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Abstract

Low Mach number asymptotics of the Navier-Stokes equations reveals the role of the
large global thermodynamic pressure, the small acoustic pressure and the very small
'incompressible' pressure. Solving for the changes of the conservative variables with
respect to stagnation conditions retains the conservative discretization and avoids
the cancellation problem, when computing the small changes in low Mach number
ow.
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Notation: In this lecture, all physical quantities with superscript * are dimensional and
all physical quantities without superscript * are nondimensional. Unless stated otherwise,
the nondimensionalization (13) is used.

Introduction
Speaking, singing and playing a music instrument are pleasant examples of compressible
low Mach number ow, unless they are considered as noise. Acoustics in gases and liquids
is not only a daily experience, but also has great scienti c and technological signi cance.
Aerodynamic noise regulations have become more restrictive due to public demands
caused by increased transport of persons and goods and by increased environmental sensitivity. Thus, aeroacoustics has become a key issue in the design of airplanes, helicopters,
trains, cars, engines, gas turbines, etc. The available computational power and emerging numerical methods have recently led to computational aeroacoustics (CAA) as a new
branch of computational uid dynamics (CFD). Like CFD, CAA o ers great potential
to complement theoretical and experimental aeroacoustic research. Therefore, Sir James
Lighthill foresees a \second golden age of aeroacoustics" [1].
Since in many practical applications the sound generation is primarily determined by
the slow vorticity uctuations in a turbulent ow, there has been considerable interest in
low Mach number computational aeroacoustics. Crighton argues [2]:
\First, why is there interest in low Mach number aeroacoustics at all, whether analytical,
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experimental or computational?
...; unless the mean ow exceeds roughly twice the ambient speed of sound (...) the
radiation is determined primarily by the slow temporal evolution of convected eddies; ...
Second, why are we making a fuss about computational aeroacoustics?
... The problem is that all numerical analysis procedures are inherently noisy (in the
acoustic sense). ... the numerical procedure may actually be \noisier" than the ow! ...
In aeroacoustics we are dealing with the minutest energy levels, compared with the whole
ow - and moreover, with those energies on length scales O(M ?1) larger than the scales of
the \energy-containing eddies". Calculations of these lie, in energy and scale, far outside
the range of conditions adequately resolved by standard CFD procedures. This is what
makes computational aeroacoustics at low Mach number not merely a technologically, but
also a scienti cally, important problem."
However, it is not only aeroacoustics, which makes compressible low Mach number
ow such an interesting problem. Even in hypersonic ow, there are low Mach number
regions in the vicinity of stagnation points and no-slip surfaces, at which the velocity is
zero. Separated ow is often characterized by low Mach numbers. Whereas conventional
compressible ow codes perform rather well for transonic ow, their accuracy and eciency deteriorates considerably as the Mach number approaches zero [3]. Therefore, the
computation of compressible low Mach number ow is an important issue in CFD both
for steady and unsteady ow.
In the rst part of this lecture, low Mach number asymptotic analyses are performed
to get better mathematical insight into the Navier-Stokes equations and better physical
understanding of the mechanisms they describe, as the Mach number M goes to zero.
In the second part of this lecture, numerical implications are drawn from the asymptotic analyses and from physical facts in low Mach number ow. The cancellation problem
and its solution by the perturbation form of the Navier-Stokes equations are described in
detail.
The conclusions are stated in the third part.

1 Low Mach Number Asymptotics of the
Navier-Stokes Equations
1.1 Review and Outline

Low Mach number asymptotics is used by Klainerman and Majda [4] for the Euler equations and by Kreiss et al. [5] for the Navier-Stokes equations to prove the convergence of
the compressible ow solutions to the incompressible ow solutions for M ! 0 under certain conditions. Majda [6] employs low Mach number asymptotics to derive the equations
for low Mach number combustion. The resonant interaction of small amplitude periodic
high frequency acoustic waves with entropy and vorticity waves is studied by Hunter et
al. [7], Majda et al. [8], Almgren [9] and other authors using the method of multiple
scales. Rehm and Baum [10] derive the low Mach number limit of the compressible Euler
equations for buoyant inviscid ow with heat release. For the low Mach number limit of
the compressible Navier-Stokes equations, Fedorchenko [11] provides a number of exact
solutions. Employing multiple time and space scale expansions, Zank and Matthaeus [12]
derive low Mach number equations from the compressible Navier-Stokes equations. The
single time scale, multiple space scale asymptotic analysis by Klein [13] yields insight into
the low Mach number limit behaviour of the compressible Euler equations and has been
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used to develop a numerical method for low Mach number ow with long wave acoustics.
While Klein [13] considers inviscid low Mach number ow with small spatial ow scales
and large spatial acoustic scales for the same ow time scale, Muller investigates [14], [15]
the low Mach number behavior of viscous ow with small acoustic and large ow time
scales for the same geometric space scale. The zero Mach number limit of the multiple
time scale, single space scale asymptotic analysis is related to the low Mach number equations [14], [15]. For small turbulent Mach numbers, a single space scale, multiple time
scale asymptotics allows Ristorcelli [16] to distinguish advective and acoustic modes in a
vortical source of sound and to nd a closure for the compressible aspects of the source
terms in Lighthill's acoustic analogy.
The objective of this rst part of the lecture is to give insight into the low Mach number
limit of the Navier-Stokes equations by means of asymptotic analysis. After stating the
Navier-Stokes equations for compressible ow in section 1.2, they are nondimensionalized
in section 1.3. In section 1.4, we demonstrate low Mach number asymptotics and derive
the low Mach number Navier-Stokes equations by the single time scale and single space
scale asymptotic analysis following Rehm and Baum [10] and Majda [6], [17]. The low
Mach number equations are related to the Boussinesq and incompressible ow equations.
The multiple time scale and single space scale asymptotic analysis of the Navier-Stokes
equations by Muller [14], [15] is presented in section 1.5. Contrary to the low Mach number
equations, acoustic e ects are taken into account. In section 1.6, the acoustic waves are
explicitly removed by averaging over a short acoustic time period. If even the net e ect
of acoustics is neglected, we again obtain the low Mach number equations. Finally, the
roles of the pressure in low Mach number ow are discussed.

1.2 Navier-Stokes Equations

The conservation laws of mass, momentum and energy for a compressible viscous uid
ow are called the Navier-Stokes equations in computational uid dynamics. They read
in di erential conservative form:
continuity equation
@ + r  ( u ) = 0;
(1)
@t
momentum equation
@ u + r  ( u u) + rp = G;
(2)
@t
energy equation
@ E  + r  ( H u ) = Q:
(3)
@t
All dimensional quantities are denoted by superscript *, e.g. time t.  , p , u denote
the density, pressure and velocity vector, respectively. The vector operators r  and r
are the divergence and gradient, respectively. In Cartesian coordinates, the components
of the postion vector, velocity vector and nabla operator are given by x = (x ; y; z)T ,
u = (u; v; w)T and r = ( @x@  ; @y@ ; @z@ )T , respectively.
G represents the sum of external forces. Here we consider viscous and buoyancy
forces
3

G = r    + g:

(4)

g = ?ger :

(6)

For a Newtonian uid, the shear stress tensor   is given by
2
(5)
  =  (r u + (r u )T ) ?  r  u I
3
with the (dynamic) viscosity , which depends on temperature T . I is the unit tensor.
The gravitational acceleration vector g is directed opposite to the radial unit vector er
in spherical coordinates with the gravity constant g = 9:81 sm2 on the earth surface:

(7)
E  = e + 12 juj2
denotes the total energy per unit mass, i.e. the sum of internal energy e and kinetic
energy 12 juj2.

(8)
H  = E  + p
is the total enthalpy.
Q is the sum of the work done by the external forces, the energy input by heat
conduction and the heat released by external sources per unit volume and per unit time,
i.e.

Q = r  (   u) +  g  u + r  (rT ) +  q
(9)
The Fourier law is assumed for the heat conduction term, in which the heat conduction
coecient  depends on temperature T . The heat release rate q might be due to chemical reactions.
If viscosity and heat conduction are negligible, i.e.   0 and   0, the Euler
equations are obtained. Thereby, the type of the equations is changed from hyperbolicparabolic to hyperbolic [18].
If buoyancy is negligible, i.e. g  0, G and Q are simpli ed.
For a perfect gas, the thermodynamic quantities are related by the equations of state

p =  RT ;

(10)

e = cv T 
(11)
with the speci c gas constant R = cp ? cv and the speci c heats at constant pressure
and volume cp and cv , respectively. The ratio of speci c heats is
cp
(12)
= c :
v
For air at standard conditions, = 1:4.
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1.3 Nondimensionalization

The equations (1) to (11) are nondimensionalized by using reference quantities denoted
by the subscript 1, e.g. far eld or stagnation conditions, and a typical length scale L of
the considered ow. The thermodynamic reference quantities are assumed to be related
by the equation of state (10) for perfect gas. We de ne the nondimensional quantities by:






 =  ; p = pp ; u = uu ; T = TT ;  =  ;  =  ;
1
1
1
1
1
1


x
t
x = L ; t = L=u ;
(13)
1



e = p e= ; E = p E= ; H = pH= :
1 1
1 1
1 1
The reference quantities are chosen such that the nondimensional ow quantities remain
of order O(1) for any low reference Mach number

u
1
q
:
(14)
M1 =
p1=1
To avoid the dependence on , we shall work with:

M~ = q u 1  = p M1:
(15)
p1=1
Note that with other nondimensionalizations

ppu = = uu M~ ! 0 for M~ ! 0, and
p
p 1
~
 u = p M~ ! 1 for M ! 0.



1


1


 2
1 1



1


1
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Using the relations (13) in the equations of section 1.2, the nondimensional NavierStokes equations read:
@ + r  (u) = 0;
(16)
@t
@u + r  (uu) + 1 rp = G;
(17)
@t
M~ 2
@E + r  (H u) = Q:
(18)
@t
The right hand side of the nondimensional momentum equation (17) reads
G = Re11 r   + Fr12 (?er )
(19)
1
with Re1 = 1u11L the Reynolds number, Fr1 = pug1L the Froude number and
 = (ru + (ru)T ) ? 23 r  uI the nondimensional shear stress tensor.
The right hand side of the nondimensional energy equation (18) reads
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M~ 2 r  (  u) + M~ 2 (?e )  u +
r  (rT ) + q
Q = Re
r
Fr12
( ? 1)Re1Pr1
1

(20)

with Pr1 = cp11 the Prandtl number
and q = u1qp1 the nondimensional heat release rate.
L 1
The nondimensional expressions of the total energy per unit mass and the total enthalpy are
E = e + M~ 2 21 juj2;
(21)
(22)
H = E + p :
The nondimensional equations of state for a perfect gas read
 

p = T;
(23)
1
e = ? 1 T:
(24)
Using equations (23), (24) and (21), the pressure can be expressed in terms of the conservative variables , u and E by
2
(25)
p = ( ? 1)[E ? M~ 2 21 ju j ]:
If we assume Pr = cp = Pr1 and cp = const, we obtain
 


1

= 1 . Then:

 = :
The viscosity might for example be determined by the Sutherland law
 = T 32 T1 ++ SS
K
with S = 110
T1 for air at standard conditions.

