For any morphismh : X ! Y
in X de�ne F h :=  X;F Y (� Y � h). For morphisms h; h0 : X ! Y and any 2-cell
 : h ) h0 in X de�ne F  :=  X;F Y (i � Y �  ). Then the assignment is obviously
a functor on any �xed hom set because of the interchange law and because X;F Y

preserves identity 2-cells and compositions of 2-cells. Tode�ne the coherence 2-cells
� F

X I now use the uniqueness described above. Note thatF 1X =  X;F X (� X � 1X )
satis�es the diagram

X
� X //

1X

��

GF X
� X;F X ( � X � 1X )

px
GF 1X

��

F X

F 1X

��
X � X

//GF X F X

where � X;F X (� X � 1X ) is universal. The arrow 1F X satis�es

X
� X //

1X

��

GF X
( � G

F X � ) � 1 � i � X

pxi i i i i i i i i i i i i i i i i i i i

i i i i i i i i i i i i i i i i i i i i

G1F X

��

F X

1F X

��
X � X

//GF X F X

since G is a pseudo functor. Let � F
X � : 1F X ) F 1X be the unique 2-cell whose

� X;F X image factors (� G
F X � )� 1 � i � X .

(28) 1F X

� F
X �

��

G1F X � � X
( � G

F X � ) � 1 � i � X +3

G(� F
X � ) � i � X

��

� X � 1X

F 1X GF 1X � � X
� X;F X ( � X � 1X )

+3� X � 1X

It exists by the universality of � X;F X (� X � 1X ). The 2-cell � F
X � : 1F X ) F 1X is iso

because (� G
F X � )� 1 � i � X is iso. To de�ne  F

f;g for X
f //Y

g //Z in X I similarly
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use the uniqueness. Note thatF (g � f ) =  X;F Z (� Z � g � f ) satis�es the diagram

X

f

��

� X //GF X

GF (g� f )

��

� X;F Z ( � Z � g� f )

|�

F X

F (g� f )

��

Y

g

��
Z � Z

//GF Z F Z

where the 2-cell� X;F Z (� Z � g � f ) is universal. The arrow F g � F f satis�es

(29) X

f

��

� X //GF X

GF f

��

� X;F Y ( � Y � f )

y�

GF X

G(F g � F f )

��

(  G
F f;F g ) � 1







































�	





































F X

F f

��
F g � F f

		

Y

g

��

� Y //GF Y

GF g

��

� Y;F Z ( � Z � g)

y�

F Y

F g

��
Z � Z

//GF Z GF Z F Z

since G is a pseudo functor. Let  F
f;g : F g � F f ) F (g � f ) be the unique 2-cell

whose� X;F Z image factors the composition of the 2-cells in (29) as follows.

(30) F g � F f

 F
f;g

��

G(F g � F f ) � � X +3

G( F
f;g ) � i � X

��

� Z � g � f

F (g � f ) GF (g � f ) � � X
� X;F Z ( � Z � g� f )

+3� Z � g � f

The top horizontal 2-cell in the previous diagram is the composition of the 2-cells
in (29). The 2-cell  F

f;g : F g � F f ) F (g � f ) is iso because the composition of
2-cells in (29) is iso. Thus I have completely de�ned a left bi-adjoint candidate F
for G. Now I must show that the 2-cells do what they should in order for F to be
a pseudo functor.

I claim that  F is natural in its two variables. I must show for morphisms

X
f i //Y

gi //Z in X and 2-cells� : f 1 ) f 2 and � : g1 ) g2 in in X that

(31) F g1 � F f 1

 F
f 1 ;g 1 +3

F � � F �

��

F (g1 � f 1)

F ( � � � )

��
F g2 � F f 2

 F
f 2 ;g 2

+3F (g2 � f 2)

commutes.
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Toward this end, consider diagrams (32) and (33).

(32) G(F g1 � F f 1) � � X
� 1 +3

G( F
f 1 ;g 1

) � i � X

��

� Z � g1 � f 1

G(F (g1 � f 1)) � � X
� X;F Z ( � Z � g1 � f 1 ) +3

GF (� � � ) � i � X

��

� Z � g1 � f 1

i � Z � � � �

��
GF (g2 � f 2) � � X

� X;F Z ( � Z � g2 � f 2 )
+3� Z � g2 � f 2

(33) G(F g1 � F f 1) � � X
� 1 +3

G(F � � F � ) � i � X

��

� Z � g1 � f 1

i � Z � � � �

��
G(F g2 � F f 2) � � X

� 2 +3

G( F
f 2 ;g 2

) � i � x

��

� Z � g2 � f 2

G(F (g2 � f 2)) � � X
� X;F Z ( � Z � g2 � f 2 )

+3� Z � g2 � f 2

The top horizontal 2-cell � 1 in both diagrams is the composition of the 2-cells in
diagram (29) with f; g replaced byf 1; g1 respectively. The bottom horizontal 2-cell
in each diagram is� X;F Z (� Z � g2 � f 2). The center horizontal 2-cell � 2 in (33) is the
composition of the 2-cells in (29) with f; g replaced by f 2; g2 respectively. The top
rectangle in (32) commutes because it is the analogue of (30)for f 1; g1. The bottom
rectangle in (32) commutes because of the naturality of� X;F Z : � X;F Z �  X;F Z )
1Mor X (X;GF Z ) . Hence the outer rectangle of (32) commutes. The top rectangle of
(33) commutes because of the naturality of ( G )� 1; � X;F Y ; and � Y;F Z by comparing
with the 2-cells of (29). The bottom rectangle of (33) commutes because it is the
analogue of (30) forf 2; g2. Hence the outer rectangle of (33) commutes. From (32)
and (33) we conclude that bothF (� � � ) �  F

f 1 ;g1
and  F

f 2 ;g2
� (F � � F � ) have � X;F Z

images which �ll in the right diagram of (34).

(34)

F g1 � F f 1

��

G(F g1 � F f 1) � � X
( i � Z � � � � ) � � 1 +3

��

� Z � g2 � f 2

F (g2 � f 2) GF (g2 � f 2) � � X
� X;F Z ( � Z � g2 � f 2 )

+3� Z � g2 � f 2

Since� X;F Z (� Z � g2 � f 2) is universal, we conclude that
F (� � � ) �  F

f 1 ;g1
=  F

f 2 ;g2
� (F � � F � ) and thus  F is natural in its two variables.

I claim that � F and  F satisfy the unit axiom for pseudo functors. LetX 2 ObjX
and let f : X ! Y be a morphism ofX . I must show that  F

1X ;f = ( i F f � � F
X � )� 1.

By de�nition,  F
1X ;f is the unique 2-cell F f � F 1X ) F (f � 1X ) such that the
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composition of 2-cells

(35) X
� X //

i � X

��

GF X
G(F f � F 1X ) //

G( F
1X ;f )

��

GF Y

X � X
//GF X

� X;F Y ( � Y � f � 1X )

��

GF (f � 1X )
//GF Y

X
f � 1X

//Y � Y
//GF Y

is the same as the composition of 2-cells

(36) X
� X //

i � X

��

GF X
G(F f � F 1X ) //

(  G
F 1X ;F f ) � 1

��

GF Y

X � X
//GF X

GF 1X //

� X;F X ( � X � 1X )

��

GF X
GF f //

i GF f

��

GF Y

X
1X //

i 1X

��

X � X
//GF X

� X;F Y ( � Y � f )

��

GF f
//GF Y

X
1X

//X
f

//Y � Y
//GF Y

where universal 2-cells are drawn with dotted double arrowsfor clarity. I show that
(i F f � � F

X � )� 1 is a 2-cell with this de�ning property for  F
1X ;f .

Since G is natural we can rewrite the �rst horizontal 2-cell composition in (36)
as the composition of the �rst three 2-cells in the equal diagram (37).

(37) X
� X //

i � X

��

GF X
G(F f � F 1X ) //

G(( i F f � � F
X ) � 1 )

��

GF Y

X
� X //

i � X

��

GF X
G(F f � 1F X ) //

G((  G
1F X ;F f ) � 1 )

��

GF Y

X
� X //

i � X

��

GF X
GF f � G1F X //

G(i F f ) � G( � F
X � )

��

GF Y

X � X
//GF X

GF 1X //

� X;F X ( � X � 1X )

��

GF X
GF f //

i GF f

��

GF Y

X
1X //

i 1X

��

X � X
//GF X

� X;F Y ( � Y � f )

��

GF f
//GF Y

X
1X

//X
f

//Y � Y
//GF Y
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By the unit axiom for G, the de�nition of � F
X , and the interchange law we see that

the second horizontal composition in (37) is
( G

1F X ;F f )� 1 � i � X = i GF f � � G
F X � � i � X

= i GF f � (� X;F X (� X � 1X ) � (G(� F
X � ) � i � X )) � 1

= ( G(i F f ) � G(� F
X � )� 1 � i � X ) � (i GF f � � X;F X (� X � 1X )) � 1

Substituting this in (37) for (  G
1F X ;F f )� 1 � i � X we see that the second horizontal

composition in (37) cancels with the third and the fourth, leaving only

(38) X
� X //

i � X

��

GF X
G(F f � F 1X ) //

G( F
1X ;f )

��

GF Y

X � X
//GF X

� X;F Y ( � Y � f � 1X )

��

GF (f � 1X )
//GF Y

X
f � 1X

//Y � Y
//GF Y

:

We see that the 2-cell compositions of (35),(36), (37), and (38) are all equal. Hence
the 2-cell compositions (35) and (38) are equal and by universality of the 2-cell
� X;F Y (� Y � f � 1X ) we have F

1X ;f = ( i F f � � F
X � )� 1. The other half of the unit axiom

can be veri�ed similarly. We conclude that � F and  F satisfy the unit axiom for
pseudo functors.

I claim that  F satis�es the composition axiom for pseudo functors. Let

W
f //X

g //Y h //Z be morphisms ofX . I must show that
 F

f;h � g =  F
g� f;h � (i F h �  F

f;g ) � ( F
g;h � i F f )� 1. By de�nition (  F

f;h � g)� 1 is the unique
2-cell F (h � g � f ) ) F (h � g) � F f such that the composition of 2-cells

(39) W
� W //

f

��

GF W

GF f

��x�

GF W

G(F (h � g) � F f )

��

(  G
F f;F ( h � g ) ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

G((  F
f;h � g ) � 1 )

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

X

g

��

� X //GF X

GF (h� g)

���	

Y

h

��
Z � Z

//GF Z GF Z GF Z

is the same as the universal 2-cell� X;F Z (� Z � h � g � f ). For clarity I continue to
draw the universal 2-cells as dotted double arrows. I prove that replacing ( F

f;h � g)� 1

in (39) by (  F
g� f;h � (i F h �  F

f;g ) � ( F
g;h � i F f )� 1)� 1 still gives � X;F Z (� Z � h � g � f ).
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After that we conclude
 F

f;h � g =  F
g� f;h � (i F h �  F

f;g ) � ( F
g;h � i F f )� 1 by the universality of the 2-cell

� X;F Z (� Z � h � g � f ). To this end, I claim that the composition

(40) W
� W //

f

��

GF W

GF f

��x�

GF W

G(F (h � g) � F f )

��

(  G
F f;F ( h � g ) ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

��
��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
��
�

���
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
�

X

g

��

� X //GF X

GF (h� g)

���	

Y

h

��
Z � Z

//GF Z GF Z GF Z

is the same as� X;F Z (� Z � h � g� f ) , where the rightmost 2-cell is G((  F
g� f;h � (i F h �

 F
f;g ) � ( F

g;h � i F f )� 1)� 1). I do this by transforming (40) to a diagram know to be
� X;F Z (� Z � h � g � f ). The naturality of  G guarantees that

G(F h � F g) � GF f
 G

F f;F h � F g +3

G( F
g;h ) � i GF f

��

G(F h � F g � F f )

G( F
g;h � i F f )

��
GF (h � g) � GF f

 G
F f;F ( h � g )

+3G(F (h � g) � F f )



92 THOMAS M. FIORE

commutes. Using this commutivity to substitute for (  G
F f;F (h � g) )

� 1 in (40) and

cancelling G( F
g;h � i F f )� 1 � G( F

g;h � i F f ) gives
(41)

W
� W //

f

��

GF W

GF f

��x�

GF W

GF f

��

i GF f
ww

ww
ww

w

ww
ww

ww
w

w•www
www

w

www
www

w

GF W

G(F h � F g � F f )

��

(  G
F f;F h � F g ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

��
��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
��
�

���
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
�

X

g

��

� X //GF X

GF (h� g)

���	

GF X

G(F h � F g )

��

G( F
g;h )






































��





































Y

h

��
Z � Z

//GF Z GF Z GF Z GF Z

where the right 2-cell is G(( i F h �  F
f;g )� 1 � ( F

g� f;h )� 1). We have also implicitly
used the fact that G preserves the vertical composition of 2-cells. By the de�nition
of  F

g;h , the lower left two rectangles of (41) can be rewritten to give the equal
composition (42).
(42)

W
� W //

f

��

GF W

GF f

��x�

GF W

GF f

��

i GF f
ww

ww
ww

w

ww
ww

ww
w

w•www
www

w

www
www

w

GF W

G(F h � F g � F f )

��

(  G
F f;F h � F g ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

��
��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
��
�

���
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
�

X

g

��

� X //GF X

GF g

��x�

GF X

G(F h � F g )

��

(  G
F g;F h ) � 1







































��





































Y

h

��

� Y
//GF Y

GF h

��x�
Z � Z

//GF Z GF Z GF Z GF Z
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Recall that the composition axiom for the pseudo functor G guarantees the com-
mutivity of the following diagram.

GF h � GF g � GF f
i GF h �  G

F f;F g +3

 G
F g;F h � i GF f

��

GF h � G(F g � F f )

 G
F g � F f;F h

��
G(F h � F g) � GF f

 G
F f;F h � F g

+3G(F h � F g � F f )

Using this composition axiom for the pseudo functorG we can replace the middle
two columns of 2-cells in (42) to get the equal composition (43).
(43)

W
� W //

f

��

GF W

GF f

��x�

GF W

G(F g � F f )

��

(  G
F f;F g ) � 1







































��





































GF W

G(F h � F g � F f )

��

(  G
F g � F f;F h ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

��
��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
��
�

���
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
�

X

g

��

� X //GF X

GF g

��x�
Y

h

��

� Y
//GF Y

GF h

��x�

GF Y

GF h

��

i GF h
www

www
ww

www
www

ww

w•www
www

w

www
www

w

Z � Z
//GF Z GF Z GF Z GF Z

In (43) the right 2-cell is again G(( i F h �  F
f;g )� 1 � ( F

g� f;h )� 1) as in (41) and (42).
By the de�nition of  F

f;g we can rewrite the upper left three rectangles of (43) to
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obtain (44), which has G(( i F h �  F
f;g )� 1 � ( F

g� f;h )� 1) as its right 2-cell.
(44)

W
� W //

f

��

GF W

GF (g� f )

���	

GF W

G(F g � F f )

��

G( F
f;g )






































��





































GF W

G(F h � F g � F f )

��

(  G
F g � F f;F h ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

��
��
��
��
��
��
��
��
��
�

��
��
��
��
��
��
��
��
��
�

���
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
�

X

g

��
Y

h

��

� Y
//GF Y

GF h

��x�

GF Y

GF h

��

i GF h
www

www
ww

www
www

ww

w•www
www

w

www
www

w

Z � Z
//GF Z GF Z GF Z GF Z

The naturality of  G implies that the diagram

GF h � G(F g � F f )
 G

F g � F f;F h +3

G(i F h ) � G(  F
f;g )

��

G(F h � F g � F f )

G(i F h �  F
f;g )

��
GF h � G(F (g � f ))

 G
F ( g � f ) ;F h

+3G(F h � F (g � f ))

commutes. Using its commutivity, we can rewrite (44) by combining its middle two
columns of 2-cells withG(( i F h �  F

f;g )� 1) from the last column to get (45)

(45) W
� W //

f

��

GF W

GF (g� f )

���	

GF W

G(F h � F (g� f ))

��

(  G
F ( g � f ) ;F h ) � 1

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

GF W

GF (h� g� f )

��

G((  F
g � f;h ) � 1 )

��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��

���
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
�

X

g

��
Y

h

��

� Y
//GF Y

GF h

��x�
Z � Z

//GF Z GF Z GF Z
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But by the de�nition of  F
g� f;h , the composition of 2-cells in (45) is precisely

� X;F Z (� Z � h � g � f ). Since the compositions of 2-cells in the diagrams (40)
through (45) are all equal, we conclude that the compositionof 2-cells in (40) is
� X;F Z (� Z � h � g� f ). We conclude that  F

f;h � g =  F
g� f;h � (i F h �  F

f;g ) � ( F
g;h � i F f )� 1

by the universality of � X;F Z (� Z � h � g � f ). Therefore  F satis�es the composition
axiom for pseudo functors.

In summary, I have constructed a pseudo functorF : X ! A with coherence 2-
cells � F and  F and I have shown that they satisfy the unit axiom and composition
axiom for pseudo functors.

Next I have to show that F is a left bi-adjoint using the previous theorem. By
hypothesis we already have a morphism� X : X ! GF X for all X 2 ObjX . I claim
that the assignment X 7! � X is a pseudo natural transformation from 1X to GF .
I need to de�ne the 2-cells up to which � is natural. For a morphism f : X ! Y of
X de�ne � f := � X;F Y (� Y � f ). Then the diagram

X
� X //

f

��

GF X

GF f

��

� f

u}sss
sss

sss
s

sss
sss

sss
s

Y � Y
//GF Y

illustrates the source and target of the 2-cell. The mapf 7! � f is natural because
� X;F Y is a natural transformation. More precisely let � : f 1 ) f 2 be a 2-cell inX
and let f 1; f 2 : X ! Y be morphisms inX . Then

(46) � X;F Y ( X;F Y (� Y � f 1))
� X;F Y ( � Y � f 1 ) +3

� X;F Y (  X;F Y ( i � Y � � ))

��

� Y � f 1

i � Y � �

��
� X;F Y ( X;F Y (� Y � f 2))

� X;F Y ( � Y � f 2 )
+3� Y � f 2

commutes by the naturality of � X;F Y . By the de�nitions of F , � f 1 , and � f 2 diagram
(46) is the same as the diagram

(47) GF f 1 � � X
� f 1 +3

GF � � i � X

��

� Y � f 1

i � Y � �

��
GF f 2 � � X � f 2

+3� Y � f 2

which says f 7! � f is natural. The map f 7! � f satis�es the unit axiom for
pseudo natural transformations because of (28) and the de�nition of � GF for the
composite pseudo functorGF . The map f 7! � f satis�es the composition axiom
for pseudo natural transformations because of (30),(29), and the de�nition of  GF

for the composite pseudo functorGF . Hence � : 1X ) GF is a pseudo natural
transformation with coherence 2-cells� .

