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Abstract

In Becker’s (1973) neoclassical marriage market model, matching is
positively assortative if types are complements: i.e. match output f (x, y)
is supermodular in x and y. We reprise this famous result assuming timeintensive partner search and transferable output. We prove existence of
a search equilibrium with a continuum of types, and then characterize
matching. After showing that Becker’s conditions on match output no
longer suffice for assortative matching, we find sufficient conditions valid
for any search frictions and type distribution: supermodularity not only
of output f , but also of log fx and log fxy . Symmetric submodularity
conditions imply negatively assortative matching. Examples show these
conditions are necessary.
Keywords: Search Frictions, Matching, Assignment

1. INTRODUCTION
This paper reexamines a classic insight of the assignment literature — when matching is assortative — in an environment with search frictions. We assume a continuum of heterogeneous agents who can produce only in pairs. If two agents form
a match, they generate a flow of divisible output. We depart from the neoclassical assignment literature (e.g. Becker 1973) in assuming that match creation is
time consuming: each unmatched agent faces a Poisson arrival of potential mates
(Diamond 1982, Mortensen 1982, Pissarides 1990). As matching precludes further
search, agents must weigh the opportunity cost of ceasing to search for better options, against the benefit of producing immediately.
Individuals’ behavior is described by their acceptance sets, which specify whom
they are willing to match with; only mutually acceptable matches are consummated.
When agents match, they evenly divide the match surplus, i.e. their output flow in
the match less their values while searching, as in the Nash bargaining solution.
Equilibrium requires that everyone’s acceptance set maximizes her expected payoff,
and the distribution of unmatched agents is in steady state. We provide what we
believe to be the first general existence theorem for search models with ex ante
heterogeneous agents. The proof is complicated by the observation that agents’
acceptance sets affect the steady state unmatched distribution, and thus the agents’
matching opportunities and their willingness to accept matches.
We then turn to assortative matching. Becker’s (1973) sufficient condition in
the frictionless model is well-known. Assume that types x and y in [0, 1] produce
f (x, y) when matched and nothing otherwise. With complementarity (fxy > 0),
the marginal product of a higher partner rises in one’s type; therefore, in a core
allocation, matching is positively assortative — matched partners are identical. The
easy derivation of this famous result offers hope that it naturally extends to a model
with search frictions: Agents match with an interval of types around their own.
Examples in Figure 3 on page 15 disprove this. First, for the complementary function
f (x, y) = (x + y − 1)2 , type

1
2

produces nothing in the core allocation. With search

frictions, nearby agents will match with 12 . When type

1
2

agents meet each other,

they then prefer to wait for a profitable match, as matching produces nothing, but
precludes further search. By continuity, this argument extends to types near 21 .
These agents match with higher and lower types, but not among themselves.
That ( 12 , 12 ) minimizes f is inessential to this critique. Let f (x, y) = (x + y)2
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and suppose ‘high’ types are willing to match with ‘middle’ types. This opportunity
is wonderful for middle types, and so if two of them should meet, they prefer to
continue to search for high types. On the other hand, if they meet a ‘low’ type
without such a valuable option, matching is mutually agreeable.
Despite these setbacks, we find restrictions on the production function alone
that ensure assortative matching for any search frictions or type distribution. By
this we formally mean that any two matches can be severed, and the greater two
and lesser two types agreeably rematched. Observe that our motivational failures of
assortative matching in Figure 3 featured individuals with nonconvex matching sets
— some agents only willing to match with higher and lower types. In fact, we show
that matching set convexity is logically necessary for assortative matching, and —
along with simple conditions that orient matching sets — suffices as well. Convexity,
in turn, follows if all agents’ preferences over partners’ types are single-peaked.
This suggests an indirect attack on assortative matching. We show that singlepeaked preferences, and hence assortative matching, ask that not only the production function be supermodular,1 but also its log first- and cross-partial derivatives,
log fx and log fxy . Supermodularity of f ensures that any high enough type’s utility
rises in her partner’s type; supermodularity of log fx yields single-peaked preferences
for low types; and supermodularity of log fxy provides a single-crossing property
which allows us to classify every type as either low or high. Finally, we prove that
negatively assortative matching — matching with opposite types — obtains under
symmetric submodularity conditions.
We are aware of two other papers that consider “transferable utility” (i.e. shared
output) search models with ex ante heterogeneity.2 Sattinger (1995) does not explore
the link with models in the frictionless assignment literature. Lu and McAfee (1996)
establishes assortative matching when f (x, y) ≡ xy, a production function that
satisfies our sufficient conditions. However, they do not consider other production
functions, and so do not touch on the necessary and sufficient conditions that are
central to our paper. In addition, Lu and McAfee’s (1996) existence proof sidesteps
the endogeneity of the unmatched distribution. While Sattinger (1995) endogenizes
the unmatched distribution, he does not prove existence of a search equilibrium.
By way of overview, section 2 summarizes Becker’s two frictionless results, and
then introduces our search model. We define and characterize search equilibria in
1

We define supermodularity in assumption A1-Sup on page 3. See Topkis (1998) for details.
Morgan (1995), Burdett and Coles (1997), and Smith (1998) study heterogeneous-agent search
models with non-transferable utility (NTU), i.e. with exogenous output sharing rules.
2
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section 3, and establish their existence in section 4. Section 5 first defines assortative
matching and shows that it requires convex matching sets. We then prove that
convex matching sets and Becker’s condition ensure assortative matching. Finally,
we prove that our three supermodularity conditions imply convex matching sets,
and address necessity with counterexamples. Less intuitive proofs are appendicized.

2. THE MODEL
There is an atomless continuum of agents, each indexed by her exogenously given
and publicly observable productivity type x ∈ [0, 1]. Normalize the mass of agents
to unity, and let L : [0, 1] 7→ [0, 1] be the type distribution. Associated with this is
a type density function `. For the existence of an equilibrium, we require that ` be
positive and boundedly finite: 0 < ` < `(x) < `¯ < ∞ for all x. Our language in the
paper, as well as the interpretation we lend to it, implicitly assumes a continuum of
every type of agent. Agents then belong to the graph {(x, i)|x ∈ [0, 1], 0 ≤ i ≤ `(x)}
in

R 2 with Lebesgue measure, where i is an index number of the type x agent.

Without loss of generality, normalize the flow output of an unmatched agent to
0. When agents (types) x and y are matched together, their flow output depends
on their types, f : [0, 1]2 7→ R . We later refer to a basic set of assumptions:

A0 (Regularity Conditions). The production function f (x, y) is nonnegative,
symmetric (f (x, y) ≡ f (y, x)), continuous, and twice differentiable, with uniformly
bounded first partial derivatives on [0, 1] × [0, 1].

2.1 The Frictionless Matching Benchmark
In the core allocation, prices allocate the scarce resource, high productivity agents.
When is there positively assortative matching (PAM), where each agent matches
with another of the same type? A sufficient condition is that types be complementary:
A1-Sup (Strict Supermodularity). The production function f is strictly supermodular. That is, the own marginal product of any x > 0 is strictly increasing in
her partner’s type; or if x > x0 and y > y 0, then f (x, y)+f (x0, y 0 ) > f (x, y 0)+f (x0, y).
If A1-Sup obtains, all agents have higher marginal products when they match with
high productivity agents. In the core allocation there must be PAM. The proof of
this well-known result of Becker is simple: Any allocation in which some type x
3

agents match with type x0 6= x agents admits a Pareto-improvement. Output rises
if all such agents rematch with another of their own type, since A1-Sup implies
f (x, x) + f (x0 , x0 ) > 2f (x, x0 ) whenever x 6= x0 . Thus the unique output-maximizing
allocation entails PAM, and hence so must the core.
A1-Sub (Strict Submodularity). The production function f is strictly submodular: if x > x0 and y > y 0, then f (x, y) + f (x0 , y 0) < f (x, y 0) + f (x0 , y).
Under A1-Sub, the unique core allocation entails negatively assortative matching
(NAM): Each agent x matches with her ‘opposite’ type y(x), where L(x)+L(y(x)) ≡
1. For A1-Sub implies that if there are four agents, z1 < z2 ≤ z3 < z4 , the allocation
in which z1 and z4 are matched and z2 and z3 are matched, Pareto dominates the
two other possible allocations in which these four agents match in pairs.
Throughout, we maintain A1-Sup or A1-Sub. This excludes production functions
with non-monotonic marginal products (like f (x, y) ≡ maxhx2 y, xy 2i, in Kremer and
Maskin (1995)), for which matching patterns are not easily characterized.

2.2 Matching with Search
We now develop a continuous time, infinite horizon matching model with search
frictions, in which meeting other agents is time-consuming and haphazard.
Action Sets. At any instant in continuous time, an agent is either matched or
unmatched. Only the unmatched engage in (costless) search for a new partner.
When two unmatched agents meet, they immediately observe each other’s type.
Either may veto the proposed match; it is only consummated if both accept. Since
in a steady state environment, a match that is profitable to accept is profitable to
sustain, we simplify our notation by ignoring the possibility of quits.
To maintain a steady state population of unmatched agents, we assume exogenous match dissolutions. Thus, nature randomly destroys any match with a constant
flow probability (Poisson rate) δ > 0, i.e. it lasts an elapse time of t with chance e−δt .
At the moment the match is destroyed, both agents re-enter the pool of searchers.
Preferences. Each agent maximizes her expected present value of payoffs, discounted at the interest rate r > 0. As in Becker, we assume that match output
f (x, y) is shared. Thus, x earns an endogenous flow payoff π(x|y) when matched
with y. Because payoffs exhaust match output, π(x|y) + π(y|x) ≡ f (x, y).

