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GeneralizedStochasticSubdivision
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Stochastictechniqueshave assumeda prominentrole in computergraphics,becauseof their successin modelinga
varietyof complex andnaturalphenomena.Thispaperdescribesthebasisfor techniquessuchasstochasticsubdivision
in the theory of randomprocessesandestimationtheory. The popularstochasticsubdivision constructionis then
generalizedto providecontrolof theautocorrelationandspectralpropertiesof thesynthesizedrandomfunctions.The
generalizedconstructionis suitablefor generatinga variety of perceptuallydistinct high-qualityrandomfunctions,
including thosewith non-fractalspectraand directionalor oscillatory characteristics.It is arguedthat a spectral
modelingapproachprovidesa morepowerful andsomewhat more intuitive perceptualcharacterizationof random
processesthandoesthefractalmodel.Synthetictexturesandterrainsarepresentedasa meansof visually evaluating
thegeneralizedsubdivision technique.

Categories and SubjectDescriptors: I.3.3 [Computer Graphics]: Picture/ImageGeneration;I.3.7 [Computer
Graphics]: ThreeDimensionalGraphicsandRealism- color, shading, shadowingandtexture.

GeneralTerms:Algorithms,Theory

AdditionalKeywordsandPhrases:Fractals,modelingof naturalphenomena,stochasticinterpolation,stochasticmod-
els,texturesynthesis

INTRODUCTION
The applicationof stochasticmodelsin the computergraphicsynthesisof complex phenomenahasbeentermed
ampli�cation [40]. The imagemodelerspeci�escharacteristicstructuralor statisticalfeaturesandotherconstraints
in the form of a pseudo-randomprocedureandits parameters.The procedurecanthenautomaticallygeneratethe
vastamountof detail necessaryto createa naturalisticor organicmodel, in a sense“amplifying” the information
directly speci�ed by the modeler. In addition,a versatilestochasticmodel that may be adjustedto approximately
emulatea rangeof differentphenomenareducestheneedto developproceduresto modeleachof thesephenomena
individually. For thesereasons,stochastictechniqueshaveassumeda leadingrole in thesynthesisof complex images
(e.g.,[10, 35, 36, 43, 31]).

The usefulnessof a particularstochasticmodeldependson both its computationaladvantagesandon the extent to
which it canbeadjustedto describedifferentphenomena.Thestochasticfractal techniquesaresomewhat limited in
descriptive power in that they modelonly power spectraof the form f � d of a singleparameterd andhencecannot
differentiatemorestructuredphenomena,for example,thosewith directionalor oscillatorycharacteristics.Thefractal
subdivision constructiondescribedby Fournier, Fussell,andCarpenter[10, 4], however, hasseveral propertiesthat
make it veryattractive for thepurposeof producingperspectiveandanimatedrenderingsof stochasticmodels:

� The resolutionof the synthesizedrandomfunction may be adjustedto the resolutionrequiredby its local per-
spectiveprojection.

� Internal consistency: portionsof a particularrealizationof the desiredrandomfunction may be reproducedat
any locationandresolution.

� No spatialorderis requiredin computingvariousportionsof therandomfunction. In �ltering terms,thesubdivi-
sionprocedureis non-causal.
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� Externalconsistency: Therandomfunctioncanberequiredto passthroughcertainpoints,for example,to ensure
boundarycontinuity with adjacentobjects. In fact the subdivision can be “seeded”with dataobtainedfrom
anothersource,suchasthedigitalelevationmodels(DEMs)availablefromtheNationalCartographicInformation
Center[7].

In this paperwe generalizethestochasticsubdivision construction[10] to producerandomfunctionswith prescribed
correlationsandspectra.The generalizedsubdivision techniqueproduceshigh-qualityrandomfunctions(Figure4)
while preservingmostof thecomputationaladvantageof thesubdivisionapproach.In addition,this techniqueappears
to providebothreasonablyintuitiveandgeneralcontrolover theappearanceof therandomfunction.

STOCHASTIC PROCESSES
Thereis a considerableliteratureon the theoryandapplicationof stochasticmodelsin all �elds, althoughmuchof
it dealswith problems(suchasdiscriminationor particularparameterestimates)that arenot closelyrelatedto our
purposeof synthesizingrandomfunctions. This sectionwill brie�y review someof the relevant terminologyand
de�nitions from randomprocesses[45], with emphasison therestrictionsandscopeof a computationallyrealizable
stochasticsynthesismodel.

A randomprocessis statisticallycharacterizedby its joint nth-orderdistribution functionsFx . For a one-dimensional
processthesestatisticsare

Fx (x1; x2; :::; xn ; t1; t2; :::; tn ) = P (x(t1) < x1; x(t2) < x2; : : : ; x(tn ) < xn ) (1)

for all t i andn. Thetermrandom�eld indicatesthat thecoordinatespacet is multi-dimensional.Random�elds and
processeswill sometimesbelabeledsimplyas“noises”or “textures”in this paper.

A stochasticprocessis calledstationaryor homogeneousif all thejoint probabilitydistribution functionsareinvariant
with respectto a translationof the time or spaceorigin. A random�eld is isotropic if its statisticsarealsoinvariant
to rotationof thecoordinatesystem.A randomprocessis ergodic if its statisticsareidenticalfor all realizationsof
theprocess.A nonergodicprocessis oftenonein which randominitial conditionssigni�cantly affect thesubsequent
characterof theprocess.Theergodicpropertyis importantin practice,sincethestatisticsof anergodicprocessmay
beempiricallyestimatedfrom thesamplestatisticsof a singlerealizationof theprocess.

For thepurposeof stochasticmodeling,it is usuallysuf�cient to consideronly homogeneousandergodicprocesses.
Regionalandnon-ergodicvariationsof theprocessmaythenbeeffectedby varyingthemodelparametersor by simple
postprocessingtechniquesratherthanby incorporatingthesevariationsin theoriginalmodel.

Second-orderTheory
It is evident that (1) representsan in�nite amountof informationandconsequentlycannotbe usedin any realizable
analysisor synthesisprocedure.It is desirableto �nd a morelimited setof statisticsthatneverthelessde�ne or per-
ceptuallydifferentiateausefulrangeof phenomena.A commonsimpli�cation is to restrictconsiderationto processes
thatcanbeadequatelycharacterizedby their second-orderstatistics(n = 2 in (1)), or by their moments,which serve
as“expectations”of thecorrespondingstatistics:

� m 1 ;m 2 (� ) = E f xm 1 (t)xm 2 (t + � )g =
Z Z

xm 1
1 xm 2

2 dFx (x1; x2; t; t + � )

An importantclassof stochasticprocessesin this respectarethe Gaussianprocesses,whosenth-orderstatisticsare
jointly Gaussian,sincethefull statisticsof a Gaussianprocessareuniquelydeterminedby its �rst- andsecond-order
moments.

Fortunately, thesesimpli�cations arenot overly limiting. Therestrictionto second-orderstatisticshassomebasisin
perception:the“Juleszconjecture”[14] assertsthatrandomtextureshaving identical�rst- andsecond-orderstatistics
(differing in thehigher-orderstatistics)cannotbe visually discriminated.While counter-examplesto theconjecture
have beendemonstrated,it is neverthelessregardedasbeingessentiallyaccurate[33]. It seemslikely that similar
boundsmayapplyto theperceptualdiscriminationof statisticalcharacteristicsof (for example)terrainsor �uid motion,
but thesehavenotbeenestablishedto theauthor'sknowledge.

