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Abstract. Due to the availability on the Internet of a wide variety of
sources of information on closely related topics, the problem of providing
seamless, integrated access to such sources has become (again) a major
research challenge. Although this problem has been studied for several
decades, especially in the database community, there is a need for a
more refined approach in those cases where the original sources maintain
their own independent view of the world. In particular, we motivate
with examples the utility of directed non-injective mappings between
the individuals in the domains of multiple Information Sources.

Since Description Logics have already served successfully in information
integration and as ontology languages, we extend this formalism with
the ability to handle the above kinds of mappings. The result is called
Distributed Description Logics, and we investigate examples, desirable
properties, and formal definitions, providing at the end a number of
theorems concerning its theoretical and computational aspects.

1 Introduction

A significant problem of modern information management is the integration of
information from multiple sources. The standard version presumes a framework
where users are accessing through a single interface data from several informa-
tion sources (local ISs), which can include databases, web data, files, etc. The
important goal here is to provide seamless access to the data, making the users
unaware of the original source of the information. This is achieved by provid-
ing a single global schema, which traditionally was the result of merging the
local schemata. And query processing consists of identifying the relevant ISs,
translating the user’s query into collections of queries over local ISs, and collat-
ing the answers, expressed in terms of the global schema. In more traditional
approaches, the global schema is defined by integrating the local schemas, and
afterwards defining its contents through views over the local ISs, making query
processing relatively easy. More recently, Levy et al [25] have investigated an



approach where the global, conceptual schema is developed independently, and
then local IS are defined in terms of it.

A somewhat different, but related, approach is one which preserves the iden-
tity of each local IS and its user interface. However, the local system wishes to
import information available in other sources, which are related to it directly
through some kinds of assertion, or indirectly through chains of such relations.
This approach is more appropriate for loosely related information sources, such
as information appearing on the web, or distributed agents, where each source of
information is independent. This paper is mostly concerned with investigating
this second, “peer to peer” kind of combination.

The traditional view of database integration holds that the semantic world-
views of local IS may exhibit miss-matches (often called “conflicts” or “semantic
heterogeneities”) which need to be resolved in order to allow information from
one source to be properly visible in the other source.

Saltor and Rodriguez [31] [31] identify three high-level categories of such se-
mantic heterogeneities, which are useful for our presentation: (i) heterogeneities
between object classes, (ii) heterogeneities between class structures, and (iii)
heterogeneities between object instances. The first two categories relate to the
schema of the IS, and have been thoroughly studied. Some of the conflicts in the
third category deal with “the facts”: e.g., two IS may record the capital of China
as Beijing and Peking respectively. In other situations, however, there may be
more interesting systematic relationships between individuals. For example, con-
sider the case when one IS contains personal information (e.g., from credit card
purchases), while another one contains census information, which only records
information about households. The correspondence between households and the
people in it is not the identity relation, neither is it a simple functional bijec-
tion. Yet it will be important to establish and record this relationship if the two
IS are to be integrated. In Section 2, we provide further examples of complex
correspondences between the domains of multiple IS in a federated system.

Description Logics are formalisms for knowledge representation and reason-
ing [4]. They have been used for a variety of roles in databases [7], including
the description of the “data semantics” /”meta data” in the form of conceptual
schemata. In turn, such DL conceptual schemas play a central role in many
recent proposals for database integration, and more general information integra-
tion (e.g., [14,20,2, 25,11, 28, 5]).

On the other hand, the term taxonomies used in web sites such as DMOZ,
Yahoo, or e-commerce stores, can be viewed as fly-weight Description Logic
ontologies. More importantly, DMAL+OIL [17] — the current leading contender
for being the ontology language for the semantic web, is a clear example of a
Description Logic (even if its syntax is not). Moreover, Tim Berners-Lee’s vision
of the semantic web [3] explicitly abandons the notion of a universal ontology,
and embraces the kind of “distributed” ontologies we have in mind.

For these reasons, we will carry out our investigations concerning complex
correspondences between IS domains, in the context of DLs.



We start by providing several examples which motivate the new kinds of
relationships between peer IS, and review related in the database and ontology
literature. In Section 3 we then introduce Description Logics and Distributed
Description Logics (DDL), showing how some examples are handled by the them.
In Section 5, we review some desirable properties of distributed Information
Systems, and discuss how DDL measure up to them. Formal definitions are
given in Section 4, in Section 6 provide a theorem which shows that under some
rather general conditions, DDL reasoning can often be translated into reasoning
in a single, global but ordinary DL. Finally, we investigate the properties of DDL
in the case of ontologies that are simple taxonomies of atomic terms, such as
those found on dmoz, google, yahoo, etc., and provide an algorithm for reasoning
with them which is no harder than in the original DLs.

2 DMotivating Examples

We will be considering a variety of possible correspondences between individuals
in the domains of discourse of two IS, IS; and IS, say, some of which were noted
already in [21].

In the simplest case of integration, the same individual (e.g., the name
”Toronto”), occurs in both IS. Somewhat more complex is the situation where
one needs to identify /match different representations of the same real-world in-
dividual. In the case of scaling conflicts (e.g., use of different units of measure),
this relationship is quite systematic, and can be described through mathemat-
ical equations. In other cases this needs to be achieved through the use of key
attributes or heuristics (e.g., persons having the same name). Either way, the
result can be thought of as a new binary relation between objects in the two IS,
which is assumed to be a bijection.

Several complications may arise even in this situation. Consider the case when
the unit of measure is currency: the conversion function Euro_to_Dollars, is not
the inverse of the function Dollars_to_Euro, because banks add a surcharge to all
transactions. Therefore a single conversion relation is not sufficient, and we must
acknowledge the need for directional mappings between the domains, e.g., one
from Dollars to Euro, and another from Euro to Dollars. A different complication
can arise in the case when the mapping between the domains cannot be described
extensionally. For example, suppose that one school assigns simple letter grades,
e.g., A, B, C, while another school allows them to be qualified by plus and
minus, e.g., A+. An A at the first school corresponds to one of {A+, A, A—}
at the other school, but there is no way to tell which. Note however that this
partial information is still important: having a grade of “A+, A or A—" is known
to be better than having a grade of B! The following examples explore further
intricacies of the relationship between domain elements in different IS.

Example 1. Suppose BasicC, IntermC and AdvancedC are 3 increasingly difficult
courses on some topic. University Univy offers BasicC and AdvancedC, while uni-
versity Univy offers IntermC. The universities are concerned about what classes a



student has completed, in order to check the pre-requisites of other courses they
are enrolling in, or to meet degree requirements. In particular, both universities
allow a course x to be substituted for another course y if x is harder than y, and
covers most of the material of y (say 80%). The universities also allow credits
earned at one to be transfered to the other. Univ; may decide to accept IntermC
as a substitute for BasicC; on the other hand, Univs may only accept AdvancedC
as a substitute for IntermC. Suppose that courses are modeled as concepts whose
extension is the set of students who have completed them. Then we have a situa-
tion where we want the instances of IntermC to be included among the instances
of BasicC according to Univy, while IntermC should subsume the instances of
AdvancedC according to Univs. Despite this, Univy may not necessarily want
to view AdvancedC as a subclass of BasicC, since the courses might disagree on
more than 80% of the material.

Ezample 2. Suppose IS; has information about married couples, while IS, has
information about persons. We therefore need to express correspondences be-
tween individuals in the two domains, e.g., between couple23 in IS}, and each
of Gianni and Mary, in IS;. But there are more general relationships between
the information in the two IS. For example, we know that each couple involves
exactly two persons.

In this case, IS; contains information about individuals that are in some sense
abstractions over individuals in IS5. Similar examples will arise in most other
situations where the so-called “materialization abstraction” [29] occurs: one in-
dividual standing for a class of idividuals in some more refined view of the world.

