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Abstra t

The unfolding of s hemati formal systems is a novel on ept whi h was initiated in Feferman [6℄. This paper is mainly on erned with the proof-theoreti
analysis of various unfolding systems for non- nitist arithmeti NFA. In parti ular, we examine two restri ted unfoldings U0 (NFA) and U1 (NFA), as well
as a full unfolding, U (NFA). The prin ipal results then state: (i) U0 (NFA) is
equivalent to PA; (ii) U1 (NFA) is equivalent to RA<! ; (iii) U (NFA) is equivalent to RA< 0 . Thus U (NFA) is proof-theoreti ally equivalent to predi ative
analysis.
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Introdu tion

The on ept of unfolding of a s hemati formal systems S was introdu ed in Feferman
[6℄ in order to answer the following question:
Given a s hemati system S, whi h operations and predi ates, and whi h
prin iples on erning them, ought to be a epted if one has a epted S?

The basi system NFA of lassi al non- nitist arithmeti is paradigmati for su h S;
it is given by the following axioms, where as usual we write x0 for S (x):
(1) x0 6= 0

(2) Pd (x0 ) = x
(3) P (0) ^ (8x)[P (x) ! P (x0 )℄

! (8x)P (x).

Here P is a free predi ate variable, and the intention is to use the indu tion s heme
(3) in a wider sense than is usual. Denote by L0 the language of NFA. The usual
narrow sense in whi h (3) is to be applied is that we may substitute for P any
formula B of L0 with distinguished free variable x. A wider sense is that we may
substitute for P in (3) any formula B of any language L extending L0 whose basi
notions one a epts as meaningful and for whi h on omitant axioms are provided.
But this is still just a spe ial ase of the general rule of substitution
(Subst)

A[P ℄

) A[B=P ℄

for any formulas A; B of L. In parti ular, as one unfolds NFA, its language and
orresponding axioms expand and the lass of formulas A; B to whi h one may
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apply (Subst) expands a ordingly. This does not mean that the notions to whi h
one may apply indu tion throughout mathemati s are limited to those appearing in
the unfolding of NFA. Rather, that only tells us whi h notions and prin iples are
impli it in a epting NFA, i.e., whi h ought to be a epted if one a epts NFA at all.
The a eptan e of notions and prin iples beyond that, su h as those oming from
set theory or other on eptual arenas, must in ea h ase be based on essentially new
onsiderations.
Speaking of set theory, other formal systems whi h have natural s hemati formalizations in the present sense are those of Zermelo and Zermelo-Fraenkel. For the
former, the separation s heme is given by
(Sep)

(9b)(8x)[x 2 b $ x 2 a ^ P (x)℄:

Similarly, we may reformulate repla ement in ZF in s hemati terms using a free
binary predi ate variable R. Alternatively (and not ne essarily equivalently) we
may formulate it in a natural way using a free partial fun tion variable f , as follows:
(Rep)

(8x 2 a)f (x)# ! (9b)(8y )[y 2 b $ (9x 2 a)f (x) = y ℄;

whi h simply says that the range of f on a exists. For further dis ussion and
examples of s hemati systems using free predi ate and/or partial fun tion variables,
in the wider sense indi ated here, see [6℄.
The on ept of unfolding applies to any s hemati systems S. Its de nition is given
rst in a restri ted form U0 (S) and then in a full form U (S); onsideration of the
latter leads to a natural intermediate form U1 (S). The system U0 (S) is alled the
operational unfolding of S; it tells us whi h operations from and to individuals,
and whi h prin iples on erning them, ought to be a epted if one has a epted S.
It is obtained by adding free partial fun tion variables and partial fun tion and
fun tional onstants whi h are introdu ed su essively from the basi operations of
S by s hemata of expli it de nition (ED ) and least xed point re ursion (LFP ).
The prin iples that are added on erning these are simply the equations they are
intended to satisfy.
The full unfolding U (S) is also given in operational terms. It tells us, further, whi h
operations on and to predi ates, and whi h prin iples on erning them, ought to
be a epted if one has a epted S. This will depend to begin with on whi h logi al
operations, viewed as operations on predi ates, are a epted as basi in S. In the ase

of ( lassi al) NFA these may be taken as the operations of negation, onjun tion and
universal quanti ation. If the initial system S is, for example, some form of nitist
arithmeti or onstru tive non- nitist arithmeti , other hoi es of basi operations
on predi ates will be di tated. On e supplied with a hoi e of su h basi logi al
operations, the further operations (and asso iated prin iples) on and to predi ates
in U (S) are generated again by (ED ) and (LFP ) s hemata. In addition, we have
an operation of Join , spe i to the ase of predi ates, whi h allows us to pass in a
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anoni al way from a sequen e of n-ary predi ates to an (n + 1)-ary predi ate. The
intermediate unfolding U1 (S) is obtained in the same way as U (S), ex ept that Join
is not applied here.
The main results of this paper hara terize proof-theoreti ally these three unfolding
systems of NFA, as follows, where  denotes proof-theoreti al equivalen e (and where
in ea h ase we have onservation with respe t to suitable lasses of formulas of the
system on the left over the system on the right).
I.
II.
III.

U0(NFA)  PA
U1(NFA)  RA<!
U (NFA)  RA< .
0

Here, as usual, RA< denotes the system of rami ed analysis in levels < , and 0 is
the so- alled Feferman-S hutte ordinal, whi h has been identi ed as the limit of the
predi atively provable ordinals. Thus U (NFA) is equivalent to predi ative analysis.
For related earlier work and the histori al ba kground to the on ept of unfolding,
as well as for some dire tions of possible further work, see [6℄.
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The operational unfolding of a s hemati ally
presented formal system

S

It is the purpose of this se tion to de ne the operational unfolding U0 (S) of a
s hemati ally presented formal system S. The pre ise de nition of the terms and
axioms for expli it de nition (ED ) and least xed point re ursion (LFP ) to be used
in U0 (S) is given by formalization of the generalization of re ursion theory (g.r.t.) to
arbitrary stru tures A due to Feferman [4, 5℄. An alternative but essentially equivalent form of g.r.t. is due to Mos hovakis [11℄, and both have their roots in Platek's
thesis [12℄. For our purposes here, the stru tures to whi h this is to be applied are
of the form
A = (A ; F0 ; : : : ; Fn);
where A is the domain of A and F0 ; : : : ; Fn are obje ts of type level  2 over A ,
i.e. where ea h of these is either an individual of A or a partial fun tion or partial
monotoni fun tional of type level 2 of appropriate arity; see below for details onerning the type stru ture. For simpli ity, we are only onsidering one-sorted stru tures A here, however, the treatment of many-sorted stru tures is straightforward.
The basi stru ture to onsider in the ase of arithmeti is of ourse (N ; S ; Pd ; 0),
where N is the set of natural numbers and S and Pd denote the su essor and
prede essor operation, respe tively.
The terms onsidered below are either individual terms, partial fun tion terms or
partial fun tional terms. A ordingly, their types an be divided into three lasses.
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 denotes the type of individuals from A , and we let  range over the types
of nite (possibly empty) sequen es of individuals.

