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Distributed Des
ription Logi
s: AssimilatingInformation from Peer Sour
esAlex Borgida1 and Lu
iano Sera�ni21 Dept. of Computer S
ien
eRutgers UniversityNew Brunswi
k, USAborgida�
s.rutgers.edu2 ITC-IRSTTrento, Italyserafinit�it
.itAbstra
t. Due to the availability on the Internet of a wide variety ofsour
es of information on 
losely related topi
s, the problem of providingseamless, integrated a

ess to su
h sour
es has be
ome (again) a majorresear
h 
hallenge. Although this problem has been studied for severalde
ades, espe
ially in the database 
ommunity, there is a need for amore re�ned approa
h in those 
ases where the original sour
es maintaintheir own independent view of the world. In parti
ular, we motivatewith examples the utility of dire
ted non-inje
tive mappings betweenthe individuals in the domains of multiple Information Sour
es.Sin
e Des
ription Logi
s have already served su

essfully in informationintegration and as ontology languages, we extend this formalism withthe ability to handle the above kinds of mappings. The result is 
alledDistributed Des
ription Logi
s, and we investigate examples, desirableproperties, and formal de�nitions, providing at the end a number oftheorems 
on
erning its theoreti
al and 
omputational aspe
ts.1 Introdu
tionA signi�
ant problem of modern information management is the integration ofinformation from multiple sour
es. The standard version presumes a frameworkwhere users are a

essing through a single interfa
e data from several informa-tion sour
es (lo
al ISs), whi
h 
an in
lude databases, web data, �les, et
. Theimportant goal here is to provide seamless a

ess to the data, making the usersunaware of the original sour
e of the information. This is a
hieved by provid-ing a single global s
hema, whi
h traditionally was the result of merging thelo
al s
hemata. And query pro
essing 
onsists of identifying the relevant ISs,translating the user's query into 
olle
tions of queries over lo
al ISs, and 
ollat-ing the answers, expressed in terms of the global s
hema. In more traditionalapproa
hes, the global s
hema is de�ned by integrating the lo
al s
hemas, andafterwards de�ning its 
ontents through views over the lo
al ISs, making querypro
essing relatively easy. More re
ently, Levy et al [25℄ have investigated an



approa
h where the global, 
on
eptual s
hema is developed independently, andthen lo
al IS are de�ned in terms of it.A somewhat di�erent, but related, approa
h is one whi
h preserves the iden-tity of ea
h lo
al IS and its user interfa
e. However, the lo
al system wishes toimport information available in other sour
es, whi
h are related to it dire
tlythrough some kinds of assertion, or indire
tly through 
hains of su
h relations.This approa
h is more appropriate for loosely related information sour
es, su
has information appearing on the web, or distributed agents, where ea
h sour
e ofinformation is independent. This paper is mostly 
on
erned with investigatingthis se
ond, \peer to peer" kind of 
ombination.The traditional view of database integration holds that the semanti
 world-views of lo
al IS may exhibit miss-mat
hes (often 
alled \
on
i
ts" or \semanti
heterogeneities") whi
h need to be resolved in order to allow information fromone sour
e to be properly visible in the other sour
e.Saltor and Rodriguez [31℄ [31℄ identify three high-level 
ategories of su
h se-manti
 heterogeneities, whi
h are useful for our presentation: (i) heterogeneitiesbetween obje
t 
lasses, (ii) heterogeneities between 
lass stru
tures, and (iii)heterogeneities between obje
t instan
es. The �rst two 
ategories relate to thes
hema of the IS, and have been thoroughly studied. Some of the 
on
i
ts in thethird 
ategory deal with \the fa
ts": e.g., two IS may re
ord the 
apital of Chinaas Beijing and Peking respe
tively. In other situations, however, there may bemore interesting systemati
 relationships between individuals. For example, 
on-sider the 
ase when one IS 
ontains personal information (e.g., from 
redit 
ardpur
hases), while another one 
ontains 
ensus information, whi
h only re
ordsinformation about households. The 
orresponden
e between households and thepeople in it is not the identity relation, neither is it a simple fun
tional bije
-tion. Yet it will be important to establish and re
ord this relationship if the twoIS are to be integrated. In Se
tion 2, we provide further examples of 
omplex
orresponden
es between the domains of multiple IS in a federated system.Des
ription Logi
s are formalisms for knowledge representation and reason-ing [4℄. They have been used for a variety of roles in databases [7℄, in
ludingthe des
ription of the \data semanti
s"/"meta data" in the form of 
on
eptuals
hemata. In turn, su
h DL 
on
eptual s
hemas play a 
entral role in manyre
ent proposals for database integration, and more general information integra-tion (e.g., [14, 20, 2, 25, 11, 28, 5℄).On the other hand, the term taxonomies used in web sites su
h as DMOZ,Yahoo, or e-
ommer
e stores, 
an be viewed as 
y-weight Des
ription Logi
ontologies. More importantly, DMAL+OIL [17℄ { the 
urrent leading 
ontenderfor being the ontology language for the semanti
 web, is a 
lear example of aDes
ription Logi
 (even if its syntax is not). Moreover, Tim Berners-Lee's visionof the semanti
 web [3℄ expli
itly abandons the notion of a universal ontology,and embra
es the kind of \distributed" ontologies we have in mind.For these reasons, we will 
arry out our investigations 
on
erning 
omplex
orresponden
es between IS domains, in the 
ontext of DLs.2



We start by providing several examples whi
h motivate the new kinds ofrelationships between peer IS, and review related in the database and ontologyliterature. In Se
tion 3 we then introdu
e Des
ription Logi
s and DistributedDes
ription Logi
s (DDL), showing how some examples are handled by the them.In Se
tion 5, we review some desirable properties of distributed InformationSystems, and dis
uss how DDL measure up to them. Formal de�nitions aregiven in Se
tion 4, in Se
tion 6 provide a theorem whi
h shows that under somerather general 
onditions, DDL reasoning 
an often be translated into reasoningin a single, global but ordinary DL. Finally, we investigate the properties of DDLin the 
ase of ontologies that are simple taxonomies of atomi
 terms, su
h asthose found on dmoz, google, yahoo, et
., and provide an algorithm for reasoningwith them whi
h is no harder than in the original DLs.2 Motivating ExamplesWe will be 
onsidering a variety of possible 
orresponden
es between individualsin the domains of dis
ourse of two IS, IS1 and IS2 say, some of whi
h were notedalready in [21℄.In the simplest 
ase of integration, the same individual (e.g., the name"Toronto"), o

urs in both IS. Somewhat more 
omplex is the situation whereone needs to identify/mat
h di�erent representations of the same real-world in-dividual. In the 
ase of s
aling 
on
i
ts (e.g., use of di�erent units of measure),this relationship is quite systemati
, and 
an be des
ribed through mathemat-i
al equations. In other 
ases this needs to be a
hieved through the use of keyattributes or heuristi
s (e.g., persons having the same name). Either way, theresult 
an be thought of as a new binary relation between obje
ts in the two IS,whi
h is assumed to be a bije
tion.Several 
ompli
ations may arise even in this situation. Consider the 
ase whenthe unit of measure is 
urren
y: the 
onversion fun
tion Euro to Dollars, is notthe inverse of the fun
tion Dollars to Euro, be
ause banks add a sur
harge to alltransa
tions. Therefore a single 
onversion relation is not suÆ
ient, and we musta
knowledge the need for dire
tional mappings between the domains, e.g., onefrom Dollars to Euro, and another from Euro to Dollars. A di�erent 
ompli
ation
an arise in the 
ase when the mapping between the domains 
annot be des
ribedextensionally. For example, suppose that one s
hool assigns simple letter grades,e.g., A, B, C, while another s
hool allows them to be quali�ed by plus andminus, e.g., A+. An A at the �rst s
hool 
orresponds to one of fA+; A;A�gat the other s
hool, but there is no way to tell whi
h. Note however that thispartial information is still important: having a grade of \A+, A or A�" is knownto be better than having a grade of B! The following examples explore furtherintri
a
ies of the relationship between domain elements in di�erent IS.Example 1. Suppose Basi
C, IntermC and Advan
edC are 3 in
reasingly diÆ
ult
ourses on some topi
. University Univ1 o�ers Basi
C and Advan
edC, while uni-versity Univ2 o�ers IntermC. The universities are 
on
erned about what 
lasses a3



student has 
ompleted, in order to 
he
k the pre-requisites of other 
ourses theyare enrolling in, or to meet degree requirements. In parti
ular, both universitiesallow a 
ourse x to be substituted for another 
ourse y if x is harder than y, and
overs most of the material of y (say 80%). The universities also allow 
reditsearned at one to be transfered to the other. Univ1 may de
ide to a

ept IntermCas a substitute for Basi
C; on the other hand, Univ2 may only a

ept Advan
edCas a substitute for IntermC. Suppose that 
ourses are modeled as 
on
epts whoseextension is the set of students who have 
ompleted them. Then we have a situa-tion where we want the instan
es of IntermC to be in
luded among the instan
esof Basi
C a

ording to Univ1, while IntermC should subsume the instan
es ofAdvan
edC a

ording to Univ2. Despite this, Univ1 may not ne
essarily wantto view Advan
edC as a sub
lass of Basi
C, sin
e the 
ourses might disagree onmore than 80% of the material.Example 2. Suppose IS1 has information about married 
ouples, while IS2 hasinformation about persons. We therefore need to express 
orresponden
es be-tween individuals in the two domains, e.g., between 
ouple23 in IS1, and ea
hof Gianni and Mary, in IS2. But there are more general relationships betweenthe information in the two IS. For example, we know that ea
h 
ouple involvesexa
tly two persons.In this 
ase, IS1 
ontains information about individuals that are in some senseabstra
tions over individuals in IS2. Similar examples will arise in most othersituations where the so-
alled \materialization abstra
tion" [29℄ o

urs: one in-dividual standing for a 
lass of idividuals in some more re�ned view of the world.Example 3. Consider a situation where there are two IS: ISHarvard and ISMIT ,serving the needs of 
ollege libraries in some town. The libraries have informationabout 
opies of books, whi
h 
an be taken by borrowers or are available on theshelf. On the other hand, ISStudent is a database a

essed by students who wantto know whi
h library they should go to if they need some book. Noti
e that thestudent does not 
are about whi
h 
opies of a book are available, so we have on
eagain an abstra
tion: the student's Tra
tatus 
orresponds to Tra
tatusCopy1,...in ISHarvard, as well as Tra
tatusCopy2 in ISMIT . Moreover, the student onlywants to know about some material being lo
ated at MIT if there is a 
opy ofit 
urrently on the shelf at the MIT library.The above examples reinfor
e the need to 
onsider in greater detail the roleof the mapping between the domain of obje
ts in the IS's being integrated intoa federation. First, one needs a pair of general relations (not just fun
tions) to
onne
t ea
h pair of IS, be
ause information 
ow is \dire
tional". Se
ond, thereare two aspe
ts of these mappings:{ How are spe
i�
 individual obje
ts related to ea
h other? (e.g., 
ouple23 inIS1 and Mary in IS2).{ What general statements 
an one make about the mappings of individuals?(e.g., Couple instan
es in IS1 
orrespond to exa
tly two Person instan
es inIS2). 4



Although our work deals with hitherto unexplored aspe
ts, it is useful to seesome of the 
onsiderable prior work devoted to the integration of informationfrom multiple sour
es12.1 Related Work on Information IntegrationThere has been a great deal of work on the problem of integrating databases
hemas and databases in general. In the beginning, this work was motivatedby the pro
ess of integrating user views in order to arrive at a \
orporate"s
hema that satis�es the needs of everyone. Later, additional motivation wasprovided by the advent of heterogeneous/federated databases, and espe
iallydata warehouses, whi
h by their nature integrate possibly radi
ally di�erentsour
es.The key questions in this resear
h in
lude how to mat
h up both s
hema anddata-level information between multiple databases, and most e�ort has beendevoted to heuristi
s and tools for �nding su
h relationships. (See [20℄ for afairly exhaustive list of 
on
i
ts at the s
hema level, and [30℄ for a re
ent surveyof solutions.)More relevant to the present paper is work 
on
erned with languages forexpressing the relationship between elements of di�erent IS, espe
ially as theyrelate to the instan
e level.Kent [21℄ provides an extensive list of problems that arise due to data-levelmismat
hes between databases, re
ognizing the need for both domain relation-ships (e.g., 
urren
ies) and 
ontext-dependent use of them (e.g., salaries vs. sto
kpri
es in di�erent 
urren
ies). He examines 
omplex solutions that use domainmapping fun
tions or
hestrated by integrator fun
tions, and expresses them inthe Iris database programming language.S
hemaLog [24℄ is just one representative of the 
lass of de
larative languagesfor relating multi-databases that use powerful data restru
turing fa
ilities. (Thepaper has a �ne se
tion reviewing other similar approa
hes.) Its higher-ordersyntax allows querying the s
hema, as well as inter-relating s
hema and valueidenti�ers. Similar 
omments apply to work on integrating heterogeneous semi-stru
tured data sour
es (see [15℄ for a survey).A di�erent de
larative approa
h to the spe
i�
 problem of data mediation isillustrated in [32℄, where meta-attributes and rules are used to deal with 
omplexvalue 
onversions. A desirable feature of the approa
h is that it introdu
es thenotion of \
ontexts", whi
h allows for the automati
 invo
ation of 
onversionfun
tions.Information integration has also been studied in the �eld of Arti�
ial Intelli-gen
e, where ontologies are essential 
omponents of the knowledge-ri
h environ-ment required by problems su
h as natural language understanding. An ontology[33℄ is supposed to be a 
olle
tion of shared term de�nitions, agreed upon by some
ommunity of users. The need to integrate ontologies arose from the beginning,1 We leave to the end dis
ussion of work whi
h is parti
ularly 
lose to ours, havingbeen 
arried out in the Des
ription Logi
 framework.5