Ezxample 8. Consider a situation where there are two IS: ISy arpara and ISasrr,
serving the needs of college libraries in some town. The libraries have information
about copies of books, which can be taken by borrowers or are available on the
shelf. On the other hand, ISgsyqent is a database accessed by students who want
to know which library they should go to if they need some book. Notice that the
student does not care about which copies of a book are available, so we have once
again an abstraction: the student’s Tractatus corresponds to TractatusCopyl,...
in ISgarvard, as well as TractatusCopy2 in ISp;;7. Moreover, the student only
wants to know about some material being located at MIT if there is a copy of
it currently on the shelf at the MIT library.

The above examples reinforce the need to consider in greater detail the role
of the mapping between the domain of objects in the IS’s being integrated into
a federation. First, one needs a pair of general relations (not just functions) to
connect each pair of IS, because information flow is “directional”. Second, there
are two aspects of these mappings:

— How are specific individual objects related to each other? (e.g., couple23 in
1Sy and Mary in IS).

— What general statements can one make about the mappings of individuals?
(e.g., Couple instances in IS; correspond to exactly two Person instances in
15,).



Although our work deals with hitherto unexplored aspects, it is useful to see
some of the considerable prior work devoted to the integration of information
from multiple sources?

2.1 Related Work on Information Integration

There has been a great deal of work on the problem of integrating database
schemas and databases in general. In the beginning, this work was motivated
by the process of integrating user views in order to arrive at a “corporate”
schema that satisfies the needs of everyone. Later, additional motivation was
provided by the advent of heterogeneous/federated databases, and especially
data warehouses, which by their nature integrate possibly radically different
sources.

The key questions in this research include how to match up both schema and
data-level information between multiple databases, and most effort has been
devoted to heuristics and tools for finding such relationships. (See [20] for a
fairly exhaustive list of conflicts at the schema level, and [30] for a recent survey
of solutions.)

More relevant to the present paper is work concerned with languages for
expressing the relationship between elements of different IS, especially as they
relate to the instance level.

Kent [21] provides an extensive list of problems that arise due to data-level
mismatches between databases, recognizing the need for both domain relation-
ships (e.g., currencies) and context-dependent use of them (e.g., salaries vs. stock
prices in different currencies). He examines complex solutions that use domain
mapping functions orchestrated by integrator functions, and expresses them in
the Iris database programming language.

SchemalLog [24] is just one representative of the class of declarative languages
for relating multi-databases that use powerful data restructuring facilities. (The
paper has a fine section reviewing other similar approaches.) Its higher-order
syntax allows querying the schema, as well as inter-relating schema and value
identifiers. Similar comments apply to work on integrating heterogeneous semi-
structured data sources (see [15] for a survey).

A different declarative approach to the specific problem of data mediation is
illustrated in [32], where meta-attributes and rules are used to deal with complex
value conversions. A desirable feature of the approach is that it introduces the
notion of “contexts”, which allows for the automatic invocation of conversion
functions.

Information integration has also been studied in the field of Artificial Intelli-
gence, where ontologies are essential components of the knowledge-rich environ-
ment required by problems such as natural language understanding. An ontology
[33] is supposed to be a collection of shared term definitions, agreed upon by some
community of users. The need to integrate ontologies arose from the beginning,

! We leave to the end discussion of work which is particularly close to ours, having
been carried out in the Description Logic framework.



as in [23], which integrates two dictionaries. Considerable work has been done
recently on this problem, resulting again mostly in heuristic tools and method-
ologies supporting integration, although [34] is an exception: he shows how one
can take local assertions of how an agent sees itself connecting to global ontolo-
gies, and derive a more global connection. Klein [22] provides a recent review of
the literature, distinguishing among others between ontology integration, which
results in a single ontology, from the weaker ontology combination, where the
original ontologies are kept. In both cases one must perform ontology alignment,
which involves relating some of the terms in the two ontologies. The closely
related terms can be connected by generalization-specialization or disjointness
assertions, which had also been used to relate database schema elements.

3 Distributed Description Logics

3.1 Description Logics

For those not familiar with DLs, we start with a review of those aspects that
are relevant to this paper.

Description Logics are a family of object-centered knowledge representation
formalisms which, as mentioned earlier, have proven to be useful in the design
and querying of Information Systems [7], including information integration [14,
2,25,11,28, 5] as well as representing ontologies.

Description logics view the world as being populated by individuals that
can be grouped into classes, called concepts, and that can be related to each
other by binary relationships, called roles. A specific DL provides a specific
set of “constructors” for building more complex concepts and roles, much like
a programming language type system provides type constructors for building
complex types from simpler ones. For example, concept constructors such as
conjunction (written as AMB) and value restriction (written as Vr.C') can be
used to describe object-oriented style classes with multiple superclasses and type-
like constraints on members/attributes. The following examples are meant to
provide intuitive sense for the above two constructors, and the possibilities in
combining in a DL.

— primitive concepts PERSON, UNIVERSITY, INTEGER

— primitive roles attends, hasAge, hasLocation

— VhasAge.Integer (* Objects whose hasAge role/attribute has only integer val-
ues *)

— Vattends.UNIVERSITY (* Objects whose attends role values are instances of
UNIVERSITY *)

— VhasLocation.NEW_ENGLAND (* Objects located in places that are considered
to be New England *)

— Vattends.(UNIVERSITY M VhasLocation.NEW_ENGLAND) (* Objects attend-
ing universities in New England *)

— PERSON M Vattends.(UNIVERSITY M VhasLocation.NEW_ENGLAND) (* Per-
sons attending universities in New England *)



As seen in the above examples, a description usually corresponds to a noun-
phrase (a unary formula in logic). In some DLs, it is possible to construct more
complex roles as well. For example, one can use attends™ to refer to the inverse
of the attends role, which might otherwise be called hasEnrolled.

One can then use description terms for several different tasks. First, one can
define new concepts starting from its members. For example, NEW-ENGLAND
may itself be defined as VhasAddr.VinState.{Maine, Vermont,...}. Second, one
can claim that one description, D, subsumes or is more general than another
one, C, written as C'C D, meaning that anything that satisfies the conditions
of C must, by necessity, satisfy the conditions of D. This is useful in asserting
necessary conditions, such as STUDENT T PERSON, rather than the necessary
and sufficient conditions provided by definitions.

One can also use C to make more general statements, sometimes called ax-
ioms, relating various terms in a complex ontology. For example, if 3p.C is a con-
cept constructor representing objects that have at least on p role filler in the con-
cept C, then (STUDENT 1 Vattends.IVY-LEAGUE-U) C (PERSON 1 3 hasParents.RICH-PERSON)
says that students attending Ivy League universities must have at least one rich
parent. Collections of such assertions specify the terminology used to describe
some application domain. Such a collection is called a T-bozx, and resembles the
schema of a database, or an ontology. Subsumption has additional uses. Accord-
ing to its formal definition, it is possible to deduce new subsumptions, just like
it is possible to deduce new implications from a logical theory. For example,
Vattends.UNIVERSITY subsumes PERSON MVattends.IVY-LEAGUE-U, assuming
that UNIVERSITY can be deduced to subsume IVY-LEAGUE-U. This provides the
specification of an algorithm which computes whether some (new or old) descrip-
tion subsumes another one. This is useful in organizing the terminology of the
domain into the familiar IS-A hierarchy, and to detect whether some description
is incoherent, in the sense that it cannot hold of any individual. (Incoherence is
detected by checking for subsumption by the empty concept).

