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Preface

A number of variational problems recently under consideration involves integral functionals with
“free discontinuities” (according to a terminology introduced in [22]): the variable function u is
required to be smooth only outside a surface K, depending on u, and both u and K enter the
structure of the functional. Hence, a typical form is:

Fu, K) = ¢(|VU($)I)dI+/ F(ju* (@) —u™(2)]) dH"~

Q\K KNQ

where  is an open subset of R?, K is a (n — 1)-dimensional compact set, [u™ — u~| is the jump
of u across K, while ¢ and f are given positive functions.

The natural weak formulation is obtained looking at K as the set of discontinuities of w,
thus working in spaces of functions allowing hypersurfaces of discontinuities, such as the space
BV () of functions of bounded variation.

The main difficulty in the actual minimization of F' is the presence of the (n—1)-dimensional
integral: the need of suitable approximations (leading to the convergence of minimum points)
by means of more tractable functionals naturally arises. The method introduced in [10], when
#(t) = t? and f is constant, makes use of integral functionals whose density depends on the
average of the gradient on small balls. Here we apply this scheme to the case of ¢ with linear

growth at infinity.

The aforementioned weak formulation of F' in BV (Q) takes the form:
(1.1) Flu) = [ ¢(IVu(z)]) de +/ Fu™ (@) —u™(2)]) dH" " + co| D°u|(2)
Q Su

where Du = VudL" + |[ut — u~|dH" ™! + D is the decomposition of the measure derivative
of u in its absolutely continuous, jump and Cantor part, respectively, and .S,, denotes the set of

discontinuity points of u. Assuming that ¢ is convex and f is concave, with

t t
lim Mzcozlimm,
t—+oco t—0t+ t

it turns out that F is lower semicontinuous with respect to the L!-topology. Notice that if ¢ has
superlinear growth at infinity then ¢y = 400 and F(u) is finite only if Du has no Cantor part

(i.e. u belongs to the so called space of special functions with bounded variation). The well-known
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Mumford-Shah functional falls within this case:
|Vu(z)? de +H"1(S.) .
Q

As pointed out in [10], it is not possible to obtain a variational approximation of F' by usual

integral functionals of the form

Fo(u) = /Q £(Vu(z)) do

on Sobolev spaces; indeed, passing to the lower semicontinuous envelopes, this would lead to a
convex limit, which contrasts with the non-convexity of F'.

Heuristic arguments suggest that to get around the difficulty we have to prevent the con-
sideration or the optimality of approximation gradients which are “too high” (with respect to
1/€), or to prevent that the effect of “high” gradients is concentrated on “small” regions. Several
approximation methods (which are briefly presented in Chapter II) fit this requirements: see,
e.g., the case where the functionals F. are restricted to finite elements spaces on regular trian-
gulations of size € ([7],[13],[26]); or the implicit constraint on the gradient through the addition
of a higher order penalization ([1],[3],[25]); or the study of non-local models, where the effect of
a “high” gradient is “spread” onto a set of size e: this is the method which was first applied to
the Mumford-Shah functional in [10] (see also [9],[14],[15],[17],[18]).

In Chapter III we investigate, in the one-dimensional case, the application of the method of
the average of the gradient to the approximation of functionals with linear growth of the form

(1.1); the extension to n dimensions (when ¢(¢) = t) will be studied in Chapter IV.
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Chapter I

Preliminaries

Let n > 1 be a fixed integer. The scalar product of z,y € R™ is denoted by (z,y) and the
euclidean norm by |z|. The open ball with centre x and radius r is indicated by B, (z); the
boundary of the unit ball B;(0) is denoted by S"~!. The Lebesgue measure and the (n — 1)
dimensional Hausdorff measure of a Borel set B C R™ are denoted by |B| (or £"(B)) and
H"~1(B), respectively. Given € open subset of R™, A(Q) denotes the family of all open subsets
of Q; B(€2) denotes the family of all Borel subsets of {2. We use standard notations for Lebesgue
spaces LP(Q) and Sobolev spaces W1P().

1.1 Some basic tools in measure theory

The aim of this section is to recall some basic results of measure theory, as Radon-Nikodym’s The-
orem, Besicovitch’s differentation Theorem, and approximate continuity of L'-functions. Let’s

start with the well known Radon-Nikodym Theorem:

Theorem 1.1.1 (Radon-Nikodym) Let u be a o-finite positive measure and v a real or vector
measure on a measure space (X, E). Then there is a unique pair of R™-valued measures v* and v*®
such that v* < p, v* L p and v = v®+v°. Moreover, there is a unique function f € [L*(X, p)]™
such that v* = fu. The function f is called the density of v with respect to p and is denoted by
v/i.

The representation of the function f of the previous Theorem is given by the derivation Theorem:

Theorem 1.1.2 (Besicovitch) Let p be a positive Radon measure in an open set Q CR™, and

v an R™-valued Radon measure. Then, for p-a.e. x in the support of y the limit

B
f(z):= lim 7y( o(z))
00+ [1(By(x))
exists in R™ and moreover the Radon-Nikodym decomposition of v is given by v = fu—+v°, where

v =v L FE and E is the u-negligible set
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A consequence of the derivation Theorem is the theory of approximate discontinuity points and
approximate jump points of an L!-function. If v is a unit vector in R™, we split any ball B,(z)
into the two halves B (z,v) = {y € By(x) : {(y —x,v) > 0} and B, (z,v) = {y € By(z) :
(y — z,v) < 0}.

Let 2 be an open subset of R".

Definition 1.1.3 Let u € L} (Q) and z € Q.

loc

We say that u has approximate limit at x if there exists z € R such that:

lim u(y) — z|dy = 0.
Jm o) —cldy

The set S, where this property fails is called approximate discontinuity set of u. We say that x

is an approximate jump point of u if there exist a,b € R and v € R™ with |v| = 1, such that
a#band
(1.1) lim lu(y) —aldy =0, lim |u(y) — bl dy = 0.

0e=0* JBF (z,v) =0t /By (xv)

The set of approximate jump points of u is denoted by J,.

The vector z is uniquely determined for any point x € Q\ S, and is called the approzimate limit
of u at x and denoted by @(x). The triplet (a,b,v), which turns out to be uniquely determined
up to a permutation of a and b and a change of sign of v, is denoted by (u™(x),u™ (z), vy (x)).

On Q\ S, we set u™ =u~ = a.

Proposition 1.1.4 Let u € L}, .(Q); then S, is a L"-negligible Borel set, J,, is a Borel subset

of Sy and there exist Borel functions
u (), u (x), vy (z): Jy = R xR x §"1
such that (1.1) holds for every x € J,,.

Before concluding this section, we show a very useful tool, which, in the sequel, we shall apply

several times. This is known as the Lemma of “sup of measures” (see, e.g., [2]).

Lemma 1.1.5 (sup of measures) Let A be a positive o-finite Borel measure in §2; let pi: A(Q2) —

R be a superadditive set function and let (1;)ier be a family of positive Borel functions. Suppose
p(A) = [ witaix
A
for every A € A(Q) and i € I; then
u(A) > / sup 1 () A\
A i

for every A € A(Q).
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Proof. We have, by the regularity of the measures ;)\,
k
/ d\ = sup {Z/ Y;dX: (B;) Borel partition of A,k € N} =
A i=17Bi

k
sup {Z PidX: (K;) disjoint compact subsets of A,k € N} =
i=1 Y Ki

k
sup {Z/A W dX\: (A;) disjoint open subsets of A,k € N} < u(4),
i=17 4

that is the thesis. m

1.2 Functions of bounded variation

For a thorough treatment of BV functions we refer to [5].
Let 2 be an open subset of R”. We recall that the space BV (2) of real functions of bounded
variation is the space of the functions u € L'(Q) whose distributional derivative is representable

by a measure in ), i.e.,

/ u(x) Op (x)dx = —/ o(x) dD;u, for every o € C°(Q) and i =1,...,n
Q 8171 Q

for some Du = (Dsu, ..., Dyu) Radon measure on 2. The Sobolev space W11(Q) is contained
in BV(Q); indeed for any u € W11(Q), the distributional derivative is given by the measure
VuL™. This inclusion is strict; for example the Heaviside’s function x(g,4o0) is a BV -function,
with Du singular with respect to £™. The general structure of derivative of BV -functions is

given by the Federer-Vol’pert Theorem:

Theorem 1.2.1 (Federer-Vol’pert) For any u € BV (Q) the set S, is countably (n — 1)-
rectifiable and H"'(S, \ Ju) = 0. Moreover, Du L J, = (u™ — u™)v, H" ™! L Ju, and v, (z)

gives the approzimate normal direction to J, for H" '-a.e. x € J,.

In general, the singular part of Du with respect to £™ is not concentrated on J,. Let’s denote by
D¢u the part of Du, singular with respect to £", and concentrated on Q\S,;; D°u is the cantorian
part of Du. It turns out that Du vanishes on H"~!-negligible sets; then, from Federer-Vol’pert
Theorem

Du=Vul" + (ut —u v, H" ' L J, + D.

The space SBV(Q) of special functions of bounded variation can be defined as the space of the
functions u € BV () such that the singular part of their derivative with respect to the Lebesgue
measure £ is given by (u™ — u ™)y, H" ! L J,. For such u, denoting by Vu the density of the

absolutely continuous part of Du, we have:

(2.1) Du = Vul" + (ut —u ), H* L J,.
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BV -functions are limits of bounded sequences of W!>'-functions. Then it is natural to have the

following compactness Theorem in BV -space:

Theorem 1.2.2 Every sequence (up) C BV (Q) satisfying

sup{/A lup (z)|dx + |DUh|(A)} < +00

heN

for every A CC Q, admits a subsequence converging in L'(Q).

A very useful tool in the treatment of variational convergence of integral functionals, is the
following slicing result by Ambrosio (see [4]). The basic idea is another way to look at derivatives
of BV -functions, based on one-dimensional sections. We introduce, first, some notation. Let
€€ 8" 1 and let [Ie = {y € R": (y,£) = 0} be the linear hyperplane orthogonal to . If
y € [[; and Q@ CR", we define Q¢ = {t € R: y +1{ € N} and QY ={2ecQ: z=y+t}.
Moreover, if u: Q@ — R we set ug : Qe — R by ue () = u(y + t&).

Theorem 1.2.3 Let u € BV (). Then, for all £ € S"~! the function ug, belongs to BV ()
for H" t-a.e. y € HE' For such y we have

ug (1) = (Vu(y +1£),&), forae teQe,

Sue, = {tER: y+1E€S,}.

Moreover we have
/1-[ |Dug y|(Ag )dH" (y) = [(Du, £)|(A)
€

for all A € A(Q), and for all Borel functions g

[ swan ) = [ a@lglarne

HE tESug,y Su
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Conversely, if u € LY () and for all £ € (e1,...,e,) and for a.e. y € [l uey € BV(Q,y) and

/H |Due., (., )AH™ (y) < +o0,

£

then u € BV (Q).

The slicing Theorem is a basic tool for the proof of the lower bound of the I'-limit in the n-
dimensional case, if it is known the lower bound in the one-dimensional case.

As to the proof of the upper bound, by definition of I'-convergence (see section 1.4 below) it
sufficies to compute the limit of the approximating functionals on a particular choice of appro-
ximating functions. Then it is necessary to have some density results. Here, we recall this useful
density result, which can be found in [16].

Let © a bounded open set in R™; denote with W(Q) the space of all functions w € SBV (Q)
satisfying the following properties:

(i) H"1(Sw \ Sw) =0
(ii)S, is the intersection of ) with the union of a finite member of pairwise disjoint (n — 1)
dimensional simplexes;

(iii) w € Wk (Q\ S,,) for every k € N.

Theorem 1.2.4 Let u € SBV?(Q)NL>(Q). Then there exists a sequence wj € W(Q) such that
wj — u strongly in L'(Q), Vw; — Vu strongly in L*(Q,R™), limsupy, ||wj||s < ||ullec and

limsup/ gb(w;-',wj_,uw].)danl S/ d(uT,u", vy )dH !
J=too Sy, Su
for every upper semicontinuous function ¢ such that ¢(a,b,v) = ¢(b,a,—v) for every a,b € R

and for every v € S"71,

Finally, we recall the fundamental properties of the space GBV(Q) of generalized functions
T

of bounded variation. This is the space of all functions v € L(Q) whose truncations u

(uAT)V (=T) are in BV (Q), for every T > 0. For such function we can define
Su = | Sur,
T>0

+

and the approximate gradient and the traces u™ as the limits of the corresponding quantities

defined for ™. Moreover, we define the measure
|DCu|(B) := sup |D°uT|(B) = lim |DuT|(B)
T>0 T—+o0

for every B Borel subset of 2. It turns out that, even for GBV-functions, H"~1(S, \ J.) = 0.
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1.3 Functionals defined on BV

In this section we recall some results about a class of isotropic and translation invariant integral

functionals defined on BV (Q2), of the form
F(u) = [ ¢(|Vu(z)|)dx +/ Fju* (@) = u™ (2))dH" " + co| Dul(Q)
Q Sy,
Let us recall a lower semicontinuity result for F' in the L-topology.

Definition 1.3.1 We say that a sequence (upn) € BV () weakly* to uw € BV (), if up, — u in
LY(Q), and Duj, — Du weakly*, i.e

lim ¢(z)dDup, = | ¢d(x)dDu, Vo € C.(Q).
h—+oo Jo Q

Notice that uj, weakly* converge to u if and only if uj; converge to u in L'(Q) and wuy, is bounded

in BV(Q) (see [5] Proposition 3.13).