By the previous theorem, the constructed pseudo functorF is a left bi-adjoint
because� : 1X ) GF is a pseudo natural transformation such that � X : X !
G(F X ) is a bi-universal arrow for all X 2 ObjX .

We can summarize the previous two theorems in way similar to Mac Lane's
theorem on page 83 of [39] as follows.
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Theorem 8.14. A bi-adjunction hF; G; � i : X * A can be described up to 2-cell
by either of the following data:

(1) Pseudo functors

X
F //A
G

oo

and a pseudo natural transformation � : 1X ) GF such that each� X :
X ! GF X is a bi-universal arrow from X to G. Then � X;A is de�ned by
� X;A (f ) = Gf � � X .

(2) A pseudo functor G : A ! X , for each X 2 ObjX an object R 2 A
depending onX , and for each X 2 ObjX a bi-universal arrow � X : X !
GR from X to G. Then the pseudo functorF satis�es F X = R on objects
and there is a natural iso 2-cellGF h � � X ) � 0

X � h for morphisms h : X !
X 0.

Proof: Uniqueness will be proven below.

Similar things can be formulated for bicounits. From 1-category theory we know
that any two left adjoints to a functor are naturally isomorp hic. A similar statement
can be made for left bi-adjoints, although one needs the concept of pseudo natural
pseudo isomorphism.

De�nition 8.5. Let F; F 0 : X ! A be pseudo functors. Then a pseudo natural
transformation � : F ) F 0 is called apseudo natural pseudo isomorphismor pseudo
natural equivalenceif there exists a pseudo natural transformation� 0 : F 0 ) F and
there exist iso modi�cations � � � 0  1F 0 and � 0 � �  1F .

Theorem 8.15. Let F; F 0 : X ! A be left bi-adjoints for a pseudo functorG :
A ! X . Then there exists a pseudo natural pseudo isomorphism� : F ) F 0

Proof: For X 2 ObjX , let � X : X ! GF X and � 0
X : X ! GF 0X be the bi-

universal arrows obtained from the bi-adjunctions as in thetheorems above. Then
by Lemma 8.4 there exists a pseudo isomorphism� X : F X ! F 0X and a pseudo
inverse � 0

X : F 0X ! F X as well as 2-cells� 0
X � � X ) 1F X and � X � � 0

X ) 1F 0X .
It can be shown that the assignmentsX ! � X and X ! � 0

X are pseudo natural
and the 2-cells determine modi�cations � 0 � �  1F and � � � 0  1F 0.

For example, I construct the coherence 2-cell� � up to which � is natural. For
f 2 Mor X (X; Y ) we have the following two diagrams.

(48) X

f

��

� X //GF X

GF f

��

� �
f

s{oooooo
ooooo

o

ooooooo
ooooo

F X

F f

��
Y � Y

//GF Y

� ( � 0
Y )

s{
G� Y

��

F Y

� Y

��
Y

� 0
Y

//GF 0Y F0Y



CATEGORICAL FOUNDATIONS OF CFT 97

(49) X
� X //GF X

� ( � 0
X )

s{
G� X

��

F X

� X

��
X

f

��

� 0
X

//GF 0X

� � 0

fs{pppppppp
pppp

ppp
ppppppppp

GF 0f
��

F 0X

F 0f
��

Y
� 0

Y

//GF 0Y F0Y

But they can also be �lled in as

(50) X
� X //GF X

G ( � 0
Y � f )

��s{

F X

 ( � 0
Y � f )

��
X

� 0
Y � f

//GF 0Y F0Y

where the dashed 2-cell is universal. The universality gives us iso 2-cells� f and � 0
f

as in

F 0f � � X
� 0

f +3 (� 0
Y � f ) � Y � F f

� fks

whose� images factor (via the universal 2-cell) the 2-cells in (48)and (49) precom-
posed with the appropriate ( G )� 1 's. De�ne � �

f := � f := ( � f )� 1 � � 0
f . This is the

coherence 2-cell up to which� will be natural.
A sketch of the naturality of f 7! � f goes as follows. Let� : f 1 ) f 2 be a 2-cell

betweenf 1; f 2 : X ! Y . Then we must show that the outer rectangle of

F 0f 1 � � X

� 0
f 1 +3

F � 0� i � X

��

 (� 0
Y � f 1)

 ( i � 0
Y

� � )

��

� Y � F f 1
� f 1ks

i � Y � F �

��
F 0f 2 � � X

� 0
f 2

+3 (� 0
Y � f 2) � Y � F f 2� f 2

ks

commutes. One does this by showing that the individual innersquares commute by
applying � and using the universality and the fact that � is a natural isomorphism.
It also involves the naturality of the  G 's.

One can also show that� satis�es the composition and unit axiom, although it
is lengthy. Lastly one must verify that the 2-cell assignments at the start actually
give modi�cations � 0 � �  1F and � � � 0  1F 0.

Thus, any two left bi-adjoints are pseudo naturally pseudo isomorphic.

There is a relationship between bi(co)limits and bi-adjoints, just like for (co)limits
and adjoints.

Remark 8.16. Let C be a 2-category with bicolimits and letJ be a 1-category.
Let CJ be the category with objects pseudo functorsJ ! C , morphisms pseudo
natural transformations, and 2-cells the modi�cations. This is a 2-category. Let
� : C ! C J be the constant 2-functor. Thenlaxcolim : CJ ! C is a left bi-adjoint
for � and the arrows of the bi-unit constructed in Theorem 8.12 arethe universal
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pseudo cones. Similarly,laxlim : CJ ! C is a right bi-adjoint for � and the arrows
of the bicounit are the universal pseudo cones.

9. Forgetful 2-Functors For Pseudo Algebras

Next I show that forgetful 2-functors for pseudo algebras have left bi-adjoints.
Let us consider the strict case as an example of what we do below. Let S be
the theory of abelian groups and letT by the theory of rings. Then we have an
inclusion S ,! T . Let X be a discreteT-algebra, i.e. X is a set and we have a
morphism of theories T ! End(X ). Then X can be made into anS-algebra by
the composite map of theoriesS ,! T ! End(X ). This precomposition with the
inclusion arrow forgets the ring structure on the setX and results in the underlying
abelian group. This precomposition with the inclusion de�nes the forgetful functor
from the category of rings to the category of abelian groups.It has a left adjoint
which is the appropriate free functor. Similarly, for any morphism of theories
S ! T we have a forgetful 2-functor from pseudoT-algebras to pseudoS-algebras
for which a left bi-adjoint exists. Blackwell, Kelly, and Po wer have shown that left
bi-adjoints exist for the analogous 2-functor on 2-categories of strict algebras over a
2-monad with pseudo morphisms in [9]. Lack has given su�cient conditions in [32]
under which the inclusion of strict algebras over a 2-monad into pseudo algebras
over the same 2-monad admits a left adjoint whose unit has components that are
equivalences. In such cases, every pseudo algebra over the 2-monad is equivalent
to a strict algebra over the 2-monad.

De�nition 9.1. Let � : S ! T be a morphism of theories and letX be a pseudo
T-algebra with action 	 : T ! End(X ). Let UX be the pseudoS-algebra which
hasX as its underlying category andS structure maps de�ned by 	( � (w)) : X n !
X for w 2 S(n). De�ning U analogously for morphisms and 2-cells of the 2-
category of pseudoT-algebras gives a strict 2-functor U from the 2-category of
pseudo T-algebras to the 2-category of pseudoS-algebras called theforgetful 2-
functor associated to� .

To show that the forgetful 2-functor associated to � has a left bi-adjoint, we
need to �nd a bi-universal arrow of the following type: given a pseudoS-algebra
X there should exist a pseudoT-algebraR and a bi-universal arrow � X : X ! UR
in the category of pseudoS-algebras. In the next de�nition I de�ne this R.

De�nition 9.2. Let � : S ! T be a morphism of theories. LetX be a pseudoS-
algebra with action 	 : S ! End(X ). Let T 0 denote the free theory on the sequence
of setsT(0); T (1); : : : underlying the theory T . The category Alg 0 is the category
whose objects are smallT 0-algebras and morphisms are morphisms of strictT 0-
algebras. Let ObjGraph0 be the collection of small directed graphs whose object
sets are discreteT 0-algebras. Let MorGraph 0 be morphisms of directed graphs
such that the object component of each morphism is a map of discrete algebras.
Then Graph0 is a category. The forgetful functor V : Alg 0 ! Graph0 has a by
Freyd's Adjoint Functor Theorem. We denote this left adjoin t by V 0. It is like
taking the free category on a directed graph, except the resulting category is also a
T 0-algebra. The objects of the underlying directed graph ofV 0Y and the objects of
the directed graph Y are the same. the LetObjRG0 be the (discrete) freeT 0-algebra
on the discrete categoryObjX and let MorR G0 be the collection of the following
arrows:



CATEGORICAL FOUNDATIONS OF CFT 99

(1) For every n 2 N , for all words w 2 T(n), w1 2 T(m1); : : : ; wn 2 T(mn ),
and for all objects A1

1; : : : ; A1
m 1

,A2
1; : : : ; A2

m 2
; : : : ; An

1 ; : : : ; An
m n

2 ObjRG0

there is an arrow
cw;w 1 ;:::;w n (A1

1; : : : ; An
m n

) : w � (w1; : : : ; wn )(A1
1; : : : ; An

m n
) !

w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

))
and an arrow
c� 1

w;w 1 ;:::;w n
(A1

1; : : : ; An
m n

) : w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

)) !
w � (w1; : : : ; wn )(A1

1; : : : ; An
m n

). Here w � (w1; : : : ; wn ) is the composition in
the original theory T . The target w(w1(A1

1; : : : ; A1
m 1

); : : : ; wn (An
1 ; : : : ; An

m n
))

is the result of composing in the free theory and applying it to the A's in
the free algebra.

(2) For every A 2 ObjRG0 there is an arrow I A : Id (A) ! A and an arrow
I � 1

A : A ! Id (A). Here Id is the unit of the original theory T .
(3) For every word w 2 T(m), for every function f : f 1; : : : ; mg ! f 1; : : : ; ng,

and for all objects A1; : : : ; An 2 ObjRG0 there is an arrow
sw;f (A1; : : : ; An ) : wf (A1; : : : ; An ) ! w(A f 1; : : : ; A fm )
and an arrow
s� 1

w;f (A1; : : : ; An ) : w(A f 1; : : : ; A fm ) ! wf (A1; : : : ; An ). The substituted
word wf is the substituted word in the original theory T . The target
w(A f 1; : : : ; A fm ) is the result of substituting in w in the free theory and
then evaluating on the A's.

(4) For every word w 2 S(n) and objects A1; : : : ; An of X there is an arrow
� �

w (A1; : : : An ) : 	( w)(A1; : : : ; An ) ! � (w)(A1 ; : : : ; An )
and an arrow
� � � 1

w (A1; : : : An ) : � (w)(A1 ; : : : ; An ) ! 	( w)(A1; : : : ; An ).
(5) Include also all elements ofMorX .

Then RG0 is an object of Graph0. Now we apply V 0 to RG0 and we get a category
R0 which is a T 0-algebra. The objects ofRG0 and R0 are the same.

Let K be the smallest congruence with the following properties:

(1) All of the relations necessary to make the coherence arrows (including � �
w )

into natural transformations belong to K . For example, if A; B 2 ObjR0

and f : A ! B is a morphism of R0,then the relation I A � f = Id (f ) � I B

belongs toK .
(2) All of the relations necessary to make the coherence arrows (including � �

w )
into isos are inK . For example, for everyA 2 ObjR0 the relations I A � I � 1

A =
1A and I � 1

A � I A = 1 A are in K .
(3) All of the relations listed in the de�nition of pseudo alg ebra above belong

to K , where the objects range over the objects ofR0.
(4) The original composition relations in the category X belong to K .
(5) The coherence diagrams necessary to make the inclusion� X : X ! UR into

a morphism of pseudoS-algebras are inK . Note that these coherences will
involve the arrows � �

w (A1; : : : ; An ) : 	( w)(A1; : : : ; An ) ! � (w)(A1; : : : ; An )
for w 2 S(n) and objects A1; : : : ; An 2 ObjX .

(6) If the relations f 1 = g1; : : : ; f n = gn are in K and w 2 T 0(n), then the
relation w(f 1; : : : ; f n ) = w(g1; : : : gn ) is also in K .

Next mod out R0 by the congruenceK to obtain the quotient category R called
the free pseudoT-algebra on the pseudoS-algebra X associated to� . We do not
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use a capital greek letter to denote theT action on R. Rather we write the words
directly.

In all of the following lemmas in this section we use the notation just introduced
in De�nition 9.2.

Lemma 9.1. In the notation of the previous de�nition, the free pseudoT-algebra
R on the pseudoS-algebraX associated to� is a pseudoT-algebra.

Proof: First we note that R is a (strict) T 0-algebra. The functor from the word
w 2 T 0(n) induces a functor on the quotient by relation 6. and the composition
and identities in T 0 are preserved. The action has the coherence isos required ofa
pseudoT-algebra because of the arrows we threw in. The coherence isos satisfy the
required coherence diagrams because of relations 1. and 2. HenceR is a pseudo
T-algebra.

Lemma 9.2. The inclusion functor denoted � X : X ! UR is a morphism of
pseudoS-algebras.

Proof: The inclusion is a functor because of relation 4. It is a morphism
of pseudo S-algebras because for allw 2 S(n) the natural transformation � �

w :
� X � 	( w) ) � (w)( � X ; : : : ; � X ) satis�es the required coherences by the relations in
1. and 5.

Lemma 9.3. For every pseudoT-algebraD and every morphismH : X ! UD of
pseudoS-algebras, there exists a morphismH 0 : R ! D of pseudoT-algebras such
that

X
� X //UR

UH 0

��

R

H 0

��
X

H
//UD D

commutes.

Proof: Let � denote the action of T on D. As above, 	 denotes the action
of S on X and we suppress the capital greek letter when denoting the action of T
on R. Note that D is a strict T 0 algebra and we can therefore apply the forgetful
2-functor V : Alg 0 ! Graph0 to it. We also use � to denote the action of T 0 on D.
To construct the morphism H 0, I de�ne a morphism H 0

0 : RG0 ! V D in Graph0,
which induces a morphismH 0

1 : R0 ! D of Alg 0 by the de�nition of the left adjoint
to V . Then I show that H 0

1 preserves the congruenceK and therefore induces a
functor H 0 : R ! D . Lastly I show that H 0 is a morphism of pseudoT-algebras
such that the desired diagram commutes.

I now de�ne a morphism H 0
0 : RG0 ! V D in Graph0. De�ning H 0

0A :=
HA for A 2 ObjX induces a map H 0

0 : ObjRG0 ! ObjD of discrete T 0 al-
gebras. For f 2 MorX de�ne H 0

0f := Hf . For every w 2 S(n) and objects
A1; : : : ; An 2 ObjX let H 0

0 map the arrows � �
w (A1; : : : An ) : 	( w)(A1; : : : ; An ) !

� (w)(A1; : : : ; An ) to the coherence isos� H
w (A1; : : : An ) : H (	( w)(A1; : : : ; An )) !

�( � (w))( HA 1; : : : ; HA n ). Note that the source and target of � H
w (A1; : : : An ) are

equal to H 0
0(	( w)(A1; : : : ; An )) and H 0

0(� (w)(A1 ; : : : ; An )) respectively. Let H 0
0

map the other coherence arrows 1. through 3. to the analogousones inMorD with



CATEGORICAL FOUNDATIONS OF CFT 101

H0 applied to sources and targets. Thus we have de�ned a morphism H 0
0 : RG0 !

V D in Graph0.
The morphism H 0

0 : RG0 ! V D in Graph0 induces a morphismH 0
1 : R0 ! D

of Alg 0 by the de�nition of the left adjoint to V . I claim that H 0
1 preserves the

congruenceK . It su�ces to check the relations 1. through 6. I verify them i n order
of the list above.

(1) These are satis�ed because the analogous arrows forD and H are natural
transformations and H 0

1 maps coherence arrows to coherence arrows.
(2) These are satis�ed because the analogous arrows forD and H are isos and

H 0
1 maps coherence arrows to coherence arrows.

(3) The target category D is a pseudoT-algebra so these are satis�ed.
(4) The functor H preserves the relations of the categoryX and H 0

1 is de�ned
in terms of H , which implies that these are satis�ed.

(5) These are satis�ed because� H
w satis�es the coherences andH 0

1(� �
w ) = � H

w .
(6) This is by induction. The base case is showing 1. through 5. as was just

done. Suppose the relationsf 1 = g1; : : : ; f n = gn are in K and H 0
1f i = H 0

1gi

for all i = 1 ; : : : ; n. That is our induction hypothesis. Then
H 0

1(w(f 1; : : : ; f n )) = �( w)(H 0
1(f 1); : : : ; H 0

1(f n )) since H 0
1 is a morphism of

T 0-algebras
= �( w)(H 0

1g1; : : : ; H 0
1gn ) by induction hypothesis

= H 0
1(w(g1; : : : ; gn )) since H 0

1 is a morphism of T 0-algebras.
Thus H 0

1(w(f 1; : : : ; f n )) = H 0
1(w(g1; : : : ; gn )) and H 0

1 satis�es this relation.

SinceH 0
1 satis�es the relations, we conclude thatH 0

1 : R0 ! D induces a functor
H 0 : R ! D such that H 0

1 = H 0� Q whereQ : R0 ! R is the projection functor onto
the quotient category. The functor H 0 : R ! D is a morphism of strict T 0-algebras
because forw 2 T 0(n), A1; : : : ; An 2 ObjR, and for morphisms f 1; : : : ; f n 2 MorR
we have
H 0(w(A1; : : : ; An )) = H 0

1(w(A1; : : : ; An ))
= �( w)(H 0

1A1; : : : ; H 0
1An )

= �( w)(H 0A1; : : : ; H 0An ) since H 0
1 and H 0 agree on objects.

We also have
H 0(w(f 1; : : : ; f n )) = H 0

1(w(f 1; : : : ; f n ))
= �( w)(H 0

1f 1; : : : ; H 0
1f n )

= �( w)(H 0f 1; : : : ; H 0f n ), where H 0
1 is actually applied to representatives of

w(f 1; : : : ; f n ), f 1; : : : ; f n . Hence H 0 is a morphism of strict T 0-algebras and also
a morphism of pseudoT-algebras, sinceT(n) � T 0(n) although this inclusion is
not necessarily a map of theories. According to these two demonstrations, the
coherence 2-cells for the morphismH 0 of pseudoT-algebras are just identities.

I claim that

X
� X //UR

UH 0

��

R

H 0

��
X

H
//UD D

commutes. It is su�cient to check this for the underlying fun ctors and the coherence
2-cells. The underlying functor of H 0 is the same as the underlying functor ofUH 0.
Let A 2 ObjX . Then UH 0 � � X (A) = UH 0(A) = H 0A = HA . Similarly, for
f 2 MorX we have UH 0 � � X (f ) = UH 0(f ) = H 0f = Hf . Hence the diagram
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commutes. The coherence 2-cells also commute becauseH 0(� �
w ) = � H

w and because
the coherence 2-cells ofH 0 are identities.