Third, one can assert the membership of an individual in a concept, as a
way of giving it a partial description. For example, STUDENT M -MALE(Anna)
asserts that Anna is a student who is not male. In addition, one can assert the
inter-relatedness of two individuals, e.g., attends(Anna,Harvard). Collections of
assertions about individuals partially describe some state of world, and form an
A-boz, which resembles a database state (the collection of tuples in relations,
for example). As with subsumption, not only can one assert membership in
concepts, but one can deduce/compute whether some arbitrary individual is an
instance of an arbitrary description, possibly given some A-box and T-box. For
example, Jattends.IVY — LEAGU E(Anna) can be deduced from the above two
assertions, assuming that Harvard in turn is, or can be deduced to be, an instance
of IVY-LEAGUE.

A (DL) knowledge base K will then be a pair (T, A), where T is a terminology
and A is an A-box, which uses only descriptions valid according to T. It is then
usual to ask specific subsumption or membership questions with such a K as a
background theory.



Description Logics have been quite successful as Conceptual Modeling lan-
guages, capturing the semantics of the world which is being modeled by the
Information Source. This can be done by direct modeling, or as a result of trans-
lating from some more traditional conceptual data models such as the Extended
Entity Relationship model. For example, suppose we start from a typical ER
relationship ENROLLMENT, which relates to entity STUDENT, with cardinality
upper bound 5, and to entity COURSE.

COURSE STUDENT

Fig. 1. ER diagram

Then, by introducing roles who and what, one can express the ER diagram
by the following subsumptions [9]:

1. ENROLLMENT C (Vwho.STUDENT 1 (= 1 who) M Ywhat. COURSE N (= 1 what))
(* who and what are functions connecting each enrollment object to a student
and a course *)

2. STUDENT CVwho™ .ENROLLMENT M (< 5who™) (* who only connects en-
rollments to students, and a student is in at most 5 such connections; ex-
pressed using who ™, the inverse of the who role *)

3. COURSE C Vwhat  .ENROLLMENT (* what only connects enrollments to cour-
ses *)

We are now ready to proceed with the new notions we wish to introduce.

3.2 Distributed Description Logics

Suppose we have a collection of information sources IS;, each using some (po-
tentially different) description logic DL;. (The IS; could be full DL knowledge
bases K;, or just T-boxes T;.) Let us now try to express connections between
them, as a way of aligning them.

The pioneering work of Catarci and Lenzerini [14] proposed the continued
use of description logics. In particular, subsumption assertions could relate de-
scriptions in different knowledge bases: GradStudent, C ;,,;Student; would indi-
cate that every graduate student in the part of the world described by IS, was
also a student in the overlapping part of the world described by IS;. However,
the semantics in [14] implies that inter-schema assertions only have an effect on
those individuals that are shared between the respective IS domains — i.e., the
correspondence between the domain elements is identity. The reason for this is,



in part, that in current DL the definition of a new concept can only retrieve a
subset of the existing set of individuals, rather than create new individuals.

In order to deal with our more complex examples, we turn for inspiration
to the work of Ghidini and Serafini [16] on Distributed First Order Logic. The
idea is to introduce, at least conceptually, some binary relations r;;, called do-
main relation, describing the correspondences between the pairs of domains IS;
and IS}, and to use so-called bridge rules to constrain these relationships in an
implicit manner.

In order to support directionality, bridge rules in a set B;; will be viewed as
describing “flow of information” from IS; to IS from the point of view of ISy;
ie., ISy is “importing” information from IS;), and hence B, may be different
from By;.

Based on studies in [16], here are some patterns of constraints on the corre-
spondence relationships that one might like to express using bridge rules:

1. Every instance of concept A (A-instances) in IS; corresponds only to a G-
instances in IS-.

All G-instances in IS, have a corresponding A-instance in IS;.

Each A-instance has at least/at most n corresponding G-instances in IS,.
The domain relation from IS; to IS is the identity relationship.

The domain relations between IS, and IS, are simmatric, i.e., ris = rog 1.

Ok W

In this paper we will study the first two kinds of bridge rules.

In order to help keep us from confusing descriptions from various IS;, we
start by labeling each description E in DL; with the index ¢ (written as i: E).
(However, when talking about subsumption within a single IS;, we will use the
more readable i: AC B, instead of the formally correct i:ACi:B.) We now
introduce two kinds of bridge rules:

Definition 1. Given concepts C' and E of DL; and DL; respectively, a bridge
rule from i to j is an expression of one of the following two forms:

i:C = j:E, called into-bridge rule
i:C = j:E, called onto-bridge rule

An into-bridge rule specifies that C-objects in IS; correspond only to E-objects in
IS; (according to the r;; relation), while an onto-bridge rule states that the every
object in E has a corresponding pre-image in concept C' of IS;. The intuition
of the interpretation of the into- and onto-bridge rules is shown in Figure 2 and
Figure 3

In Example 2, one would have the bridge rule 1:COUPLE £, 2.PERSON
to indicate that every couple has corresponding persons, but would not nor-

mally include the bridge rule 1: COUPLE ENVY PERSON, because there may be
unmarried persons, who would not be partners in any couple.

Informally, a distributed T-box is then a collection of T-boxes T; (represent-
ing the local IS;), together with into- and onto- bridge rules, grouped into sets
B;.; indicating the direction in which they transfer information.



IS IS,

Fig. 2. Intuitive interpretation of A B

IS IS,

) D] (A)

Fig. 3. Intuitive interpretation of A =B

3.3 Some examples revisited

We will now recast some of the earlier examples into the notation of distribute
description logics (hereafter DDL), and briefly consider some of the subtle as-
pects of the representation.

To begin with, the course correspondences in Example 1 yield two bridge
rules:

1:AdvancedC £> 2:IntermC
2:IntermC £> 1:BasicC

These allow each IS to import appropriate information from the other, but does
not entail 1: AdvancedC C BasicC, because the two bridge rules concern mappings
in opposite directions. This is a good example of the peer-to-peer approach,
where each IS imports information independently.

Consider next Example 3, involving libraries. We have three T-boxes Ty, T,
and T;. Ty, and T, describe the information systems of the libraries. They both
have concepts BOOK, corresponding to copies of books that can be loaned, and
concepts PERSON, to model the borrowers. The role taken_by is meant to record
who has borrowed a book, so that the concept BOOK_ON_SHELF, in T}, can be
defined as follows

BOOK_ON_SHELF = BOOK M —3 taken_by.PERSON

10



The T-box T, modeling the students’ information system, also includes a con-
cept called BOOK, but its meaning is different, since, as we mentioned before,
these are abstractions over the libraries’ copies of the book. The following bridge
rules are intended to capture the fact that students see books based on copies
from the respective libraries

h:BOOK —» 5:BOOK (1)
m:BOOK —= s:BOOK (2)

Note that this does not imply that all books at the Harvard library can be seen in
the students database (the mapping rj,s may be partial). Nor does it imply that
the same book copy cannot be mapped to several books in ISg¢ygent — this would
require a different kind of bridge rule, one expressing that the correspondence
has a certain cardinality.

In addition, T, uses the role located_at to capture the name of the library
where the student should go to in order to get the material in question, assuming
it is available there. For convenience, T contains a concept, AVAILABLE_BOOK,
that lets students tell quickly if some book is available:

AVAILABLE_BOOK = BOOK M dlocated_at

Since students only want to hear about material located at a library if there are
some copies of it on the shelf there, we use onto bridge rules as follows?:

h:BOOK_ON_SHELF —= s:3located_at.{Harvard} (3)
m:BOOK_ON_SHELF —=5 s:3located_at.{Mit} (4)

As we shall see later, one of consequences of DDL reasoning with the bridge
rules (1-4) is the following subsumption

s:3located_at.{Harvard} C AVAILABLE_BOOK

This follows because the bridge rules allow us to infer in ISg¢ygen: that anything
that is located at the Harvard library must be a book, and hence an instance of
the concept AVAILABLE_BOOK defined earlier.