Theorem 1.3.2 Let ¢: [0,4+00) — [0,+00] be an increasing, lower semicontinuous and con-
vex function, let f: (0,+00) — [0,+00] be an increasing, lower semicontinuous and subadditive
function and ¢y € [0, 4+00]. If
t t
lim @*COZ lim m

t—+oo { t—0+ ¢t

then the functional F' is sequentially weakly*-lower semicontinuous in BV ().

REMARK 1.3.3 In case f is concave, it is easy to deduce a lower semicontinuity result with
respect to the L'-topology. Indeed, if u, — w in L1(Q) and u} = (up AT) V (=T), then (u}) is
bounded in BV () if (F(uy)) is a bounded sequence (just notice that f(¢) > cpst on [0, M] for

a suitable cps > 0).

Let us now quote an important relaxation result for functionals F' as above, which can be easily
obtained from result contained in [6] (see also [2]). Here F denote the largest l.s.c. functional

smaller than F'.

Theorem 1.3.4 Let ¢: R — [0,400) be a convex lower semicontinuous function with ¢(0) = 0;

let f: R — [0,400) be a subadditive and locally bounded function such that

lim @ = lim &
t—+oo t t—0 t

Consider the functional F : BV () — [0, 4+00] defined by

/¢ |Vu(x d:c+/ f(jut( uw”(z))dH" !

u € SBVQ(Q) N L*®(Q),H"1(S,) < +o0
+00 otherwise.

= Cp.

Fu) =

Then the relazed functional F of F on BV () with respect to the L'-topology is given by

F(u) = ; ¢(IVu(z)|)dz +/S F(ju* () = u™ (2))dH" " + co| Dul ().
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1.4 I'-convergence

For the general theory see [19]. Let (X,d) be a metric space. Let (F}),en be a sequence of
functions X — R. We say that (F};) T'-converges, as j — +o0, to F': X — R if for all u € X we

have:
i) (lower semicontinuity inequality) for every sequence (u;) converging to u

F(u) < liminf Fj(u;);

Jj—+oo

i1) (existence of a recovery sequence) there exists a sequence (u;) converging to u such that:

F(u) > limsup Fj(u;);

j——+o0

The lower and upper I'-limits of (F};) are defined as

(4.1) F'(u) = inf{liminf F}(u;): u; — u},
Jj—+oo

(4.2) F'(u) = inf{limsup Fj(u;) : u; — u},

respectively.

We extend this definition of convergence to families depending on a real parameter. Given
a family (F.).>o of functions X — R, we say that it T'-converges, as € — 0, to F': X — R if for
every positive infinitesimal sequence (¢;) the sequence (F;) I'-converges to F'.

If we define the lower and upper I'-limits of (F;) as

(4.3) F(u) = inf{liminf F.(ue): ue — u},
e—0

(4.4) F"(u) = inf{limsup F:(uc): ue — u},
e—0

respectively, then (F.) I'-converges to F' if and only if
F'(u) = F"(u)=F(u)  for every u € X.

Both F’ and F" are lower semicontinuous on X . In the estimate of F’ we shall use the following

immediate consequence of the definition:

(4.5) F'w) = inf{lminf £, (u;) : &5 — 0%, uj —u}.

J—+oo
It turns out that the infimum is attained.
The most important consequence of definition of I'-convergence is represented by the The-

orem of convergence of minima (see [19] Corollary 7.20):

Theorem 1.4.1 Let F;: X — R be a sequence of functions which T-converge to some F : X —
R; let inf,ex Fj(y) > —oo for every j € N. Let x; € X and let ; be a positive infinitesimal
sequence, such that

Fy(z;) < ylg( Fj(y) + €5
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(z; is called an €j-minimizer for F;). Assume that x; — x for some v € X. Then x is a
minimum point of F', and

F(z) = lim Fj(z;).

j—+oo



Chapter 11

Free discontinuity functionals and
their variational approximation

2.1 Free discontinuity problems: some examples

Many variational problems can be formulated and studied in spaces of functions of bounded
variation. The space BV appears as the natural setting to study variational models where
both volume and surface energy densities have to be taken into account. The terminology “free
discontinuity problems” was introduced by E. De Giorgi in [22] to indicate the class of variational
problems that consist in the minimization of a functional, involving both a volume and a surface
energy, depending on a closed set K and a function u usually smooth outside K. Notice that K

is not fixed a priori. Here are some examples of free discontinuity problems.
EXAMPLE 2.1.1 Sets with prescribed mean curvature.

Consider the problem

min { /E g(:c)dx—I—H"_l(aE)}

ECRn
where g € L'(R") is given. Let’s compute the first variation; if g is continuous at a regular point

x € OF, and E minimizes the functional, then the equation
H(z) = g(z)ve(z)

holds, where H is the mean curvature vector of OF and vg is the outer normal to E. This

problem has been dealt with in the classical framework of sets of finite perimeter.
ExaMPLE 2.1.2 The Mumford-Shah image segmentation problem.

The most famous example of free discontinuity problem is the minimization of the Mumford-Shah
functional

MS(u, K) = a/

|Vu(z)]?de + BH" Y (K NQ) + ’y/ lu(z) — g(x)|*dx
O\K

Q\K

17
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where K C Q closed, u € C1(Q\ K); here Q is a bounded open set in R", o, 3,y > 0 are fixed
parameters, and g € L°°(Q). This problem involves two classical objects: the Dirichlet integral
and the area functional. Minimizing M S by the direct methods of the Calculus of Variations is
not easy, because there is no topology on the closed sets which ensures compactness of minimizing
sequences and lower semicontinuity of the Hausdorff measure. It is possible to give a meaningful

weak formulation of the functional MS in SBV, setting, for u € SBV(Q):
F@ = [ (Ful@) +alu(e) - (o)) do + 51 (S,).
Q\S,

The existence of minimizers of F' in SBV does not lead immediately to a minimizing pair for
M S, because in generale S, is not closed, and its closure may be even the whole of 2. Some
work is needed to show that the closure of S, for minimizers is not much larger than S,. The
key point of the theory developed in [20] is then to prove that if u is a minimizer, for any z € Sy,

and any ball B,(x) C Q with ¢ small enough, the following density lower bound holds:
(1.1) H" (S, N By(x)) > 9p0" "

where ¥9 = vy(n) is a strictly positive dimensional constant. This estimate has a number
of interesting consequences, but the information which can be deduced immediately is that if

u € SBV () and (1.1) holds, then
H QN S, \ S,) =0.

At this point, it is not hard to show that u has a representative @ € C1(Q2\ S,) and that the

pair (@, S,,) is minimizing for the functional MS.
ExaMPLE 2.1.3 Connections with plasticity theory.

Let ¢: R — [0, +00) be a convex function, and f: (0,+00) — (0,400) be a strictly subadditive

function. The functional

l
F(u) = / o)t + 3 () —u(v),

teSy

for w € SBV(0,1), has recently been studied in [11] in connexion with the elastic properties of a

bar.
EXAMPLE 2.1.4 Brittle fracture.

Let  C R3 be the reference configuration of an elastic body possibly subject to fracture, and
u: Q — R3 be the deformation. In fracture mechanics, one has to take into account both the bulk
energy densities relative to the elastic deformation outside the fracture, and the energy necessary
to produce the crack. If the material is hyperelastic and brittle, i.e. the elastic deformation

outside the fracture can be modelled by an elastic energy density independent of the crack, it
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is possible to study the existence of equilibria by minimizing a suitable functional subject to

boundary conditions. Different models have been proposed; for example, in the isotropic case,

Fu.K)= | = W(Vulz))dz + / f(u* (@) = (@) )dH" ()
Q\K K

with ¢1]2P? < W(z) < ea(1 4+ |2|P) for any 3 x 3 matrix z, for some p > 1, and f(t) — 0 as ¢t — 0.

F can be extended to SBV functions, giving rise to a functional of the form
/ (x,u(z), Vu(@))dz + [ f(ut(z),u (@), v(x)dH" " (x)
Q 7.

for u € SBV ().

2.2 Variational approximation

Even though a general existence theory is by now available, exact computation of solutions of free
discontinuity problems can be very rarely performed. Hence, the computation of approximate
solutions of free discontinuity problems is a crucial issue in the applications. Let us review both
the approximation problem for free discontinuity functionals and one of the settings where linear

functionals arise.

2.2.1 Approximation of the Mumford-Shah functional

The classical weak formulation of this functional is in a space of functions w allowing (n — 1)-

dimensional sets S,, of discontinuity (the free set K of discontinuity):
MS(u) = a/ Vu(e)|2d + BH™(S,) + 7/ lu(z) — g(z)|2dz
Q Q

for w € SBV(£2). What makes the minimization of the Mumford-Shah functional very difficult
is the presence of the surface term; thus, the need of a suitable approximation (leading to the
convergence of minimum points) naturally arise. A first heuristic consideration suggests to use,

as approximating functionals, energies of the form:

F.(u) = / f(Vu(@))d + / () — g(a)|2dz

in Sobolev spaces, where f-(t) — t? and ef-(t/e) — [ (the energy of a linear function and the

energy of a jump of unit length, respectively) as ¢ — 0. One possible choice is

1
fs(t) = gf(5t2),
where f satisfy the conditions

lim ) =1 and lim f(¢) =7

t—0 ¢t t——+o00

Take, for instance, f(t) =t A S:
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For the sequel, take, moreover, 3 = 1. In the one dimensional setting, the approximation of a
linear function wue(z) = £x can be done by piecewise functions u. with gradient 0 or ¢., with

te — +o0.

Al

0 ~— grad=t.

! EINVE te=1/7

~ ’Y{:‘E

Hence, setting . = 1/t., we obtain (in the assumption £ = 1)

1 1 1
/ fe(lul(z))dz = (1 — )= f(o)"‘%gf(at?) :”Ysgf <%) =0

€
whenever . = o(g). Thus this type of approximation does not work, because the energy of linear
function would be 0 (this, as the figure above suggests, is the value at £ of the convex envelope
of the integrand function). In fact it is not possible to obtain a variational approximation of

M S, leading to the convergence of minimum points, by means of local integral functionals of the

/kwu m+/| x)|2da

defined on the Sobolev space W2(Q). Indeed, if such an approximation existed, the functional

form:

M S would also be the variational limit of the convex functionals obtained by considering the
convex envelope of f., in contrast with the lack of convexity of M S.

Suitable modifications of the above setting (in order to obtain an approximation of the
Mumford-Shah functional) aim to prevent the consideration or the optimality of gradients which
are “too large” with respect to 1/ or to prevent that the effect of “large” gradients is concentrated

on “small” regions. The latter is the fundamental idea of the method of the average of the
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gradients, applied by A.Braides and G.Dal Maso in [10]. They consider approximations of the

U :1 u(y)|?dy | dx
E.(u) /f< A y>

defined for u € W12(Q), where f is a suitable continuous, non-decreasing and bounded function.

form

These functionals are non-local in the sense that their energy density at a point « € {2 depends
on the behaviour of w in the whole set B.(x) N 2. In this case, the phenomenon previously
considered of the convex envelope of the integrand function does not appear; indeed, the effect

of high gradients is spread onto a region of size €. If u is a linear function of gradient £, then

1 ! / 2 / 2
Z u dy | de — (0 .
-/ f(s ]{w_wgmmﬂ )| y> 7Ol

Otherwise if we approximate a jump s with a piecewise affine function u. with gradient 0 or

te = s/o(e) around the jump point, then we obtain

1 1
Sl o i (y)Pdy | do — 2fuc
€Jo (x—e,x+€)N(0,1)

Joo = tii]floof(t)'

This suggests that the T-limit must be of the Mumford-Shah type (the proof is given in [10]).

where

Following a technique which is frequently used in I'-convergence, they localize the problem and

considering, for every open set A C 2, the functionals

1 2
F.(u, A) := 5 /Af (5 ][Ba(z)ﬂﬂ [Vu(y) dy) dx.

A crucial point is to prove that if v, is the unit normal to S, then, if F' denote the I'-limit,

F(u,A)z/A|Vu(x)|2d:v,

Flu, A) > / (), )| dH .

SunA
for every u € SBV(2) N L>°(2), for every open set A C §, and for every £ € R™ with |¢| = 1.

From these estimates the inequality
Flu, A) 2/ Vu(@)2dz + H*(S0)
Q

follows exploiting the superadditivity of the set function F(u,-). The converse inequality is
proved using a standard density argument based on the density in SBV() of the functions
u € SBV(Q2) N L>(£2) with

1
H*(S,) = lim [ {z € R"[d(2, Su) < e} .
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More generally in [14] the author considers approximating functionals of the form

Guli.4) = = [ 1. (car(y. V) (o = ) .

where f. are non decreasing concave functions with equibounded derivatives at 0, and g. satisfy
standard growth conditions; while . is a family of convolution kernels. The main result of
this work is an integral representation theorem for a L!-lower semicontinuous functional which
are local measures and satisfies some growth conditions. This Theorem is then applied on the
T'-limit of the sequence F;, and furnishes an integral representation of the I'-limit. Next, the
author prove that the bulk energy density appearing in the expression of the represented I'-limit
can indeed be characterized under slightly stronger assumption; it turns out that this density
depends, in some sense, on the behaviour of the sequence g.. The surface density of the limit
depends, in general, not only on g., but also on f. and .. Non trivial examples which show
the dependence of the surface density on 1. can be deduced from the results in [18], where an
explicit formula for the density is given under the assumption that the family (f:) contains one
function only. For this general approach, other details can be found in [15] and [17].