as in [23℄, whi
h integrates two di
tionaries. Considerable work has been donere
ently on this problem, resulting again mostly in heuristi
 tools and method-ologies supporting integration, although [34℄ is an ex
eption: he shows how one
an take lo
al assertions of how an agent sees itself 
onne
ting to global ontolo-gies, and derive a more global 
onne
tion. Klein [22℄ provides a re
ent review ofthe literature, distinguishing among others between ontology integration, whi
hresults in a single ontology, from the weaker ontology 
ombination, where theoriginal ontologies are kept. In both 
ases one must perform ontology alignment,whi
h involves relating some of the terms in the two ontologies. The 
loselyrelated terms 
an be 
onne
ted by generalization-spe
ialization or disjointnessassertions, whi
h had also been used to relate database s
hema elements.3 Distributed Des
ription Logi
s3.1 Des
ription Logi
sFor those not familiar with DLs, we start with a review of those aspe
ts thatare relevant to this paper.Des
ription Logi
s are a family of obje
t-
entered knowledge representationformalisms whi
h, as mentioned earlier, have proven to be useful in the designand querying of Information Systems [7℄, in
luding information integration [14,2, 25, 11, 28, 5℄ as well as representing ontologies.Des
ription logi
s view the world as being populated by individuals that
an be grouped into 
lasses, 
alled 
on
epts, and that 
an be related to ea
hother by binary relationships, 
alled roles. A spe
i�
 DL provides a spe
i�
set of \
onstru
tors" for building more 
omplex 
on
epts and roles, mu
h likea programming language type system provides type 
onstru
tors for building
omplex types from simpler ones. For example, 
on
ept 
onstru
tors su
h as
onjun
tion (written as AuB) and value restri
tion (written as 8r:C) 
an beused to des
ribe obje
t-oriented style 
lasses with multiple super
lasses and type-like 
onstraints on members/attributes. The following examples are meant toprovide intuitive sense for the above two 
onstru
tors, and the possibilities in
ombining in a DL.{ primitive 
on
epts PERSON, UNIVERSITY, INTEGER{ primitive roles attends, hasAge, hasLo
ation{ 8hasAge:Integer (* Obje
ts whose hasAge role/attribute has only integer val-ues *){ 8attends:UNIVERSITY (* Obje
ts whose attends role values are instan
es ofUNIVERSITY *){ 8hasLo
ation:NEW ENGLAND (* Obje
ts lo
ated in pla
es that are 
onsideredto be New England *){ 8attends:(UNIVERSITYu8hasLo
ation:NEW ENGLAND) (* Obje
ts attend-ing universities in New England *){ PERSONu8attends:(UNIVERSITYu8hasLo
ation:NEW ENGLAND) (* Per-sons attending universities in New England *)6



As seen in the above examples, a des
ription usually 
orresponds to a noun-phrase (a unary formula in logi
). In some DLs, it is possible to 
onstru
t more
omplex roles as well. For example, one 
an use attends� to refer to the inverseof the attends role, whi
h might otherwise be 
alled hasEnrolled.One 
an then use des
ription terms for several di�erent tasks. First, one 
ande�ne new 
on
epts starting from its members. For example, NEW-ENGLANDmay itself be de�ned as 8hasAddr:8inState:fMaine;Vermont; : : :g. Se
ond, one
an 
laim that one des
ription, D, subsumes or is more general than anotherone, C, written as C vD, meaning that anything that satis�es the 
onditionsof C must, by ne
essity, satisfy the 
onditions of D. This is useful in assertingne
essary 
onditions, su
h as STUDENT v PERSON, rather than the ne
essaryand suÆ
ient 
onditions provided by de�nitions.One 
an also use v to make more general statements, sometimes 
alled ax-ioms, relating various terms in a 
omplex ontology. For example, if 9 p:C is a 
on-
ept 
onstru
tor representing obje
ts that have at least on p role �ller in the 
on-
ept C, then (STUDENT u8attends:IVY-LEAGUE-U)v (PERSONu9 hasParents:RICH-PERSON)says that students attending Ivy League universities must have at least one ri
hparent. Colle
tions of su
h assertions spe
ify the terminology used to des
ribesome appli
ation domain. Su
h a 
olle
tion is 
alled a T-box, and resembles thes
hema of a database, or an ontology. Subsumption has additional uses. A

ord-ing to its formal de�nition, it is possible to dedu
e new subsumptions, just likeit is possible to dedu
e new impli
ations from a logi
al theory. For example,8attends:UNIVERSITY subsumes PERSONu8attends:IVY-LEAGUE-U, assumingthat UNIVERSITY 
an be dedu
ed to subsume IVY-LEAGUE-U. This provides thespe
i�
ation of an algorithm whi
h 
omputes whether some (new or old) des
rip-tion subsumes another one. This is useful in organizing the terminology of thedomain into the familiar IS-A hierar
hy, and to dete
t whether some des
riptionis in
oherent, in the sense that it 
annot hold of any individual. (In
oheren
e isdete
ted by 
he
king for subsumption by the empty 
on
ept).Third, one 
an assert the membership of an individual in a 
on
ept, as away of giving it a partial des
ription. For example, STUDENTu:MALE(Anna)asserts that Anna is a student who is not male. In addition, one 
an assert theinter-relatedness of two individuals, e.g., attends(Anna,Harvard). Colle
tions ofassertions about individuals partially des
ribe some state of world, and form anA-box, whi
h resembles a database state (the 
olle
tion of tuples in relations,for example). As with subsumption, not only 
an one assert membership in
on
epts, but one 
an dedu
e/
ompute whether some arbitrary individual is aninstan
e of an arbitrary des
ription, possibly given some A-box and T-box. Forexample, 9 attends:IV Y � LEAGUE(Anna) 
an be dedu
ed from the above twoassertions, assuming that Harvard in turn is, or 
an be dedu
ed to be, an instan
eof IVY-LEAGUE.A (DL) knowledge baseK will then be a pair hT;Ai, whereT is a terminologyand A is an A-box, whi
h uses only des
riptions valid a

ording to T. It is thenusual to ask spe
i�
 subsumption or membership questions with su
h a K as aba
kground theory. 7



Des
ription Logi
s have been quite su

essful as Con
eptual Modeling lan-guages, 
apturing the semanti
s of the world whi
h is being modeled by theInformation Sour
e. This 
an be done by dire
t modeling, or as a result of trans-lating from some more traditional 
on
eptual data models su
h as the ExtendedEntity Relationship model. For example, suppose we start from a typi
al ERrelationship ENROLLMENT, whi
h relates to entity STUDENT, with 
ardinalityupper bound 5, and to entity COURSE. � 5ENROLLMENT STUDENTCOURSE Fig. 1. ER diagramThen, by introdu
ing roles who and what, one 
an express the ER diagramby the following subsumptions [9℄:1. ENROLLMENTv (8who:STUDENTu (= 1who)u8what:COURSEu (= 1what))(* who and what are fun
tions 
onne
ting ea
h enrollment obje
t to a studentand a 
ourse *)2. STUDENTv8who�:ENROLLMENTu (6 5who�) (* who only 
onne
ts en-rollments to students, and a student is in at most 5 su
h 
onne
tions; ex-pressed using who�, the inverse of the who role *)3. COURSEv8what�:ENROLLMENT (* what only 
onne
ts enrollments to 
our-ses *)We are now ready to pro
eed with the new notions we wish to introdu
e.3.2 Distributed Des
ription Logi
sSuppose we have a 
olle
tion of information sour
es ISi, ea
h using some (po-tentially di�erent) des
ription logi
 DLi. (The ISi 
ould be full DL knowledgebases Ki, or just T-boxes Ti.) Let us now try to express 
onne
tions betweenthem, as a way of aligning them.The pioneering work of Catar
i and Lenzerini [14℄ proposed the 
ontinueduse of des
ription logi
s. In parti
ular, subsumption assertions 
ould relate de-s
riptions in di�erent knowledge bases: GradStudent2v intStudent1 would indi-
ate that every graduate student in the part of the world des
ribed by IS2 wasalso a student in the overlapping part of the world des
ribed by IS1. However,the semanti
s in [14℄ implies that inter-s
hema assertions only have an e�e
t onthose individuals that are shared between the respe
tive IS domains { i.e., the
orresponden
e between the domain elements is identity. The reason for this is,8



in part, that in 
urrent DL the de�nition of a new 
on
ept 
an only retrieve asubset of the existing set of individuals, rather than 
reate new individuals.In order to deal with our more 
omplex examples, we turn for inspirationto the work of Ghidini and Sera�ni [16℄ on Distributed First Order Logi
. Theidea is to introdu
e, at least 
on
eptually, some binary relations rij , 
alled do-main relation, des
ribing the 
orresponden
es between the pairs of domains ISiand ISj , and to use so-
alled bridge rules to 
onstrain these relationships in animpli
it manner.In order to support dire
tionality, bridge rules in a set Bjk will be viewed asdes
ribing \
ow of information" from ISj to ISk from the point of view of ISk;i.e., ISk is \importing" information from ISj), and hen
e Bjk may be di�erentfrom Bkj .Based on studies in [16℄, here are some patterns of 
onstraints on the 
orre-sponden
e relationships that one might like to express using bridge rules:1. Every instan
e of 
on
ept A (A-instan
es) in IS1 
orresponds only to a G-instan
es in IS2.2. All G-instan
es in IS2 have a 
orresponding A-instan
e in IS1.3. Ea
h A-instan
e has at least/at most n 
orresponding G-instan
es in IS2.4. The domain relation from IS1 to IS2 is the identity relationship.5. The domain relations between IS1 and IS2 are simmatri
, i.e., r12 = r21�1.In this paper we will study the �rst two kinds of bridge rules.In order to help keep us from 
onfusing des
riptions from various ISi, westart by labeling ea
h des
ription E in DLi with the index i (written as i :E).(However, when talking about subsumption within a single ISi, we will use themore readable i :AvB, instead of the formally 
orre
t i :Av i :B.) We nowintrodu
e two kinds of bridge rules:De�nition 1. Given 
on
epts C and E of DLi and DLj respe
tively, a bridgerule from i to j is an expression of one of the following two forms:i :C v�! j :E; 
alled into-bridge rulei :C w�! j :E; 
alled onto-bridge ruleAn into-bridge rule spe
i�es that C-obje
ts in ISi 
orrespond only to E-obje
ts inISj (a

ording to the rij relation), while an onto-bridge rule states that the everyobje
t in E has a 
orresponding pre-image in 
on
ept C of IS1. The intuitionof the interpretation of the into- and onto-bridge rules is shown in Figure 2 andFigure 3In Example 2, one would have the bridge rule 1:COUPLE v�! 2:PERSONto indi
ate that every 
ouple has 
orresponding persons, but would not nor-mally in
lude the bridge rule 1:COUPLE w�! 2:PERSON, be
ause there may beunmarried persons, who would not be partners in any 
ouple.Informally, a distributed T-box is then a 
olle
tion of T-boxes Ti (represent-ing the lo
al ISi), together with into- and onto- bridge rules, grouped into setsBi;j indi
ating the dire
tion in whi
h they transfer information.9



Br12(A)A
IS1 IS2

Fig. 2. Intuitive interpretation of A v�! B
B r12(A)A

IS1 IS2
Fig. 3. Intuitive interpretation of A w�! B3.3 Some examples revisitedWe will now re
ast some of the earlier examples into the notation of distributedes
ription logi
s (hereafter DDL), and brie
y 
onsider some of the subtle as-pe
ts of the representation.To begin with, the 
ourse 
orresponden
es in Example 1 yield two bridgerules: 1 :Advan
edC v�! 2: IntermC2: IntermC v�! 1:Basi
CThese allow ea
h IS to import appropriate information from the other, but doesnot entail 1 :Advan
edCvBasi
C, be
ause the two bridge rules 
on
ern mappingsin opposite dire
tions. This is a good example of the peer-to-peer approa
h,where ea
h IS imports information independently.Consider next Example 3, involving libraries. We have three T-boxes Th;Tmand Ts. Th and Tm des
ribe the information systems of the libraries. They bothhave 
on
epts BOOK, 
orresponding to 
opies of books that 
an be loaned, and
on
epts PERSON, to model the borrowers. The role taken by is meant to re
ordwho has borrowed a book, so that the 
on
ept BOOK ON SHELF, in Th, 
an bede�ned as followsBOOK ON SHELF � BOOKu:9 taken by:PERSON10