Typ 1.

0 ; 0 range over the types of partial fun tions of the form  !
~ , and again
we let 0 range over the types of nite sequen es of su h.

Typ 2.

(0 ;  !
~ ) is used for partial fun tional types. These redu e to partial
fun tion types in ase that 0 is empty.

Typ 3.

The terms (r; s; t; : : :) are now indu tively generated as follows, where we use the
notation r :  in order to indi ate that the term r is of type .
Tm 1.

We have in nitely many variables x; y; z; a; b; ; : : : of type .

For ea h partial fun tion type 0 we have in nitely many partial fun tion
variables f; g; h; : : : of type 0 .

Tm 2.

For ea h basi fun tional of the stru ture A we are given fun tional onstants
Fi of appropriate fun tional type.

Tm 3.

Tm 4.
Tm 5.
Tm 6.
Tm 7.

Cond (r; s) : (0 ; ; ;  !
~ ) for r; s : (0 ;  !
~ ).

r(s; t) :  for r : (0 ;  !
~ ), s : 0 and t : .
 x:t) : (0 ;  !
(f;
~ ) for f : 0 , x :  and t : .
LFP (f; x:t) : ( !
~ ) for f :  !
~ , x :  and t : .

The formulas (A; B; C; : : :) of U0 (S) are indu tively given by:
The atomi formulas are (r = s), r# and P (t) for r; s : , t :  and P a free
relation symbol.

Fm 1.

Fm 2.

If A and B are formulas, then so also are :A, (A ^ B ) and (8x)A.

Observe that we do not allow quanti ation over partial fun tion variables. As
we base all our systems on lassi al logi , we assume that the remaining logi al
onne tives and quanti ers are de ned as usual. However, let us mention that the
results established in this arti le also hold for the orresponding systems based on
intuitionisti logi .
 x℄ to indi ate a sequen e f;
 x of free variables possibly
In the following we write t[f;
appearing in the term t; however, t may ontain other free variables than those
 x℄ is analogous.
shown by using this bra ket notation. The meaning of A[f;
The logi of U0 (S) is the lassi al logi of partial terms LPT of Beeson [1℄ for the
individual sort , and usual (quanti er free) predi ate logi for the other sorts. We
re all that LPT embodies stri tness axioms saying that all subterms of a de ned
ompound term are de ned as well. Moreover, if (s = t) holds then both s and t
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are de ned, and s is de ned provided P (s) holds. As usual, one de nes a partial
equality relation between individual type terms by setting

s ' t := s# _ t#

! s = t:
We are now ready to spell out the axioms of U0 (S), whi h essentially just bring out
the obvious meaning of the terms spe i ed above.
Ax 1.
Ax 2.

The axioms of S, in luding the de ning axioms for the Fi 's.
 x; y; y ) ' s(f;
 x) ^ y 6= z ! Cond (s; t)(f;
 x; y; z ) ' t(f;
 x).
Cond (s; t)(f;

Ax 3.

 x:t[f;
 x℄)(f;
 x) ' t[f;
 x℄.
(f;

Ax 4.

For s  LFP (f; x:t[f; x℄) we take:
(i) s(x) ' t[s; x℄,
(ii) (8x)(f (x) ' t[f; x℄)

! (8x)(s(x)# ! f (x) = s(x)).
ru ial for the formulation of U0 (S) is the predi ate substitution rule, whi h

Finally,
reads as follows:
(Subst)

A[P ℄

) A[B=P ℄:

In the on lusion of this rule, B is an arbitrary formula and A[B=P ℄ denotes the
formula A[P ℄ with ea h subformula P (t) repla ed by (9x)(t ' x ^ B (x)). This
ompletes the des ription of the system U0 (S).
Before we turn to the de nition of the intermediate and full unfolding of S, we
very brie y address the proof-theoreti strength of U0 (NFA). Re all that NFA was
presented by axioms (1)-(3) where (1) and (2) are the axioms for S and Pd , while
(3) is the s hemati axiom of indu tion; these are what take the pla e of Ax 1 above
in the ase of S = NFA.
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The proof-theoreti

strength of

U0(NFA)

In this se tion we give a short sket h for the proof-theoreti equivalen e of U0 (NFA)
and Peano arithmeti PA.1 Hen e, in the sequel  denotes the basi type of natural
numbers.
As to the lower bound, we rst have to bootstrap U0 (NFA) and show that the primitive re ursive fun tions an be introdu ed there. This is of ourse straightforward
by making use of LFP re ursion. For notational onvenien e, let us write

fif y = 0 then s[f; x℄ else t[f; x℄g

 x:s; f;
 x:t)(f;
 x; y; 0):
for Cond (f;

1 To be pre ise, we use a onservative extension of

o ur in formulas in the indu tion s hema.
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PA in whi h the predi ate symbol P may

To show losure under primitive re ursion in U0 (NFA), let r and s be terms of
fun tion type taking number type arguments (x) and (x; y; z ), respe tively, and
assume that r and s have been shown to be total in U0 (NFA). Let t be given by

t := LFP (f; x; y:fif y = 0 then r(x) else s(x; Pd (y ); f (x; Pd (y )))g):
Then one obtains by axiom Ax 4(i) of U0 (NFA) that

t(x; 0) ' r(x) and t(x; y 0) ' s(x; y; t(x; y )):
One then establishes by indu tion on y that t(x; y )#. Here one has to apply the
substitution rule to the s hemati form of the indu tion axiom of NFA. Hen e, we
an de ne all primitive re ursive fun tions in U0 (NFA); of ourse, by (Subst), we
have omplete indu tion on the natural numbers available in U0 (NFA) for arbitrary
formulas and, therefore, we see that Peano arithmeti PA in its usual non-s hemati
form is ontained in U0 (NFA).
For the upper bound we make use of a dire t embedding of U0 (NFA) into PA. Basi ally, we let partial fun tion variables of type  !
~  range over indi es of partial
re ursive fun tions. It is then easy to nd (indi es of) partial re ursive fun tion(al)s
serving as appropriate interpretations for the fun tion(al) terms of U0 (NFA). In parti ular, losure under the LFP s hema is guaranteed in the usual way as follows.
Suppose f; x:t[f; ~x℄ is already given to us as a partial re ursive fun tional, possibly
depending on additional parameters. Then we de ne (uniformly in n) a sequen e
gn of partial re ursive fun tions by

S

g0 := the empty fun tion;
gn+1 := x:t[gn ; x℄:

Now we an take g := n2N gn as our interpretation of LFP (f; x:t[f; x℄). We have
that g is partial re ursive, and the usual argument shows that it has the required
properties, f. Feferman [4, 5℄ for more details. Finally, the substitution rule (Subst)
is easily seen to be validated under our embedding and, hen e, we are in a position
to state the following theorem:
Theorem 1

tends PA.