Also, many naturalprocessesare known or assumedto be Gaussian.The popularity of this distribution may be
explainedin part by the “folk theorem”that `a processthat is a linear combinationof many relatively uncorrelated



effectswill tendto beGaussian.' This is a looseversionof thecentrallimit theorem,sincea stationarylinear �lter is
expressibleasa weightedintegralor sumof theinput signal(c.f thediscussionin [2], chapter13).

It shouldbeemphasizedthatnon-Gaussiannoisesmaybeof interest,and(with certainexceptions)thesecond-order
momentsdo not perceptuallyor otherwisedeterminethe noisein the non-Gaussiancases.While stochastictexture
synthesisusingthefull second-orderstatisticsis becomingcomputationallytractablewith recentmethods[11, 12], it
is expensive sinceit naively involveson theorderof N � L 2 joint probabilitiesif L is thenumberof gray levelsand
N is the Markov neighborhoodsizeor “memory” of the texture. To date,mostsynthetictextureswith controlled
second-or higher-orderstatisticshaveusedasmallnumberof graylevels(typically eightor fewer)andjoint probabil-
ities de�ned over fairly smallneighborhoods.Thetexturesproducedundertheserestrictionsareoftenfairly abstract
or arti�cial looking [32], andpublishedcomparisonsof texturesdiffering in the second-orderstatisticsbut having
pairwise-identical�rst- and second-ordermomentshave not clearly indicatedthe extent to which high-resolution
stochasticmodelsmaybene�t from non-Gaussianstatistics.

SpectralModeling of RandomProcesses
Thus Gaussianprocessesare commonlyadoptedas a computationallytractable,yet reasonablypowerful, classof
stochasticmodel. The parametersof this modelare the �rst- andsecond-ordermoments,that is, the mean� 01 =
� 10 = Ef xg, variance� 02 = � 20 = Ef x2g, andtheautocorrelationfunction

� 11 = R(� ) = E f x(t)x(t + � )g =
Z Z

x1x2dFx (x1; x2; t; t + � )

For a stationaryprocesstheautocorrelationfunctionhasthefollowing properties:

� R(� ) = R(� � )

� R(0) � jR(� )j

� R(0) = Ef x2g

To eliminatesomeadditionalterminologyit will beassumedthatall processesarenormalizedto havezeromeanand
unit variance(so R(0) = 1). The meanandvarianceareeasily readjustedto the desiredvaluesduring the noise
synthesisprocedure.

Intuitively, theautocorrelationfunctiondescribesthecorrelationbetweenarandomfunctionandacopy of itself shifted
by somedistance(“lag”). For example,a completelyuncorrelatedor “white” noisehasan autocorrelationfunction
� (0) (Dirac impulsefunction),while aconstantsignalis equallycorrelatedwith itself atall lagsandsohasR(� ) = 1.
Usually the autocorrelationfunction decreasescontinuouslyaway from the origin, correspondingto a noisethat is
neithercompletelyuncorrelatednordeterministic.Theautocorrelationfunctionof anoisewith anoscillatorycharacter
includesanoscillatorycomponentthat is dampedaway from theorigin; theperiodof this componentcorrespondsto
theaverageperiodof theoscillationin thenoisewhile theamountof dampingis relatedto thespectralbandwidthand
theirregularityof theoscillationin thenoise.

StochasticmodelingusingGaussianstatisticsandthesecond-ordermomentsmaybetermedspectral modelingsince
thenoiseautocorrelationfunctionandpowerspectrumspecifyequivalentinformation,andin factarea Fouriertrans-
form pair (Wiener-Khinchinerelation):

S(! ) =
Z 1

�1
R(� ) exp(� j ! � )d� (2)

Sincethepowerspectrumis by de�nition nonnegative,theWiener-Khinchinerelationrequiresthat(physicallymean-
ingful) autocorrelationfunctionsbenon-negativede�nite. This conditionwill be importantin selectingfunctionsto
be usedasautocorrelations.As an intuitive exampleof the existenceof constraintson theautocorrelationfunction,
we would expectby transitivity that if a noiseis highly correlatedwith itself at a particularlag, it shouldalsoshow
correlationatmultiplesof thatlag.

Experiencein spectralmodelingindicatesthata wide andusefulvarietyof phenomenamaybe describedusingthis
approach;sometechniquesandapplicationsaresurveyedin [2, 1, 27, 41]. Spectralmodelshavebeenusedto generate
reasonablygoodsyntheticapproximationsof randomtexturessuchassand,cork,etc. (e.g.,[5]).



Theanalyticandcomputationaltechniquesfor spectralmodelingarealsowell established.Fundamentally, a random
processesis modeledasa white noisewith speci�ed meanandvarianceinput to a shaping�lter h; the problemis
usuallyto de�ne or identify h subjectto givenempirical,analyticalor computationalrestraints.Thepower spectrum
of theresultingprocessis simplyS(! ) = jH (j ! )j2 whereH is theFouriertransformof h.

For example,fractal texturesandterrainshave beenproducedwith a spectralmodelingapproachusingthespectrum
f � d [43]. OtherphysicallyrelevantspectraincludetheMarkov spectrum(� 2 + f 2)� 1 andtheLorentzianspectrum
1=(� 2 + � (f � f 0)2)

The spectralmodelingapproachencompassesthesecases,as well as phenomenawhosespectraare not as easily
categorized.

GENERALIZED STOCHASTIC SUBDIVISION
The stochasticsubdivision constructiondescribedby Fournier, Fussell,and Carpenter[10] will be generalizedto
synthesizea noisewith prescribedautocorrelationand spectrumfunctions. It will be assumedthat the readeris
generallyfamiliarwith thatwork.

Thebasisof theFournieret. al. constructionis amidpointestimationproblem:giventwo samplesof thenoise,a new
samplemidwaybetweenthetwo is estimatedasthemeanof thetwo samples,plusarandomdeviationwhosevariance
is thesinglenoiseparameter. Theconstructionis basedon two propertiesof fractionalGaussiannoise:
1) Whenthevaluesof thenoiseat two pointsareknown, theexpectedvalueof thenoisemidwaybetweentwo known
noisepointsis theaverageof thetwo values.
2) The incrementsof fractionalGaussiannoiseareGaussian,with variancethatdependson the lag andon thenoise
parameter. Sinceonly theimmediatelyneighboringpointsareconsideredin makingthemidpointestimation,thenoise
autocorrelationinformationis notused,andtheconstructednoiseis Markovian. This is nota limitation aslongasthe
constructionis usedto modelMarkoviannoises,for example,a locally stationaryapproximationto Brownianmotion.
However, theconstructionhasbeenappliedto the non-Markovian fractionalnoisesf � d; d 6= 2 [9]; in thesecases
disregardingtherequiredautocorrelationproduces“creases”(Section4).

The generalproblemof estimatingthe valueof a stochasticprocessgiven knowledgeof theprocessat otherpoints
is oneof the subjectsof estimationtheoryand techniquessuchasWienerandKalman �ltering [44, 6]. Thereare
several�a vorsof theestimationproblem,dependingon theavailableknowledgeof thenoisestatistics,whetheroneis
predicting,interpolating,or removing thenoise,theestimationerrormetric,etc. Theproblemof stochasticsynthesis
is speci�cally similar to theapplicationof digital Wienerpredictionin the linear-predictive codingof speech(LPC)
[34, 18]: in bothof theseapplicationsthevaluesof a randomprocessareestimated,andthenperturbedandreusedas
“observations”in thesubsequentestimation.