1.4 Single Scale Asymptotic Analysis

(26)
(27)

Before addressing the numerical solution of the Navier-Stokes equations in part 2, we
shall employ perturbation methods [19], [20] to derive approximations of the NavierStokes equations at low Mach numbers and to get insight into the underlying physical
mechanisms. The asymptotic analysis allows to identify terms that can be neglected, as
a parameter - in our case the reference Mach number or M~ - becomes small. Here, we
illustrate the regular perturbation method by deriving the low Mach number equations.
We follow the asymptotic analysis by Rehm and Baum [10] for inviscid thermally driven
buoyant ow and by Majda [6], [17] for low Mach number combustion.
We assume that the independent variables are fully characterized by the length scale
L and the time scale L =u1 used to nondimensionalize the space and time variables x
and t in (13). Thus, we assume that the single time scale variable t and the single space
6

scale variable x fully describe the low Mach number ow. Moreover, we assume that the
low Mach number asymptotic analysis is a regular perturbation problem, i.e. all ow
variables can be expanded in power series of M~ as for example the pressure
~ 1(x; t) + M~ 2 p2(x; t) + O(M~ 3 ):
p(x; t; M~ ) = p0(x; t) + Mp
(28)

p0, p1 and p2 are called the zeroth- (or leading), rst- and second-order pressure, respectively.
Inserting the asymptotic expansions of u,  and u into the de nition of the momentum
density as density times velocity
u =  u;
(29)
yields
(u)0 + M~ (u)1 + M~ 2 (u)2 + O(M~ 3 )
~ 1 + M~ 2 2 + O(M~ 3)) (u0 + M~ u1 + M~ 2 u2 + O(M~ 3 ))
= (0 + M
= 0 u0 + M~ (0u1 + 1 u0 ) + M~ 2 (0 u2 + 1u1 + 2 u0 ) + O(M~ 3):
(30)
Ordering the terms in equation (30) according to the powers of M~ leads to the equation
[(u)0 ? 0u0 ]+[(u)1 ? (0 u1 + 1u0 )]M~ +[(u)2 ? (0 u2 + 1u1 + 2u0)]M~ 2 + O(M~ 3) = 0:
(31)
~
Since equation (31) is supposed to hold for arbitrary values of M , the coecients of the
monomials M~ l ; l = 0; 1; 2; :::; must be zero. Therefore, we obtain for the zeroth-, rstand second-order momentum densities
(u)0 = 0 u0;
(32)
(u)1 = 0 u1 + 1 u0 ;
(33)
(u)2 = 0 u2 + 1 u1 + 2 u0:
(34)
Thus, we can express the zeroth-, rst- and second-order velocities as
u0 = (u)0=0;
(35)
u1 = ((u)1 ? 1u0)=0;
(36)
u2 = ((u)2 ? 1u1 ? 2u0)=0:
(37)
Similarly, we use the relation (25) and the nondimensional equation of state (23) to express
the pressure and thereby also the temperature in terms of the conservative variables. The
asymptotic expansion yields
p0 = ( ? 1)(E )0;
(38)
p1 = ( ? 1)(E )1;
(39)
(40)
p2 = ( ? 1)[(E )2 ? 21 0 ju0j2];
T0 = p0 ;
(41)
0
(42)
T1 = p1 ? 1 T0 ;
0
(43)
T2 = p2 ? 1 T1 ? 2 T0 :
0
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Using the de nition of the total enthalpy (22) and the equations (38) and (39), the
asymptotic expansion yields
(44)
(H )0 = ? 1 p0
and

(H )1 = ? 1 p1:
The asymptotic expansion of H u equal H times u yields
(H u)0 = (H )0u0 ;

(45)
(46)

(H u)1 = (H )0u1 + (H )1u0 :
(47)
After the asymptotic analysis of the algebraic equations, we shall now consider the
partial di erential equations. Inserting the asymptotic expansions of the density  and
the momentum density u into the continuity equation (16) and ordering according to
powers of M~ leads to
0 + r  (u) ] + [ @1 + r  (u) ]M~ + [ @2 + r  (u) ]M~ 2 + O(M~ 3 ) = 0: (48)
[ @
0
1
2
@t
@t
@t
Requiring the coecients of M~ l ; l = 0; 1; 2; i.e. the terms in square brackets in (48), to
vanish we obtain
@l + r  (u) = 0; l = 0; 1; 2:
(49)
l
@t
For the momentum equation (17), we obtain after inserting the asymptotic expansions of
all ow variables involved and ordering according to the powers of M~

rp0M~ ?2 + rp1M~ ?1 + @@t0 u0 + r  (0u0u0) + rp2 ? G0 + O(M~ ) = 0;

(50)

where G0 = Re11 r   0 + Fr112 0 (?er ) with  0 = 0(ru0 + (ru0 )T ) ? 32 0r  u0 I .
We assume that the Reynolds and Froude numbers are xed as we vary the Mach number.
In equation (50), we require the coecients of M~ l ; l = ?2; ?1; 0; to vanish. Thus, we get
the relations
rp0 = 0;
(51)
rp1 = 0;
(52)
@0 u0 + r  ( u u ) + rp = G :
(53)
0 0 0
2
0
@t
For the energy equation, we proceed similarly as for the continuity equation and obtain
@ (E )l + r  (H u) = Q ; l = 0; 1; 2;
(54)
l
l
@t
where Ql = ( ?1)Re1 Pr1 r  (rT )l + (q)l ; l = 0; 1;
and
Q2 = Re11 r  ( 0  u0) + Fr112 0 (?er )  u0 + ( ?1)Re1 Pr1 r  (rT )2 + (q)2 .
Equations (51) and (52) derived from the asymptotic analysis of the momentum equation
imply that
p0 = p0 (t)
(55)
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and

p1 = p1(t);
(56)
i.e. p0 and p1 are functions of time only. Using equations (38) and (39), we arrive at a
similar conclusion for the zeroth- and rst-order total energy densities, i.e.
(E )0 = (E )0 (t)

(57)

and

(E )1 = (E )1 (t):
(58)
Inserting equations (38), (46), (44) and (39), (47), (45) into the zeroth- and rst-order
energy equations (54) for l = 0 and l = 1, respectively, we obtain
dp0 + p r  u = ( ? 1)Q
(59)
0
0
0
dt
and
dp1 + p r  u + p r  u = ( ? 1)Q :
(60)
0
1
1
0
1
dt
Using the zeroth-order continuity equation (49), l = 0, and the zeroth-order equation of
state (41), the zeroth-order energy equation (54), l = 0, can be expressed as
@T0 + u  rT ] ? dp0 = Q :

[
(61)
0
0
? 1 @t 0 0 dt
Multiplying the rst-order Navier-Stokes equations (49), (52), (54), l = 1, by M~ and
adding the zeroth-order Navier-Stokes equations (49), (51), (54), l = 0, we obtain the
same equations for
V~ 0 = V0 + M~ V1
(62)
as the zeroth-order Navier-Stokes equations for V0, where V = (; u; p)T . Thus, we do
not win any new information by the rst-order expansion V1, and we can equally well
start o the asymptotic analysis by expansions of the form
p(x; t; M~ ) = p0(x; t) + M~ 2 p2(x; t) + O(M~ 3)
(63)
instead of (28).
Let us summarize the single scale asymptotic analysis: If a space scale L and the
time scale L =u1, i.e. the time it takes the reference ow to traverse the distance L,
fully describe the considered low Mach number ow, the low Mach number limit yields
the zeroth-order Navier-Stokes equations (49), l = 0, (53), (61), i.e.
@0 + r  (u) = 0;
(64)
0
@t
@0 u0 + r  ( u u ) + rp = G :
(65)
0 0 0
2
0
@t

[ @T0 + u0  rT0 ] ? dp0 = Q0:
(66)
0
? 1 @t
dt
With (55), the zeroth-order equation of state (41) reads

p0(t) = 0 (x; t)T0(x; t):
9

(67)

The zeroth-order Navier-Stokes equations (64), (65), (66), (67) are called low Mach number equations or zero Mach number equations. For combustion, the heat release rate (q)0
depends on chemical reactions and therefore on the involved species densities, which are
determined by the species continuity equations [17], [21].
The zeroth-order pressure p0 can be determined by integrating the zeroth-order energy
equation in the form (59) over the volume V of the computational domain [10]
dp0 Z dV + p Z u  n dA = ( ? 1) Z Q dV
(68)
0 @V 0
0
dt V R
V
Knowing
the volume ow @V u0  ndA and the total heat conduction and heat release
R
rate V Q0 dV in the computational domain, the ODE (68) can be solved for p0(t) starting
from an initial condition p0(0).
The energy equation (66) is an evolution equation for the temperature T0(x; t). The
density 0 (x; t) is determined by the equation of state (67). The energy equation in the
form (59) implies for the divergence of the velocity
(69)
r  u0 = ?p01 Q0 ? 1p0 dpdt0 :
Thus, the divergence of u0 is a ected by the heat conduction and heat release rate Q0
and the time change of the zeroth-order pressure p0 . Although the divergence of u0 is in
general not zero, the roles of the velocity u0 and the second-order pressure p2 are similar
to velocity and pressure in incompressible ow. Assuming the density 0 and the right
hand side of equation (69), i.e. , p0, dpdt0 and Q0 , to be known, we may determine u0
and p2 similarly as in incompressible ow. For any smooth u0 and 0 , the divergence of
the momentum equation (65) yields a Poisson equation for the second-order pressure p2.
At this point, the viscous and buoyancy forces described by G0 come into play. u0 is
determined by the divergence constraint (69).
Of course, the density 0 couples the momentum and energy equations via the equation of state (67). That coupling is more involved than the coupling via the buoyancy
term in the Boussinesq equations, which are only valid for small density and temperature variations [10]. To the contrary, the low Mach number equations (64), (65), (66),
(67) admit large density and temperature variations. For small density and temperature
variations, the Boussinesq equations can be derived from the low Mach number equations
[10]. If buoyancy in the Boussinesq equations can be neglected, the energy equation is decoupled from the momentum and continuity equations, which become the incompressible
ow equations [10].
The second-order pressure p2 in the low Mach number equations has an important
property in common with the pressure in the Boussinesq equations and in the incompressible Euler and Navier-Stokes equations: The pressure is decoupled from density and
temperature uctuations arising through the equation of state. Instead, the pressure is
determined by the constraint on the divergence of velocity. Therefore, acoustic waves are
removed from the low Mach number equations like from the Boussinesq and incompressible
ow equations. Consequently, similar methods as for the Boussinesq and incompressible
ow equations can be used to solve the low Mach number equations numerically, e.g [17],
[21].