U0 (NFA) is proof-theoreti ally equivalent to PA and

onservatively ex-

This on ludes our brief sket h of the equivalen e of U0 (NFA) and PA.
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The full and intermediate unfolding of a
s hemati ally presented formal system

S

It is the aim of the present se tion to de ne the full unfolding U (S) of a s hemati ally
presented formal system S and its natural restri tion U1 (S). Whereas U0 (S) addresses
6

the question of whi h operations on A ought to be a epted given a s hemati system
S for a stru ture A = (A ; F0 ; : : : ; Fn ), the entral question on erning U1 (S) and
U (S) an be stated as follows: whi h operations on and to predi ates | and whi h
prin iples on erning them | ought to be a epted if one has a epted S?
Let us now stepwise des ribe U (S) and its subsystem U1 (S). For that purpose, we
introdu e for ea h natural number n a new atomi type n of n-ary predi ates on A .
Hen e, our basi types now in lude  and n for ea h n 2 N . The type stru ture to
be onsidered for the full unfolding is spelled out below. Cru ial is the presen e of
new fun tion types of the form  !
~ n , whi h will allow the de nition of operations
from individuals to predi ates by means of least xed point re ursion. De nitions
of this kind are very natural as we will see below; for example, in the unfolding
of NFA one may de ne initial segments of the hyperarithmeti hierar hy simply by
LFP re ursion from numbers to predi ates.
Typ 1. The basi types are  and n for ea h n 2 N . We let ;  range over these
basi types, and  over types of nite sequen es of obje ts of basi type.
We have partial fun tion types of the two forms  !
~  and  !
~ n . As above,
we let 0 ; 0 range over the former and, in addition, ;  range over partial
fun tion types of both forms. Sequen e notation is used as before.

Typ 2.

(0 ;  !
~ ) and ( ;  !
~ n ) are our partial fun tional types.
Note that in Typ 2 and Typ 3 we do not allow the use of predi ate arguments or
arguments of type  !
~ n when de ning fun tion(al)s whose values are of type ,
i.e. are individuals. These are allowed in Typ 3 when de ning fun tionals of type
( ;  !
~ n ); in parti ular, when  is empty, su h fun tionals redu e to partial fun tions from individuals and predi ates to predi ates. The reason for the restri tion of
fun tional types with values of type  is that in some sense individuals and operations
on individuals are being treated as on eptually prior to operations on predi ates; in
parti ular, we want s hemas to generate operations from individuals to individuals
whi h do not depend on what predi ates are available. However, we will see that we
an prove more fun tions from individuals to individuals to be total in the presen e
of suitable predi ates.2
The term building operations Tm 1-7 are now extended to the larger type stru ture
in a straightforward manner as follows.
Tm 1. For ea h basi type  we have in nitely many variables of type .
In
the following we usually reserve x; y; z; a; b; ; : : : as variables of type  and
X n ; Y n ; Z n; : : : as variables of type n ; we omit the supers ript `n' if it is given
by the ontext.
Typ 3.

U (S) and U1 (S) of treating
individuals and predi ates on a par, without the restri tions taken here in Typ 1 { Typ 3. This
would make sense from the omputational point of view of [4℄, if not the logi al point of view. It is
an open question whether the upper bounds obtained in Se tions 5 and 6 for U (NFA), resp. U1 (NFA),
still hold in this unrestri ted formulation.
2 We have onsidered the alternative possibility in the de nition of
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For ea h partial fun tion type  we have in nitely many partial fun tion
variables f; g; h; : : : of type  .

Tm 2.

For ea h basi fun tional of the stru ture A we are given fun tional onstants
Fi of appropriate fun tional type.

Tm 3.

Tm 4.

Cond (r; s) : (0 ; ; ;  !
~ ) for r; s : (0 ;  !
~ );
Cond (r; s) : ( ;  ; ;  !
~ n ) for r; s : ( ;  !
~ n ).

Tm 5.

Tm 6.

Tm 7.

r(s; t) :  for r : (0 ;  !
~ ), s : 0 and t : ;
r(s; t) : n for r : ( ;  !
~ n ), s :  and t :  .
 x:t) : (0 ;  !
(f;
~ ) for f : 0 , x :  and t : ;
 x:t) : ( ;  !
(f;
~ n ) for f : , x :  and t : n .
LFP (f; x:t) : ( !
~  ) for f :  !
~  , x :  and t :  .

The term forming operations Tm 1-7 are now extended in order to in orporate
new operations on and to predi ates, namely Eq (equality), PrP (free predi ate
symbol P ), Inv (inverse image), Neg (negation), Conj ( onjun tion), Un (universal
quanti ation) and Join (disjoint union). The operations Neg , Conj and Un are
appropriate if one a epts lassi al predi ate al ulus, as, for example, one does in
non- nitist arithmeti . Other systems (e.g. nitist or onstru tive arithmeti ) may
all for other hoi es of basi logi al operations.
Tm 8.

Eq : 2 .

Tm 9.

PrP : n for P n-ary predi ate letter.

Tm 10.

Inv (s; t1; : : : ; tm ) : n for s : m , t1 ; : : : ; tm :  !
~  and  of length n.

Tm 11.

Neg (t) : n for t : n .

Tm 12.

Conj (s; t) : n for s; t : n .

Tm 13.

Un (t) : n for t : n+1 .

Tm 14.

Join (t) : n+1 for t :  !
~ n .

The formulas of U (S) are built in the same way as the formulas of U0 (S), but now
taking into a ount new atomi formulas involving predi ate type terms.
Fm 1.

We have the atomi formulas:

(i) (r = s), r# and P (t) for r; s : , t :  and P a free relation symbol;
(ii) (r = s), r# and (t1 ; : : : ; tn ) 2 r for r; s : n and t1 ; : : : ; tn : .
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Fm 2.

If A and B are formulas, then so also are :A, (A ^ B ) and (8x)A.

It is ru ial to observe here that we do not allow quanti ation over predi ate
variables. A ordingly, the logi used for the sort n is a quanti er-free version of
the logi of partial terms LPT .
The axioms of U (S) in lude Ax 1-4 of U0 (S), now extended to the new language. First
Ax 5, we do not distinguish between predi ates whi h are extensionally identi al;
i.e. it is only how predi ates behave on their arguments that ounts. In addition,
the axioms for the new predi ate forming operations are spelled out in the expe ted
manner in Ax 6-12.

! X =Y.
Ax 6. Eq # ^ (8x; y )[(x; y ) 2 Eq $ x = y ℄.
Ax 7. PrP # ^ (8x
)[(x) 2 PrP $ P (x)℄.
Ax 8. Inv (X; f1 ; ::; fm )# ^ (8x
)[(x) 2 Inv (X; f1; ::; fm ) $ (f1 (x); ::; fm (x)) 2 X ℄.
Ax 9. Neg (X )# ^ (8x
)[(x) 2 Neg (X ) $ (x) 2= X ℄.
Ax 10. Conj (X; Y )# ^ (8x
)[(x) 2 Conj (X; Y ) $ (x) 2 X ^ (x) 2 Y ℄.
Ax 11. Un (X )# ^ (8x
)[(x) 2 Un (X ) $ (8y )((x; y ) 2 X )℄.
Ax 12. For f :  !
~ n we take:
(8y )f (y )# ! Join (f )# ^ (8x; y )[(x; y ) 2 Join (f ) $ (x) 2 f (y )℄:
Ax 5.