The T-box Ts, modeling the students' information system, also in
ludes a 
on-
ept 
alled BOOK, but its meaning is di�erent, sin
e, as we mentioned before,these are abstra
tions over the libraries' 
opies of the book. The following bridgerules are intended to 
apture the fa
t that students see books based on 
opiesfrom the respe
tive libraries h :BOOK v�! s :BOOK (1)m :BOOK v�! s :BOOK (2)Note that this does not imply that all books at the Harvard library 
an be seen inthe students database (the mapping rhs may be partial). Nor does it imply thatthe same book 
opy 
annot be mapped to several books in ISStudent { this wouldrequire a di�erent kind of bridge rule, one expressing that the 
orresponden
ehas a 
ertain 
ardinality.In addition, Ts uses the role lo
ated at to 
apture the name of the librarywhere the student should go to in order to get the material in question, assumingit is available there. For 
onvenien
e, Ts 
ontains a 
on
ept, AVAILABLE BOOK,that lets students tell qui
kly if some book is available:AVAILABLE BOOK � BOOKu9lo
ated atSin
e students only want to hear about material lo
ated at a library if there aresome 
opies of it on the shelf there, we use onto bridge rules as follows2:h :BOOK ON SHELF w�! s :9 lo
ated at:fHarvardg (3)m :BOOK ON SHELF w�! s :9 lo
ated at:fMitg (4)As we shall see later, one of 
onsequen
es of DDL reasoning with the bridgerules (1{4) is the following subsumptions :9 lo
ated at:fHarvardgvAVAILABLE BOOKThis follows be
ause the bridge rules allow us to infer in ISStudent that anythingthat is lo
ated at the Harvard library must be a book, and hen
e an instan
e ofthe 
on
ept AVAILABLE BOOK de�ned earlier.3.4 Distributed A-boxesIn order to deal with 
orresponden
es between spe
i�
 individuals, we 
an followtwo approa
hes. First, if the des
ription logi
 is suÆ
iently expressive, we 
anstate su
h 
orresponden
es by using bridge rules. For example, the 
orrespon-den
e of 
ouple23 to Gianni and Mary in Example 2, 
an be expressed by bridge2 Te
hni
al note: although we use enumerated 
on
epts, su
h as fHarvardg, whi
h arenot in SHIQ, their elements are string 
onstants, whi
h do not have properties oftheir own. It is known that su
h language 
onstru
ts 
an be eliminated by usingmutually ex
lusive primitive 
on
epts 11



rules 1:f
ouple23g v�! 2:fGianni, Maryg and 1:f
ouple23g w�! 2:fGianni;Maryg,if the des
ription logi
s support 
on
epts formed by enumeration.Otherwise, we need to introdu
e the individual-level equivalent of bridge-rules.De�nition 2. If x is an individual in DLi, while y1; y2; ::: are individuals ofDLj , then{ a (partial) individual 
orresponden
e is an expression i :x 7! j :y{ a 
omplete individual 
orresponden
e is an expression i :x =7! j :fy1; y2; :::gThe �rst kind of assertion indi
ates that the domain relation rij in
ludes the 
or-responden
e between x and y. Note that 1:
ouple23 7! 2:Gianni and 1:
ouple23 7!2:Mary do not 
apture fully the relationship between 
ouple23, Gianni and Mary,be
ause additional obje
ts may still be in 
orresponden
e with 
ouple23. Hen
ethe need for 
omplete 
orresponden
es: 1 :
ouple23 =7! 2:fGianni;MarygDistributed A-boxes than 
onne
t the individual A-boxes of ea
h IS, throughthe same bridge rules we used for distributed T-boxes.4 Formal De�nitionsWe present next the formal spe
i�
ation of the above notions, starting with thesemanti
s of ordinary DLs.4.1 Formal Syntax and Semanti
s of Des
ription Logi
sA typi
al DL, su
h as SHIQ3 [19℄, would start with atomi
 
on
epts A, as wellas 
onstants ANYTHING and NOTHING, denoting the universe and the empty setrespe
tively, and then build more 
omplex des
riptions a

ording to the re
ursivesyntax in the se
ond 
olumn of Figure 4. An additional 
on
ept 
onstru
tor thatwe may use, but is not available in SHIQ, is enumeration, whi
h des
ribes a
on
ept by enumerating its instan
es: fIN 1; : : : ; IN ng.We begin with the notion of interpretation/stru
ture, whi
h is familiar toanyone who has studied predi
ate 
al
ulus. Spe
i�
ally, an interpretation I is apair 
�I ; �I�, whi
h treats 
on
epts and roles as unary and binary predi
ates,assigning subsets AI of the non-empty domain �I to atomi
 
on
epts, andsubsets RI of�I��I to atomi
 roles, as well as distin
t values of�I to di�erentnamed individuals. The interpretation then pro
eeds re
ursively, driven by thesyntax of 
omplex 
on
ept and role 
onstru
tors, as shown in 
olumn three ofFigure 4. (In the 
ase of re
ursive 
on
ept de�nitions, the interpretation assignsextensions to all des
riptions, and then 
omplex 
on
epts 
onstrain the validinterpretations.)We 
an now de�ne formally subsumption, and then introdu
e 
onvenientnotation to talk about interpretations \satisfying" T-boxes.3 This parti
ular DL is of interest, among others, sin
e it is the basis of the proposedDAML+OIL language for expressing web-ontologies.12



Con
ept 
onstru
t name Syntax Semanti
sprimitive 
on
ept A AItop 
on
ept ANYTHING �Ibottom 
on
ept NOTHING ;
onjun
tion C1 u : : : uCn CI1 \ : : : \ CIndisjun
tion C1 t : : : tCn CI1 [ : : : [ CInnegation :C �I n CIvalue restri
tion 8R:C fd 2 �I j RI(d) � CIgexists restri
tion 9R:C fd 2 �I j RI(d) \ CI 6= ;gnumber restri
tions >nR fd 2 �I j jRI(d)j � ng6nR fd 2 �I j jRI(d)j � ngquali�ed number restri
tion >nR:C fd 2 �I j jRI(d) \ CI j � ng6nR:C fd 2 �I j jRI(d) \ CI j � ngRole 
onstru
t name Role Semanti
sprimitive role P P Irole inverse R� f(y; x) j (x; y) 2 RIgFig. 4. Syntax and semanti
s of the SHIQ Des
ription Logi
 [19℄{ Ij=C vD (* read as D subsumes C in interpretation I *) if CI � DI .{ Ij=T (* The de�nitions and subsumptions in T are satis�ed in I *) if I j=AvB, for all AvB in T.{ Tj=C vD (*D subsumes C with ba
kground theory/T-box T *) if Ij=C vDfor all interpretations I su
h that Ij=T.These de�nitions are extended to A-boxes a

ording to the rules{ Ij=C(a) if aI 2 CI .{ Ij= p(a; b) if 
aI ; bI� 2 pI .{ Ij=A if Ij=� for every assertion � = C(a); p(a; b) 2 A.{ Kj=C(a) i� Ij=C(a) for all interpretations I su
h that Ij=K. Similarly forp(a; b).A parti
ular des
ription logi
 has a 
omplexity of reasoning asso
iated withthe various questions that one wants to anser, su
h as subsumption or 
on
eptmembership. This 
omplexity depends on the set of 
onstru
tors o�ered by thatlanguage. Mu
h of the e�ort in DL resear
h has been in identifying di�erent setsof su
h 
onstru
tors whi
h have at least de
idable inferen
es, and 
hara
terizingtheir 
omputational 
omplexity. We remark on the variable-free nature of the DLformalisms, whi
h limit their expressive power but at the same time 
ontributeto their ability to reason eÆ
iently even with in
omplete information (see [7℄).4.2 Formal syntax and semanti
s of Distributed Des
ription Logi
sThe following is just a pre
ise restatement of the notion of DDL introdu
ed inthe previous se
tion. 13



De�nition 3. Given a set I of indexes, let fDLigi2I be a 
olle
tion of des
rip-tion logi
s. A distributed T-box (DTB) T = hfTigi2I ;Bi 
onsists of a set ofordinary DL T-boxes fTigi2I , and a set B = fBijgi6=j2I of bridge rules fromi to j. For every k 2 I, all des
riptions in Tk must be in the 
orrespondinglanguage DLk, and for every bridge rule i : A v�! j : B or i : A w�! j : B inBij , the 
on
epts A and B must be in the languages DLi and DLj respe
tively.A distributed A-box (DAB) A = hfAigi2I ;Ci 
onsists of a set of A-boxesfAigi2I , and a set C = fCijgi6=j2I of partial and 
omplete individual 
orre-sponden
es from i to j For every k 2 I, all des
riptions in Ak must be in the
orresponding language DLk, and for every 
orresponden
e rule i :x 7! j :y ori :x =7! j :fy1; y2; : : :g in Cij , the individual name x must be in DLi, and y1; y2; : : :be in DLj .A DDL knowledge base is then a pair hT;Ai, 
onsisting of a distributed T-boxand a distributed A-boxWe provide semanti
s for distributed des
ription logi
s by using lo
al inter-pretations for the individual information systems, and 
onne
ting their domainsusing relations rij .De�nition 4. A distributed interpretation I = hfIigi2I ; ri of T 
onsists ofinterpretations Ii for DLi over domain �Ii , and a fun
tion r asso
iating toea
h i; j 2 I a binary relation rij � �Ii ��Ij . We use rij(d) to denote fd0 2�Ij j hd; d0i 2 rijg, and for any D � �Ii , we use rij(D) to denote Sd2D rij(d).De�nition 5. A distributed interpretation I d-satis�es (written Ij=d ) the ele-ments of a DTB T = hfTigi2I ;Bi a

ording to the following 
lauses: For everyi; j 2 I{ Ij=d i :A v�! j :G, if rij(AIi) � BIj (* Satis�ability of into-bridge rules *){ Ij=d i :B w�! j :H, if rij(BIi) � HIj (* Satis�abilty of onto-bridge rules *){ Ij=d i :AvB, if Iij=AvB (* Satis�abilty of lo
al subsumptions *){ Ij=dTi if Iij=Ti. (* Satis�abilty of lo
al T-boxes *){ Ij=d T if, for every i 2 I, Ij=dTi, and I d-satis�es every bridge rule in B.Finally, Tj=d i :C vD if, for every distributed interpretation I, Ij=d T impliesIj=d i :C vD.Con
erning individuals, we have the followingDe�nition 6. A distributed interpretation I d-satis�es the elements of a DABA = hfAigi2I ;Ci a

ording to the following 
lauses: For every i; j 2 I{ Ij=d i :x 7! j :y, if yIj 2 rij(xIi) (* Satis�ability of individual 
orrespon-den
es *){ Ij=d i :x =7! fy1; y2; : : :g if rij(xIi) = fy1Ij ; y2Ij ; : : :g (* Satis�ability of 
om-plete 
orresponden
es *){ Ij=d i :C(a), if Iij=C(a) (* Satis�ability of lo
al assertions *){ Ij=d i :p(a; b), if Iij= p(a; b) (* Satis�ability of lo
al assertions *)14



{ Ij=dAi i� Ij=d � for every assertion � = C(a); p(a; b) in Ai. (* Satis�abilityof lo
al A-boxes *){ Ij=d A if, for every i 2 I, Ij=dAi, and I d-satis�es every individual 
orre-sponden
e in C.Finally, Aj=d i :C(a) if, for every distributed interpretation I, Ij=dA impliesIj=d i :C(a). Similarly for p(a; b).4.3 Library Example Revisited FormallyIgnoring one of the libraries, Tm say, in order to simplify matters, we 
an de�nethe distributed T-box Tlib = hTh;Ts;Bhsi, whereBhs 
ontains the single bridgerules: h :BOOK ON SHELF w�! s :9 lo
ated at:fHarvardg (5)Figure 5 provides an example distributed interpretation Ilib for Tlib.�Ih = fTra
tatus(1);Tra
tatus(2);DB Pples;MariogBOOKIh = fTra
tatus(1);Tra
tatus(2);DB PplesgPERSONIh = fMariogtaken byIh = fhTra
tatus(1);Marioig�Is = fTra
tatus;Philosophi
al Investigations;Harvard;MitgBOOKIs = fTra
tatus;Philosophi
al Investigationsglo
ated atIs = � hTra
tatus;HarvardihPhilosophi
al Investigations;Miti�rhs = � hTra
tatus(1);Tra
tatusihTra
tatus(2);Tra
tatusi�Fig. 5. Example of distributed interpretation for TlibNote that bridge rule is satis�ed by Ilib even though BOOKIh is not 
ontainedin BOOKIs ; indeed, rhs(BOOKIh) = fTra
tatusg, is a subset of BOOKIs , whi
his fTra
tatus; Philosophi
al Investigationsg. Ilib also satis�es bridge rule (3), sin
erhs(BOOK ON SHELFIh) = rhs(fTra
tatus(2);DB Pplesg) = fTra
tatusg, whi
his a superset of (9 lo
ated at:fHarvardg)Is = fTra
tatusg. Re
all that Tlib d-entails s :9 lo
ated at:fHarvardgvAVAILABLE BOOKwhi
h 
an be veri�ed by 
onsidering all possible distributed interpretations.The above example exhibits a 
ommon pattern of inferen
e in our DDL:15



starting fromA subsumes B in IS1A is mapped into G by a bridge ruleB is mapped onto H by a bridge rule
on
lude thatG subsumes H in IS2The following is another example of this inferen
e: suppose T1 
ontains thesubsumption assertion Villav Se
ondResiden
eand there are bridge rules1:Se
ondResiden
e v�! 2:Dwelling1:Villa w�! 2:CottageOne 
an then 
on
lude that 2:CottagevDwelling. This inferen
e is illustratedby the diagram in Figure 4.3, whi
h should also provide some of the intuitionbehind it. (The horizontal arrows des
ribe the bridge rules.)