3.4 Distributed A-boxes

In order to deal with correspondences between specific individuals, we can follow
two approaches. First, if the description logic is sufficiently expressive, we can
state such correspondences by using bridge rules. For example, the correspon-
dence of couple23 to Gianni and Mary in Example 2, can be expressed by bridge

% Technical note: although we use enumerated concepts, such as {Harvard}, which are
not in SHZQ, their elements are string constants, which do not have properties of
their own. It is known that such language constructs can be eliminated by using
mutually exclusive primitive concepts

11



rules 1:{couple23} = 2:{Gianni, Mary} and 1:{couple23} = 2:{Gianni, Mary},
if the description logics support concepts formed by enumeration.

Otherwise, we need to introduce the individual-level equivalent of bridge-
rules.

Definition 2. If x is an individual in DL;, while y1,ys,... are individuals of
DL;, then

— a (partial) individual correspondence is an expression i:x +— j:y
— a complete individual correspondence is an expression i:x — j:{y1,y2,...}

The first kind of assertion indicates that the domain relation r;; includes the cor-
respondence between z and y. Note that 1:couple23 — 2:Gianni and 1: couple23
2:Mary do not capture fully the relationship between couple23, Gianni and Mary,
because additional objects may still be in correspondence with couple23. Hence
the need for complete correspondences: 1:couple23 — 2:{Gianni, Mary}

Distributed A-boxes than connect the individual A-boxes of each IS, through
the same bridge rules we used for distributed T-boxes.

4 Formal Definitions

We present next the formal specification of the above notions, starting with the
semantics of ordinary DLs.

4.1 Formal Syntax and Semantics of Description Logics

A typical DL, such as SHZQ? [19], would start with atomic concepts A, as well
as constants ANYTHING and NOTHING, denoting the universe and the empty set
respectively, and then build more complex descriptions according to the recursive
syntax in the second column of Figure 4. An additional concept constructor that
we may use, but is not available in SHZQ, is enumeration, which describes a
concept by enumerating its instances: {INy,...,IN,}.

We begin with the notion of interpretation/structure, which is familiar to
anyone who has studied predicate calculus. Specifically, an interpretation 7 is a
pair <AI, -I>, which treats concepts and roles as unary and binary predicates,
assigning subsets A” of the non-empty domain A? to atomic concepts, and
subsets RT of AT x A to atomic roles, as well as distinct values of AZ to different
named individuals. The interpretation then proceeds recursively, driven by the
syntax of complex concept and role constructors, as shown in column three of
Figure 4. (In the case of recursive concept definitions, the interpretation assigns
extensions to all descriptions, and then complex concepts constrain the valid
interpretations.)

We can now define formally subsumption, and then introduce convenient
notation to talk about interpretations “satisfying” T-boxes.

% This particular DL is of interest, among others, since it is the basis of the proposed
DAML+OIL language for expressing web-ontologies.

12



Concept construct name Syntax Semantics

primitive concept A AT

top concept ANYTHING AT

bottom concept NOTHING 0

conjunction Cin...NCn, CIN...NnCE

disjunction CiU...uC, Cfu...uct

negation -C AT\ T

value restriction VR.C {d € AT | R*(d) Cc C*}

exists restriction JR.C {de AT | RT(d)n CT £ ¢}

number restrictions >nR {d € AT | |R%(d)| > n}
<nR {d e AT | |R*(d)| < n}

qualified number restriction >n R.C {d € AT | |R*(d)n CT| > n}
<nR.C {d € AT | |R*(d)n C*| < n}

Role construct name Role Semantics

primitive role P pZ

role inverse R™ {(y,z) | (z,y) € RT}

Fig. 4. Syntax and semantics of the SHZQ Description Logic [19]

— IECCD (* read as D subsumes C in interpretation I *) if CT C DZ.

— TE'T (* The definitions and subsumptions in T are satisfied in I *) if T |=
ACB, forall ACB in T.

— TECLCD (* D subsumes C with background theory/T-box T *)if ZI=C C D
for all interpretations Z such that Z|=T.

These definitions are extended to A-boxes according to the rules

— I C(a) if a* € C7.

— I=p(a,b) if <a1,b1> € pt.

— TE A if T}= 7 for every assertion m = C'(a), p(a,b) € A.

— K[ C(a) iff T|= C(a) for all interpretations Z such that Z= K. Similarly for
p(a,b).

A particular description logic has a complexity of reasoning associated with
the various questions that one wants to anser, such as subsumption or concept
membership. This complexity depends on the set of constructors offered by that
language. Much of the effort in DL research has been in identifying different sets
of such constructors which have at least decidable inferences, and characterizing
their computational complexity. We remark on the variable-free nature of the DL
formalisms, which limit their expressive power but at the same time contribute
to their ability to reason efficiently even with incomplete information (see [7]).

4.2 Formal syntax and semantics of Distributed Description Logics

The following is just a precise restatement of the notion of DDL introduced in
the previous section.
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Definition 3. Given a set I of indexes, let {DL;}icr be a collection of descrip-
tion logics. A distributed T-box (DTB) ¥ = ({T;}ic1,B) consists of a set of
ordinary DL T-boxes {T;}icr, and a set B = {B;;}izjer of bridge rules from
i to j. For every k € I, all descriptions in Ty must be in the corresponding
language DLy, and for every bridge rule i : A =N j:Bori:A =N j: B in
Bi;, the concepts A and B must be in the languages DL; and DL; respectively.

A distributed A-box (DAB) A = ({A;}icr,€) consists of a set of A-bozes
{Ai}icr, and a set € = {&€;;}izjer of partial and complete individual corre-
spondences from i to j For every k € I, all descriptions in Ay must be in the
corresponding language DLy, and for every correspondence rule i:x — j:y or
itz = ji{y1, Y2, ...} in &, the individual name x must be in DL;, and y1,y, . . .
be in DL;.

A DDL knowledge base is then a pair (%, 2), consisting of a distributed T-box
and a distributed A-box

We provide semantics for distributed description logics by using local inter-
pretations for the individual information systems, and connecting their domains
using relations r;;.

Definition 4. A distributed interpretation J = ({Z;}icr,r) of T consists of
interpretations I; for DL; over domain A, and a function r associating to
each i, € T a binary relation r;; C ATt x ATi. We use r;;(d) to denote {d' €
AL | (d,d') € r;;}, and for any D C AT, we use r;;(D) to denote | prij(d).

Definition 5. A distributed interpretation J d-satisfies (written J=4 ) the ele-
ments of a DTB T = ({T;}icr,B) according to the following clauses: For every
i,jel
— J=qi:A = J:G, if rij(AT) C B% (* Satisfiability of into-bridge rules *)
— J=4i:B =, j:H, if r;j(BY) D H%i (* Satisfiabilty of onto-bridge rules *)
— J=4i: ACB, if ;) AC B (* Satisfiabilty of local subsumptions *)
— J=4T; if Z;}=T;. (* Satisfiabilty of local T-boxes *)
— JE=a ¥ if, for everyi € I, 3=4T;, and J d-satisfies every bridge rule in B.

Finally, T=4i:CC D 1if, for every distributed interpretation J, J=4F implies
JEqi:CCD.

Concerning individuals, we have the following

Definition 6. A distributed interpretation J d-satisfies the elements of a DAB
A = ({A;}ier, €) according to the following clauses: For everyi,j € I

~ J=aiie = juy, if y5 € rij(ati) (* Satisfiability of individual correspon-
dences *)

~ J=aize = {y1,y2,.. .} ifrij(a%) = {y1 %,y 59, ..} (* Satisfiability of com-
plete correspondences *)

— JE=qi:C(a), if Z;= C(a) (* Satisfiability of local assertions *)

— J=4i:p(a,b), if ;= p(a, b) (* Satisfiability of local assertions *)
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— J=4 A, iff J=a 7 for every assertion m = C(a),p(a,b) in A;. (* Satisfiability
of local A-boxes *)

— JEa 2 if, for every i € I, 34 A4, and J d-satisfies every individual corre-
spondence in €.