(8x)[(x) 2 X $ (x) 2 Y ℄

Further, U (S) ontains the substitution rule (Subst), i.e. A[P ℄ ) A[B=P ℄, where
now B denotes an arbitrary formula of U (S), but A[P ℄ is required to be a formula
in the language of U0 (S). This last restri tion is due to the fa t that predi ate terms
in general depend on the predi ate parameter P . Finally, we obtain an intermediate
unfolding system U1 (S) by leaving out Ax 12, i.e. U1 (S) is just U (S) without Join .
The full unfolding U (S) des ribed here is slightly di erent from the one given in
Feferman [6℄. There predi ates are understood as (total) propositional fun tions,
taking individuals as arguments and yielding propositions as values. For the latter,
a type  of propositions is presupposed together with a predi ate T (x) expressing
that the proposition x is true, thus providing an approa h to predi ates via Frege
stru tures. As pointed out in [6℄, the Frege-type approa h to predi ates does not
allow one to single out the role of join, and sin e we are interested in the intermediate
unfolding U1 (S) here as well, we have assumed types for n-ary predi ates as basi .
The rest of this paper is devoted to establishing the proof-theoreti equivalen e of
U (NFA) with RA< 0 as well as U1 (NFA) with RA<! .
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5

The proof-theoreti

strength of

U (NFA)

In this se tion we ompute the exa t proof-theoreti strength of U (S) for the ase
that S is the basi s hemati system of non- nitist arithmeti NFA. As before we let
 denote the basi type of natural numbers and, in addition, we write Pr instead of
PrP , sin e P is the only free predi ate letter needed.
In Se tion 5.1 we show that trans nite indu tion is derivable in U (NFA) below the
Feferman-S hutte ordinal 0 by arrying through a detailed wellordering proof; this
is used to redu e RA< 0 to U (NFA). Then in 5.2 we give the de nition of a suitable
version of Peano arithmeti with ordinals plus substitution rule, PA+ + (Subst),
whi h was introdu ed in Strahm [16℄; it is shown op. it. that PA+ + (Subst) has
proof-theoreti ordinal 0 . Finally, we show in Se tion 5.3 how to model U (NFA) in
PA+ + (Subst), thereby establishing RA< 0 as an upper bound of U (NFA).
5.1

Lower bounds

The aim of this se tion is to establish the Feferman-S hutte ordinal 0 as a lower
bound of U (NFA). For that purpose we presuppose a primitive re ursive standard
wellordering  of order type 0 with least element 0 and eld N . We further assume
familiarity with the Veblen fun tions ' (or ' ); f. S hutte [15℄ or Pohlers [13℄
for details. When working in formal theories, we identify ordinal operations with
their primitive re ursive analogues a ting on odes of our notation system; we also
identify primitive re ursive relations with the U0 (NFA) terms whi h represent their
hara teristi fun tions. If A is a formula with designated free variable x of type 
and s : , then we de ne as usual:
Prog (A) := (8x)[(8y  x)A(y ) ! A(x)℄;
TI (s; A) := Prog (A) ! (8x  s)A(x):

If we want to stress the relevant indu tion variable of the formula A, we sometimes write Prog (x:A(x)) instead of Prog (A); the expression TI (s; x:A(x)) reads
similarly. Moreover, if t : 1 , then we often use the notation Prog (t) instead of
Prog (x:x 2 t), and similarly for TI (s; t).
Let ( n )n2N denote a anoni al fundamental sequen e for 0 given by 0 = ! and
n+1 = ' n 0. It is our aim to establish TI ( n ; P ) for ea h n 2 N within U (NFA).
Cru ial in the argument below is the following: as soon as we have shown TI (! ; P ),
and if a suitable jump hierar hy above P exists below ! + 1, then we are able to
dedu e TI (' 0; P ). Hen e, our rst task is to show how arithmeti jump hierar hies
an be built uniformly within U (NFA).
Let A(X; a; y ) be an arithmeti formula with at most X; a; y free and X : 2 . Then
the A jump hierar hy up to < 0 starting with P is given set-theoreti ally by the
following trans nite re ursion:

Y0 :=

fm : P (m)g;
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Ya := fm : A(Y a ; a; m)g
(0  a  );
where Y a denotes the set f(m; b) : b  a ^ m 2 Yb g. We now show how to represent
(Ya )a in U (NFA) provided that we have already established TI ( ; P ). First of all,
by making use of the predi ate axioms Ax 6{11 only, we an nd a term rA : (2 ; !
~ )
so that U (NFA) proves
rA (X; a)# ^ (8y )(y 2 rA (X; a) $ A(X; a; y )):
Further, there exists a term s : ( !
~ 1 ; ;  !
~ 1 ) whi h provably satis es
s(f; a; x) ' fif x  a then f (x) else ;g;
where ; denotes a anoni al term of type 1 for the empty set. Finally, let hierA of
type ( !
~ 1 ) be given by least xed point re ursion as follows:
hierA := LFP (f; a:fif a = 0 then Pr else rA (Join (x:s(f; a; x)); a)g):
Sin e we have assumed TI ( ; P ), we an derive by the substitution rule (Subst)
that TI ( ; a:hierA(a)#). Sin e it is easily shown that Prog (a:hierA (a)#), we an
on lude
(8a  )hierA(a)#:
Hen e, we have established the existen e of the A jump hierar hy below starting
with P in U (NFA), and its de ning properties are dire tly provable there.
In order to arry through our wellordering proof we make use of a very spe i jump
formula A(X; a; y ), whi h is given in S hutte [15℄, pp. 184 . Before we an give an
expli it de nition of A, we need some preparations. First, let h and e be primitive
re ursive auxiliary fun tions on our ordinal notations, whi h satisfy
 h(0) = e(0) = 0; h(!a ) = 0 and e(!a) = a;

 if a = !a +    + !an for more than one summand so that an      a1, then
h(a) = ! a +    + ! an and e(a) = an .
In addition, let us de ne a kind of jump operator J , whi h is given by the following
1

1

1

arithmeti de nition:
J (X; a) := (8y)((8x  y)(x 2 X ) ! (8x  y + a)(x 2 X )):
Finally, the jump formula A(X; a; y ) is given by
A(X; a; y) := (8z) (h(a)  z  a ! J ((X )z ; '(e(a); y))):
Here X is of type 2 and a formula t 2 (X )z must be read as (t; z ) 2 X . By the
onsiderations above, we have a term hierA :  !
~ 1 whi h provably in U (NFA) represents the A jump hierar hy starting from P below , provided we have previously
established TI ( ; P ) in U (NFA).
The following statement is ru ial in the wellordering proof for U (NFA). It is Lemma
9 in S hutte [15℄ p. 186, re-written in the present notation, and its proof, whi h we
omit, follows exa tly the same steps lo . it.
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Assume that TI ( ; P ) is provable in U (NFA) for an ordinal
0 . Then we have that U (NFA) proves