The discreteestimationproblemfor a stationaryone-dimensionalrandomprocesscanbe statedas follows: Given
observationsor knowledgeof the valuesof a randomprocessat timest + t k , it is desiredto form an estimatex̂(t)
of the processat time t, suchthat theexpectedmean-squareerror Ef [x(t) � x̂(t)]2g is minimizedfor all valuesof
theorigin t. This formulationappearsto involve knowledgeof theactualvaluesx(t) of theprocess(in which case
estimationwould not benecessary),however, theestimatoris derivedindependentlyof theactualnoisevaluesusing
only thenoiseautocorrelationfunction.

A discretestationarylinearestimatorhastheform

x̂(t) =
NX

k

ak x(t + tk )

The orthogonalityprinciple of estimationtheoryholdsthat themean-squareestimationerror (over somenumberof
estimations)of astationarylinearestimatorwill beminimumwhentheerroris orthogonalin expectationto theknown
valueson theprocess[45, 6, 28]. It is alsoknown thatwhentheestimatedprocessis Gaussian,thelinearestimateis
optimalin thesenseof beingidenticalto thebestnonlinearestimategiventhesameobservations[45].

Thegeometricinterpretationof theestimationproblemin anabstractspaceof randomvectorsis helpful [6, 45]. In
this interpretation,a randomvariableis treatedasan abstractvector, with the inner productof two vectorsx and
y de�ned asEf xy g. The estimationproblemis thenequivalentto the problemof representingan arbitraryvector
ascloselyaspossiblein the subspaceof “observation vectors” (known noisevalues). The estimationerror vector



Figure1: Coordinatesystemfor midpointestimationin onedimension.

x(t) � x̂(t) is minimumwhens(t) is projectedontothesubspace;in this casetheerrorvectoris orthogonalto all of
theobservations.

Derivation
In our casethe midpoint x̂ t +1 =2 at eachstagein the constructionwill be estimatedasa weightedsumof the noise
valuesx t known from thepreviousstagesof theconstruction,in somepracticalneighborhoodof size2N (Figure1):

x̂ t +0 :5 =
NX

k=1 � N

ak x t + k

(thenoisepointsknown from thelastconstructionstagewill takeon integerindices,while themidpointestimateswill
take onhalf-integerindicesin this paper).

Theestimatedmidpointvaluex̂ t +0 :5 will bedisplacedby anuncorrelatednoiseut +0 :5 of known varianceto form a
new noisepoint:

x t +0 :5 = ut +0 :5 +
NX

k=1 � N

ak x t + k (3)

Thenew midpointsx t +0 :5 will in turn form someof thedatain subsequentconstructionstages.

Theorthogonalityprinciplethentakestheform

E

(

x t + m

 

x t +0 :5 �
NX

k=1 � N

ak x t + k

!)

= 0 for 1 � N � m � N

or

E

(

x t + m x t +0 :5 �
NX

k=1 � N

ak x t + m x t + k

)

= 0

Sincetheexpectationof x t + i x t + j is R(i � j ),

R(m � 0:5) =
NX

k=1 � N

ak R(m � k) for 1 � N � m � N (4)

(in matrix form)
2

6
6
6
4

R(0) R(1) � � � R(2N � 1)
R(1) R(0) � � � R(2N � 2)

...
...

...
...

R(2N � 1) R(2N � 2) � � � R(0)

3

7
7
7
5

2

6
6
6
4

a1� N

a2� N
...

aN

3

7
7
7
5

=

2

6
6
6
4

R(0:5 � N )
R(1:5 � N )

...
R(N � 0:5)

3

7
7
7
5

which canbe solved for the coef�cients ak given the noiseautocorrelationfunction R. From the symmetryof the
subdivisiongeometryandtheautocorrelationfunction,thecoef�cients aresymmetric:ak = a1� k .



Sincein stochasticsubdivision the“estimates”aredisplacedandthenreusedin therole of “observation” in thenext
subdivisionstage,it will behelpful to verify thatthesynthesizednoisedoesin factpreservethespeci�edautocorrela-
tion function. An expressionfor theautocorrelationfunction ~R of thesynthesizednoiseis foundby multiplying both
sidesof (3) by xm andtakingexpectedvalues,obtaining

~R(m � 0:5) = Ef xm ut +0 :5g +
NX

k=1 � N

ak ~R(m � k) (5)

For m 6= 0:5 the term Ef xm ut +0 :5g is zerosincethe displacementnoiseis not correlatedwith noisevaluesfrom
the previous stagesof construction. Equation(5) is true for any valuesof the coef�cients ak . If we set ~R = R,
however, then(5) is identicalto (4), sothecoef�cients obtainedbyminimizingtheestimationerror are thoserequired
to reproducethe�r stN samplesof thespeci�edautocorrelation.

In generalthecoef�cients will bedifferentat differentstagesin thesubdivision. TheautocorrelationfunctionRs of a
scaledsignalx(st) is scaledby thesamefactors,

Rs(� ) = Ef xst xst + s� g = R1(s� )

sotheautocorrelationfunctionRk at thekth level in thesubdivisionshouldbescaledas

Rk (� ) = R1(21� k � ) (6)

DisplacementNoiseVariance
For m = 0:5 in (5), thetermEf xm ut +0 :5g is not zero,sincethedisplacementnoiseis correlatedwith thedisplaced
midpoint. In thiscase(5) canbeusedto obtainthevarianceof thedisplacementnoise.Setting ~R = R andsubstituting
(3),

Ef u2g = R(0) �
NX

k=1 � N

ak R(0:5 � k) (7)

whichgivesthedesiredvariance.Equation(7) is in facttheexpressionfor theexpectedmean-squareestimationerror
Ef (x � x̂)2g [45, 34].

IMPLEMENT ATION
Figure2 shows thegeneralizedsubdivision techniqueappliedto annonfractaloscillatorynoise.Theimplementation
of thegeneralizedsubdivisiontechniqueis similar to thefractalsubdivisiontechnique;theonly signi�cant differences
beingtheincreasedneighborhoodsize,“boundaryconditions”,andtheneedto solve (4) to obtainthecoef�cients ak

for eachsubdivision level.

Thematrix R(m � k) is symmetricandToeplitz (all elementsalongeachdiagonalareequal),permittingtheuseof
ef�cient algorithmsavailablefor theinversionof thesematrices.Theef�ciency of solving(4) is probablynotamajor
concern,however, sincethecostof determiningandstoringthecoef�cients for anumberof subdivisionlevelsis small
comparedto the othercostsof synthesizingandviewing a high-resolutionnoise;a standardGaussianelimination
routinewasusedhere. A simpletestof thecorrectnessof thecoef�cient solutionprocedureis thatthesolutionfor the
MarkovianautocorrelationfunctionR(� ) = exp(�j � j) shouldreduceto fractalsubdivision,thatis, it shouldindicate
nonzerocoef�cients only for theimmediateneighborsof themidpoint.

NeighborhoodSize
The choiceof the neighborhoodsizeis of coursea trade-off betweenaccuracy of spectralmodelingandef�ciency.
The vectorspaceinterpretationof the estimationproblemcon�rms that the estimationerror (7) will be reducedor
remainthesameastheneighborhoodsizeincreases,sinceincreasingtheneighborhoodsizeis equivalentto increasing
thedimensionof thesubspace.

