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After [10, 15, 12, 2, 4℄ minimum ut/maximum ow algorithms
on graphs emerged as an in reasingly useful tool for exa t or approximate energy minimization in low-level vision. The ombinatorial optimization literature provides many min- ut/max- ow algorithms with
di erent polynomial time omplexity. Their pra ti al eÆ ien y, however,
has to date been studied mainly outside the s ope of omputer vision.
The goal of this paper is to provide an experimental omparison of the
eÆ ien y of min- ut/max ow algorithms for energy minimization in vision. We ompare the running times of several standard algorithms, as
well as a new algorithm that we have re ently developed. The algorithms
we study in lude both Goldberg-style \push-relabel" methods and algorithms based on Ford-Fulkerson style augmenting paths. We ben hmark
these algorithms on a number of typi al graphs in the ontexts of image restoration, stereo, and intera tive segmentation. In many ases our
new algorithm works several times faster than any of the other methods
making near real-time performan e possible.

Abstra t.

1

Introdu tion

Greig et. al. [10℄ were rst to dis over that powerful min- ut/max- ow algorithms from ombinatorial optimization an be used to minimize ertain important energy fun tions in vision. The energies addressed by Greig et. al. and by
most later graph based methods (e.g. [15, 12, 2, 11, 4, 1, 18, 13, 16, 17, 3, 14℄) an
be represented as a posterior energy in MAP-MRF1 framework:
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where L = fL jp 2 Pg is a labeling of image P , D () is a data penalty fun tion,
V is an intera tion potential, and N is a set of all pairs of neighboring pixels.
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Papers above show that, to date, graph based energy minimization methods
provide arguably the most a urate solutions for the spe i ed appli ations.
1

MAP-MRF stands for Maximum A Posterior estimation of a Markov Random Field.

Greig et.al. onstru ted a two terminal graph su h that the minimum ost ut
of the graph gives a globally optimal binary labeling L in ase of the Potts model
of intera tion in (1). Previously, exa t minimization of energies like (1) was not
possible and su h energies were approa hed mainly with iterative algorithms
like simulated annealing. In fa t, Greig et.al. used their result to show that in
pra ti e simulated annealing rea hes solutions very far from the global minimum
even in very simple image restoration examples.
Unfortunately, the result of Greig et.al. remained unnoti ed for almost 10
years mainly be ause the binary labeling limitation looked too restri tive. In the
late 90's new omputer vision te hniques appeared that used min- ut/max- ow
algorithms on graphs. [15℄ was the rst to use these algorithms to ompute multiamera stereo. Later, [12, 2℄ showed that with the right edge weights on a similar
to [15℄ graph one an minimize the energy in (1) for linear intera tion penalties.
The exa t minimum ould be omputed when there are more than two labels.
The results in [2, 4℄ showed that iteratively running min- ut/max- ow algorithms
on appropriate graphs an be used to nd provably good approximate solutions
for even more general multi-label ase when intera tion penalties are metri s.
A growing number of publi ations in vision use graph based energy minimization te hniques for appli ations like image segmentation [12, 18, 13, 3℄, restoration
[10℄, stereo [15, 2, 11, 14℄, shape re onstru tion [16℄, obje t re ognition [1℄, augmented reality [17℄, and others. The graphs orresponding to these appli ations
are usually huge 2D or 3D grids, and min- ut/max- ow algorithm eÆ ien y is
an issue that an not be ignored.
The goal of this paper is to ompare experimentally the speed of several minut/max- ow algorithms on graphs typi al for appli ations in vision. In Se tion 2
we provide basi fa ts about graphs, min- ut and max- ow problems, and some
standard ombinatorial optimization algorithms for them. Se tion 3 introdu es a
new min- ut/max- ow algorithm that we developed while working with graphs
in vision. In Se tion 4 we tested our new algorithm and three standard minut/max- ow algorithms: H PRF and Q PRF versions of Goldberg-style \pushrelabel" method [9, 5℄, and the Dini algorithm [7℄. We sele ted several examples
in image restoration, stereo, and segmentation where di erent forms of energy
(1) are minimized via graph stru tures originally des ribed in [10, 12, 2, 4, 14, 3℄.
Su h (or very similar) graphs are used in all omputer vision papers known to
us that use graph ut algorithms. In many interesting ases our new algorithm
was signi antly faster than the standard min- ut/max- ow te hniques from
ombinatorial optimization. More detailed on lusions are presented in Se tion 5.
2