CottageVilla

Second
residence

Dvelling

IsaIsa

IS1 IS2Fig. 6. Example of Inferred Subsumption Relationship (dashed line) in DDL
16



5 Some properties of DDLIn this se
tion, we will restri
t our attention to the simplest kinds of DDL,namely distributed T-boxes involving only two IS, and a single set of bridgerules between them: T12 = hT1;T2;B12i.The following is a list of intuitively desirable properties for su
h a system,based on our motivation:1. When dedu
ing things at ISi in the distributed system, all lo
al informationshould be available. Formally, if Tij=X vY , then T12j=d i :X vY , for i =1; 2.2. In the absen
e of bridge rules, no information should pass between the 
om-ponent systems. Formally, if hT1;T2; ;ij=d i :X vY then Tij=X vY , fori = 1; 2.3. A DDL should exhibit \dire
tionality"/\no ba
k
ow": we have said thatB12
ontains bridge rules that are setup to provide information 
ow from IS1 toIS2. Therefore, su
h a set up should not a�e
t, by itself, reasoning in IS1.Formally, we would like to have that if T12j=d 1:AvB, then T1j=AvB.This would the also allow for more e�e
tive reasoning be
ause there wouldbe no need for a feedba
k loop between new inferen
es in IS2 and those inIS1.4. A distributed system should not allow lo
al in
onsisten
ies to \pollute" theentire system, in the sense that if the information at ISi is not satis�able, thendedu
tions at other sites should not be a�e
ted. Formally, this would meanthat if Ti is in
onsistent then T12j=d j :X vY i� Tj j=X vY for j = 1; 2.It 
an be easily seen that our de�nition of DDL does have the �rst two properties,if the 
omponent T-boxes are 
onsistent.As far as \ba
k
ow" is 
on
erned, it is unfortunately possible to use ontobridge rules to enfor
e 
ertain properties of des
riptions in IS1. For exam-ple, a rule su
h as 1:A w�! 2:ANYTHING requires every distributed inter-pretation to have the property r12(AI1) 6= ;, be
ause the extension of theANYTHING 
on
ept is never empty, and hen
e there must always be individ-uals in AI1 that 
orrespond to it. This kind of reasoning 
an sometimes betranslated into new subsumptions for IS1, whi
h depend on IS2. To show this,let us introdu
e a role 
onstant, UniversalROLE. It relates every possible pairof obje
ts: UniversalROLEI1 = �I1 � �I1 . Now 
onsider the DTB T', withT2=fANYTHING v Gg and one bridge rule f1:A w�! 2:Gg. It d-entails the for-mula 1:ANYTHING v 9UniversalROLE:A be
ause, if A's interpretation is neverempty then there is always some A-obje
t to whi
h every obje
t 
an be relatedby UniversalROLE.Interestingly, it is possible to prove that for some DDLs no ba
k
ow willo

ur. For example, if the 
omponents of a DTB T12 only involve the SHIQdes
ription logi
, (whi
h does not support UniversalROLE, of 
ourse), then for
onsistent T12, T12j=d 1:AvB i� T1j=AvB. (We do not present this resultformally in this paper sin
e there is no spa
e for its formal derivation.)17



5.1 In
onsisten
y in DDLAs far as in
onsisten
y propagation is 
on
erned, unfortunately if one of the
omponent T-boxes is unsatis�able then there is no distributed interpretationsatisfying the entire DTB, and therefore every possible assertion is automati
allyd-entailed by an unsatis�able DTB. (This kind of in
onsisten
y propagation isnot pe
uliar to DDL { it is a feature of most logi
-based formal models of ISwith multiple 
omponents.)Looking at the issue more 
losely in the 
ontext of DTBs. From the de�-nition, it 
an be seen that a DTB T is unsatis�able if ea
h distributed inter-pretation I does not satisfy either some lo
al T-boxe, some bridge rule (forinstan
e 1:NOTHING w�! 2:ANYTHING), or some 
ombination thereof (for in-stan
e hfAvNOTHINGg; fANYTHINGvGg; f1:A w�! 2:Ggi).Conversely, if some Ti of T is not satis�able, then the entire DTB is unsatis-�able, be
ause there is no distributed interpretation for it, and hen
e everything
an be dedu
ed from T, be
ause d-entailment quanti�es over the set of dis-tributed interpretations, whi
h in this 
ase is empty. This is an unsatisfa
torystate of a�airs for distributed IS. Let us 
onsider some possibilities in the 
aseof T12.{ If just T2 is unsatis�able, we do not want this to a�e
t reasoning in IS1,espe
ially be
ause of the \no ba
k-
ow" stan
e. So reasoning in T12 shouldredu
e to reasoning in T1.{ If just T1 is unsatis�able, there is still some desire for this in
onsisten
y notto \infe
t" the reasoning of IS2, at least not to the point that all 
on
lusionsof the form 2:X vY are entailed by T12.{ To help the integrator, it would be desirable to be able to distinguish theabove 
ases from the one where the in
onsisten
y is due the e�e
t of bridgerules.Although a simple synta
ti
 solution is available { just 
he
k ea
h lo
al T-box for 
onsisten
y, and de�ne d-interpretations to ex
lude su
h in
onsistent
omponent IS. We would prefer to �nd a semanti
 solution having these prop-erties in order to be sure of its 
oheren
e. So let us introdu
e a new, spe
ialDL interpretation, IÆ = D�I ; :IÆE, where �I is the original non empty domain,and :IÆ makes the denotation of every des
ription, even NOTHING, be the wholedomain �I . Intuitively IÆ provides an interpretation even to a lo
ally in
on-sistent T-box; indeed, in IÆ , every subsumption AvB is satis�ed, in
ludingANYTHINGvNOTHING. This means that even if a DTB has an in
onsistentT-box Tk, it will have some distributed interpretations fIigi2I { ones whereIk = IÆ ; this means that in the de�nition of d-entailment we will not be quan-tifying over the empty set of distributed interpretations. Moreover, the additionof this spe
ial interpretation does not 
hange the set of theorems and the set oflogi
al 
onsequen
es of any 
omponent DL IS, whi
h therefore maintains all itsformal and 
omputational properties. 18



Suppose we repeat all previous de�nitions, but using this more en
ompassingnotion of satisfa
tion, to obtain Æ-satis�es and Æ-entails j=Æ .The following proposition shows that when T2 is in
onsistent, we have thedesired e�e
t, and more generally, we always get \no ba
k
ow".Proposition 1. If T12 j=Æ 1:AvB then T1j=AvB.Proof. Re
all that the general de�nition of T j= M vN is that for every in-terpretation I, if I j= T, then I j= M vN . So let I1 be an arbitrary modelof T1. We must show that I1 j= 1:AvB. Consider the distributed modelffI1; IÆg; r12 = �I1 � �I2g: it satis�es T1 by assumption, and it satis�esT2 by our prior 
omment 
on
erning IÆ : Moreover, the right hand side of allbridge rules 
orresponds to the set �I2 , so that they are satis�ed too. Therefore,sin
e T12 j=Æ 1:AvB, we must also have fI1; IÆg j=Æ 1:AvB, whi
h in
ludesI1 j= AvB.In the 
ase when T1 is in
onsistent we have:Proposition 2. If T1 is an in
onsistent T-box, then if T12 = hT1;T2;B12i j=Æ2:EvF then T02 j= EvF , where T02 is obtained by extending T2 with fGvH jif 1:A v�! 2:H and 1:B w�! 2:G in B12 for some A and Bg.This shows that when T1 is in
onsistent, results in T2 are only a�e
ted by thebridge rules.Proof. Let I2 be a model of T02 and let I = (fIÆ; I2g; �I1 � (\HI2k )) be thedistributed interpretation where f1:Ak v�! 2:Hkg is the set of all-into bridgerules in B12. Clearly I j=Æ Ti. As far as bridge rules, note that by 
onstru
tion,r12(�I1) = \Hk, so all into-rules are automati
ally satis�ed. On the other hand,sin
e every 
on
ept 2:G appearing on the right side of an onto rule is requiredto have the property GvHk for all k, then r12(G) � \Hk, so the mappingsatis�es all onto rules, ex
ept possibly the ones where 1:B denotes the emptyset. However, in IÆ ; nothing denotes the empty set, not even NOTHING, sothis 
ase 
annot arise. Therefore, sin
e I j=Æ T12, we get by hypothesis thatI2 j= EvF .6 Relating DDL and ordinary DLWe are interested in �nding a 
onne
tion between DLs and DDLs, whi
h wouldallow us to transfer theoreti
al results (su
h as 
omplexity analysis) and reason-ing te
hniques from the extensive 
urrent DL literature.We will do so by building a \global" DL, whi
h en
odes the informationavailable in the lo
al T-boxes and the bridge rules of the DDL. To do so, westart by 
reating a language, GDL, for des
riptions in this global DL. Supposeone is given a family of des
ription logi
s fDLigi2I . For any primitive 
on
eptA (resp. role R) of DLi, let i :A (resp. i :R) be a primitive 
on
ept (resp. role) ofGDL. Moreover, GDL will use all the 
on
ept and role 
onstru
tors appearing19



in any DLi. Therefore GDL permits the equivalents of at least all 
omposite de-s
riptions of DLi. GDL has the usual top and bottom 
on
epts, ANYTHING andNOTHING, whi
h in this 
ase are distinguished from the tops and bottoms of thehierar
hies in DLi, whi
h are now ordinary 
on
epts, with names i :ANYTHINGand i :NOTHING. (To emphasize this, we will use instead the symbols Topi andBoti.) GDL has a spe
ial set of role symbols rij , whi
h will be used to simulatethe domain relations, as well as an additional role symbol P̂ , used stri
tly forte
hni
al reasons.We start by providing a translation #() from DLi 
on
epts/roles to 
on-
epts/roles in the global DL, and then extending it to map entire DDL T-boxes.Not unexpe
tedly, su
h a translation will be based on the re
ursive stru
ture of
on
epts, whi
h is based on the use of DL operators. To emphasize this, we willview 
on
ept and role 
onsru
tors as fun
tors, �, that take as arguments sim-pler des
riptions. For example, 8p:D 
an be viewed as all(<role expression>,<
on
ept expression>), with all being the 
onstru
tor. The mapping # is de-�ned re
ursively as follows:1. #(i;M) = i :M for atomi
 
on
epts and roles M, as well asM = ANYTHINGand M = NOTHING. (* Atomi
 base 
ases. *)2. if � is a 
on
ept 
onstru
tor taking k arguments, then #(i; �(M1; : : : ;Mk)) =Topi u �(#(i;M1); : : : ;#(i;Mk)). (* Complex 
on
epts are translated by�rst translating the 
onstru
tor's arguments, and then interse
ting with thedomain Topi. *)3. if � is a role 
onstru
tor taking k arguments, then #(i; �(M1; : : : ;Mk)) =�(#(i;M1); : : : ;#(i;Mk)). (* Complex roles are translated by �rst translat-ing the arguments.4 *)For example, #(i;PERSONu8likes�:TEACHER) produ
esTopi u i :PERSONu8(i : likes)�:(Topi u i :TEACHER)We are now ready to produ
e the global DL T-box:De�nition 7. Applying # to a DTB T = hfTigi2I ;Bi, yields a T-box #(T) inthe language GDL, 
onsisting of the following axioms:1. (* Copies of axioms from lo
al T-boxes. *)#(i; A)v#(i; B) for all i :AvB 2 Ti;2. (* Translations of into bridge rules as value restri
tions on rij . *)#(i; A)v8rij :#(j;G) for every into bridge rule i :A v�! j :G 2 B;3. (* Translations of onto bridge rules as existential restri
tions on the inverseof rij . *)#(j;H)v9r�ij :#(i; A) for every onto bridge rule i :A w�! j :G 2 B;4 We do not use the equivalent of top role and role 
onjun
tion instead of ANYTHINGand u in the last de�nition, be
ause these 
onstru
tors are rarely present in DLs,unlike ANYTHING and u , whi
h are ubiquituous.20