Finally, A=41:C(a) if, for every distributed interpretation J, J=42 implies
J=41:C(a). Similarly for p(a,b).

4.3 Library Example Revisited Formally

Ignoring one of the libraries, T, say, in order to simplify matters, we can define
the distributed T-box %; = (Th, Ts, Brs), where B contains the single bridge
rules:

h:BOOK_ON_SHELF —= s:Jlocated_at.{Harvard} (5)

Figure 5 provides an example distributed interpretation J;;; for ;.

A™h = {Tractatus(1), Tractatus(2), DB_Pples, Mario}
BOOK™" = {Tractatus(1), Tractatus(2), DB_Pples}
PERSON”" = {Mario}
taken_by™ = {(Tractatus(1), Mario)}
AT = {Tractatus, Philosophical_Investigations, Harvard, Mit}
BOOK”* = {Tractatus, Philosophical_Investigations}

located_at’s = (Tractatus, Harvard)
h ™ | (Philosophical_Investigations, Mit)

o — (Tractatus(1), Tractatus)
hs = (Tractatus(2), Tractatus)

Fig. 5. Example of distributed interpretation for ¥

Note that bridge rule is satisfied by J;;; even though BOOKZ" is not contained
in BOOKZ:; indeed, rj;(BOOK?") = {Tractatus}, is a subset of BOOKZ:, which
is {Tractatus, Philosophical_Investigations}. J;; also satisfies bridge rule (3), since
r4s(BOOK_ON_SHELF*") = r},,({Tractatus(2), DB_Pples}) = {Tractatus}, which
is a superset of (Jlocated_at.{Harvard})Zs = {Tractatus}. Recall that T;;; d-
entails

s:3located_at.{Harvard} C AVAILABLE_BOOK

which can be verified by considering all possible distributed interpretations.
The above example exhibits a common pattern of inference in our DDL:
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starting from
A subsumes B in IS;
A is mapped into G by a bridge rule
B is mapped onto H by a bridge rule
conclude that
G subsumes H in IS,

The following is another example of this inference: suppose T contains the
subsumption assertion

Villa C SecondResidence

and there are bridge rules

1:SecondResidence —=» 2: Dwelling

1:Villa = 2:Cottage

One can then conclude that 2:Cottage C Dwelling. This inference is illustrated
by the diagram in Figure 4.3, which should also provide some of the intuition
behind it. (The horizontal arrows describe the bridge rules.)

Second DveIthg
residence C
Isa Isa
ViD = Cottage
IS1 IS2

Fig. 6. Example of Inferred Subsumption Relationship (dashed line) in DDL
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5 Some properties of DDL

In this section, we will restrict our attention to the simplest kinds of DDL,
namely distributed T-boxes involving only two IS, and a single set of bridge
rules between them: ‘112 = <T1,T2, %12).

The following is a list of intuitively desirable properties for such a system,
based on our motivation:

1. When deducing things at IS; in the distributed system, all local information
should be available. Formally, if T,EXLCY, then 12=4i: X CY, for i =
1,2.

2. In the absence of bridge rules, no information should pass between the com-
ponent systems. Formally, if (Ty, T2, 0)Eqi: X CY then T;=XCY, for
i=1,2.

3. A DDL should exhibit “directionality” / “no backflow”: we have said that 9815
contains bridge rules that are setup to provide information flow from IS; to
1S,. Therefore, such a set up should not affect, by itself, reasoning in IS;.
Formally, we would like to have that if Ti2=41: AC B, then T AC B.
This would the also allow for more effective reasoning because there would
be no need for a feedback loop between new inferences in IS, and those in
15;.

4. A distributed system should not allow local inconsistencies to “pollute” the
entire system, in the sense that if the information at IS; is not satisfiable, then
deductions at other sites should not be affected. Formally, this would mean
that if T; is inconsistent then T19/=4j: X CY iff T;=XCY for j =1,2.

It can be easily seen that our definition of DDL does have the first two properties,
if the component T-boxes are consistent.

As far as “backflow” is concerned, it is unfortunately possible to use onto
bridge rules to enforce certain properties of descriptions in IS;. For exam-

ple, a rule such as 1:4 =, 2. ANYTHING requires every distributed inter-
pretation to have the property rio(A7t) # ), because the extension of the
ANYTHING concept is never empty, and hence there must always be individ-
uals in A7t that correspond to it. This kind of reasoning can sometimes be
translated into new subsumptions for ISy, which depend on IS;. To show this,
let us introduce a role constant, UniversalroLe. It relates every possible pair
of objects: UniversalroLe”! = AL x ALt Now consider the DTB %’, with

T,={ANYTHING C G} and one bridge rule {1: 4 = 2:G}. It d-entails the for-
mula 1: ANYTHING C 3 UniversalgoLe.A because, if A’s interpretation is never
empty then there is always some A-object to which every object can be related
by UniversalgroLE-

Interestingly, it is possible to prove that for some DDLs no backflow will
occur. For example, if the components of a DTB T3 only involve the SHZQ
description logic, (which does not support UniversalgoLg, of course), then for
consistent T1a, T12FE41: ACB iff T{|=AC B. (We do not present this result
formally in this paper since there is no space for its formal derivation.)
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5.1 Inconsistency in DDL

Ag far as inconsistency propagation is concerned, unfortunately if one of the
component T-boxes is unsatisfiable then there is no distributed interpretation
satisfying the entire DTB, and therefore every possible assertion is automatically
d-entailed by an unsatisfiable DTB. (This kind of inconsistency propagation is
not peculiar to DDL — it is a feature of most logic-based formal models of IS
with multiple components.)

Looking at the issue more closely in the context of DTBs. From the defi-
nition, it can be seen that a DTB ¥ is unsatisfiable if each distributed inter-
pretation J does not satisfy either some local T-boxe, some bridge rule (for

instance 1:NOTHING —= 2:ANYTHING), or some combination thereof (for in-
stance ({AC NOTHING}, {ANYTHINGC G}, {1: 4 = 2:G1)).

Conversely, if some T; of ¥ is not satisfiable, then the entire DTB is unsatis-
fiable, because there is no distributed interpretation for it, and hence everything
can be deduced from ¥, because d-entailment quantifies over the set of dis-
tributed interpretations, which in this case is empty. This is an unsatisfactory
state of affairs for distributed IS. Let us consider some possibilities in the case
of le.

— If just Ty is unsatisfiable, we do not want this to affect reasoning in ISi,
especially because of the “no back-flow” stance. So reasoning in %15 should
reduce to reasoning in T;.

— If just Ty is unsatisfiable, there is still some desire for this inconsistency not
to “infect” the reasoning of ISy, at least not to the point that all conclusions
of the form 2: X CY are entailed by Ti,.

— To help the integrator, it would be desirable to be able to distinguish the
above cases from the one where the inconsistency is due the effect of bridge
rules.