Ba kground on Graphs

In this se tion we review some basi fa ts about graphs in the ontext of energy
minimization methods in vision. A graph G = hV ; Ei onsists of a set of nodes V
and a set of dire ted edges E that onne t them. Usually the nodes orrespond
to pixels, voxels, or other features. A graph normally ontains some additional
spe ial nodes that are alled terminals. In the ontext of vision, terminals or-

respond to the set of labels that an be assigned to pixels. We will on entrate
on the ase of graphs with two terminals. Then the terminals are usually alled
the sour e, s, and the sink, t. In Figure 1(a) we show a simple example of a two
terminal graph (due to Greig et. al. [10℄) that an be used to minimize the Potts
ase of energy (1) on a 3  3 image with two labels. There is some variation in
the stru ture of graphs used in other energy minimization methods in vision.
However, most of them are based on regular 2D or 3D grid graphs as the one
in Figure 1(a). This is a simple onsequen e of the fa t that normal images (or
volume data) in vision have grid-like stru tures.
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Example of a graph. Edge osts are re e ted by their thi kness. This graph
onstru tion was rst used in Greig et. al. [10℄.

Fig. 1.

All edges in the graph are assigned some weight or ost. A ost of a dire ted
edge (p; q ) may di er from the ost of the reverse edge (q; p). Normally, there
are two types of edges in the graph: n-links and t-links. N-links onne t pairs
of neighboring pixels or voxels. Thus, they represent a neighborhood system in
the image. Cost of n-links orresponds to a penalty for dis ontinuity between
the pixels. These osts are usually derived from the pixel intera tion term Vp;q
in energy (1). T-links onne t pixels with terminals (labels). The ost of a t-link
onne ting a pixel and a terminal orresponds to a penalty for assigning the
orresponding label to the pixel. This ost is normally derived from the data
term Dp in the energy fun tion (1).
2.1

Min-Cut and Max-Flow Problems

An s=t ut (or just a ut) C on a graph with two terminals is a partitioning of
the nodes in the graph into two disjoint subsets S and T su h that the sour e
s is in S and the sink t is in T . Figure 1(b) shows one example of a ut. In
ombinatorial optimization the ost of a ut C = fS ; T g is de ned as the sum of
the osts of \boundary" edges (p; q ) where p 2 S and q 2 T . The minimum ut
problem on a graph is to nd a ut that has the minimum ost among all uts.

One of the fundamental results in ombinatorial optimization is that the
minimum s=t ut problem an be solved by nding a maximum ow from the
sour e s to the sink t. Loosely speaking, maximum ow is the maximum \amount
of water" that an be sent from the sour e to the sink by interpreting graph edges
as dire ted \pipes" with apa ities equal to edge weights. The theorem of Ford
and Fulkerson [8℄ states that a maximum ow from s to t saturates a set of edges
in the graph dividing the nodes into two disjoint parts fS ; T g orresponding to
a minimum ut. Thus, min- ut and max- ow problems are equivalent. In fa t,
the maximum ow value is equal to the ost of the minimum ut.
We an also intuitively show how min- ut (or max- ow) on a graph may
help with energy minimization over image labelings. Consider an example in
Figure 1. The graph orresponds to a 3  3 image. Any s=t ut partitions the
nodes into disjoint groups ea h ontaining exa tly one terminal. Therefore, any
ut orresponds to some assignment of pixels (nodes) to labels (terminals). If
edge weights are appropriately set based on parameters of an energy, a minimum
ost ut will orrespond to a labeling with the minimum value of this energy.2
2.2