Lemma 2

less than

(8a)[0  a  ^ (8b  a)Prog (hierA (b)) ! Prog (hierA (a))℄:
The ground is now prepared for the main theorem of this se tion:
Theorem 3 U (NFA) proves TI ( n ; P ) for ea h natural number n.
Proof. The laim is established by metamathemati al indu tion on n. The ase
n = 0 is trivial, sin e TI (!; P ) is ertainly provable in U (NFA). For the step from
n to n + 1 we assume that TI ( n; P ) is derivable in U (NFA). By making use of the
usual wellordering proof of PA, this readily implies that U (NFA) also proves
TI (! n + 1; P ):
(1)
Hen e, a ording to our dis ussion above, we have the A jump hierar hy below
! n + 1 available in U (NFA), i.e. U (NFA) proves
(8a  ! n + 1)hierA (a)#:
(2)
In the following we work informally in U (NFA) and we want to derive TI (' n0; P ).
For that purpose let us assume Prog (P ). Then the previous lemma readily entails
(8a  ! n + 1)[(8b  a)Prog (hierA (b)) ! Prog (hierA (a))℄:
(3)
From (3) and an appli ation of (Subst) to (1) we an derive
Prog (hierA (! n )):
(4)
In parti ular, (4) entails that 0 2 hierA (! n ), and sin e h(! n ) = 0 and e(! n ) = n,
we have that
(8z  ! n )J (hierA (z ); ' n 0):
(5)
Substituting z = 0 this means J (P; ' n0), whi h implies
(8x  ' n 0)P (x):
(6)
All together we have established TI ( n+1; P ) as desired. 
Corollary 4

U (NFA) proves TI ( ; P ) for ea h ordinal

less than

0.

From this orollary we an on lude as usual:
0
Corollary 5 (1 -CA)< 0 is ontained in U (NFA).
For an alternative way of limbing up the 0 ladder we refer the reader to Feferman
[3, 2℄. There it is shown how to make use of the ordinary jump hierar hy in a
wellordering proof below 0 .
We have established (01 -CA)< 0 or, equivalently, RA< 0 as lower bound of the full
unfolding system U (NFA) for non- nitist arithmeti NFA. The next two se tions
are devoted to proving the onverse dire tion, namely that RA< 0 is also an upper
bound for U (NFA).
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5.2

Peano arithmeti

with ordinals and the bar rule

In this se tion we introdu e the theory PA+ + (Subst) of Peano arithmeti with
ordinals plus substitution (or bar) rule, whi h | among other things | is analyzed
proof-theoreti ally in Strahm [16℄. This theory will be used in the next se tion in
order to provide an upper bound for the system U (NFA).
Fixed point theories over Peano arithmeti with ordinals were introdu ed in Jager
[10℄. They have previously been applied in the proof-theoreti analysis of systems
of expli it mathemati s with the non- onstru tive  operator in an essential way,
f. for example Feferman and Jager [7, 8℄ and Gla and Strahm [9℄.
In the following we let L denote the usual language of rst order arithmeti with
fun tion and relation symbols for all primitive re ursive fun tions and relations. We
also assume that L in ludes the unary free relation symbol P . If X is an n-ary
relation symbol distin t from P , then L(X ) denotes the extension of L by X . An
L(X ) formula is alled X positive if ea h o urren e of X in it is positive. We
all those X positive formulas whi h ontain at most x = x1 ; : : : ; xn free, indu tive
operator forms; A(X; x) ranges over su h forms. Observe that the relation symbol P
an have positive and negative o urren es in an indu tive operator form A(X; x).
Now we extend L to a new rst order language L by adding a new sort of ordinal variables ( ; ; ; : : :), new binary relation symbols < and = for the less-than
and equality relations on ordinals3 and an (n + 1)-ary relation symbol PA for ea h
indu tive operator form A(X; x) for whi h X is n-ary.
The number terms of L (r; s; t; : : :) are the number terms of L; the ordinal terms of
L are the ordinal variables of L . The formulas of L (A; B; C; : : :) are indu tively
de ned as follows:
Fm 1.
Fm 2.
Fm 3.

If R is an n-ary relation symbol of L, then R(s) is an atomi formula of L .
The formulas ( < ), ( = ) and PA ( ; s) are atomi formulas of L .

If A and B are L formulas, then so also are :A, (A ^ B ), (9x)A and (8x)A.

If A is an L formula, then so also are (9 < )A, (8 < )A, (9 )A and
(8 )A.

Fm 4.

The remaining logi al onne tives are de ned as usual. For every L formula A we
write A to denote the L formula whi h is obtained by repla ing all unbounded
ordinal quanti ers (Q ) in A by (Q < ). Additional abbreviations are:

PA (s)

:= PA ( ; s);

PA< (s) := (9 < )PA(s); PA(s) := (9 )PA (s):
We introdu e several lasses of L formulas, whi h will be important for the ordinal
part of our xed point theories. The 0 formulas are the L formulas whi h do
3 In general it will be lear from the ontext whether < and = denote the less-than and equality

relations on the nonnegative integers or on the ordinals.
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not ontain unbounded ordinal quanti ers; the  [ ℄ formulas are the L formulas whi h do not ontain positive universal [existential℄ and negative existential
[universal℄ ordinal quanti ers. The union of  and  is denoted by r .
We are now ready to give the exa t formulation of the theory PA+ . It is based on the
usual two-sorted predi ate al ulus with equality and lassi al logi . The non-logi al
axioms of PA+ are divided into the following six groups:
Ax 1. The axioms of Peano arithmeti PA with the ex eption of omplete indu tion
on the natural numbers.
Ax 2.

Ax 3.

Ax 4.

Ax 5.

Ax 6.

For all indu tive operator forms A(X; x):
PA (s) $ A(PA< ; s):
 Re e tion axioms. For all  formulas A:
A ! (9 )A :
Linearity axioms:
6< ^ ( <

^ < ! <

^ ( < _ = _ < ):
Formula indu tion on the natural numbers. For all L formulas A(x):
A(0) ^ (8x)(A(x) ! A(x0 )) ! (8x)A(x):
)

 indu tion on the ordinals. For all  formulas A( ):
(8 )[(8 < )A( ) ! A( )℄ ! (8 )A( ):

Remark 6 From the indu tive operator and 
re e tion axioms one an easily
dedu e that the  formulas PA des ribe xed points of the indu tive operator form
A(X; x).
Cru ial for the embedding of U (NFA) below is an adequate substitution or bar rule,
whi h we formulate as follows.
(Subst)
A[P ℄ ) A[B=P ℄:
Here A is a formula in the language L and B is allowed to be an arbitrary L
formula. A[B=P ℄ just means A[P ℄ with ea h o urren e of P (t) repla ed by B (t).
The following theorem about the proof-theoreti strength of PA+ + (Subst) is established in Strahm [16℄. It will be used in the upper bound omputation of U (NFA)
in the next se tion.
+
Theorem 7 PA + (Subst) is proof-theoreti ally equivalent to RA< 0 and onservatively extends RA< 0 with respe t to arithmeti statements.
We nish this se tion by mentioning that this theorem still holds if we allow indu tion on the ordinals for formulas in r , i.e. formulas whi h are either  or  ,
f. Strahm [16℄ for details.
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5.3