4

Unmatched Agents and Search. Let u ≤ ` denote the unmatched density
R
function, i.e. X u(x)dx is the mass of unmatched agents with types x ∈ X ⊆ [0, 1].
Search frictions capture the following story. Were it possible, an unmatched
individual would meet a random unmatched or matched agent at the flow rate
ρ > 0. However, it is infeasible to meet someone who is already matched — she is
engaged, and so misses any meeting. Thus, one simply meets any y ∈ Y ⊆ [0, 1] at a
R
rate proportional to the mass of those unmatched in Y : ρ Y u(y)dy. Our conclusion
underscores that our descriptive theory extends well beyond this search technology,
but we use this assumption in our equilibrium existence proof.
Strategies. A steady state (pure) strategy for agent of type x is a time-invariant3
Borel measurable set A(x) of agents with whom x is willing to match. (That agents
of the same type use the same strategy is not a restriction, as will follow from
§3.1.) The strategy depends only on the unmatched density function u, the sole
payoff-relevant state variable.
Next, agent x’s matching set

M(x) ≡ A(x)∩{y | x ∈ A(y)} is the set of acceptable

types y who are willing to match with her. Call a match (x, y) mutually agreeable

if y ∈ M(x). By construction, matching sets are symmetric, y ∈ M(x) if and only if
x ∈ M(y). We shall sometimes consider the matching correspondence,

M : [0, 1] 

[0, 1]. Finally, for use in our existence result, Proposition 1, we define a match

indicator function α: α(x, y) = 1 if y ∈ M(x) and 0 otherwise.

Steady State. In steady state, the flow creation and flow destruction of matches
for every type of agent must exactly balance.

The density of matched agents

x ∈ [0, 1] is `(x) − u(x); these agents’ matches exogenously dissolve with flow
probability δ. The flow of matches created by unmatched agents of type x is
R
ρu(x) M(x) u(y) dy. Putting this together, in steady state for all types x ∈ [0, 1],
R
R1
δ(`(x) − u(x)) = ρu(x) M(x) u(y) dy = ρu(x) 0 α(x, y)u(y) dy

(1)

3. SEARCH EQUILIBRIUM
In a steady state search equilibrium (SE), (i) everyone maximizes her expected payoff,
taking all other strategies as given; (ii) if matching weakly increases both agents’
3

In a stationary world, assuming stationary acceptance sets is without loss of generality: As the
strategy of no single agent affects the future state of the economy, if an acceptance set is optimal
at time s, it remains so at time t > s.
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payoffs, then they both accept the match;4 and (iii) all unmatched rates are in
steady-state. This section formalizes (i) and (ii) in a compact, recursive way.

3.1 Analytic Description of Search Equilibrium
The Two Bellman Equations. Let W (x) denote the expected value of an unmatched agent x. Similarly, let W (x|y) be the present value for x while matched
with y, and thus S(x|y) ≡ W (x|y) − W (x) is her ‘personal’ surplus when matched.
We begin by providing the Bellman equations solved by these values.
R
While unmatched, x earns nothing, but at flow rate ρ M(x) u(y)dy, she meets
and matches with some y ∈ M(x), enjoying a capital gain S(x|y). Summarizing:
R
rW (x) = ρ M(x) S(x|y) u(y) dy

(2)

Similarly, x gets an endogenous flow payoff π(x|y) when matched with y. With
Poisson rate δ, her match is destroyed, and she suffers a capital loss S(x|y). Hence,
rW (x|y) = π(x|y) − δS(x|y)

(3)

Match Surplus Division. Search frictions create temporary bilateral rents, since
an agreeable match now is generically strictly preferred to waiting for a better
future match. This shifts the determination of the flow payoffs π into the realm
of bargaining theory. We follow a number of authors, e.g. Pissarides (1990), closing
the model with the Nash bargaining solution: namely, S(x|y) ≡ S(y|x) for all (x, y).
Using this, equation (3), and the resource constraint π(x|y) + π(y|x) ≡ f (x, y), we
have:
S(x|y) =

f (x, y) − rW (x) − rW (y)
2(r + δ)

(4)

Personal surplus is half the excess of flow match output over both flow unmatched
values. Discounting accounts both for impatience and match impermanence.
Matching Sets. In a SE, an agent’s strategy is to accept any match that weakly
exceeds her expected present unmatched value: S(x|y) ≥ 0 if and only if y ∈ A(x).
Since S(x|y) ≡ S(y|x), this implies y ∈ A(x) if and only if x ∈ A(y), and so

M(x) ≡ A(x). Thus by (4), the mutual optimality condition is
4

In our 1996 working paper (available on request), we allow that agents may reject a match if
they are just indifferent. This generalization does not affect our conclusions. We omit it here, as
it complicates our analysis throughout the paper.

6

s(x, y) ≡ f (x, y) − w(x) − w(y) ≥ 0 ⇐⇒ y ∈ M(x)

(5)

where w(x) ≡ rW (x) is the average present value of an unmatched agent, her
“reservation wage,” and s(x, y) is the (flow) match surplus.
The Value Equation. Substituting (4) into (2) yields an implicit value equation
Z
w(x) = θ

M(x)



f (x, y) − w(x) − w(y) u(y) dy ≡ θ

Z

M(x)

s(x, y) u(y) dy

(6)

where θ ≡ ρ/2 (r + δ). An agent’s unmatched value is proportional to her share of
match surplus.
Summary. A SE is fully described by specifying: (i) who is matching with whom
(matching sets

M); (ii) the measure of types searching (unmatched density u); and

(iii) how much everyone’s time is worth (unmatched value w).
Definition (SE Characterization): A SE can be represented as a triple
(w, M, u) where: w solves the implicit system (6), given (M, u);

M is optimal given
w, i.e. it obeys (5); and u solves the steady state equation (1) given M.
Figure 1 graphically depicts the matching sets for the production function

f (x, y) = xy as well as a particular choice of search frictions, impatience, and
type distribution.5 Since this production function satisfies A1-Sup, in the frictionless benchmark agents are only willing to match with their own type. With search
frictions, agents match with an interval of types, including their frictionless partner.

3.2 Properties of Value Functions and Matching Sets
We now summarize the critical properties of the value function:
Lemma 1: Given A0, the value function w satisfies the value inequality:
Z

w(x) ≥ θ
f (x, y) − w(x) − w(y) u(y) dy

(7)

M

for arbitrary M ⊆ [0, 1]. In particular, w is nonnegative. Also, w is Lipschitz,
5

Figures in this paper represent numerical approximations of the equilibrium matching sets.
To create them, we divided the type space into 500 discrete types. We posited a matching set,
calculated the associated steady state unmatched rates using (1), calculated the value function
using (6), and then calculated a new matching set using (5). This tâtonnement process converged,
and thus by definition, to a SE. The program is available upon request.

7

1.0
0.8
0.6
0.4
0.2
0
0

0.2 0.4 0.6 0.8 1.0

Figure 1: Equilibrium Matching Sets. This depicts the matching sets for f (x, y) = xy,
with δ = r, ρ = 100r, and a uniform distribution of agents, L(x) = x for x ∈ [0, 1]. If x ∈ (y)
(so y ∈ (x) also), then the points (x, y) and (y, x) are shaded in the graph. The graph is
therefore symmetric in (x, y). This is the same production function that Lu and McAfee (1996)
use; therefore, this picture is similar to their Figure 1 (p. 129).

M

M

continuous, and a.e. differentiable in a SE. When differentiable, its derivative is:
R
θ
M(x) fRx (x, y) u(y)dy
w 0 (x) =
1 + θ M(x) u(y)dy

(8)

Here is an intuitive overview of the proof (found in Appendix A). First, the
value inequality follows because matches are agreeable if and only if they produce
nonnegative match surplus. For Lipschitz and continuity, anyone can do almost as
well as nearby types simply by imitating their matching pattern, since the production function is continuous. If they optimize, they will do better still, so the value
function cannot jump. Finally, when the matching set is suitably differentiable in
x, w 0(x) is found by application of the Fundamental Theorem of Calculus. Surplus
vanishes along the boundary of the matching set; therefore, we can ignore the effect
of changes in the matching set, and simply differentiate (6) under the integral sign.
Regularity assumption A0 also imposes some restrictions on matching sets:
Lemma 2: Posit A0. All matching sets
matching correspondence

M(x) are nonempty and closed, and the

M is upper hemicontinuous (u.h.c.).

These conclusions are established in the proof of Lemma 1 (Part 3, Step 1).

4. EXISTENCE OF A SEARCH EQUILIBRIUM
Proposition 1 (SE Existence): Given A0 and A1-Sup or A1-Sub, a SE exists.
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Since values w play an analogous role to prices in Walrasian models, we look for a
fixed point in an appropriate map from the space of players’ value functions into
itself. Even though a SE is a triple, this program works because values encode all
the information needed to recover matching sets

M and unmatched densities u.

The proof demonstrates the continuity of three maps: condition (5) maps value
functions w into matching sets

M into steady state unmatched

M (Lemma 3);

equation (1) maps matching sets

densities u (Lemma 4); and equation (6) is the

composite map of values and induced matching sets and unmatched densities into
new values (Proposition 1). SE’s are fixed points of these mappings.
Previous existence theorems for heterogeneous agent search models exploit an
a priori known threshold structure of NTU matching sets to prove existence by
construction (Morgan 1995, Burdett and Coles 1997). Some have also assumed that
the unmatched density u does not depend on agents’ matching sets, an interaction
that we believe is of significant economic interest.
We consider value functions w as elements of the space C[0, 1] of continuous
maps on [0, 1] with the sup norm: kwk∞ = supx∈[0,1] |w(x)|. Instead of matching

sets M, for Lemma 3, we work with the associated match indicator functions α, and
R 1R 1
the norm kαk1 = 0 0 |α(x, y)|dx dy < ∞, for α ∈ L1 ([0, 1]2 ). However, we restrict
focus to the convex set

A of α’s with range in [0, 1].