Standard Algorithms in Combinatorial Optimization

An important fa t in ombinatorial optimization is that there are polynomial
algorithms for min- ut/max- ow problems on graphs with two terminals. These
algorithms an be divided into two main groups: Goldberg-style \push-relabel"
methods and algorithms based on Ford-Fulkerson style augmenting paths.
Standard augmenting paths based algorithms, su h as Dini algorithm, work
by pushing ow along non-saturated paths from the sour e to the sink until the
maximum ow in the graph G is rea hed. A typi al augmenting path algorithm
stores information about the distribution of the urrent s ! t ow f among the
edges of G using a residual graph Gf . The topology of Gf is identi al to G but
apa ity of an edge in Gf re e ts the residual apa ity of the same edge in G
given the amount of ow already in the edge. At the initialization there is no
ow from the sour e to the sink (f=0) and edge apa ities in the residual graph
G0 are equal to the original apa ities in G . At ea h new iteration the algorithm
nds the shortest s ! t path along non-saturated edges of the residual graph.
If a path is found then the algorithm augments it by pushing the maximum
possible ow df that saturates at least one of the edges in the path. The residual
apa ities of edges in the path are redu ed by df while the residual apa ities
of the reverse edges are in reased by df . Ea h augmentation in reases the total
ow from the sour e to the sink f = f + df . The maximum ow is rea hed when
any s ! t path rosses at least one saturated edge in the residual graph Gf .
Dini algorithm uses breadth- rst sear h to nd the shortest paths from s
to t on the residual graph Gf . After all shortest paths of a xed length k are
saturated, the algorithm starts the breadth- rst sear h for s ! t paths of length
2

Di erent graph based energy minimization methods may use di erent graph onstru tions, as well as, di erent rules for onverting graph uts into image labelings.
Details for ea h method are des ribed in the original publi ations.

k + 1 from s rat h. Note that the use of shortest paths is an important fa tor
that improves running time omplexities for algorithms based on augmenting
paths. The worst ase running time omplexity for Dini algorithm is O(mn )
where n is the number of nodes and m is the number of edges in the graph.
2

Push-relabel algorithms use quite a di erent approa h. They do not maintain
a valid ow during the operation; ea h node may have a positive \ ow ex ess",
and the algorithm tries to push it to neighboring nodes. Push-relabel te hniques
are harder to des ribe in just a few senten es and we would rather refer the
reader to our favorite text-book on basi graph theory and algorithms [6℄.
For our experimental tests on graph-based energy minimization methods in
vision we sele ted the following standard algorithms.
Algorithm of Dini [7℄.
Push-Relabel algorithm [9℄ with the highest level sele tion rule.
PRF: Push-Relabel algorithm [9℄ with the queue based sele tion rule.

DINIC:

H PRF:
Q

Many previous experimental tests, in luding the results in [5℄, show that the
last two algorithms work onsistently better than a large number of other minut/max- ow algorithms of ombinatorial optimization. The theoreti al worst
ase pomplexities for these \push-relabel" algorithms are O(n3 ) for Q PRF and
O(n2 m) for H PRF.
3

New Min-Cut/Max-Flow Algorithm

In this se tion we present a new algorithm that we developed while working with
graphs that are typi al for energy minimization methods in omputer vision. The
algorithm presented here belongs to the group of algorithms based on augmenting paths. Similarly to DINIC it builds the sear h tree for nding augmenting
paths but it reuses this tree and never starts building it from s rat h. The drawba k of our approa h is that the augmenting paths found are not ne essarily
shortest augmenting path; thus the time omplexity of the shortest augmenting
path is no longer valid. The trivial upper bound on the number of augmentations
for our algorithm is the ost of the minimum ut jC j, whi h results in the worst
ase omplexity O(mn2 jC j). Theoreti ally speaking, this is worse than omplexities of the standard algorithms dis ussed in Se tion 2.2. However, experimental
omparison in Se tion 4 shows that on typi al problem instan es in vision our
algorithm signi antly outperforms standard algorithms.
3.1