An approachto determiningtheneighborhoodsizesuggestedin theestimationliteratureis to increasethesizeuntil
theexpectederrorvariance(7) is reducedbelow a speci�ed threshold.TheLevinsonrecursion[15, 22] is well suited
to this approach.This algorithmsolvesestimationequationssuchas(4) recursively for eachneighborhoodsizeN
given the solutionfor the previoussizeN � 1. The mean-squareestimationerror is alsoreturned,so the recursion



Figure2: Subdivisionto anon-fractaloscillatorynoisewith autocorrelationRp(� ) = cos(10� ) exp(� � 2).

canbe terminatedwhenthis error is suf�ciently small. The Levinsonalgorithmwould needto be modi�ed for our
purposes,sinceonly evenneighborhoodsizesareusedin stochasticsubdivision.

Stochasticsubdivision follows thegeneralstochasticsynthesisschemementionedin Section2, of shapinganuncor-
relatednoiseto producethedesiredspectrum.However, theestimatorin stochasticsubdivision is anunusual“�lter”
becauseof its multiple-resolutioncapabilityandbecauseit is non-causal.TheZ-transformof (3) (usingan indexing
schemewherethenoisevaluesfrom theprevioussubdivisionstagehave oddindices,andthemidpoint index is zero)
is

H (z) =
1

1 �
P N � 1

k=0 ak (z2k+1 + z� 2k � 1)
(8)

which is anoncausal“all pole” �lter [28]. Thepoles(zerosin thedenominatorpolynomialof (8)) correspondto peaks
in thespectrum.An oscillatorycomponentin thenoisecorrespondsto a spectrumpeaksomewhereotherthanat the
zerofrequency andindicatesaconjugatepolepairandaneven-orderdenominatorpolynomialandneighborhoodsize.
Sincetheestimation�lter is non-causalandsymmetric,eachspectrumpeakwill actuallycorrespondto twoconjugate
pole pairs locatedat inversepositionsinsideandoutsidethe “Z-plane” unit circle. This suggeststhat a minimum
neighborhoodsizeof four is neededto produceanoscillatorynoiseby stochasticsubdivision.

Thecumulativespectralde�nition producedby thesubdivisionapproachis greaterthanonewouldexpectonthebasis
of theneighborhoodsizealone,however, sinceeachstagein thesubdivisionmodelsalimited partof thespectrum.This
canbe seenin Table1, showing the coef�cients for tensubdivision levelsof an oscillatoryMarkovian (Lorentzian)
noise. The coef�cients for the �rst two (most global) levels are nearzero, indicating that the noise is relatively
uncorrelatedat thesescales.The coef�cients for levels � ve andsix have alternatingsigns,re�ecting the oscillatory
characterof thenoise,while thecoef�cients for thelasttwo levelssuggestthatthenoiseassumesaMarkoviancharacter
at smallscales(asexpected).It is concludedthatlargeneighborhoodsizesareprobablynot neededexceptwherethe
scaleof signi�cant spectralfeaturesis smallerthananoctave. Most of the�gures in this paperwereproducedwith a
neighborhoodsizeof four (or 4x4 in two dimensions).

It shouldbenotedthattheaccuracy of themidpointestimationcanbeimprovedby consideringany known pointsfrom



Table1: Right-halfneighborhood(N = 2) coef�cients a1, a2 andcomputedvariancefor 10 subdivision levelsof the
one-dimensionaloscillatorynoisede�ned by R(� ) = 100cos(10� ) exp(�j � j).

Level a1 = a0 a2 = a� 1 Variance
0 0.000510 0.000000 99.999947
1 0.023041 -0.000001 99.893768
2 0.149159 -0.000068 95.447868
3 -0.339373 0.000223 73.455498
4 -0.019945 0.014377 99.885315
5 -0.495669 0.158384 33.747765
6 0.343860 -0.337269 32.062786
7 0.566771 -0.112145 7.430885
8 0.543814 -0.036580 3.152761
9 0.514256 -0.010190 1.494914

thecurrentconstructionlevel (i.e. themidpointsof neighboringspans)aswell asby increasingtheneighborhoodsize
overthepointsknown from previousconstructionlevels.Thesepointswerenotconsideredin ourderivation,however,
becausetheorderfor computingthepointsat a particularsubdivision level maynot beknown in advance.To impose
anorderon thecomputationwould removethenon-causaladvantageof thesubdivisionapproach,while adjustingthe
estimationto utilize any encounteredcon�guration of pointswould requiredifferentestimationcoef�cients for each
suchcon�gurationandthuswould complicateour explanationandimplementationsomewhat(althoughEqs.(3), (4)
areeasilyadaptedfor this purpose).It will beseenthathigh-qualitynoisesresultwhenonly pointsfrom theprevious
constructionstagesareconsideredin theestimationprocedure.

Boundary Conditions
When the neighborhoodsize is greaterthan2, the stochasticsubdivision of a particularclosedregion will require
referenceto pointsoutsidetheboundaryof thatregion;thisproblemis analogousto thestartingandboundarycondition
problemsin sometypesof recursive �lters anddifferentialequationtechniques.

The simplestapproachto this problemis to assumeperiodicboundaryconditions,so thata referenceto a point s[t]
outsidetheregion [0..size-1]is mappedto thepoint s[p] using

p := t mod size; if (t < 0) then t := t + size;

Thenoisesproducedwith this approachareperiodic,which is a usefulpropertyin someapplicationssuchastexture
mapping.

A secondapproachis similar to the viewpoint-driven implementationof stochasticsubdivision [4, 10]. With this
approacha regionof noisecanbesubsequentlyextendedby synthesizingtheadjoiningregions,which is not possible
if periodicboundaryconditionsareused.The subdivision is seededat themostglobal scalewith givendata,either
obtainedfrom a databaseor inventedusinguncorrelatedrandomnumbers.The displacementnoiseusesa spatially
consistentrandomnumbergeneratoras describedin [4]. Then boundarypoints can be constructedas neededby
subdivision from the neighboringseedpoints. If the requiredspatialextent of the synthesisis known at the outset,
thenat eachsubdivision level therequiredboundarypointscanbeconstructed,sothesepointswill beavailableat the
next level.

Singular Processes
Onenumericaldif�culty thathasbeenencounteredin practiceis that for certainautocorrelationfunctionsthedeter-
minantof theautocorrelationmatrix R is zeroat smallscalesand(4) cannotbeinverted.In particular, this occursfor
functionssuchastheGaussianR(� ) = exp(� � 2) or modulatedGaussianR(� ) = cos(! � ) exp(� � 2). TheGaussian
autocorrelationfunctionsareeffectively positivesemi-de�nite, sincethey correspondto spectrathatare(for numerical
purposes)zeroatmorethanisolatedpoints.

Randomprocesseshaving positive semi-de�niteautocorrelationfunctionsaretermedsingular, asopposedto regu-
lar processes,which have strictly positive de�nite autocorrelations.A paradoxicalresult is that a singularrandom



processesmay be predictedwithout error simply by Taylor seriesextrapolation,given knowledgeof its pastor all
of its derivativesat a point [45]. Singularprocessesaresuf�ciently smoothat somescalesthatsomeof thedataare
effectively colinear. A usefulspectraltestfor theexistenceof thederivativeof a randomprocessis [45]

R00(0) =
Z 1

�1
! 2S(! )d! < 1

Thiscriterionis obtainedfrom therequirementthatthevarianceR(0) =
R1

�1 S(! )d! be�nite andthedifferentiation
rulefor Fouriertransforms(appliedto apowerspectrumin thiscase).Similarly, thenth derivativeof arandomprocess
existsonly if R possessesaderivativeof order2n at theorigin. SincetheGaussianautocorrelationfunctionpossesses
all derivatives,a randomprocesshaving this autocorrelationis analytic,suggestingthat deterministicinterpolation
maybeusedat scaleswherethedeterminantof R is zero.