Upper bounds

In this paragraph we establish an embedding of U (NFA) into PA+ + (Subst), thereby
showing the equivalen e of U (NFA) and RA< 0 . Sin e types of the form (0 ;  !
~ )
do not involve predi ate types, the orresponding terms an be interpreted in the
very same way as in Se tion 3 for U0 (NFA). The treatment of the predi ate part of
U (NFA) is mu h more involved. Basi ally, fun tion variables of type ( !~ n ) are
also interpreted as partial re ursive fun tions, but the ranges and hen e de nedness
onditions for su h fun tions will be more ompli ated, as we will see below.
In the sequel we make use of the usual primitive re ursive oding ma hinery: h: : :i is
a standard primitive re ursive fun tion for forming n-tuples ht1 ; : : : ; tn i; Seq denotes
the primitive re ursive set of sequen e numbers; lh (t) denotes the length of (the
sequen e oded by) t; Seqn(t) abbreviates Seq (t) ^ lh (t) = n; (t)i is the ith omponent
of (the sequen e oded by) t for i < lh (t), in parti ular, t = h(t)0 ; : : : ; (t)lh (t) . 1 i for
sequen e numbers t; we write (t)i;j instead of ((t)i )j ; ? denotes the usual primitive
re ursive operation of sequen e on atenation; nally, if x = x1 ; : : : ; xn then we
write hxi for hx1 ; : : : ; xn i.
We start o by indu tively de ning a olle tion  of (non-unique) odes for the
predi ates of U (NFA) together with an 2 relation whi h determines the extension
for ea h su h ode. Sin e a dire t indu tive de nition of  and 2 would involve
negative o urren es of 2, we also have to de ne a omplementary relation 2 for 2
in order to t into the framework for positive indu tive de nitions whi h is available
in PA+ . We use the following odes for n-ary predi ates:









h0; 2i for the binary predi ate Eq ,
h1; 1i for the unary predi ate Pr ,
h2; n; a; f1; : : : ; fm i for the n-ary predi ate Inv (a; f1; : : : ; fm ),
h3; n; ai for the n-ary predi ate Neg (a),
h4; n; a; bi for the n-ary predi ate Conj (a; b),
h5; n; ai for the n-ary predi ate Un (a),
h6; n; f i for the n-ary predi ate Join (f ).

Now is is possible to give a simultaneous indu tive de nition for , 2 and 2 , whi h
is readily en oded into a single one in order to t into L . The de ning ondition
for (a) is given by the disjun tion of the following lauses:
(i) a = h0; 2i,
(ii) a = h1; 1i,
(iii) Seq (a)

^ (a)0 = 2 ^ lh (a) = (a)2;1 + 3 ^ ((a)2 ),
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^ (a)0 = 3 ^ (a)2;1 = (a)1 ^ ((a)2 ),
(v) Seq4 (a) ^ (a)0 = 4 ^ (a)2;1 = (a)1 ^ (a)3;1 = (a)1 ^ ((a)2 ) ^ ((a)3 ),
(vi) Seq3 (a) ^ (a)0 = 5 ^ (a)2;1 = (a)1 + 1 ^ ((a)2 ),
(vii) Seq3 (a) ^ (a)0 = 6 ^ (a)1 > 0 ^
(8x)(9b)[f(a)2 g(x) = b ^ (b)1 = (a)1 . 1 ^ (b)℄.
The lauses for (x 2 a) are straightforward but rather lengthy to spell out. Observe
that in lause (iii) referen es to 2 are needed. We en ode multiple arguments of
(iv) Seq3 (a)

a predi ate a into a single one by making use of sequen e numbering as usual.
Summing up, the de ning lauses for the relation (x 2 a) read as follows:
(i) a = h0; 2i

^ Seq2(x) ^ (x)0 = (x)1 ,
(ii) a = h1; 1i ^ Seq1 (x) ^ P ((x)0 ),
(iii) Seq (a) ^ (a)0 = 2 ^ lh (a) = (a)2;1 + 3 ^ ((a)2 ) ^ Seq(a) (x) ^
hf(a)3g((x)0; : : : ; (x)lh (x) . 1 ); : : : ; f(a)lh (a) . 1g((x)0 ; : : : ; (x)lh (x) . 1)i 2 (a)2,
(iv) Seq3 (a) ^ (a)0 = 3 ^ (a)2;1 = (a)1 ^ ((a)2 ) ^
 (a)2 ,
Seq(a) (x) ^ x 2
(v) Seq4 (a) ^ (a)0 = 4 ^ (a)2;1 = (a)1 ^ (a)3;1 = (a)1 ^ ((a)2 ) ^ ((a)3 ) ^
Seq(a) (x) ^ x 2 (a)3 ^ x 2 (a)4 ,
(vi) Seq3 (a) ^ (a)0 = 5 ^ (a)2;1 = (a)1 + 1 ^ ((a)2 ) ^
Seq(a) (x) ^ (8y )[x ? hy i 2 (a)2 ℄,
(vii) Seq3 (a) ^ (a)0 = 6 ^ (a)1 > 0 ^
(8x)(9b)[f(a)2 g(x) = b ^ (b)1 = (a)1 . 1 ^ (b)℄ ^
Seq(a) (x) ^ h(x)0 ; : : : ; (x)(a) . 2 i 2 f(a)2 g((x)(a) . 1 ).
The lauses for x 2 a are similar and, therefore, we omit them. All together we have
onvin ed ourselves that , 2 and 2 an be generated by a (simultaneous) positive
indu tive de nition. Hen e, , 2 and 2 exist in PA+ as sli es of a suitable xed
point, and the above de ning onditions are derivable there. Re all that ; 2 and
2 are  , whereas the orresponding stage predi ates  ; 2 and 2 are 0 .
Observe that it does not follow from the xed point property alone that 2 and 2
1

1

1

1

1

1

1

are omplementary on predi ate odes. However, this property an be shown by 0
indu tion on the ordinals. This is the ontent of the following lemma.
Lemma 8

We have that PA+ proves:

(8a)[(a)

! (8x)(Seq(a) (x) ! (x 2 a $ :(x 2 a)))℄:
1
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Proof. We rst noti e that the extension of a predi ate ode is fully determined at
the rst stage it gets into . Formally, one easily establishes the following statement
by 0 indu tion on :
(8 < )(8a)[ (a) !
(8x)(Seq(a)1 (x)

! ((x 2 a $ x 2 a) ^ (x 2 a $ x 2 a)))℄:

Now the laim of the lemma is immediate from
(8a)[ (a)

! (8x)(Seq(a) (x) ! (x 2 a $ :(x 2 a)))℄;
whi h is readily shown by 0 indu tion on the ordinals as well. 
1