Algorithm's Overview

We maintain a sear h tree S with the sour e as a root where all edges from ea h
parent node to its hildren are non-saturated. The nodes that are not in S are
alled \free". The set of free nodes is denoted T . The nodes in the sear h tree S
are divided into \a tive" and \passive". The a tive nodes may \grow", that is,
they may a quire new hildren from a set of free nodes. The passive nodes are

guaranteed to have no free neighbors onne ted through non-saturated edges.
Thus, the passive nodes an not grow.
The algorithm iteratively repeats the following three stages:
{ \growth" stage: the sear h tree grows until the sink is found
{ \augmentation" stage: the path found is augmented, the sear h tree is broken
into a forest.
{ \adoption" stage: the forest is transformed ba k into a tree.
At the growth stage the sear h tree expands. The a tive nodes a quire new hildren from a set of free nodes. The newly a quired nodes be ome a tive members
of the sear h tree S . As soon as all neighbors of a given a tive node are explored
the a tive node be omes passive. The growth stage terminates when the sink is
en ountered and, thus, a path from the sour e to the sink is found.
The augmentation stage augments the path found in the growth stage. Sin e
we push through the largest ow possible some edges in the path be ome saturated. Thus, some of the nodes in the tree be ome \orphans", that is, the edges
linking them to their parents are no longer valid (they are saturated). In fa t,
the augmentation phase splits the sear h tree S into a forest. The sour e is still
a root of one of the trees in the forest and the orphans form roots of other trees.
The goal of the adoption stage is to restore a single sear h tree stru ture with
a root in the sour e. At this stage we try to nd a new valid parent for ea h
orphan. If there is no su h parent we remove the orphan from S and make it a
free node. We also de lare all its former hildren orphans. The stage terminates
when no orphans are left and, thus, the sear h tree stru ture of S is restored.
Sin e some orphan nodes in S may be ome free the adoption stage results in
ontra tion of the set S .
After the adoption stage is ompleted the algorithm returns to the growth
stage. The algorithm terminates when the sear h tree an not grow (all a tive
nodes he ked their neighbors and be ame passive) while the sink is not found.
3.2

Details of Implementation

Assume that we are given a dire ted graph G = hV ; Ei. As for any augmenting
path algorithm, we will maintain a ow f and the residual graph Gf (see Se tion 2.2). For ea h node p we will store its parent as PARENT (p). Roots of the
forest (the sour e and the orphans) as well as all free nodes have no parents,
t.e. PARENT (p) = ;. We will also keep the lists of all a tive nodes, A, and all
orphans, O. The general stru ture of the algorithm is:
initialize: S = A = fsg; T = V fsg; O = ;
while true

S to find an augmenting path P
P = ; terminate
on P

grow

if

from

s

to

t

augment

end while

adopt

orphans

The details of the growth, augmentation, and adoption stages are des ribed below.

Growth stage:

free nodes.

At this stage a tive nodes a quire new hildren from a set of

if t 2 S return P = PATHs!t
while A 6= ;
pi k an a tive node p 2 A
for every non-saturated edge (p; q )
if q 2 T add q to the sear h tree as an a tive node:
S := S [ fqg, A := A [ fqg, PARENT (q) := p
if q = t return P = PATHs!t
end for
remove p from A
end while
return P = ;

The input for this stage is a path P from s to t. Note
that the orphan set is empty in the beginning of the stage, but there will be
some orphans in the end sin e at least one edge in P be omes saturated.
Augmentation stage:

find the bottlene k apa ity  on P
update the residual graph by pushing flow  through
for ea h edge (p; q ) in P that be omes saturated
set PARENT (q ) := ;
add q to O
end for