Although a simple syntactic solution is available — just check each local T-
box for consistency, and define d-interpretations to exclude such inconsistent
component IS. We would prefer to find a semantic solution having these prop-
erties in order to be sure of its coherence. So let us introduce a new, special

DL interpretation, 7% = <AI, .16>, where A? is the original non empty domain,

and .Z" makes the denotation of every description, even NOTHING, be the whole
domain AZ. Intuitively Z° provides an interpretation even to a locally incon-
sistent T-box; indeed, in Z°, every subsumption AT B is satisfied, including
ANYTHING C NOTHING. This means that even if a DTB has an inconsistent
T-box Ty, it will have some distributed interpretations {J;};c; — ones where
J = Z°; this means that in the definition of d-entailment we will not be quan-
tifying over the empty set of distributed interpretations. Moreover, the addition
of this special interpretation does not change the set of theorems and the set of
logical consequences of any component DL IS, which therefore maintains all its
formal and computational properties.
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Suppose we repeat all previous definitions, but using this more encompassing
notion of satisfaction, to obtain §-satisfies and §-entails = .

The following proposition shows that when Ts is inconsistent, we have the
desired effect, and more generally, we always get “no backflow”.

Proposition 1. If %15 |=5 1: AC B then T;E=ACB.

Proof. Recall that the general definition of T = M C N is that for every in-
terpretation Z, if Z = T, then Z = M CN. So let Z; be an arbitrary model
of T;. We must show that Z; | 1: AC B. Consider the distributed model
{{Z7,,7°},r15 = AT x AT2}: it satisfies T, by assumption, and it satisfies
T, by our prior comment concerning Z°. Moreover, the right hand side of all
bridge rules corresponds to the set A”2, so that they are satisfied too. Therefore,
since Tio =5 1: AC B, we must also have {Z;,7°} =5 1: AC B, which includes
7, = ACB.

In the case when T; is inconsistent we have:

Proposition 2. If T; is an inconsistent T-boz, then if T1o = (T1, T2, B12) =5
2:ECF then T, = ECF, where T, is obtained by extending T with {GC H|

if 1: A Ey9.Hand1:B22:G in Bio for some A and B}.

This shows that when T is inconsistent, results in Ty are only affected by the
bridge rules.

Proof. Let T, be a model of T) and let 3 = ({I° L}, ATt x (ﬂHkZQ)) be the

distributed interpretation where {1: Ay N 2:Hy} is the set of all-into bridge
rules in B;o. Clearly J =5 T;. As far as bridge rules, note that by construction,
r12(AT) = NHy, so all into-rules are automatically satisfied. On the other hand,
since every concept 2:G appearing on the right side of an onto rule is required
to have the property G C Hj, for all k, then r13(G) C NHy, so the mapping
satisfies all onto rules, except possibly the ones where 1:B denotes the empty
set. However, in Z°, nothing denotes the empty set, not even NOTHING, so
this case cannot arise. Therefore, since J |=5 T12, we get by hypothesis that
I, EECF.

6 Relating DDL and ordinary DL

We are interested in finding a connection between DLs and DDLs, which would
allow us to transfer theoretical results (such as complexity analysis) and reason-
ing techniques from the extensive current DL literature.

We will do so by building a “global” DL, which encodes the information
available in the local T-boxes and the bridge rules of the DDL. To do so, we
start by creating a language, GDL, for descriptions in this global DL. Suppose
one is given a family of description logics {DL;};ic;. For any primitive concept
A (resp. role R) of DL;, let i: A (resp. i: R) be a primitive concept (resp. role) of
GDL. Moreover, GDL will use all the concept and role constructors appearing
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in any DL;. Therefore GDL permits the equivalents of at least all composite de-
scriptions of DL;. GDL has the usual top and bottom concepts, ANYTHING and
NOTHING, which in this case are distinguished from the tops and bottoms of the
hierarchies in DL;, which are now ordinary concepts, with names i: ANYTHING
and i :NOTHING. (To emphasize this, we will use instead the symbols T'op; and
Bot;.) GDL has a special set of role symbols R;;, which will be used to simulate
the domain relations, as well as an additional role symbol ]3, used strictly for
technical reasons.

We start by providing a translation #() from DL; concepts/roles to con-
cepts/roles in the global DL, and then extending it to map entire DDL T-boxes.
Not unexpectedly, such a translation will be based on the recursive structure of
concepts, which is based on the use of DL operators. To emphasize this, we will
view concept and role consructors as functors, p, that take as arguments sim-
pler descriptions. For example, Vp.D can be viewed as all(<role expression>,
<concept expression>), with all being the constructor. The mapping # is de-
fined recursively as follows:

1. #(i, M) = i: M for atomic concepts and roles M, as well as M = ANYTHING
and M = NOTHING. (* Atomic base cases. *)
2. if p is a concept constructor taking k arguments, then # (i, p(M;, ..., My)) =

first translating the constructor’s arguments, and then intersecting with the
domain Top;. *)
3. if p is a role constructor taking k arguments, then #(i, p(Mi,...,My)) =

ing the arguments.* *)

For example, # (i, PERSON MVlikes . TEACHER) produces
Top; Mi:PERSONMV/(i:likes)~.(Top; Mi: TEACHER)
We are now ready to produce the global DL T-box:

Definition 7. Applying # to a DTB T = ({T;}ic1,B), yields a T-box #(%) in
the language GDL, consisting of the following azioms:

1. (* Copies of axioms from local T-boxes. *)
#(i,A)C#(i,B) for alli:ACB € Ty;
2. (* Translations of into bridge rules as value restrictions on R;j. *)
#(i, A) CVR;;.#(4, G) for every into bridge rule i: A SN j:G € B;
3. (* Translations of onto bridge rules as existential restrictions on the inverse
of Rij. *)
#(j, H) C3R;.#(i, A) for every onto bridge rule i: A i)j:G’ €B;
4 We do not use the equivalent of top role and role conjunction instead of ANYTHING

and M in the last definition, because these constructors are rarely present in DLs,
unlike ANYTHING and 1M, which are ubiquituous.

20



4. (* Restrictions on role R;; so it connects only objects in T; and T;. *)
ANYTHING CVR;;.Top; (* the range of R;; is AT ¥)
=(Top;) CVR;;.NOTHING (* R;; is undefined outside AZi *)

5. (* Restricting Bot; to always be the incoherent concept. *)
Bot; TNOTHING.

6. (* Ensuring that Top; is the proper local top of its IS-A hierarchy *)
i: AC Top;, for every atomic concept A of DL;

7. (* Ensuring that Top; is not empty *)
ANYTHING C 3 P.Top;

8. (* Ensuring that every i-role p has as domain and range Top; *)
Top; CTY(i:p).(Top;) for every role p of DL; (* the range of i:pis in AT *);
—=(Top;) EV(i:p).NOTHING (*i:p is undefined outside AZi *)

We propose next that under some circumstances d-entailment can be reduced
to ordinary DL-reasoning through the use of the above translation; namely that
#X)=#(, X)C#(,Y) if and only if TE=4i: XCY.

Its proof would be based, as usual, on constructing an appropriate interpre-
tation for #(%), given one for ¥, and conversely. In turn, the proof of correctness
of the constructions relies on induction on the structure of concepts. So the proof
depends on the concept and role constructors of the particular DL’s involved.
In fact, the proof is quite similar for a great variety of constructors, p, so we will
try to state it in more general terms in order to abstract out this common part
of the proof.

We start by noting that the semantics of most descriptions is compositional,
so that the denotation of p(argi, ..., argy) is a function, f,, of the denotation of
its arguments. For example, all(R, C)Z is equal to fu (R, CT) for an associated
“semantic function” fu(XR,XC) = {d € AT | XR(d) C XC}. However, some-
times such a function depends on more than the interpretation of its arguments
— in this case the set A. Although we can imagine more general scenarios, we
will consider here only constructors that depend in some explicit way on AZ.
We will require that the function f, make this dependence explicit by taking an
additional argument, DY, which is to be instantiated by A% when getting the
denotation of a particular concept constructed with p. For example, f,;; should
take three arguments, XR, XC and DY, with f,;(XR,XC,DY) defined by
{de DY | XR(d) C XC}; and (Vp.C)" would be expressed as fo (p%,CT, AT).