Oneapproachto estimatinga singularprocessis to reducetheneighborhoodsizeuntil therankof theautocorrelation
matrixmatchesits dimensionandthematrixbecomespositivede�nite. It alsoshouldbepossibleto form ameaningful
thoughnot uniqueestimatefrom theobservationswithout changingtheneighborhoodsize.Deutsch[6] recommends
usinga pseudo-inverseratherthantheinverseof theautocorrelationmatrix to obtaintheestimationcoef�cients. The
authorexperimentedwith aniterative implementationof theMoore-Penrosegeneralizedinverse[6]. Thegeneralized
inverseof a nonsingularmatrix is (numerically)identicalto thestandardmatrix inverse.At scaleswherethedeter-
minantis numericallyzero,thegeneralizedinversesetsthecoef�cients to 1=2N , e.g. ( 1

4 ; 1
4 ; 1

4 ; 1
4 ) for N = 2. The

softwareshoulddetectthisandresetthecoef�cients to theequivalent(0; 1
2 ; 1

2 ; 0) in orderto computethedisplacement
noisevariancecorrectly.

Recallingthatoneof theprimarymotivationsfor stochasticmodelsin computergraphicsis to “inventdetail”, thetwo
approachesfavoredherearesimply to modeltheprocessover a rangeof scalessuchthat it becomessmoothbelow
or just above the pixel scale,or (better),to pick an autocorrelationfunction that generatesdetail at all scales.The
small-scalebehavior of thenoiseis governedby the behavior of theautocorrelationfunction neartheorigin (aswe
saw in theprecedingremarksonthederivativesof randomprocesses)or equivalentlyby thehigh-frequency portionof
thespectrum.Theconsiderationsmentionedin this sectionshouldbekeptin mind however, sinceany processwhose
spectrumfallsoff fasterthanf � 1 will benumericallysingularat smallscales.

Creases
HaruyamaandBarsky [13] have controlledthedisplacementnoisevariancesin a stochasticsubdivisionprocedureto
obtainapproximatespectralcontrolof thenoise. In somecases,however, changingthenoisevariancescanproduce
artifacts. The “creases”sometimesencounteredin stochasticsubdivision canbe relatedto the displacementnoise
variancesandto theabsenceof autocorrelationinformationin Markovian subdivision. Eachmidpointdisplacement
dividesa segmentof the noiseinto two segmentswith differentslopes. If the displacementvariancesarecorrectly
chosenfor aMarkoviannoise,thesmallscalesubdivisiondisplacesthenoisefrom theslopetrendsestablishedatlarger
scales,sothatcurvatureof thefully interpolatednoiseis homogeneous.If thedisplacementnoisevariancesfall off too
quickly at small scales,however, thenoisewill tendto lie alongthesegmentsestablishedearlierin thesubdivision,
anda largedisplacementat anearlysubdivision stagewill producea perceivedaverageslopediscontinuityor crease
in thenoise.

When the noiseis not Markovian and the noiseautocorrelationinformation is consideredin making the midpoint
estimate,themidpointestimatewill in generallie ona smoothcurvepassingthroughthenearbypointsfrom previous
subdivision levels. Thusthesubdivision avoidsa “slopetrend” andcreasesdo not form aslong asthevariancesare
chosenwith (7). The extent to which the variancescanbe alteredfrom (7) is not completelyunderstood,however.
It wasfoundexperimentallythat thevariancescouldbealteredto a considerableextentwithout producingartifacts.
HaruyamaandBarsky andMiller [25] alsodidnotreportany dif�culties with creasesusingnon-Markoviansubdivision
schemes.Wehypothesizethatcreasesdonotform to theextentthatthemidpointestimatoractsasaninterpolator. For
example,theMarkovianmidpointestimatoris a linearinterpolantandsocanproduceuncharacteristicdiscontinuities
in slopewhenthevariancesareincorrectlychosen,while anestimatorover a four-point neighborhoodmayresultin
uncharacteristicdiscontinuitiesin thesecondderivativewhenthevariancesarenot chosenwith (7).

Aliasing
Thealiasingpropertiesof stochasticsubdivisionarepeculiarandrelevantto theapplicationof generalizedsubdivision.
Oneof themaincomputationaladvantagesof thesubdivision approachis thatdifferentresolutions(at binaryorders
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Figure3: Planarquadrilateralsubdivisionmeshusinga4x4 neighborhood.Thepoints“o” and“x” areestimatedusing
thesurrounding“observation” points“.”.

of magnitude)areavailableby varyingthedepthof thesubdivision recursion,andsotheresolutionof themodelcan
belocally minimizedwhile maintaininga relatively constantimageresolution.

Theidenti�cation of stagesin thesubdivisionconstructionwith differentresolutionsis strictly incorrecthowever. This
canbeseenfrom onepointof view by consideringtheproblemof obtainingahalf-resolutionversionof agivennoise,
for example,duringananimation“zoom-out” sequence.A half-resolutionnoisethatpreservesthespectralcontentof
the original noiseup to the new, lower Nyquist rateis obtainedby low-pass�ltering to half of the original Nyquist
rateandthendroppingevery othersample(“decimating”) [38]. From this viewpoint thenthe half-resolutionnoise
producedin stochasticsubdivisionby reducingtheconstructionlevel onestepis obtainedby decimatingwithout any
�ltering. The low-pass�ltered noisewill not coincidewith every othersampleof the original noiseunlessit had
no detailat frequenciesabove half of theoriginal Nyquist rate. Thus,any spectralenergy above half of theoriginal
Nyquistrateis aliasedin thetransitionto thehalf-resolutionnoise.

Signi�cantly, an aliasednoisedoesnot form coherentartifactssuchasMoire patterns,rather, thenoiseat the lower
resolutionappearsasa somewhat differentnoisethan the original, so that the subjectappearsto “bubble” slightly
duringazoom.Thealiasingis limited for noiseswith monotonicallydecreasingspectrasuchasfractalnoises,sincethe
majority of thespectralenergy remainsunaliasedin any resolutionchange.More seriousanomaliescanbeexpected
if thesubdivisionrecursionlevel is usedto vary theresolutionof a noisewhosespectrumslopeis �at or increasingat
somescales,suchasmaybeproducedwith thegeneralizedsubdivision technique.For example,theperceivednoise
in Figure2 would changesigni�cantly betweenconstructionlevelsthreeandfour if thesewereusedaskeyframesin
a zoom.

A solutionto this aliasingproblemis requiredif the variable-resolutionadvantageof subdivision is to be achieved
in generalizedsubdivision usingcertainspectra.Onesolution(suggestedin [10]) is to keeptheresolutionof the last
subdivisionstagesbelow thepixel scale,sothattheseeffectsarelargelymaskedby thedisplayresolution.

SUBDIVISION IN SEVERAL DIMENSIONS
Themainconsiderationsfor developingmulti-dimensionalgeneralizedstochasticsubdivisioninvolvethespeci�cation
of thesubdivisiontopologyandautocorrelationfunctionin severaldimensions.Theseconsiderationswill beillustrated
for thetwo-dimensionalcase.