1.5 Multiple Scales Asymptotic Analysis

The objective of this section is to give insight into the compressible Navier-Stokes equations at low Mach number, when slow ow is a ected by acoustic e ects in a bounded
10

region over a long time. We may think of a modern gas turbine combustor, where acoustic
waves are re ected at the turbine inlet and the upstream wall and interact many times
with the turbulent ame [22].

L
Figure 1: Piston slowly moving in a cylinder.
Another application in mind is a closed piston-cylinder system (Fig. 1), in which the
isentropic compression due to a slow piston motion is modi ed by acoustic waves. These
are generated by the piston start and propagate back and forth many times, because
they are re ected at the cylinder end and piston. In that problem, we have one length
scale, say the initial distance between piston and cylinder end, and two time scales:
the long time it takes the slow ow, i.e. the piston, to travel one length scale and the
short time it takes an acoustic wave to travel one length scale. Opposed to a regular
low Mach number expansion, an asymtotic analysis with two time scales and one space
scale together with the analytical method of characteristics avoids secular (i.e. singular)
terms and allows G.H. Schneider [23] (cf. W. Schneider [19], pp. 235-240) and Klein
and Peters [24] to account for the cumulative acoustic e ects in the inert and reacting
piston-cylinder problems, respectively. Using a similar asymptotic approach, Rhadwan
and Kassoy [25] investigate the acoustic response due to boundary heating in a con ned
inert gas. Here, the multiple time scale and single space scale asymptotic analysis is
employed to get a better understanding of the low Mach number limit of the compressible
Navier-Stokes equations and to derive simpli ed equations, which account for the net
e ect of periodic acoustic waves on slow ow over a long time. The present work is
based on the author's habilitation thesis [14] and the article [15]. A general description
of multiple scales asymptotic analysis may be found in [19], [26].
Since we are interested in slow ow a ected by acoustic e ects in a con ned gas over
a long time, we introduce the fast acoustic time scale

  = qL :
(70)
1

p1
1

The acoustic time scale variable is de ned by

(71)
 = t = t~
1 M
The
ow and acousticqtime scales
are illustrated in Figs. 2 and 3 for the two characteristics
c1 , respectively. Whereas the ow time scale is determined
dx = u and dx = p1 = p
1
dt
dt
1
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by the time it takes the reference ow to travel one length scale, the acoustic time scale
corresponds to the time it takes to travel one length scale at the reference speed of sound
divided by p . In the two time scale, single space scale low Mach number asymptotic

Figure 2: Characteristics in ow time.
analysis, each ow variable is expanded as e.g. the pressure
~ 1(x; t;  ) + M~ 2 p2(x; t;  ) + O(M~ 3 )
p(x; t; M~ ) = p0 (x; t;  ) + Mp
(72)

with  = M~t and M~ = ppu1= .
1 1
The time derivative at constant x and M~ involves the ow time derivative @t@ and the
acoustic time derivative @@ :
@p j = ( @ + 1 @ )[p + Mp
~ 1 + M~ 2 p2 + O(M~ 3)]
(73)
@t x;M~ @t M~ @ 0
The leading, rst- and second-order continuity equations read
@0 = 0;
(74)
@
@1 + @0 + r  (u) = 0;
(75)
0
@ @t
@2 + @1 + r  (u) = 0:
(76)
1
@ @t
Equation (74) implies that 0 does not depend on the acoustic time scale, i.e. 0 = 0(x; t).
The leading, rst- and second-order momentum equations are derived as
12

Figure 3: Characteristics in acoustic time.

rp0 = 0;
@ (u)0 + rp = 0;
1
@
@ (u)1 + @ (u)0 + r  (uu) + rp = G
0
2
0
@
@t
with G0 = Re11 r   0 + Fr112 0 (?er )
Because of equation (77), p0 does not depend on x, i.e. p0 = p0(t;  ).
The leading, rst- and second-order energy equations yield
@ (E )0 = 0;
@
@ (E )1 + @ (E )0 + r  (H u) = Q ;
0
0
@
@t
@ (E )2 + @ (E )1 + r  (H u) = Q
1
1
@
@t
with Q0 = ( ?1)Re1 Pr1 r  (rT )0 + (q)0
and
Q1 = ( ?1)Re1 Pr1 r  (rT )1 + (q)1

(77)
(78)
(79)

(80)
(81)
(82)

Equation (80) implies that (E )0 = (E )0(x; t). Since the rate of work done by the
viscous and buoyancy forces is of order O(M~ 2 ), the zeroth- and rst-order energy source
13

terms Q0 and Q1 are governed by heat conduction and heat release rate only, provided
the Prandtl number Pr1 is of order O(1) and the Froude number squared Fr12 is of order
O(Re1Pr1) assuming that the ratio ( ? 1)= is of order O(1) in both cases. However, if
the Reynolds number Re1 is of the order O(M~ 2), i.e. the reference pressure p1 is of the
order of the viscous force per unit area O(1u1=L), or if the Froude number Fr1 is of
the order O(M~ ), i.e. the reference pressure p1 is of the order of the hydrostatic pressure
O(1gL ), then the rate of work done by the viscous or buoyancy forces, respectively,
will also contribute to the zeroth-order energy source term Q0 .
For the algebraic equations, the asymptotic expansion yields the same relations as for
the single scale asymptotic analysis (32) - 47).
Using the consequences of equations (77) and (80) in (38), we obtain for the zerothorder pressure

p0 (t;  ) = ( ? 1)(E )0(x; t):
(83)
Consequently, the zeroth-order pressure p0 and the zeroth-order total energy density (E )0
only depend on the ow time t, and we get
p0 (t) = ( ? 1)(E )0(t):
(84)
Using the consequence of equation (74), the rst-order momentum equation (78) can
be simpli ed to
@ u0 + 1 rp = 0:
(85)
@ 0 1
With 0 H0 = (E )0 + p0 = ?1 p0 , (38), and (39), the rst-order energy equation (81)
becomes
@p1 + p r  u = ( ? 1)Q ? dp0 :
(86)
0
0
0 dt
@
Subtracting the divergence of (85) multiplied by p0 from the acoustic time derivative
of (86), i.e. @@ (86) ? p0 r (85), yields (since @@ and r commute)
@ 2 p1 ? r  (c2rp ) = ( ? 1) @ (q)0 :
(87)
0 1
@ 2
@
Note that c20 = p00(x(t;t) ) depends on x and t, but not on  . Thus, (87) represents an
inhomogeneous linear wave equation with nonconstant coecient c20 . Its source is due
to the acoustic time change of the zeroth-order heat release rate. The source of (87)
is not a ected by heat conduction, because the acoustic time derivative of the zerothorder temperature T0 = p0 (t)=0(x; t) vanishes. The rate of work done by the viscous
and buoyancy forces does not a ect the rst-order pressure p1, unless the conditions
Re1 = O(M~ 2 ) or Fr1 = O(M~ ), respectively, hold.
If the zeroth-order speed of sound c0 is approximated by the ambient speed of sound
c1 (with the ambient chosen as reference state), equation (87) constitutes the basic equation of thermoacoustics to describe acoustic e ects in combustion [27], [28]. The acoustic
time change of the heat release rate constitutes the dominant thermoacoustic source in
combustion, as the right hand side of (87) is governed by the monopole source ( ? 1) @(@q)0
[27], [28]. The governing equation of thermoacoustics, i.e. the simpli cation of (87) just
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mentioned, can also be derived by simplifying Lighthill's acoustic analogy for combustion
[27]. That equation can be solved analytically by means of Green's function [29].
The zeroth-order pressure p0 can be determined by integrating equation (86) over the
volume V of the computational domain as for the low Mach number equations [10]:
dp0 Z dV + p Z u  ndA = ( ? 1) Z Q dV ? Z @p1 dV:
(88)
0 @V 0
0
dt V
V
V @
Knowing u0 at the boundary of the computational
R domain or just the volume ow, knowing the heat conduction and heat release rate V Q0 dV in the computational domain and
assuming that theRintegrated e ect of the acoustic time change of the rst-order pressure
is negligible, i.e. V @p@1 dV = 0, the ODE (88) can be solved for p0(t) starting from an
initial condition p0(0) as equation (68) for the low Mach number equations.
Equation (86), derived from the rst-order energy equation, has an interesting consequence for the divergence of the zeroth-order velocity:
r  u0 = ?p01 Q0 ? 1p0 [ dpdt0 + @p@1 ]:
(89)
Thus, the divergence of u0 is a ected by the heat conduction and heat release rate Q0,
the time change of the global pressure p0 and the acoustic time change of the rst-order
pressure p1 .
Using the product rule in the rst-order continuity equation (75) and inserting (89),
the zeroth-order density change along the zeroth-order path line reads
@0 + u  r = ? ? 1 Q + 1 dp0 + @ ( p1 ?  ):
(90)
0
0
@t
c20 0 c20 dt @ c20 1
Thus, the zeroth-order density of a uid particle is changed by the heat conduction and
heat release rate Q0 , the global pressure time change dpdt0 and by the acoustic time change
of the rst-order entropy, i.e. @@ ( pc201 ? 1).