Finally, to satisfy Lemma 4,
R1
unmatched densities u must be given the norm kuk1 = 0 |u(x)|dx.
Lemma 3: Posit A0 and A1-Sup or A1-Sub. Any Borel measurable map w 7→ αw
from value functions to match indicator functions in

A solving (5) is continuous.

A1-Sup or A1-Sub rule out an atom of zero surplus matches, a possibility that would
invalidate Lemma 3 and considerably complicate the proof of Proposition 1.
Lemma 4: The map α 7→ uα from match indicator functions in A to the unmatched
density implied by the steady-state equation (1) is both well-defined and continuous.
Proof: Step 1: α 7→ uα is well-defined, so there exists a unique solution uα to (1).
The critical idea is a log transformation of the unmatched density. Let us for
convenience define ρ̂ ≡ ρ/δ. Let Γ be the set of measurable maps v of [0, 1] into
¯ log `].
¯ For all x ∈ [0, 1] and v ∈ Γ, define
[log ` − log(1 + ρ̂`),
!
`(x)
Φα v(x) ≡ log
R1
1 + ρ̂ 0 α(x, y)ev(y) dy
Here, u ≡ ev solves the steady-state condition (1) if and only if Φα v = v. To prove
9

the steady state unmatched density is unique, we show that Φα has a unique fixed
point.
¯ one can verify that Φα maps Γ into itself.
As 0 ≤ α(x, y) ≤ 1 and ` < `(x) < `,
In this step alone, and not the continuity proof, we will use the sup-norm: kvk∞ =
supx∈[0,1] |v(x)|, so that v belongs to the complete space

L∞([0, 1]) of essentially

bounded functions. By the Contraction Mapping Theorem, Φα has a unique fixed
point if there is a χ ∈ (0, 1) with kΦα v 1 − Φα v 2 k∞ < χkv 1 − v 2 k∞ for any v 1 , v 2 ∈ Γ.
Use the definition of Φα for arbitrary x ∈ [0, 1] and v 1 , v 2 ∈ Γ:
Φα v 2 (x) − Φα v 1 (x) = log
≤ log
≤ log
The first inequality uses ev

1 (y)

≤ e||v

1 + ρ̂

R1
R01

α(x, y)ev

1 (y)

dy

!

α(x, y)ev2 (y) dy
!
R1
1
2
2
1 + ρ̂e||v −v ||∞ 0 α(x, y)ev (y) dy
R1
1 + ρ̂ 0 α(x, y)ev2 (y) dy
!
¯ ||v1 −v2 ||∞
1 + ρ̂`e
1 + ρ̂`¯

1 + ρ̂

1 −v 2 ||

∞

0

ev

2 (y)

for all y. Since e||v

1 −v 2 ||

∞

> 1, the
resulting fraction is increasing in the integral. That the integral is less than `¯ yields

the second inequality. To bound this final expression, observe


¯ ||v1 −v2 ||∞ − log(1 + ρ̂`)
¯
¯ − log(`(1 + ρ̂`))
¯
log 1 + ρ̂`e
log ` + ρ̂`¯2 (1 + ρ̂`)
≡ χ ∈ (0, 1)
≤
¯
||v 1 − v 2 ||∞
log `¯ − log ` + log(1 + ρ̂`)
¯ given v 1 , v 2 ∈ Γ.
as the left hand side rises in kv 1 − v 2 k∞ ≤ log `¯− log ` + log(1 + ρ̂`),
Reversing the roles of v 1 and v 2 proves that |Φα v 2 (x) − Φα v 1 (x)| ≤ χkv 1 − v 2 k∞ .
Since this holds for all x, we have proven that kΦα v 2 − Φα v 1 k∞ ≤ χkv 1 − v 2 k∞ .
Everywhere uniqueness of the solution to v = Φα v follows.
Step 2: α 7→ uα is continuous on the space

A.

Intuitively, (1) forms a system of

equations G(uα, α) = 0, with G continuous. By some implicit function theorem, at
points β near α, the unique solution to this equation uβ must lie near uα . This logic
requires that the derivative of G with respect to u be invertible and continuous,
which we address in Appendix B.

Q.E.D.

Proof of Proposition 1. Given values w in C[0, 1], we follow the Schauder Fixed
Point Theorem program in §17.4 of Stokey and Lucas (1989).
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• Step 1: The Best Response Value: Consider the map T : C[0, 1] 7→ C[0, 1]
T w(x) ≡

θ

R1
0

maxhf (x, y) − w(y), w(x)iuw (y)dy
1 + θūw

(9)

where uw ≡ uαw is the unmatched density implied by the value function w (by
R1
Lemmas 3 and 4), and ūw ≡ 0 uw (z)dz is the implied mass of unmatched agents.
By definition, a fixed point of the mapping T w = w is a SE.
• Step 2: The Family G: To establish the existence of a fixed point of the operator
T , we need a nonempty, closed, bounded, and convex domain space

G ⊆ C[0, 1]

G → G; (ii) T (G) is an equicontinuous family; and (iii) T is a
continuous operator. Let G be the space of Lipschitz functions w on [0, 1] satisfying
such that (i) T :

0 ≤ w(x) ≤ supy f (x, y) for all x and |w(x2 ) − w(x1 )| ≤ κ|x2 − x1 | for all x1 , x2 ,
where κ ≡ supx,y |fx (x, y)|, as in the proof of Lemma 1. This subset of C[0, 1] is
clearly nonempty, closed, bounded, and convex.
• Step 3: T :

G → G is

Continuous and T (G) is Equicontinuous: Quite

easily, if w ∈ [0, supy f (·, y)], then so is T w. Next, |T w(x2 ) − T w(x1 )| is at most
θ
1 + θūw

Z
0

1

maxhf (x2 , y) − w(y), w(x2)i
− maxhf (x1 , y) − w(y), w(x1)i uw (y)dy
R1
θ 0 |maxhf (x2 , y) − f (x1 , y), w(x2) − w(x1 )i| uw (y)dy
≤
1 + θūw

Since f (x, y) and w(x) are each Lipschitz in x with modulus κ, T w is Lipschitz with
modulus κθūw /(1+θūw ) ≤ κ. A family of Lipschitz functions of the same modulus is
equicontinuous. Finally, Appendix B proves continuity of T algebraically.

Q.E.D.

5. DESCRIPTIVE THEORY
5.1 Assortative Matching
In the frictionless world, supermodularity (A1-Sup) ensures PAM — any type x
only matches with another type x. In a frictional setting, individuals are generally
willing to match with sets of agents, and so mismatch is the rule. Our first step is
to formulate a sensible generalization of assortative matching to this environment.
Definition: Take x1 < x2 and y1 < y2 . There is PAM if the matching sets form
11

y3
y2
y1
x1

x2

x3

Figure 2: Proposition 2 Illustrated. If low and high types (x1 and x3 ) match with some
agent y2 , then so must middle types (x2 ), given PAM or NAM.

R 2 : y1 ∈ M(x1 ) and y2 ∈ M(x2) whenever y1 ∈ M(x2) and y2 ∈ M(x1 ).
There is NAM if y1 ∈ M(x2 ) and y2 ∈ M(x1 ) whenever y1 ∈ M(x1 ) and y2 ∈ M(x2 ).
This definition6 generalizes Becker’s frictionless one in Section 2.1, x ∈ M(x) for

a lattice in

all x. The presumed contrary matches do not exist with singleton matching sets,
and so the implications are true. Moreover, with PAM and symmetric matching
sets, an agent who is willing to match with someone, will match with her own type:
y ∈ M(x) implies x ∈ M(y) by symmetry, so x ∈ M(x) and y ∈ M(y) by PAM.

The definition also captures the intuition that PAM (NAM) describes a preference for matching with similar (opposite) types. To understand why, we must
explore the links between assortative matching and matching set convexity. First,
Proposition 2 (Assortative Matching ⇒ Convexity): Given

PAM

or

NAM, if all matching sets are nonempty, then they are convex as well.
Proof. Since the two cases are symmetric, assume PAM. Take any x1 < x2 < x3

M(y2). By assumption, there exists y0 ∈ M(x2 ).
If y 0 > y2 , like y3 in Figure 2, then x2 ∈ M(y 0) and x3 ∈ M(y2 ) imply x2 ∈ M(y2 ),
using PAM. If y 0 < y2 , like y1 in Figure 2, then x2 ∈ M(y 0) and x1 ∈ M(y2 ) imply
x2 ∈ M(y2). Finally, if y 0 = y2 , then obviously x2 ∈ M(y2).
Q.E.D.

and y2 ∈ [0, 1], with x1 and x3 in

Next, suppose matching sets are convex, closed, and nonempty; the last two as6

An equivalent formulation, valid in higher dimensions, is simply to say that the matching
~ ∨ β~ 0 ) ≥ α(β)α(
~ β
~ 0 ) for any two matches β
~ = (x, y)
~∧β
~ 0 )α(β
indicator function α is affiliated : α(β
0
0 0
~
and β = (x , y ). As usual, ∨ and ∧ denote componentwise vector maxima and minima. Matching
is negatively assortative if the reverse inequality obtains (negative affiliation). This also extends
our formulation to probabilistic acceptance decisions, as would be necessary if there were atoms in
the type distribution; the probability-of-matching function must be affiliated. Milgrom and Weber
(1982) is the classic (auction-theory) economic application of affiliation.
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sumptions follow in particular from assumption A0, by Lemma 2. Then they are

fully described by lower and upper bound functions: a(x) ≡ min{y | y ∈ M(x)} and
b(x) ≡ max{y | y ∈

M(x)}.