P

During this stage all nodes in O are pro essed until O be omes
empty. The node being pro essed tries to nd a new parent in S ; in ase of su ess
it remains in S but with a new parent, otherwise it is removed from S to the set
of free nodes T and all its hildren are added to O.
while O 6= ;

Adoption stage:

pi k a node p 2 O
remove p from O
pro ess p
end while

The operation \pro ess p" onsists of the following steps. First we are trying
to nd a new parent for p. For ea h non-saturated edge (q; p) entering p we he k
whether q is a valid parent. Two onditions should hold for q :
{ q should be in S
{ the \origin" of q should be the sour e
Note that it is ne essary to he k the se ond ondition be ause some of the nodes
in S originate from orphans.
If a new parent q is found, then p remains in S with q as its parent. The
a tive (or passive) status of p in S remains un hanged. If p does not nd a valid
parent in S then the following three operations are performed:

{
{
{

p is removed from S (and A) and be omes a free node in T
for all hildren q of p we set PARENT (q ) = ; and add them to the set of
orphans O
all \potential" parents of p (nodes q in S su h that the edge (q; p) is not
saturated) are added to the a tive set A

The last operation is ne essary to make sure that no passive node in S onne ts
to a free neighbor through a non-saturated edge. Only a tive nodes are allowed
to have su h free neighbors. Suppose that an orphan p be omes free. Without
the last operation, the passive neighbors of p in S onne ted to p via nonsaturated edges would remain passive while they should not. At that moment
these neighbors did not qualify as valid parents for p be ause they originated
from other orphans and not from the sour e. After the sear h tree is xed one
of su h neighbors may potentially be ome a new parent of p.
3.3

Corre tness proof

Let's introdu e some invariants whi h are maintained during the exe ution of
the algorithm.
I1
I2
I3
I4

S is a forest with roots at either the sour e or orphans.
Edges from a parent to hildren in the sear h forest have nonzero residual
apa ities.
There are no orphans during the growth stage.
For passive nodes p in S the following property should be true: for all nonsaturated edges (p; q ) the node q must belong to S .

These invariants are learly true at the initialization of the algorithm. It is
easy to see these invariants dire tly follow from the onstru tion of the algorithm.
Let's show that all stages terminate. The growth stage terminates be ause
the number of nodes is nite. The same argument applies to the augmentation
stage. Now we prove that the adoption stage is also nite. Note that after a node
p in O has been pro essed it an not be ome an orphan again during the same
adoption stage (it will imply that the adoption stage terminates after pro essing
at most n nodes). Indeed, if p is moved from S to T then this holds sin e free
nodes in T are not involved at the adoption stage. Suppose p found a new parent
q and remained in S . The new parent q must originate from the sour e. Thus,
the sour e is the new origin of p as well. By onstru tion, only des endants of
orphans may be ome orphans during the adoption stage. Therefore, p an not
be ome an orphan again at the same adoption stage.
The algorithm terminates if the number of y les (augmentations) is nite.
Sin e the algorithm is not a shortest path algorithm the polynomial bound for
the number of augmentations does not seem to be valid. We know only a trivial
bound given by a minimum ut ost that works if all edge weights are integers.
It remains to show that when the algorithm terminates it generates the maximum ow. In fa t, the sear h tree S and the set of free nodes T at the end of

the algorithm give a minimum s=t- ut. Suppose the algorithm has terminated.
It ould only have happened in the growth stage when no a tive nodes were left
and t 2= S . S and T are disjoint sets su h that S [ T = V , s 2 S , and t 2 T .
Suppose that the urrent residual graph ontains a non-saturated path from the
sour e to the sink that an be used to in rease the ow. Then there is a nonsaturated edge (p; q ) going from a node p 2 S to another node q 2 T . Sin e no
a tive nodes are left then p is passive. Hen e, the invariant I4 does not hold for
p and we get a ontradi tion.
4