1.6 Removal of Acoustics and Signi cance of Pressure

In this section, we discuss the removal of acoustics and the signi cance of the pressure
in low Mach number ow. If the rst-order continuity and energy equations and the
second-order momentum equation of the previous multiple scales asymptotic analysis are
averaged over an acoustic wave period, the averaged velocity tensor describes the net
acoustic e ect on the averaged ow eld. Removing acoustics altogether leads to the low
Mach number equations. The physical signi cance of the zeroth-, rst- and second-order
pressures is discussed.
We assume acoustic waves with period Ta such that (1 ; (u)1 ; (E )1)T (x; t;  ) =
(1 ; (u)1; (E
)1 )T (x; t;  + Ta). Integrating equation (90) over a period Ta of the acoustic
R
T
wave using 0 a @@ ( pc201 ? 1 )d = 0, we obtain the simpli cation
@0 + u  r = ? ? 1 Q + 1 dp0 :
(91)
0
0
@t
c20 0 c20 dt
R
where the overbar denotes acoustic time averaging, i.e. u0 (x; t) = T1a 0Ta u0 (x; t;  )d for
the averaged velocity.
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Similarly, equation (89) can be simpli ed by integration:
(92)
r  u0 = ?p01 Q 0 ? 1p0 dpdt0 :
Integrating the second-order momentum equation (79) over the acoustic wave period
Ta , we get
@0 u0 + r  ( u u ) + rp = G
(93)
2  0;
0 0 0
@t
R
where the averaged velocity tensor u0u0 = T1a 0Ta u0 (x; t;  )u0 (x; t;  )d describes the
net acoustic e ect on the averaged ow eld. The solution of the averaged momentum equation (93) requires the knowlege of u0 (x; t;  ) over an acoustic wave period
to determine u0u0. In a numerical solution, we might be able to choose the numerical time step t equal to the acoustic wave period Ta and solve the inhomogeneous
wave equation (87) by subdividing Ta into a number of acoustic time steps  to obtain p1(x; t;  + m ); m = 1; :::; Ta = . Then, the numerical solution of (85) yields
u0(x; t;  + m ); m = 1; :::; Ta= . Finally, the averaged velocity tensor u0u0 can be
obtained by numerical integration.
If the averaged velocity tensor u0u0 is approximated by the tensor u0 u0 of the averaged
velocities, even the net acoustic e ect is removed from (93) and we obtain the momentum
equation in the zero Mach number limit:
@0 u0 + r  ( u u ) + rp = G
(94)
0 0 0
2  0:
@t
The averaged rst-order continuity equation (75) yields
@0 + r  ( u ) = 0:
(95)
0 0
@t
Using (95) to express r  u0 and using the equation of state p0(t) = 0 (x; t)T0(x; t),
the energy equation (92) becomes
@T0 + u  rT ] ? dp0 = Q :

[
(96)
0
0
? 1 @t 0 0 dt
Equations (95), (94), (96) coincide with the low Mach number equations (64), (65),
(66) derived by the single scale asymptotic analysis in section 1.4.
Contrary to the low Mach number equations, the intermediate equations (95), (93),
(96) take the acoustic e ect of the nonlinearity on the averaged ow in the momentum
equation into account. It will be interesting to investigate the signi cance of (93) instead
of (94), because like the low Mach number equations the intermediate equations (95),
(93), (96) can be solved more easily than the compressible Navier-Stokes equations.
Since the zeroth-order pressure p0 (t) serves as the mean pressure in the energy equation, it represents the global thermodynamic pressure part. As the second-order pressure
p2(x; t) is determined by the momentum equation as the pressure complying with the
constraint (92) on the velocity divergence analogously to incompressible ow, M~ 2 p2 (x; t)
may be called the 'incompressible' pressure part. The low Mach number momentum
equation (94) is coupled to the low Mach number energy equation (96) via the density
0 , viscosity (T0) and equation of state p0 = 0T0 , whereas the rst-order momentum
and energy equations with acoustics included (85) and (86) are directly coupled by the
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rst-order pressure p1(x; t;  ). Since p1(x; t;  ) is governed by the inhomogeneous wave
~ 1(x; t;  ) can be identi ed as the acoustic pressure part. These roles
equation (87), Mp
of the pressure are also identi ed by a single time scale, multiple space scale low Mach
number asymptotics for the Euler equations [13]. In that analysis, long wave acoustics
is described by a homogeneous wave equation for the rst-order pressure after volume
averaging the small ow scales.
Summarizing the multiple scales low Mach number asymptotic analysis, the pressure
p can be split into the sum of





p0(t), the large global thermodynamic pressure,
~ 1(x; t;  ), the small acoustic pressure,
Mp
M~ 2 p2(x; t;  ), the very small 'incompressible' pressure,
and higher order terms of O(M~ 3 ).

2 Numerical Implications
In section 2.1, the low Mach number asymptotics is used to recommend which equations
to choose for modelling low Mach number ow. After discussing physical and numerical
issues of computing low speed ow in section 2.2, numerical methods for low Mach number ow simulations are reviewed in section 2.3. In section 2.4, the perturbation form
of the Navier-Stokes equations is introduced to avoid the cancellation problem in low
Mach number ow computations. The characteristic based approximate Riemann solver
explained in section 2.5 yields a simple ux evaluation and can be formulated without
cancellation problems.

2.1 Choice of Equations

The low Mach number asymptotics of the Navier-Stokes equations gives a basic guidance
which equations to choose for the numerical simulation of low Mach number ow. The
asymptotic analysis shows that acoustic waves are inherent in the Navier-Stokes equations
at low Mach numbers. Acoustics can be ltered out of the Navier-Stokes equations leading
to the low Mach number equations. Alternatively, acoustics can be ltered out of the
initial conditions such that the acoustic waves are not excited when solving the NavierStokes equations [30].
If we are interested in aeroacoustics, Lighthill's acoustic analogy gives insight into the
sound generation by ow [29]. Lighthill's equation is the inhomogeneous wave equation
for the acoustic density 0 =  ? o

@ 2 0 ? c2  0 = r  r  T;
(97)
@t2 o
which is derived without approximation from the continuity and momentum equations.
The subscript o denotes the values in the undisturbed uid. The source of (97) is a
quadrupole, the strength of which is Lighthill's stress tensor T with the components
Tij =  ui uj + (p0 ? co2 0 )ij ? ij ;
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(98)

where p0 = p ? po is the acoustic pressure and ij is the viscous stress. The Kronecker
delta is de ned by ij = 1, if i = j and ij = 0, if i 6= j . T describes the sound generation
due to ow nonlinearities. The sound propagation in the far eld is governed by the linear
wave equation, because Tij = const there. Thus, Lighthill's equation (97) shows that the
sound generation in ow is due to nonlinearities, whereas the sound propagation is in
general linear. If we assume that the acoustic eld does not a ect the ow from which
the sound originated, we can determine the source of sound and compute the acoustic
density as if it were generated by that source in a uid at rest. That approach is called
the acoustic analogy [31], [32].
When the acoustic analogy is used, the incompressible Navier-Stokes equations are
usually solved by a suitable CFD method in a small domain V , which contains the sources
of sound. Having determined Lighthill's stress tensor (98), the analytical solution of
Lighthill's equation (97)
Z      
(99)
0 (x; t ) = 4(1c)2 r  r  T (y ; tjx? ?jxy?j y j=c0) dV (y):
V
0
can be evaluated numerically.
Using Kirchho 's theorem, the volume integral in (99) can be expressed as a surface
integral. If the acoustic pressure and normal velocity is known on the boundary of V ,
that surface integral can be evaluated to determine the acoustic density in the far eld.
The acoustic pressure follows from the isentropic relation p0 = (c0)20 .
For aeroacoustic applications, the compressible Navier-Stokes and Euler equations,
the linearized Euler equations and the wave equation require highly accurate numerical
methods to compute the acoustic waves accurately and eciently [33].
With the arguments on low Mach number asymptotics and on basic concepts of computational aeroacoustics [34], [35], [36], [33], we arrive at the following recommendations:
1. If you are not interested in acoustic e ects in low Mach number ow, you may use
the
(a) low Mach number equations for combustion,
(b) Boussinesq equations for free convection,
(c) incompressible Navier-Stokes equations for constant density ows and the decoupled energy equation for forced convection.
2. If you are not interested in viscous e ects in low Mach number ow, you may use
the
(a) Euler equations for nonlinear e ects including inviscid sound generation and
sound propagation,
(b) potential equation for steady, irrotational and either isentropic or incompressible ow,
(c) wave equation for linear acoustic e ects in a uid at rest.
3. If you are only interested in acoustic e ects in low Mach number ow, you may use
the
(a) Navier-Stokes equations for nonlinear generation and propagation of sound as
well as resonance,
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(b) linearized Euler equations for linear propagation of sound; the Euler equations are linearized around a uniform mean ow or an unsteady incompressible
Navier-Stokes solution,
(c) acoustic analogy or Kirchho 's method for linear propagation of sound; the
nonlinear sound generation is calculated from an incompressible or compressible Navier-Stokes solution,
(d) wave equation for linear propagation of sound in a uid at rest; the sound
generation is prescribed by initial and/or boundary conditions.

2.2 Physical Facts and Numerical Consequences

Physical and numerical issues of computing compressible low Mach number internal ow
will be illustrated for slow ow through a symmetric Laval nozzle of length L and inlet
(= outlet) diameter D (Fig. 4). Following Tam's review on CAA [35], special issues of
external aeroacoustics will also be discussed.
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Figure 4: Acoustic and entropy waves generated by disturbance at x = 0 after time t
for low Mach number M .

2.2.1 Large Disparity of Wave Speeds

We consider steady quasi-one-dimensional inviscid ow at a low Mach number

(100)
M = uc  1;
where u and c denote the dimensional x-velocity component and speed of sound, respectively. We assume ow from left to right, i.e. u > 0 and M > 0. The asterix indicating
dimensional quantities is omitted in the gures.
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If we disturb the ow at the throat x = 0m, we introduce an entropy wave travelling
downstream with the ow velocity u and acoustic waves, one travelling downstream with
the velocity u + c and the other one travelling upstream with the velocity u ? c. The
ratio of the largest and smallest wave speeds is
u + c = 1 + 1 ?! 1 for M ?! 0:
(101)
u
M
The large disparity of wave speeds corresponds to the large disparity of distances travelled
by the acoustic and entropy waves during a time interval (Fig. 4).
If we use an explicit time stepping scheme to solve the quasi-1D Euler equations
numerically, the time step t is limited by a stability condition of the form

(102)
tcom   juj x+ c ;
where x is the mesh spacing and  = O(1) the Courant number. For incompressible
ow, acoustics is neglected, and the time step restriction is much less severe:

tinc   x :
(103)
ju j
The reciprocal of the wave speed ratio (101) corresponds to the ratio of the allowable
time steps for compressible and incompressible ow
tcom = juj = jM j
?! 0 for M ?! 0:
(104)
tinc juj + c 1 + jM j
Thus for low Mach numbers, the acoustic waves require the time step of explicit schemes
to be much smaller than for incompressible ow.
The wave speed ratio (101) corresponds to the ratio of the largest and smallest moduli
of the eigenvalues of the ux Jacobian of the quasi-1D Euler equations. Thus, the Euler
equations become ill-conditioned for M ?! 0. For multi-dimensional implicit factorization methods, the factorization error becomes very large for low Mach numbers, because
its condition number, i.e. of the products of the ux Jacobians in the di erent coordinate
directions, becomes excessive.
Many compressible ow solvers developed for transonic ow use a second-order central
spatial discretization and add second- and fourth-order numerical damping scaled by
the spectral radius of the ux Jacobian. The resulting arti cial viscosity (juj + c)x
for the quasi-1D Euler equations introduces much larger errors than the corresponding
value jujx for incompressible ow. For matrix valued arti cial viscosity and proper
characteristic based upwind methods, similar conclusions hold.