These easily-visualized functions provide an intuitive

characterization of assortative matching:
Proposition 3 (Matching Set Bound Functions): Assume that matching
sets are closed and nonempty. Then there is PAM (NAM) if and only if matching
sets are convex and the bound functions a and b are nondecreasing (nonincreasing).
(The proof is in Appendix C.) This confirms higher types have higher (lower)
matching sets under PAM (NAM). For example, higher types have higher mean and
median partners under PAM.
Establishing PAM or NAM requires a comparison of a 4-tuple of values, a complex task that prevents us from directly finding conditions that ensure assortative
matching. Instead, we assault the problem indirectly. We first show that convex
matching sets and conditions that orient matching sets are sufficient for assortative
matching, essentially the converse of Proposition 2. In Section 5.2, we complete the
argument by finding primitive sufficient conditions for convexity.
Proposition 4 (Sufficient Conditions for Assortative Matching):
Assume symmetric, convex, and nonempty matching sets
upper hemicontinuous matching correspondence

M.

M(x) for all x, and an

There is PAM if and only if

0 ∈ M(0) and 1 ∈ M(1). There is NAM if and only if 0 ∈ M(1) and 1 ∈ M(0).

Proof. As the two cases are identical, we concentrate on PAM. We have already
argued that PAM and symmetric, nonempty matching sets implies x ∈
all x. Hence, 0 ∈ M(0) and 1 ∈ M(1).

M(x) for

To prove sufficiency of these conditions, take x1 < x2 and y1 < y2 with x2 ∈

M(y1)

and x1 ∈

M(y2).

We first prove x1 ∈

M(y1).

Our ‘Intermediate Value

Theorem’ in Claim 1 of Appendix C then applies, since the matching correspondence

is nonempty- and convex-valued and u.h.c.. Consequently, 0 ∈ M(0) and y2 ∈ M(x1 )
(by symmetry) imply that there is x0 ∈ [0, x1 ] with y1 ∈

M(x0 ), and thus x0

∈

M(y1), again by symmetry. If x0 = x1 , we are done. Otherwise, with x0 < x1 < x2 ,
convexity of M(y1 ), x0 ∈ M(y1), and x2 ∈ M(y1 ), ensure that x1 ∈ M(y1 ). A parallel
construction uses 1 ∈ M(1) to prove that x2 ∈ M(x2 ), establishing PAM. Q.E.D.
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5.2 Sufficient Conditions for Convexity
Since we have shown that convex matching sets are necessary and, with conditions
that orient matching patterns, sufficient for assortative matching, it is logical to
attack assortative matching indirectly by finding conditions under which matching
sets are convex. As matches occur at points where the match surplus function s is
non-negative valued, according condition (5), we look for conditions under which s
is quasi-concave in each argument — i.e. each agent has single-peaked preferences.
The logic of the frictionless model of Section 2.1 suggests that assumption A1
might suffice. For assume PAM, so identical types match. Competition ensures
that output is evenly split: x earns w 0 (x) = f (x, x)/2, where w 0 is the ‘zero search
frictions’ value function, analogous to w. Define a frictionless surplus function,
s0 (x, y) ≡ f (x, y) − w 0 (x) − w 0 (y). If s0 (·) ≤ 0 for all matches, then the wages w 0
decentralize this allocation. For given x, an increase in her partner’s type yields
marginal surplus
s0y (x, y) = fy (x, y) − fx (y, y)/2 − fy (y, y)/2 = fy (x, y) − fy (y, y)
since f is symmetric. If A1-Sup obtains, then fy (x, y)

? f (y, y) as x ? y. So for
y

a given x, the surplus function is increasing or decreasing in her partner’s type y
as x

? y.

Thus, s0 (x, ·) is quasiconcave and maximized at x, with s0 (x, x) = 0.

Parallel results obtain given NAM and A1-Sub.
If frictions reduce everyone’s value equally, the surplus function would shift up,
but the set of points y with s(x, y) ≥ 0 would remain convex, the result we desire.
Examples disprove this conjecture. The production function f (x, y) = (x+y−1)2
in the top panel of Figure 3 obeys A1-Sup, and yet equilibrium matching sets are not
convex, given appropriate search frictions. For any x close enough to

1
2

won’t match

with another x, but will match with both higher and lower types. The intuition for
this example is clear —

1
2

produces nothing when matched with her own type.

The bottom panel of Figure 3 uses the function f (x, y) = (x + y)2 to illustrate
that the nonconvexity is quite general, and does not require f nonmonotonic. With
enough search frictions, types near 1 are willing to match with intermediate types
like 0.2. This opportunity offers a windfall for 0.2: When two of them meet, they
prefer to continue to search for types near 1. On the other hand, if 0.2 meets a
sufficiently low type, with no such valuable outside option, match surplus is once
again positive, and the match is mutually agreeable.
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Figure 3: Non-Convex Matching. The top panel depicts matching sets for f (x, y) =

(x + y − 1)2 , δ = r, ρ = 100r, and L(x) = x on [0, 1]. The bottom panel depicts matching sets for
f (x, y) = (x + y)2 , δ = r, ρ = 35r, and L(x) = x on [0, 1].

We now introduce additional conditions on the production function f that ensure
convex matching sets. We hope the serious interplay of three forms of supermodularity makes for an interesting application of the ongoing research program here.
A2-Sup. The first partial derivative of the production function is log-supermodular: 7
for all x1 ≤ x2 and y1 ≤ y2 , fx (x1 , y1 )fx (x2 , y2) ≥ fx (x1 , y2 )fx (x2 , y1 ).
A3-Sup. The cross partial derivative of the production function is log-supermodular:
for all x1 ≤ x2 , y1 ≤ y2 , fxy (x1 , y1 )fxy (x2 , y2) ≥ fxy (x1 , y2 )fxy (x2 , y1 ).
A2-Sub. The first partial derivative of the production function is log-submodular:
for all x1 ≤ x2 and y1 ≤ y2 , fx (x1 , y1 )fx (x2 , y2) ≤ fx (x1 , y2 )fx (x2 , y1 ).
A3-Sub. The cross partial derivative of the production function is log-submodular:
for all x1 ≤ x2 and y1 ≤ y2 , fxy (x1 , y1)fxy (x2 , y2 ) ≤ fxy (x1 , y2)fxy (x2 , y1 ).
7
A positive function is log-supermodular if its log is supermodular. These definitions extend
this notion to possibly negative functions, in the way needed in this paper.
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While assumptions A1,A2,A3-Sup are independent, as are A1,A2,A3-Sub, they
jointly are interrelated. For example, A3-Sup and A3-Sub simultaneously hold for
production functions of the form f (x, y) ≡ c1 + c2 (g(x) + g(y))+ c3 h(x)h(y). Under
the additional restriction g ≡ h, A2-Sup and A2-Sub obtain as well. Thus, A2-Sup
and A2-Sub jointly imply A3-Sup and A3-Sub, but not conversely.
To better understand these assumptions, consider the constant elasticity of sub1/a
stitution (CES) production function f (x, y) = 12 (xa + y a )
, with Cobb-Douglas

limit f (x, y) = (xy)1/2 when a = 0. This satisfies A1-Sup when the elasticity of
substitution is negative, a < 1. For a < 0 — an elasticity of substitution between
−1 and 0 — A2-Sup and A3-Sup are satisfied as well. When inputs are more easily
substituted, a > 0, A2-Sup is violated. Finally, A3-Sup obtains when a ≤ 1/2.
Proposition 5 (Convex Matching): Posit A0. Given A1-Sup, A2-Sup, and
A3-Sup, or A1-Sub, A2-Sub, and A3-Sub, all matching sets are convex.
This is proven in §5.3. The importance of A1 is clear from the frictionless benchmark.
The production functions in Figure 3 satisfy A1-Sup, A2-Sub, and both A3-Sup and
A3-Sub, proving A2 necessary. We postpone the subtle issue of the necessity of A3.
As an important robustness check, both the primary premises of Proposition 5 —

A1, A2, A3 — and the convexity conclusion in R , are scale- and order-independent.

Consider the cardinal specification of the type distribution. For instance, relabel
ˆ
each agent x by her type’s percentile L(x), and let f(L(x),
L(y)) ≡ f (x, y). Then f
satisfies the assumptions in Proposition 5 if and only if fˆ does. Likewise, we may
reverse agents’ ordering by relabeling each x as 1 − x, and letting fˆ(1 − x, 1 − y) ≡
f (x, y). This observation will play a key role in the proof of Lemma 5.
Our main result follows from Propositions 4 and 5.
Proposition 6 (Assortative Matching Characterization): Posit

A0.