In multi-dimensionalsubdivision theremaybe severalclassesof pointsto beestimated,categorizedby their spatial
relationshipto thepointscomputedat previoussubdivision levels (this dependson theselectedinterpolationmesh).
For example,for the planarquadrilateralsubdivision meshshown in Figure3, the midfacevertex “x” will require
differentcoef�cients thanthemid-edgevertices“o” (thecoef�cients for eachof themid-edgeverticesmaybeidentical
asidefrom re�ection or transposition,dependinguponthespeci�ed autocorrelationfunction). Usingour coordinate
systemwith points from the previous subdivision levels taking on integer indices,the midfaceandmidedgevertex
valueswill becomputedusing

xy 0;x 0 = uy 0;x 0 +
NX

r =1 � N

NX

c=1 � N

ar ;cxy+ r ;x + c (9)

with y0andx0 takingonthevalues(y+ 1
2 ; x+ 1

2 ) for themid-facevertex, and(y; x), (y+ 1
2 ; x), (y; x+ 1

2 ), (y+ 1
2 ; x+ 1),

(y + 1; x + 1
2 ) for themidedgevertices.



Table2: Midfacevertex coef�cients over a 4 � 4 neighborhoodfor onesubdivision level of the isotropicMarkovian
autocorrelationR(x; y) = exp(�

p
x2 + y2). Thesumof thecoef�cients approachesoneat smallscalesandis near

zeroat very largescales.
-0.006170 -0.003781 -0.003781 -0.006170
-0.003781 0.254035 0.254035 -0.003781
-0.003781 0.254035 0.254035 -0.003781
-0.006170 -0.003781 -0.003781 -0.006170

Figure4: Several texturesproducedusingthe generalizedsubdivision technique.Clockwisefrom top-left: Marko-
vian,oscillatoryMarkovian(shadedasanobliquelyilluminatedheight�eld), Gaussian,and(isotropically)oscillatory
“Markaussian”textures.

Thecoef�cient matrix ar ;c for eachestimatedvertex canbeobtainedby solving

R(j � y0; i � x0) =
NX

r =1 � N

NX

c=1 � N

ar ;cR(j � r; i � c) for 1 � N � j; i � N (10)

usingthe appropriatevaluesof x0; y0. Eq. (10) canbe consideredasa systemAx = b by rewriting R(y; x) and
ar ;c asvectorsby a consistentorderingof the subscripts.The dimensionof the matrix R is now the squareof the
neighborhoodsize2N . Themidfacecoef�cients for onesubdivision level of theisotropicMarkovianautocorrelation
R(x; y) = exp(�

p
x2 + y2) anda4x4 neighborhoodareshown in Table2.

Equations(9) and(10)canberewrittenmoregenerallyas

xp = up +
NX

k

ak xp k (11)

and

R(p � p j ) =
NX

k

ak R(p � pk ); 1 � j � N (12)

wherep andpk are the locationsof the point to be estimatedandof the observation points. It is evident that the
subdivision topologyentersonly throughtheargumentsto theautocorrelationfunction,so theseequationsapply for
anarbitrarymultidimensionalsynthesistopology.



Figure5: Stochasticinterpolationof the low-resolution(32x32pixels) imageat upperleft, illustrating the external
consistency propertyof stochasticsubdivision.

Onepracticaldif�culty in applyingthequadrilateralsubdivisionmeshwasencountered.With a largeenoughneigh-
borhood,thecoef�cients of theouterobservationpointsdecayto insigni�cant valuesin anisotropic(or other)pattern.
With a small neighborhood,however, the coef�cients are truncatedat the boundariesof the quadrilateralsupport.
This introducesa non-isotropicbiasinto the construction:morecorrelationis introducedalongthe diagonalto the
underlyingmeshsincetheobservationpointsaremostseparatedat diagonallyoppositecornerson thequadrilateral.

Thiseffect is oftenunnoticed(Figure4), thoughit showsupwhenalongcorrelationnoiseis synthesizedusingasmall
neighborhood,or whensucha noiseis processedin someway. Thediagonalbiascanbeeliminatedby incrementing
the neighborhoodsize until the outer coef�cients are insigni�cant. If this is unappealingfor ef�ciency reasonsa
morerotationallysymmetrictopology, suchasanequilateraltriangularmeshcanbeused.Theauthorhasemployed
a “randomquadrilateral”subdivision scheme,in which several randomneighborhoodsarepreselectedusinga non-
biasedrandomwalk from thenearestneighborsof thepoint to beestimated,andoneof theseneighborhoodsis chosen
at randomfor eachestimation.

Multi-dimensional Autocorrelation and Spectrum
In generalizingaone-dimensionalautocorrelationor spectrumfunctionto severaldimensions,somecaremustbetaken
to insurethat the autocorrelationfunction is nonnegative de�nite andcorrespondsto a nonnegative spectrum.The
multi-dimensionalautocorrelationandpowerspectrummustalsobesymmetricin severaldimensions(e.g.,R(y; x) =
R(� y; � x)).

Themostdirectgeneralizationof a one-dimensionalfunctioninto severaldimensionsis to a separablefunction,that
is, (in two dimensions)f (x; y) = f x (x)f y (y). Texturesproducedwith separablefunctionshave preferreddirections
alongthecoordinateaxesof theunderlyingsamplinggrid andmaybeinappropriatewhereanaturalistictextureis de-
sired.A noisegeneratedfrom aseparableautocorrelationis not itself separable,however, sothedeterministicappear-
anceof truly separabletexturesis avoided.TheseparableMarkovianautocorrelationR(y; x) = exp(�j yj) exp(�j xj)
correspondsto a simpleform of fractalquadrilateralsubdivisionwherethemidfacevertex is estimatedonly from the
four verticesde�ning the face(all othercoef�cients arezeroregardlessof theneighborhoodsize),andthemidedge
verticesareestimatedfrom the two verticesde�ning eachedge. The coef�cients for an isotropicMarkovian noise
areonly slightly differentfrom thisscheme(Table2); texturesproducedwith theseparableMarkovianautocorrelation
show slight but noticeabledirectionaltendencies.

Theautocorrelationandspectrumof anisotropicnoiseareradiallysweptpro�les: R(x; y) = Rp(
p

x2 + y2). Unlike
theseparablecase,theone-dimensionalfunctionsde�ning n-dimensionalisotropicautocorrelationsandspectradonot



Figure6: Galleryof simulatedlandscapescreatedusinggeneralizedstochasticsubdivision. (6a)

form aFouriertransformpair, but rathercanbeexpressedasa Hankel (or Fourier-Bessel)transformpair [2]

Sp(! ) =
2�

! n= 2� 1

Z 1

0
Rp(r )Jn= 2� 1(2� ! r )r n= 2dr (13)

where! = j! x + ! y j, r = jr x + r y j. In fact,a valid one-dimensionalautocorrelationfunctionneednot bea valid
pro�le for a multi-dimensionalisotropicautocorrelationfunction.