2.2.2 Large Acoustic/Mean Flow Disparity

If we perturb the ow velocity u in the Laval nozzle (Fig. 4) by u, we introduce
upstream and downstream running acoustic waves, across which the transient pressure
changes by
ptra =   cu =  M u ?! 0 for M ?! 0
(105)
p
p
u
due to the characteristic relations, if the e ects of the varying cross-section are neglected.
For isentropic ow and constant cross-section, c  ?2 1 u are Riemann invariants on the
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characteristics dx
dt = u  c . Thus, for entropy s = const, we obtain the transient
temperature change in 1D ow of perfect gas


c2 =  ( ? 1)cu = ( ? 1)M u ?! 0 for M ?! 0: (106)
Ttra
=
T
c2
c2
u
Using the equation of state (10) for perfect gas, we obtain the transient density change
tra = M u ?! 0 for M ?! 0:
(107)

u

Figure 5: Sound generation by a low Mach number jet.
Let us consider the example of subsonic jet noise (Fig. 5 after [31]). Depending on the
jet velocity, 120dB or even higher sound pressure levels can be measured in the far eld
of the jet at about 50 jet diameters distance. That noise level corresponds to an acoustic pressure of p0 = 20Pa. The ratio of acoustic to mean ow pressure p  105 Pa is
O(10?4).
Assuming steady ow, the pressure, temperature and density changes2induced by a
velocity change u are even smaller. Since the total enthalpy H  = c?1 + 12 u2 and
entropy s are constant in steady quasi-1D inviscid ow without shocks, the Bernoulli
equation yields the steady pressure change
pste = ?  uu = ? M 2 u ?! 0 for M ?! 0:
(108)
p
p
u
The steady temperature change is derived from H  = const

c2 = ? ( ? 1)uu = ?( ? 1)M 2 u ?! 0
Tste
=
T
c2
c2
u
With (10), the steady density change becomes
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for M ?! 0: (109)

ste = ?M 2 u ?! 0 for M ?! 0:
(110)

u
Computing small changes of large quantities leads to cancellation on the computer.
From our previous analysis, the cancellation problem is more severe for simulations of
steady ow than of transient ow. To avoid the accumulation of the cancellation errors, the perturbation form of the nonlinear equations is introduced in section 2.4 for
compressible low Mach number computations.
The ratio of transient and steady-state pressure changes
ptra = M ?1 ?! 1 for M ?! 0
(111)
pste
indicates that large transients arise in steady-state computations at low Mach numbers
compared with the steady-state. The transients have to be damped and/or moved across
the boundaries out of the domain of interest.

2.2.3 Large Length Scales Disparity

The large disparity of wave speeds in low Mach number ow can also be interpreted in
terms of time or length scales (Fig. 4). If we consider viscous e ects as well, another
scale enters the problem. For high Reynolds numbers, the boundary layer thickness  is
much smaller than the diameter D of the nozzle. However, if we impose an acoustic eld
with angular
frequency !, another two length scales are introduced: the wave qlength

 = 2!c of the acoustic eld and the acoustic boundary layer thickness ac = 2! ,
across which the acoustic velocity u0 = u ? u1 is reduced from (1 ? e?1) of its external
value to zero at the wall. Fig. 6 after [37] shows ac = ac =L for a at plate boundary
computation, where pressure waves were introduced at the outlet x =L = 1 (M1 = 0:5,
Re1 = 1u1L =1 = 10000, !L =c1 = 20=3, p=p1 = 0:0014).
q ?1 Note that the


nondimensional laminar boundary layer thickness  =  =L = 5 Re1 = 0:05 at the
outlet is far outside the plot.

Figure 6: Acoustic velocity u0 at di erent y locations in laminar at plate boundary layer.
In general, we have the situation that the length scales are very disparate

ac    D  :
(112)
Thus close to the wall, the resolution must be even much ner than in the boundary layer,
which already requires a ner grid than in the inviscid core region.
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Broadband turbulent mixing noise is observed in the far eld of external ow. For
example in the far eld of a subsonic turbulent jet, the frequency spans over two decades
  300Hz to f   30000Hz [38]. Since the highest frequency f  corresponds
from fmin
max
max
co of the sound waves,f  determines
to the shortest wave length min = fmax
the spatial

max
1


resolution requirements. In the experiment of [38], min  0:01m  4 D where D is the
nozzle exit diameter.
Suppose N points suce to resolve one wave length with an error of  and we would
use an isotropic grid point distribution in a (100D)3 computational box, we would need
(100  4  N)3 grid points to resolve the highest frequency of the sound waves in the
far eld (not counting the additional points to properly resolve the nonlinear near eld).
As N0:1 = 5 for a sixth order central nite di erence method [39], we would need 8 billion
grid points. Even for Lele's spectral-like compact scheme with N0:001 = 2:5 [40], the
number of grid points to resolve the far eld sound is excessive. However, since the far eld
acoustic eld is governed by the linear wave equation, more ecient methods are available
to compute the far eld noise than direct numerical simulation.
As mentioned in section 2.1, Lighthill's acoustic analogy can be used to determine the
far eld acoustic density by the exact solution (99) of the inhomogeneous wave equation
(97). We have to calculate the volume integral of the quadrupole source of (97) evaluated
at the retarded time when the sound was generated and divided by the distance between
listener and source [29]. Approximations thereof for low Mach numbers, e.g. by Mohring
[41], [42], are reviewed by Crighton [2]. The volume integral can be expressed as a surface
integral using Kirchho 's theorem [31]. Applications of the resulting Kirchho method
in CAA are reviewed by Lyrintzis [34].
To predict the directivity and spectrum of the radiated sound in the far eld, the computed solution must be accurate throughout the entire computational domain. Thus, the
accuracy requirements are much more severe then in conventional CFD, where usually
only in the vicinity of the aerodynamic body accuracy is required. As the travelling distance from the sound source to the far eld is quite long (  100 nozzle diameters for jet
noise (Fig. 5) is realistic), the acoustic waves have to be accurately computed over a long
propagation distance by direct numerical simulation. Thus, the numerical dispersion and
dissipation errors have to be kept low from the near eld to the far eld when using direct
numerical simulation or up to a surface, beyond which the sound propagation is governed by the linear wave equation, when using Lighthill's acoustic analogy or Kirchho 's
method.

2.2.4 Boundary Conditions

At arti cial boundaries, i.e. in ow, out ow and far eld, the boundary conditions should
allow the acoustic waves travelling at the velocity u + cn in any direction n and the
entropy and vorticity waves travelling at the ow velocity u to leave the computational
domain with minimal re ection in order to mimic an in nite domain. Otherwise the
re ections will corrupt the results. In the inviscid ow regions, the non-re ecting boundary
conditions developed for the Euler equations can be used [43], [44], [45], [46], [47], [48],
[49],[50], pp. 387-395, [51],[52], [53], [54], [55], [14]. For the Navier-Stokes equations more
information is required at the arti cial boundaries than for the Euler equations [56], [57],
[58], [59], [60], [61], [62].
For low Mach number ow, the acoustic waves travel about M ?1 times faster than the
entropy and vorticity waves. Therefore, any re ected wave will very quickly corrupt the
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entire ow eld. Thus, the proper boundary treatment of the acoustic waves is particularly
important for low Mach number ow.
The signi cance of non-re ecting boundary conditions for the accuracy of unsteady
ow and the convergence of steady ow was demonstrated by Muller [55], [14] for internal
ow. Prescribing the pressure p = pambient at the outlet leads to complete re ection of
an acoustic wave, i.e. a right going acoustic wave is re ected at the outlet boundary as
a left going acoustic wave with the same amplitude. Prescribing the entropy s = s0 at
the inlet corresponds to a non-re ecting boundary condition for the entropy wave, i.e.
@p ? c2 @ = 0 at the inlet, cf. (139). However, prescribing the total enthalpy H = H
0
@t
@t
leads to almost complete re ection of an acoustic wave, i.e. a left going acoustic wave is
re ected at the inlet boundary as a right going acoustic wave with the amplitude reduced
1?M [55], [14]. For low Mach numbers M , that factor is close to 1, i.e.
by the factor 1+
M
close to complete re ection. The re ection of the acoustic waves at outlet and inlet in
low Mach number ow is sketched in the x-t-diagram in Fig. 7. Even after the entropy
wave has left the outlet without re ection, the acoustic waves continue to bounce back
and forth. Their amplitude is only slightly reduced at the inlet.
t

t

x

Figure 7: Re ection of acoustic waves at outlet and inlet in low Mach number ow.
These ndings are con rmed by the computation of an acoustic pulse in a 1D tube
using the Euler equations. The Mach number of the initially uniform ow is M0 = 10?2.
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A pressure pulse is imposed at the outlet x = L during 0  t  tp as in [63]:

p(L ; t) = p0(1 +  sin4 (t=tp))
(113)
with tp = 31 c0L?u0 and  = 10?2. 241 equidistant grid points are used. The time step
of L=ct0 = 1:25  10?3 corresponds to a maximum Courant number of 0:303. Fig. 8
shows the acoustic pressure at six time instants
when using the re ecting inlet boundary

t
conditions mentioned above. At  = L=c0 = 1, the acoustic pulse (cf. solid line in plot)
has travelled from the outlet close to the inlet. At  = 1:1, the shape of the acoustic wave
is altered by the re ecting boundary conditions. At  = 1:2, the acoustic pressure has
changed sign. For  = 1:3; 1:4 and 1:5, we observe the re ected acoustic wave travelling
towards the outlet.

Figure 8: Acoustic pressure for acoustic pulse re ected at the inlet computed with re ecting boundary conditions.
The non-re ecting boundary conditions require the incoming characteristic variables
not to change and the outgoing ones to be determined from the interior [43]. With nonre ecting boundary conditions, the inlet becomes permeable for the acoustic wave. It
traverses the inlet with almost no re ection, as Fig. 9 illustrates. The acoustic pressure
after  = 1:4 is almost zero. Actually, it is about 5 orders of magnitude lower than with
re ecing boundary conditions.
For steady low Mach number ow, non-re ecting boundary conditions are decisive
for the convergence, because with re ecting boundary conditions the acoustic waves are
re ected at inlet and outlet and only reduced due to viscosity and a small reduction when
interacting with the inlet for H = H0. We consider the quasi-1D inviscid ow in a Laval
nozzle with the cross-sectional area
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Figure 9: Acoustic pressure for acoustic pulse leaving the inlet computed with nonre ecting boundary conditions.