Lemma 9.4. The inclusion morphism � X : X ! UR is a bi-universal arrow from
X to the forgetful 2-functor.

Proof: Let D be a pseudoT-algebra. Let Mor S (X; UD ) denote the category
of morphisms of pseudoS-algebras from X to UD. Let Mor T (R; D ) denote the
category of morphisms of pseudoT-algebras fromR to D. Let � : Mor T (R; D ) !
Mor S (X; UD ) be the functor de�ned by H 0 7! UH 0� � X and  7! U � i � X . De�ne
a functor  : Mor S (X; UD ) ! Mor T (R; D ) as follows. ForH 2 ObjMor S (X; UD )
let  H := H 0 whereH 0 : R ! D is the morphism of pseudoT algebras constructed
in the previous lemma.

If H; J 2 ObjMor S (X; UD ) and � : H ) J is a 2-cell in the 2-category of
pseudoS-algebras, de�ne  (� ) = � 0 : H 0 ) J 0 inductively as follows. If A 2 ObjX
then
� 0A := �A : HA = H 0A ! J 0A = JA . If w 2 T 0(n) and � 0 is already de�ned
for A1; : : : ; An 2 ObjR, then � 0(w(A1; : : : ; An )) := �( w)( � 0A1; : : : ; � 0An ). The
following inductive proof shows that � 0 : H 0 ) J 0 is a natural transformation. For
f 2 MorX the naturality of � 0 is guaranteed by the naturality of � : H ) J .
The naturality of � 0 for the coherence isos thrown into the categoryR during its
construction follows becauseH 0 and J 0 take coherence isos ofR to analogous ones
in D and the coherences isos inD are natural. That concludes the base case for
the induction. Now suppose � 0 is natural for morphisms f i 2 Mor R (A i ; B i ) for
i = 1 ; : : : ; n and w 2 T 0(n). Then

H 0w(A1; : : : ; An )
� 0w(A 1 ;:::;A n ) //

H 0w(f 1 ;:::;f n )
��

J 0w(A1; : : : ; An )

J 0w(f 1 ;:::;f n )
��

H 0w(B1; : : : ; Bn )
� 0w(B 1 ;:::;B n )

//J 0w(B1; : : : ; Bn )

commutes becausew commutes with everything in the diagram by de�nition and
because we apply the functor �(w) to each of the individual naturality diagrams for
f i : A i ! B i and i = 1 ; : : : ; n. Hence� 0 is natural for any morphism in R by this in-
ductive proof. Moreover, the natural transformation commutes appropriately with
� H 0

and � J 0
because they are trivial and� 0(w(A1; : : : ; An )= �( w)( � 0A1; : : : ; � 0An ).

Hence (� ) = � 0 is a 2-cell in the 2-category of pseudoT-algebras.
It is routine to check inductively that the assignment  : Mor S (X; UD ) !

Mor T (R; D ) preserves identities and compositions and is thus a functor.
I claim that  is a right adjoint for � . By the previous lemma � �  (H ) = H

for all H 2 ObjMor S (X; UD ). One easily sees that� �  (� ) = � for all � 2
MorMor S (X; UD ). Hence the counit � : � �  ) 1Mor S (X;UD ) is the identity
natural transformation, which is of course a natural isomorphism. Next I de�ne
a unit � : 1Mor T (R;D ) )  � � . For J 0 2 Mor T (R; D ) let H 0 :=  � � (J 0). Re-
call that H 0 is strict, i.e. � H 0

is trivial, while J 0 may not be strict. I de�ne a
2-cell � (J 0) : J 0 ! H 0 =  � � (J 0) in the category of pseudoT-algebras induc-
tively. For A 2 ObjX � ObjR set � (J 0)(A) := 1 J 0A . Supposew 2 T 0(n) and
� (J 0) is already de�ned for A1; : : : ; An 2 ObjR. Then de�ne � (J 0)(w(A1; : : : ; An ) :
J 0(w(A1; : : : ; An )) ! H 0(w(A1; : : : ; An )) by
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�( w)( � (J 0)A1; : : : ; � (J 0)An ) � � J 0

w (A1; : : : ; An ). An inductive proof, similar to the
one above but also using the naturality of� J 0

w , shows that � (J 0) is a natural trans-
formation and commutes with � J 0

and � H 0
appropriately, i.e. � (J 0) : J 0 ) H 0 is a

2-cell. It is also iso by induction. The assignmentJ 0 7! � (J 0) is natural by an in-
ductive argument that uses the diagram in the de�nition of 2-cell in the 2-category
of pseudoT-algebras. Hence� : 1Mor T (R;D ) )  � � is a natural isomorphism. If
one can show that� and � satisfy the triangular identities, then one can conclude
that  is a right adjoint for �

I claim that the unit � and the counit � satisfy the triangular identities. First I
show that

(51)  
� � i  +3 � � �  

i  � � +3 

is the identity natural transformation i  :  )  . Let H 2 ObjMor S (X; UD ).
Then
(i  � � ) � (� � i  )(H ) =  (� H ) � �  H by de�nition
= �  H since� H is trivial.
But �  H = � ( H ) is the trivial 2-cell  H )  H because H is a strict morphism
of pseudoT-algebras,i.e. �  H

w is trivial. Hence (51) is i  :  )  . Next I show
that

(52) �
i � � � +3� �  � �

� � i � +3�

is the identity natural transformation i � : � ) � . Let J 0 2 ObjMor T (R; D ). Then
(� � i � ) � (i � � � )(J 0) = � �J 0 � � (� J 0) by de�nition
= � (� J 0) since � �J 0 is trivial
= � J 0 � i � X by de�nition.
But � J 0 � i � X is the trivial 2-cell � (J 0) = J 0 � � X ! J 0 � � X because� J 0(A) =
� (J 0)(A) = 1 J 0A for all A 2 ObjX and � X : X ! R is the inclusion functor. Hence
(52) is the identity natural transformation i � : � ) � . Thus the unit and counit
satisfy the triangular identities and  is a right adjoint for � . Moreover, � is an
equivalence because the unit and counit are natural isomorphisms. We conclude
that � X : X ! UR is a bi-universal arrow from X to the 2-functor U.

Remark 9.1. Although it is not necessary, we can construct the factorising 2-cell
� 0 as follows. Let H : X ! UD be a morphism of pseudoS-algebras. Then
 (H ) = H 0 satis�es

X
� X //UR

� (H )

t|
UH 0

��

R

H 0

��
X

H
//UD D

and � (H ) is the identity 2-cell. Suppose �H 0 : R ! D is another morphism of
pseudoT-algebras and� is a 2-cell as follows.

X
� X //U(R)

U �H 0

��

�

t|qqq
qqqqqqqq

qqqqqqqqqqq
R

�H 0

��
X

H
//JD D
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De�ne a 2-cell � 0 : �H 0 ) H 0 as follows. For A 2 ObjX � R, � 0A := �A . If
w 2 T 0(n) and � 0 is already de�ned for A1; : : : ; An 2 ObjR, then
� 0(w(A1; : : : ; An )) := �( w)( � 0A1; : : : ; � 0An ) � � �H 0

(A1; : : : ; An ). By induction � 0 is
a natural transformation. It also commutes with � H 0

and � �H 0
appropriately by

construction. Hence � 0 is a 2-cell in the 2-category of pseudoT-algebras. By
construction we see that

(53) �H 0

� 0

��

U �H 0 � � X
� +3

U� 0� i � X

��

H

H 0 UH 0 � � X � (H )
+3H

commutes. Such a 2-cell� 0 is unique by the requirement that (53) commutes
and by the commutivity with � �H 0

and � H 0
required of 2-cells �H 0 ) H 0. More

precisely, the commutivity of (53) says that � 0A = �A for all A 2 ObjX and the
appropriate commutivity with � �H 0

and � H 0
speci�es what � 0 does to objects of

the form w(A1; : : : ; An ) for A1; : : : ; An 2 ObjR. If � is iso, then so is� 0 by the
construction and the fact that � �H 0

is iso.

Theorem 9.5. The bi-universal arrows � X : X ! UF X de�ne a strict 2-natural
transformation � : 1X ) U � F , where X is the 2-category of pseudoS-algebras.

Proof: Recall that the counits � for the bi-universal arrows � X are all trivial as
indicated on page 102 in Lemma 9.4. In the proof of Theorem 8.13 on page 95 the
bi-universal arrows � X : X ! UF X are made into a pseudo natural transformation
by de�ning � f := � X;F Y (� Y � f ) for f : X ! Y . We see that � f is trivial because
� X;F Y is trivial. Hence � is strictly 2-natural.

Theorem 9.6. Let S and T be theories and� : S ! T a morphism of theories.
Then the forgetful 2-functor U associated to� from the 2-category of small pseudo
T-algebras to the 2-category of small pseudoS-algebras has a left bi-adjoint denoted
F . Moreover, this pseudo functorF is actually a strict 2-functor.

Proof: For every pseudoS-algebraX there exists a pseudoT-algebraR and a
bi-universal arrow � X : X ! UR by the Lemma 9.4. This guarantees the existence
of a left bi-adjoint by Theorem 8.13.

We can prove that F is strict by inspecting its coherence isos constructed in the
general theory of Theorem 8.13. LetX be the 2-category of pseudoS-algebras,A
be the 2-category of pseudoT-algebras, and letG := U : A ! X be the forgetful
2-functor. For any pseudo S-algebra X 2 ObjX , we de�ne F X to be the free
pseudo T-algebra R on the pseudoS-algebra X associated to the morphism of
theories � : S ! T . The co-unit � for the bi-universal � X : X ! UR is the
identity as was seen in Lemma 9.4. The pseudo functorU = G is actually a strict
2-functor, so � G and  G are identity natural transformations. After inspecting
diagram (28) on page 86, we see that� F

� must be trivial because (� G
F X � )� 1 � i � X

and � X;F X (� X � 1X ) = � (� X � 1X ) are trivial. Hence F preserves identites.
Similarly, each of the 2-cells in diagram (29) on page 87 is trivial, and therefore

their composition is trivial. After inspecting diagram (30 ) on page 87, we see that
 F

f;g must also be trivial because both the horizontal top and bottom arrows are
trivial. Therefore F preserves compositions.
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SinceF preserves compositions and identities, it is a strict 2-functor.

Theorem 9.6 can be sharpened. LetA denote the 2-category of pseudoT-algebras
and let X denote the 2-category of pseudoS-algebras. Then the equivalence of
categoriesMor A (F X; A ) ! Mor X (X; UA ) implicit in Theorem 9.6 is strictly 2-
natural in each variable. However, it can be shown that a left2-adjoint does not
exist in speci�c cases. The equivalence in the other direction Mor X (X; UA ) !
Mor A (F X; A ) in Theorem 9.6 is not strictly 2-natural in each variable. In fact,
there is an example where there does not exist an equivalenceMor X (X; UA ) !
Mor A (F X; A ) which is strictly 2-natural in each variable, even after replacing F
by another bi-adjoint F 0. Counterexamples will be given after presenting Theorem
9.7, which is a sharper version of Theorem 9.6.

Theorem 9.7. Let S and T be theories. Let U : A ! X be the forgetful 2-
functor associated to a morphismS ! T of theories. Let F denote the left bi-
adjoint to U introduced in Theorem 9.6. Then the equivalence of categories � X;A :
Mor A (F X; A ) ! Mor X (X; UA ) from Theorem 9.6 de�ned by � X;A (f ) := Uf � � X

is strictly 2-natural in each variable.

Proof: The universal arrow � X : X ! UF X is the inclusion morphism. The
functor � X;A : Mor A (F X; A ) ! Mor X (X; UA ) is de�ned by � X;A (f ) := Uf � � X

as in Lemma 8.9. The functor� X;A is an equivalence of categories for allX 2 ObjX
and all A 2 ObjA because� X is a bi-universal arrow. The coherence isos� 0 for the
pseudo naturality of � � ;A are de�ned on page 80 in terms of some trivial 2-cells,
 G , and ~� , where ~� is the coherence iso for� . But  G is trivial for G = U because
U is a strict 2-functor. The coherence iso ~� is also trivial because� is a strict
2-natural transformation. Hence � 0 is also trivial and � � ;A is strictly 2-natural, i.e.
� is 2-natural in the �rst variable.

The coherence isos� for � X; � are de�ned on page 84 for morphismsk : A ! A0

by � A;A 0(k) : e 7!  G
e;k � i � X . But G = U is a strict functor and  G is trival, hence �

is also trivial. Therefore � X; � is strictly 2-natural, i.e. � is 2-natural in the second
variable. We conclude that X; A 7! � X;A is strictly 2-natural in each variable.

Before proving that Theorem 9.6 cannot be further improved to a left 2-adjoint,
we need a theorem which states that one can change a morphism of pseudo T-
algebras in a speci�c way and still have a morphism of pseudoT-algebras.

Theorem 9.8. Let X; Y be pseudoT-algebras andH : X ! Y a morphism of
pseudoT-algebras. Suppose thatJ0(x) 2 ObjY and � 0(x) : J0(x) ! H (x) is an
isomorphism for each x 2 ObjX . Then there exists a morphismJ : X ! Y of
pseudoT-algebras whose object function isJ0 and there exists an iso 2-cell� : J !
H of pseudoT-algebras such that� (x) = � 0(x) for all x 2 ObjX . Moreover, such
J and � are unique.

Proof: For x 2 ObjX de�ne J (x) := J0(x) and � (x) := � 0(x). For a morphism
f : x1 ! x2 of X de�ne J (f ) := � (x2)� 1 � H (f ) � � (x1). One easily sees thatJ is
a functor and � is natural transformation from J to the functor underlying H .

For w 2 T(n) let � H
w : H � �( w) ) 	 � (H; : : : ; H ) denote the coherence iso-

morphism for H , where � denotes the action of the theory T on X and 	 denotes
the action of the theory T on Y . De�ne a natural isomorphism � J

w : J � �( w) )
	 � (J; : : : ; J ) by the following diagram.
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J � �( w)
� � i �( w ) +3

� J
w

��

H � �( w)

� H
w

��
	( w) � (J; : : : ; J )

i 	( w ) � ( �;:::;� )
+3	( w) � (H; : : : ; H )

In other words � J
w := i 	( w ) � (� � 1; : : : ; � � 1) � � H

w � � � i �( w ) . This is a natural
transformation because it consists of horizontal and vertical compositions of natural
transformations.

I claim that � J
w satis�es the coherence diagrams required to makeJ a morphism

of pseudoT-algebras. One can prove the commutivity of anyJ coherence diagram
from the commutivity of the analogous H coherence diagram by using the following
procedure. First one draws the commutativeH coherence diagram and then one
circumscribes it with the analogous J coherence diagram. Next one draws the
obvios isomorphisms between respectiveJ and H vertices. All of the resulting
inner diagrams commute because of the interchange law, because of the de�nition
of � J

w , or because of the diagram forH . We present the substitution diagram to
clarify the process. Let f : f 1; : : : ; mg ! f 1; : : : ; ng be a function and w 2 T(m).

J � �( wf )

� J
w f

��

i J � sw;f +3

� � i �( w f )

"*MMMMMMMMMMMMMMMMMMM

MMMMMMMMMMMMMMMMMMM
J � �( w)f

( � J
w ) f

��

� � i �( w ) f

t|qqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqq

H � �( wf )
i H � sw;f +3

� H
w f

��

H � �( w)f

( � H
w ) f

��
	( wf ) � (H; : : : ; H )

sw;f � i ( H;:::;H )

+3

i 	( w f ) � ( � � 1 ;:::;� � 1 )

t|qqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqq
	( w)f � (H; : : : ; H )

i 	( w ) f
� ( � � 1 ;:::;� � 1 )

"*MMMMMMMMMMMMMMMMMMM

MMMMMMMMMMMMMMMMMMM

	( wf ) � (J; : : : ; J )
sw;f � i ( J;:::;J )

+3	( w)f � (J; : : : ; J )

The top and bottom squares commute because of the interchange law. The left
and right squares commute because of the de�nitions of� J

w f
and � J

w . The innermost
square commutes becauseH is a morphism of pseudoT-algebras. Hence the outer
rectangle commutes andJ satis�es the substitution coherence diagram.

The other diagrams can be veri�ed using the same procedure. The only subtlety
in this procedure occurs in the right hand vertical composition of the composition
axiom. We reproduce the right hand part of the diagram obtained by following the
procedure mentioned above.
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:::
i J � cw;w 1 ;:::;w n +3J � �( w) � (�( w1); : : : ; �( wn ))

� J
w � i (�( w 1 ) ;:::; �( w n ))

��

� � i �( w ) � i (�( w 1 ) ;:::; �( w n ))

pxi i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i

i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i

H � �( w) � (�( w1); : : : �( wn ))

� H
w � i (�( w 1 ) ;:::; �( w n ))

��
	( w) � (H; : : : ; H ) � (�( w1); : : : ; �( wn ))

i 	( w ) � ( � � 1 ;:::;� � 1 ) � i (�( w 1 ) ;:::; �( w n ))+3

i 	( w ) � ( � H
w 1

;:::;� H
w n

)

��

	( w) � (J; : : : ; J ) � (�( w1); : : : ; �( wn ))

i 	( w ) � ( � J
w 1

;:::;� J
w n

)

��

	( w) � (	( w1); : : : ; 	( wn )) � (H; : : : ; H )

i 	( w ) � i (	( w 1 ) ;:::; 	( w n )) � ( � � 1 ;:::;� � 1 )

&.UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU

UUUUUUUUUUUUUUUUUUUUUUUUUUUUUUUU

:::
cw;w 1 ;:::;w n � i ( J;:::;J )

+3	( w) � (	( w1); : : : ; 	( wn )) � (J; : : : ; J )

The upper right quadrilateral results from the diagram de�n ing � J
w by horizon-

tally composing with i (�( w1 ) ;:::; �( wn )) . Then the upper right square commutes by
iterated use of the interchange law.

The bottom right quadrilateral results from the de�ning dia grams of� J
w1

; : : : ; � J
wn

by taking their product, horizontally composing with i (	( w1 ) ;:::; 	( wn )) = ( i 	( w1 ) ; : : : ; i 	( wn ) ),
and �nally reversing one of the arrows. The commutivity then follows from the in-
terchange law.

The other parts of the diagram are easily seen to commute, andwe conclude
that J satis�es the composition coherence.

The commutivity of all of these coherence diagrams implies that J is a morphism
of pseudoT-algebras. We conclude that� is a 2-cell in the 2-category of pseudo
T-algebras by looking at its de�ning diagram.