Then A1-Sup, A2-Sup, A3-Sup and fy (0, y) ≤ 0 ≤ fy (1, y) for all y imply PAM;
A1-Sub, A2-Sub, A3-Sub and fy (0, y) ≥ 0 for all y or 0 ≥ fy (1, y) for all y imply
NAM.
We use A1, A2, and A3 to establish matching set convexity through Proposition 5.
These assumptions do not guarantee assortative matching, as Figure 4 attests. The
function f (x, y) = x + y + xy obeys all three supermodularity assumptions, but

matching sets violate the additional requirement from Proposition 4 that 0 ∈ M(0).
With search frictions, some agents y > 0 match with 0, since such matches are
productive. Therefore, w(0) > 0 by (6), and the match surplus of (0, 0) is negative.
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Figure 4: A Failure of PAM. This depicts matching sets for f (x, y) = x + y + xy, ρ = 750r,
δ = r, and L(x) = x on [0, 1]. Although f satisfies A1-Sup, A2-Sup, and A3-Sup, PAM does not
/ (0).
arise. Indeed, that f (0, 0) = 0 but fy (0, y) > 0 forces 0 ∈

M

By (5), 0 ∈
/ M(0). We preempt such difficulties via the boundary conditions on the
marginal product of f .
Proof of Proposition 6. By construction, matching sets are symmetric. They are
convex by Proposition 5, and nonempty, with a u.h.c. correspondence by Lemma 2.

As all the assumptions of Proposition 4 are satisfied, there is PAM if 0 ∈ M(0) and
1 ∈ M(1); and there is NAM if 0 ∈ M(1) and 1 ∈ M(0).

We first show that 0 ∈ M(0) under the supermodularity and associated boundary

assumptions. (That 1 ∈ M(1) is similar.) For y with w 0 (y) ≥ 0, fy (0, y) ≤ 0 trivially
implies sy (0, y) ≤ 0. For all other y, by (8):
R
R
θ
f
(x,
y)u(x)dx
y
M(y) R
M(y)R fy (x, y)u(x)dx
w 0(y) =
>
≥ fy (0, y)
1 + θ M(y) u(x)dx
M(y) u(x)dx

where the first inequality follows from the negative numerator (as w 0(y) < 0), and
the second from A1-Sup. In either case, sy (0, y) ≤ 0, so that type 0 prefers matching

with lower types. Finally, 0 ∈ M(0), as matching sets are nonempty (Lemma 2).

Next take the submodularity assumptions, with fy (1, y) ≤ 0. If w 0 (y) ≥ 0, then
we trivially have sy (1, y) ≤ 0. Otherwise, use A1-Sub in the above supermodularity
argument to prove w 0 (y) ≥ fy (1, y). Hence, 1 prefers to match with lower types;
thus, 0 ∈

M(1) by nonemptiness,

and 1 ∈

M(0) by symmetry.

The proof with

fy (0, y) ≥ 0 is similar.

Q.E.D.

5.3 Convexity Argument: Proof of Proposition 5
We prove that match surplus is quasiconcave in each argument.
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Lemma 5 (Quasiconcavity): Posit A0 and fix z.

Given A1,A2,A3-Sup or

A1,A2,A3-Sub, the match surplus function s(z, y) is quasiconcave in y.
By condition (5), Proposition 5 follows immediately from Lemma 5.
Each of the three assumptions plays a distinct role in our proof. In the frictionless
model, A1-Sup ensures that the highest type has an increasing surplus function,
s0y (1, y) ≥ 0. Search frictions depress and flatten all value functions w. As a result,
the highest type’s match surplus is strictly increasing in her partner’s type. By
continuity, this argument extends to other high types.
For the lowest type, A1-Sup implies that the frictionless surplus function is decreasing. Flattening the value function changes this in complex ways. A2-Sup
imposes that the percentage decline in productivity from ‘mismatch’ is smaller for
high types than for low types. As a result, low types suffer a larger percentage
decline in value. This ensures that low types continue to prefer to match with relatively cheap low types. Finally, A3-Sup provides a single crossing property (SCP),
Lemma 6 below, which allows us to treat everyone as either a high type or a low
type.
The formal proof of Lemma 5 rules out local minima in any z’s surplus function,
showing that if s(z, ·) is falling at y1 , it is falling at y2 > y1 . Here let us assume
w 0 (y1 ) > 0. Let z̃ solve fy (z̃, y1) ≡ w 0 (y1 ). By A1-Sup, fy (z, y1 ) > fy (z̃, y1 ) for
z > z̃, so that s(z, ·) is increasing at y1 .
Dealing with z < z̃ uses the other assumptions. By A2-Sup, fy (z̃, y1 )fy (z, y2 ) ≤
fy (z, y1 )fy (z̃, y2 ) for any y2 > y1 . By the definition of z̃, the left hand side is equal
to w 0 (y1)fy (z, y2 ). If we are in the interesting case where z’s surplus function is
decreasing at y1 , the right hand side is less than w 0 (y1 )fy (z̃, y2 ). Putting these
together, fy (z, y2 ) < fy (z̃, y2 ). Now if we can prove that fy (z̃, y2 ) ≤ w 0 (y2 ), we will
have shown that z’s surplus function is decreasing at y2 , completing the proof.
For this last step, we use the SCP. Diamond and Stiglitz (1974) showed (Theorem
3, equivalence of (ii) and (iii)) that a gambler has a higher coefficient of absolute risk
aversion if and only if he requires a higher risk premium for any gamble. Formally,
let utility h depend on a prize x and preference parameter y. Then the coefficient
of absolute risk aversion −hxx /hx is smoothly falling in y if and only if the certainty
equivalent of any gamble is smoothly rising in y. We extend this result by assuming
that utility is just once differentiable in income — but that log marginal utility
log hx is supermodular in (x, y). As such, the Arrow-Pratt risk aversion measure
need no longer exist, yet alone its derivative in y. We can find no way of patching
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their proof, as it includes repeated integration by parts of a third derivative. Our
proof in Appendix C explicitly exploits the supermodular structure, our main focus.
Lemma 6 (A SCP for Gambles): Consider h : [0, 1]2 7→ R , differentiable, with
hx either positive and log-supermodular, or negative and log-submodular. For all y1 ∈
[0, 1] and probability densities with support M ⊆ [0, 1], there is a unique certainty
equivalent z̄: h(z̄, y1 ) ≡ Ex∈M h(x, y1 ). For all y 0 ≥ y1 , h(z̄, y 0) ≤ Ex∈M h(x, y 0). If
hx > 0 is log-submodular or hx < 0 is log-supermodular, then h(z̄, y 0) ≥ Ex∈M h(x, y 0).
In our case, w 0(y1 ) is proportional to the certainty equivalent Ex fy (x, y1 ), according to (8), and is also equal to fy (z̃, y1 ) by definition. Similarly, w 0 (y2 ) is proportional
to the certainty equivalent Ex fy (x, y2 ). Thus A3-Sup, log-supermodularity of fxy ,
ensures w 0(y2 ) ≥ fy (z̃, y2 ).
Our formal proof of Lemma 5 tightens this argument and uses a slightly different
characterization of quasiconcavity. A well-behaved non-quasiconcave function σ has
a local minimum x. The characterization in the next lemma (proof appendicized)
focuses on a critical property of points y1 and y2 to the left and right of x.
Lemma 7: Assume a continuous and a.e. differentiable map σ : [0, 1] 7→

R

obeys:

σ(y1 ) < σ(y2 ) for 0 < y1 < y2 implies σ 0 (y1 ) ≥ 0 when defined. Then σ is quasiconcave.
Now we have the tools to prove that the match surplus function is quasiconcave.
Proof of Lemma 5. Since f is continuous and differentiable by A0, and w is continuous and a.e. differentiable by Lemma 1, surplus s is continuous and a.e. differentiable.
We will use Lemma 7 to prove that an arbitrary s(z, y) is quasiconcave in y under
the supermodularity assumptions. We omit the symmetric submodularity proof.
Fix 0 < y1 < 1. If w 0 (y1 ) is defined, we may assume without loss of generality
that w 0(y1 ) nonnegative. For if w 0 (y1 ) < 0, we could instead work in the world
with a reversed type ordering, recalling the discussion after Proposition 5. Letting
fˆ(x, y) ≡ f (1 − x, 1 − y) denote the production function and L̂(x) ≡ 1 − L(1 − x)
denote the type distribution in such a world, there would be a SE with value function
ŵ(1 − y) ≡ w(y), and in particular ŵ 0 (1 − y1 ) = −w 0 (y1 ) > 0. We could instead
proceed with the analysis of type 1 − y1 , proving that ŝ(1 − z, 1 − y1 ) is quasiconcave
in its second argument. By construction, this would establish quasiconcavity of
s(z, y), as desired.
Next, fix y2 ∈ (y1 , 1) and z. We must prove that if s(z, y1 ) < s(z, y2 ), then
sy (z, y1 ) ≥ 0 when defined. If w 0 (y1 ) is undefined, then so is sy (z, y1 ) and we are
done. Otherwise, implicitly define z̄ so fy (z̄, y1 ) is the expected value of the gamble
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fy (x, y1 ):

R
M(yR1 ) fy (x, y1 )u(x)dx
fy (z̄, y1 ) ≡
M(y1 ) u(x)dx

(10)

• Step 1: sy (z, y1 ) ≥ 0 for all z ≥ z̄.
R
R
f
θ
f
(x,
y
)u(x)dx
(z̄,
y
)θ
u(x)dx
y
1
y
1
M(y1 ) R
R M(y1 )
0 ≤ w 0(y1 ) =
=
≤ fy (z̄, y1 )
1 + θ M(y1 ) u(x)dx
1 + θ M(y1 ) u(x)dx
by (8) and (10), so sy (z̄, y1 ) ≥ 0. By A1-Sup, sy (z, y1 ) > sy (z̄, y1) ≥ 0 for all z > z̄.
• Step 2: w(y1) < w(y2) and f (z, y1 ) < f (z, y2 ) whenever s(z, y1 ) < s(z, y2 )
and z < z̄. At y2 with s(z, y1 ) ≥ s(z, y2 ), there is nothing to verify. Otherwise:
R
θ M(y1 ) (f (x, y2 ) − f (x, y1 ))u(x)dx
R
f (z, y2 ) − f (z, y1 ) > w(y2) − w(y1) ≥
1 + θ M(y1 ) u(x)dx