In the following n (a) means that a is a ode for a n-ary predi ate, i.e. n (a)
abbreviates (a) ^ (a)1 = n. Similarly, n (a) expresses that a odes an n-ary
predi ate on stage ; observe that n (a) is a 0 statement of L . Equality between
predi ates must be understood extensionally in the sequel; a ordingly, we de ne

a =n b := n (a) ^ n (b) ^ (8x)(hxi 2 a $ hxi 2 b):
It is our aim next to show how terms involving predi ate types an be interpreted
in order to satisfy their de ning axioms, provably in PA+ . As we have already
indi ated earlier, we let variables f of type ( !
~ n ) range over indi es of partial
re ursive fun tions, but de nedness for su h fun tions must now be understood with
respe t to , namely f (x)# means (9y )[ff g(x) ' y ^ n (y )℄, in short n (ff g(x)).
The interpretation of U (NFA) expressions in the partial re ursive fun tions is obvious
ex ept for terms of the form LFP (f; x:t) with f :  !
~ n , x :  and t : n . Moreover,
terms an always be interpreted in su h a way that testing for de nedness with
respe t to  is delayed to the end of the evaluation pro edure. The treatment of
LFP terms is rather deli ate and requires some spe i monotoni ity notions, whi h
we want to introdu e now. We set for all natural numbers a; b; f; g :

a n b := n (a) ! a =n b;

a <n b := (8 < )(a n b);

!~ n g
f <!~ n g

f

:= (8x)(ff g(x) n fg g(x));
:= (8 < )(f

!~ n g):

We often omit the subs ripts `n ' and ` !
~ n ' if they are given by the ontext.
In addition, we use the ve tor notation as in a  b and f  g with its usual
omponentwise meaning.
 a; u℄ : n with all free variables
Let us now assume that we are given a term t[f;
shown, f :  !
~  , a :  , and u variables not involving predi ate types.4 We further
4 If the arity of a predi ate an vary for ea h element of a given sequen e, then we just use the

notation  .
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 a; u℄ has already been given a suitable re ursion-theoreti interpreassume that t[f;
tation, and we identify t with its interpretation if we are working informally in PA+ .
Then we all t progressively monotoni (provably in PA+ ), if PA+ proves:

f < g ^ a < b

! t[f; a; u℄  t[g; b; u℄:5

In the sequel we abbreviate \progressively monotoni " to \p-monotoni ". For example, it is easy to see that the term Join (f ) for f :  !
~ n is p-monotoni . Indeed,
<
assume that f  g and Join (f ) is a predi ate on level ; then we have (essentially
by Ax 2 of PA+ ) for all x that ff g(x) is a predi ate on level less than and, hen e,
ff g(x) = fgg(x) by our assumption; this entails Join (f ) = Join (g) as desired.
On the other hand, a term su h as f (x) is obviously not p-monotoni .
Our aim now is to give a straightforward re ursion-theoreti interpretation of terms
LFP (f; x:t[f; x℄) :  !
~ n for previously interpreted terms t[f; x℄ whi h are pmonotoni in the above de ned sense. The key in the proof below is the fa t that
indu tion on the ordinals is available for  statements in PA+ .
Assume that t[f; x℄ : n with f :  !
~ n and x : , possibly having
other free variables, is provably p-monotoni in PA+ . Then there exists a re ursiontheoreti interpretation e, primitive re ursively depending on these other parameters,
of LFP (f; x:t[f; x℄) so that the orresponding LFP axioms are provable in PA+ .

Lemma 9

Proof. In the following we work informally in PA+ . By the se ond re ursion theorem,
hoose an e (depending primitive re ursively on the additional parameters of t) so
that we have for all x:
feg(x) ' t[e; x℄:
(1)
We laim that e is indeed the least xed point of t. To see this, let f be another
xed point, i.e. assume that we have for all x:

ff g(x) 'n t[f; x℄;

(2)

where 'n denotes the natural partial equality relation whi h is asso iated to =n .
Then we establish by indu tion on the ordinals the following statement:
(8x)[n (feg(x))

! feg(x) =n ff g(x)℄:

(3)

Due to Lemma 8, it is easily seen that (3) is in fa t a  statement. Let us assume
that (3) holds for all < . Then we have by the de nition of <n that

e <n f:

(4)

Sin e t is p-monotoni , this implies for all x:

t[e; x℄ n t[f; x℄:
5 We use f; g; a; b; u : : : as variables of

L here.
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(5)

If we now assume n (feg(x)) for some x, then we obtain from (1), (2) and (5):

feg(x) = t[e; x℄ =n t[f; x℄ =n ff g(x):
laim and, hen e, we are done. 

(6)

This is exa tly our
It is important to mention here that p-monotoni ity of t[f; x℄ is ru ial for the fa t
that indeed any re ursion-theoreti xed point is already the least one. If we take,
for example, the (non p-monotoni ) term t[f; x℄  f (x) from above, then a xed
point an be anything and, in parti ular, there are solutions for t whi h are not
least.
In a next step we now want to asso iate to ea h previously interpreted term t of
type n a term t : n having the same parameters as t in su h a way that (i) t is
p-monotoni , and (ii) t 'n t, both provably in PA+ . This will immediately yield a
suitable interpretation of LFP expressions: in order to obtain a re ursion-theoreti
interpretation of LFP (f; x:t), one just takes the least xed point of t , whi h exists
by the previous lemma; of ourse, this xed point is also the least xed point of t.
For t we an hoose, for example,

t := Conj (t; t):
The following lemma tells us that t is indeed p-monotoni , provably in PA+ .
+ for ea h term t :  .

Lemma 10 We have that t is provably p-monotoni in PA
n
Proof. In the sequel we extend our  translation to terms t of type  !
~ n by setting


t := t(x) . In order to establish the laim of the lemma, one shows laims (i) and
(ii) below simultaneously by indu tion on the omplexity of t:
(i) If t : n , then t is provably p-monotoni in PA+ ;
(ii) If t : ( ;  !
~ n ), then we have for all r :  and s : : if the  translations of
the terms involving predi ate types in r; s are provably p-monotoni in PA+ ,
then so also t(r; s) is provably p-monotoni in PA+ .
If t is a variable a : n or f :  !
~ n , then our laim is immediate from

a < b

! Conj (a; a)  Conj (b; b);
f < g ! Conj (f (s); f (s))  Conj (g (s); g (s));

(1)
(2)

whi h are both derivable in PA+ . In all other ases ex ept possibly the LFP onstru tion, the laim follows almost immediately from the indu tion hypotheses. It
remains to dis uss the ase where t has the form LFP (h; x:s) for h :  !
~ n , x : 

and s : n . This term may depend on additional parameters f :  !
~  and a : 
involving predi ate types (and other parameters involving number types only). A ording to our dis ussion above, we have a suitable interpretation of LFP (h; x:s),
 a℄, whi h satis es for all x:
say `[f;
f`[f; a℄g(x) ' s[`[f; a℄; f; a; x℄:
(3)
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 a, whi h will immediIt is our aim to show that ` is p-monotoni with respe t to f;
ately imply that also its  translation is p-monotoni . For that purpose we assume
that
f < g ^ a < b:
(4)
 a℄  `[g; b℄. For this it enough to show for all ordinals 
We want to derive `[f;
that
 a℄  `[g ; b℄;
`[f;
(5)
whi h we want to prove by  indu tion on the ordinals. Therefore, assume that
(5) holds for all ordinals <  , i.e.
 a℄ < `[g; b℄:
`[f;

(6)