SupposeJ 0 : X ! Y is a morphism of pseudoT-algebras and� 0 : J 0 ) H is a
2-cell in the 2-category of pseudoT-algebras such that for all x 2 ObjX we have
J 0(x) = J0(x) and � 0(x) = � 0(x). Then for a morphism f : x1 ! x2 in X the
diagram

J0(x1)
� (x 1 ) //

J 0( f )
��

H (x1)

H (f )

��
J0(x1)

� (x 2 )
//H (x2)
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commutes. HenceJ 0(f ) = � (x2)� 1 � H (f ) � � (x1) = J (f ). For a word w 2 T(n),
the diagram

J 0 � �( w)
� � i �( w ) +3

� J 0
w

��

H � �( w)

� H
w

��
	( w) � (J 0; : : : ; J 0)

i 	( w ) � ( �;:::;� )
+3	( w) � (H; : : : ; H )

commutes. Hence� J 0

w = i 	( w ) � (� � 1; : : : ; � � 1) � � H
w � � � i �( w ) = � J

w . We conclude
J 0 = J as morphisms of pseudoT-algebras.

Lemma 9.9. The functor  X;A : Mor X (X; UA ) ! Mor A (F X; A ) in Theorem 9.6
is not strictly 2-natural in each variable.

Proof: Suppose is strictly 2-natural. Then for any morphism of pseudo
T-algebrasJ : F X ! F X the following diagram must commute.

(54) Mor A (F X; F X )

J �

��

Mor X (X; UF X )
 X;F Xoo

(UJ ) �

��
Mor A (F X; F X ) Mor X (X; UF X )

 X;F X

oo

According to page 101, the output X;F X (H ) is always a strict morphism of pseudo
T-algebras for all morphisms H : X ! UF X of pseudo S-algebras. Let a 2
ObjF X . Let w be the trivial word in the theory T . Then w( X;F X (� X )(a)) is
isomorphic to (but not equal to)  X;F X (� X )(a) via a coherence isomorphism. By
Theorem 9.8 we can construct from this data a morphismJ : F X ! F X of pseudo
T-algebras such thatJ (w( X;F X (� X )(a))) =  X;F X (� X )(a) and J is the identity
on all other objects. Chasing � X along diagram (54) from the top right corner,
we see that X;F X (UJ � � X ) = J �  X;F X (� X ) and J �  X;F X (� X ) must be strict
because X;F X (UJ � � X ) is. But J �  X;F X (� X ) is not strict because it does not
commute with the action of w by the construction of J .

In fact, we present an example where there is no pseudo natural transformation
 as in Lemma 9.9 that is strictly 2-natural in the second variable, even after
replacing F by another left bi-adjoint to U. The reason is that our morphisms are
not required to strictly commute with the action of the theor ies.

Example 19. Let S be the trivial theory and let T be the theory of commutative
monoids. Let X be the 2-category of pseudoS-algebras and letA be the 2-category
of pseudoT-algebras. Let U : A ! X be the forgetful 2-functor associated to the
trivial map of theories S ! T . Then there does not exist a left bi-adjoint F 0 : X !
A which admits equivalences of categories 0

X;A : Mor X (X; UA ) ! Mor A (F 0X; A )
that are strictly 2-natural in the second variable.

Proof: First we prove that our constructed left bi-adjoint F : X ! A does not
admit equivalences 0

X;A that are strictly 2-natural in the second variable. Suppose
for eachX 2 ObjX there exist equivalences 0

X;A : Mor X (X; UA ) ! Mor A (F X; A )
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that are strictly natural in A, the second variable. Let� 0
X;A be a functor such that

� 0
X;A �  0

X;A and  0
X;A � � 0

X;A are naturally isomorphic to the respective identities.
Let X be the pseudoS-algebra with only one object � and no nontrivial mor-

phisms. Let A be the category of �nite sets with a choice of disjoint union. This
makesA into a pseudoT-algebra.

I claim that there exists a morphism H : X ! UA of pseudoS-algebras such
that  0

X;A (H )( � ) 6= ; . Suppose not. Then for every morphismH : X ! UA, we
have  0

X;A (H )(w(� ; : : : ; � )) �= w(; ; : : : ; ; ) = ; and thus  0
X;A (H ) is constant ; . By

the equivalence, every morphismK : F X ! A of pseudoT-algebras is isomorphic
to  0

X;A � � 0
X;A (K ). This implies that K must also be constant; . But this is a

contradition, since there are nontrivial morphisms F X ! A. Thus there exists a
morphism H : X ! UA of pseudoS-algebras such that 0

X;A (H )( � ) 6= ; .
I claim that there exists an object x 2 ObjF X such that  0

X;A (H )(x) 6= H (� ).
Let n 2 N be large enough that

n � j 0
X;A (H )( � )j > jH (� )j:

This is possible becausej 0
X;A (H )( � )j 6= 0 from above. Let x = � + ( � + ( � + � � � ))

where there aren copies of � . Then j 0
X;A (H )(x)j = n � j 0

X;A (H )( � )j because
 0

X;A (H ) is a morphism of pseudoT-algebras and isomorphisms inA are bijections
of sets. Thus 0

X;A (H )(x) 6= H (� ).
Let J0( 0

X;A (H )(x)) be any set of the same cardinality as 0
X;A (H )(x) but not

equal to  0
X;A (H )(x). Let � 0( 0

X;A (H )(x)) : J0( 0
X;A (H )(x)) !  0

X;A (H )(x) be a
bijection. Let J0(a) = a for all a 2 ObjA such that a 6=  0

X;A (H )(x). Then by
Theorem 9.8 there exists a morphismJ : A ! A of pseudoT-algebras which is the
identity except on the object  0

X;A (H )(x). In particular J (H (� )) = H (� ) because
H (� ) 6=  0

X;A (H )(x) from above.
The 2-naturality in the second variable implies that

(55) Mor A (F X; A )

J �

��

Mor X (X; UA )
 0

X;Aoo

(UJ ) �

��
Mor A (F X; A ) Mor X (X; UA )

 0
X;A

oo

commutes,i.e. J �  0
X;A (H ) =  0

X;A (UJ � H ). But UJ � H = H becauseJ (H (� )) =
H (� ). Hence J �  0

X;A (H ) =  0
X;A (H ). Evaluating this on x gives

J ( 0
X;A (H )(x)) =  0

X;A (H )(x)

which contradicts
J ( 0

X;A (H )(x)) 6=  0
X;A (H )(x):

Thus there cannot exist such a 0
X;A : Mor X (X; UA ) ! Mor A (F X; A ) and the

reason is that we allow morphisms which do not strictly commute with the action
of the theory.

Let F 0 : X ! A be any left bi-adjoint for U : A ! X . Suppose it admits
equivalences of categories 0

X;A : Mor X (X; UA ) ! Mor A (F 0X; A ) that are strictly
2-natural in the second variable. SinceF and F 0 are left bi-adjoints for U, there
exists for eachX a pseudo isomorphismF X ! F X 0 by the bi-universal arrow
argument in Lemma 8.4 and Theorem 8.15. This pseudo isomorphism induces
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an equivalence of categoriesMor A (F 0X; A ) ! Mor A (F X; A ) which is strictly
2-natural in A. Composing this with  0

X;A gives an equivalence of categories
Mor X (X; UA ) ! Mor A (F X; A ) which is strictly 2-natural in A, the second vari-
able. But it was shown above that such a 2-natural equivalence cannot exist. Hence
we have arrived at a contradiction and we conclude thatF 0 does not admit equiv-
alences 0

X;A : Mor X (X; UA ) ! Mor A (F 0X; A ) that are strictly 2-natural in the
second variable.

We can build on the previous example to show that there does not exist a left
2-adjoint to the forgetful 2-functor in that situation.

Example 20. Let S be the trivial theory and let T be the theory of commutative
monoids. Let X be the 2-category of pseudoS-algebras and letA be the 2-category
of pseudoT-algebras. Let U : A ! X be the forgetful 2-functor associated to the
trivial map of theories S ! T . Then there does not exist a left 2-adjoint to U,
i.e. there does not exist a 2-functorF 0 : X ! A which admits isomorphisms of
categories� X;A : Mor A (F 0X; A ) ! Mor X (X; UA ) that are strictly 2-natural in
each variable.

Proof: Suppose such a� existed. Let  X;A := � � 1
X;A . Then  X;A is strictly

2-natural in the second variableA and is an equivalence of categories. But this is
impossible by the previous example.

10. Weighted Bicolimits of Pseudo T-algebras

In this section I show that the 2-category of pseudoT-algebras has weighted
bicolimits. The proof builds on the free pseudoT-algebra construction as well
as the construction of strong colimits in the 2-category of small categories. The
present construction does not capture pseudo colimits because of the equivalence
of categories inherent in the construction of the free pseudo T-algebra. This equiv-
alence comes from the fact that the morphisms of pseudoT-algebras are pseudo
morphisms of pseudoT-algebras rather than strict ones. After proving that this
2-category admits bitensor products, we conclude that it admits all weighted bicol-
imits.

Theorem 10.1. The 2-categoryC of small pseudoT-algebras admits bicolimits.

Proof: Let J be a small 1-category andF : J ! C a pseudo functor. In the
following construction I use notation similar to the construction of the bi-universal
arrow in the section on forgetful 2-functors.

First I de�ne candidates W 2 ObjC and � : F ) � W . Let T 0 denote the free
theory on the sequence of setsT(0); T (1); : : : underlying the theory T . Let Alg 0

be the category of smallT 0-algebras. LetGraph0 be the category of small directed
graphs whose object sets are discreteT 0 algebras. Then there is a forgetful functor
Alg 0 ! Graph0 and it has a left adjoint V 0 by Freyd's adjoint functor theorem.

Let ObjRG0 be the free (discrete)T 0 algebra on the set
`

j 2 Obj J ObjF j . Let
MorR G0 be the collection of the following arrows:

(1) For every n 2 N , for all words w 2 T(n), w1 2 T(m1); : : : ; wn 2 T(mn ),
and for all objects A1

1; : : : ; A1
m 1

,A2
1; : : : ; A2

m 2
; : : : ; An

1 ; : : : ; An
m n

2 ObjRG0

there is an arrow
cw;w 1 ;:::;w n (A1

1; : : : ; An
m n

) : w � (w1; : : : ; wn )(A1
1; : : : ; An

m n
) !
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w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

))
and an arrow
c� 1

w;w 1 ;:::;w n
(A1

1; : : : ; An
m n

) : w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

)) !
w � (w1; : : : ; wn )(A1

1; : : : ; An
m n

). Here w � (w1; : : : ; wn ) is the composition in
the original theory T . The target w(w1(A1

1; : : : ; A1
m 1

); : : : ; wn (An
1 ; : : : ; An

m n
))

is the result of composing in the free theory and applying it to the A's in
the free algebra.

(2) For every A 2 ObjRG0 there is an arrow I A : Id (A) ! A and an arrow
I � 1

A : A ! Id (A). Here Id is the unit of the original theory T .
(3) For every word w 2 T(m), for every function f : f 1; : : : ; mg ! f 1; : : : ; ng,

and for all objects A1; : : : ; An 2 ObjRG0 there is an arrow
sw;f (A1; : : : ; An ) : wf (A1; : : : ; An ) ! w(A f 1; : : : ; A fm )
and an arrow
s� 1

w;f (A1; : : : ; An ) : w(A f 1; : : : ; A fm ) ! wf (A1; : : : ; An ). The substituted
word wf is the substituted word in the original theory T . The target
w(A f 1; : : : ; A fm ) is the result of substituting in w in the free theory and
then evaluating on the A's.

(4) For every word w 2 T(n), j 2 ObjJ , and objects A1; : : : ; An of F j there
is an arrow � � j

w (A1; : : : ; An ) : � j (w)(A1; : : : ; An ) ! w(A1; : : : ; An ) and an
arrow (� � j

w )� 1(A1; : : : ; An ) : w(A1; : : : ; An ) ! � j (w)(A1; : : : ; An ), where
� j is the action of T on the pseudoT-algebra F j .

(5) Include all elements of
`

j 2J MorF j in MorR G0.
(6) For every morphism f : i ! j of J and everyx 2 ObjF i we include arrows

h(x;f ) and h� 1
(x;f ) as in the proof of Theorem 3.1.

With these arrows, RG0 is an object of Graph0. Now we apply the functor V 0 to
the directed graph RG0 to get a categoryR0 which is a T 0 algebra.

Let K be the smallest congruence on the categoryR0 with the following proper-
ties:

(1) All of the relations necessary to make the coherence arrows (including � � j
w )

into natural transformations belong to K . For example, if A; B 2 ObjR0

and f : A ! B is a morphism of R0,then the relation I A � f = Id (f ) � I B

belongs toK .
(2) All of the relations necessary to make the coherence arrows (including � � j

w )
into isos are inK . For example, for everyA 2 ObjR0 the relations I A � I � 1

A =
1A and I � 1

A � I A = 1 A are in K .
(3) All of the relations listed in the de�nition of pseudo alg ebra above belong

to K , where the objects range over the objects ofR0.
(4) The original composition relations in each of the categories F j belong to

K for all j 2 ObjJ .
(5) The coherence diagrams necessary to make the inclusion� j : F j ! R0 into

a morphism of pseudoT-algebras belong toK . Note that these coherences
will involve the arrows � � j

w (A1; : : : ; An ) for w 2 T(n).
(6) All of the relations in the proof of Theorem 3.1 are in K .
(7) If the relations f 1 = g1; : : : ; f n = gn are in K and w 2 T 0(n), then the

relation w(f 1; : : : ; f n ) = w(g1; : : : gn ) is also in K .

Next we mod R0 out by K and we get a pseudoT-algebraR =: W 2 ObjC.
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I de�ne a pseudo natural transformation � : F ) � W as follows. For j 2 ObjJ ,
de�ne � j : F j ! W to be the inclusion functor. The functor � j is a morphism
of pseudoT-algebras because of the relations we modded out by. De�ne� i;j (f )x :
� i (x) ! � j � af (x) by � i;j (f )x := h(x;f ) as in the proof of Theorem of 3.1. Then
x 7! � i;j (f )x is a 2-cell� i ) � j � af in the 2-category of pseudoT-algebras because
of the relations we modded out by and because of the work in theproof of Theorem
3.1. By an argument similar to Lemma 3.2 we conclude that� : F ! � W is a
pseudo natural transformation. The candidate for the bicolimit of F is W 2 ObjC
with the pseudo cone� : F ! � W . This concludes the de�nition of the candidate
for the bicolimit of F .

Let V 2 ObjC. De�ne the functor � : Mor C(W; V ) ! P seudoCone(F; V ) by
b 7! b� � as before. We need to see that� is an equivalence of categories.

Lemma 10.2. There is a functor  : P seudoCone(F; V ) ! Mor C(W; V ).

Proof: First I de�ne  on objects. Let � 0 : F ) � V be a pseudo natural
transformation. From � 0 we get a map of sets

a

j 2 Obj J

ObjF j ! ObjV

which induces a map
d : ObjRG0 ! ObjV

of discreteT 0 algebras. De�ne d on arrows ofRG0 as follows:

� dg := � 0
j g for all g 2 MorF j and all j 2 ObjJ

� dh(x;f ) := � 0
i;j (f )x and dh� 1

(x;f ) := ( � 0
i;j (f )x )� 1 for f : i ! j in J and

x 2 ObjF i
� d takes a coherence arrow inRG0 to the analogous coherence iso inV

� d(� � j
w ) := �

� 0
j

w where �
� 0

j
w is the coherence iso of the morphism� 0

j : F j ! V

of pseudoT-algebras, and similarly d(( � � j
w )� 1) := ( �

� 0
j

w )� 1.

This de�nes a morphism d : RG0 ! V of the category Graph0, where part of
the structure of the T 0-algebra V is forgotten. The adjoint Graph0 ! Alg 0 to
the forgetful functor gives us a morphism R0 ! V , which we also denote byd.
Furthermore, d : R0 ! V preserves the relations we want to impose. Henced
induces a mapb : R ! V on the quotient and d is a morphism of pseudoT-
algebras. Note that the coherence isos ofb are trivial. This is how we de�ne  on
objects:  (� 0) := b.

Let �; � 0 2 ObjP seudoCone(F; V ) and � : �  � 0be a morphism ofP seudoCone(F; V ).
Then de�ne a 2-cell  (�) :  (� ) )  (� 0) by  (�) x := � j (x) for x 2 ObjF j and
continue the de�nition inductively by

 (�) w(x 1 ;:::;x n ) := 	( w)(  (�) x 1 ; : : : ;  (�) x n );

where 	 is the action of T on V . Another inductive argument shows that this
assignment preserves compositions and identities.

Lemma 10.3. The composite functor� �  : P seudoCone(F; V ) ! P seudoCone(F; V )
is the identity functor.

Proof: This is similar to Lemma 3.5. The only di�erence here is that one must
prove that the coherence iso's for the morphism� 0

j : F j ! V of pseudoT-algebras
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are the same as the coherence iso's for (� �  (� 0)) j . But this is true because the
coherence iso's of (� 0) are trivial.

Lemma 10.4. The composite functor  � � : Mor C(W; V ) ! Mor C(W; V ) is nat-
urally isomorphic to the identity functor.

Proof: I construct a natural isomorphism � : 1Mor C (W;V ) )  � � . Let b 2
ObjMor C(W; V ). We de�ne � b =: � inductively. For all j 2 ObjJ and all x 2
ObjF j � ObjW we have � � (b)(x) = b(x). De�ne

� x : b(x) !  � � (b)(x)

to be the identity for such x. For w 2 T(n) and x1; : : : ; xn 2
`

j 2 Obj J ObjF j de�ne

� w(x 1 ;:::;x n ) := � b
w (x1; : : : ; xn ):

Now let x1; : : : ; xn 2 ObjW and w 2 T(n). Suppose � x 1 ; : : : ; � x n are already
de�ned. Then de�ne

� w(x 1 ;:::;x n ) : b(w(x1; : : : ; xn )) !  � � (b)(w(x1; : : : ; xn ))

to be the composition

b(w(x1; : : : ; xn ))

� b
w (x 1 ;:::;x n )

��
	( w)(bx1; : : : ; bxn )

	( w )( � x 1 ;:::;� x n )

��
	( w)(  � � (b)x1; : : : ;  � � (b)xn ):

Then the assignmentx 7! � x is a 2-cell in the category of pseudoT-algebras
because it is natural and commutes with the coherence isos ofb and  � � (b) by an
inductive argument (recall the coherence isos of � � (b) are trivial). An inductive
argument also shows thatb 7! � b is natural.

Lemma 10.5. The functor � : Mor C(W; V ) ! P seudoCone(F; V ) de�ned by b 7!
b� � is an equivalence of categories.

Proof: This follows immediately from the previous two lemmas.

Lemma 10.6. The object W 2 ObjC and the pseudo cone� : F ) � W comprise
a bicolimit of F .

Proof: This follows immediately from the previous lemma.