(11)

where the second inequality applies equation (6) and inequality (7).
By A1-Sup and A3-Sup, h = fy meets Lemma 6’s conditions. So for all y 0 > y1 ,
R
0
M(yR1 ) fy (x, y )u(x)dx
≥ fy (z̄, y 0 )
u(x)dx
M(y1 )
by (10). For y2 > y1 , integrate this over y 0 ∈ [y1 , y2 ]; and use A1-Sup with z̄ > z
R
y2) − f (x, y1 ))u(x)dx
M(y1 ) (f (x,
R
≥ f (z̄, y2 ) − f (z̄, y1) > f (z, y2 ) − f (z, y1 )
M(y1 ) u(x)dx

(12)

By transitivity, the last term in (11) is smaller than the first term in (12):
R
R
θ M(y1 ) (f (x, y2) − f (x, y1 ))u(x)dx
y2 ) − f (x, y1 ))u(x)dx
M(y1 ) (f (x,
R
R
>
u(x)dx
1
+
θ
M(y1 )
M(y1 ) u(x)dx
R
Hence, M(y1 ) (f (x, y2 ) − f (x, y1 ))u(x)dx > 0. Using this, (11) implies w(y2 ) > w(y1)
and f (z, y2 ) > f (z, y1 ). Note that (12) then implies f (z̄, y2 ) > f (z̄, y1 ).
• Step 3: sy (z, y1 ) ≥ 0 whenever s(z, y1 ) < s(z, y2 ) and z < z̄.
Divide (8) by (11), and then (10) by (12), verifying that the relevant terms are
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positive:
R
w 0 (y1 )
fy (z̄, y1)
M(y1 ) fy (x, y1 )u(x)dx
≤R
≤
w(y2 ) − w(y1 )
M(y1 ) (f (x, y2) − f (x, y1 ))u(x)dx f (z̄, y2 ) − f (z̄, y1)

(13)

Integrating A2-Sup implies that for y1 < y2 and z < z̄,
fy (z̄, y1 )(f (z, y2 ) − f (z, y1 )) ≤ fy (z, y1 )(f (z̄, y2) − f (z̄, y1 ))
Divide by f (z, y2 ) − f (z, y1 ) > 0 and f (z̄, y2 ) − f (z̄, y1 ) > 0, and combine with (13):
w 0 (y1 )
fy (z, y1 )
≤
w(y2) − w(y1)
f (z, y2 ) − f (z, y1 )
As 0 < w(y2 ) − w(y1) < f (z, y2 ) − f (z, y1 ), multiplication yields w 0 (y1 ) ≤ fy (z, y1 )
or sy (z, y1 ) ≥ 0, completing the proof.

Q.E.D.

One can prove that A1-Sup and A2-Sup preclude all but holes in the center of
acceptance sets, a pattern we are unable to produce. Instead, we offer an example
showing that A3 is necessary for surplus quasiconcavity, and therefore critical to
any general proof of matching set convexity. Consider the production function
f (x, y) = 1000 − (xy)3 + 9(xy)2 + 3(x + y), obeying A1-Sup, A2-Sup, and A3Sub (but not A3-Sup). Let ρ = 50000r, δ = r, and L(x) = x on [0, 1]. Since
a partner’s type has a negligible effect on output, not surprisingly all matches are
acceptable. In Appendix C, we show that this model is analytically solvable: w(x) =
495.1144+2.9472(x+x2)−0.2456x3. Thus, the surplus function of x ∈ [0.560, 0.562]
is not quasiconcave. For example, s(0.560, y) is minimized at y = 0.913.

6. CONCLUSION
This paper has pushed the assortative matching insights into a plausible search
setting. We have generalized PAM and NAM for this frictional environment, and
have identified the three supermodularity (submodularity) assumptions under which
matching sets are convex and, with additional boundary conditions, increasing (decreasing). We have also developed a general existence theorem for search models
with endogenous type distributions, and general matching sets.
We have investigated this model because it can be fully solved. In proving existence of a SE, we made assumptions on the search technology to avoid significant
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complications; however, our descriptive theory in Section 5 applies for any anonymous search technology, where the rate that searchers meet is independent of their
types. This includes, for example, a linear search technology, in which the meeting
rate is independent of the measure of unmatched agents.
Likewise, we have assumed that a steady-state is maintained through deaths
of existing agents. We could alternatively posit an inflow of entrants, and assume
that all matches are permanent. While our assortative matching and convexity
conclusions do not depend on this modeling choice, our existence proof does.
This model may be generalized in several important ways. For example, so as
not to double the notation, we have assumed one class of agents. All our results
extend to a model with workers and firms, or men and women. Our definition
of assortative matching generalizes to multiple dimensions, while convex coordinate
slices (biconvexity) is the scale-independent extension of convexity in one dimension.

APPENDICES: OMITTED PROOFS
A. VALUE FUNCTION PROPERTIES
Part 1 of Lemma 1: Value Inequality. If (7) were violated, (6) would yield

either y ∈ M(x), y ∈
/ M, and f (x, y) − w(x) − w(y) < 0; or y ∈ M, y ∈
/ M(x), and
f (x, y) − w(x) − w(y) > 0. Either possibility contradicts (5).

Q.E.D.

Part 2 of Lemma 1: Lipschitz and thus Continuity. Since fx is continuous
on [0, 1]2 , κ ≡ maxx,y |fx (x, y)| is well-defined. Also, by (6) and (7), for all x1 < x2 ,

R
θ M(x2 ) f (x2 , y) − f (x1 , y) − w(x2 ) + w(x1 ) u(y)dy ≥
R

w(x2 ) − w(x1 ) ≥ θ M(x1 ) f (x2 , y) − f (x1 , y) − w(x2 ) + w(x1 ) u(y)dy
Solving each inequality for w(x2 )−w(x1 ) and using |f (x2 , y)−f (x1 , y)| ≤ κ(x2 −x1 ),
R
R
−κ(x2 − x1 ) · θ M(x1 ) u(y)dy
κ(x2 − x1 ) · θ M(x2 ) u(y)dy
R
R
≥ w(x2 ) − w(x1 ) ≥
1 + θ M(x2 ) u(y)dy
1 + θ M(x1 ) u(y)dy
So w is Lipschitz, |w(x2 ) − w(x1 )|/(x2 − x1 ) < κ, and thus continuous.

Q.E.D.

Part 3 of Lemma 1: Differentiability. Let D(B, C) be the Hausdorff distance
between sets B and C: namely, D(B, C) = inf{d|∀(b, c) ∈ (B, C), ∃(b0 , c0 ) ∈ (C, B),
with |b − b0 | < d and |c − c0| < d}. Call a correspondence M continuous at x if for all
ε > 0, there is a neighborhood Nx of x, such that D(M(x), M(x0 )) < ε if x0 ∈ Nx .
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M

• Step 1:

is continuous at a.e. x. First,

M is nonempty-valued:

if

M(x) = ? for some x, then w(x) = 0 by (6). Thus f (x, x) − 2w(x) ≥ 0 by A0,
and (5) implies x ∈ M(x), a contradiction. Next, M is u.h.c.: Take any sequence
(xn , yn ) → (x, y), with yn ∈ M(xn ) for all n. Then s(xn , yn ) ≥ 0 for all n, and so
s(x, y) ≥ 0 as well, since s is continuous by A0 and Part 2 of this Lemma. Thus,
y ∈

M(x), establishing u.h.c.

Fixing xn = x for all n,

M(x) ⊆ [0, 1] is bounded, whence M is compact-valued.

M(x) is closed too.

Also,

We call x an ε-continuity point of a correspondence M, and say x belongs to

CM (ε), if for all x0 sufficiently close to x, D(M(x), M(x0 )) < ε.

Since

M is u.h.c.

and compact valued, Theorem I-B-III-4 in Hildenbrand (1974) implies that (given

M. Then
for all n = 1, 2. . . . , a.e. x ∈ CM (1/n), and the countable intersection ∩n CM (1/n)
our nonatomic density u) for all ε > 0, a.e. x is an ε-continuity point of

contains a.e. x as well. That is, for a.e. x, for all n, if x0 is sufficiently close to x,

D(M(x), M(x0 )) < 1/n. So

M is a.e. continuous.

• Step 2: Decomposition of the Value Function’s Slope. Take any

R
sequence xn → x. Add and subtract θ M(x) f (xn , y) − w(xn ) − w(y) u(y)dy from
w(xn ) − w(x) for each n, and divide through by xn − x:
w(xn ) − w(x)
=θ
xn − x

where

R
A−B

≡

R

−
A

Z

f (xn , y) − w(xn ) − w(y)
u(y)dy
xn − x
M(xn )−M(x)

Z
(f (xn , y) − f (x, y)) − (w(xn ) − w(x))
+
u(y)dy
(14)
xn − x
M(x)

R
B

. The first term in brackets vanishes if

M is continuous at x,

because continuity of f and w and condition (5) imply surplus vanishes at changes
in

M(x).

The remaining terms tend to the desired expression for w 0 (x) at a.e. x.

Q.E.D.