Another type of approximation is given by a finite difference scheme. The idea is the same
of the method of the average of the gradients previously considered, i.e. to prevent the effect of
high gradients. But in this case, the average of the gradient is replaced by a finite difference;

more precisely, in [24], the authors consider approximations of the form

Fw = [ e ('““” e “@') in.

These are again non-local functionals. The convergence is first proved in the one-dimensional

case, and is then extended, by a standard slicing argument, to the n-dimensional case. The main
step is to show that
liminf F., (un) > Fiy p(u)

n—-+o0o

for every u € L, .(R), every &, — 0, and every sequence u, — u in L}, (R), where

Fov(u) = /Q o(IVula)])dz + /S Bt (@) — u (2))dHm

@ is the lower T-limit of ¢, and % is the lower I-limit of p.(-/¢). The result is very strong:
indeed, in such way we obtain an approximation result for functionals with linear or superlinear
growth in the gradient. For this type of approximation, see moreover [12] [21] [23] [24].

The methods of average of the gradients or finite difference are not the only methods to
approximate the Mumford-Shah functional; as mentioned above methods were proposed to pre-
vent the consideration or the optimality of approximation gradients which are “too high”. For
instance, a suitable penalization of the second derivative can produce the desired effect; in [1]

the authors consider, in the one dimensional setting, functionals of the form

1 E’U,I 2 &_3 u// 2 w 7
Fu(u) = i/lf(l P+ [P wewee

otherwise
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where [ is a bounded interval in R and f is a lower semicontinuous increasing function with finite
derivative at 0 and bounded at +oo0.
The main result is given by the computation of the I'-limit of the family F.. It turns out

that (F.) I-converge to F' in the L'-topology, where

F(u) _ a‘/l|u’(t)|2dt+m(ﬁ) Z |U+(t) _U_(t)| ue SBV(I)

teS,
+00 otherwise

with a, 8 and m(8) positive constant depends on f. The main step in the proof of this conver-
gence result is to show that if u. is a bounded family in L! satisfying sup, F(u.) < +00, then

there exists a family (ve) in SBV(I) which is near to u in L', and such that

l 2 71 u’ 2
a [ WioPa = [ felioP

Yo V) -z ()] < sup Fe (ue)/m(6).

tESvg

and

The second one is the fundamental estimate which allows to obtain a lower bound for the lower
I'-limit, and it follows from an optimal profile problem, which has a non trivial solution 0 thanks
to the term
3 / [ul (t)[dt.
I
By using a slight variation of this main result, the authors show that it is possible to approximate
the Mumford-Shah functional, too.

In the paper [3], the authors generalize the previous result to the n-dimensional case, by using
standard slicing technique to obtain the lower bound for the I'-limit; a non trivial computation
and classical density results furnish the upper bound and conclude the proof. A more general
treatment of this arguments can be found in [25], where the author investigate the extension of

the previous results for functional of the form

> [ rEVa@dr +0) [ VR (@)

where 7(¢) is a function which vanishes as ¢ — 07.
Another method for approximation is based on a restriction of the space of the possible

approximating functions u.; an example is the use of finite elements. Consider the functional

1 2 2

- Qf(6|VU(£v)| )dx + ; lu(z) — g(x)[dx
only on the space V;(£2) which is the union of all the finite element spaces of continuous and
piecewise affine functions on triangulations with the following property (for simplicity, in the
case n = 2): for each element T the length of the edges is of order € and the amplitude of the

internal angles is not less than a fixved value ¥:
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In this conditions we have I'-convergence to the Mumford-Shah functional. Results in this order

of ideas are contained in [7] [13] [26] [27] [28].

2.2.2 Functionals with linear growth

Let us recall the well know Ambrosio-Tortorelli elliptic approximation for Mumford-Shah Func-
tional:

p

2 (A9 + 222 4o puto) - g(a)?)

Aﬂmw:a/

Q

<<1 (@)’ Vula) +

Then the term H!(K N Q) in the Mumford-Shah functional is here replaced by a continuous
variable v.

The key idea is that if K is a fixed curve in €2 and v, minimizes

Q@:%AWGWWW+ﬁ?>M

G.(v.) — HY(K).

with v =1 on K, then

Values of v, range from 0 to 1. In the framework of image segmentation v. may be viewed as a
blurring of K with € as “blurring radius”.

A drawback of this method is the difficulty of recovering the actual boundaries from the
edge-strength function v (indeed, global thresholding of v does not produce a satisfactory repre-
sentation). The alternative method of shape recovery by curve evolution is based on the following
idea: let I" be a simple closed curve; in order to move I' to where the image intensity gradient

and hence v are high, we look for the stationary points of the functional

/F(1 —v)%ds

where s denotes the arc length along I'. In order to implement the evolution of I', assume that I' is
embedded in a surface fo: Q — R as a level curve. Let f(¢,z,y) denote the evolving surface such

that f(0,2,y) = fo(x,y). Then, in order to let all the level curves of fy evolve simultaneously,

—+o0
/ / (1 —w)?dsdc
— o0 T,

consider the functional
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where T'. = {(z,y) : f(t,z,y) = c}; by the coarea formula

/_:O / (L= v)dsde = /Q (1 =)V f(x,y)|dwdy.

Hence we arrive at the functional

v(z)?

Befwo) = [ ((1 (@) [Vu(@)] + e[ Vo@)? + 2 1 () g<w>|2) dx

€

proposed by J.Shah as a segmentation model (J. Shah, IEEE Conf. Comp. vision and Pattern
Rec., 1996).
It can be proved ([2]) that E. converges to:

Flu) + 8 /Q ju(z) - g()|de

where
ut(z) —u (z
F(u) = /Q |Vu(z)|dx + /su 1 _||_ |u(+2x) — u(_()JC)ldHl + | Du| ().

Then functionals with linear growth arise as segmentation models; the natural question is if,

even in this case, there exists approximations by functionals defined in Sobolev spaces, of the

same type than for Mumford-Shah.



Chapter III

The one-dimensional case

3.1 Setting of the problem and main results

Let (a,b) be an open interval of R and consider the functional F : L!(a,b) — [0, +occ] defined as

follows:

€S,

b
/ ol ())dx + Y f (Jut(z) = u (2)]) + col Dul(a, )

F(u) if u e GBV (a,b),

400 otherwise,
where ¢, f : [0,400) — [0, +00) satisfy the following conditions:

(A0) ¢ is convex and f is concave, with ¢(0) = f(0) = 0 and there exists ¢co € R, with ¢ > 0,
such that

t—+oo t t—0 t

lim @zlim&—

For example, as a choice for the applications:
Y Y

y/::/cot 1) y =cot — v

t t
By Theorem 5.4 in [5] (see also, e.g., [8] §2.4), F is sequentially lower semicontinuous in the
L'-topology.

We will prove an approximation result for F' by means of a family (F:).>o of functionals

L(a,b) — [0, +00] of the form:

1 P

—/ fe (E ][ |u'(y)|dy> dr  if ue Whi(a,b),
(11) F. (u) — € Ja (z—e,z+e)N(a,b)

400 otherwise,

26
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where f. is requested to satisfy the conditions (A1)-(A3) below.

(A1) For every € > 0, f.: [0,+00) — [0,400) is a non-decreasing continuous function with
f=(0) = 0; moreover, there exists a. > 0 such that a. — 0 as ¢ — 0 and f. is concave in

(ae, +00).

Simple heuristic considerations suggest that the volume term in the limit depends on the
behaviour of f. near zero. Then we require that f. behaves as a suitable rescaling of ¢ in a

neighborhood of zero; more precisely, we assume that:

. fe@)
(A2) oo 29 (T)

For reference convenience we point out that, in particular, (A2) implies:

(1.2) lin% @ = ¢(s) forevery s>0;

moreover, for every & > 0 there exist t5 > 0 and €5 > 0 such that:

(1.3) fe(t) = (1= d)eg(t/e),

whenever 0 <t <ts5 and ¢ < &5.

Analogously, we expect that the jump term in the limit depends on the pointwise behaviour

of f.. Accordingly, we assume that:
(A3) f<(t) — f(¢) uniformly on the compact subsets of [0, +00).

Given f and ¢ as above, a possible choice for f. satisfying (41)-(A3) is:

6 (1) if0<t<t.,

fs(t) =
[t —te) +eo(te) if t > ¢,

where t. — 0, and t./e — +oo. The only non-trivial assumption to verify is (A2): since

(e/t)p(e/t) — co as (g,t) — (0,0), with ¢ > ¢., the check amounts to verify that:

lim f(t_ts) +5¢(t5/5)
(e,6)—(0,0) t

=1.

This follows immediately from f(t —t.)/(t — t.) — co and (e/tc)p(te/e) — co as (g,t) — (0,0),
with ¢ > ..

We point out two properties we shall need in the sequel.

REMARK 3.1.1 It is easy to see that there exist sequences (cz) and (dp) of real numbers with

(1.4) 0<en<c, o(t) = sup(cpt + dp) for every ¢ > 0.
heN
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REMARK 3.1.2 There exists C' > 0 such that
f(t)y <Ct for every ¢t > 0 and ¢ small enough.
Proof. For every 0 > 0 Assumption (A2) yields the existence of ¢5,£5 > 0 such that
f(t) < (1 +d)eg(t/e) for every 0 <t <ts and 0 < € < &4;
therefore, since ¢(s) < ¢ps, we have:
fe(t) <co(l+ )t for every 0 <t <ts and 0 < ¢ < g;

As to the interval [t5,+00), notice that we can suppose f. concave in [t5/2,+00) for every
0 < & < eg; thus, if m.t + ¢. is the affine function with coincide with f. in ¢5/2 and ts, then
fe(t) <mct+qc if t > t5. The pointwise convergence of f. gives the existence of mg and gg such
that

fe(t) < mot + qo for every t > t5 and 0 < e < g4.

The existence of a linear function majorizing f. on [0, 400) uniformly in &€ now easily follows. m

Let us now state the main results of the paper.

Theorem 3.1.3 Let (F.)es0 be as in (1.1), with f. satisfying (A0),(A1), (A2) and (A3). Then
(F.) T-converges, in L'(a,b) as e — 0, to F: L'(a,b) — [0, +oc] given by

rESy

’ 1
[ otu@nas 2 3 f (Gl - @) + @l o
Flu) = if ue GBV (a,b),

+00 otherwise.

Theorem 3.1.4 (Compactness) Let u; be a sequence in L'(a,b) such that
lujlloo < M, Fe(u;) < M

for a suitable constant M independent of j. Then there exists a subsequence (uj,) converging in

L(a,b) to a function u € BV (a,b).

As an example of application of these results (together with Theorem 1.4.1) we state the

following corollary.

Corollary 3.1.5 Let (g;) be a positive infinitesimal sequence and g € L*(a,b). For every
u € L(a,b), define:

b
G;(u) = Fe (u) + / () — g(z)| de,
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and
b
O(w) = F(u) + [ futa) - glo)] de.

For every j let z; be an e;-minimizer of G; in L(a,b), i.e.

Gj(z;) < ANt Git e

Then (x;) converges, up to a subsequence, to a minimizer of G in L'(a,b).

Theorem 3.1.4 will be proved in the next section (Corollary 3.2.3) while Theorem 3.1.3 will
be completed in § 3.5. In Section 3.6 we shall compute the relaxed functional of F. (which will

be useful in the proof of the estimate for the I'-lower limit):

Proposition 3.1.6 For every ¢ > 0, the relazed functional of F. in the L'-topology is given by

b
(1.5) F.(u) 1/ f5<|( c |Du|((:z:—5,x+a)ﬂ(a,b))) dz

T x—e¢e,x+e)N(a,bd)]

for every u € BV (a,b).

REMARK 3.1.7 Clearly, the functionals F. and F can be defined with (a,b) replaced by an
arbitrary open subset A of R; in this case we shall make the dependence on the set A explicit
through the notation F.(u,A) and F(u, A), respectively. Since every open subset of R is a
countable union of disjoint open intervals, it is not difficult to deduce, from Theorem 3.1.3, the

convergence of (F.(-, A)) to F(-, A) for every open A C R.

REMARK 3.1.8 The I'-convergence of (F.) easily implies the convergence of (F.), where

3 I
F.(u) = —/ f —/ u'(y)| dy ) d
8( ) € Ja 5(2 (:E—a,w-i-E)ﬂ(avb)l ( )l )

if u € Wh(a,b), and F.(u) = +oo otherwise in L'(a,b). Since F. < F., we have only to check

the inequality
lim inf st (uj) > F(u)

Jj——+o0

whenever £, — 0 and u; — u in L'(a,b). For any o > 0 and j sufficiently large, it turns out
that:
8 1 [ /1 ,
O A W/ (y)ldy) dz > F, (u, (a+ 0,6 — 0)) ;
€j Jato 2 (z—e,z4¢€)N(a,b)

hence liminf; ;o F%, (u;) > F(u, (a+ 0,b — 0)): let now o tend to zero.

If not otherwise specified, €; will stand for a positive infinitesimal sequence.
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3.2 Estimate from below of the volume and Cantor terms.
Compactness

The main result of this section is Proposition 3.2.8. Moreover, the technical Lemma 3.2.2 will
immediately imply the compactness result of Corollary 3.2.3.
Let us state a preliminary result (from [10], Lemma 4.2) whose proof follows by applying

the mean value theorem for integrals to the function ), ¥ (z + an).