In addition to the generalrequirementof a nonnegative de�nite autocorrelation,several speci�c constraintshave
beenreportedfor multi-dimensionalisotropic autocorrelationsand spectra: The spectrumof a three-dimensional
isotropicnoisemustbe monotonicallydecreasing(so three-dimensionalisotropicnoisescannotbe oscillatory),and
a minimumboundon thenormalizedautocorrelationfunction for ann-dimensionalisotropicnoiseis � 1=n [41]. A
rathercomplicatedexpressionfor the n-dimensionalisotropiccorrelationproducedby a sweptone-dimensionalC1

pro�le is givenin [23]; for two dimensionsit reducesto

C2(r ) =
2
�

Z 1

0
C1(vh)(1 � v2)� 0:5dv (14)

A functionR(x; y) = cos(!
p

x2 + y2) exp(�
p

x2 + y2), which violatestheminimumboundconstraint,wastried
in thesubdivision procedure.Thesolutionyieldednegativedeterminantsat somesubdivision levels,con�rming that
this functionis notpositivede�nite. Thecomputedmidpointdisplacementnoisevarianceswerealsonegativeat these
levels.

Probablythemostinterestingnoisesarethosethatareneitherseparablenor isotropic,but thathaveanintrinsicdirec-
tionalstructure.Non-isotropicautocorrelationscanbeproduced,for example,by stretchingor modulatinganisotropic
autocorrelation.Unlessthe constraintson the autocorrelationfunction arewell understoodhowever, it may be eas-
ier to manipulatethe power spectrumto a non-isotropicform (insuringthat it remainsnon-negative) andobtainthe
autocorrelationusingtheWiener-Khinchinerelation(2).



Figure6: Galleryof simulatedlandscapescreatedusinggeneralizedstochasticsubdivision. (6b)

Theautocorrelationfunctioncanalsobenumericallyestimatedfrom a digitizedtexturep[r; c] using

R(y; x) =
1

N 2

NX

r =0

NX

c=0

p[r; c]p[r + y; c + x] (15)

(moreef�cient andaccurateautocorrelationestimationprocedurescanbefoundin theliterature).In thiscaseit will be
necessaryto interpolateor re-estimatethesampledautocorrelationin applying(6). Thesubjectof multi-dimensional
autocorrelationandspectrumfunctionsis discussedfurtherin [41, 27].

DISCUSSION
Thegeneralizedsubdivision techniqueextendsthesubdivisionapproachto produceartifact-freenoiseswith a variety
of spectra.Figure4 show several texturesproducedusingthegeneralizedsubdivision technique.Figure5 illustrates
theexternalconsistency propertyof stochasticsubdivisiontechniques.In this �gure aheight�eld is synthesizedusing
the luminancefrom a well known image(averageddown to 322 pixels)asseeddata.In Figures6a-dthegray levels
in several synthesizedtexturesare interpretedasheightsto produceseveral distinct typesof syntheticterrain. The
heightvaluesin some�gures weremodi�ed by a power law, for examplein Figure6a theheightsy weremodi�ed
by y  y2:5. This hastheeffect of makingthenoisenonstationaryby selectively exaggeratingthemostprominent
featuresof the noise. Power modi�cation alsoaltersthe distribution andlocal spectrumof the noiseandso should
be usedwith carewhena particulardistribution andspectrumarerequiredfor theoreticalreasons.The useof this
techniqueits effectson thespectrumarebrie�y describedin [16].

Thedisadvantagesof thegeneralizedsubdivision techniqueincludethe increasedcomputationalcostof considering
larger neighborhoodsin the estimationprocedure,andthe needto determineor invent theautocorrelationor power
spectrumfunction of the desirednoise. The latter is perhapsthe most importantissuein applying this technique.
The obvious approachesto this issueareto empirically determinethe autocorrelationor spectrumof the prototype
phenomenonor to selectthesefunctionson theoreticalgrounds(in computergraphicswe addthethird possibilityof
“trying thingsuntil it looksright”).



Figure6: Galleryof simulatedlandscapescreatedusinggeneralizedstochasticsubdivision. (6c)

Fractals and SpectralModeling
Although it hasbeensuggestedthat the fractal spectrumf � d is to be preferredfor theoreticalreasonsover other
spectrafor modelingmany naturalphenomena,theoreticalandempiricalargumentsfor consideringother typesof
spectrawill bementioned.

Several researchershave concludedthat the f � d spectrum(or equivalently the “fractal dimension”)is not adequate
to describenaturalphenomenaof interestover all scales[24, 29]. Empiricalstudiesof thepossiblefractalnatureof
variousphenomenahavealsofoundthatthefractaldimensionis oftendifferentat differentscales,althoughrangesof
scalesdescribedby a constantdimensionwerefound[21, 3]. In factthereis a relationbetweenthefractaldimension
D andtheexponentd in thefractalpowerspectrumf � d [43]

D = E +
(3 � d)

2
(16)

for a functionof EuclideandimensionE. Thus,ananalysiswherethefractaldimensionis allowedto varywith scale
is equivalentto a form of spectralanalysis.The`piecewisefractal' approachis restrictedhowever, in thatnonsensi-
cal negativefractal dimensionsor fractal dimensionsgreaterthanthe dimensionof the embeddingspacecanresult
from spectralexponentsthat arephysicallyquite reasonable.A piecewise fractal spectrummustbe monotonically
decreasingandhencecannotdescribeoscillatoryphenomenasuchaswaves.Ironically, thefractaldimensionis often
estimatedfrom thepowerspectrumor autocorrelationfunction[3].

Theseargumentsdo not deny that theassumptionof a power-law spectrumis a convenientanalyticalsimpli�cation.
If “fractal analysis”is to bemorethana procedureof �tting straightline segmentsthrougha spectrumcurve plotted
on log-log axes,however, it shouldbe establishedthat the attributed power law is accurateover an unexpectedly
broadfrequency interval, or that therearetheoreticalreasonsfor expectingthis spectrum. The often-citedfractal
interpretationof Richardson's coastlinedatahasbeenquestionedon thesegroundsbecausethedatadescribea fairly
limited rangeof scales(lessthantwo ordersof magnitudein all but onecase)andbecausethereis noreasonto expect
theprocessesinvolvedin very largescale(continentformation)andsmallscalecoastlineformation(e.g. erosion)to



Figure6: Galleryof simulatedlandscapescreatedusinggeneralizedstochasticsubdivision. (6d)

Figure7: Fractalsurfacewithout powermodi�cation.



havesimilar statistics[37, 39]. It alsoappearsthatthenominal1=f noisesin electricalcircuitsmayonly approximate
fractalbehavior [26]).

Theoreticalmodelspredictingthefractalspectrumhave not beenforthcomingin mostcases(anexceptionis thewell
establishedKolmogorov � 5=3 law in thestatisticaltheoryof turbulence[27]). In fact,thef � d spectrumis a priori an
unlikely choicefor a theoreticalmodel,sincethe integral of this functiondiverges,andconsequentlya phenomenon
that strictly obeys this spectrumis nondifferentiableand hasin�nite characteristics(length, averagepower). The
viability of this aspectof thefractalmodelwasalsoquestionedin thegeophysicalliterature[19, 39].

Althoughsomefractalpractitionersstatethatthefractalmodelis only intendedto applyovera limited rangeof scales,
theglobalpropertiesof self-similarityandnon-differentiabilityarethedistinguishingfeaturesof thefractalmodel.If
thesefeaturesarenot required,onecouldadoptotherspectrathat fall off accordingto a power law over thedesired
rangeof scales.For example,theMarkov-like spectra(� + f ) � d arecommonlyusedasa “�rst-order �t” for many
phenomena;thesespectraaresimilar to thefractalspectrumat high frequenciesyet donotdivergeat low frequencies
(theMarkovianspectrum(d = 2) hasa physicalbasis,e.g.,in Langevin'sequationfor Brownianmotion[45]).