4. (* Restri
tions on role rij so it 
onne
ts only obje
ts in Ti and Tj . *)ANYTHINGv8rij :T opj (* the range of rij is �Ij *):(Topi)v8rij :NOTHING (* rij is unde�ned outside �Ii *)5. (* Restri
ting Boti to always be the in
oherent 
on
ept. *)BotivNOTHING.6. (* Ensuring that Topi is the proper lo
al top of its IS-A hierar
hy *)i :AvTopi, for every atomi
 
on
ept A of DLi7. (* Ensuring that Topi is not empty *)ANYTHINGv9 P̂ :T opi8. (* Ensuring that every i-role p has as domain and range Topi *)Topiv8(i :p):(Topi) for every role p of DLi (* the range of i :p is in �Ii *);:(Topi)v8(i :p):NOTHING (* i :p is unde�ned outside �Ii *)We propose next that under some 
ir
umstan
es d-entailment 
an be redu
edto ordinary DL-reasoning through the use of the above translation; namely that#(T)j=#(i;X)v#(i; Y ) if and only if Tj=d i :X vY .Its proof would be based, as usual, on 
onstru
ting an appropriate interpre-tation for #(T), given one for T, and 
onversely. In turn, the proof of 
orre
tnessof the 
onstru
tions relies on indu
tion on the stru
ture of 
on
epts. So the proofdepends on the 
on
ept and role 
onstru
tors of the parti
ular DL's involved.In fa
t, the proof is quite similar for a great variety of 
onstru
tors, �, so we willtry to state it in more general terms in order to abstra
t out this 
ommon partof the proof.We start by noting that the semanti
s of most des
riptions is 
ompositional,so that the denotation of �(arg1; : : : ; argn) is a fun
tion, f�, of the denotation ofits arguments. For example, all(R; C)I is equal to fall(RI , CI) for an asso
iated\semanti
 fun
tion" fall(XR;XC) = fd 2 �I j XR(d) � XCg. However, some-times su
h a fun
tion depends on more than the interpretation of its arguments| in this 
ase the set �I . Although we 
an imagine more general s
enarios, wewill 
onsider here only 
onstru
tors that depend in some expli
it way on �I .We will require that the fun
tion f� make this dependen
e expli
it by taking anadditional argument, DY, whi
h is to be instantiated by �I when getting thedenotation of a parti
ular 
on
ept 
onstru
ted with �. For example, fall shouldtake three arguments, XR, XC and DY , with fall(XR;XC;DY ) de�ned byfd 2 DY j XR(d) � XCg; and (8p:C)I would be expressed as fall(pI ; CI ; �I).Semanti
 fun
tions with the following property will be of interest to us:De�nition 8. Let � be a 
on
ept 
onstru
tor whose semanti
s 
an be expressedas �(arg1; : : : ; argn)I = f�(arg1I ; : : : ; arg1I ; �I), for a fun
tion f�(X1; :::Xn; DY )whose de�nition 
ontains no referen
es to I.5 Let B1; : : : ; Bn;W;� be sets su
hthat W � �, and ea
h Bj is either a subset of W or of W �W , 1 � j � n.Then � is 
alled a lo
al 
onstru
tor if f� satis�es the 
onditionW \ f�(B1; : : : ; Bn; �) = f�(B1; :::; Bn;W )5 In the 
ase when one of the arguments argk of the 
onstru
tor � is not a 
on
ept ora role des
ription | e.g., for number restri
tions 6n p, one argument is an integer| argkI is extended to evaluate to argk.21



when it is a 
on
ept 
onstru
tors, orf�(B1; :::; Bn; �) = f�(B1; :::; Bn;W )when it is a role 
onstru
tor.The main result is thenTheorem 1. Suppose T is a DTB in fDLig, where every 
on
ept and role 
on-stru
tor is lo
al. Then #(T)j=#(i;X)v#(i; Y ) if and only if Tj=d i :X vY .Proof. \If". Let I=
fIig; frijg� be a d-interpretation. De�ne I# to be the inter-pretation with domain �I# = ti�Ii (the disjoint union of the domains of DLi),whi
h interprets i :A in GDL aa

ording to the rule #(i; A)I# = AIi , wheneverA is an atomi
 
on
ept, atomi
 role, ANYTHING and NOTHING. Moreover, letrijI# equal rij , and P̂ I# = �I# ��I# .We then start by verifying that#(i;M)I# =MIifor arbitrary 
on
epts M in DLi. The proof is by stru
tural indu
tion on M .The base 
ases for atomi
 
on
epts and roles hold by 
onstru
tion. So 
onsidersome 
omposite 
on
ept des
ription �(arg1; :::; argn), where the arguments aredes
riptions or obje
ts with invariant value w.r.t. interpretation (e.g., numbers).Then#(i; �(arg1; : : : ; argn))I# = (Topi u �(#(i; arg1); : : : ;#(i; argn)))I#= �Ii \ f�(#(i; arg1)I# ; : : : ;#(i; argn)I# ; �I#)= �Ii \ f�(arg1Ii ; : : : ; argnIi ; �I#)On the other hand, �(arg1; : : : ; argn)Ii = f�(arg1Ii ; :::; argnIi ; �Ii). By lettingW be �Ii , Bi be argiIi , and � be �I# in the de�nition of lo
al 
onstru
tor, we
an have that �Ii \ f�(arg1Ii ; : : : ; argnIi ; �I#) = f�(arg1Ii ; : : : ; argnIi ; �Ii),whi
h is equal to �(arg1; : : : ; argn)Ii An almost identi
al argument holds for role
onstru
tors �.Now let I = 
fIig; frijg� be a d-interpretation that satis�es T. We �rstneed to show that I# j= #(T). So 
onsider the various items in the de�nitionof #(T). Sin
e #(i;M)I# = MIi , then #(i; V )I# � #(i;W )I# if and only ifV Ii � W Ii , and hen
e I# j= #(i; V )v#(i;W ) i� Ii j= V vW . As a result,I# satis�es the subsumptions in item 1. I# satis�es items 2 and 3 be
ause Issatis�es the bridge rules of T, and item 4 by the de�nition of I#. Axioms in item7 are satis�ed be
ause the Ii are interpretations, and therefore their domains�Iiare nonempty, and in turn these are the interpretations of Topi. The remainingitems follow from the fa
t that ea
h Ii is a model of theory Ti, with domain�Ii . Therefore I# satis�es #(T), and hen
e I#j=#(i;X)v#(i; Y ). By using22



again the fa
t that V Ii = #(i; V )I# , we therefore get Iij=X vY , and hen
ethat Ij=d i :X v i :Y .The \only if" part of the proof, starts from an arbitrary interpretation I# of#(T). Let�Ii be #(i;ANYTHING)I# , and de�ne the mappings �Ii : DLi ! �Iito be MIi = #(i;M)I# for atomi
 
on
epts and roles M, as well as ANYTHING.First, we need to show that (�i; �Ii) is indeed an interpretation of DLi. Thisrequires verifying that{ �Ii is a non-empty set; (* true, be
ause otherwise axiom 7 of #(T) 
annotbe satis�ed by I# *){ ANYTHINGIi = �Ii (* By the de�nition of �Ii *){ NOTHINGIi = ; (* By axiom 5 in the de�nition of #(T) *){ AIi � �Ii for atomi
 
on
epts A (* By axioms 6 *){ pIi � �Ii ��Ii for atomi
 roles p. (* By axioms 8 *)Then one proves that #(i;X)I# = XIi using the same argument as in the\if" 
ase. And the rest of the proof follows the same way as in the previous part.The following 
orollary uses the properties of the abstra
t 
onstru
tor � todes
ribe a 
olle
tion of familiar 
on
ept and role 
onstru
tors whi
h allow theabove translation of DDL reasoning to DL reasoning to go through.Corollary 1. The equivalen
e #(T)j=#(i;X)v#(i; Y ) if and only if Tj=d i :X vYholds when DLi o�ers a subset of the following 
on
ept 
onstru
tors:fC uD;C tD;:C;8p:C;>n pD;6n pD; role1 = role2g and role 
onstru
torsfhrolei�; u ; t ; ÆgProof. First, we provide for ea
h 
onstru
tor the de�nition of the 
orrespondingsemanti
 fun
tion.Con
ept semanti
s
onstru
tor fun
tionC1 uC2 fand(XC1; XC2; DY ) = X1 \X2C1 tC2 for(XC1; XC2; DY ) = X1 [X2:C fnot(XC;DY ) = fd 2 DY j d 62 XCg8R:C fforall(XR;XC;DY ) = fd 2 DY j XR(d) � XCg9R:C fexists(XR;XC;DY ) = fd 2 DY j XR(d) \XC 6= ;g>nR:C fqatleast(n;XR;XC;DY ) = fd 2 DY j jXR(d) \ Cj � ng6nR:C fqatmost(n;XR;XC;DY ) = fd 2 DY j jXR(d) \ Cj � ngR1 = R2 fsameas(XR1; XR2; DY ) = fd 2 DY j XR1(d) = XR2(d)grole semanti
s
onstru
tor fun
tionR� finverse(XR;DY ) = f(y; x) j (x; y) 2 XRgR1ÆR2 f
ompose(XR1; XR2; DY ) = f(x; z) j y 2 XR1(XR2(x))gR1 uR2 frole and (XR1; XR2; DY ) = XR1 \XR2R1 tR2 frole or (XR1; XR2; DY ) = XR1 [XR223



It is straightforward to demonstrate that ea
h 
onstru
tor is lo
al, on
e onenotes that DY is not used in the semanti
s of role 
onstru
tors, and in the 
aseof 
on
ept 
onstru
tors, it appears only in the form fd 2 DY j : : :g, whi
h hasthe property that W \ fd 2 Æ j : : :g = fd 2W j : : :g.We are now ready to use Theorem 1, to obtain some signi�
ant rewards:Proposition 3. A DDL su
h that all DLi are 
ontained in some de
idable de-s
ription logi
 DL0, with only primitive roles, whi
h supports (i) quali�ed exis-tential restri
tion, and (ii) arbitrary subsumption assertions in T-boxes, 
an usethe de
ision pro
edure of DL0 to de
ide unsatis�ability and d-entailment.Proof. We know that reasoning in T12 is equivalent to ordinary DL reasoningin #(T12). The proof relies on two observations: (a) (by design) every axiom in#(T12) involving rij is either of form �v8rij :� or 9r�ij :Æv 
; (b) an axiom ofthe form �v8p:� is equivalent to 9 p�:�v�. This allows all axioms involvingrij to be rewritten to involve only quali�ed existentials over r�ij , at whi
h pointwe 
an repla
e r�ij by some new role Sij . This removes the need for inverse rolesand universal restri
tions.We get as 
orollaries that DDLs with DLi that are in ALCNR [8℄, DLR[10℄, or SHIQ [19℄ 
an use their reasoners for determining j=d .The following are some examples of 
on
ept and role 
onstru
tors that donot satisfy the 
onditions required in Theorem 1{ Role 
omplement, the identity role, or any role 
onstru
tor whose semanti
fun
tion 
annot be written without using DY.{ A hypotheti
al 
on
ept 
onstru
tor ea
h(R), whi
h denotes obje
ts that arerelated by role R to every 
on
ept in the domain of interpretation. Su
h a
onstru
tor would have fea
h(XR;DY ) = fd 2 DY j XR(d) = DY g, andW \ fea
h(V;�) 6= fea
h(V;W ) be
ause of the se
ond DY in the body.The above 
onstru
tion and theorem 
an be extended to deal with indi-viduals (and hen
e A-boxes) by (a) adding to the language GDL individualnames i : ind, 
orresponding to individuals appearing in DLi; (b) extending # sothat #(i; ind)=i : ind; and (
) adding the axioms Topi(i : ind), indi
ating that i-individuals are restri
ted to be interpreted in the sub-domain engendered by therepresentation of ea
h lo
al top 
on
ept. Moreover, the 
orollary 
an be shownto apply to 
onstru
tors involving individuals su
h as fills and one of:Syntax Semanti
 fun
tionR(ind1; : : : ; indn) ffills(XR; fv1; : : : ; vng; DY ) = fd 2 DY j fv1; : : : ; vng � XR(d)gfind1; : : : ; indng foneof (v1; : : : ; vn) = fv1; : : : ; vng24



7 Atomi
 DDLIn many pra
ti
al appli
ations on the web, an ontology is simply a list of wordsorganized in a generalization hierar
hy. Su
h a s
heme is visible in the topi
 areasof sear
h sites su
h dmoz, google and yahoo!. Taxonomies of terms are also widelyused in e-
ommer
e sites, e.g. E
lass www.e
lass-standard.net/ and UNSPSCwww.unsps
.
om. Su
h \lightweight" ontologies 
orrespond to DLs where thereare no 
on
ept 
onstru
tors, only atomi
 names. Hen
e there is no opportunityto de�ne 
omplex des
riptions, and the T-box des
ribes essentially a hierar
hyof identi�ers.Although the 
omputation of subsumption redu
es to 
omputing transitive
losure for su
h T-boxes, there are several additional servi
es provided by a
tualsystems:{ They present visually a redu
ed partial order, where there are no redundantlinks: If a! b and b! 
 then there is no link a! 
.{ The answer to subsumption questionsX vY may take 
onstant time for treehierar
hies, and potentially only a little more for those that are \almost" liketrees, through prepro
essing of the �nal hierar
hy [1, 6℄.There is an obvious need to integrate even su
h simple ontologies, if onewants to provide a

ess to a variety of related resour
es. For example, [27℄ showhow the integration of the ontologies of two software repositories, Tu
ows andDownloads.
om, 
an provide seamless retrieval of software from multiple sour
es.However, su
h ontologies, espe
ially in e-
ommer
e, would be expe
ted to 
hangedaily, and would de�nitely not want to be tied together in some \distributed"system. Therefore our approa
h of peer-to-peer 
oupling of IS seems reasonablein this 
ase.As in other work, for example [20℄, the pro
ess starts by expressing state-ments that link terms in the two ontologies, usually using additional subsump-tion relationships holding between terms in the two ontologies. One 
an thendedu
e the relationships of two terms by reasoning in the T-box whi
h is theunion of the two original ontologies, and these \
ross-relating" subsumptions.The framework of DDLs provides a more re�ned tool, through the use of into-and onto-bridge rules. The question in this 
ase is how one 
an reason e�e
tivelywith the resulting DDL. The natural 
ourse is to use Theorem 1 to transformthe problem into ordinary DL reasoning in the global DL. The most unsettlingaspe
t of this approa
h is that even if the original DLi only had atomi
 
on
epts,the #(T) theory uses quali�ed existential quanti�ers (9), for whi
h it is knownthat subsumption of 
omputationally diÆ
ult in general. This is in 
ontrast withthe situation for atomi
 hierar
hies, mentioned above.There is however some hope for our reasoning in #(T): if one looks 
arefully,the translation does not 
ontain any nested existential restri
tions. Exploitingthis hole, we 
an then prove the following interesting result:Theorem 2. Given a DTB T12 = hT1;T2;B12i, where T1, T2, and B12 in-volve only atomi
 
on
epts. Then Tj=d 2:GvH if and only if#(T) ` 2:Gv 2:H25



where the inferen
e rules areNOTHINGvX (bottom) X vANYTHING (top)9 p:NOTHINGvNOTHING (some-bottom) X vX (re
ex)X vY9 p:Xv9 p:Y (some-isa) X vY Y vZX vZ (trans)In general we 
ontinue to be interested in the 
on
lusions Tj=2:EvF derivablewhen IS2 integrates into its terminology/ontology that of IS1, by the additionof into- and onto-bridge rules of the form 1:A v�! 2:H and 1:B w�! 2:Grespe
tively.6 A

ording to the above Theorem 2, proofs of g(T) ` 2:Ev 2:Fare essentially 
hains of subsumptions in T2, interspersed with \swit
hes up"to IS1 via onto-rules, and then swit
hes ba
k down via into-rules as shown inFigure 7 (This seems obvious from the beginning, but it is surprisingly hard to
2 :Ev : : : v 2 :G1 :B w�! 2 :G 1 :Bv : : : v 1 :A1 :A v�! 2 :H 2 :Hv : : : v 2 :G01 :B0 w�! 2 :G0 2 :B0v : : :