Semantic functions with the following property will be of interest to us:

Definition 8. Let p be a concept constructor whose semantics can be expressed
as p(argy, ... ,argn)I = folargi?, ... argiT, A7), for a function f,(X1,...X,, DY)
whose definition contains no references to I.° Let By, ..., B,, W, A be sets such
that W C A, and each Bj is either a subset of W or of W x W, 1 < j < n.
Then p is called a local constructor if f, satisfies the condition

Wnf,(Bi,...,Bn, A) = fo(Bi,..., By, W)

® In the case when one of the arguments argy of the constructor p is not a concept or
a role description — e.g., for number restrictions < np, one argument is an integer
— argy? is extended to evaluate to arg.
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when it is a concept constructors, or
fp(Bla ey Bn: A) = fp(Bla ey Bn: W)
when it is a role constructor.

The main result is then

Theorem 1. Suppose ¥ is a DTB in {DL;}, where every concept and role con-
structor is local. Then #(X)=#(i, X)C#(4,Y) if and only if =9 i: X CY.

Proof. “If”. Let 3=({Z'}, {r;;}) be a d-interpretation. Define Z# to be the inter-
pretation with domain ATF = I_IiAZi (the disjoint union of the domains of DL;),
which interprets i: A in GDL aaccording to the rule #(7, A)I# = AT', whenever
A is an atomic concept, atomic role, ANYTHING and NOTHING. Moreover, let
RUI# equal rij, and PI# = AZ# X AZ#.

We then start by verifying that

#(i, )™ =M™

for arbitrary concepts M in DL;. The proof is by structural induction on M.
The base cases for atomic concepts and roles hold by construction. So consider
some composite concept description p(argi, ..., arg,), where the arguments are
descriptions or objects with invariant value w.r.t. interpretation (e.g., numbers).
Then

G, plargs, ... argn))™" = (Top; M p(#G, argr), . .., #G, argn)) ™
= AT O £ (#G,arg)” . # G, arg)”, ATY)
- AT n fp(arglzi ..... arg,” ,AI#)

On the other hand, p(arg, ..., argn)IZ = fp(arglzi, s argnIi,AIi). By letting
W be Azi, B; be arg;Z', and A be AT" in the definition of local constructor, we
can have that AT N f,(arg: ... argnT , AT) = f(arg: T, ... argyT , AT')
which is equal to p(argy, ..., argn)zl An almost identical argument holds for role
constructors p.

Now let 3 = ({Z'},{r;;}) be a d-interpretation that satisfies T. We first
need to show that Z# |= #(%). So consider the various items in the definition
of #(%). Since #(i, M)T" = MT', then #(i, V)" C #(i,W)" if and only if
VI ¢ WT', and hence 7% |= #(i, V)T #(, W) iff T/ = VCW. As a result,
T# satisfies the subsumptions in item 1. Z# satisfies items 2 and 3 because J
ssatisfies the bridge rules of ¥, and item 4 by the definition of Z#. Axioms in item
7 are satisfied because the 7 are interpretations, and therefore their domains A%’
are nonempty, and in turn these are the interpretations of Top;. The remaining

items follow from the fact that each 7! is a model of theory T;, with domain
AT, Therefore T# satisfies #(T), and hence Z#=#(i, X) C #(i,Y). By using
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again the fact that VI = #(i, V)Z#, we therefore get Z!= X CY, and hence
that J=4i: X Ci:Y.
The “only if” part of the proof, starts from an arbitrary interpretation Z# of
i # i i
#(%). Let AT be #(i, ANYTHING)I , and define the mappings -~ : DL; — AT
to be ML = #(1, M)I# for atomic concepts and roles M, as well as ANYTHING.

First, we need to show that (A;, I) is indeed an interpretation of DL;. This
requires verifying that

—- AT i a non-empty set; (* true, because otherwise aziom 7 of #(%) cannot
be satisfied by T# %)

ANYTHING” = AT (* By the definition of AT *)

NOTHINGE =0 (* By aziom 5 in the definition of #(T) *)

— AT" C AT for atomic concepts A (* By azioms 6 *)

- pIi C AT x AT for atomic roles p. (* By azioms 8 *)

# i . .
Then one proves that #(i, X)*" = XZ' using the same argument as in the
“if” case. And the rest of the proof follows the same way as in the previous part.

The following corollary uses the properties of the abstract constructor p to
describe a collection of familiar concept and role constructors which allow the
above translation of DDL reasoning to DL reasoning to go through.

Corollary 1. The equivalence #(%)=#(i, X) T #(,Y) if and only if T=41: X CY
holds when DL; offers a subset of the following concept constructors:
{CND,CuD,-C,Vp.C,2npD,<npD,rolel = role2} and role constructors
{(role)=, M, U,o}

Proof. First, we provide for each constructor the definition of the corresponding
semantic function.

Concept semantics

constructor|function

Ci1Cy fanda(XC1,XC2,DY) = X1N X2

CiuCy for(XC1,XC2,DY) = X1UX2

-C frnot(XC, DY) ={de DY |d ¢ XC}

VR.C frorat(XR,XC,DY) ={d € DY | XR(d) C XC}
JR.C fexists(XR,XC,DY) = {d € DY | XR(d)N XC # 0}

>nRC  |featieast(n, XR, XC, DY) = {d € DY | | XR(d) N C| > n}
<nRC  |fratmost(n, XR,XC, DY) = {d € DY | |[XR(d)n C| < n}
Ri=Ry  |fsameas(XRy,XRy, DY) ={d€ DY | XR,(d) = XRy(d)}

role semantics

constructor|function

R~ fz’nverse(XRvDY) = {(y,:n) | (:E,y) € XR}

RioR> feompose (X R1, X Ry, DY) = {(2,2) | y € XR1(XRa2(x))}

Rl |_|R2 frole_and(XRlaXR27DY):XRlnXR2
Rl |—|R2 frole_or(XRlaXRQ:DY):XR1UXR2
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It is straightforward to demonstrate that each constructor is local, once one
notes that DY is not used in the semantics of role constructors, and in the case
of concept constructors, it appears only in the form {d € DY | ...}, which has
the property that WnN{ded|...} ={deW|...}.

We are now ready to use Theorem 1, to obtain some significant rewards:

Proposition 3. A DDL such that all DL; are contained in some decidable de-
scription logic DLy, with only primitive roles, which supports (i) qualified exis-
tential restriction, and (ii) arbitrary subsumption assertions in T-boxes, can use
the decision procedure of DLg to decide unsatisfiability and d-entailment.

Proof. We know that reasoning in %5 is equivalent to ordinary DL reasoning
in #(%12). The proof relies on two observations: (a) (by design) every axiom in
#(%12) involving R;; is either of form a EVR;;.8 or IR;;.0 E; (b) an axiom of
the form a CVp.S is equivalent to I3p~.a C 5. This allows all axioms involving
R;; to be rewritten to involve only qualified existentials over R}, at which point

ijo
we can replace R, by some new role S;;. This removes the need for inverse roles
and universal restrictions.

We get as corollaries that DDLs with DL; that are in ACCN'R [8], DLR
[10], or SHZQ [19] can use their reasoners for determining =4 .

The following are some examples of concept and role constructors that do
not satisfy the conditions required in Theorem 1

— Role complement, the identity role, or any role constructor whose semantic
function cannot be written without using DY.

— A hypothetical concept constructor each(R), which denotes objects that are
related by role R to every concept in the domain of interpretation. Such a
constructor would have feaen(XR,DY) = {d € DY | XR(d) = DY}, and
W N feach(V, A) # feacn(V, W) because of the second DY in the body.