Experimental Tests on Appli ations in Vision

In this se tion we experimentally test min- ut/max- ow algorithms for three
di erent appli ations in omputer vision: image restoration (Se tion 4.1), stereo
(Se tion 4.2), and obje t segmentation (Se tion 4.3). We hose formulations
where ertain appropriate versions of energy (1) an be minimized via graph
uts. The orresponding graph stru tures were previously des ribed by [10, 12,
2, 4, 14, 3℄ in detail. These (or very similar) stru tures are used in all omputer
vision appli ations with graph uts (that we are aware of) to date.
Note that we ould not test all known min- ut/max- ow algorithms. We
ompare our new algorithm presented in Se tion 3 and standard algorithms
of ombinatorial optimization introdu ed in Se tion 2.2: DINIC, H PRF, and
Q PRF. Many experimental tests, in luding the results in [5℄, show that the
last two algorithms work onsistently better than a large number of other minut/max- ow algorithms of ombinatorial optimization. For DINIC, H PRF, and
Q PRF we took the implementations written by Cherkassky and Goldberg [5℄
and modi ed them to our graph representation. Both H PRF and Q PRF use
global and gap relabeling heuristi s. Our algorithm also leaves some hoi e in
implementing ertain fun tions. We found that the order of pro essing a tive
nodes and orphans may have a signi ant e e t on the running time. We made
a tuning and used it in all experiments.
4.1

Image Restoration

Here we onsider two examples of energy (1) with the Potts and linear models
of intera tion. Graph based methods for minimizing Potts energy were used
in many di erent appli ations in luding segmentation [13℄, stereo [2, 4℄, obje t
re ognition [1℄, shape re onstru tion [16℄, and augmented reality [17℄. Linear
intera tion energy was used for stereo [15℄ and segmentation [12℄. The stru tures
of the orresponding graphs are identi al in all appli ations using the same type
of energy. We hose the ontext of image restoration mainly for its simpli ity.
The Potts energy that we use for image restoration is

E (I ) =

X jjI
2P
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p

I jj +
o
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(b) Original Bell Quad
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(e) Linear intera tions energy

Image Restoration Experiments

where I = fIp jp 2 Pg is a ve tor of unknown \true" intensities of pixels on
the image P and I o = fIpo jp 2 Pg are intensities observed in the original image
orrupted by noise. The Potts intera tions are spe i ed by penalties K(p;q) for
intensity dis ontinuities between pairs of neighboring pixels. Fun tion T () is 1
if the ondition inside parenthesis is true and 0 otherwise. In the ase of two
labels the Potts energy an be minimized exa tly using the graph ut method of
Greig et. al. [10℄. We onsider image restoration with multiple labels where the
problem be omes NP hard. We use an iterative graph based method in [4℄ whi h
is guaranteed to nd a solution within a fa tor of two from the global minimum
of the Potts energy. At ea h iteration [4℄ omputes a minimum ost ut for a
ertain generalization of the graph introdu ed in [10℄.
Our image restoration experiments with the Potts energy are presented in
Figure 2(a- ). The sizes of our test images are 100  100 (Diamond) and 112  136
(Bell Quad). The number of allowed labels is 215 and 256, orrespondingly. The
running times (in se onds, 333MHz Pentium III) for the Potts energy minimization tests are given in Figure 2(d). These running times represent the rst y le
of iterations (see [4℄ for more details).
We also onsider image restoration with \linear" intera tions energy:

E (I ) =

X jjI
2P

p

p

I jj +
o
p

X

2N

(p;q )