Lemma 3.2.1 Let ¥ : R — R be a continuous function with compact support. For every n > 0

there exists xo € (—n/2,1/2) such that
[ wl@de =3 nitan +an).
R Q€L

This allows to estimate F(u) by a useful integral sum (see (2.1) below).
Let us fix u € Wh1(a,b), e > 0 and ¢, a cut-off function in C2°(a, b) such that 0 < . < 1
in (a,b) and p. =1 1in (a+¢€,b — ). Let 1. be the continuous function defined by

Yela) = p:(@)/ ( fos |u'<t>|dt>

for z € (a,b), and 0 for x € R\ (a,b). Then, taking Lemma 3.2.1 into account, with n = 2¢, we

have

b
(2.1) F.(u) > %/a Ve (z)dr = %Awg(x)dx = Z 2¢e (ze + 2e0)

a€EZ

for a suitable z. € R. Therefore, if we set zo = 25, = 2. + 2a¢, (o € Z), and
Je={a€Z: zo€(at+e,b—¢)}

we get (pe(xq) =11 a € Jp):
Tate
(2.2) Fo(u)>2)Y  f (g ][ |u'(t)|dt) :
acd. Ta—€

Lemma 3.2.2 Let u € Wh(a,b) and § > 0; let ts and g5 be as in (1.3). Fiz e < e5. With the
notation above let

P.={(za —€,2a +€): 0 € J}.

Then we can select a subfamily P. of P. such that

(i) HP\PL) < LFu(u)/ fo(ts);

) Rwza-o | i)

whenever 1 is an affine function satisfying | < ¢.
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Since f:(ts) — f(ts) > 0, the inequality (i) states that for any given 6 > 0 we can estimate
#(P- \ P.) by F.(u)/f(ts) for € sufficiently small.

Proof. From (1.3) and (2.2), we get

Fwz21-0) 3 e f

acH, a—€

Tat+Ee

).

where

Tate
Hs_{aeJE: a][ |u’(t)|dt<t5}.

a—€

Fix now an affine function [ : R — R with [ < ¢, and define
Pl ={(rq — &, 20 +¢)|la € H.}.

Then

Tote

Fe(u) > 2¢(1 - 0) a;ff < ][-
=(1-9) Z /z

acH, a—&

[u'(t) |dt> =

La+eE
I(ju'())dt = (1 - 5)/ 1(Ju'(t)])dt.
Ur.
Finally, from (2.2), and the monotonicity of f., it follows that
Fs(u) >2 Z fs(té) = 2ﬁ(Js \ Hs)fs(té)'

a€J\H.

Corollary 3.2.3 (compactness) Let u; be a sequence in L*(a,b) such that
lujlloo < M, Fej(u;) <M

for a suitable constant M independent of j. Then there exists a subsequence (uj,) converging in

L(a,b) to a function u € BV (a,b).

Proof. Clearly, u; € W1 (a,b) for every j. Since
lim o)

N —
t—+oo t 0

there exists ¢1 € R such that ¢(t) > cot +¢1. Fix § > 0 and apply Lemma 3.2.2 with w = u; and
1(t) = cot + c1; we determine a family P; of intervals of width 2¢; covering a.e. (a +¢;,b — ¢;),

and a subfamily P} such that §(P; \ P;) is bounded independently of j, and

.@mﬁzu—wéwuwwmm.
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Then, if we define

0 otherwise

vj(z) = { uj(z) zeP,

it turns out that v; € SBV (a,b), ||vj|lcc < M, £S,, bounded independently of j, and

b b
M > (1 —5)/ I(Jvj (z)])dx = 66/ v} () |dz + ¢}

with ¢ > 0. Therefore (v;) is bounded in BV (a,b) and we can extract a subsequence (vj,)

converging in L'(a,b) to a function u € BV (a,b). Since
[vj —ujl1 < 2e; M (8(P; \ P;) +2)

we conclude that uj, converges to u in L'(a,b). m

Corollary 3.2.4 Let (u;) be a converging sequence in L'(a,b). If F.,(uj) is bounded, then the
limit of (uj) belongs to GBV (a,b). In particular, if F'(u) < +oo then u € GBV (a,b).

Proof. Let u be the L'-limit of (u;). For each T' > 0 apply the previous Corollary to uJT =
(uj NT)V (=T): we get (uANT)V (=T) € BV (a,b); hence u € GBV (a,b). m

Lemma 3.2.5 Let u € BV (a,b) and let (uj) be a sequence in W'1(a,b) converging to u in
L'(a,b) and a.e. in (a,b). Suppose that there exists o > 0 such that for every x € S,:

u'(z) —u”(2)] < o
Then, for every j € N, there exists i; € W' (a,b) such that
Fe, (1)) < F, (uy)
a; — u in L'(a,b), and

limsup ||8; — ul|eo < 0.
j—+oo

Proof. Let us denote by u a precise representative. It is not difficult to see that for every n > 0

there exists 6 > 0 such that whenever z,y € (a,b):
|z —y| <6 = |u(z) —uly)| < o+n.

Indeed, suppose by contradiction that there exists 19 > 0 such that for every n € N we can find

X, Yn € (a,b) satisfying |z, — yn| < 1/n and

(2:3) [u(zn) = ulyn)| = o + 10
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Up to a subsequence we can assume that x,, and y,, converge to a point 2 € [a, b] and, moreover,
that

xn—>x8' Or Ty — Tg and yn—>x8' Oor Yn — Xy .

Then by taking the limit as n — 400 in (2.3), we have a contradiction both if 2 is a continuity
or a jump point of u, and if z¢ is an end point of (a, b).

By means of this uniform control on the oscillation of u, we truncate now ;. For any given
n € N, let , > 0 be such that

1
I:v—y|<5n=>|u(w)—U(y)l<U+5

whenever z,y € (a,b). Consider a finite partition P, of (a,b):
a=20<x] <Ty<--<Tpqp1 =0b

(we drop the dependence on n) with mesh size less than §,, and such that each x; (for every

i=1,...,k) is a point of convergence for the sequence u;. Let j, € N be such that if j > j,

1
luj(z;) —u(z;)] < — foreveryi=1,... k.
n

We can choose j, strictly increasing. Fix j € N and let j, < j < jpt1. On the first and last
interval of the partition P, we define %; with constant value u;(x1) and u;(xy) respectively. Let
now [¢,n] be any of the subintervals of [x;, z;11] for i = 1,...,k — 1. Without loss of generality

we can assume u;(§) < u;(n). Now define

j(w) = [u;(z) V ui(§)] Auj(n)

for every x € (£,n). Clearly, @; equals u; at the endpoints £ and 7, hence @; € Wh(a,b).

Moreover, for every x € [£, 1)

u(€) — 1/n < wu;(€) < a;(z) <az(n) < uln) +1/n.

Therefore:

|t (z) — u(z)| < osce pu+2/n <o+ 3/n.
These inequalities hold in the first and last intervals of the decomposition, too. Hence we get the
stated estimate about the upper limit of ||@; — u||oo. Since F; decreases by truncation, we have
F.,(u;) < F.;(uj). As to the L' convergence of the sequence @, consider, as above, the generic
subinterval [§, 7] of the partition Pp; let @ be the pointwise projection of u; onto the interval

[uj (&) — 1/n,uj(n) + 1/n]; since u takes values in this interval, we have:
| — ul < |@; — @G| + @) —ul < 1/n+|u; —ul, in[€ 7).

This implies the pointwise convergence of @; to u a.e. on the compact subsets of (a, b), hence on

(a,b); the equiboundedness of the sequence gives the L' convergence. m
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REMARK 3.2.6 Given u € L*(a,b), the set functions A — F_.(u, A) are increasing and superad-
ditive. Consequently also the set function A — F’(u, A) is increasing and superadditive, i.e.

(i) F'(u, A1) < F'(u, Az), whenever A; C Ay C (a, b);

(ii) F'(u, A1 U Ag) > F'(u, A1) + F'(u, Az), whenever A; N Az = 0.

REMARK 3.2.7 Let u € BV (a,b) and X be a positive Radon measure on (a, b); suppose

anszMM

for every interval I C (a,b), with g a non-negative Borel function. Then

(2.4) F'(u,A)Z/Ag(:c)d)\

for every A open subset of (a,b).

Proof. Let A be an open subset of (a,b); then A is a countable union of disjoint intervals Ij,.
From the monotonicity and superadditivity of F”, for every N € N we have

N N
F'(u,A) > F' <u U 1h> > F'(u,Iy) > / g(z)d.
h=1 U

N
h=1 h=11In

Passing to the limit as N — 400 we obtain (2.4). m

Proposition 3.2.8 For every u € BV (a,b) N L*(a,b)

b
Fw2/¢wwmw, F/(u) > co| D°ul(a, b).

Proof.

Step 1. We claim that if u € BV(a,b) N L*(a,b) then: for every 6 > 0 and I, < ¢ affine
function, with I, (t) = cpt + dp, as in (1.4), the following inequality holds:

’ Goco b ’ c
F'(u) (1 + m) > (1-9) </a In(|u'(z)|)dz + cp| D u|(a=b)> ,

where 5 is as in the assumption (1.3), and

o= sup |[ut(z) —u (2)].
rESy

Without loss of generality we can assume that there exists a sequence (u;) in W (a, b) such

ut(z) —u”(z)|-

Lemma 3.2.5 furnishes a sequence @; in W'!(a,b), converging to u in L'(a,b), such that

that u; — u in L'(a,b) and a.e., and F., (u;) — F'(u) < 400. Let 0 = sup,¢g,

P (a;) < Fe;(uj) and  limsup ||t — ulle < 0.

Jj——+o0
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In particular F¢, (@) — F'(u). Let now n > 0 be fixed; we can suppose that ||i; — ullcc <o +7
for every j € N. As shown in the first part of the proof of Lemma 3.2.5, there exists v > 0 such
that, if J C (a,b), then

diamJ < v = oscyju < o+ n;

therefore
(2.5) diamJ < v = oscyu; < 3(c +n).

For every h € N let I;,(t) = cpt + dp, as in (1.4). Let § > 0 be fixed; apply Lemma 3.2.2 with
u = @; and [ = l,. Thus, for j sufficiently large, we determine a uniform mesh (z4)acz of R

with size 2¢; and a subfamily P} of
Pj = {(CCQ — €5, Ta —|—Ej) D Xo € (a—|—aj,b—aj)}

with the following property

) 1 i i ,
(2.6) 1P\ Pj) < 7w (a;),  Fe;(u;) = (1— 6)/U7>; In(|a; ()] de.
Let ag = inf (| P;) and by = sup (| P;); define (a.e.) v; in (ag, bo) as follows
aj(x) reUP;
vi(®) = ][ﬂj(z)dz reJeP\P;
J

We consider v; extended by continuity on (a,b) with values v;f(ao) and v; (bg). Then v; €
SBV (a,b) and, by (2.5):

v (&) = v; (2)| < 3(0 + )

for j sufficiently large (such that 2¢; < ), for every x € S,,. Moreover, by (2.6), v; — u in
L'(a,b) and
2 -

F, (’U,J)

ﬁSvj S Ttls) €5

Therefore,
P 15) (14 fes(o ) 2
> (1-9) </ab In(jvj (2)])da + co| D] (a, b)) — (1= 6)dn2¢e;(8(P; \ Pj) +2) >
> (1= 6)(calDujl(a,b) + dn(b—a)) — (1 — 6)dn2e;(4(P; \ Pj) + 2),

and, as j — 400,

/ 6co
P (14 pos(o 4 0)) 2 (1= 0)enlDul(0,0) + dofo — ) 2

b
> (1-4) </ (| (2)])dz + en| Dul(a, b)) .
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By the arbitrariness of n we conclude.

Step 2. Let u € BV (a,b) N L*™(a,b); let us fix 0 > 0 and consider the finite set of points
{z1,...,@n—1} C S, such that
lut(2;) —u™ (2;)| > o
fori=1,...,n—1. Let a = x¢ and b = x,,; then for every i =0,...,n— 1,
sup lut(x) —u™ (2)] < o.
z€S,N(Ti,@iq1)
By Step 1 we have (recall Remark 3.1.7)

F'(u, (21, 2511)) <1 + %a> > (1-96) </+ In(J (2)])dz + Ch|DCu|(xi,xi+1))

for every ¢ =0,...,n — 1. Then, by Remark 3.2.6

660

f(ts)

By arbitrariness of o > 0 and § > 0, we obtain

b
F'(u) (1 + U) > (1-9) (/ In(|v (z)|)dz + ch|D°u|(a,b)> :

b
Pz [ (@)de + lDeula )

and thus .
F'(u) 2/ In(JW/(x)))dz  and F'(u) > cp|Dul(a,b).