Fig. 7. Intuitive shape of subsumption proofs in DDLprove formally that there are no other possible inferen
es { hen
e the importan
eof the Theorem.)Re
all that in assimilating information from other terminologies, we wantedto obtain redu
ed hierar
hies, and preserve fast a

ess by prepro
essing of the�nal hierar
hy. We 
ould pro
eed by a single wholesale a
tion, a

ording to theprevious theorem, or we 
ould add subsumption and bridge statements in
re-mentally. In either 
ase, we seem to waste the work already done for pro
essingIS1, whi
h 
ould be very large. The following shows how one 
an make a mu
hsmaller number of additions { bounded by the square of only the number ofbridge rules.Returning to our observation above about the form of a #(T) proof, itseems like we 
an pre
ompute the 
ases when \swit
hes up/down are possi-ble". In parti
ular, 
olle
t all onto bridge rules Bi w�! Gi and into bridge rulesAj v�! Hj , and whenever T1 ` BivAj , in
orporate the 
orresponding sub-sumption GivHj in T2. Assuming that v 
omputation is fast in T1, �ndingsu
h additions is a qui
k pro
ess, and as desired, it results in at most k2 addi-tional links where k is the number of bridge rules.6 For 
onvenien
e, we will drop the pre�xes 1 : from A and B, as well as pre�xes 2 :from H and G. 26



Note that if in one of the above 
ases, ` H 0j vG0i also holds, then indeedH 0j and G0i are equivalent as far as IS2 sees it in the DDL; but, this \bow-tie"-like situation [33℄ does not imply in DDL that the 
orresponding A0j and B0imust also be identi
al, or that there is an in
onsisten
y. This is the advantageof allowing for the non-identity dire
tional mapping 
onne
ting the domains ofthe two ISs.Note also that in general one 
an pre-pro
ess bridge rules to eliminate re-dundan
ies by observing that if A v�! H1, and A v�! H2, where H1vH2, thenthe later rule is redundant, and 
an be removed from the DDL. More generally,if A1 v�! H1 and A2 v�! H2, then we 
an remove the A2 v�! H2 rule if A2vA1and H1vH2. Similarly, if one has onto-rules B1 w�! G1 and B2 w�! G2, thenB1vB2 and G2vG1 implies that the se
ond onto-rule 
an be removed.8 Summary and Related WorkThe seminal work of Catar
i and Lenzerini [14℄ on integrating ISs des
ribed byDLs, made an impli
it assumption that the lo
al ISs have the same notion ofwhat individual obje
ts are, and that there was only one set of (subsumption)assertions relating IS1 and IS2. We have argued that in 
ases su
h as looselyallied/peer-to-peer IS, when there is no single global view, these 
onditions needto be relaxed, by allowing general 
orresponden
e relationships between obje
tsin the lo
al domains, and by having \dire
ted" import assertions.Even more 
losely related to this paper, Calvanese et al [12℄ present an in-teresting and detailed me
hanism for spe
ifying data integration in the 
ontextof data warehouses. Although the 
on
eptual data model is spe
i�ed in a DL,whi
h in some sense provides global terminology, the lo
al ISs have relation-likes
hemata, whi
h are 
onne
ted via Datalog-like rules augmented by importantinformation 
on
erning keys and domains. The aspe
t that distinguishes theirwork, and 
orresponds more 
losely to ours, is the spe
i�
ation of \re
on
iliation
orresponden
es", in
luding ones for 
onversion, mat
hing and merging of spe-
i�
 data. These 
an be thought of as des
ribing di�erent aspe
ts of instan
e-level
onne
tions, similar to our domain relationships. Their work is 
hara
terized bythe use of rules, with a de
larative part and a pro
edural part, performing op-erations su
h as 
onversions. While this is very useful for pra
ti
al appli
ations(e.g., 
onverting 
urren
ies), it is not tied ba
k to the 
on
eptual s
hema, andhow it might impli
itly a�e
t relationships there.In 
ontrast to the above, and approa
hes reviewed earlier, our work on DDLextends the reasoning available on ordinary s
hemas to the 
ase of multiples
hemas aligned by arbitrary binary 
orresponden
es between individuals. Su
hreasoning 
an be used for a wide variety of tasks, in
luding query (re)formulation,and dealing with partially-spe
i�ed individuals, as surveyed in [7℄. Moreover, aswe emphasized in the beginning, our approa
h lends itself to a situation where themultiple ontologies/IS are not being merged/integrate, but rather informationfrom one sour
e is being assimilated by another. Stu
kens
hmidt [34℄ provides27



an additional ni
e motivating example of this, in the use of lo
al ontologies foragents, and at the same time provides some testimony to the potential appealof our approa
h by a
tually using Distributed Des
ription Logi
s, as these werepresented in an earlier workshop.This paper has also identi�ed other desirable properties of aligned DL, su
has \no ba
k
ow", and lo
alizing the e�e
t of in
onsisten
ies so that one IS doesnot \infe
t" the reasoning of the entire system.Among the interesting results obtained are a translation of DDL reasoning toDL reasoning. The representation of the target DL knowledge base requires onlythe presen
e of the quali�ed existential restri
tion DL-
onstru
tor 9 p:C and theability to reason with (a
y
li
) ba
kground axioms, over and above the needsof the lo
al IS. This allows both 
omplexity results and reasoning algorithms tobe transferred for DDL whose lo
al theories 
ome from de
idable logi
s su
h asSHIQ and DLR.Finally, we have taken a 
loser look at the 
ase of DDL without 
on
ept
onstru
tors, i.e., ones in whi
h there are only atomi
 
on
epts organized ina subsumption hierar
hy. These are of interest sin
e they 
orrespond to themajority of the ontologies 
urrently used, espe
ially on the web. In this 
ase,we showed that there is indeed no \ba
k
ow", and the reasoning needed to
ompute d-entailment is like that needed to 
ompute regular entailment, withthe addition of a relatively small number of pre-
omputed links to the hierar
hyof the ontology that \imports" information.Among the many open questions are ones 
on
erning the behaviour of DDLwith more than two lo
al T-boxes, both in the presen
e and absen
e of 
y
les inthe domain relations. And the investigation of a greater variety of bridge rules,espe
ially ones that are of both pra
ti
al use and 
an preserve the very usefulDDL-to-DL translation theorem.Referen
es1. Rakesh Agrawal, Alexander Borgida, H. V. Jagadish. EÆ
ient Management of Tran-sitive Relationships in Large Data and Knowledge Bases. SIGMOD Conferen
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ription Logi
 Handbook (Eds. F. Baader, D. Calvanese, D.L. M
Guinness,D. Nardi, P.F. Patel-S
hneider), Cambridge University Press, January 20035. S. Bergamas
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ini, D. Beneventano. Semanti
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ription Logi
sStandard reasoning questions involving des
riptions in
lude 
he
king subsump-tion and satis�ability. Most reasoning algorithms for DLs fall into one of two
ategories:1. Normalize-and-
ompare: 
on
epts are put into some normal form whi
h re-du
es redundan
y and makes expli
it information that is impli
it; subsump-tion is then 
he
ked by 
omparing normalized 
on
epts. The later tends tobe an eÆ
ient operation, so su
h implementations work for languages whoseexpressive power is limited (and hen
e 
omputational 
omplexity is low),or in 
ases when the reasoner is in
omplete. In this 
ase unsatis�ability of a
on
ept is dete
ted when it is normalized to the empty/in
onsistent 
on
ept.2. Tableaux: the satis�ability of a 
on
ept is tested by trying to 
onstru
t amodel for it|an interpretation in whi
h the denotation of the 
on
ept isnot empty. This approa
h has been applied to more expressive DLs, and oneof its 
hief advantages is that the reasoner 
an be proven to be 
omplete.In tableaux provers, determining whether a subsumption C vD holds, isredu
ed to testing the 
on
ept C u:D for unsatis�ability.30



In this paper we will be interested in tableau reasoning, and parti
ularly thedetails for ALC, be
ause it supports 
omplete reasoning with theories [8℄. Thisis useful for demonstrating indire
tly 
ertain properties of more restri
ted DLs,for whi
h standard 
ompleteness proof te
hniques would not apply be
ause, forexample, they la
k negation. A typi
al DL tableau algorithm starts by takingthe des
ription M to be tested for satis�ability, and starts a partial model byasserting M of some individual named x0 (written M [x0℄ here). The algorithmthen repeatedly takes some 
andidate partial model (a.k.a. "
onstraint system"),and tries to grow it into a more 
omplete one by repeatedly using expansionrules 7. An example of an expansion rule, is adding A[x℄ and B[x℄ to the partialmodel/set 
ontaining the assertion AuB[x℄. If all attempts to 
onstru
t a modellead to a 
ontradi
tion (e.g., the 
o-o

urren
e of in
onsistent des
riptions, B[x℄and :B[x℄), then the original 
on
ept is unsatis�able.Some of the expansion rules are \nondeterministi
", in the sense that theysuggest alternative su

essor partial models. For example, the expansion rule for
on
ept disjun
tion adds either A[x℄ or B[x℄, when AtB[x℄ is present. Sin
e, aswe said, we want to examine all attempts to �nd models, we will keep tra
k of allthe expansion rule appli
ations in a proof tree, whose nodes n, are asso
iated withpartial models P(n), and whose edges are impli
itly labeled by the expansionrule appli
ation produ
ing it.Ea
h partial model will be a 
olle
tion of assertions of the form �[x℄ or p(w; z),where x;w; z are 
alled individuals, and � is an arbitrary des
ription, while p isa role identi�er. The appli
ation of an expansion rule will introdu
e one or twonodes n, whose P(n) will 
ontain a new individual and/or an assertion about it.Notation: In our diagrams, we will sometime write beside node n part of theP(n) set (e.g., fAuB[x℄; D[y℄; : : :g); and if n2 is a 
hild node of n1, then we willonly indi
ate with +�, that P(n2) = P(n1) [ f�g. The expansion rules for theALC language are given in Figure 8, where we will leave unexplained te
hni
alterms 
on
erning \blo
king" sin
e they will not play a role in our analyses. In therules we suppose n1 to be some leaf node in a proof tree, and w some individualin its partial model P(n1). The node n1 will be said to have a 
lash, if for someindividual w either ?[w℄ 2 P(n1) or fA[w℄;:A[w℄g � P(n1) for some atomi
 A.A node will be 
alled 
losed if it has a 
lash) on it, and a proof tree willbe 
alled 
losed if all its leaf nodes have 
lashes. Su
h a proof tree represents arefutation, and it indi
ates that the formulas at its root form an unsatis�able set.Sin
e subsumption is redu
ed to testing for unsatis�ability, we will be interestedin 
losed proof trees. Figures 9 shows some examples of proof trees.We will be using the above expansion rules to 
he
k the well-formedness of aproof tree. Sin
e the se
ondary 
onditions (in parentheses) for applying ea
h ofthe above rules are present only to make the algorithm terminate, it is thereforea

eptable to have a proof tree that has some super
uous bran
hes resultingfrom applying these rules with only the �rst 
ondition satis�ed.7 Our terminology and ' notation will be somewhat non-standard, in order to fa
ilitatepresentation of proofs and to redu
e 
onfusion with other notation in this paper. Forexample. M[x℄ is normally written x:M, but we are already using : to add labels.31