This completes the proof that the 2-category of small pseudoT-algebras admits
bicolimits.

Lemma 10.7. The 2-categoryC of pseudoT-algebras admits bitensor products.

Proof: Let J be a category andF a pseudoT-algebra. First de�ne an object
RG0 of Graph0. Let ObjRG0 be the free discreteT 0-algebra on the setObjJ � ObjF ,
where T 0 is the free theory on T. Let MorR G0 be the collection of the following
arrows.
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(1) For every n 2 N , for all words w 2 T(n), w1 2 T(m1); : : : ; wn 2 T(mn ),
and for all objects A1

1; : : : ; A1
m 1

,A2
1; : : : ; A2

m 2
; : : : ; An

1 ; : : : ; An
m n

2 ObjRG0

there is an arrow
cw;w 1 ;:::;w n (A1

1; : : : ; An
m n

) : w � (w1; : : : ; wn )(A1
1; : : : ; An

m n
) !

w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

))
and an arrow
c� 1

w;w 1 ;:::;w n
(A1

1; : : : ; An
m n

) : w(w1(A1
1; : : : ; A1

m 1
); : : : ; wn (An

1 ; : : : ; An
m n

)) !
w � (w1; : : : ; wn )(A1

1; : : : ; An
m n

). Here w � (w1; : : : ; wn ) is the composition in
the original theory T . The target w(w1(A1

1; : : : ; A1
m 1

); : : : ; wn (An
1 ; : : : ; An

m n
))

is the result of composing in the free theory and applying it to the A's in
the free algebra.

(2) For every A 2 ObjRG0 there is an arrow I A : Id (A) ! A and an arrow
I � 1

A : A ! Id (A). Here Id is the unit of the original theory T .
(3) For every word w 2 T(m), for every function f : f 1; : : : ; mg ! f 1; : : : ; ng,

and for all objects A1; : : : ; An 2 ObjRG0 there is an arrow
sw;f (A1; : : : ; An ) : wf (A1; : : : ; An ) ! w(A f 1; : : : ; A fm )
and an arrow
s� 1

w;f (A1; : : : ; An ) : w(A f 1; : : : ; A fm ) ! wf (A1; : : : ; An ). The substituted
word wf is the substituted word in the original theory T . The target
w(A f 1; : : : ; A fm ) is the result of substituting in w in the free theory and
then evaluating on the A's.

(4) For every word w 2 T(n), j 2 ObjJ , and objects x1; : : : ; xn of F there is
an arrow
� � ( j )

w (( j; x 1); : : : ; (j; x n )) : ( j; �( w)(x1 ; : : : ; xn )) ! w(( j; x 1); : : : ; (j; x n )) and
an arrow (� � ( j )

w )� 1 : w(( j; x 1); : : : ; (j; x n )) ! (j; �( w)(x1; : : : ; xn )), where
� is the structure map of the pseudo T-algebraF .

(5) Include all elements ofMorJ � MorF in MorR G0.

With these arrows, RG0 is an object ofGraph0. Now we apply the freeT 0-algebra
functor to the directed graph RG0 to get a categoryR0 which is a T 0 algebra. Let
K be the smallest congruence on the categoryR0 with the following properties:

(1) All of the relations necessary to make the coherence arrows (including � � ( j )
w )

into natural transformations belong to K . For example, if A; B 2 ObjR0

and f : A ! B is a morphism of R0,then the relation I A � f = Id (f ) � I B

belongs toK .
(2) All of the relations necessary to make the coherence arrows (including � � ( j )

w )
into isos are inK . For example, for everyA 2 ObjR0 the relations I A � I � 1

A =
1A and I � 1

A � I A = 1 A are in K .
(3) All of the relations listed in the de�nition of pseudo alg ebra above belong

to K , where the objects range over the objects ofR0.
(4) The original composition relations in the category J � F belong to K .
(5) For each j 2 J , the coherence diagrams necessary to make the inclusion

F ! R0, x 7! (j; x ) into a morphism of pseudo T-algebras belong toK .
Note that these coherences will involve the arrows� � ( j )

w (( j; x 1); : : : ; (j; x n )) :
(j; �( w)(x1 ; : : : ; xn )) ! w(( j; x 1); : : : ; (j; x n )).
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(6) For any g : j 1 ! j 2 in J and x1; : : : ; xn in F we include the relation

(j 1; �( w)(x1 ; : : : ; xn ))
(g;1�( w )( x 1 ;:::;x n ) )

//

� � ( j 1 )
w (x 1 ;:::;x n )

��

(j 2; �( w)(x1 ; : : : ; xn ))

� � ( j 2 )
w (x 1 ;:::;x n )

��
w(( j 1; x1); : : : ; (j 1; xn ))

w(( g;x 1 ) ;:::; (g;x n ))
//w(( j 2; x1); : : : ; (j 2; xn )) :

(7) If the relations f 1 = g1; : : : ; f n = gn are in K and w 2 T 0(n), then the
relation w(f 1; : : : ; f n ) = w(g1; : : : gn ) is also in K .

Next we mod R0 out by K and we get a pseudoT-algebraJ � F 2 ObjC. I de�ne
a functor � : J ! C (F; J � F ) by

� (j )(x) := ( j; x )

� (j )( f ) := (1 j ; f )

(� (g)) x := ( g;1x )

for j 2 ObjJ; x 2 ObjF; f 2 MorF; and g 2 MorJ . Then � (j ) : F ! J � F is a
morphism of pseudoT-algebras with coherence isos� � ( j ) and � (g) : � (j 1) ! � (j 2)
is a 2-cell in the 2-category of pseudoT-algebras because of the relations. The
relations also imply that � is a functor.

I claim that � induces an equivalence

C(J � F; C)
� //Cat(J; C(F; C))

b 7! C(F; b) � �

� 7! C(F; � ) � i �

of categories. De�ne a functor  : Cat(J; C(F; C)) ! C (J � F; C) as follows. For a
functor � : J ! C (F; C), we have a map of sets

ObjJ � ObjF ! ObjC

(j; x ) 7! � (j )(x)

which induces a mapObjRG0 ! ObjC of discreteT 0-algebras satsifying

 (� )( j; x ) := � (j )(x)

 (� )(w(( j 1 ; x1); : : : ; (j n ; xn ))) := � C (w)( � (j 1)(x1); : : : ; � (j n )(xn ))

for (j; x ); (j 1; x1); : : : ; (j n ; xn ) 2 J � F . De�ne  (� ) on arrows of RG0 by

	( � )(cw;w 1 ;:::;w n (A1
1; : : : ; An

m n
)) := cw;w 1 ;:::;w n ( (� )(A1

1); : : : ;  (� )(An
m n

))

 (� )( I A ) := I  ( � )( I A )

 (� )(sw;f (A1; : : : ; An )) := sw;f ( (� )(A1); : : : ;  (� )(An ))

 (� )(g; f ) := � (j 2)( f ) � � (g)x 1 = � (g)x 2 � � (j 1)( f )

for Ak
` ; A; A i 2 ObjRG0, f : m ! n, g : j 1 ! j 2 in J and f : x1 ! x2 in F . We

de�ne  (� ) similarly for c� 1
w;w 1 ;:::;w n

; I � 1
A ; s� 1

w;f . Then  (� ) : RG0 ! C is a morphism
of Graph0, which induces a morphismR0 ! C in Alg 0. It preserves the relations
and therefore induces a morphism (� ) : J � F ! C of pseudoT-algebras on the
quotient. This is actually a strict morphism of pseudo T-algebras. For a natural
transformation � : � ! � 0 de�ne a 2-cell  (�) :  (� ) )  (� 0) inductively by

 (�) ( j;x ) := (� j )x
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for (j; x ) 2 ObjJ � ObjF and

 (�) w(A 1 ;:::;A n ) := � C (w)(  (�) A 1 ; : : : ;  (�) A n )

whenever  (�) A 1 ; : : : ;  (�) A n are already de�ned. From these de�nitions we can
conclude that  is a functor and � �  = 1 Cat (J; C(F;C )) . For example,

(� �  (� ))( j )(x) = (  (� ) � � (j ))( x)

=  (� )( j; x )

= � (j )(x)

and also
(( � �  (�)) j )x = ((  (�) � i � ) j )x

=  (�) � ( j )( x )

= (� j )x :

I construct a natural isomorphism � : 1C(J � F;C ) )  � � . Let b : J � F ! C
be a morphism of pseudoT-algebras. We de�ne � b =: � inductively. For all
(j; x ) 2 ObjJ � ObjF we have

 � � (b)( j; x ) =  (C(F; b) � � )( j; x )

= ( C(F; b) � � )( j )(x)

= ( b� � (j ))( x)

= b(j; x ):

De�ne
� ( j;x ) : b(j; x ) !  � � (b)( j; x )

to be the identity for such ( j; x ). For w 2 T(n) and (j 1; x1); : : : ; (j n ; xn ) 2 ObjJ �
ObjF de�ne

� w(( j 1 ;x 1 ) ;:::; ( j n ;x n )) := � b
w (( j 1; x1); : : : ; (j n ; xn )) :

For A1; : : : ; An 2 ObjRG0 = ObjJ � F and w 2 T(n), de�ne

� w(A 1 ;:::;A n ) : b(w(A1; : : : ; An )) !  � � (b)(w(A1; : : : ; An ))

to be the composition

b(w(A1; : : : ; An ))

� b
w (A 1 ;:::;A n )

��
	( w)(bA1; : : : ; bAn )

	( w )( � A 1 ;:::;� A n )

��
	( w)(  � � (b)A1; : : : ;  � � (b)An ):

Then the assignmentx 7! � x is a 2-cell in the category of pseudoT-algebras
because it is natural and commutes with the coherence isos ofb and  � � (b) by an
inductive argument (recall the coherence isos of � � (b) are trivial). An inductive
argument also shows thatb 7! � b is natural.

By Remark 2.3, this implies that J � F is a bitensor product of J and F .

Theorem 10.8. The 2-categoryC of pseudoT-algebras admits all weighted bicol-
imits.
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Proof: The 2-categoryC admits bicoproducts and bicoequalizers by Theorem
10.1. It admits bitensor products by the previous lemma. Hence by Theorem 2.5
it admits all weighted bicolimits.

11. Stacks

In this section we introduce the language of stacks in analogy to sheaves, since
stacks generalize sheaves. A stack is a contravariant pseudo functor from a
Grothendieck topology to a 2-category which takes Grothendieck covers to bilimits
in the sense described below. The target 2-category is required to admit bilimits.
We have shown that the 2-category of pseudo algebras over a theory admits bilimits,
so we can speak of stacks of pseudo algebras. Some referencesfor stacks are [12],
[15], [17], [40], and [52].

De�nition 11.1. A basis for a Grothendieck topologyon a categoryB with pull-
backs is a function K which assigns to each objectB of B a collection of families
of morphims with codomain B such that

(1) If g : B 0 ! B is an isomorphism, thenf gg 2 K (B )
(2) If f gi : B i ! B ji 2 I g 2 K (B ), then for any morphism g : D ! B the

family of pullbacks of the gi along g f � 2 : B i � B D ! D ji 2 I g is in K (D)
(3) If f gi : B i ! B ji 2 I g 2 K (B ) and f f ij : D ij ! B i jj 2 J i g 2 K (B i ) for all

i , then the composite family f gi � f ij : B ij ! B ji 2 I; j 2 J i g is in K (B ).

The second axiom is called thestability axiom because it says thatK is stable
under pullbacks. The third axiom is called the transitivity axiom . Often one refers
to the basis as well as the categoryB as a Grothendieck topology. We follow this
convention. Some authors call a Grothendieck topology a Grothendieck site. The
elements ofK (B ) are called Grothendieck covers.

De�nition 11.2. Let B be a Grothendieck topology andC a concrete category.
Then a C-sheafon B is a contravariant functor G : B ! C which takes Grothendieck
covers to limits, i.e. for any object B of B and for any Grothendieck cover f gi :
B i ! B ji 2 I g 2 K (B ) the following diagram is an equalizer

G(B ) e //Q
i 2 I G(B i )

p1 //
p2

//
Q

i;j 2 I G(B i � B B j )

where e(a) = f G(gi )agi 2 I and p1(f ak gk2 I ) ij = G(� 1
ij )ai and p2(f ak gk2 I ) ij =

G(� 2
ij )aj . Here � 1

ij ; � 2
ij are the morphisms in the pullback diagrams.

B i � B B j
� 1

ij //

� 2
ij

��

B i

��
B j //B

See [38] for a thorough discussion of Grothendieck topologies and sheaves. The
diagram above is an equalizer if and only if it isexact. Usually one speaks of a
C-sheaf as a sheaf of objects ofC. For example, if C is the category of sets, then we
speak of a sheaf of sets. Next we speak of stacks of categoriesand then generalize
to stacks of objects with algebraic structure.

Let Cat denote the 2-category of small categories. SupposeB is a Grothendieck
topology. Let G : B ! Cat be a contravariant pseudo functor. Let B be an object
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of B and f gi : B i ! B ji 2 I g 2 K (B ) a Grothendieck cover. Consider the diagram

(56)
Q

i 2 I G(B i )
p1 //
p2

//
Q

i;j 2 I G(B i � B B j ) p13 //
p12 //

p23
//
Q

i;j;k 2 I G(B i � B B j � B Bk )

where the arrows are de�ned as

p1(f ak gk ) ij := G(� 1
ij )ai

p2(f ak gk ) ij := G(� 2
ij )aj

p12(f a`m g`m ) ijk := G(� 12
ijk )aij

p13(f a`m g`m ) ijk := G(� 13
ijk )aik

p23(f a`m g`m ) ijk := G(� 23
ijk )ajk :

Here � 12
ijk ; � 13

ijk ; � 23
ijk are the morphisms in the triple �ber product as in the followi ng

commutative diagram from [52]. Here B ijk is the �bered product B i � B B j � B

Bk . The other �bered products are denoted similarly. The unlabelled arrows are
gi ; gj ; gk from the Grothendieck cover.

B ijk

� 12
ijk

}}zz
zz

zz
zz

� 13
ijk

��

� 23
ijk //B jk

� 1
jk

}}||
||

||
||

� 2
jk

��

B ij

� 1
ij

��

� 2
ij

//B j

��

B ik
� 2

ik //
� 1

ik

||yy
yy

yy
yy

Bk

}}{{
{{

{{
{{

B i
//B

Every face in this diagram is a pullback square. The objectB ijk is the limit of the
diagram obtained from this one by deleting B ijk and the arrows emanating from
it.

Diagram (56) can be interpreted as the image of a pseudo functor F : J ! Cat
as follows. Let J be the free 1-category on the directed graph

(57) X
f 1 //
f 2

//Y f 13 //
f 12 //

f 23

//Z
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modded out by the relations below.

X
f 1 //

f 1

��

Y

f 12

��

X
f 2 //

f 2

��

Y

f 13

��
Y

f 13

//Z Y
f 23

//Z

X
f 1 //

f 2

��

Y

f 23

��
Y

f 12

//Z

De�ne a pseudo functor F : J ! Cat which takes diagram (57) to the diagram
(56) and takes identity morphisms to identity morphisms. Th e pseudo functorF
is de�ned on all possible composites of nontrivial morphisms as:

F (f 12 � f 1)( f a` g` ) ijk := G(� 1
ij � � 12

ijk )ai

F (f 13 � f 2)( f a` g` ) ijk := G(� 2
ik � � 13

ijk )ak

F (f 23 � f 1)( f a` g` ) ijk := G(� 1
jk � � 23

ijk )aj :

The identity coherence isos� F for F are equalities becauseF takes identity mor-
phisms to identity morphisms. The coherence isos F for composites of non-identity
morphisms are de�ned as tuples of the composition coherenceisos for G. For ex-
ample, the coherence iso F

f 1 ;f 12
f a` g` : F (f 12) � F (f 1)f a` g` ! F (f 12 � f 1)f a` g` is

de�ned as

f  G
� 12

ijk ;� 1
ij

ai gijk : f G(� 12
ijk ) � G(� 1

ij )ai gijk ! f G(� 1
ij � � 12

ijk )ai gijk

The coherence isos F for composites involving one or more identity morphisms are
de�ned to be equalities. For example, the coherence iso

 F
1X ;f 1

f a` g` : F (f 1) � F (1X )f a` g` ! F (f 1 � 1X )f a` g`

is equality. The coherence diagram in the pseudo functor unit axiom for � F is
satis�ed because of this de�nition. The coherence diagram in the pseudo functor
composition axiom for  F is satis�ed because of the diagrams for G and also
because of this de�nition. The coherence isos are also natural becauseJ has no
nontrivial 2-cells. Thus F : J ! Cat is a pseudo functor whose image is diagram
(56). By a bilimit of diagram (56) we mean a bilimit of this functor F .

In the context of stacks there is a canonical candidate for the bilimit of F , namely
G(B ). The candidate for the universal pseudo cone� 0 : � G(B ) ) F is de�ned on
objects as follows.

� 0
X : G(B ) !

Y

i

G(B i )

� 0
X (a) := f G(gi )agi

� 0
Y : G(B ) !

Y

i;j

G(B i � B B j )

� 0
Y (a) := f G(gi � � 1

ij )agij
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� 0
Z : G(B ) !

Y

i;j;k

G(B i � B B j � B Bk )

� 0
Z (a) := f G(gi � � 1

ij � � 12
ijk )agijk

The coherence isos� 0
f : F f � � 0

Sf ) � G(B ) (f ) � � 0
T f for the pseudo cone� 0 and non-

identity morphisms f in J are de�ned in terms of  G . For example, for f 1 : X ! Y
we have

G(B )
� 0

X //

1G ( B ) =� G ( B ) ( f 1 )

��

Q
i G(B i )

F ( f 1 )= p1

��

� 0
f 1

u}sss
sss

sss
sss

sss
sss

s

sss
sss

sss
sss

sss
sss

s

G(B )
� 0

Y

//
Q

i;j G(B i � B B j )

de�ned by � 0
f 1

a := f  G
� 1

ij ;g i
agij : f G(� 1

ij ) � G(gi )agij ! f G(gi � � 1
ij )agij for all objects

a of G(B ). For the identity morphisms 1 X ; 1Y ; and 1Z of J we de�ne � 0
1X

; � 0
1Y

and
� 0

1Z
to be equalities. The coherence diagram for the unit axiom ofpseudo natural

transformations is satis�ed because of this de�nition. The composition axiom for
� 0 and nontrivial morphisms is satis�ed because of the composition axiom for  G

and because � G ( B ) is an equality. The composition axiom for � 0 whenever one or
more of the morphisms is trivial follows trivially. Thus � 0 : � G(B ) ) F is a pseudo
natural transformation with coherence isos� 0. After these preliminary remarks, we
can �nally de�ne stack of categories.