Step 3. Let do = limy—, 40 ¢(t) — cot < 0; without loss of generality, we can suppose dj, > dy and
cn, > 0. Then, by Remark 3.2.7
F'(u, 4) — doA(A) > / (n(je @)]) — do)dA
A
for every h and for every A € A(Q). By Lemma 1.1.5,

b

F'(u, (a,b)) — doA(a,b) Z/ (@(u' (2)]) — do)d

a

and then ,
F(u,(a.8) = [ ollu'(@))da,
By taking the supremum on h in

F'(u) = cn|Dul(a,b)

we have

F'(u) > co|Dul(a,b).
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3.3 Estimate from below of the jump part

Lemma 3.3.1 Let u € BV (a,b) and let (uj) be a sequence in Wh1(a,b) converging to u in

L'(a,b). Let x € Sy; there exists x;",x; € (a,b) such that xf — % and such that

uj(@)) —ub (@) =0, |uj(z;) —u ()] — 0.
Proof. By definition, for all ¢ > 0 there exists § = d, > 0 such that

o
<3

)
@ - ] < 3

clearly, we can assume that §, < 0. By the L'-convergence of (u;) there exists j, such that

][m . u;(y)dy — ][m . u(y)dy

for all j > j,; by the mean value Theorem for integrals, for every j > j, we can find x;r €

<U
2

(2,2 + 65) such that

Juj (@) —u'(2)] <o

J

For every k € N let ji be the integer j, corresponding to ¢ = 1/k. We can assume that ji
is strictly increasing. If we select the points x;r, defined above, with jr < j < jr+1, We get a

sequence satisfying the required conditions. An analogous argument yields z;. |

Proposition 3.3.2 For every u € BV (a,b)
1
F(u) > 2 ; f (§|u+(x) - u(a:)|) :

Proof.
Step 1. We claim that for any Z € S,

1
F(u) 2 27 (3@ - (@)]).
Let (u;) be a sequence in W1 (a,b) converging to u in L'(a,b) and such that

F'(w) = I F(uy) < +oo.

Fix z € S, and let (xji) be the sequences provided by Lemma 3.3.1 applied with x = Z. Assume
u™(z) < ut(z); thus we suppose that u;(z;) < u, (x;r) for every j. Let 4; be the continuous

extension of u; from (xj_,:zrj) to (a,b) with the constant values u;(z;") and u; (x;r) Clearly:

st (UJ) > st (ﬂj)
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We can also assume that %; is non-decreasing, otherwise we replace ; by

(w560+ [ @orrar) nso

(this lower the value of F;;). Apply now estimate (2.2) with € = €; and u = @;; then

To+Ej
Fe, (i) 22> fe, (53' ]Z | ﬂ}(t)dt> :

a€l; a—j

where

Ij:{aejij: (Ia—fj,$a+€j) (_77 ])7£®}

The convergence x]i — T yields that (#;)e; — 0 as j — 4o00. For each o € I; let

Tote
(0% “ ! 7 1
(Sj =g ][ u;(t)dt = §[Uj(xa +5j) - uj(xoz - Ej)]'

a—E&j

Given 0 > 0, we can find t5 > 0 and js such that (see (1.3))

(3.1) fe; () > (1= 0)e;0(t/e;5)

whenever 0 < ¢ < ts and j > j5. Define

Ij{z{aejj;5;‘2t5}7 IJ{/:{OAEIJ':

Then

5% < t5}.

S f )+ Y f,(69)

’ "
aEI]. ozelj

From the subadditivity of f;; in (a,,400) (see Assumption (Al)),

DG = S

ael/ ael]/.

Let 77 = Nj; then, by the convexity of ¢, and (3.1)

a€ly agly N;

Since

//5(‘1
22.][5] >21— EJN Z_(b( )2(1_5)(;5(@
€5 Nje;

23 6% =) —uj(zy) - ut(z) —u (),

acl;

we can suppose that, up to a subsequence:

Z5j‘—>51 and Zé?‘—»sz,

’ "
aelj ozEIj

) 2Nj<€j.



CHAPTER III. THE ONE-DIMENSIONAL CASE 39

with s1 + s = $|u"(Z) — ™ (Z)|. Then, by the uniform convergence of f., to a concave function
f, (see assumption (A3)) and taking into account the linear growth of ¢ (notice that N;e; — 0)

we have:

liminf F, (@;) > 2(f(s1) + (1 — 0)cosz) > 2[f(s1) + (1 —6)f(s2)] >

Jj—+oo

>2(1-0)f (M)

2
where, in the last inequality, we have used the subadditivity of f. Finally, letting § — 0:
+ — _ g —
F'(u) > liminf . (ii;) > 2f <M) .

j—+oo Y 2
Step 2. For any N € N consider a finite subset {x1,...,2x} of Sy, and let I1,..., Ix be pairwise
disjoint intervals such that x; € I; C (a,b) for every i = 1,..., N. Apply the inequality of Step
1 with (a,b) replaced by I; and T = x;; then, by the subadditivity of F’(u,-) (Remark 3.2.6):

N N N 1

F'(u,(a,b)) > F' [u,| | | > F'(u,I;) > 2 (—u+xi —u (x; )
o) > (U ) 2 3P 231 (o) )

Since N is arbitrary, we conclude. m

3.4 Estimate from below of the lower I'-limit
Theorem 3.4.1 For every u € GBV (a,b) the inequality F'(u) > F(u) holds.

Proof.
Step 1. Let us first consider the case u € BV (a,b)N L% (a,b). Apply Propositions 3.2.8 and 3.3.2
with (a,b) replaced by an arbitrary open subinterval of (a,b): taking Remark 3.2.7 into account
we get

F(u, A) > /A (@) )dz,  F(u, A) > co| D°u(A)

and

Fl,d)>2 Y f(%|u+(gc)—u_(x)|)

rESLNA
for every A open in (a,b). Let A be the Borel measure defined by

NB) = L1(B) + £(Su N B) + co| D°u|(B)

for every Borel subset B of (a,b). Let E be a Borel subset of (a,b) \ S, with |E| = 0 and on
which |D¢u| is concentrated, i.e. |Du|((a,b) \ E) = 0. Then

wu(A) = F'(u, A) > /Adji(:z:)d/\



40 CHAPTER III. THE ONE-DIMENSIONAL CASE

for i = 1,2,3, and for every A open in (a,b), where

Pl (2)]) @ € (a,0)\ (SuUE)

Pi(z) =4 0 z €S,
0 r€eFR
0 z € (a,b)\ (S UE)
Yo(x) =< 2f (%|u+(:17) — uf(x)|) T €S,
0 reF
0 z€(ab)\(SuUE)
1/)3($) = { 0 ze€8,
co TEFE.
Obviously
o(|u' (@)]) z € (a,b) \ (Su U E)
P(x) =suphi(z) = ¢ 2f (5lut(z) —u(2)]) €S,
¢ co r€eEF

and then, from Lemma 1.1.5,

p(4) > [ swvi@ir = [ v = #u.4)

K2

for every open subset A of (a,b).

Step 2. Let u € GBV (a,b) and let (u;) be a sequence in L'(a, b) converging to u in L'(a, b) and
such that
F'(u) = limjn ., (u;).
Define
u;f =(u; AT)V (=T), ul = (uAT)V (=T).

Since u] — u” in L'(a,b), by Step 1 we have

F'(u) = lim inf P, (uj) > liminf F,, (u] ) >

Jj—+oo

b
> [Cotay@le 42 ¥ 1 (G167 @) - @) @) + alD @)

z€S, T
We conclude by taking the limit as j — +oo and recalling that (see the definition of the space
GBYV in Section 1.2)

(UT)/ _

{u’ ac.on Al ST e )| (a,b) — [Deul(a, b)

0 ae on {lu>T}"

(WD) (z) —» ut(z) for H" lae. z €S,
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3.5 Estimate from above of the upper I'-limit

Lemma 3.5.1 For every u € Wh(a,b) we have

b
lim ng(u)z/ (' (@)))da.

j—+oo

Proof. Consider the functions

b
g o) = f Wy = [ o=l )y,
(x—ej,x+¢e;)N(a,b) a

where
1
Pe; = 5 X(—¢je)
€j 2€j(55)

Since |u'| € L'(a,b), the sequence (ge,) converges to |v/| in L'(a,b) and a.e. in (a,b); by (1.2),

and since fe, is non-decreasing, it turns out that

. 1
lim —
Jj—+oo &4

fé‘j (Ejgé‘j (.’L’)) = ¢(|’U/(.’II)|)

for a.e. x € (a,b). Then, by Remark 3.1.2, we can pass to the limit under the integral; thus

. 1
lim —
j—+oo Ej

b b
/Jawqmm:/amem

Proposition 3.5.2 For every u € SBV (a,b) the inequality F"'(u) < F(u) holds.

Proof. Every u € SBV (a,b) is the L!-limit of a sequence (uy,) such that
§Su, < +oo, Fup) — F(u).
Indeed, if S, = {z; : i € N}, define, e.g.
up(z) = / uOdt+ Y () —u ().
a x;<x; i=1,...,h

Therefore, by the semicontinuity of F”, we can prove the stated inequality only in the case that
£S5, is finite. We shall even suppose that S, consists of a single point xy, since the argument
applied will be easily generalized to a finite number of jump points.

For any x let I;(x) = (v — &,z + ;). By Proposition 3.1.6:

(51) FEj (U) < Faj (uu (a,.’IIQ)) +F5]’ (u’ (x07b)) +RJ
where
1 1
R; = g I;(z0) fsj (§|Du|(fj(x))) dr.
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Notice that for = € I;(zo)

Dul ) < [

I]‘(:E

O+ DG @) < [ Ol e ) o ol

then for any o > 0 there exists j, € N such that for every j > j, and = € I;(x¢)
|Dul (Ij(z)) < [u*(z0) —u (z0)| + o
By (A43) we immediately conclude that

1

limsup R; < 2f(—|u+(:170) - uf(:zro)|).
j—oo 2

Let us now pass to the limit in (5.1): taking Lemma 3.5.1 into account we get:

b
F"(u) > limsup F¢, (u) < / (v (z)]) doe + 2f(%|u+(xo) — u_(:vo)|).

j—+oo

Theorem 3.5.3 For every u € GBV (a,b) the inequality F" (u) < F(u) holds.

Proof. By lower semicontinuity of F”' and by relaxation Theorem 1.3.4 we have F"(u) < F(u)
for every u € BV (a,b). If uw € GBV(a,b), it sufficies to pass to the limit as T — 400 in
F'(u?)y < F(uT). m

3.6 Relaxation and convergence of minima

Proof of Proposition 3.1.6

Denote by H. the functional on the right-hand side of (1.5). Let I.(z) = (r — &,z + &) N (a,b)
and c. = ¢/|I.(x)|. Tt is easy to prove the L'-ls.c. of H. in BV. Indeed, if u; is a sequence
in BV converging to u € BV (a,b) in the L!-topology, then, by Fatou’s lemma and the lower
semicontinuity of the total variation,

. S O
i int 1 un) = limint 2 [ £, (| D1, (2)) do >

I I
> - liminf f. (ce|Dup|(1Le de = — = | ce liminf | Dup | (1. dr >
> 2 [ it £ (e Dunl(e))ydo = 2 [ 1 (et IDunl (1) ) d

b
> / f- (cc|Dul(I.(x))) d = H.(u).

Since H.(u) < F.(u) for all u € BV (a,b), the relaxed functional F. is estimated from below by
H.. Consider now the opposite inequality. Given u € BV (a,b), if (vs) denotes the sequence
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obtained from u (extended to a neighborhood of (a,b)) by standard mollification, then v, — u
in L'(a,b) and
| Dop|(Ie(x)) — |Dul(I(x))

for a.e. © € (a,b) (see, e.g., [5] Proposition 3.7). Then by the dominated convergence theorem

b
Jim Po(on) = [ fo @l Dul(L(@)) do = Ha(w)

This shows that H.(u) is the relaxed functional of F; on BV (a,b). m

Proof of the corollary 3.1.5
By definition, {u;} is a sequence in W1'1(a,b) with
G0 < i, O o
Since g € L*(a,b) we can assume that (u;) is equibounded. By Corollary 3.2.3 there exists
ug € BV (a,b) such that u; — ug in L'(a,b). By Theorem 1.4.1, since G., T-converge to G, ug

is a minimum point of G on L'(a,b). m



Chapter IV

The n-dimensional case

In this chapter we tackle the problem of the n-dimensional extension of the convergence result
given for F. in the previous chapter. Unlike in the one-dimensional case, here we restrict the

study to a fixed integrand function f, independent of ¢.

4.1 Statement of the results

Let  C R™ be a bounded open set, and f : [0,+00) — [0,400) be a non-decreasing, strictly

concave and C? function such that

lim &

t—0t+ t

=1.
We consider the functionals F. : L}(2) — R, with ¢ > 0, and F: L'(Q2) — R defined by

1

+00 otherwise

/ |Vu(z)|dx +/ O(|ut(x) —u™ (z)))dH" " + | Du|()
Q Su

u € GBV ()
+00 otherwise

F(u) =

with

1
(L.1) o) =2 | f(“’"—lm 1—t2>"-1) i (>0,

W,
where w,, denotes the volume of the n-dimensional ball in R™ (with wg = 1).

The main result is the following theorem:
Theorem 4.1.1 The family (F.).~o T'-converges to F in L*(Q) as e — 0.

As in the one-dimensional case, in the computation of the upper I' limit it will be useful the

following result (which will be proved in Section 4.5).

44
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Proposition 4.1.2 For every ¢ > 0, the relazed functional of F. in the L'-topology is given by

(12) F0 =2 [ 1 (gD 0 0) ) ds

for every u € BV ().

Finally we conclude, as in the previous Chapter, with a corollary about the convergence of

minima.

Corollary 4.1.3 Let (g;) be a positive infinitesimal sequence and g € L*(Q). For every u €
LY(2), define:

Gj(u) = Fu, (u) + /Q () — g(a)|da,
and

Glu) = Flu) + / () — g(a)|da.

For every j let u; be an e;-minimizer for G; in L*(Q), i.e.
Gj(u;) < b G+ e5;
then u; converges, up to a subsequence, to a minimizer of G in L'(12).

REMARK 4.1.4 We shall need the following “localization” of the functional F.: for every open

subset A of 2, we set

! 1,1
F.(u, A) = g/Af (5 ]{gg(xmlvu(y)ldy> dr ueWh(Q)
+00 we LY(Q)\ Wh(Q).