B. EQUILIBRIUM EXISTENCE
Continuity of w 7→ α(w): Proof of Lemma 3.
• Step 1: Surplus Function is Rarely Constant in one Variable. Define
Zs (x) = {y : s(x, y) = 0} and Zs = {(x, y) : s(x, y) = 0}, and let µ be Lebesgue
measure on [0, 1]. We claim that under A1-Sup or A1-Sub, µ(Zs (x)) = 0 for a.e. x.
Let x 6= x0 and y 6= y 0, with s(x, y) = s(x0 , y) = s(x, y 0 ) = 0. Under A1-Sup or
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A1-Sub, f (x, y) + f (x0 , y 0) 6= f (x0 , y) + f (x, y 0 ), from which s(x0 , y 0) 6= 0 follows.
Thus, Zs (x) ∩ Zs (x0 ) contains at most one point whenever x 6= x0 .
Assume µ(Zs (x)) > 0 for an uncountable number of x.8 Then for some k, there
P
are infinitely many hxn i with µ(Zs (xn )) > 1/k, whereupon ∞
n=1 µ(Zs (xn )) = ∞.
Since xij = Zs (xi ) ∩ Zs (xj ) contains at most one point, N = ∪∞
i,j=1 xij is countable,
and so µ(N) = 0. Also, Zs (xi ) \ N and Zs (xj ) \ N are disjoint for all i 6= j. Thus
!
∞
∞
∞
[
X
X
1≥µ
Zs (xn ) \ N =
µ(Zs (xn ) \ N) =
µ(Zs (xn )) = ∞
n=1

n=1

n=1

Given this contradiction, there are only countably many x with µ(Zs (x)) > 0. So
µ(Zs (x)) = 0 for a.e. x, and by Fubini’s theorem (µ × µ)(Zs ) = 0.
• Step 2: Close Surplus Functions Rarely Differ in Sign. As η → 0, the
set Σs (η) = {(x, y) with |s(x, y)| ∈ [0, η]} shrinks monotonically to ∩∞
k=1 Σs (1/k) =
s−1 (0) = Zs . By the countable intersection property of measures,
lim (µ×µ)(Σs (η)) = lim (µ×µ)(Σs (1/k)) = (µ×µ)(∩∞
k=1 Σs (1/k)) = (µ×µ)(Zs ) = 0

η→0

k→∞

Finally, let w1 and w2 be value functions, with kw1 (x)−w2 (x)k ≤ η/2, and α1 , α2
corresponding match indicator functions. If s1 (x, y) ≡ f (x, y) − w1 (x) − w1 (y) > η,
then s2 (x, y) ≡ f (x, y) − w2 (x) − w2 (y) > 0, and so α1 (x, y) = α2 (x, y) = 1, while
if s1 (x, y) < −η, then s2 (x, y) < 0, and α1 (x, y) = α2 (x, y) = 0. Consequently,
{(x, y)|α1(x, y) 6= α2 (x, y)} ⊆ Σs1 (η), whose Lebesgue measure vanishes as η → 0.
This implies the desired continuity limkw1 −w2 k→0 kα1 − α2 kL1 = 0.

Q.E.D.

Continuity of α 7→ u(α): Finishing the Proof of Lemma 4.
Normalize δ = 1.
For fixed α0 , let u0 be the associated unique unmatched density: i.e.
R1
`(x) − u0 (x) = ρu0 (x) 0 α0 (x, y)u0(y)dy. Defining G(α, u)(x) = u(x)(1 +
R
ρ α(x, y)u(y)dy) − `(x), we see that u = uα solves (1) given α iff G(α, uα) = 0. As
proven, uα is unique.
• Step 1: An Invertible Steady-State Derivative Operator. The deriva-

tive Gu (α, u) is a bounded linear operator on L2 [0, 1], defined as the following limit:

R1 
R1
Gu (α, u)(g) = limt→0 (G(α, u + tg) − G(α, u))/t = g 1 + ρ 0 αu + ρu 0 αg
8

Toby Gifford (Math Dept., Washington U. in St. Louis) tightened the logic of this paragraph.
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that is also clearly continuous in u. Write Gu (α, u) ≡ I + ρH. Since α is symmetric
(α(x, y) = α(y, x)), the operator H is self-adjoint, and positive-definite on the space

L2 ([0, 1], 1/u) of functions square-integrable with respect to density 1/u, because9
2hg, Hgi = 2

R1

g(x)Hg(x)/u(x)dx
R01R 1
= 2 0 0 (g(x)2 u(y)/u(x) + g(x)g(y))α(x, y)dxdy
R 1R 1
= 0 0 [g(x)2 u(y)/u(x) + 2g(x)g(y) + g(y)2u(x)/u(y)] α(x, y)dxdy
p
p
R 1R 1
= 0 0 [g(x) u(y)/u(x) + g(y) u(x)/u(y)]2 α(x, y)dxdy ≥ 0

Since u is boundedly positive (given ρ < ∞, ` ≥ ` > 0) and finite (u ≤ `¯ < ∞),

L2 ([0, 1], 1/u) = L2 [0, 1]. So H is a self-adjoint and positive definite linear operator
in L2 [0, 1], and its spectrum is thus real and nonnegative; the spectrum of Gu (α, u)
is then contained in [1, ∞), and excludes 0: Hence, Gu (α, u) is invertible in L2 [0, 1].
• Step 2: G is Lipschitz in α. First, we have the subtraction:
Z
G(α, u)(x) − G(β, u)(x) = ρu(x)
Z
⇒

0

1

2

2 ¯4

[G(α, u)(x) − G(β, u)(x)] dx ≤ ρ `

2 ¯4

≤ρ `

Z
0

Z

0

1

[α(x, y) − β(x, y)]u(y)dy

0
1 Z 1

1

Z
0

0
1

2
[α(x, y) − β(x, y)]dy

dx

[α(x, y) − β(x, y)]2 dydx

¯ Then kG(α, u) − G(β, u)k ≤ ρ`¯2 kα − βk, both norms in
since u(x) ≤ `.

L2 .

• Step 3: Continuity of α 7→ uα . Since G(α, u) has Lipschitz constant L =
ρ`¯2 > 0 in α, we have kG(α0, uα )k = kG(α0 , uα ) − G(α, uα)k < Lka − α0 k, and so
kG(α0 , uα0 ) + J(uα − uα0 )k = kG(α0 , uα0 + uα − uα0 )k = kG(α0 , uα)k < Lkα − α0 k
for some Jt = Gu (α0 , tuα + (1 − t)uα0 ) and t ∈ [0, 1] by the mean value theorem,
given continuity of Gu in u. By Step 1, Jt is an invertible linear operator in

L2 [0, 1]

with spectrum contained in [1, ∞). So its inverse Kt exists, and kKt k ≤ 1 for all t.
Hence,
kuα − uα0 k = kKt Jt (uα − uα0 )k ≤ kKt kkJt (uα − uα0 )k < Lkα − α0 k
since kKt vk ≤ kKt kkvk ≤ kvk by the norm inequality and kKt k ≤ 1. So when α is
9

We thank Robert Israel (UBC Math Dept.) for remarking on this fact.
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near α0 in L2 ([0, 1]2), uα is close to uα0 in L2 [0, 1]. Finally, continuity holds for both
norms in

L1 : The Cauchy-Schwarz
inequality implies kuα − uα kL
p
0

0

and kα − α kL2 ≤

1

≤ kuα − uα0 kL2 ;

kα − α0 kL1 holds in our restricted domain, as |α − α0 | ≤ 1.

Q.E.D.
Continuity of the Operator T : Finishing the Proof of Proposition 1.
For all w 1 , w 2 ∈ G and x ∈ [0, 1], the triangle inequality implies |T w 2(x)−T w 1 (x)| ≤
D1 (x) + D2 (x), where
Di (x) ≡

θ

R1
0

1

maxhf (x, y) − w i(y), w i(x)iuw (y)dy
1 + θūw1
R1
i
θ 0 maxhf (x, y) − w 2 (y), w 2(x)iuw (y)dy
−
1 + θūwi

We will show that D1 and D2 converge to zero when w 1 converges to w 2 . First,
supx D1 (x) ≤ supz |w 1 (z) − w 2 (z)|, since
R1

1

|maxhf (x, y) − w 2 (y), w 2(x)i − maxhf (x, y) − w 1(y), w 1(x)i| uw (y)dy
D1 (x) ≤
1 + θūw1
R1
1
θ 0 |maxhw 1 (y) − w 2 (y), w 2(x) − w 1 (x)i| uw (y)dy
≤
≤ sup |w 1(z) − w 2 (z)|
1 + θūw1
z
θ

0

Second, we can bound D2 (x) through a series of algebraic manipulations.
Z
D2 (x) ≤

0

1

2

Z

≤ sup f (x, y)
y

Z

1

0

1

θuw (y)
θuw (y)
dy
−
1 + θūw2 1 + θūw1

maxhf (x, y) − w 2(y), w 2(x)i
2

1

2

1

θuw (y)
θuw (y)
dy
−
1 + θūw2 1 + θūw1

1

1

1

θuw (y)
θuw (y)
θuw (y)
θuw (y)
+
dy
≤ sup f (z, y)
−
−
1 + θūw2
1 + θūw2
1 + θūw2 1 + θūw1
z,y
0
Z 1

w2
w1
w2
w1
≤ θ sup f (z, y)
u (y) − u (y) dy + ū − ū
z,y

0

R1

According to Lemmas 3 and 4,

0

2

1

uw (y) − uw (y) dy converges to zero when w 2

converges to w 1 . An immediate implication is that the difference between the mass
2

1

of unmatched agents, ūw − ūw , must converge to zero as well.
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Q.E.D.

C. DESCRIPTIVE THEORY PROOFS
Matching Set Bound Functions: Proof of Proposition 3.
• Step 1: Monotonic bound functions ⇒ assortative matching. As
the two cases are analogous, we prove that nondecreasing bounds a, b imply PAM.
Choose x1 < x2 and y1 < y2 with y1 ∈

M(x2 ) and y2

∈

M(x1).