(

? 0:75cos(2(x ? 0:5)) for 0  x  0:5
A(x) = 11::75
(114)
25 ? 0:25cos(2(x ? 0:5)) for 0:5  x  1

For poutlet
p0 = 0:999, the Mach number is between 0:02 and 0:06. The quasi-1D Euler
equations are solved using 101 equidistant grid points and a Courant number of 0:9. A
linear distribution of ; u and p between the exact inlet and outlet values is chosen
as initial condition. The convergence history jj(E  )n?1=p0jj2 (Fig. 10) shows the
poor convergence with the re ecting boundary conditions and the good convergence with
non-re ecting boundary conditions, when using the rst-order explicit Roe scheme. The
residual of 10?7 corresponds to machine accuracy of 32 bit arithmetic employed in this
test case.
At any boundary, the boundary conditions should be discretized in such a way that
the overall accuracy of the numerical method is maintained. For higher order accurate
methods this requirement needs special care. For higher order nite di erence methods,
higher order accurate non-central di erence formulae are derived by Taylor expansions
[40] or by satisfying the summation by parts rule, which guarantees stability by means of
the energy method [39].
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Figure 10: Convergence history for Laval nozzle (0:02 < M < 0:06).

2.3 Literature Review

Excellent introductions to aeroacoustics are provided by Lighthill [64], Dowling and Ffowcs
Williams [31], Landau and Lifshitz [65], chapter 8, and others. Acoustics in a broader
sense is treated e.g. by Pierce [66]. Brief reviews on the emerging eld of computational
aeroacoustics are given by [35] and [67], chapter 9. The proceedings of a recent workshop
on CAA [68] may serve as an introduction.
In the direct numerical simulation of aerodynamic noise, central nite di erence discretizations are preferred, because they avoid dissipation errors [69]. Since higher order
di erence approximations are more ecient than the conventional second-order central
scheme to compute wave propagation (cf. e.g. [39], chapter 3), the former are favoured
in CAA [35]. As mentioned in section 2.2.3, even more accurate compact nite-di erence
methods with fourth-order formal accuracy but spectral-like resolution were devised [40].
The dispersion error can be further minimized for long time integration by taking the
initial values into account [70]. Explicit Runge-Kutta and Adams-Bashforth methods are
optimized to keep the dissipation and dispersion errors due to time integration low [71],
[54]. Thomas and Roe [72] devised an upwind variant of the leapfrog scheme, which is nondissipative and has low dispersion error. In multi dimensions, nite di erence methods
introduce anisotropy errors, because for example in 2D the numerical phase velocity in the
directions m=4, m odd, is larger and more accurate than in the directions m=4, m even
[73], chapter 10. Averaging the di erence operators in the transverse directions helps to
reduce the anisotropy error at the expense of a wider stencil [73]. Streng, Kuerten, Broeze,
and Geurts [74] developed a fourth-order accurate di erence method of that kind for the
direct numerical simulation of compressible ow. In order to avoid numerical contamination by the unresolved waves with very short wave lengths, these waves and only these
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should be damped by added higher order numerical damping for central discretizations
[39], [35] or by using higher order upwind discretizations.
Besides the explicit higher order di erence methods developed for the direct numerical
simulation of aeroacoustics, there are also other techniques usually developed for ecient
second-order accurate computations of steady and/or unsteady low Mach number computations. Often, the density-based 'compressible' methods have originally been developed
for transonic ow simulations and lately been applied to low Mach number ow [3]. The
pressure-based 'incompressible' techniques have recently been extended from incompressible to compressible ow [75], [76], [77], [78], [79], [80], [81], [82]. According to [83], the
simultaneous solution of the conservation laws in 'compressible' methods enhances stability compared with the sequential solution approach of 'incompressible' techniques, which
employ a Poisson equation for the pressure instead of the continuity equation. Here, we
shall focus on 'compressible' methods.
Time derivative preconditioning can be used to accelerate the convergence to steadystate for low Mach numbers , because the condition number of the modi ed inviscid
system is brought close to 1 instead of M ?1 for the Euler equations, e.g. [84]. Since the
numerical damping added to central discretizations and inherent in upwind schemes scales
with the condition number, the associated numerical damping error is much lower with the
preconditioned system than with the original one for small M . The improved condition
number allows more ecient applications of implicit methods, e.g. [85], [86], [87]. As the
eigenvalues of the modi ed system are brought close to each other compared with the
original disparity, smoothing of all waves and not just the fastest ones renders multigrid
methods more ecient for the preconditioned system than for the original one, e.g. [88],
[89], [90]. Using dual time stepping for unsteady ow simulation, the preconditioned
system is iterated to steady-state in pseudo-time for each physical time step using a
strongly implicit technique by [91]. Eriksson devised a preconditioning for low speed
combustion [92]. For viscous ow, Choi and Merkle also take the cell Reynolds number
u4x into account [93], [94]. An excellent review on matrix and di erential preconditioning

is given by Turkel [95]. The recent developments are addressed by other lecturers at this
\30th Computational Fluid Dynamics" VKI Lecture Series.
Implicit methods and multigrid methods yield convergence acceleration even without
preconditioning. Using Jameson's multigrid nite volume method with residual smoothing
and Pulliam and Steger's implicit nite di erence method based on approximate factorization, Volpe was able to compute steady ow over a circular cylinder at M1 = 0:1; 0:01, and
0:001 [3]. However, accuracy and convergence problems were encountered for M1 ?! 0.
Similar conclusions were drawn from quasi-1D inviscid Laval nozzle computations at low
Mach numbers, when using an implicit upwind scheme [96], [97] and a multigrid acceleration of an explicit upwind scheme [98]. Implicit methods can also be used for unsteady
ow computations at low Mach numbers. For example, Chen and Pletcher [99] compute
unsteady ow over a circular cylinder with a strongly implicit procedure formulated for
p; u, and T .
Semi-implicit methods have mainly been devisedfor unsteady ow simulations. Gustafsson and co-workers use the new variable  = ?2 1 c u?1c1 to symmetrize the isentropic Euler and Navier-Stokes equations, which reduce to the incompressible ow equations for
M1 ! 0 [100], [101], [102]. The resulting symmetric system is solved by a semi-implicit
central di erence scheme: the terms of O(M1?1) are discretized in time by the implicit
Euler method, while the leapfrog scheme or an explicit one-step method is used for the
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other terms of O(1). Casulli and Greenspan [103] and Patnaik et al. [104] have shown that
only the pressure and velocity terms in the momentum and energy equations, respectively,
have to be treated implicitly to remove the sound speed restriction on the time step (102).
Thus, the implicit part of these semi-implicit algorithms consists of an elliptic equation
for the pressure correction. The 'incompressible' pressure is determined in a similar way
by Klein, Munz, and co-workers [13], [105]. In their multiple pressure variable approach,
not only advection of mass and momentum but also long wave acoustics are discretized
by explicit upwind schemes. These methods can be viewed as extensions of the projection
method from incompressible to compressible ow [105]. Most of the compressible ow
extensions of the 'incompressible' methods mentioned above are based on the SIMPLE
(i.e. semi-implicit method for pressure linked equations) approach using a pressure correction equation and solving the momentum and energy equations implicitly one after the
other. To overcome the stability restriction (102), Zienkiewicz and co-workers treat the
velocity and pressure derivatives implicitly in their non-conservative semi-implicit nite
element method [106], [107]. In the implicit-explicit Godunov method of Collins et al.,
the intermediate states at the cell boundaries are advanced implicitly, if the local Courant
number exceeds 1, and explicitly otherwise [108].
Flux-vector splittings treat the sti terms not only di erently in time but also in space.
Erlebacher et al. split the linear acoustic equations from the Navier-Stokes equations and
solve them analytically in Fourier space [109]. Abarbanel et al. split the speed of sound
squared in p = c2= as c2 = (c2 ? c21) + c21 [110]. Sesterhenn et al. treat the resulting
non-sti part explicitly by an upwind method and the sti part implicitly by a central
discretization [97]. In the convection-pressure splitting by Rubin and Khosla and by Sesterhenn et al., the convection of mass, momentum and total enthalpy is discretized by
an upwind method, whereas the pressure gradient in the momentum equation is approximated by a downwind method [111], [97]. Using an explicit time splitting implementation,
that method and the semi-implicit speed of sound splitting proved to be more accurate
than the Roe upwind scheme for steady quasi-1D inviscid Laval nozzle ow at low Mach
numbers [97]. Since the explicit convection-pressure splitting led to stability problems
when applied in the transverse direction of a 2D nozzle, the modi cations introduced
with similar but more general ux-vector splittings by Liou and Ste en [112] and by
Jameson [113] seem to be essential.
Perturbation techniques have been employed for steady and unsteady ow calculations.
For very low Mach numbers of O(10?2) to O(10?5), Merkle and Choi use asymptotic expansions of the Euler equations in terms of M12 and solve the zeroth-order equations
by an implicit method [114]. Dadone and Napolitano report a considerable improvement in accuracy, especially in stagnation point regions, by a perturbative formulation of
Moretti's -scheme using an incompressible potential ow solution [115]. Solving for the
conservative perturbation variables and avoiding cancellation due to the ux evaluation,
Sesterhenn was able to compute an expansion wave in a long thin tube accurately at
M1 = 10?11 [98], [116], cf. section (2.5).