Clearly, if A CC €, the lower and upper I'-limits of (F.(-, A)) do not change by replacing  with
any (Y DD A.

4.2 Compactness. Estimate from below of the volume and
Cantor terms

The Lemma below is essentially Proposition 4.1 in [10] (the proof is the same, up to a minor
modifications). This estimate of F.(u) from below by the absolutely continuous part of the
derivative is not enough to get a bound for the lower I'-limit of F. (differently from what happens
with the gradient squared which allows the application of the SBV compactness theorem).

Though, we can deduce a compactness result for the family (F.). Denote by A, the following set

Ay ={zx e A: d(z,04) > o}.
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Lemma 4.2.1 Let A an open subset of 2, and let w € WH1(Q) N L>(Q2). For every e > 0 and
§ > 0, there exists a function v € SBV(A) N L*(A) such that:

(1=3) [ [Vo(@lds < F.(u. 4),
H (S N Age) < cFe(u, A),
[[v]| Lo ay < JullLoe(a),
v = ullLr(a.) < ceFe(u, A)l[ul[Le(a),
where ¢ is a constant depending only by n,§ and f.
Proposition 4.2.2 Let {u;} be a sequence in L'(Q) such that
lJujlloo < M,  Fej(u;) <M

for some M > 0 independent on j; then there exists a subsequence (not relabelled) such that

uj — ug for some uy € BV (Q).

Proof. Let A CC Q, with 0A smooth. By Lemma 4.2.1 there exists a sequence (v;) in SBV (A)
and a constant C' independent of A such that

l[villBva)y < Cs |vjllpeay < M,
and

llvj —ujllpiay = 0 as j — 4o0.

Therefore there exists a subsequence (v;, ) which converges to a function uy € BV (A4), with

(2.1) luoll By (ay < C.

Clearly, also (u;, ) converges to ug in L*(A). The arbitrariness of A and a diagonal argument allow
to find a subsequence (uj,) which converges in L () to a function uy € BVic(2); actually,

ug € BV(Q) by (2.1). Finally, the uniform bound of |u;| (o) implies the L'(€2)-convergence

of (ujk) to ug. m

Corollary 4.2.3 Let (u;) be a converging sequence in L*(Q). If Fy,(u;) is bounded, then the
limit of (uj) belongs to GBV (Q). In particular, if F'(u) < +o0o then u € GBV (Q).

Proof. For each T > 0 apply the previous Corollary to u] = (u; AT)V (=T): we get (u AT) V
(=T) € BV(Q); hence u € GBV (). m

Given y € R"~! and r > 0, define

(2.2) Qrly) ={zeR" 1 |zi—wyil<r, i=1,...,n—1}.
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Lemma 4.2.4 Let A be an open subset of R"™1, and a,b € R, with a < b. Let uj,u € L ((a, b) x

A) (j € N) and uj — u in L'((a,b) x A). For a.e. z € (a,b), for every y € A and j € N with

g; < \/%d(y,[)/l) we can define

Qsj (y)

vi(z) = ][ uj(x, s)ds.
Then there exists a subsequence of (vY); which converges to u(-,y) in L'(a,b) for a.e. y € A.
Proof. There exists N C (a,b), with |[N| = 0 such that for every = € (a,b) \ N
u;(w, ), u(z, ) € L'(A).

In particular v¥(z) is well-defined for every = € (a,b) \ N and y € A, ¢; < d(y,0A)/v/n — 1. Let

1
¢;(s) = mX@j 0)(5);

where Xa.,(0) denotes the characteristic function of Q. ;(0). We have

A(/b |v§<x>—u<x,y>|dx> w=fa [

b
< [y [an [ ugteos) = a0 = s+

+ /A dy /ab /}RW1 u(w, 8)¢i(s —y)ds — u(z,y)

Let I} and I} be the two integrals terms on the right-hand side of the inequality above. By

dr <

/ (w2, )5 (s — y) — ulz, y))ds
Rn—1

dx.

standard properties of LP-functions

(2.3) Igglo [lu(- = &) —ullprax(ap)) =0

if u € L*(A x (a,b)); then
b b
< o [ s -ueie s = [Cdo [y [ s —ut o ()i =

:/R 71¢j(2)||u('='+2)—u||L1(AX(a,b))dz§ sup ||u(-, -+ 2) — ul|L1(ax(ab))

z|<cej

for some c positive constant. By (2.3) I} tends to 0 as j — +oo. Let us now consider I};

I :/A </ab(|uj — uf(z,-) *¢j)(y)dw> dy <

b
< / [[(uj —u)(z, ')||L1(A)||¢j||L1(R"*1)dI = Ju; — U||L1((a,b)xA),

which tends to 0 as j — +o00. Thus we conclude that for any A open subset of R*~!

b
lim (/ [v¥ (x) — u(z, y)|dz> dy = 0.
Jj—-+oo A a
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In particular there exists a subsequence (v, )x which converges to u(x, -) in L'(a,b) for a.e.y € A.

REMARK 4.2.5 The result of the previous lemma can be immediately generalized to the case

where (a, b) is replaced by any open subset of R.

Let £ € 8"~ ! and let vy,...,v, be an orthonormal basis of R”, with v; = £. For every r > 0

and x € R", define:
Qs(x)={yeR": (y—z,v)| <r, i=1,...,n}.

Lemma 4.2.6 There exists a sequence (c) of positive real numbers, with limp_, oo cp =1, such
that, for every u € WH1(Q), £ € R™ and A, A’ open subsets of Q, with A’ CC A, and for every
e < d(A’,0A)/2, the following inequality holds:

1/ h h
o ]‘ Vu(y)ldy | dz,
hO’g A’ € Qih(z)

£

Fe(u, A) =

where f'(t) = f(chht) and ol =¢/h.

Proof. For ease of notation we shall drop the superscript £ in Q5(z) (¢ € S™! fixed). For every
h >0 let
Zn={a€Z": Qin(2a/h) C B1(0)}, Ny=1Z.
Clearly
2N,
Cp = wnh"

—1 h— +o0,

and, for every € > 0 and z € R"
Zp={a€elZ": Q!z,a) =2+Q.n(20e/h) C B.(z)}.

Fix now u € WH1(Q); then for every ¢ > 0 and x € Q, with d(z,99Q) > e:
][ [Vu(y)ldy > > @ ][ Vu(y)ldy = Y ]Cv—h ][ [Vu(y)|dy.
B.(2) o wne Jor@a . N Jare.a)
By the concavity of f,
1
/ <e i |Vu<y>|dy> > Y <ech 1 |Vu<y>|dy> .
B.(x) 7 Nn Qh (z,0)

Let A’ CC A, and 2e < d(A’,0A); we can find an open subset A” of A such that

Alcc A" cc A, d(A,0A") >¢e, d(A",0A) > e.
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Thus, if we set o = ¢/h, we get:

Fuu, A") = 2 / f ( ]{3 ( )|Vu<y>|dy> dz >

> S
> o (hag /”f (05 ]gg(w)a)lvit(y)ldy) dw)

a€Zp

with f" as in the statement of the lemma. The change of variables z = x + 20"« now yields:

F.(u,A) > Z Nih (hig /A/ fh (0':’ ][Q o |Vu(y)|dy> dz) .

a€Zp

Since the N, terms of the sum do not depend on «, we conclude. m

REMARK 4.2.7 It is easy to see that Remark 3.2.6 holds unchanged in the n-dimensional setting;
then, given u € L'(Q), the set function A — F’(u, A) is increasing and superadditive, i.e.

(i) F'(u, A1) < F'(u, As), whenever A; C As C (a,b);

(i) F'(u, A1 U Ag) > F'(u, A1) + F'(u, A2), whenever Ay N Ay = 0.

Proposition 4.2.8 For every u € BV(Q2) and A € A(Q)
Flu, 4) > / Vu(@)|dz + |DCul(A).
A

Proof. Let (¢j) be a positive infinitesimal sequence and let (u;) be a sequence in Wh1(Q)
converging to u € L'(Q) and such that F., (uj, A) — F'(u, A) as j — 4oc0. Let { € S"~'. By
Lemma 4.2.6, applied with € = ¢; and u = u;, and by Fubini’s Theorem, if A and A’ are open

subsets of Q, with A’ CC A, and 2¢; < d(A’,DA), we have (here o' = ¢;/h):

1
st(u’j7A)Z— fh U? ]Z |VUJ(ZZT)|dCC dz =
Q%) (2)

hag? A
/ : /
Il hU? A

where ]_[£ and Aé_y stand for the subspace orthogonal to ¢ and for the one dimensional section

’
(357

ol ][ |V, (z)|dz | dt | dH" ! (y)
Q) (y+t8)
J
of A’ in the direction &, as in Theorem 1.2.3. Tt is not restrictive to assume £ = e; (and we shall

drop the superscript £); let y = (¢,9) € R x R*~! denote the generic element of R™, and denote
A, , as Aj. Then, recalling the definition of Q

€1,y
]2

ou;
—J(r

Vuy(@lds > f @

ol (t,9)

t-l-U;1 Ous
dx > ][ ][ —2(s,%)d%| ds,
t_U;L Q 88

Ox
! ol (@)

Jh (y+ter)
J
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hence

t-l—a';" d
][ [Vuj(z)|de > ][ — ][~ uj(s, Z)dz| ds.
Q1 (r+ten) t=op |95 Jo, @)

For any fixed A’ CC A, we can find an open set P with A’ CC P CC A and which is a finite
union of sets of the form F x G, with £ C R and G C R"! open sets. Then, by Lemma 4.2.4

and the subsequent remark, the sequence (vf) defined by

’U?(S) = ][ uj(s,)dz, se Aj
QU;;(ZJ)

converges (up to a subsequence, which does not affect the rest of the proof) to u? := u(-,7) in
1 ~ Al [ n—1. ) .
LI(Aj}) for a.e. g in the set A" = {g € R"~': A} # 0}. By Fatou’s Lemma:

1 1 t+ay | dv?
liminf F;, (u;, A) > / — | liminf — fh O';l ][ / ds | dt | dy;
j—+o0 I h \j—+x o5 Jar t—oh

e . Y J
cnh|(u?) (s)|ds + chh|Dcug|(A%)> dy.

E(S)

thus, taking the one-dimensional I'-convergence result into account:

av
M., " \/a

liminf F_ (u;, A) > /
Jj—+oo

’
Y

By the slicing Theorem 1.2.3 we deduce that

1_imJinf Fe, (uj, A) > cp (/ [(Vu(x),er)|dx + |<Dcu,el>|(A/)> .
J—T00 A/

As mentioned above, this result holds with any £ in place of ey; therefore, since ¢, — 1 as

h — 400 and A’ CC A is arbitrary, we get
F'(u, A) > /A (Vu(z), &)]dz + | (D%u, £)|(A)

for every ¢ € S"~!. Superadditivity of F’ and Lemma 1.1.5 conclude the proof. m

4.3 Estimate from below of the surface term

In this section for any sequence (F;) and any given function v € BV we shall apply Besicovitch’s
differentiation Theorem, with respect to H"~! L S,, to the lower I'-limit considered as a set
function (Proposition 4.3.1). Through a rescaling argument the density of this bound will be
estimated in terms of the lower I'-limit on the functions uy obtained by “blow-up” (Proposition
4.3.2 and subsequent Corollary). Let us notice that, when considering F’ for ug on a unit ball
Bj (or on a cilinder C of unit size, as in Proposition 4.3.5), we shall assume as ) any set strictly
containing By (or C): see Remark 4.1.4. The passage to the evaluation of F’ on a cilinder

with axis normal to the jump set (Proposition 4.3.5) allows an explicit computation of the lower

bound (see Proposition 4.3.6 together with 4.3.7).
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Proposition 4.3.1 Let (g;) be a positive infinitesimal sequence, A € A(Q) and let ®'(-, A) be
the lower T-limit of (F:,(-,A)). Then ®'(u,-): A(Q) — R, is the trace on A(Q) of a Borel

measure on €); moreover, for every u € BV (Q)

where, for H" ™% a.e. x € Sy :

Proof. The proof of the first part of the Lemma (®'(u,-) trace of a Borel measure) can be
obtained by Proposition 4.3 and Theorem 4.6 of [14] (these results are shown in the case p > 1,
but the same proof works in the case p = 1).

Given u € BV(Q), for every k € N let
Jy={x e Jy: [ut(z) —u (2)] > 1/k}.

Clearly, H"~*(Jy) < +o0; let
Vi = Hr L Ji,

and denote by p the Borel measure which extends ®'(u,-); we can assume ®'(u, ) < +00. By

Besicovitch’s differentiation theorem, for vi-a.e. x € Q the limit

exists and is finite; moreover, the Radon-Nikodym decomposition of u is given by
p=gue+ps,  p® Lok

Since Jj, is H" l-rectifiable, for H* !-a.e. z € J; we have

I/k(BQ(x)) _ Hn_l(BQ(x) N Jk)

= — 1, 0—0
wp—10""" wp—10"""
(see, e.g. , [5] Theorem 2.63). Thus, for H" '-e.e. x € Ji
B ®'(u, B

0—0wy 10" 0=0 wpo10nt

Taking into account that p® is non-negative, we deduce that for every A € A(Q)

&' (u, A) > /

h(z)dvy = / h(z)dH™ ",
Q JLNA

The conclusion follows considering the supremum for £k € N. m
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Proposition 4.3.2 Let ' be as in Proposition 4.3.1; then for every u € BV (Q)

/
liminf 7(1) (u, Bo(w0))

n iy i1 > F'(ug, B1(x)), for H" '-a.e. x9 € S,

where ug is the function given by

_J u(@o) (w—wo,v) >0
uo(x) = { u_(:vg) (x —xﬁ,u) <0

with v = vy, (x0).