Then b(x2 ) ≥

b(x1 ) ≥ y2 , where the first inequality follows from b’s monotonicity, and the second
from the fact that y2 ∈

M(x1 ).

Also, y2 > y1 ≥ a(x2 ), where the second inequality

follows from y1 ∈ M(x2 ). In summary, b(x2 ) ≥ y2 > a(x2 ), and since matching sets

are closed and convex, y2 ∈ M(x2 ). Similarly, a nondecreasing lower bound function

a ensures that y1 ∈ M(x1 ), whence matching is positively assortative.

• Step 2: Assortative matching ⇒ monotonic bound functions.
Proposition 2 proved that assortative matching implies convex matching sets. To
avoid tedious repetition among four similar cases, we simply prove that b is nondecreasing with PAM. If not, b(x1 ) > b(x2 ) for some pair x1 < x2 . Then since

M(x1 ) and b(x2 ) ∈ M(x2 ) (matching sets being closed), PAM implies
b(x1 ) ∈ M(x2 ), contradicting that b(x2 ) is the upper bound of x2 ’s matching set.
b(x1 ) ∈

Q.E.D.
An Intermediate Value Theorem
Claim 1: Let the correspondence

M

: [0, 1]

(u.h.c.), and convex- and nonempty-valued.

M(y2).
z1 ∈ M(y1).
z2 ∈



[0, 1] be upper hemicontinuous

Take y0 < y2 , z0 ∈

M(y0)

and

If z0 < z2 , then for all z1 ∈ [z0 , z2 ], there exists y1 ∈ [y0 , y2 ] with

Proof. Define y1 = sup{y ∈ [y0 , y2 ]|M(y) ∩ [0, z1 ] 6=

?}, the largest point whose
image includes points less than z1 . Since M is u.h.c., M(y1) ∩ [0, z1 ] 6= ? as well. If
y1 = y2 , then convexity of M(y2) implies z1 ∈ M(y2 ). Otherwise, take a convergent

sequence of points y n → y1 with y2 ≥ y n > y1 for all n. Associate with this
another sequence of points {z n } with z n ∈

M(yn) for all n.

By the construction

M is u.h.c., there is a convergent subsequence of
{z } whose limit point z ∈ [z1 , 1] is in M(y1 ). We have shown that M(y1) includes
points weakly greater than and weakly less than z1 . Since it is convex, z1 ∈ M(y1 ).
n

of y1 , z ∈ (z1 , 1] for all n. Since
n

Q.E.D.
Single Crossing Property: Proof of Lemma 6. We need a preliminary result:
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φ
ψ

z
φ
ψ

This
RFigure 5: Illustration of Claim 2.
ψ(x)u(x)
dx
=
0,
a
z
exists
such
that
ψ(x)
?
0
for
M
creasing, φ must equal zero at the same point. Then the
positive and negative areas of ψ balance, the positive area

illustrates the increasing case. As
all x ? z. And since φ/ψ is nonderatio condition implies that, since the
of φ must outweigh the negative area.

Claim 2 (Density-Free Integral Comparison): Take M ⊆ [0, 1] and u :
M 7→

R+ .

Let φ, ψ : [0, 1] 7→

R

be increasing (decreasing) functions with a nondeR
R
creasing (nonincreasing) ratio φ/ψ. If M ψ(x)u(x)dx = 0, then M φ(x)u(x)dx ≥ 0.
Proof. Assume without loss of generality that φ and ψ are increasing, as in Figure 5.
If M 6= [0, 1], extend u to [0, 1] by defining u(x) ≡ 0 for all x ∈
/ M. Define
Rx
I(x) ≡ 0 ψ(x0 )u(x0 ) dx0. Clearly I(0) = 0, while I(1) = 0 by assumption. Then I

is quasiconvex, as ψ is increasing, and so I(x) ≤ 0 for all x ∈ [0, 1].
Substituting with I and the nondecreasing quotient q(x) ≡ φ(x)/ψ(x) yields
R

φ(x)u(x) dx ≡
M

R1
0

q(x)I 0 (x) dx = q(1)I(1) − q(0)I(0) −

R1
0

I(x) dq(x)

where we have integrated by parts. The first two terms in the last expression are zero,
R
and the final term nonnegative, as I(·) ≤ 0, dq(·) ≥ 0. So M φ(x)u(x) dx ≥ 0.
Q.E.D.
Proof of Lemma 6. We just establish the supermodular case. First, z̄ is uniquely
defined, as h(z̄, y1 ) is strictly increasing in z̄. Next, integrating hx (x2 , y 0)hx (x1 , y1 ) ≥
hx (x2 , y1 )hx (x1 , y 0) over x1 ∈ [z̄, x2 ] and then x2 ∈ [x1 , z̄], we discover that
hx (x, y 0 ) (h(x, y1 ) − h(z̄, y1 )) ≥ hx (x, y1 ) (h(x, y 0 ) − h(z̄, y 0))
for all y 0 ≥ y1 , and for all x > z̄ and crucially also all x < z̄. This is equivalent to
∂ h(x, y 0 ) − h(z̄, y 0)
≥0
∂x h(x, y1 ) − h(z̄, y1 )
Let φ(x) ≡ h(x, y 0) − h(z̄, y 0) and ψ(x) ≡ h(x, y1 ) − h(z̄, y1 ), increasing. Since φ/ψ
is nondecreasing and Ex∈M ψ(x) = 0 by construction, Ex∈M φ(x) ≥ 0 by Claim 2.
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Q.E.D.
Proof of Lemma 7. We will prove the contrapositive: If σ is not quasiconcave,
there exist 0 < y1 < y2 such that σ 0 (y1 ) < 0 and σ(y1 ) < σ(y2 ). Since σ is not
quasiconcave, there are three points y0 < ŷ1 < y2 with σ(ŷ1 ) < minhσ(y0), σ(y2 )i.
R ŷ
First take the case where σ(y) < σ(y2 ) for all y ∈ [y0 , ŷ1]. Then as y01 σ 0 (z)dz =

σ(ŷ1 ) − σ(y0 ) < 0, there exists y1 ∈ (y0, ŷ1 ) with σ 0 (y1 ) < 0. By construction,
σ(y1 ) < σ(y2 ) as well, the desired counterexample.

Alternatively, if maxy∈[y0 ,ŷ1 ] σ(y) ≥ σ(y2 ), define ŷ0 = sup{y < ŷ1 |σ(y) ≥ σ(y2 )}.
Note ŷ0 < ŷ1 because σ is continuous and σ(ŷ1 ) < σ(y2 ). Then we can proceed
as before, with ŷ0 playing the role of y0 , to prove that there is y1 ∈ (ŷ0 , ŷ1 ) with
σ 0 (y1 ) < 0 and, by construction, σ(y1 ) < σ(y2 ).

Q.E.D.

Analytical Solution for the Value Function. If all matches are acceptable, it
is possible to solve analytically for the value function. First, equation (1) implies the
unmatched density function satisfies u(x) ≡ ū`(x) for all x, where ū is the aggregate
unemployment rate, the larger root of the quadratic equation δ(1 − ū) = ρū2 :
ū =

−δ +

p
δ 2 + 4δρ
2ρ

Next, (8) yields an analytical solution for w 0 (x) for all x. Finally, to pin down the
level of the value function, use the implicit value equation (6) for type 0:
Z

1

w(0) = θ
0


Z
f (0, y) − w(0) − w(0) −

where we use w(y) ≡ w(0) +

y


0

w (z)dz u(y)dy

0

Ry
0

w 0 (z)dz. This can be solved explicitly for w(0).

29

References
Becker, G. (1973): “A Theory of Marriage: Part I,” Journal of Political Economy,
81, 813–846.
Burdett, K., and M. Coles (1997): “Marriage and Class,” Quarterly Journal
of Economics, 112, 141–68.
Diamond, P. (1982): “Aggregate Demand Management in Search Equilibrium,”
Journal of Political Economy, 90, 881–894.
Diamond, P., and J. Stiglitz (1974): “Increases in Risk and Risk Aversion,”
Journal of Economic Theory, 8, 337–360.
Hildenbrand, W. (1974): Core and Equilibria of a Large Economy. Princeton
University Press, Princeton.
Kremer, M., and E. Maskin (1995): “Wage Inequality and Segregation by Skill,”
NBER Working Paper 5718.
Lu, X., and R. P. McAfee (1996): “Matching and Expectations in a Market with
Heterogeneous Agents,” in Advances in Applied Microeconomics, ed. by M. Baye,
vol. 6, pp. 121–156. JAI Press, Greenwich, CT.
Milgrom, P., and R. Weber (1982): “A Theory of Auctions and Competitive
Bidding,” Econometrica, 50, 1089–1122.
Morgan, P. (1995): “A Model of Search, Coordination, and Market Segmentation,” revised mimeo, SUNY Buffalo.
Mortensen, D. (1982): “Property Rights and Efficiency in Mating, Racing, and
Related Games,” American Economic Review, 72(3), 968–979.
Pissarides, C. (1990): Equilibrium Unemployment Theory. Blackwell, Oxford.
Sattinger, M. (1995): “Search and the Efficient Assignment of Workers to Jobs,”
International Economic Review, 36, 283–302.
Smith, L. (1998): “The Marriage Model with Search Frictions,” MIT mimeo.
Stokey, N. L., and R. E. Lucas (1989): Recursive Methods in Economic Dynamics. Harvard University Press, Cambridge, Mass.
Topkis, D. M. (1998): Supermodularity and Complementarity, Frontiers of Economic Research. Princeton University Press, Princeton, N.J.

30