A

(p;q )

 jI

p

Ij
q

(3)

where onstants A(p;q) des ribe the relative importan e of intera tions between
neighboring pixels p and q . If the set of labels is nite and ordered then this
energy an be minimized exa tly using either of the two almost identi al graphbased methods developed in [12, 2℄. In fa t, both of them use graphs very similar
to the one introdu ed by [15℄ in the ontext of multi- amera stereo. These methods build graphs by onse utively onne ting multiple layers of image-grids. Ea h
layer orresponds to one label. The stru ture of the graphs for linear intera tions
energy has one important distin tion from the graphs that are urrently used to
minimize other types of energies; the two terminals are onne ted only to the
rst and the last layers of the graph. This distin tion be omes more pronoun ed
when the number of labels (layers) is large. Note that allo ating omputer memory for su h multi-layered graphs an be problemati even for 2D images.
The table in Figure 2(e) shows how long it took ea h min- ut/max- ow
algorithm to ompute the exa t minimum of the linear intera tions energy above.
We used the same Diamond and Bell Quad images as in the Potts energy tests.
In the tests presented in (e) we varied the number of labels (layers) jLj. The
experiments show that our algorithm is the fastest when the number of labels
is relatively small (less than 50) while Q PRF wins for larger number of labels.
Note that the number of labels a e ts the stru ture of the graphs in [15, 12, 2℄.
In the Potts energy minimization method in [4℄ the number of labels hanges
the number of iterations in ea h y le but has no e e t on the graph stru tures.
4.2

Stereo with O

lusions

Here we des ribe our tests on examples in stereo. We onsider a re ent formulation [14℄ that takes o lusions into onsideration. The problem is formulated
as a labeling problem. We want to assign a binary label (0 or 1) to ea h pair
hp; qi where p is a pixel in the left image and q is a pixel in the right image that
an potentially orrespond to p. The set of pairs with the label 1 des ribes the
orresponden e between the images. The energy of on guration f is given by

E (f ) =

X

p;q

fhp;qi =1

+

Dh i +

X

XC T p
2P

fh i h ig2N
p;q ; p0 ;q 0

p

( is o luded in the on guration f )

p

Kfh i h ig  T (fh i 6= fh i)
p;q ; p0 ;q 0

p;q

p0 ;q 0

The rst term is the data term, the se ond is the o lusion penalty, and the
third is the smoothness term. P is the set of pixels in both images, and N is
the neighboring system onsisting of tuples of neighboring pairs fhp; q i; hp0 ; q 0 ig
having the same disparity (parallel pairs). [14℄ gives an approximate algorithm
minimizing this energy among all feasible on gurations f . In ontrast to other
energy minimization methods, nodes of the graph onstru ted in [14℄ represent
pairs rather than pixels or voxels.
The tests were done for three stereo examples shown in Figure 3. We used the
Head pair from the University of Tsukuba, and the well-known Tree pair from

(a) Left image of Head pair

(b) Disparity map for Head pair

( ) Left image of Tree pair

(d) Disparity map for Tree pair

(e) Left image of
Random pair

(f) Right image of
Random pair

(g) Disparity map
for Random pair

Stereo Experiments. The sizes of images are 384  288 in (a), 256  233 in ( ),
and 100  140 in (e,f). The results in (b,d,g) show o luded pixels in bla k olor.

Fig. 3.

SRI. To diversify our tests we ompared the speed of algorithms on a Random
pair where the left and the right images did not orrespond to ea h other.
Running times for stereo examples in Figure 3 are shown in se onds (450MHz
UltraSPARC II Pro essor) in the table below. The times are for the rst y le
of the algorithm, whi h is where most of the work is done.
method

input

Head pair Tree pair Random pair
DINIC
365.4
39.4
32.6
H PRF
109.8
20.1
16.0
Q PRF
56.0
13.4
9.1
Our
17.0
4.0
7.2
4.3

Intera tive Obje t Segmentation

In this se tion we des ribe experimental tests that ompare min- ut/max- ow
algorithms on Intera tive Graph Cuts segmentation te hnique in [3℄. The method
in [3℄ allows for the segmentation of an obje t of interest in N-D images/volumes.
This te hnique generalizes the MAP-MRF method of Greig at. al. [10℄ by in orporating additional hard onstraints into the minimization of the Potts energy

E (L) =

XD L X
2P

p

p

( p) +

2N

K

(p;q )