De�nition 11.3. Let Cat denote the 2-category of small categories. SupposeB is
a Grothendieck topology. A stack of categoriesis a contravariant pseudo functor
G : B ! Cat which takes Grothendieck covers to bilimits, i.e. for any object B of
B and any Grothendieck coverf gi : B i ! B ji 2 I g 2 K (B ) the diagram

Q
i 2 I G(B i )

p1 //
p2

//
Q

i;j 2 I G(B i � B B j ) p13 //
p12 //

p23
//
Q

i;j;k 2 I G(B i � B B j � B Bk )

hasG(B ) as a bilimit with universal pseudo cone� 0 : � G(B ) ) F as de�ned above.

One common way to de�ne a stack is via descent objects as in [15], [17], [40], or
[52].

De�nition 11.4. Let B be a Grothendieck topology andG : B ! Cat a con-
travariant pseudo functor. Suppose that f B i ! B gi is a Grothendieck cover. Then
an object with descent data onf B i ! B gi consists of an objectf ai gi 2

Q
i 2 I G(B i )

and isomorphisms� ij : G(� 2
ij )aj ! G(� 1

ij )ai in G(B i � B B j ) which satisfy the
cocycle condition

G(� 13
ijk )� ik = G(� 12

ijk )� ij � G(� 23
ijk )� jk

in G(B i � B B j � B Bk ) up to the coherence isos of the pseudo functorG. See below.
A morphism of descent objectsf � i gi : f ai gi ! f a0

i gi is a morphism in
Q

i 2 I G(B i )
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such that the diagram

G(� 2
ij )aj

� ij //

G(� 2
ij ) � j

��

G(� 1
ij )ai

G( � 1
ij ) � i

��
G(� 2

ij )a0
j

� 0
ij

//G(� 1
ij )a0

i

commutes in G(B i � B B j ). These objects and morphisms form thecategory of
descent data on the coverf B i ! B gi . This category is denotedG(f B i ! B gi ).
There is a functor G(B ) ! G(f B i ! B gi ) de�ned by a 7! f G(gi )agi where gi :
B i ! B are the morphisms from the Grothendieck cover. The� ij belonging to the
image ofa under this functor are � ij := (  G

� 1
ij ;g i

a)� 1 � ( G
� 2

ij ;g j
a).

The cocycle condition can be stated explicitly as the requirement that the fol-
lowing diagram commutes.

G(� 23
ijk )G(� 2

jk )ak
G( � 23

ijk ) � jk //

 � 23
ijk ;� 2

jk
ak

��

G(� 23
ijk )G(� 1

jk )aj

 � 23
ijk ;� 1

jk
a j

//G(� 1
jk � � 23

ijk )aj

G(� 2
jk � � 23

ijk )ak G(� 2
ij � � 12

ijk )aj

 � 1
� 12

ijk ;� 2
ij

a j

��
G(� 2

ik � � 13
ijk )ak

 � 1
� 13

ijk ;� 2
ik

ak

��

G(� 12
ijk ) � G(� 2

ij )aj

G( � 12
ijk ) � ij

��
G(� 13

ijk ) � G(� 2
ik )ak

G( � 13
ijk ) � ik

��

G(� 12
ijk ) � G(� 1

ij )ai

 � 12
ijk ;� 1

ij
a i

��
G(� 13

ijk ) � G(� 1
ik )ai G(� 1

ik � � 13
ijk )ai

 � 1
� 13

ijk ;� 1
ik

a i

oo G(� 1
ij � � 12

ijk )ai

This diagram is another reason why we require our pseudo functors to have coher-
ence arrows that are iso: if were not invertible, the cocycle condition cannot be
stated.

De�nition 11.5. Let Cat denote the 2-category of small categories. SupposeB is
a Grothendieck topology. A Giraud stack of categories1 is a contravariant pseudo

1This is not standard terminology. We have only introduced it to show that the two de�nitions
are equivalent.
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functor G : B ! Cat such that for any object B of B and any Grothendieck cover
f B i ! B gi of B , the functor G(B ) ! G(f B i ! B gi ) is an equivalence of categories.

Theorem 11.1. Let G : B ! Cat be a pseudo functor from a Grothendieck topology
to the 2-category of small categories. ThenG is a stack if and only if it is a Giraud
stack.

Proof:
From Section 4 we know that the categoryL := P seudoCone(1; F ) is a pseudo

limit of F . It is described as a subcategory of an appropriate product in Remarks
4.4 and 4.5 in such a way that the pseudo cone� : � L ) F consists of projections
as in Remark 4.6.

I claim that the category L of pseudo cones is equivalent to the categoryG(f B i !
B gi ) of descent data by a functor H : L ! G(f B i ! B gi ). Recall from Remark
4.4 that each object ofL corresponds to a tuple

f ai gi � f aij gij � f aijk gijk � f " f gf

with objects f ai gi in
Q

i G(B i ), f aij gij in
Q

ij G(B i � B B j ); and f aijk gijk inQ
ijk G(B i � B B j � B Bk ) as well as morphisms" f indexed by morphisms f of

J appropriately. For example, " f 1 : F (f 1)f ai gi ! f aij gij These morphisms satisfy
two axioms listed in the Remark. Each morphism ofL corresponds to a tuple

f � i gi � f � ij gij � f � ijk gijk

of morphisms in the product categories above and this tuple commutes with the
morphisms " f appropriately. De�ne

H (f ai gi � f aij gij � f aijk gijk � f " f gf ) := f ai gi

H (f � i gi � f � ij gij � f � ijk gijk ) := f � i gi :

The descent data forf ai gi are de�ned as the components off � ij gij := ( " f 1 )� 1 � " f 2 .
Morphisms of L map to morphisms ofG(f B i ! B gi ) because the outer diagram of

(58) F (f 1)f ai gi " f 1

//

F ( f 1 ) f � i gi

��

f aij gij

f � ij gij

��

F (f 2)f ai gi

F ( f 2 ) f � i gi

��

" f 2

oo

f � ij gij

rr

F (f 1)f a0
i gi

" 0
f 1 //f a0

ij gij F (f 2)f a0
i gi

" 0
f 2oo

f � 0
ij gij

ll
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commutes by Remark 4.5. To see that the� ij satisfy the cocycle condition, consider
the diagram below.
(59)

G(� 23
ijk )G(� 2

jk )ak
G( � 23

ijk ) � jk //

 � 23
ijk ;� 2

jk
ak

��
G(� 23

ijk ) " f 2
jk

''OOOOOOOOOOOOOOOOOOOOOO
G(� 23

ijk )G(� 1
jk )aj

 � 23
ijk ;� 1

jk
a j

//

G(� 23
ijk ) " f 1

jk

��

G(� 1
jk � � 23

ijk )aj

G(� 2
jk � � 23

ijk )ak G(� 23
ijk )ajk G(� 2

ij � � 12
ijk )aj

 � 1
� 12

ijk ;� 2
ij

a j

��
G(� 2

ik � � 13
ijk )ak

 � 1
� 13

ijk ;� 2
ik

ak

��

G(� 12
ijk )aij G(� 12

ijk ) � G(� 2
ij )aj

G( � 12
ijk ) � ij

��

G(� 12
ijk ) " f 2

ijoo

G(� 13
ijk ) � G(� 2

ik )ak

G( � 13
ijk ) � ik

��

G(� 13
ijk ) " f 2

ik //G(� 13
ijk )aik G(� 12

ijk ) � G(� 1
ij )ai

 � 12
ijk ;� 1

ij
a i

��

G(� 12
ijk ) " f 1

ij

ggOOOOOOOOOOOOOOOOOOOOOO

G(� 13
ijk ) � G(� 1

ik )ai

G( � 13
ijk ) " f 1

ik

77oooooooooooooooooooooo
G(� 1

ik � � 13
ijk )ai

 � 1

� 13
ijk ;� 1

ik
a i

oo G(� 1
ij � � 12

ijk )ai

We want to show that the outer rectangle commutes. The small triangles commute
by de�nition of � ij . Next one draws another vertexaijk inside the rectangle but
outside the triangles. Then one draws the arrows" f

ijk for all non-identity morphisms
F of the category J with target Z . All of these arrows terminate at aijk . Each
of the resulting subdiagrams commutes because of the relations in J or because
of the second axiom on the morphisms" f in Remark 4.4 . Note that we are
using the notation " f = f " f

ijk gijk . The outer rectangle commute because all of the
subdiagrams commute and everything is iso. Hence the� ij 's satisfy the cocycle
condition and H maps L into G(f B i ! B gi ). These assignments obviously de�ne
a functor H .

The functor H is faithful. Suppose

H (f � i gi � f � ij gij � f � ijk gijk ) = H (f � 0
i gi � f � 0

ij gij � f � 0
ijk gijk ):

Then f � i gi = f � 0
i gi . From this we conclude f � ij gij = f � 0

ij gij by diagram (58). A
similar diagram with objects f aijk g and f a0

ijk g in the center and arrows" f 12 ; " f 23

and "0
f 12

; "0
f 23

pointing inward shows that f � ijk gijk = f � 0
ijk gijk .

The functor H is also full. Let f � i gi be a morphism in the category of descent
data. Suppose further that its source and target lie in the image ofH . Then the
outer diagram of diagram (58) commutes and we de�nef � ij gij to be the unique
arrow that makes diagram (58) commute. It exists because thehorizontal arrows
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are iso. One can also de�nef � ijk gijk similarly, although one needs to use diagram
(58) several times and the naturality of  G to show that the necessary diagrams in
Remark 4.5 commute.

The functor H is also surjective on objects. Supposef ai g is an object with
descent data� ij . De�ne aij := G(� 1

ij )ai and aijk := G(� 1
ik � � 13

ijk )ai . De�ne " f 1
ij :

G(� 1
ij )ai ! aij to be the identity and " f 2

ij := � ij . Let " f 13 � f 1
ijk : G(� 1

ik � � 13
ijk )ai ! aijk

also be the identity. Any " indexed by an identity morphism is also trivial. Consider
diagram (59) with the additional vertex aijk and the additional " 's mentioned just
after diagram (59). Requiring the inner diagrams to commuteuniquely de�nes the
other " 's which we did not de�ne yet. The commutivity of these smaller diagrams
guarantees that the tuple

f ai gi � f aij gij � f aijk gijk � f " f gf

we have just de�ned is an object of L . This object obviously maps under H to
f ai gi with the correct descent data.

We conclude H is an equivalence because it is faithfully full and essentially
surjective. Hence the categoryL of pseudo cones is equivalent to the category
G(f B i ! B gi ) of descent data.

There is also a functor G(B ) ! L de�ned similarly to the functor G(B ) !
G(f B i ! B gi ) that makes the diagrams

G(f B i ! B gi ) L
Hoo � L

�

��
G(B )

99rrrrrrrrrrrrrrrr

OO

� G(B )

8@zzzzzzzzzzzz

zzzzzzzzzzzz

� 0
+3F

commute. SupposeG is a Giraud stack. Then the left vertical arrow is an equiv-
alence. Hence the functorG(B ) ! L is an equivalence and� 0 makesG(B ) into a
bilimit of F becauseL is a bilimit of F with pseudo limiting cone � . HenceG is a
stack.

SupposeG is a stack. Then� 0 makesG(B ) into a bilimit of F . Then the functor
G(B ) ! L is an equivalence becauseL is also a bilimit and the right diagram
commutes. Hence the functorG(B ) ! G(f B i ! B gi ) is also an equivalence andG
is a Giraud stack.

This completes the proof that the two de�nitions of stack are equivalent.

Next we de�ne stacks of objects in a 2-category which admits bilimits, such as
the 2-category of pseudo algebras over a theory.

De�nition 11.6. Let C be a 2-category whose objects have underlying categories.
SupposeB is a Grothendieck topology andC admits bilimits. A stack of objects of
C is a contravariant pseudo functor G : B ! C which takes Grothendieck covers to
bilimits, i.e. for any object B of B and any Grothendieck coverf gi : B i ! B ji 2
I g 2 K (B ) the diagram

Q
i 2 I G(B i )

p1 //
p2

//
Q

i;j 2 I G(B i � B B j ) p13 //
p12 //

p23
//
Q

i;j;k 2 I G(B i � B B j � B Bk )
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hasG(B ) as a bilimit with universal pseudo cone� 0 : � G(B ) ) F as de�ned above.

For example, a stack of pseudo algebras over a theoryT is a contravariant pseudo
functor from a Grothendieck topology into the 2-category ofpseudoT-algebas which
takes Grothendieck covers to bilimits in the above sense.

12. 2-Theories, Algebras, and Weighted Pseudo Limits

The algebraic structure of the category of rigged surfaces can be described as
a pseudo algebra over a certain 2-theory (see [24], [25], and[26], where however
the term lax algebra over a 2-theoryis used for what we call apseudo algebra over
a 2-theory). In this section we review the relevant terminology and prove results
about limits. Before giving the de�nition of a 2-theory, we m otivate it with an
example in the following subsection.

12.1. The 2-Theory End(X) Fibered over the Theory End(I). Let I be a
category andk a positive integer. SupposeX : I k ! Cat is a strict 2-functor from
the category I k to the 2-categoryCat of small categories. HereI k is interpreted as
a 2-category where theHom sets are discrete categories. We will now describe the
2-theory End(X) �bered over the theory End(I) , which is a contravariant functor
End(I ) ! Cat satisfying certain properties.

Recall that the theory End(I ) is the category with objects 0 = f�g ; 1 = I; 2 =
I 2; 3 = : : : and morphismsMor End ( I ) (m; n) = F unctors (I m ; I n ). Here f�g denotes
the terminal object in the category of small categories. As with any theory, the the-
ory End(I ) can be completely described by the setsEnd(I )(n) := Mor End ( I ) (n; 1)
and a list of axioms. See the section on theories or [24] for details.

From the theory End(I ) we can obtain another category denotedEnd(I )k , which
also turns out to be a theory. It has objects 0 = f�g � � � � � f�g ; 1 = I � � � � �
I; 2 = I 2 � � � � � I 2; 3 = : : : (k copies in each product) and it has morphisms
Mor End ( I ) k (m; n) := Mor End ( I ) (m; n)� k . For example, v 2 Mor End ( I ) k (m; 1) is
a functor v : (I m )k ! I k that is a k-tuple of functors I m ! I . For n 2 N and
1 � i � n let pr � k

i : (I n )k ! I k be the morphismpr � k
i 2 Mor End ( I ) k (n; 1) whosek

components are each the projection functorpr i : I n ! I onto the i -th coordinate.
One can easily check thatn 2 ObjEnd(I )k is the product in End(I )k of n copies
of 1 with projection morphisms pr � k

1 ; : : : ; pr � k
n . HenceEnd(I )k is itself a theory

and Mor End ( I ) k (m; n) is in bijective correspondence with
Q n

i =1 Mor End ( I ) k (m; 1).
We identify these two sets via the usual bijection. In other words, for k-tuples
w1; : : : ; wn 2 Mor End ( I ) k (m; 1) we let

Q n
j =1 wj denote the unique morphismm ! n

of End(I )k such that

n
pr � k

i //1

m

Q n
j =1 w j

OO

w i

>>~~~~~~~~

commutes for all i = 1 ; : : : ; n.2 Using this convention, we havew =
Q n

j =1 pr � k
j � w

for w 2 Mor End ( I ) k (m; n).

2This notation di�ers from [24]. In [24] the notation ( w1 ; : : : ; w n ) is used instead of the product.
I reserve (w1 ; : : : ; w n ) for something else. The reason for my choice will become cle ar later.
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SinceEnd(I )k is a theory, it has a substitution and a composition with unit which
satisfy certain axioms described in [24] and the section on theories in this paper. If
f : f 1; : : : ; pg ! f 1; : : : ; qg is a function and w 2 End(I )k (p) = Mor End ( I ) k (p;1) =
Mor End ( I ) (p;1)� k , then the substituted word wf is obtained by substituting by
f in each of the words in the k-components ofw. The composition is also done
componentwise. The unit 1� k : I � � � � � I ! I � � � � � I is k copies of the
unit 1 : I ! I in the theory End(I ). These explicit descriptions of substitution,
composition, and unit follow from the de�nitions of the proj ections in the theory
End(I )k by the work in the section on theories.

We follow the convention introduced earlier to de�ne a morphism (w1; : : : ; wn ).
Let wi 2 End(I )k (mi ) for i = 1 ; : : : ; n. Let � i : f 1; : : : ; mi g ! f 1; : : : ; m1 + m2 +
� � � + mn g be the injective function which takes the domain to the i -th block as in
the section on theories. Then there exists a unique morphism(w1; : : : ; wn ) such
that

n
pr � k

i //1

m1 + m2 + � � � + mn

(w1 ;:::;w n )

OO

(w i ) � i

77nnnnnnnnnnnnn

commutes for all i = 1 ; : : : ; n. Explicitly, the morphism ( w1; : : : ; wn ) is obtained
by doing an analogous process in each of thek components.

The strict 2-functor X : I k ! Cat gives rise to a contravariant functor End(X ) :
End(I ) ! Cat as follows. For m 2 ObjEnd(I ) the category End(X )(m) has ob-
jects ObjEnd(X )(m) =

`
n � 0 Mor End ( I ) k (m; n). For

Q p
i =1 vi ;

Q q
i =1 wi 2 ObjEnd(X )(m)

wherev1; : : : ; vp; w1; : : : ; wq 2 Mor End ( I ) k (m; 1) we de�ne Mor End (X )( m ) (
Q p

i =1 vi ;
Q q

i =1 wi )
to be the collection of natural transformations

(60) � : X � v1 � dm � � � � � X � vp � dm ) X � w1 � dm � � � � � X � wq � dm

where dm : I m ! (I m )k is the diagonal functor. Note that X � v1 � dm � � � � �
X � vp � dm and X � w1 � dm � � � � � X � wq � dm are functors I m ! Cat. The
composition of morphisms in End(X )(m) is the vertical composition of natural
transformations. With these de�nitions, End(X )(m) is a category. We must still
de�ne the contravariant functor End(X ) on morphisms and verify that it preserves
identities and compositions. For any morphismu : I ` ! I m of the theory End(I ),
de�ne u� k : (I ` )k ! (I m )k to be the functor which is u in each of thek components.
Note that u� k � d` = dm � u : I ` ! (I m )k . The functor End(X )(u) : End(X )(m) !
End(X )( `) is de�ned on objects by End(X )(u)(

Q p
i =1 vi ) :=

Q p
i =1 vi � u� k and on

morphisms � in (60) by End(X )(u)( � ) := � � i u where � denotes the horizon-
tal composition of natural transformations and i u : u ) u is the trivial natural
transformation. This makes sense because

(X � v1 � dm � � � � � X � vp � dm ) � u = X � v1 � dm � u � � � � � X � vp � dm � u

= X � v1 � u� k � d` � � � � � X � vp � u� k � d`

and

� � i u : X � v1 � u� k � d` �� � �� X � vp � u� k � d` ) X � w1 � u� k � d` �� � �� X � wq � u� k � d`
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really is a morphism

End(X )(u)(
pY

i =1

vi ) =
pY

i =1

vi � u� k !
pY

i =1

wi � u� k = End(X )(u)(
qY

i =1

wi ):

If u : I ` ! I m is the identity functor I m ! I m , then End(X )(u) : End(X )(m) !
End(X )(m) is also the identity functor becausevi � u� k = vi for i = 1 ; : : : ; p and

wi � u� k = wi for i = 1 ; : : : ; q and also � � i u = � . If I j u1 //I m u2 //I ` are
morphisms in End(I ), then u� k

2 � u� k
1 = ( u2 � u1)� k and

(� � i u2 ) � i u1 = � � (i u2 � i u1 ) = � � i u2 � u1 ;

which together imply that

End(X )(u2 � u1) = End(X )(u1) � End(X )(u2):

Thus End(X ) : End(I ) ! Cat preserves identities and compositions and is a
contravariant functor.