Oneadvantageof the fractal modelover many othersis that it generatesdetail at all scales. The generalspectral
modelingapproachadvocatedherecanalsogeneratedetailatall scales,withoutsacri�cing differentiabilityandscale-
dependentfeatures.Thenondifferentiabilityof thefractalmodelsresultsin terrainsthatin theauthor'sopinionappear
tooroughatsmallscales(e.g.,Figure7 and[42]). Mostof theterrain�gures accompanying thisarticlewereproduced
usingtwo-dimensionalvariationsof a “Markaussian”autocorrelationR(� ) = exp(�j � j � ) with 1 < � < 2, which
producesnoisesfalling betweentheextremesof theGaussian(toosmooth)andMarkovian(usuallytoorough)textures
shown in Figure4.

The desirabilityof scale-dependentfeaturesfor visual modelingis alsoobvious: mostvisual phenomenaprovide at
leastanapproximatesenseof scale(atmosphericphenomenaareperhapstheexceptionagain).As anillustration,one
would be surprisedto �nd a terrainsuchasFigure6a at one's feet, andthe scale-dependentdepressionsin Figure
6c certainlydo not detractfrom the realismof that terrain. The lack of scale-dependentfeaturescanbe a practical
problemin visualterrainsimulation,sincewithout suchdetailtheobservercannotjudgethedistanceto the“ground”.

We concludethat,althougha singledescriptorsuchasthe fractaldimensionor spectrumexponentmaybeadequate
for someclassi�cationpurposes,thevalidity of thefractalmodelis notwell establishedfor many naturalphenomena,
and it is evident that the visual characteristicsof many phenomenacannotbe adequatelydifferentiatedusingonly
this model.For example,it wasfoundin [3] thatanairport runway hada fractaldimensionidenticalto thatof some
topographicaldata,theinterpretationbeingthatthis wasdueto theattenuatedlow-frequency variationof therunway.

Spectralmodelingwith Gaussianprocessespermitsthedescriptionof avarietyof phenomena,includingfractalnoises
asaspecialcase.Importantperceptualcharacteristicsof thenoise,suchasscale,periodof oscillation,anddirectional
tendenciesaredirectly re�ectedin thenoiseautocorrelationfunction.Othercharacteristicssuchasdominantscalesof
detailandthesmall-scaleor high-frequency behavior of thenoiseareeasierto specifyin thefrequency domain,using
theintuitive interpretationof thespectrumastheamountof detailat eachscale.

Comparisonof StochasticSynthesisMethods
Thecriteriafor evaluatingthesuitability of a stochasticsynthesismethodfor computergraphicsapplicationsinclude
ef�ciency, qualityof thesynthesizednoise,andthedegreeof controloverperceptuallyobservablecharacteristicsof the
noise.Dueto thevery largesizeof thesynthesizeddatabasesusedin acomplex imageor ananimation,theef�ciency
criterionoftenbecomesa concernfor practicality. Local methodsthatpermit independentsynthesisof portionsof a
largedatabasearepreferredoverglobalmethodsin which thewholedatabaseis generatedin onestep.

A brief comparisonof somestochasticsynthesismethodswill be given below in order to further characterizethe
methodpresentedhere.With thispurposein mindit will beassumedthatthereaderis acquaintedwith severalof these
methods,andthecomparisonwill berestrictedto thepreviouslymentionedcriteria.

Fourier (FFT) synthesis[43]. This methodis global. It hastheadvantagesof simplicity andef�ciency (for a global
method);it alsoprovidesexactspectralcontrol.

Stochasticsubdivision[10]. Thismethodis local. It producesanapproximatef � d noise,andanexactBrownian noise
for d = 2. `Crease'artifactsareusuallyvisible for d > 2. Stochasticsubdivision is uniquein its capabilityof re�ning



anexisting database.A variationof stochasticsubdivision [13] allows thenoisevariancesto take on arbitraryvalues
acrosssubdivision levels, thusapproximatinga wider rangeof spectra(oscillatorynoisesarenot possiblehowever).
Anothervariation[25] usesahigherquality interpolantfor thepointestimation,alleviating theproblemwith creases.

FractionalBrowniansimulation[8]. This methodappliesa standardmultivariatesimulationtechniquein which un-
correlatedrandomvariablesare linearly transformedby a factoredform (Choleskidecomposition)of the desired
correlationmatrix. Themethodis globalandlessef�cient thanFFT synthesis(it is O(N 2)), thoughan incremental
re�nementmethodthatis local in a limited-precisionimplementationis described.

Poissonfaulting process[20]. ThePoissonfaultingprocessis a sumof randomlyplacedstepfunctionswith random
heights.It producesa Browniannoise(f � 2 spectrum).A relatedtechniqueis sparseconvolution[16, 17], in which
an arbitraryfunction is convolvedwith a Poissonpoint process(in onedimensionthe Poissonfaulting processis a
specialcaseof sparseconvolution).Theresultingspectrumis thetransformof the(deterministic)autocorrelationof the
function.Thesemethodscanbeimplementedlocally [16] usinganinternallyconsistentapproximateimplementation
of thePoissonprocess.They areequivalentin ef�ciency to convolution. The superpositionof the function may be
visible in thesynthesizednoiseif thePoissonprocessis toosparse.

Interpolatednoiselattice [30, 31]. In this methodanuncorrelatednoisede�ned ona latticeis interpolatedto generate
anapproximatelybandlimitednoise.This is employedasaspectralbasis,with adesiredspectrumbeingapproximated
asa weightedsumof thesenoisesat differentscales.Thenoiselattice is internallyconsistent,so themethodallows
local synthesis.With a standardinterpolationmethodthe interpolatednoisedoesnot providean idealspectralbasis,
sincethe low frequency power in thenoiselattice is not removedandcannotberemovedin summation(subtracting
powerspectrais notmeaningful).In severaldimensionsstandard(tensorproduct)interpolationschemesalsoresultin
preferreddirectionsalongthelatticeaxes.A variationof theinterpolatednoiselatticemethod[17] substitutesWiener
interpolation,whichprovidesgreaterspectralcontrol(with somerestrictions)andeliminatesthespectralsummation.

Generalizedstochasticsubdivision. Thetechniquepresentedhereis bestdescribedassemi-local.It canapproximate
an arbitraryspectrumto a desireddegreeof accuracy, andtheaccuracy of spectralmodelingcanbe tradedfor ef�-
ciency. The requiredneighborhoodsizedependson featuresof the desiredspectrum(e.g.,the numberof maxima)
andon the desiredaccuracy of the spectralmodeling. In commonwith the othersubdivision techniques,it allows
incrementalsynthesisandre�nementof anexisting database.The implementationis somewhatmorecomplex than
thatof mostof theothermethods.

List of Symbols
E Expectation
R Autocorrelationfunction(autocovariancefunction)
S Powerspectrum
x t Noisevalue
ut Uncorrelateddisplacementnoise
ak Estimation�lter coef�cients
N Neighborhoodsize
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Additional Figures
These�gures werenot includedin thepublishedversionof thepaper.

Figure8: Quasi-periodictexture.

Figure9: Synthetictexture,illuminated



Figure10: Anothersynthetictexture,illuminated

Figure11: Classicfractal(power-modi�ed) landscape

Figure12: Non-fractallandscape