 T (L 6= L )
p

q

(p;q )

over binary (obje t/ba kground) labelings of image. The hard onstrains ome
from a user pla ing some obje t and ba kground seeds. The te hnique omputes
binary segmentation of N-dimensional image with globally optimal regional and
boundary properties among all segmentations that satisfy the hard onstraints
(seeds). The details of the orresponding graph onstru tion are given in [3℄.
We tested min- ut/max- ow algorithms on 2D and 3D segmentation examples illustrated in Figure 4. We present the original data and the segmentation
results orresponding to ertain sets of seeds. Note that the user pla es seeds
intera tively. New seeds an be added to orre t segmentation imperfe tions.
The te hnique in [3℄ eÆ iently re omputes the optimal solution starting at the
previous segmentation result.
Figure 4(a-b) shows photo-editing experiment on a pi ture (200x300 pixels)
with a group of people around a bell. Other segmentation examples in ( -h) are
for 2D and 3D medi al data. The ardia MR data in ( -d) was tested in both
2D (256x256 pixels) and 3D (256x256x13 voxels) ases. In our 3D experiment
the seeds were pla ed in only one sli e in the middle of the volume. This was
enough to segment the whole volume \ orre tly". The tests with lung CT data
(e-f) were also made in both 2D (512x512 pixels) and 3D (512x512x5 voxels)
ases. In (g-h) we tested the algorithms on 2D liver MR data (512x256 pixels).
The table below ompares the running times (in se onds, 600MHz Pentium
III pro essor) of sele ted min- ut/max- ow algorithms for the segmentation examples des ribed. Note that these times in lude only the min- ut/max- ow om-

Photo Editing

(a) Bell Photo

(b) Bell Segmentation
Medi al Data

( ) Cardia MR

(e) Lung CT

(g) Liver MR

(d) LV Segment

(f) Lobe Segment

(h) Liver Segment

Fig. 4.

Segmentation Experiments

putation3 . The tests on 3D data are marked by \3D". To diversify our tests we
also made a few experiments where in onsistent seeds were pla ed at random
pla es in the image. The orresponding olumns in the table are marked as \random". Meaningless segmentations from these tests are not shown in Figure 4.
method

input

Liver Bell Lung Heart(3D) Lung(3D) Bell(random) Lung(random)
DINIC
26 7
5
|
|
8
16
H PRF 3.5 2 2.5
|
|
4
3
Q PRF 2.5 1 0.5
7
68
1.5
1.5
Our
0.26 0.26 0.16
2
20
1
2.5
Note that 3D segmentation required memory eÆ ient implementations of
the graph ut algorithms. We made su h implementations only for our new
algorithm and for Q PRF (whi h outperformed H PRF and DINIC in most other
experiments). H PRF and DINIC were not tested in 3D segmentation examples.
5

Con lusions

We tested a reasonable sample of typi al vision graphs. In most examples our
new min- ut/max- ow algorithm worked 2-10 times faster than any of the other
methods, in luding the push-relabel and Dini algorithms (whi h are known to
outperform other min- ut/max- ow te hniques). In some ases the new algorithm made possible near real-time performan e of the orresponding appli ations. One noti eable ex eption was the energy with linear intera tions (3). If
the number of labels for (3) was relatively small (< 50) then our algorithm was
only marginally the best, while Q PRF was signi antly faster for larger number
of labels. We also found that our algorithm's performan e was roughly the same
as Q PRF in unrealisti examples with \random" inputs.
Our results also suggest that graphs in vision are a very spe i appli ation
for min- ut/max- ow algorithms. In fa t, Q PRF outperformed H PRF in most
of our tests despite the fa t that H PRF is generally regarded as the fastest algorithm in ombinatorial optimization ommunity. Additional experiments showed
that our algorithm was several times slower than H PRF on standard (outside
omputer vision) graphs that are used for tests in ombinatorial optimization.
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The time it takes the user to pla e the seeds varies and may depend on image quality,
obje t of interest, and the level of desired details. For the experiments in Figure 4
all seeds were pla ed within 10 to 40 se onds.
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