Proof. We can assume xg = 0. Let gr be a decreasing infinitesimal sequence; for every k € N

there exists w; € W(Q) such that w; — u in L*(Q) and
timinf FL, (15, By, (0)) < ®'(u, By, (0)) + % —
j—Foo

Let j = j(k) be such that e5/0x < 1/k and

FE; (w57BQk (O)) < ‘I)/(’U,,ng(())) + L

[lw; —ul[z1(Q) < o

1
/ [w (or) — ulorz)ldz < .
B»(0)

Let up = wj(x). We can suppose that the sequence j(k) is increasing, and then we set 0% = €;(x);
then uy — w in L*(Q) and

1
|uk(orz) — ulowz)ldz < +,
B2(0)

n—1
Fi (g, Boy (0) < &' (u, By, (0)) + 25—

Since

1
/ |uk(onz) — uolewz)ldz < + +/ |u(ore) — uo(ox)|dr — 0
B2 (0) B2 (0)

as k — 400,
(I)/(uvBQk (O)) de (uk’BQk (O))

lim inf — > lim inf —
k—-+o00 Qk k— 400 Qk

Let vg(t) = uk(oxt); then

n—1

Y
][ Y (y)ldy = L / (Vi () .
ng(z) wno-k Bn‘k/gk(x/gk)

Finally, setting z/o) = z,

Fy, (ur, By (0) _ 1 / f %][ Vor(y)ldy | da
92—1 oK/ 0k B (0) Ok JBy, jq. (@)

Since 4 := ok /or — 0 as k — 400, and v, — ug in L'(B2(0)), we conclude by the arbitrariness

of g and the definition of F’. m

From the two propositions just proved the following result immediately follows:
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Corollary 4.3.3 Let u € BV(Q2) and A € A(Y). Then

F'(u, A) > / o(z)dH" 1,
SuNA

where
o(zo) = w;ilF'(uo,Bl (z0)), for H" 1-a.e. zg € S,
with (v = vy (x0))
uo(z) = { ut(xo) (xr—x0,v) >0

Tl u(zo) (z—=z0,v)<0.

Let v € S" ! For any y € R™ denote by y, and y,. the projections onto the subspaces
V = {tv:t € R} and V*, respectively. For o > 0 and x € R" define

Cy(0)={y €R": |y,| <o, |y,2| < 0}, Cy(z) =z + C(0).

The next lemma proves that the “‘transition set” between two constant values shrinks onto

the interface.

Lemma 4.3.4 Let v € S ! and

Let ' 2D CY(0). For any A open subset of CY(0), there exist a positive infinitesimal sequence

(¢5) and a sequence (u;) in WH1(Q') converging to ug in L*(Q') and such that

lim F, (u;, A) = F'(uo, A)

j—+o0
uj(r) =a (z,v) >aj; uj(r) =b (z,v) < —bj,

where (a;) and (bj) are suitable positive infinitesimal sequences.

Proof. Tt is not restrictive to assume v = e;. Fix A open subset of C7(0).

Step 1. Let 0 < & < d(CY(0),09'), 0 > 0 and uy,usz,p € WH(Q'), with ¢ given by

0 T € A
o(xz) =4 affine z €S,
1 x € B

where A, ={z € : 1< -2e—0},B.={ze€Q: 21> -2} ,and S ={ze€Q: —2c-0<

x1 < —2¢}. In particular, [Vy| < 1/0. Then, denoting by v = pus + (1 — ¢)us, we have

cF.(v, A) = /A S (a ][B » |Vu2<y>|dy> d + /A ot <s ]{3 B |Vu1<y>|dy> dut
“f s ( f B |Vv(y>|dy> da,
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where A, ={z e : 1< -3c—0},B.={zeQ: z1—c},and S. ={x e : —3c—0<
x1 < —¢}. By the subadditivity of f,

lA@j(géﬂJW@M@)g

S/ f 5][ () |IVur(y)] + (1 — o) [Vua(y)| + lui(y) — u2(y)||Ve(y))dy | de <
ANS. B.(z)

= ~/Aﬁ§s g <€ ][Bs(w) (p(y)lvul(y”dy) et ~/Am§5 d <E ][BE(:E)(l - sp(y))ww(y)'dy) dt

+Aﬂj<aéme@—ummwwmw>m.
Then (since f(t) > t)

(3.1) F.(v,A) < F.(u1, AN (B US.)) + F.(ug2, AN (A U S.)) + I.

with
1

= £ ) - ual)dyds.
0 J3.nCy(0) JB:(x)

A simple application of Fubini’s theorem now gives

Lo [ ) =)y,

o
where ' = {z € Q: x; < 0}. Step 2. Let ¢; — 0 and (u;) in WH(Q) converging to ug in

LY (€Y') such that
F,(uj, A) — F'(ug, A).

For every j € N apply estimate (3.1) with € = €, u1 = u; and ug = b. If v; = pu; + (1 — )b,
since F¢, (b, A) = 0, we have:
o

1
P05, ) < Foyfugs )+ [ Jug(o) = by,

Notice that

A/mxm—w@uaélmxm—umwwyao

as j — +oo. Therefore, if (0},) is a positive infinitesimal sequence, we can find a strictly increasing

sequence (jp,) in N such that

1
— luj, —bldy — 0 as h — +o0.
on Jar
Then
liminf i, (vj,,A) <liminf F; (u,, A) = F'(ug, A).

h—+oco h—+oo
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Moreover,
‘ . b r1 < =25, —op
U]h (:E) o { Ujh T Z 0.
Clearly v;, — ug in L'(Q'), and v;, (z) = b when z; is negative and outside a left neighborhood
of 0, shrinking to 0 as h — +o00. An analogous procedure allows to modify v;, so that, while

mantaining the convergence of the functionals to F’(ug, A), it takes the value a at the points z

with x; positive and outside a neighborhood of 0, shrinking to 0. m

Proposition 4.3.5 For H* ! a.e. 29 € S,
F'(ug, B1(x0)) = F'(ug, CY ()
where v = v, (x9) and ug is as in Corollary 4.3.3.

Proof. Clearly, the relevant inequality is F'(ug, B1(x0)) > F'(ug, CY(z9)). It is not restrictive
to assume 9 = 0 and ¥ =e;. Let 0 < §d <1 and § < 7 < 1; let u; be a sequence converging
tow in L'. Let S; = (—b;,a;) x R"!, where a; and b; are given by previous Lemma. Then
S; N CT(0) CC B1(0) and, always by previous Lemma, we can suppose u; = a if 1 > a; and
u; = b if 21 < —b;. Now, we extend the definition of u; at all C7(0), simply by setting @; = u;
in B1(0)NC](0), 4; =aif 1 > a; and 4; = b if x1 < —b;. Then

Fe;(ug, B1(0)) = Fe, (uy, B1(0) N C5(0)) = Fe, (uy,C5(0))
By taking the infimum on all sequences we have
F'(ug, B1(0)) = F'(uo, C§(0))

and the conclusion follows by taking the supremum on ¢ € (0,1).m

Proposition 4.3.6 Let ug: R™ — R be given by

a x1>0
uo(:v)z{ b 17120

with a,b € R and a # b; then
F'(up, C{*(0)) > wp—1 igl(f G,
where

G(v) = /Rf (M /Ol[v(§+ L—n?mn) —v(€— 1—n2,77)]n"‘2dn) dg

Wn

and X is the space of all functions v € Wl"l(R x (0,1)) non-decreasing in the first variable, such

loc

that there exists &y < & (depending on v) with v =">b if £ <&, andv =a if £ > &.
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Proof. Denote C7*(0) by C; let (u;) be a sequence in W1 (C5* (0)) converging to ug in L' (C5* (0))
and such that
liminf F (u;,C) = lim F. (uj,C) = F'(ug,C).

j—+oo j—+oo
We can suppose a > 0 and b = 0. Moreover, by Lemma 4.3.4 (with A = C'), we can assume that

uj(z) =01if 21 < —b;, and u;(z) = a if 1 > a;, for some positive a;,b; — 0.

Let
T b +
aj('rlv'r?a"-axn):/ <§U3(t,iﬂ2,,$n)) dta
1

and v; = aj A a. Then v; € WH(C51(0)), vj(z) = uo(z) if 21 ¢ (—bj,a;), and v; is non-
decreasing in the first variable. Moreover

8uj
0x1

1 v,
(w; > — ; 7[ — .
F. (u;,C) > - /cf <EJ . o1 (s)ds) dx

Let By~! be the (n — 1)-dimensional ball of center 0 and radius ¢. Since C' = (—1,1) x By,

1 ! an
Fe, (u;,C) > — dxg - - dxy, fle; —*(s)ds | dx1.
& Jppt -1 B, (x) 051

Let (Zg,--- ,Z,) € BY~ ! be such that

1
ov
/ f(fj]l aj()d5>d:61—
—1 st(zl,EQ,- :in) S1
1 .
= min / fle; ]Z %(s)ds dzy .
(@2, ,xn)EBP 1S 1 Be (w1, n) 0s1

We can assume, up to a translation, that for all ¢, Z; = 0. Then

1
Wn—1 1 0v;
F. (u;,C) > R ds | dx1 .
5 (45:C) €j /—1f (wnan 1/ ;(21,0) 831( ’ S) "

By Fubini’s Theorem,

v, _ . 2 2 ) 2 2
fy o o= [ [ston e o) o 0]

> 9% o,

| >
|VU’J| - - 8171

Then

we have

Define
ﬁ] (t7 Q) - ][63”1 vj (t’ y)dHn72(y)7 Q 6 (05 EJ) *

Then

8’UJ -
s\ds= [ d NG —vj (21 — /€2 = y|%,y)] dH" 2
/st (1,0) 631 o / Q/(’;Bn 1 vj L1/ &) |y| ) Yi (xl 5] |y| 7y)} (y)
= / H* (0B )[b(w1 + \/e2 — 02, 0) — Bj(x1 — \/e? — 02, 0)]do.

0
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By the change of variables x1/¢; = £ and ¢ = €;7, we obtain, for j sufficiently large:

—1/e; Wn

1/e; n— W 1
F., (uj,C) anq/ f<M/O [0(e5€ +ejv/ 1 — 0% e5m)+

—0;(g5§ — v/ 1 =12, Ejn)]n"_2dn> d¢ .

Let wj(z) = 0;(ejz). Clearly w; is non-decreasing in the first variable, and there exist £, < &
such that w;(z) = aif £ > & and w;(z) = 0if x < &. Then w; can be extended to all R x (0,1)
(with values 0 and a) and thus w; € X. Hence F'(u,C) > wp—1G(w;). m

Proposition 4.3.7 With the notation of Proposition 4.3.6 we have
. S _ .
1£1(f G > ¥(Ja —b|)

Proof. We can suppose a > 0 and b = 0. Recall that

G(v) =/Rf<an/01 [v(£+ L—n?mn) —v(€— 1—n2,n)}n”2dn> d§

where a,, = (n — 1)wy,—1/wy. For each k € N we now consider a discrete version of G defined on
the space of the functions on S = R x [0, 1] which are constant on each of the squares determined
by a coordinate partition of S and with sides of length 1/k. We also require the monotonicity in
the first variable and the constant value 0 and @ on the left and right of [£o, £1] % [0, 1], respectively,
for some &y < &;.

Clearly, we can deal only with the values on the nodes; thus, for any N € N, define YkN as
the set of functions

v=(v"); i Zx{l,....k—1} —[0,a],
such that:
a) for every j the function i +— v*J is increasing;
b) v =0ifi < —Nk and v*J = q if i > Nk.

Let Vi = Unen YkN, and let Gi: Yy — R be defined by:

(N+Dk k=1
Gr(v) = Z Ef <an E[’U]Z)]> , on Y,
i=—(N+1)k Jj=1

where
Wi = ("7 = w39 (j /R)" 2,

with j denoting the integer part of \/k2 — j2 (see a sketch in the next figure).
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Step 1. Each minimizer of Gy, on Y;¥ takes only the values 0 and a.

Let v be a minimizer of Gy on Y;"¥. Suppose, by contradiction, that there exists ig, jo with

v':Jo = ¢ € (0,a). We can assume that for a suitable s € N:

plo—Ljo ~ c, ¢ = plodo — yiotljo — . — yiotsio , plotstljo 5

Then, given ¢t € R, we define v, = (v/7); ; as plothio — ¢ 41 if 0 <1 < s, and v, = v otherwise.

For [t| sufficiently small, v; € V. Let
Ilz{iEZZ i+30€ [io,i0+3]}7 I2:{iEZZ i—joe [io,i0+8]}.