The category End(X )(m) also has certain products, which will be a feature of a
general 2-theory. Forv1; : : : ; vp 2 Mor End ( I ) k (m; 1) and

Q p
i =1 vi 2 Mor End ( I ) k (m; p) �

ObjEnd(X )(m) de�ne projections pr j :
Q p

i =1 vi ! vj for j = 1 ; : : : ; p to be the pro-
jection natural transformations

X � v1 � dm � � � � � X � vp � dm ) X � vj � dm :

Then
Q p

i =1 vi is obviously the product of v1; : : : ; vp in the categoryEnd(X )(m) with
these projections. This explains the choice of notation. This product property will
also be required of a general 2-theory. We record for later use how these products
allow us to de�ne morphisms �0 for every function � : f 1; : : : ; pg ! f 1; : : : ; qg.
Let w1; : : : ; wq 2 Mor End ( I ) k (m; 1) � ObjEnd(X )(m). Then for a function � :
f 1; : : : ; pg ! f 1; : : : ; qg there exists a unique morphism�0 such that

(61)
Q p

i =1 w� ( i )
pr ` //w`

Q q
i =1 wi

� 0

OO

pr � ( ` )

::vvvvvvvvvv

commutes for all ` = 1 ; : : : ; p. The arrows of the natural transformation �0 : X � w1 �
dm � � � � � X � wq � dm ) X � w� (1) � dm � � � � � X � w� (p) � dm have the appropriate
projections as their components.

The 2-theory End(X ) has several operations on it which any general 2-theory
will also have, once we de�ne the notion of 2-theory. To make the description of
these operations easier, we follow the notation introducedby P. Hu and I. Kriz in
[24]. For objectsw1; : : : ; wq; w 2 Mor End ( I ) k (m; 1) � ObjEnd(X )(m) we set

End(X )(w; w1; : : : ; wq) := Mor End (X )( m ) (
qY

i =1

wi ; w):

The operations of P. Hu and I. Kriz are collated in the following theorem.

Theorem 12.1. The contravariant functor End(X ) : End(I ) ! Cat has the fol-
lowing operations.

(1) For each w 2 T k (m) there exists a unit 1w 2 End(X )(w; w).



128 THOMAS M. FIORE

(2) For all w; wi ; wij 2 Mor End ( I ) k (m; 1) there is a function

 : End(X )(w; w1; : : : ; wq)� End(X )(w1; w11; : : : ; w1p1 )�� � �� End(X )(wq; wq1; : : : ; wqpq )

! End(X )(w; w11 ; : : : ; wqpq )

called End(X )-composition.
(3) Let w; w1; : : : ; wq 2 Mor End ( I ) k (m; 1). For any function � : f 1; : : : ; pg !

f 1; : : : ; qg there is a function

() � : End(X )(w; w� (1) ; : : : ; w� (p) ) ! End(X )(w; w1; : : : ; wq)

called End(X )-functoriality.
(4) Let w; w1; : : : ; wq 2 Mor End ( I ) k (m; 1). For any function f : f 1; : : : ; mg !

f 1; : : : ; `g there is a function

() f : End(X )(w; w1; : : : ; wq) ! End(X )(wf ; (w1)f ; : : : ; (wq)f )

wherewf means to substitutef in each of the words in thek-tuple w. This
function is called End(I )-functoriality. Note that End(X )(w; w1; : : : ; wq) is
a Hom set in the categoryEnd(X )(m) while End(X )(wf ; (w1)f ; : : : ; (wq)f )
is a Hom set in the categoryEnd(X )( `).

(5) For ui 2 End(I )(ki ); i = 1 ; : : : ; m; and vi :=  � k (wi ; u� k
1 ; : : : ; u� k

m ) and
v :=  � k (w; u� k

1 ; : : : ; u� k
m ) there is a function

(u1; : : : ; um )� : End(X )(w; w1; : : : ; wq) ! End(X )(v; v1; : : : ; vq):

This function is called End(I )-substitution. Here  � k means to use the
composition of the theory End(I) in each of thek components, which coin-
cides with composition in the theoryEnd(I )k . Note that End(X )(w; w1; : : : ; wq)
is a Hom set in the categoryEnd(X )(m) while End(X )(v; v1; : : : ; vq) is a
Hom set in the categoryEnd(X )(k1 + � � � + km ).

Proof:

(1) The unit 1 w : X � w� dm ) X � w� dm is the identity natural transformation
i X � w � dm : X � w � dm ) X � w � dm .

(2) Let � :
Q q

i =1 wi ! w and � i :
Q pi

j =1 wij ! wi for i = 1 ; : : : ; q be mor-
phisms. Let � ` : f 1; : : : ; p` g ! f 1; : : : ; p1 + p2 + � � � + pqg be the injective
function which takes the domain to the `-th block. We take the productQ q

i =1

Q pi
j =1 wij to be

qY

i =1

piY

j =1

wij = w11 � w12 � � � � w1p1 � w21 � � � � � w2p2 � w31 � � � � � wqpq :

Then there exists a unique morphism (� 1; : : : ; � q) such that

Q q
i =1 wi

pr � k
` //w`

Q q
i =1

Q pi
j =1 wij

( � 1 ;:::;� q )

OO

( � ` ) � `

99sssssssssss

commutes for all ` = 1 ; : : : ; q. This means that

(� 1; : : : ; � q) : X � w11� dm �� � �� X � wqpq � dm ) X � w1� dm � X � w2� dm �� � �� X � wq� dm
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is the natural transformation which is � ` on X � w` 1 � dm �� � �� X � w`p ` � dm .
De�ne

 (� ; � 1; : : : ; � q) := � � (� 1; : : : � q)
where the composition is in the categoryEnd(X )(m).

(3) Let w1; : : : ; wq 2 Mor End ( I ) k (m; 1) and � : f 1; : : : ; pg ! f 1; : : : ; qg be a
function. Let �0 :

Q q
i =1 wi !

Q q
i =1 w� ( i ) be the morphism de�ned in diagram

(61). Then de�ne End(X )-functoriality
End(X )(w; w� (1) ; : : : ; w� (p) ) ! End(X )(w; w1; : : : ; wq) by � 7! � � �0.

(4) A function f : f 1; : : : ; mg ! f 1; : : : ; `g induces a morphismf 0 : ` ! m in
End(I ) which in turn gives rise to a morphism (f 0)� k : (I ` )k ! (I m )k in
End(I )k . Then wf = w� (f 0)� k by de�nition and the functor End(X )( f 0) :
End(X )(m) ! End(X )( `) gives us a map of Hom sets

() f : End(X )(w; w1; : : : ; wq) ! End(X )(wf ; (w1)f ; : : : ; (wq)f ):

(5) Let � i : f 1; : : : ; ki g ! f 1; : : : ; k1 + k2 + � � � + km g be the injective map which
takes the domain to the i -th block. Let ( u� k

1 ; : : : ; u� k
m ) denote the unique

morphism in End(I )k such that

m
pr � k

i //1

k1 + k2 + � � � + km

(u � k
1 ;:::;u � k

m )

OO

(u i ) � k
� i

77oooooooooooo

commutes. Then we know from the general theory of theories that
 � k (w; u� k

1 ; : : : ; u� k
m ) = w� (u� k

1 ; : : : ; u� k
m ) where the composition \� " is the

composition in the categoryEnd(I )k . Then End(X )(u� k
1 ; : : : ; u� k

m )(w) = v
and the functor End(X )(u� k

1 ; : : : ; u� k
m ) gives us the desired map of Hom

sets.

These operations onEnd(X ) satisfy certain axioms.

Theorem 12.2. The operations on the contravariant functor End(X ) : End(I ) !
Cat satisfy the following relations.

(1) End(X)-composition is associative, i.e.
 (� ;  (� 1; � 1

1; : : : ; � 1
n 1

);  (� 2; � 2
1; : : : ; � 2

n 2
); : : : ;  (� q; � q

1; : : : ; � q
n q

)) is the same
as  ( (� ; � 1; : : : ; � q); � 1

1; : : : � 1
n 1

; � 2
1; : : : ; � 2

n 2
; : : : ; � q

1; : : : ; � q
n q

).
(2) End(X)-composition is unital, i.e. for � 2 End(X )(w; w1; : : : ; wq) we have

 (� ; 1w1 ; : : : ; 1wq ) = � =  (1w ; � ).
(3) End(X)-functoriality is functorial, i.e.

for functions f 1; : : : ; pg � //f 1; : : : ; qg � //f 1; : : : ; r g the composition

End(X )(w; w�� (1) ; : : : ; w�� (p) )
() �

//End(X )(w; w� (1) ; : : : ; w� (q) )

() �

//End(X )(w; w1; : : : ; wr )
is the same as

End(X )(w; w�� (1) ; : : : ; w�� (p) )
() � � �

//End(X )(w1; : : : ; wr )
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and for the identity id : f 1; : : : ; qg ! f 1; : : : ; qg the map
() id : End(X )(w; w1; : : : ; wq) ! End(X )(w; w1; : : : ; wq) is the identity.

(4) The End(X )-compositions  are equivariant with respect to
End(X )-functoriality in the sense that if � : f 1; : : : ; pg ! f 1; : : : ; qg is a
function, � 2 End(X )(w; w� (1) ; : : : ; w� (p) ), and
� ` 2 End(X )(w` ; w` 1; : : : ; w`p ` ) for ` = 1 ; : : : ; q then

 (� � ; � 1; : : : ; � q) =  (� ; � � (1) ; : : : ; � � (p) )
�� ;

where �� : f 1; 2; : : : ; p� (1) + � � � + p� (p)g ! f 1; 2; : : : ; p1 + � � � + pqg is the func-
tion obtained by parsing the sequence1; 2; : : : ; p1 + � � � + pq into consecutive
blocksB1; : : : ; Bq of lengths p1; : : : ; pq and then writing them in the order
B � (1) ; : : : ; B � (p) as in the section on theories.

(5) The End(X)-compositions  are equivariant with respect to
End(X )-functoriality in the sense that if � 2 End(X )(w; w1; : : : ; wq),
� ` 2 End(X )(w` ; w`� ` (1) ; : : : ; w`� ` (p0

` ) ), and � ` : f 1; : : : ; p0
` g ! f 1; : : : ; p` g

are functions for ` = 1 ; : : : ; q then

 (� ; (� 1)� 1 ; : : : ; (� q)� q ) =  (� ; � 1; : : : ; � q)� 1 + ��� � q

where �1 + � � � + �q : f 1; : : : ; p0
1 + � � � + p0

qg ! f 1; : : : ; p1 + � � � + pqg is the
function obtained by placing�1; : : : ; �q side by side.

(6) End(I)-functoriality is functorial, i.e.

for functions f 1; : : : ; ng
f //f 1; : : : ; mg

g //f 1; : : : ; `g and words
w; w1; : : : ; wq 2 Mor End ( I ) k (n; 1) the composition

End(X )(w; w1; : : : ; wq)
() f //End(X )(wf ; (w1)f ; : : : ; (wq)f )

() g //End(X )(( wf )g; ((w1)f )g; : : : ; ((wq)f )g)

is the same as

End(X )(w; w1; : : : ; wq)
() g � f //End(X )(wg� f ; (w1)g� f ; : : : ; (wq)g� f )

and for the identity id : f 1; : : : ng ! f 1; : : : ; ng the map
() id : End(X )(w; w1; : : : ; wq) ! End(X )(w; w1; : : : ; wq) is the identity.

(7) End(I)-substitution is associative.
Let w; w1; : : : ; wq 2 Mor End ( I ) k (m; 1), t i 2 End(I )(ki ) for i = 1 ; : : : ; m
and sij 2 End(I )(kij ) for 1 � i � m and 1 � j � ki . Let v :=
 � k (w; t � k

1 ; : : : ; 1� k
m ); v` :=  � k (w` ; t � k

1 ; : : : ; t � k
m ),

u :=  � k (v; s� k
11 ; s� k

12 ; : : : ; s� k
1k1

; s� k
21 ; : : : ; s� k

31 ; : : : ; s� k
m 1; : : : ; s� k

mk m
),

u` :=  � k (v` ; s� k
11 ; s� k

12 ; : : : ; s� k
1k1

; s� k
21 ; : : : ; s� k

31 ; : : : ; s� k
m 1; : : : ; s� k

mk m
) for ` =

1; : : : ; q. Then the composition

End(X )(w; w1; : : : ; wq)
( t 1 ;:::;t m ) �

//End(X )(v; v1; : : : ; vq))

(s11 ;:::;s mk m ) �

//End(X )(u; u1; : : : uq)

is the same as

End(X )(w; w1; : : : ; wq)
( r 1 ;:::;r m ) �

//End(X )(u; u1; : : : ; uq)
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where r i =  � k (t � k
i ; s� k

i 1 ; s� k
i 2 ; : : : ; s� k

ik i
) =  End ( I ) (t i ; si 1; si 2; : : : ; sik i )

� k for
i = 1 ; : : : ; m. Note that
u =  � k (w;  � k (t � k

1 ; s� k
11 ; s� k

12 ; : : : ; s� k
1k1

); : : : ;  � k (t � k
m ; s� k

m 1; s� k
m 2; : : : ; s� k

mk m
)) .

(8) End(I)-substitution is unital.
For the unit 1 2 End(I )(1) of the theory End(I ) and
w; w1; : : : ; wq 2 Mor End ( I ) k (m; 1) the function

(1; : : : ; 1)� : End(X )(w; w1; : : : ; wq) ! End(X )(w; w1; : : : ; wq)

is the identity.
(9) End(X )-composition is End(I )-equivariant.

If f : f 1; : : : ; mg ! f 1; : : : ; `g is a function, w; wi ; wij 2 Mor End ( I ) k (m; 1),
� 2 End(X )(w; w1; : : : wq), � j 2 End(X )(wj ; wj 1; : : : ; wjp j ) for j = 1 ; : : : ; q,
then

 (� f ; (� 1)f ; : : : ; (� q)f ) = (  (� ; � 1; : : : ; � q)) f :

(10) End(X )-functoriality and End(I )-functoriality commute.
For functions � : f 1; : : : ; pg ! f 1; : : : ; qg and f : f 1; : : : ; mg ! f 1; : : : ; `g
and morphism � 2 End(X )(w; w� (1) ; : : : ; w� (p) ) we have(� � )f = ( � f )� .

(11) End(X )-functoriality and End(I )-substitution commute.
The diagram

End(X )(w; w� (1) ; : : : ; w� (p) )
() �

//

(u1 ;:::;u m ) �

��

End(X )(w; w1; : : : ; wq)

(u1 ;:::;u m ) �

��
End(X )(v; v� (1) ; : : : ; v� (p) )

() �
//End(X )(v; v1; : : : ; vq)

commutes.
(12) End(I )-functoriality and End(I )-substitution commute, in the sense that

if f i : f 1; : : : ; ki g ! f 1; : : : ; k0
i g are functions and ui 2 End(I )(ki ) for

i = 1 ; : : : ; m and w; w1; : : : ; wq 2 End(I )k (m), then

End(X )(w; w1; : : : ; wq)
(u1 ;:::;u m ) �

//

(( u1 ) f 1 ;:::; (um ) f m ) �
,,XXXXXXXXXXXXXXXXXXXXXXXX

End(X )(v; v1; : : : ; vq)

() f 1 + ��� + f m

��
End(X )(vf 1 + ��� + f m ; (v1)f 1 + ��� + f m ; : : : ; (vq)f 1 + ��� + f m )

commutes. Note that

 � k (w; (u1)� k
f 1

; : : : ; (um )� k
f m

) =  � k (w; u1; : : : ; um )f 1 + ��� + f m

= vf 1 + ��� f m :

(13) End(I )-functoriality and End(I )-substitution commute, in the sense that
if f : f 1; : : : ; mg ! f 1; : : : ; `g is a function and ui 2 End(I )(ki ) for i =
1; : : : ; `, then the diagram

End(X )(w; w1; : : : ; wq)
() f //

(u f 1 ;:::;u fm ) �

��

End(X )(wf ; (w1)f ; : : : ; (wq)f )

(u1 ;:::;u ` ) �

��
End(X )(v; v1; : : : ; vq)

() �f

//End(X )(v �f ; (v1) �f ; : : : ; (vq) �f )
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commutes, wherev =  � k (w; uf 1; : : : ; ufm ) and v �f =  � k (wf ; u1; : : : ; u` )
etc.

(14) End(I )-substitution and End(I )-composition commute.
Let w; wi ; wij 2 Mor End ( I ) k (m; 1) and ui 2 End(I )(ki ) for i = 1 ; : : : ; m.
Let � 2 End(X )(w; w1; : : : ; wq), � ` 2 End(X )(w` ; w` 1; : : : ; w`p ` ) for ` =
1; : : : ; q and � := ( u1; : : : ; um )� � etc. Then

(u1; : : : ; um )�  (� ; � 1; : : : ; � q) =  (� ; � 1; : : : ; � q):

12.2. 2-Theories and Algebras over 2-Theories. A general 2-theory has all of
the properties described in the example above. P. Hu and I. Kriz introduce the
notion of a 2-theory in [24] as follows.

De�nition 12.1. A 2-theory (� ; T ) �bered over the theory T is a natural number
k, a theory T , and a contravariant functor � : T ! Cat from the category T to the
2-categoryCat of small categories such that

� Obj �( m) =
`

n � 0 HomT k (m; n) for all m 2 N, whereT k is the theory with
the same objects asT, but with HomT k (m; n) = HomT (m; n)k

� If w1; : : : ; wn 2 HomT k (m; 1), then the word in HomT k (m; n) with which
the n-tuple is identi�ed is the product in �( m) of w1; : : : ; wn

� For w 2 HomT (m; n) the functor �( w) : �( n) ! �( m) is �( w)(v) =
v � w� k on objectsv 2 HomT k (n; j ).