and-rule if M uN [w℄ 2 P(n1) (and w is not blo
ked, andfM [w℄; N [w℄g 6� P(n1))then add to the proof tree a unique 
hild node n2 for n1, su
h thatP(n2) = P(n1) [ fM [w℄; N [w℄gor-rule if M tN [w℄ 2 P(n1) and (w is not blo
ked, andfM [w℄; N [w℄g \ P(n1) = ;)then add to the proof tree two 
hild nodes n2 and n3 for n1 su
hthat P(n2) = P(n1) [ fM [w℄g and P(n3) = P(n1) [ fN [w℄gsome-rule if 9 p:C[w℄ 2 P(n1), (and w is not blo
ked, and there is no zsu
h that p(w; z) 2 P(n1) and C[z℄ 2 P(n1) )then add to the proof tree a unique 
hild node n2 for n1, su
hthat P(n2) = P(n1) [ fp(w; y); C[y℄g, where y is a new indi-vidual,not appearing anywhere else in the proof tree. Su
h anode n2 will be 
alled a �y-introdu
tionall-rule if 8p:C[w℄ 2 P(n1) (and w is not blo
ked, and there is a ysu
h that p(y;w) 2 P(n1) but C[y℄ 62 P(n1))then add to the proof tree a unique 
hild node n2 for n1, su
h thatP(n2) = P(n1) [ fC[y℄gtheory if there is a set T of des
riptions that apply to any individ-ual (be
ause they en
ode a T-box theory using :M vN forM vN)then every time a new individual x is added, add all assertions:M [x℄tN [x℄ if M vN 2 T , as well as N [x℄ for any N 2 T ,whose presen
e is due to axioms of the form >vN . (Thiswill be denoted T [[x℄℄, and we will usually leave it impli
it.)Fig. 8. Tableaux rules for ALCThe goal of this se
tion is to prove the following theoremTheorem 3. Given a DTB T12 = hT1;T2;B12i, where T1, T2, and B12 in-volve only atomi
 
on
epts. Then Tj=d 2:GvH if and only if#(T) ` 2:Gv 2:Hwhere the inferen
e rules are?vX (bottom) X v> (top)9 p:?v? (some-bottom) X vX (re
ex)X vY9 p:X v9 p:Y (some-isa) X vY Y vZX vZ (trans)Our approa
h will be the following: Given a DDL T, we know by Theorem 1that Tj=d i :M vN if and only if #(T) j= #(i;M)v#(i; N). So we will beworking with the DL theory #(T).We will then prove that the inferen
e rules above are suÆ
ient to explainall refutations produ
ed by the expansion rules of ALC, whi
h are known to be
omplete. 32



:A[x℄;Cu:B[x℄; AtB[x℄:A[x℄; C u:B[x℄;AtB[x℄C[x℄;:B[x℄and-rule
:A[x℄; C u:B[x℄; AtB[x℄C[x℄;:B[x℄A[x℄ or-rule :A[x℄; C u:B[x℄; AtB[x℄C[x℄;:B[x℄B[x℄or-rule

9 p:C[x℄9 p:C[x℄C[y℄; p(x; y)some-rule

Fig. 9. Examples of proof trees in DLNotational abbreviations and 
onventions:{ 
apital letters A;B;C;D (possibly de
orated) will be used for 1-
on
epts1:A; 1:B; 1:C;B 1:D and will stand for either atomi
 identi�ers or >, or?, though we will write 1:> as Top1 to emphasize that it is just an ordinary
on
ept name in the proof, not >.{ similarly, 
apital letters E;F;G;H will be used to stand for 2:E; 2:F ; : : :.Similarly, 1 :> will be written as Top2.{ letters L;M;N; P will be used to stand for any 
on
ept of the form Y , :Y ,9 p:Y , or 8p::Y , where Y is an atom, Top1, Top2, > or ?.{ � will be used for a general des
ription.{ 9A will be an abbreviation for 9S:A, where, re
all, S = r�12, be
ause S is themain role symbol in the theory #(T), and when there are no role symbolsin T itself. (We will 
ontinue to write 9 P̂ :Top1);{ similarly, 8:G will be an abbreviation for 8S::B.In the 
ase when DL1 and DL2 have no 
on
ept 
onstru
tors|only atomi
identi�ers or ? or >, by the de�nition of #(), the theory T � = #(T) 
ontainsthe following kinds of axioms (alongside their form as des
riptions that apply to33



all individuals, and their abbreviated form8):Subsumption axiom Term axiom Term abbreviation1 : Av 1 : B :1 : At 1 : B :AtB2 : Gv 2 : H :1 : Gt 1 : H :GtH1 : Av9S:2 : H :1 : At9S:2 : H :At9H9S:2 : Gv 1 : B 8S::2 : Gt 1 : B B t8:G9S:>vTop2 1:8S?tTop2 8?tTop29S::Top1v? 8S:::Top1t? 8:Top11:C vTop1 :1:C tTop1 :C tTop12:EvTop2 :1:E tTop2 :E tTop2>v9 P̂ :Top1 :>t9 P̂ :Top1 9 P̂ :Top1>v9 P̂ :Top2 :>t9 P̂ :Top2 9 P̂ :Top2The proof will require some terminology and several de�nitions.De�nition 9. An individual zk is in the family of another individual z0 if thereis a 
hain of individuals zi and roles pi, 0 � i � k, su
h that pi(zi�1; zi) 2 P(zk).The \family" of individual w, family(w), is the set of all individuals who arein the family of w, together with w.Basi
ally, the family of individual w is the set of individuals whose intro-du
tion in the proof tree (via some-rules) depends on the existen
e of w. Thisde�nition is only for stating things more su

in
tly. The following are 
ru
ialproperties of proof trees for our proofs:De�nition 10. Let n1 be the root node of a proof tree tr1. An element M [w℄of P(n1) will be said to be essential if tr1 is 
losed and one of the following
onditions holds:{ M = ?{ M = C;E;:D; or :F and M parti
ipates in a 
lash with its 
omplement intr1 (the 
omplement of X is :X, and of :Y is Y).{ M = 9 p:N for some role p, and a some-rule on M is used in tr1 toadd a new node n2 under n1, where there is a new individual y su
h thatp(w; y); N [y℄; 9 p:N [w℄ are in P(n2), and the tree rooted at n2 is 
losed. (Nitself might not parti
ipate in a 
lash, but the presen
e of y may permit a
lash to manifest itself.){ M = 8N , and there is a node n2 su
h that fS(w; y);8Mg � P(n2), and anall-rule was used to add essential N at n2 from M .Note that this de�nition is not 
ir
ular sin
e the atomi
 
ases are not re
ursive,and the last two 
ases either redu
e to the �rst, or require 
he
king somethingelse (
losedness).8 These have also been \normalized" by repla
ing :> with ?, ::M with M , and?tM with M 34



Observe: If tr is a 
losed proof tree rooted at n, and � 2 P(n) is notessential, then the proof tree obtained by removing � from P(n1) for all nodesn1 in tree tr is also a valid proof tree, whi
h is also 
losed.We will need to deal with quasi-minimal proof trees at times, and for thispurpose we introdu
e the notion of \pruning" whi
h 
uts out obviously unne
-essary parts of the proof tree either at the leaf or by merging 2 nodes, and hen
eeliminating at least the path between them:De�nition 11. Let n1 be a node in a proof tree.1. If n1 is 
losed, than the appli
ation of any expansion rule to it is pruned byeliminating the subtree below that node.2. Suppose there is a node n1 with 
hild n2, where a non-essential N is beingadded to n2. Then rule appli
ation is omitted and n1 is merged with n2.3. Suppose there is a node n1 with 
hild n2, where a redundant N is being addedto P(n2). Then rule appli
ation is omitted, and n1 is merged with n2.4. Suppose n1 has des
endant n3 with individuals x 2 P(n1) and y 2 P(n3),su
h that x 6= y, y 2 family(x) and substituting x for y in the 
losed prooftree tr3 at n3 yields another 
losed tree tr03. Then merge n1 with n3, usingtr03 instead of tr3.Observe: The pruning of a 
losed proof tree results in a 
losed proof tree.At a high level, the demonstration of the theorem 
onsists of taking the 
losedproof tree for the original subsumption EvF rooted at n0, \manipulating" intoa semi-normal form, and then repeatedly reorganizing it to un
over portionsof it that 
an be translated to derivations in the proposed proof theory. In thisdemonstration, we will use a series of Lemmas and Propositions, whose statementand proof appear later.By indu
tively applying Lemma 2, a 
losed proof tree 
an be reorganizedinto a 
olle
tion of small trees hanging from ea
h other, where ea
h little treetrj , j > 0, starts with a zj-introdu
tion, and the rest of the trj involves onlyexpansions adding assertions of the form Q[zj ℄.Furthermore, by Lemma 1 in any subtree trj , the rules adding terms of theform 8:B[zj ℄ 
an be postponed till just before the introdu
tion of the zk in thenext lower subtree trk.Su
h 
losed and pruned proof trees will be said to be in semi-normal form.Propositions 7,8, 9 show that in the original proof tree, starting with fE[x0℄;:F [x0℄g,either1. E is essential; in whi
h 
ase by Proposition 7, either ` EvF ; or ` Ev?,and hen
e from inferen
e rule (bottom) ( ` ?vF ) we get again ` EvF .2. Or E is not essential, in whi
h 
ase by proposition 8, :F is also not essential.Hen
e by Proposition 9, ` >v?, whi
h together with inferen
e rules (top)( ` Ev> ), and (bottom) yield ` EvF again.This proves the original theorem. 35



Lemmas, Propositions, and their Proofs. In several of the results belowwe will talk about \reorganizing" a 
losed proof-tree by moving around 
ertainsubtrees. The key to the permissibility of su
h reorganization is that for everysubtree trj , P(nj) is 
ontained in P(n0j), where nj is the old root node, and n0jis the new root node.Lemma 1. In a 
losed proof tree, it is possible to ex
hange the appli
ation ofrule R1 
reating the 
hild node n2 of n1 by adding M [w℄, with the rule R2
reating the 
hild node n3 of n2 by adding Q[z℄ (see Figures 10{12), resulting ina 
losed proof tree, unless one of the following 
onditions holds(i) Q[z℄ is the result of expanding M [z℄, whi
h was added by rule R1;(ii) Q[z℄ is the result of expanding 9 p:Q[x℄, whi
h was added by rule R1.(iii) Q[z℄ is the result of expanding 8p:Q[x℄, where z was introdu
ed by ruleR1. n1n2 +M [x℄tr2 n3 +N [x℄n4 +P [z℄tr4 n5 +Q[z℄tr5
=) n02 +P [z℄n2 +M [x℄tr2 n4 +N [x℄tr4

n03 +Q[z℄n2 +M [x℄tr2 n5 +N [x℄tr5Fig. 10. Swapping expansion rulesn1n2 +P [x℄n3 +N [z℄tr1 n4 +M [z℄tr2
=) n1n02 +N [z℄n3 +P [x℄tr1

n002 +M [z℄n4 +P [x℄tr2Fig. 11. Swapping expansion rulesThe proof 
onsists of 
he
king in ea
h 
ase that the reorganization shown inthe diagram is permissible. 36



n1n2 +P [x℄n3 +M [z℄tr1
=) n1n02 +M [z℄n3 +P [x℄tr1Fig. 12. Swapping expansion rulesLemma 2. A proof tree tr1 with a y-introdu
tion node inside it, 
an be reor-ganized so that the subtree tr2 hanging from the y-introdu
tion 
ontains onlyexpansions adding (expressions of the form) Q[y0℄, where z 2 family(y).Proof. First, if an M tN [z℄ was expanded at n, then its movement up onenode is blo
ked only by the possible introdu
tion of z. So, if z 62 family(y), theexpansion 
an be repeatedly moved up above the introdu
tion of y.Then, if an 9M [z℄ was expanded at n to add M [w℄, the upward movementof the expansion would only be blo
ked by the introdu
tion of 9M [z℄. But su
hthings are either in the original theory (e.g., 9P̂Top1) or the result of expandingN t9M [z℄, whi
h had all been moved up above the y-introdu
tion already.Finally, the movement up of an expansion of 8:B[z℄ into :B[w℄ is onlyblo
ked by the addition of 8:B[z℄ or the addition of w. Sin
e w 62 family (y),only the �rst obsta
le remains, and all the requisite introdu
tions appear abovethe y-introdu
tion already.Lemma 3. A seminormal pruned proof tree of size greater than 1, with an es-sential atom C[x℄ at the root, n1, 
an be rewritten to have C en
ounter its 
lash-ing :C immediately underneath, in the expansion of either :C tM [x℄, or of8p::C [w℄, for some individual w su
h that p(w; x) 2 P(n1). And this 
an bedone without in
reasing the size of the proof tree, nor a�e
ting its 
losed, semi-normal nature. Moreover M will be essential in the resulting tree, even afterpruning.Similarly, for :C, E, and :E repla
ing A above.Proof. Sin
e the pruned tree has size greater than 1, C 
annot be ?, nor 
anP(n1) already 
ontain :C.Therefore there must be some node n2 in the tree rooted at n1 at whi
h the
lashing :C is introdu
ed, and it 
an only 
ome from an assertion of the form:C tM or 8:C. (There are no (sub)terms of the form 8P̂ :X in T �,os P̂ 
an beignored.)In the �rst 
ase, the proof tree 
an be reorganized so that the 
lash o

ursimmediately below on some 
hild, without in
reasing the number of nodes. More-over, be
ause the proof tree is seminormal, M must be essential at n2. M is still37