2.4 Perturbation Form

Whereas the linearized Euler equations are solved for 0 , u0 and p0 , i.e. the deviations of the
primitive variables from a mean ow, by [54], [35], [71], [72], the conservative variables
, u and E are the common choice of unknowns in compressible ow simulations,
e.g. [69], [74]. Contrary to the density-based 'compressible' methods, the pressure-based
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'incompressible' methods use the primitive variables p, u and T . Briley, McDonald and
Shamroth [117] use p~ = p1?up112 for the isenthalpic Euler equations instead of p = 1pu12 or
p = pp1 to avoid the singularity
p1 = 1 ?! 1 for M ?! 0
(115)
1
1u12 M12
or vanishing velocity
u1 = M ?! 0 for M ?! 0:
(116)
1
1
c1
Hafez, Soliman and White [118] employ the nondimensional variables p~, uu1 , and the
 

reciprocal of the Eckert number Ec1 = cp(Tu1?2T1) to recover the incompressible equations
from the compressible ones for M1 ! 0 and isothermal ow. For
variable density, Hafez,

T
Soliman and White [118] use the nondimensional temperature T1 instead of the reciprocal
of the Eckert number. Bijl and Wesseling [82] employ p~, uu1 and the nondimensional
 
enthalpy h = cpc1pTT1 . For constant cp, the latter formulation by Hafez, Soliman and White
[118] and the formulation by Bijl and Wesseling [82] coincide. With either formulation for
variable density ow, the singularity of the conventional formulations of the compressible
ow equations is avoided and the low Mach number equations with constant zeroth-order
~ 3 ) term in the ansatz
pressure p0 = p1 are recovered for M~ = 0. If we neglect the O(M
p2
(63) and regard (63) as the de nition of p2 , we get the relation p1 = p~.
Sesterhenn et al. [98], [116] retain conservativity by solving for 0 , (u)0 and (E )0, i.e.
the changes of the conservative variables with respect to their stagnation values. With
these variables, the cancellation problem of the conventional conservative formulation is
avoided in an application to nonlinear acoustics [98], [116], as we shall see now.
Since the changes of the thermodynamic variables in low Mach number ow (only
pressure in low speed combustion) are much smaller than the thermodynamic variables
@ (E )
themselves, the discretization of @
@t , rp and @t will lead to cancellation. Let us il@p in 1D. No matter whether we use nite
lustrate the problem for the discretization of @x
di erences, volumes or elements, we have to compute pressure di erences of the form
p = pR ? pL:

(117)

For a cell-centered nite volume method, pR and pL may be the pressures at the right and
left interfaces of a cell. From our nondimensionalization (13), the asymptotic expansions
(63) and (72) and the estimates (105) and (108), we know that pR and pL are of order O(1),
while p is of the order O(M ) and O(M 2 ) for unsteady and steady ows, respectively.
We denote the relative errors of pR and pL by R and L , respectively, i.e. the numerical
approximations pfL of pL and pfR of pR are

pfL = pL(1 + L ); pfR = pR(1 + R ):
(118)
gp of p
Thus, we obtain for the numerical approximation 
gp = pfR ? pfL = p(1 + pR R ? pL L ):
(119)

p
p
The condition numbers pRp and pLp are large for low Mach number ow. More precisely,
they are of order O(M ?1) and O(M ?2 ) for unsteady and steady ow, respectively. Since
30

the relative errors L and R are in general neither nearly equal nor zero, the relative error
gp is of the order O(M ?1 ) and O(M ?2 ) for unsteady and steady ow, respectively,
of 
because of (119). The accumulation of these errors can render low Mach number computations completely incorrect.
If we only consider the error due to the oating point representation of pL and pR,
the relative errors are bounded by the machine accuracy m of the computer used for the
computation, i.e. jLj  m and jR j  m . For IEEE (= Institute of Electronic and
Electric Engineers) binary oating point systems, m = 2?24  10?7 for single precision
and m = 2?53  10?16 for double precision [119]. Assuming that the oating point
subtraction pfR ? pfL does not introduce an error (that relative oating point error is
gp due to
bounded by m anyway), equation (119) describes the oating point error of 
the oating point errors of pfR and pfL. Using the bound m of L and R in (119), we can
gp by
then estimate the relative oating point error of 

gp ? p

pR + pL  :

(120)
p
p m
gp is of the
Thus, for unsteady and steady low Mach number ow the relative error of 
order O(M ?1m ) and O(M ?2m ), respectively.
For example, a pressure di erence evaluation at M = 10?6 in IEEE single precision
has a relative error of the order O(10?1) for unsteady ow and even O(105) for steady
ow.
The large relative error in (120) is due to cancellation: subtracting two almost equal
numbers leads to cancellation of the leading equal digits and leaves the di erence of the
remaining digits. However, if these remaining digits lie in the round-o error ranges of
the two numbers, their di erence only contains round-o errors. That is certainly true for
steady ow in our previous example with M = 10?6, where the steady pressure di erence
with single precision is completely incorrect. For unsteady ow, we are left with one
correct signi cant digit only.
Let us investigate the e ect of the cancellation error for the calculation of an expansion
wave in a long thin tube, cf. Fig. 11. Aebli and Thomann provide experimental and
analytical results [120]. Initially, the ow in the tube is at rest and under a little higher
pressure p0 + p0 than the ambient pressure p0. The tube of 6mm diameter and about
100m length is closed at the right end. When the diaphragm at the left end is removed,
an expansion wave runs into the tube expelling gas from the tube. For low Mach number
ow, the thickness x of the inviscid expansion wave is very small and considerably
exaggerated in Fig. 11. However, due to viscous e ects in the thin tube, the pressure
drops smoothly from p0 + p0 to p0 at the outlet.
Sesterhenn used an explicit second-order cell-centered nite volume method for the
discretization of the axisymmetric Navier-Stokes equations. For an out ow Mach number
M = 10?6, the numerical simulation led to an absolute error of the order O(1), i.e. 100%,
for the time dependent pressure p^ = (p ? p0 )=p0 at a certain x location, as we can see
in Fig. 12 [98]. We refer to the nite volume solution as conservative formulation. The
nondimensional time2and length scale variables are de ned by [120], [98] as t^ = t 0 =R2
and x^ = x 0 =(c0R ) with R = 0:003m; p0 = 96170Pa; 0 = 1:13kg=m3; 0 = 1:6 
10?5m2 =s.
The pressure computed with single precision using the conservative form is plotted
in Fig. 13 [98] and compared with the approximate analytical solution by Aebli and
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Figure 11: Sketch of an expansion wave in a long thin tube.
Thomann[120] at the same x location as in Fig. 12. In Fig. 14 [98], the computed and
the analytical nondimensional pressures p^ are compared at a certain time instant. The
computed results are completely incorrect, almost random.
Even at an out ow Mach number of M = 0:01, we observe clear errors in the pressure
(Fig. 15) and the entropy along the axis of the tube (Fig. 16) with the conservative
formulation [98], [116]. The results were obtained with 400  8 cells and using single
precision. Here, we obtain the correct results with double precision for the entropy (Fig.
16) and pressure (not shown). Thus, the results with single precision re ect the roundo errors due to cancellation when using the conventional conservative formulation. Of
course, we can use double precision to alleviate the cancellation problem. But the accuracy
is reduced. The cancellation errors can accumulate and will show up for lower Mach
numbers anyway.
How can we avoid cancellation? We have to reduce the condition numbers pLp and pRp
in (119) from O(M ?1) or O(M ?2) to O(1)! How can we achieve that? By working with
the pressure perturbation
p0(x; t) = p(x; t) ? p0
(121)
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Figure 12: Error of computed pressure at an x location for M = 10?6, : conservative
formulation and single precision, +: perturbation formulation and single precision,   :
perturbation formulation and double precision.
with respect to the stagnation pressure p0 instead of working with
the pressure p itself.
@p = @p0 and
Since we assume constant stagnation conditions, we have @x
@x
p = p0 = p0R ? p0L:

(122)

We denote the relative errors of the approximations pf0L of p0L and pf0R of p0R by 0L and 0R ,
respectively, i.e.
pf0L = p0L(1 + 0L ); pf0R = p0R(1 + 0R ):
(123)
Thus, we get
p0R 0 ? p0L 0 ):
gp0 = pf0R ? pf0L = p(1 + 
(124)
p R p L

Since p0L = pL ? p0 and p0R = pR ? p0 are of the order
O(M )0 and O(M 2 ) for unsteady and
p0L
steady ow, respectively, the condition numbers p and pRp are indeed of order O(1), as
claimed above. Thus, cancellation of the pressure di erence can be avoided by using the
perturbed pressure (121).
In order to avoid cancellation also for other terms and in order to retain the conservative form of the Navier-Stokes equations, we introduce the perturbed conservative
variables
U0(x; t) = U(x; t) ? U0;
(125)
where U0 = (0 ; (u)0; (E )0 )T and U0 = (1; 0; ?1 1 )T , if we choose the stagnation conditions as the reference quantities in the nondimensionalization (13). Using the dependence
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Figure 13: Pressure at an x location for M = 10?6, : computed result with conservative
formulation and single precision,   : analytical solution.
of velocity, pressure and total enthalpy on the conservative variables, we get the following
relations
0
(126)
u0 = (0+u)0 ;
p0 = ( ? 1)[(E )0 ? M~ 2 21 (u)0  u0 ];
(127)
(H )0 = (E )0 + p0:
(128)
We reformulate the Navier-Stokes equations in terms of the perturbed conservative variables as
@0 + r  (u)0 = 0
(129)
@t
@ (u)0 + r  (u)0 u0 + 1 rp0 = G0
(130)
@t
M~ 2
@ (E )0 + r  ((H )0u0 + (H ) u0 ) = Q0
(131)
0
@t
where G0 = Re11 r   0 + Fr112 0 (?er )

with

0

= (ru0 + (ru0 )T ) ? 23 r  u0 I.

Q0 = ReM~ 12 r  ( 0  u0 ) + FrM~ 122 (u)0  (?er ) + ( ?1)Re1 Pr1 r  (rT 0) + 0 q0 + (0 + 0)q0
with T 0 = (p0 ? 0 T0 )=(0 + 0 ),  = (T0 + T 0),  =  for Pr = Pr1, q0 = q ? q(U0).
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Figure 14: Pressure at a time instant for M = 10?6, : computed result with conservative
formulation and single precision,   : analytical solution.
The present perturbation formulation does not neglect anything, neither a linear nor
a nonlinear term: the Navier-Stokes equations in perturbation form (129), (130), (131)
are analytically equal to the Navier-Stokes
equations
in conservative form (16), (17), (18).
0
0
@
(
E
)
@
0
However, the discretization of @t , rp and @t is well-conditioned opposed to @
@t , rp
@
(
E
)
and @t .
In the energy equation (131), we should discretize r  (H )0u0 as (H )0r  u0 , of
course, to avoid cancellation there. The shear stress tensors  0 and  are equal, because
u0 and u are equal. Discretizing rT 0 in (131) instead of rT in (18) avoids cancellation
in the heat conduction.
Central discretizations of the Navier-Stokes equations in perturbation form are as
straightforward as for the conservative form. For non-central discretizations of scalar
derivatives, there is no essential di erence either, e.g. the same
one-sided nite di erence
@p at a boundary can be used for @p0 . Of course, also the initial
stencil for discretizing @x
@x
and boundary conditions have to be formulated in perturbation form.
However, if a discretization employs information based on a system of equations, e.g.
a Riemann solver for the Euler equations, we must be a little bit more careful with the
perturbation
q 0 0 formulation. For example,qif we need0 the speed0 of sound, we cannot simply
use p = but have to calculate c = (p0 + p )=(0 +  ) correctly, of course. In the
next section, we shall see an example how to use an approximate Riemann solver for the
Euler equations with the perturbation formulation.