Notice that if ¢ ¢ Iy Al then [v]; ; = [v]; ;. Therefore:

. k-1 . =
Gr(ve) = Z Ef anZE[Ut]i,j + Z Ef an, E[Ut]i,j +

i611\12 ’i€l2\11 j=1

—_

l%]lAIQ j:1
k—1 k—1
_ 1 Jo\" 2 1 1 Ay (Jo\" 2
= Y X g+ () ) X e X g -5
1611\12 j=1 i€Izx\I1 j=1
1 |
¢ 3 b X o)
Z¢11A12 Jj=1

The function ¢ — G (v¢) is twice continuously differentiable in ¢ = 0 (due to the smoothness of

f), and:

d2
TGkl
2(n-2) < 11 k‘11
v (]l:) Z 1| an E Jirg | + Z " | an E Jij | | <0O.
i€l \I2 j=1 i€lx\I; j=1

by strict concavity of f; this is a contradiction, since v is a minimizer for Gy. Step 2. We claim

that if v € YkN takes only the values 0 and a, then

Gi(v) > Gi(D),
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where

Gid — 0 i< NEk,
"]l a >Nk

Indeed, assume that
E,={i€Z: 3y v = g, i+j <Nk} #0
(otherwise v = 7). Let ip = min F, and
ja = max{j: v =q, ig+j < Nk},
Ju={j: j=ju, v =a}, Jo =min Jy.
Then vio+iodo = g and
(3.2) j<jo = wiotied =g
Indeed, if we had j < jo with the property vo+70:J = g then we would have j > jo = jas, and
Nk >ig+jo=1io—1+7, withl=7—7 >0;

therefore

plo—IHid = a,
and ig — [ € E, which contrasts with the definition of 7g. Denote by w the function obtained by
modifying v in (ig + 7, ) for j € Jar:

wo i = for j € Ju, wh = v™ otherwise.
We want to show that

Notice that in the sum over ¢ defining G (v) the terms pio+i.g (j € Jar) appear only if i = ig

or i = ig + 2jo. Accordingly, let us write kG (v) as:

(3.4) Kulo) = fla+ )+ fo)+ S 150l

i {i0,i0+2jo} J
where:
a ana (j\"7° a
n mn n
g= Y FlWhos 0= (E) S 5D Dhn LINTOw
jg(]z\/j J€JIM j
An analogous splitting can be written for kG (w): clearly, the last term is the same as in (3.4).

Thus:

(3.5) kG (v) — kGr(w) = f(g+9) — f(q) = [f(p+6) — fF(p)].
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By the definition of jy it turns out that:

0= i

J<Jjo
Moreover, if j < jo then j > 5’0; the monotonicity in the first variable and (3.2) yield:

pi0F250=03 < giotiod — (),

Hence:
j<jo = Ui0+250—57j =0,
so that
J <o = [v]i0+2j’0,j _ ,Ui0+250+57j _ ,Uio+250—57j > ,Ui0+37j — [U]io,j-
Therefore

a
ED DL UL S
7<Jjo

Notice now that the strict concavity of f implies:

q<p = flg+06)—flq) > f(p+3)— f(p)

This, together with (3.5), proves (3.3). If E, is not empty, it has a minimum strictly greater
than g = min E,,. A finite iteration of the above argument proves the claim.

Step 3. We have shown that for every N > 0, infy~ G = Gy (v), where v does not depend on
N. Then infy, Gi = infysg iankN Gj, = Gi(9). Let’s compute

kEr-iI-loo Gk (U)

where, up to a translation, we can suppose v given by
Gid — 0 z <0
a 1>0.

We have

Gi_2o1 k—la]n—2_201ana%jn—2
=2 e X (1) )2 i T,O<E>

i=—k §=0,i+3>0 i=—k J=

where i denotes the integer part of vk2 — i2. Obviously

1 i ] n—2 % Y
- = < t"TAdt.
() =

Moreover
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where

Then

7

i i .\ n—2 2
k 1 3
/ t"2dt — by, < — J < / t"2dt.
0 kg \k 0

By the monotonicity of f,

Z f</ = th—bk><z ~f % <%>n_2 <

i=—k i=—k 7=0

Eu(lre)

i=—k
Thus, by the definition of the Riemann integral as the limit of the Riemann sums, we have, by

taking k — +o0,

1

111ka — 2/ f (wnla( /1 _ t2)nl) dt
Y 0 Wn

Step 4. Let us show that a function v € X can be approximated by a sequence of continuous

functions belongs to X.

Indeed, fix 7 > 0 and let g be a convolution kernel. Consider the function v,: R™ — [0, a]

given by
a x1 28, T<x2<1+7
vr(r) =< v z€S
0 otherwise

where & is such that v = a for every x1 > &;. Then v, * Oc|s € X is a continuous function, and

Ur % Qejg — v in L'(S) and a.e. * € S, as e — 0. Step 5. We conclude the proof. Let o > 0;
then there exists v, € X such that
(3.6) igl(fG > G(vy) —
By Step 4 we can suppose v, continuous, hence uniformly continuous. Hence there exists § > 0
such that

(@) = (@",y)1 <0 = |vo(@,y) —vo(a,9) <o
Fix k € N, and consider the function w*J/ € Y}, given by

W (Q)7) = ][ vpda
2,7

k

where QL7 = [i/k, (i + 1)/k) x [j/k, (j + 1)/k). Let € € (i/k, (i +1)/k) and 5 € (j/k, (j + 1)/k);
then

i+(+ 1" +j+1
(J <§+\/—23
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Thus, for k sufficiently large (say k > k)and for every (z/,y') € Q;jj’j, (€ +V1—7n%n) —
(z',y")| < &; analougly, one can be obtain |(¢ — /1 —n2,1) — (2/,y')| < 6. Then for every k > k
and for every € (i/k,(i+1)/k) and n € (j/k,(§ +1)/k),

(3.7) o+ V1I=121m) —ve(E = V1= 2 > [wl;; — 0.

This implies

-1

1
B 1
/vo(€+ L—=n%n) —v.(§ — /1 —n%n)n" anZE
0

. [w]i,j — 0.

J

1M

By the mean value Theorem for integrals, we have

k 1 1
G(vs) = Z E'f </0 o (E(3) + V1 —n%n) — v, (E() — m, n)nn2dn)

i=—k

where £(3) € (i/k, (i +1)/k). By (3.6) and (3.7), and by the arbitrariness of o, we obtain
iﬁfG > lim inf Gy

k—+o00 Y

and this, by Step 3, concludes the proof. m

4.4 Estimate from below of the lower I'-limit
Theorem 4.4.1 For every u € GBV(Q)
F'(u) > A |Vu(z)|dz +/S I(ut (x) —u™(z))dH" " + | Du|(Q).
Proof. Let u € BV(Q) and A € A(Q). From Proposition 4.2.8 we have
F(wA)> [ Vu(a)lde + Doul(4);
moreover, Corollary 4.3.3 and Propositions 4.3.5, 4.3.6 and 4.3.7 give
Flad)z [ ofut(e) - u (@) hare

SuNA

Let A = L* +H" ' L S, + |D|. Let E be a Borel subset of Q with |E| = 0 and such that
|D¢u| is concentrated on E, i.e. |Du|(2\ E) = 0. Then

MM:FWMEAwwM

for i = 1,2, where
[Vu(z)] 2€Q\ (S, UE)
Pi(x)=4¢ 0 x €S,
1 reF
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0 z e\ (S, UE)
Pa(x) = ¢ |ut (@) —u(2)]) =€
0 zekFE.
Obviously
|Vu(z)| x€Q\ (S, UE)
Y(z) == sup¢i(z) = ¢ V(u'(z) —u(z)]) =€ S,
! 1 zeE

and then, from Lemma 1.1.5,

MMZAWM@M=AWMMJWM-

In particular F’(u) > F(u) for every u € BV (). The extension of this inequality to the whole
GBV (Q) is the same as in the one-dimensional case (see Step 2 in the proof of Theorem 3.4.1).m

4.5 Estimate from above of the upper I'-limit

Lemma 4.5.1 Let u € WH1(Q) and A € A(Q). Then

lim st(u,A):/ [Vu(z)|de.
Jj—+o0 A

Proof. Consider the sequence

w@%zf Vu(y)dy.
Be, (x)NQ

Since g € L*(Q), from Lebesgue differentation Theorem g; converge to |[Vu| in L*(2) and a.e. in

Q; by hypothesis on f, there exists b > 1 such that f(¢) < bt for all ¢ > 0. Then
1

E—jf(fjgj(fv)) < bg;(x)

for every z € Q2 and for every j € N. Since

lim - f(e50,(2) = [Vu(a)),

j—too €5

then, by the dominated convergence Theorem, we obtain

. 1
lim —
Jotoo gy

/Af(fjgj(x))d:c:/AIVu(:c)|da:.

Proposition 4.5.2 Let u € GBV (Q); then

F'(u) < [ |Vu(x)|dx —i—/ I(ut(z) — u™ (z))dH" ! + | Du| ().
Q S
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Proof.
Step 1. Assume first that w is in the space W(2) provided by the approximation result of

Theorem 1.2.4; it is easy to see that we can reduce to the case in which

S.C K CQ,
with K a (n — 1)-dimensional simplex. It is not restrictive to assume that K is contained in the
hyperplane {z; = 0}.
Let F. be the relaxed functional of F. in the L!'-topology; then (as shown in Proposition

4.1.2)
. 1

Ft) =2 [ 1 (g DB ) ) o

for every u € BV (). Since
F” > limsup F. ,

e—0
we shall obtain a bound for F”(u) if we estimate F.(u).
Set
h(z) =u"(z) —u (z), x€Qn{xr =0}

Since u € W(Q), the function h is continuous. Assume 2¢ < d(S,,0f), and let (S,). = {z € Q:
d(z,S,) < €}; then

R = [ 1 (g ag Pl ne) e <

1

< —/ f (5][ |Vu(y)|dy> dx +
€ Ja\(S.). B (z)NQ

w2 e v+ S DU (B) | do
€ J(Su)e Be () wpen ! : ’

In view of Lemma 4.5.1 it is easy to see that

1
lim — f a][ [Vu(y)|dy da::/ |Vu(z)|de.
e=0 € Jo\(S,). B.(z)NQ Q

By the concavity of f,

1/ 1
- f a][ Vu(y)|dy + ———|Dul®(B:(z)) | do <
= PRA G AR\ RS R R )

1
< —/ f (6 ][ IVU(y)Idy> dz + R,
€ (Su)e Be(x)

1 1 .
R. = - /(5u)5 f <wn€"_1 | Du| (BE(I))> dx.

where
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Since |(Sy)e| — 0, then

1
—/ f <5 ][ |Vu(y)|dy> dx — 0.
€ (Su)s 5(1)

Up to now we have proved that

lim sup F-(u / [Vu(z |d:v+hmsupR

e—0

Let (S,)2 ={y € R""!: (0,y) € (Su)c}; by Fubini’s theorem we have

V== ) E

Fix o > 0; since h is uniformly continuous on any fixed neighborhood of S, for ¢ sufficiently

small and for every (s,y) € (—¢,¢) x (S,)? we have
| Dul*(Be(t,y)) < wn-1(Ve? = #2)" 1 (|h(0,y)[ + o).

Therefore

R. < é/(su)g </ f(w:];l( 1— (t/s)Z)"’1(|h(o,y)| +J))dt> dy.

—&
By the change of variable s = t/e we deduce that

o< [ ([ 11f(“’"‘1<m>”-1<|h<z>|+o>)dt) aH"(2).

e—0 w — Wn

By taking the limit as ¢ — 0, we conclude.

Step 2. In the case u € SBV?(Q) N L>*(Q), we can apply Theorem 1.2.4, with ¢(a,b,v) =
?(|a—b|). Then there exists a sequence w; — u in L'(Q), with w; € W(Q), such that Vw; — Vu
in L2(Q,R") and

1imsup/s 19(|w]+(:17) —wj (z))dH™ ™t < / I(|ut(z) —u™(z)|)dH" 1

Jj—+oo Su

thus, by the lower semicontinuity of F”' and the Step 1,

P () < limint () < [ [Vu(o)lds + [ o) — )

Using now the relaxation Theorem 1.3.4, we have
F'(u / Vu()|dz +/ It (@) — u (@) )dH™" + | D°ul()

for every u € BV (Q). Finally, by a truncation argument and again the lower semicontinuity of

F" we obtain the desired inequality in GBV (Q). m
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4.6 Relaxation and convergence of minima

Proof of Proposition 4.1.2

Denote by H. the functional on the right-hand side of (1.2). Let I.(z) = B:(z) N (a,b) and
ce = ¢/|I.(z)]. Tt is easy to prove the L'-ls.c. of H. in BV. Indeed, if uj is a sequence
in BV converging to u € BV(f2) in the L!'-topology, then, by Fatou’s lemma and the lower

semicontinuity of total variation,

h—+oco h—+4o0co €

lim inf H, (up) = liminf - /fg (ce|Dup|(Ie(x))) dx

h—-+o0

> 2 [ mint £, (| Du( @) dr = = [ 1. (cgl,ggggwwra(x») o >

1
> 2 [ (D) de = o).

Since H.(u) < F.(u) for all u € BV (Q), the relaxed functional F. is estimated from below by H..
Consider now the opposite inequality. Given u € BV (Q), if (v;,) denotes the sequence obtained
from u (extended to a neighborhood of ) by standard mollification, then v, — u in L'(Q) and

|Don|(Ie(2)) — |Dul(I:(z))

for a.e. x € 2 (see [5] Proposition 3.7). Then by the dominated convergence theorem

lim F.( /f8 (ce|Du|(I:(x))) dx = H(u).

h—+oco

This show that H.(u) is the relaxed functional of F. on BV (Q2). =

Proof of the corollary 4.1.8
By definition, {u;} is a sequence in W11(Q) with

Ge.(u;) < inf G., ;-

e (u5) < o Ges &
Since g € L*(a,b) we can assume that (u;) is equibounded. By Proposition 4.2.2 there exists
ug € BV() such that uj — ug in L*(2). By Theorem 1.4.1, since G, T-converge to G, ug is a

minimum point of G on L1(Q2). m
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