essential, even if we prune the tree again, be
ause the only way the original 
lash
ould disappear is if the path it was on was pruned. But the only di�eren
e intr2 is that every node now has M on it, so the only reason the path 
ould bedisturbed is be
ause there is :Mor redundant essential M on the path to treetr4. Either way, a 
lashing :M is left in the resulting pruned tree.In the se
ond 
ase, there must have been an essential 8:C[w℄ for some indi-vidual w 62 family (x); but by semi-normal form, all introdu
tions of these appearbefore the introdu
tion of x, and hen
e 8:C[w℄ 2 P(n1), allowing the prooftree to be begin with the expansion of 8:C[x℄, after whi
h the subtree is already
losed.The following 3 propositions establish the form of proof subtrees resultingfrom y-introdu
tions from 9S:N .Proposition 4. Let tr1 be a seminormal 
losed tree rooted at n1, possibly havingS(x; y) 2 P(n1). Then all essential C[y℄ at n1 have the property that either{ ` C v?, and there are no essential :D[y℄ or 8:D[x℄ at n1{ or, there is an essential :C�[y℄ or 8:C�[x℄ in P(n1) su
h that ` C vC�,and there are no other essential :C 0[x℄ or 8:C 0[x℄ in P(n1).Proof. The proof is by indu
tion on the number of nodes in the pruned prooftree. (For 
onvenien
e, we use � instead of �[y℄ when this does not lead to
onfusion.)Let C be essential on n1. If the tree size is 1, then there must be a 
lash onn1, and C must parti
ipate in it, sin
e C is essential. Hen
e C is either ?, or:C must be in P(n1), and essential. In the �rst 
ase, C = ?, and ` ?v? byinferen
e rule (re
ex). In the se
ond 
ase, let C� be C; then we have ` C vC byrule (re
ex) again. In either 
ase, sin
e the tree was pruned, there is no furtherexpansion at a node on
e the �rst 
lash o

urs. Hen
e nothing else than C, andpossibly :C, that 
an be essential at n1.Suppose now the tree size is greater than 1. Sin
e C is essential, it must 
lashwith :C somewhere in the tree. Sin
e the tree is pruned and not of size one, byLemma 3, we 
an reorganize the tree to introdu
e :C right under n1, withoutin
reasing its size. The resulting tree under n1 
an have one of two forms.1. fC;8:Cg � P(n1) and n2 is n1's only 
hild, with :C added, due to theexpansion of the 8. In this 
ase 
ase we have ` C vC by re
exivity; plus8:C[x℄ is the only other essential des
ription in P(n1), be
ause nothing elseis needed to 
lose the 
hild node.2. Alternatively, C 
lashes with :C from (:C tM)[y℄ so that n1 has two 
hil-dren, one with :C on it, whi
h is therefore 
losed, and another one, n3, withM on it. And this is due to the axiom C vM .The only axioms of the form :C tM haveM = D (re
all that letters A throughD stand for 
on
epts of the form 1:�). Sin
e the tree is pruned, D must itselfbe essential. Therefore, by indu
tion at n3, we have two 
ases.38



One is that ` Dv?, whi
h together with the C vD used in 
reating thebran
h under n1, leads to ` C v? by transitivity. Moreover, by indu
tion, thereare no essential :D[y℄ nor essential 8:D[x℄ at n3. Hen
e there are no su
h thingsat n1, be
ause they 
ould only 
ause 
lashes below n3.Alternatively, there is :D00 su
h that :D00 2 P(n3) or 8:D00[x℄ 2 P(n3) su
hthat ` DvD00, and hen
e ` C vD00 by transitivity. Moreover, by indu
tion D00is the only thing in P(n3) with the property that :D00 or 8:D00[x℄ are essential.Sin
e P(n3) = P(n1)[fD[y℄g, so that no assertions of the form :B[y℄ or 8:B[x℄are added, then the above statements about D00 hold for n3 repla
ed by n1,
on
luding the proof.Proposition 5. Let n1 be a node at the root of a seminormal tree tr1 su
hthat there are no essential (positive atoms) C[y℄ 2 P(n1), but there may beS(x; y) 2 P(nd1). Then there 
an be no essential :D[y℄ on any node in tr1,unless 8Top1[x℄ is expanded to add Top1[y℄ somewhere.Proof. By indu
tion of the size of the proof tree.Suppose there is a pruned 
losed tree with a single node, rooted at n1, su
hthat :D[y℄ is essential on it. Then :D must 
lash with something positive onn1, sin
e :D is not ? (re
all :> were normalized to ?, and ?tM to M , in
onstru
ting the theory T �). Sin
e there are no essential positive atoms of theform D on n1, this is not possible, 
ontradi
ting the assumption that there is a
losed tree of size 1.So assume that there are no seminormal trees of size k or smaller of the kinddes
ribed, but suppose there is a pruned tree of size k+1, where :D is essential.Therefore :D must 
lash with D somewhere below it. This D 
ould only have
ome from the expansion of two kinds of sour
es:{ a 8D[x℄; but there is only one su
h axiom: 8Top1[x℄, whi
h is 
laimed nothave been applied;{ a :C tD, where both :C and D are essential, sin
e the proof tree is pruned.As in the proof of Proposition 1.1, by Lemma 3, we 
an reorganize the proofto yield a tree with two 
hildren at the top: one with D added, whi
h isimmediately 
losed, and the other, n3, with :C added, but where there isa 
losed subtree at n3 of size less than k + 1. But this means that at n3we have a 
losed tree with an essential :C, and no essential positive atom(there were none at n1, and no positive atoms were added in the step to n3).This 
ontradi
ts the indu
tive assumption, so there is no su
h tree of sizek + 1 at n1.Finally, we deal with the 
ase when there are no essential positive or negativeatoms at n1.Proposition 6. There 
an be no seminormal proof tree of the form Figures 13,where A[y℄ is not essential, and Top1[y℄ is not essential at n3.39



(1) n1 +C[x℄ tr1n2 +p(z; x); 8::C[z℄n3 :C[x℄tr2
(2) n1 +8:n:C[z℄; p(z; x)n2 +:C[x℄

(3) n1n2 +M [z℄tr1 n3 +N [z℄n4 +P [x℄tr2
(4) n1 C[x℄ tr1n2 :C tM [x℄n3 :C[x℄tr2 n3 M [x℄tr3(5) n1 C[x℄;:C tM [x℄n3 +:C[x℄ n4 +M [x℄ tr1n2 tr3
(6) n1n2 +P [x℄n3 +M [z℄tr1 n4 +N [z℄tr2Fig. 13. Impossible proof tree, for Proposition 6
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Proof. Be
ause the proof tree is in seminormal form, the tree tr3 
an only bea�e
ted by A[y℄;Top1[y℄, ; 8:B[x℄ and axioms in T �[[y0℄℄ for y0 2 family(y). (Thisis be
ause, by the seminormal stru
ture of the proof tree, any other assertions�[x℄ 
annot be expanded by rules in tr3 to 
reate new nodes under n2.) Sin
eneither A nor Top1 are essential, then by Proposition 5 there 
an be no essential:B[y℄ in the subtree tr3. Hen
e there are no essential 8:B[x℄ at n3, nor atn1. Therefore the only thing the proof tree tr3 depends on is T �[[y0℄℄ for y0 2family(y), and so there is a 
losed version of tr3 where y is repla
ed by x. Butsu
h a situation 
annot o

ur in a seminormal proof tree a

ording to 
lause 3of the de�nition of pruning.We now repeat variants of the propositions above for nodes with essential
on
epts of the form 2:E. The proofs will often be extensions of the ones above,be
ause there are additional axioms, not just those of the form :E tF .Proposition 7. Let tr1 be a seminormal proof tree rooted at n1. Then all es-sential E[x℄ 2 P(n1) have the property that either` Ev? (6)or there is essential :E00[x℄ 2 P(n1) su
h that ` EvE00 (7)(Note that x need not be x0).Proof. By indu
tion on the number of nodes in the proof tree. (As before, wedrop [x℄ for 
onvenien
e.) Let E be essential on n1.If the tree size is 1, the same argument applies as in Proposition 4Suppose the tree size is k + 1. Therefore there is no 
lash yet at the root,so that there must be :E introdu
ed below n1. Sin
e there are no terms of theform 8p:2:E in the Corollary). theory T �, the only way su
h a :E 
ould havebeen introdu
ed is via an expansion of a :E tM , due to a subsumption axiomEvM .Case 1: M = F ; then the same proof applies as in proposition 4, and proofis 
ompleted.Case 2:M = 9A, with essentialM . This means that there is a y-introdu
tionat some node n4, with a 
losed subtree on it, and A or Top1 essential at n4 orjust below it (by Proposition 6).By Propositions 4, there is at most one 8:B[x℄ that introdu
es :B onto yin a pruned proof. Consider then two 
ases.1. No essential :B[y℄ was introdu
ed in the proof under n4, whi
h by Propo-sition 4 implies that ` Av?, either be
ause A is essential, or be
ause anessential Top1 was introdu
ed, leading, by Proposition 4, to ` Top1v?; this,together with ` AvTop1 (ins rule Top) also gives ` Av? by transitivity.Therefore, in this 
ase we have ` Av?, from whi
h we get ` 9A:v9 :?by the some-isa inferen
e rule, and in turn ` 9?:v?, from the some-emptyinferen
e rule, so that by transitivity twi
e we get ` Ev?, as desired.41



n1 E[x℄n3 +9 :A[x℄tr1n4n5 +G[z℄tr2 n6 +8::B[x℄n7 +p(x; y); A[y℄tr3
n2+:E[x℄ n1 E[x℄n2 +:E[x℄ n3 +9 :A[x℄n4 +G[x℄ tr1n5 tr2

n6 +8::B[x℄n7 +p(x; y); A[y℄tr3Fig. 14. Seminormal proof tree after movement up of :E and then after making ontoand into rules adja
ent 
on
i
ting with E.2. :B[y℄ is introdu
ed by the expansion of 8:B[x℄. Sin
e the proof tree isin seminormal form, re
all it has the form in Figure 14. and we have byProposition 4 that ` AvB, whi
h leads to ` 9Av9B, by inferen
e rule(Some-isa). This, together with transitivity on the two rules building thetree, lead to ` EvG. The problem now is to prove that ` GvG00 for someG00 2 P(n1).For this purpose, re-organize, without in
reasing the number of nodes init, the proof tree to the se
ond part of Figure 14. (There are two variantsdepending on the number of 
hildren.)Sin
e G is essential at n4, by indu
tion either ` Gv?, or ` GvG00 for someG00 su
h that :G00 2 P(n4) = P(n1) [ f9A;Gg. So by transitivity ` EvG00for :G00 2 P(n1), sin
e n4 has only two, non-negated atoms added to it.Proposition 8. In a semi-normal proof tree there 
an be no subtree tr1 rootedat node n1 su
h that P(n1) 
ontains an essential :E[x℄, but no essential G[x℄Proof. Same proof as for Proposition 5, ex
ept in the indu
tive 
ase, not onlydo we have to 
onsider the 
ase when :E 
lashes with E from E t:F , but alsothe 
ase when it 
lashes with E from E t8:B. Sin
e tr1 is 
losed and 8:B wasessential, then there is some y introdu
ed by 9A, su
h that :B[y℄ is asserted ofit. Moreover the tree rooted at the introdu
tion of y must be 
losed. But su
ha 9A 
an only 
ome from :H t9A. So the proof tree looks like the one on theleft side of Figure 14, ex
ept that tghe rules for 8:B and 9A are swapped. Asbefore we re-balan
e the tree so that the onto and into rules are su

essors (seese
ond tree in Figure 14). But now :H is again essential at its node without anyessential unnegated atoms in P(n3), so by indu
tion su
h the tree at n3 
annotexist, sin
e size(tr1) + size(tr2) is less than the size of the original tree at n1.42



Proposition 9. If n0 is the root of the original seminormal proof tree, withP(E[x0℄;:F [x0℄), and E is not essential then ` >v? .Proof. By Proposition 8, :F 
annot be essential either, so the only relevant partof P(n0) is T �[[x0℄℄.Consider the �rst bran
h at the root of the proof tree:If it is 
aused by the expansion of :E tM or :C tM , then the left subtreehas only an essential negated atom, 
ontradi
ting Propositions 5, 8.The proof might also begin with the expansion of Gt8:B. Sin
e 8:B mustbe essential, then the same analysis as at the end of Proposition 8 shows thatthere is a subtree with only a single negated essential atom on it, and no positiveones, whi
h 
ontradi
ts Proposition 8.This leaves the 
ase of the �rst step expanding a formula of the form 9 P̂ :T opi[x0℄.If Top1 is essential, then by proposition 4 ` Top1v? is the only possibility. IfTop2 is essential, the by proposition 7 ` Top2v?.Either way, we have from this that ` 9 P̂ :T opiv9 P̂ :?. Sin
e we also havea rule of inferen
e (some-isa) providing ` 9 P̂ :?v?, and axioms in T � of theform >v9 P̂ :T opi, the result holds.This leaves the 
ase when in a seminormal proof tree, the only pla
e where
on
i
ts 
an o

ur are on the node n1 
aused by the introdu
tion of y by9 P̂ :T opi, but Topi is not essential. This means that P(n1) = T �[[x0℄℄ [ T �[[y℄℄.But then x0 and y are indistinguishable, and hen
e the original proof tree 
ouldnot have been pruned (x0 
ould have been substituted for y), 
ontradi
ting itsseminormal nature.
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