By the indu tion hypothesis for (i) we know that s is p-monotoni so that we readily
obtain from (4) and (6) for all x:
 a℄; f;
 a; x℄  s [`[g; b℄; g; b; x℄:
s [`[f;

(7)

From (7) and the xed point property (3) we an now immediately derive
 a℄  `[g; b℄
`[f;

(8)

 a℄  `[g ; b℄ and, hen e, we have esas desired. All together we have shown `[f;
tablished that our interpretation of LFP expressions preserves p-monotoni ity in
parameters. This on ludes the proof of our lemma. 
We have shown how to interpret the predi ate type part of U (NFA) in the subsystem
PA+ of Peano arithmeti with ordinals. Cru ial use has been made of  indu tion
on the ordinals. In order to omplete the embedding of U (NFA) in PA+ + (Subst)
we readily observe that the substitution rule (Subst) of U (NFA) dire tly translates
into (Subst) as it is formulated in L ; to see this, noti e that the premise of (Subst)
in U (NFA) is a U0 (NFA) formula whose interpretation is just a formula of L and,
therefore, mat hes the premise of the (Subst) rule of L . We have thus established
the following theorem.
Theorem 11

U (NFA) is

ontained in PA+ + (Subst).

Together with Corollary 5 and Theorem 7 we are now able to state the following
orollary about the proof-theoreti strength of U (NFA).
Corollary 12

extends RA<

0

U (NFA) is proof-theoreti ally equivalent to RA<

with respe t to arithmeti statements.
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6

The proof-theoreti

strength of

U1(NFA)

In this se tion we establish the proof-theoreti equivalen e of the intermediate unfolding system U1 (NFA) and rami ed analysis in all nite levels, RA<! . It readily
follows with the te hniques presented in S hutte [15℄ that the proof-theoreti ordinal
of RA<! is exa tly the rst xed point of the " fun tion, namely '20. The ordinal
'20 is also known as the least ordinal whi h is not autonomous in a semiformal
system for pure number theory, f. [15℄, p. 214. Other known systems whi h possess
proof-theoreti ordinal '20 and are proof-theoreti ally equivalent to RA<! in lude:
(i) (01 -CA) plus bar or substitution rule (Subst), f. Rathjen [14℄; (ii) the system
(01 -CA)!  in whi h the existen e of the 01 jump hierar hy is laimed up to and
in luding ! , f [14℄.
We divide our onsiderations into two subse tions. First, we show that trans nite
indu tion on ea h initial segment of '20 is available in U1 (NFA). In the se ond
paragraph we sket h an adaptation of the arguments of Se tion 3.1 in order to yield
an embedding of U1 (NFA) in (01 -CA) + (Subst).
6.1

Lower bounds

In the sequel let us brie y sket h a wellordering proof for the intermediate unfolding
system U1 (NFA). In parti ular, we show that U1 (NFA) proves TI ( ; P ) for ea h
ordinal less than the rst xed point of the " fun tion, '20. This will yield RA<!
as a proof-theoreti lower bound of U1 (NFA).
In a rst step we de ne a sequen e of sets Yi (i 2 N ) of natural numbers in U1 (NFA)
indu tively as follows:

Y0 :=
Yi+1 :=

fm : P (m)g;
fm : J (Yi; !m)g:

Observe that here J denotes the jump operation from Se tion 5.1. Noti e further
that the initial segments of this Y hierar hy are the main ingredients used in the
wellordering proof of PA. In order to represent Yi (i 2 N ) uniformly in U1 (NFA), we
rst hoose a term s : 1 !
~ 1 so that U1 (NFA) proves:

s(X )#

^ (8y)(y 2 s(X ) $ J (X; !y )):

Su h an s exists by the predi ate axioms Ax 6-11 only, in parti ular Join is not used
for the de nition of s. Now, let t :  !
~ 1 be given by least xed point re ursion as
follows:
t := LFP (f; x:fif x = 0 then Pr else s(Pd (x))g):
A straightforward indu tion on x yields that (8x)t(x)#, and indeed t uniformly
represents the Y hierar hy in U1 (NFA).
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The following lemma is a straightforward adaptation to our ontext of Lemma 7,
d) in S hutte [15℄, p. 183. Usually, this lemma is the main step in the wellordering
proof for (01 -CA). As the proof in our framework is literally the same, we omit it
and refer the reader to [15℄ for details.
Lemma 13

U1 (NFA) proves Prog (a:(8x)TI ("a; t(x))).

Let us now assume that ( n)n2N is a anoni al fundamental sequen e for '20 given
by 0 = ! and n+1 = " n . Then we have the following theorem.
Theorem 14

U1 (NFA) proves TI ( n; P ) for ea h natural number n.

Proof. We establish the laim of the theorem by metamathemati al indu tion on n.
The ase n = 0 is trivial. For the step from n to n + 1 let us assume TI ( n; P ). An
invo ation of (Subst) thus readily yields
TI ( n; a:(8x)TI ("a ; t(x))):

(1)

On the other hand, we know by the previous lemma that
Prog (a:(8x)TI ("a ; t(x))):

(2)

From (1) and (2) we an immediately derive
(8x)TI (
whi h readily entails TI (
Corollary 15

6.2

n+1 ; P )

n+1 ; t(x));

(3)

as laimed. This nishes our argument.

U1 (NFA) proves TI ( ; P ) for ea h



less than '20.

Upper bounds

In this se tion we brie y indi ate how the upper bound argument for the full unfolding system U (NFA) given in Se tion 5.3 is to be modi ed in order to yield an
upper bound of U1 (NFA) in (01 -CA) + (Subst).
One rst indu tively de nes a olle tion  of (non-unique) odes for the predi ates
of U1 (NFA); the generating lauses for  are just the lauses (i)-(vi) of the de nition
of  in Se tion 5.3. It is straightforward that the so-obtained indu tive de nition
produ es a primitive re ursive set of odes  . In the next step one asso iates to
ea h ode 2  its natural extension; this an easily be done via a 11 truth
de nition for arithmeti senten es, whi h is available in (01 -CA) as usual.
On e we have at hand the olle tion  of odes for predi ates of U1 (NFA) together
with the intended extension for ea h su h ode, we an basi ally pro eed as in Se tion 5.3 in order to interpret the U1 (NFA) terms involving predi ate types. The main
di eren e is that ordinal levels of the sets in  an now be repla ed by natural numbers orresponding to the stage on whi h odes for U1 (NFA) predi ates are produ ed
22

a ording to the indu tive de nition of  . Then the monotoni ity notions as well
as Lemma 9 and Lemma 10 arry over dire tly to this mu h simpler framework.
Hen e, the predi ate part of U1 (NFA) an be modeled dire tly in (01 -CA). Moreover, the substitution rule of U1 (NFA) immediately translates into the orresponding
rule formulated in the language of (01 -CA). Summing up, we have established an
embedding of U1 (NFA) into (01 -CA) + (Subst).

U1 (NFA) is ontained in (01-CA) + (Subst).
Corollary 17 U1 (NFA) is proof-theoreti ally equivalent to RA<! and

Theorem 16

extends RA<! with respe t to arithmeti statements.

onservatively
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