For objects w1; : : : ; wn ; w 2 Mor T k (m; 1) � Obj �( m) we set

�( w; w1; : : : ; wn ) := Mor �( m ) (
nY

i =1

wi ; w):

The second condition explains the choice of notation
Q n

i =1 wi . Given a 2-theory
such as this, it has operations and relations as in Theorem 12.1. Vice-a-versa,
given sets �( w; w1; : : : ; wn ) := Mor �( m ) (

Q n
i =1 wi ; w) with operations and relations

as in Theorem 12.1 we get a 2-theory. We refer to these operations and relations
as the operations and relations of a 2-theory. Recall that a pseudo algebraI over
the theory T is a category such that for every wordw 2 T(n) we have a functor
�( w) : I � � � � � I ! I . Moreover, for every operation of the theory T (identity,
composition, substitution) we have a coherence iso and for every relation among the
operations we have a coherence diagram. A pseudo (�; T )-algebra can be de�ned
analogously.

De�nition 12.2. Let (� ; T ) be a 2-theory. A pseudo(� ; T )-algebraconsists of the
following data:

� a small pseudoT-algebra I with action � : T (n) ! F unctors (I n ; I )
� a strict 2-functor X : I k ! Cat
� set maps� : �( w; w1; : : : ; wn ) ! End(X )(�( w); �( w1); : : : ; �( wn )), where

�( w) means to apply � to each component of w to make I k into the product
pseudo algebra ofk copies ofI .

� a coherence iso for each operation of a 2-theory.
The only requirement on these data is that the coherence isossatisfy the coherence
diagrams which come from the relations of a 2-theory.

A morphism of pseudo (� ; T )-algebras is similar to a morphism of pseudoT-
algebras.



CATEGORICAL FOUNDATIONS OF CFT 133

De�nition 12.3. Let X; Y : I k ! Cat be pseudo (� ; T )-algebras overI k . Then
a morphism H : X ! Y is a strict natural transformation H : X ) Y with
coherence iso modi�cations� � indexed by elements� 2 �( w; w1; : : : ; wn ), where
w; w1; : : : ; wn 2 Obj �( m).

X � �( w1) � dm � � � � � X � �( wn ) � dm � X ( � ) +3

H � i �( w n ) � i d m

��

H � i �( w 1 ) � i d m

��

���

X � �( w) � dm

H � i �( w ) � i d m

��

� �

���@
�@�@

�@�@
�@�@

�@�@
�@

Y � �( w1) � dm � � � � � Y � �( wn ) � dm
� Y ( � )

+3Y � �( w) � dm

The coherence iso modi�cation� � is also required to commute with all coherence
iso modi�cations of the pseudo algebra structure.

The 2-category of pseudo (�; T )-algebras overI k must also have 2-cells.

De�nition 12.4. Let G; H : X ! Y be morphisms as above. Then a 2-cell
� : G ) H is a modi�cation which commutes with the coherence iso modi�cations
� G and � H appropriately.

Theorem 12.3. The pseudo(� ; T )-algebras overI k form a 2-category.

Proof: Routine.

12.3. The Algebraic Structure of Rigged Surfaces. The purpose of this sub-
section is to introduce the categoryC of rigged surfaces as an example of a pseudo
algebra over a 2-theory �bered over a theory and to describe its stack structure.
This approach is introduced in [24] by P. Hu and I. Kriz. In the ir terminology,
a smooth, compact, not necessarily connected, 2-dimensional manifold x with a
complex structure is called arigged surfaceif each boundary componentk comes
equipped with a parametrization di�eomorphism f k : S1 ! k which is analytic
with respect to the complex structure on x, i.e. the di�eomorphism f k extends
to a holomorphic map when we go into local coordinates. A boundary component
k is called inbound or outbound depending on the orientation of its parametriza-
tion f k with respect to the orientation on k induced by the complex structure.
The convention is to call the identity parametrization of th e boundary of the unit
disk inbound. A morphism of rigged surfaces is a smooth map which preserves the
complex structure and boundary parametrizatons.

The structure of the category C of rigged surfaces has the following features,
which were studied in [24]. For �nite sets a and b, let ObjX a;b denote the set of
rigged surfacesx equipped with a bijection between the inbound boundary compo-
nents of x and a as well as a bijection between the outbound boundary components
of x and b. For x; y 2 X a;b let Mor X a;b (x; y) be the morphisms of rigged surfaces
which preserve the bijections with a and b. For �nite sets a; b; c;and d we can take
the disjoint union of any two rigged surfacesx 2 ObjX a;b and y 2 ObjX c;d and the
result is an element ofObjX a

`
c;b

`
d. One can apply this process to morphisms

as well, and we get a functor
`

: X a;b � X c;d ! X a
`

c;b
`

d called disjoint union .
Note that this functor is indexed by the �nite sets a; b; c; and d. For �nite sets
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a; b; and c we also have agluing functor �? : X a
`

c;b
`

c ! X a;b which identi�es cer-
tain inbound boundary components with certain outbound boundary components
according to the bijections with a

`
c and b

`
c as well as the parametrizations of

the relevant boundary components in the manner prescribed by f (z) � f 0(z) for
all z 2 S1. This gluing functor is also indexed by the �nite sets a; b; and c. These
disjoint union and gluing functors along with their coherences give the category of
rigged surfaces the structure of apseudo algebra over the 2-theory of commutive
monoids with cancellation.

We de�ne the 2-theory (� ; T ) of commutative monoids with cancellation as fol-
lows. Let T be the theory of commutative monoids and let + : 2 ! 1 and 0 : 0! 1
be the usual words in the theory of commutative monoids. Letk = 2. The 2-theory
� is generated by three words: addition +, unit 0, and cancell ation �?. These are
described in terms of a general algebraX over (� ; T ) as follows. Note that + and
0 have two meanings.

+ : X a;b � X c;d ! X a+ c;b+ d

0 2 X 0;0

�? : X a+ c;b+ c ! X a;b

These generating words must satisfy the following axioms.

(1) The word + is commutative.

X a;b � X c;d
+ //

��

X a+ c;b+ d

X c;d � X a;b +
//X b+ d;a + c

(2) The word + is associative.

(X a;b � X c;d ) � X e;f

��

+ � 1X e;f //X a+ c;b+ d � X e;f

+

��
X a;b � (X c;d � X e;f )

1X a;b � +

��

X (a+ c)+ e;(b+ d)+ f

X a;b � X c+ e;d+ f +
//X a+( c+ e) ;b+( d+ f )

(3) The word + has unit 0 2 X 0;0.

X a;b � f 0g
+ //

pr 1
&&MMM

MMM
MMM

MM
X a+0 ;b+0

X a;b
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(4) The word �? is transitive.

X (a+ c)+ d;(b+ c)+ d
�? //X a+ c;b+ c

�?

��
X a+( c+ d) ;b+( c+ d) �?

//X a;b

(5) The word �? distributes over the word +.

X a+ c;b+ c � X e;f
+ //

�?� 1X e;f

��

X (a+ c)+ e;(b+ c)+ f

X (a+ e)+ c;(b+ f )+ c

�?
��

X a;b � X e;f +
//X a+ e;b+ f

The category of rigged surfaces forms a pseudo algebra over this 2-theory of
commutative monoids with cancellation. The pseudo algebrastructure is given by
assigning a �xed choice of

`
to + and by assigning gluing of manifolds to �?.

In [24] and [25] the algebraic structure of holomorphic families of rigged surfaces
is captured by a stack of pseudo algebras over the 2-theory ofcommutative monoids
with cancellation, which is also called a stack of lax commutative monoids with
cancellation (SLCMC). I describe this stack now. Let B be the category of �nite
dimensional complex manifolds with morphisms holomorphicmaps. A collection
f B i ! B gi of (open) holomorphic embeddings are a cover if their imagescover B .
This makes B into a Grothendieck topology. For any �nite dimensional complex
manifold B let I B denote the category of covering spaces ofB with �nite �bers.
The category I B is a pseudo commutative monoid. Let s and t be objects of
B. De�ne X B

s;t as the category of holomorphic families of rigged surfaces over B
with inbound boundary components labelled by the covering space s of B and
outbound boundary components labelled by the covering space t of B . Such a
holomorphic family x is by de�nition a family of rigged surfaces parameterized by
B and a holomorphic map q : y ! B transverse to every point, wherey denotes
the family of closed 2-dimensional manifolds obtained fromx by sewing disks onto
the boundary components of the rigged surfaces ofx according to the boundary
parameterizations. The holomorphic mapq is an extension of the parametrization of
x. To say that the inbound boundary components ofx are labelled by the covering
spaces means that for eachb 2 B the rigged surfacexb, which is the �ber of qjx over
b, is equipped with a bijection between its inbound boundary components and the
�ber of s over b. The explanation for the covering spacet labelling the outbound
boundary components is similar. With these de�nitions as well as disjoint union
and gluing, the functor X B : (I B )2 ! Cat is a pseudo algebra over the 2-theory of
commutative monoids with cancellation.

Let Cdenote the 2-category of pseudo algebras over the 2-theory of commutative
monoids with cancellation. This 2-category admits bilimits and a simpler case
of this is proved in the next subsection. De�ne a contravariant pseudo functor
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G : B ! C by taking a �nite dimensional manifold to the pseudo algebra X B over
the 2-theory of pseudo commutative monoids with cancellation with underlying
pseudo commutative monoid I B . Then G takes Grothendieck covers to bilimits
because it does so on the underlying categories comprising the pseudo algebras.
HenceG is a stack. It is in this sense that the categoryC of rigged surfaces forms
a stack.

12.4. Weighted Pseudo Limits of Pseudo (� ; T )-algebras. The 2-category of
pseudo (� ; T )-algebras admits all weighted pseudo limits, just like the2-category
of pseudoT-algebras. In the following theorem we prove this for pseudo(� ; T )-
algebras with �xed underlying pseudo T-algebra I k . The proof can be modi�ed
to the general case of pseudo (�; T )-algebras with di�erent underlying pseudo T-
algebras by taking the pseudo limit of the underlying pseudoT-algebras as well.

Theorem 12.4. Let J be a 1-category andC the 2-category of pseudo(� ; T )-
algebras overI k . Let F : J ! C be a pseudo functor. ThenF has a pseudo limit
(X; � ) in C, where � : � X ) F is a universal pseudo cone.

Proof: Let  and � be the 2-cells inC which make F into a pseudo functor.
They satisfy the usual coherences. For eachj 2 ObjJ , let X j : I k ! Cat be
the strict 2-functor belonging to the pseudo (� ; T )-algebra F j . Then for each �xed
object i 2 ObjI k and each objectj 2 J we have a categoryX j

i . For each morphism
f : j ! m in J , the map F f : X j ) X m is a strict 2-natural transformation which
gives us a functor (F f ) i : X j

i ! X m
i for each i 2 ObjI k . Thus for �xed i we have

a pseudo functorFi : J ! Cat de�ned by j 7! X j
i and f 7! (F f ) i . The coherence

isos ofFi are the coherence iso modi�cations ofF evaluated at i .
Let X i := P seudoCone(1; Fi ), where 1 is the terminal object in the category of

small categories. Then it is known from Section 4 thatX i is the pseudo limit of Fi

in Cat. Proceeding analogously on morphisms ofI k , we obtain a strict 2-functor
X : I k ! Cat de�ned by i 7! X i . More precisely, if h : i 1 ! i 2 is a morphism of I k

and � 2 ObjX i 1 , then X h (� )( j ) := X j
h (� (j )) for j 2 ObjJ .

A more conceptual way to view the construction of the strict 2-functor X : I k !
Cat is the following. For i 2 I k , let Fi : J ! Cat be the pseudo functor from
above. For a morphism h : i 1 ! i 2 in I k , let Fh : Fi 1 ) Fi 2 be the pseudo
natural transformation given by Fh (j ) := X j

h . The pseudo natural transformation
Fh is actually strictly 2-natural because F f : X j ) X m is a strict 2-natural
transformation for each f : j ! m in J . Thus i 7! Fi and h 7! Fh de�ne a strict
functor I k ! F unctors (J ; Cat). Now recall that P seudoCone(1; � ) is a covariant
functor from F unctors (J ; Cat) to Cat. The composition

I k //F unctors (J ; Cat)
P seudoCone (1;� ) //Cat

is X : I k ! Cat.
I claim that this 2-functor X : I k ! Cat has the structure of a pseudo (� ; T )-

algebra. The argument is like Lemma 7.2, although the coherences need some care.
First I de�ne maps � : �( w; w1; : : : ; wn ) ! End(X )(�( w); �( w1); : : : ; �( wn )),
where w1; : : : ; wn ; w 2 HomT k (m; 1). Let � 2 �( w; w1; : : : ; wn ). We need to
de�ne a natural transformation

� (� ) : X � �( w1) � dm � � � � � X � �( wn ) � dm ) X � �( w) � dm
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\componentwise," where dm : I m ! (I m )k is the diagonal functor. Let � j :
�( w; w1; : : : ; wn ) ! End(X j )(�( w); �( w1); : : : ; �( wn )) be the maps that make
X j : I k ! Cat into a pseudo (� ; T )-algebra for each j 2 ObjJ . Let i 2 I m .
We de�ne a functor

(� (� )) i : X �( w1 ) � dm ( i ) � � � � � X �( wn ) � dm ( i ) ! X �( w ) � dm ( i )

and show that i 7! (� (� )) i is natural. Recall that objects of X �( w ` ) � dm ( i ) =
P seudoCone(1; F�( w ` ) � dm ( i ) ) can be identi�ed with a subset of

f (aj ) j � (" f )f 2
Y

j 2 Obj J

ObjX j
�( w ` ) � dm ( i ) �

Y

f 2 Mor J

MorX T f
�( w ` ) � dm ( i ) j

" f : (F f )�( w ` ) � dm ( i ) (aSf ) ! aT f is iso for all f 2 Mor J g
by Remark 4.4. A similar statement holds for morphisms according to 4.5. Let
� ` = ( a`

j ) j � (" `
f )f 2 ObjX �( w ` ) � dm ( i ) and (� `

j ) j 2 MorX �( w ` ) � dm ( i ) for 1 � ` � n.
De�ne

aj := ( � j (� )) i (a1
j ; : : : ; an

j )
and

" f := ( � T f (� )) i ("1
f ; : : : ; "n

f ) � (� F f
� ) i (a1

Sf ; : : : ; an
Sf ):

Note that

(� F f
� ) i (a1

Sf ; : : : ; an
Sf ) : (F f ) �( w ` ) � dm ( i ) (� Sf (� )) i (a1

Sf ; : : : ; an
Sf ) !

(� T f (� )) i ((F f )�( w ` ) � dm ( i ) (a
1
Sf ); : : : ; (F f ) �( w ` ) � dm ( i ) (a

n
Sf ))

and the composition in the de�nition of " f makes sense. Also de�ne

� j := ( � j (� )) i (� 1
j ; : : : ; � n

j ):

Then the action of � on X is de�ned \componentwise" by

(� (� )) i (� 1; : : : ; � n ) := ( aj ) j � (" f )

and
(� (� )) i (( � 1

j ) j ; : : : ; (� n
j ) j ) := ( � j ) j :

By an argument similar to the proof of Lemma 7.2, these imagesare actually in
X �( w ) � dm ( i ) . Next note that i 7! (� (� )) i is natural becausei 7! (� j (� )) i is natural
for all j 2 ObjJ , i.e. i 7! (� (� )) i is natural in each \coordinate" and is therefore
natural. Hence we have constructed set maps
� : �( w; w1; : : : ; wn ) ! End(X )(�( w); �( w1); : : : ; �( wn )).

We de�ne the coherence iso modi�cations for� to be those modi�cations which
have the coherence iso modi�cations for� j in the j -th coordinate. For example, we
de�ne the identity modi�cation I w : 1�( w )  � (1w ) by

I w ((aj ) j � (" f )f ) := ( I j
w (aj )) j

for i 2 I m and (aj ) j � (" f )f 2 X �( w ) � dm ( i ) . The arrow I w ((aj ) j � (" f )f ) is an
arrow in the category X �( w ) � dm ( i ) by an argument like the proof of Lemma 7.2.
Similarly, one can show that these assignments are modi�cations and that the
coherence diagrams are satis�ed because everything is donecomponentwise. Hence
X : I k ! Cat has the structure of a pseudo (� ; T )-algebra.

Next we need a universal pseudo cone� : � X ) F , where � X : J ! C is the
constant functor which takes everything to X . De�ne a natural transformation � j :
X ) X j by letting � j (i ) : X i ) X j

i be the projection. The natural transformation
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� j commutes with the (� ; T ) action, and so � j is a morphism of pseudo (� ; T )-
algebras by taking the coherence iso modi�cations to be trivial. The assignment
j 7! � j is pseudo natural with coherence 2-cell� j;m (f ) : F f � � j ) � m for each
f : j ! m in J as in the 1-theory case. A similar argument to the 1-theory case
shows that � j;m (f ) is a 2-cell in C. Hence, we have a pseudo natural transformation
� : � X ) F . One can prove the universality of � by applying the argument in
the lemmas leading up to Theorem 7.9 toX i ! X j

i for each �xed i 2 ObjI k and
then passing to functors I k ! Cat. One must of course take the coherence isos
into consideration.

We conclude that (X; � ) is a pseudo limit of the pseudo functorF : J ! C .

Theorem 12.5. The 2-category of pseudo(� ; T )-algebras overI k admits pseudo
limits.

Proof: This follows immediately from the previous theorem.

Lemma 12.6. The 2-category C of pseudo(� ; T )-algebras admits cotensor prod-
ucts.

Proof: Let J 2 ObjCat and let F : I k ! Cat be a pseudo (� ; T )-algebra.
De�ne a strict 2-functor P : I k ! Cat by Pi := ( Fi )J , which is the 1-category of 1-
functors J ! Fi . I claim that P has the structure of a pseudo (� ; T )-algebra. This
structure is obtained by doing the operations pointwise. Let � : �( w; w1; : : : ; wn ) !
End(F )(�( w); �( w1); : : : ; �( wn )) denote the maps which makeF into a pseudo
(� ; T )-algebra. Then de�ne
� P : �( w; w1; : : : ; wn ) ! End(P)(�( w); �( w1); : : : ; �( wn )) by

� P (� ) i (� 1; : : : ; � n )( j ) := � (� ) i (� 1(j ); : : : ; � n (j ))

for functors � ` : J ! X �( w ` ) � dm ( i ) with 1 � ` � n. Coherence isos can also
be de�ned in this manner. Then the coherence diagrams commute because they
commute pointwise. HenceP is a pseudo (� ; T )-algebra.

A proof similar to the proof of Lemma 7.12 shows thatP is the cotensor product
of J and F . One must apply the argument for F in Lemma 7.12 to eachFi for
i 2 ObjI k .

Theorem 12.7. The 2-category C of pseudo(� ; T )-algebras admits all weighted
pseudo limits.

Proof: By Theorem 12.5 it admits pseudo limits, and hence it admits pseudo
equalizers. The 2-categoryC obviously admits products. By Lemma 12.6 it admits
cotensor products. Hence by Theorem 2.4 it admits all weighted pseudo limits.
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