2.5 Characteristic Based Approximate Riemann Solver

First, we illustrate a characteristic based approximate Riemann solver for the 2D Euler
equations in conservative form [121], [98]. Then, we show its application in perturbation
form [98], [116].
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Figure 15: Pressure at a time instant for M = 10?2, : computed result with conservative
formulation and single precision, dashed line: analytical solution.
Let us consider the evaluation of the ux
1
0 u
B u2 + ~12 p CC
M C;
(132)
F(U) = BB@ uv
A
Hu
where U = (; u; v; E )T , at a cell interface xi?1=2 = 0 using the cell-centered nite
volume approach. Neglecting multidimensional e ects, we de ne the Riemann problem
@ U + @ F(U) = 0 ; ?1 < x < 1 ; t > 0;
(133)
@t
@x
(
UA for x < 0
U(x; t = 0) = U
(134)
B for x > 0
As the left and right states, we choose for a rst-order method UA = Uni?1 and UB = Uni,
i.e. the cell averages in the left cell i ? 1 and the right cell i at the already calculated
time level n. For higher order, we may use the MUSCL or ENO approach.
The Jacobian matrix A = @@UF of the ux F can be diagonalized
A = RR?1;
(135)
~ u; u; u + c=M~ ) contains the eigenvalues of
where the diagonal r
matrix  = diag(u ? c=M;
A. Note that c = p==p11 . The 4  4 matrices R and R?1 contain the right and left
eigenvectors of A, respectively [50]. Using the chain rule, we write equation (133) in a
non-conservative form
@ U + A @ U = 0:
(136)
@t
@x
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Figure 16: Entropy along the axis of the tube at a time instant for M = 10?2, : computed
result with conservative formulation and single precision, dashed line: reference solution
with double precision.
Multiplying (136) with R?1 from the left hand side and using (135), we obtain the characteristic relations
@ W +  @ W = 0;
(137)
@t
@x
1
0
~
@p
?
Mc@u
BB @p ? c2 @ CC
?
1
CC.
where @ W = R @ U = B
B@ @v
A
~
@p + Mc@u
Thus, on the characteristics (Fig. 18), we obtain the system of ODEs
~ du = 0 on dx = u ? c=M;
~
dp ? Mc
dt
dp ? c2 d = 0 on dx
dt = u;
dv = 0 on dx
dt = u;
~ du = 0 on dx = u + c=M:
~
dp + Mc
dt
The dimensional form of characteristic equations (138) - (141) reads



dp ?  c du = 0 on dx
dt = u ? c ;

dp ? (c)2 d = 0 on dx
dt = u ;
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(138)
(139)
(140)
(141)
(142)
(143)

Figure 17: Typical wave pattern of the solution to the Riemann problem.


dv = 0 on dx
dt = u ;


dp +  c du = 0 on dx
dt = u + c :

(144)
(145)

A typical wave pattern of the solution of the Riemann problem (134) is sketched in
Fig. (Fig. 17). To solve the Riemann problem (134) approximately, we assume that the
characteristic equations of the acoustic waves (138) and (141) even hold across shocks.
Since we consider low Mach number ow, that assumption is reasonable. Because dp = 0
and du = 0 across contact discontinuities, the characteristic equations (138) and (141) are
valid across contact discontinuities. In order to determine the ow at the cell interface
at the time t (or rather t=2 to get O(t2) cheaply), we rst linearize the acoustic
relations (138) and (141) as in the method of characteristics. We denote the ow state,
which we want to determine by C , cf. Fig. 19, and obtain
~ B cB (uC ? uB ) = 0;
pC ? pB ? M
(146)
~
pC ? pA + MA cA(uC ? uA) = 0:
(147)
Since the x-velocity and pressure in regions A and B are known, equations (146) and
(147) de ne the linear system
A = ;
(148)
where
~ B cB !
~ B cB uB !
1
?
M
p
?
M
B
A = 1 M
= p + M
~ AcA ;
~ AcAuA
A
for = (pC ; uC )T .
For M~ 6= 0, the matrix A is non-singular, because the determinant of A is non-zero.
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Figure 18: Characteristics and characteristic relations.
Since c is of the order O(1) for low Mach number ow, the condition number of A
cond(A) = kAk kA?1k is of the order O(M~ ?1 ). That means that the linear system (148)
is ill-conditioned for M~ ?! 0. However, if we de ne (146) and (147) as a linear system
~ C )T , it is well-conditioned for low Mach!numbers, because the condition
for ~ = (pC ; Mu
number of the corresponding matrix A~ = 11 ?B ccB is of the order O(1).
A A
That nding suggests to nondimensionalize the velocity as

~
u^ = q u  = Mu
(149)
p1=1
instead of u = uu1 .
If uC = 0, the ux is simply FC = (0; pC ; 0; 0)T . If uC > 0 (uC < 0), the entropy and
vorticity waves are convected from A to the right (from B to the left, respectively). Thus,
we choose the state A to linearize the linear waves (139), (140), if uC > 0 (B , if uC < 0).
Let us assume that uC > 0. Then, we get

pC ? pA ? (cA)2(C ? A ) = 0;
vC ? vA = 0:

(150)
(151)

Thus, C and vC can be easily determined from (150) and (151), respectively.
In the perturbation formulation, the characteristic relations (138) - (141) become
~
~ du0 = 0 on dx = u0 ? c=M;
(152)
dp0 ? Mc
dt
0
(153)
dp0 ? c2 d0 = 0 on dx
dt = u ;
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Figure 19: Characteristic based Riemann solver.
0
dv0 = 0 on dx
dt = u ;
~ du0 = 0 on dx = u0 + c=M:
~
dp0 + Mc
dt

(154)
(155)

Assuming again uC > 0 and using u0C = uC , the linearization of (152) - (155) yields
~ B cB (u0C ? u0B ) = 0;
p0C ? p0B ? M
(156)
0
0
2
0
0
pC ? pA ? (cA) (C ? A ) = 0;
(157)
0
0
vC ? vA = 0;
(158)
0
0
0
0
~ A cA(uC ? uA) = 0:
pC ? pA + M
(159)

There is no cancellation problem in computing the expressions c = p p and c2 = p=
~ 0C
using p = p0 + p0 and  = 0 + p0 . Equations (156) and (159) determine p0C and Mu
without cancellation problem. (157) and (158) yield 0C and vC0 .
Knowing 0C , u0C , vC0 and p0C , we can compute the perturbed ux at the cell interface, i.e.

0 (u)0
BB (u)0u0 + ~12 p0
0
0
F (U0; U ) = B@ (u)0v0 M
(H )0u0 + (H )0u0
40

1
CC
CA :

(160)

Figure 20: Pressure and Mach number at a time instant for M = 10?11 ,  and solid
line: computed result with perturbation formulation and single precision, dashed line:
analytical solution.
Thus, we can also avoid cancellation in the computation of the ux.
@ (E )
If we use the perturbation formulation to avoid cancellation in @
@t , rp, @t and the ux
evaluation, we can avoid the cancellation error in low Mach number computations. Using
that approach, Sesterhenn was able to calculate an expansion wave in the long thin tube
(Fig. 11) for an out ow Mach number of M = 10?11 correctly [98], [116]. Fig. 20 shows
the pressure and Mach number computed with the perturbation formulation using single
precision and 400  8 cells.
For steady low Mach number ow simulations, Sesterhenn obtained a signi cant convergence improvement when using a multigrid method with the perturbation formulation
instead of the conventional conservative formulation [98]. The error modes introduced by
cancellation with the conventional formulation are absent in the perturbation formulation.
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3 Conclusions

3.1 Asymptotic Analysis

A single time and space scale asymptotic analysis of the compressible Navier-Stokes equations is shown to lead to the low Mach number equations in the zero Mach number limit.
The low Mach number equations allow for large density and temperature variations, for
example in combustion. The pressure is split into the sum of the large global thermodynamic pressure and the very small 'incompressible' pressure. The global thermodynamic
pressure is constant in space and may only vary in time due to nonzero volume ow and
nonzero net heat conduction and heat release rate in the domain of interest. The 'incompressible' pressure only appears in the momentum equation and is determined in a
similar way as in incompressible ow. However, the velocity divergence is in general not
zero but depends on heat conduction and heat release rate as well as the time change
of the global thermodynamic pressure. Since density and temperature are related by the
equation of state to the global thermodynamic pressure, any variation of the very small
'incompressible' pressure does not a ect density and temperature. Therefore, acoustics is
removed from the low Mach number equations.
A multiple time scale, single space scale asymptotic analysis of the compressible
Navier-Stokes equations at low Mach numbers splits the pressure into the sum of the
large global thermodynamic pressure, the small acoustic pressure and the very small 'incompressible' pressure. The analysis reveals in which way the heat release rate and heat
conduction a ect the global thermodynamic pressure, the divergence of velocity and the
material change of density at low Mach numbers. The asymptotic analysis identi es the
acoustic time change of the heat release rate as the dominant source of sound in low
Mach number ow. The sound generation and propagation are governed by an inhomogeneous wave equation for the acoustic pressure. If the ow equations are averaged over
an acoustic wave period, the averaged velocity tensor describes the net acoustic e ect on
the averaged ow eld. Removing acoustics from the equations altogether leads again to
the low Mach number equations.

3.2 Numerical Implications

The low Mach number asymptotics provides a guidance for the choice of the equations.
If we are not interested in acoustic e ects in low speed combustion for example, we
can use the low Mach number equations to avoid the numerical trouble caused by the
fast acoustic waves. If the compressible Euler or Navier-Stokes equations are solved at
low Mach number, the large disparity of ow velocity and speed of sound introduces a
sti ness, which is absent in incompressible ow. The sti ness can be removed by proper
time derivative preconditioning for steady ow. For unsteady ow, semi-implicit methods
can treat the sti and non-sti terms appropriately. The large length scale disparity in low
Mach number aeroacoustics calls for ne grids and highly accurate numerical methods.
Non-re ecting boundary conditions at arti cial boundaries are decisive for the accuracy
and convergence of unsteady and steady low Mach number ow simulations, respectively.
Since the discretization of the small changes of the thermodynamic variables like the
pressure in low Mach number ow is ill-conditioned, it leads to cancellation errors. The
cancellation problem can be avoided by discretizing the perturbation form of the NavierStokes equations. The changes of the conservative variables with respect to stagnation
conditions are considered as the unknowns. Since the stagnation state is assumed to be
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constant in space and time, the resulting perturbation equations are not much di erent
from the conventional conservative form. As the discretization of the perturbation form
is well-conditioned, cancellation errors are avoided. A characteristic based approximate
Riemann solver is introduced. It yields a simple ux evaluation with the nite volume
method and is well suited for low Mach number ows with discontinuities. The implementation of the perturbation form is detailed for the ux evaluation with the characteristic
based approximate Riemann solver. Using the perturbation form, even very low Mach
number ow problems can be accurately solved with single precision.
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