The above construction and theorem can be extended to deal with indi-
viduals (and hence A-boxes) by (a) adding to the language GDL individual
names i : ind, corresponding to individuals appearing in DL;; (b) extending # so
that #(7,ind)=1i:ind; and (c) adding the axioms Top;(i:ind), indicating that i-
individuals are restricted to be interpreted in the sub-domain engendered by the
representation of each local top concept. Moreover, the corollary can be shown
to apply to constructors involving individuals such as £ills and one_of:

Syntax Semantic function

R(indy,...,indy) frizs(XR,{v1,...,vn},DY) ={d € DY | {v1,...,vn} C XR(d)}
{indi,...,indn} foneof(Vi,...,05) = {v1,...,0n}
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7 Atomic DDL

In many practical applications on the web, an ontology is simply a list of words
organized in a generalization hierarchy. Such a scheme is visible in the topic areas
of search sites such dmoz, google and yahoo!. Taxonomies of terms are also widely
used in e-commerce sites, e.g. Eclass www.eclass-standard.net/ and UNSPSC
www.unspsc. com. Such “lightweight” ontologies correspond to DLs where there
are no concept constructors, only atomic names. Hence there is no opportunity
to define complex descriptions, and the T-box describes essentially a hierarchy
of identifiers.

Although the computation of subsumption reduces to computing transitive
closure for such T-boxes, there are several additional services provided by actual
systems:

— They present visually a reduced partial order, where there are no redundant
links: If @ — b and b — ¢ then there is no link a — c.

— The answer to subsumption questions X C Y may take constant time for tree
hierarchies, and potentially only a little more for those that are “almost” like
trees, through preprocessing of the final hierarchy [1, 6].

There is an obvious need to integrate even such simple ontologies, if one
wants to provide access to a variety of related resources. For example, [27] show
how the integration of the ontologies of two software repositories, Tucows and
Downloads.com, can provide seamless retrieval of software from multiple sources.
However, such ontologies, especially in e-commerce, would be expected to change
daily, and would definitely not want to be tied together in some “distributed”
system. Therefore our approach of peer-to-peer coupling of IS seems reasonable
in this case.

As in other work, for example [20], the process starts by expressing state-
ments that link terms in the two ontologies, usually using additional subsump-
tion relationships holding between terms in the two ontologies. One can then
deduce the relationships of two terms by reasoning in the T-box which is the
union of the two original ontologies, and these “cross-relating” subsumptions.
The framework of DDLs provides a more refined tool, through the use of into-
and onto-bridge rules. The question in this case is how one can reason effectively
with the resulting DDL. The natural course is to use Theorem 1 to transform
the problem into ordinary DL reasoning in the global DL. The most unsettling
aspect of this approach is that even if the original DL; only had atomic concepts,
the #(%) theory uses qualified existential quantifiers (3), for which it is known
that subsumption of computationally difficult in general. This is in contrast with
the situation for atomic hierarchies, mentioned above.

There is however some hope for our reasoning in #(%): if one looks carefully,
the translation does not contain any nested existential restrictions. Exploiting
this hole, we can then prove the following interesting result:

Theorem 2. Given a DTB %15 = (T, T2,B12), where Ty, Ty, and B1a in-
volve only atomic concepts. Then T=42:G C H if and only if

#EX)F2:GC2:H
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where the inference rules are

NOTHINGC X (bottom) X CANYTHING (top)
Ip.NOTHINGENOTHING (some-bottom) XCX (reflex)
XLY (some-isa) XLY YLCZ (trans)

IpXCapy XCZ

In general we continue to be interested in the conclusions T)=2:E C F' derivable
when IS, integrates into its terminology/ontology that of IS), by the addition

of into- and onto-bridge rules of the form 1:A4 =5 9:H and 1:B = 2:G
respectively.® According to the above Theorem 2, proofs of g(%) - 2: EC2:F
are essentially chains of subsumptions in Ts, interspersed with “switches up”
to IS; via onto-rules, and then switches back down via into-rules as shown in
Figure 7 (This seems obvious from the beginning, but it is surprisingly hard to

1:BC...C1:4 2:B'C ...

1:Bi>2:G 1:A£>2:H 1:B'i>2:G’
2:EC...C2:G 2:HC ...C2:G'

Fig. 7. Intuitive shape of subsumption proofs in DDL

prove formally that there are no other possible inferences — hence the importance
of the Theorem.)

Recall that in assimilating information from other terminologies, we wanted
to obtain reduced hierarchies, and preserve fast access by preprocessing of the
final hierarchy. We could proceed by a single wholesale action, according to the
previous theorem, or we could add subsumption and bridge statements incre-
mentally. In either case, we seem to waste the work already done for processing
IS, which could be very large. The following shows how one can make a much
smaller number of additions — bounded by the square of only the number of
bridge rules.

Returning to our observation above about the form of a #(%) proof, it
seems like we can precompute the cases when “switches up/down are possi-

ble”. In particular, collect all onto bridge rules B; =R G; and into bridge rules

A; =N H;, and whenever Ty F B; C A;, incorporate the corresponding sub-
sumption G; C H; in Ty. Assuming that C computation is fast in T, finding
such additions is a quick process, and as desired, it results in at most k> addi-
tional links where k is the number of bridge rules.

6 For convenience, we will drop the prefixes 1 : from A and B, as well as prefixes 2 :
from H and G.
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Note that if in one of the above cases, - H; C G} also holds, then indeed
H} and G} are equivalent as far as IS, sees it in the DDL; but, this “bow-tie”-
like situation [33] does not imply in DDL that the corresponding A and B;
must also be identical, or that there is an inconsistency. This is the advantage
of allowing for the non-identity directional mapping connecting the domains of
the two ISs.

Note also that in general one can pre-process bridge rules to eliminate re-

dundancies by observing that if A 5 H,,and A =N H,, where H, C H5, then
the later rule is redundant, and can be removed from the DDL. More generally,

if A4 £> H; and A, £> H,, then we can remove the A, £> H, rule if A> C Ay

and Hq C H,. Similarly, if one has onto-rules By = G1 and B> = G5, then
B, C B; and G5 C (G; implies that the second onto-rule can be removed.

8 Summary and Related Work

The seminal work of Catarci and Lenzerini [14] on integrating ISs described by
DLs, made an implicit assumption that the local ISs have the same notion of
what individual objects are, and that there was only one set of (subsumption)
assertions relating IS; and IS;. We have argued that in cases such as loosely
allied /peer-to-peer IS, when there is no single global view, these conditions need
to be relaxed, by allowing general correspondence relationships between objects
in the local domains, and by having “directed” import assertions.

Even more closely related to this paper, Calvanese et al [12] present an in-
teresting and detailed mechanism for specifying data integration in the context
of data warehouses. Although the conceptual data model is specified in a DL,
which in some sense provides global terminology, the local ISs have relation-like
schemata, which are connected via Datalog-like rules augmented by important
information concerning keys and domains. The aspect that distinguishes their
work, and corresponds more closely to ours, is the specification of “reconciliation
correspondences”, including ones for conversion, matching and merging of spe-
cific data. These can be thought of as describing different aspects of instance-level
connections, similar to our domain relationships. Their work is characterized by
the use of rules, with a declarative part and a procedural part, performing op-
erations such as conversions. While this is very useful for practical applications
(e.g., converting currencies), it is not tied back to the conceptual schema, and
how it might implicitly affect relationships there.

In contrast to the above, and approaches reviewed earlier, our work on DDL
extends the reasoning available on ordinary schemas to the case of multiple
schemas aligned by arbitrary binary correspondences between individuals. Such
reasoning can be used for a wide variety of tasks, including query (re)formulation,
and dealing with partially-specified individuals, as surveyed in [7]. Moreover, as
we emphasized in the beginning, our approach lends itself to a situation where the
multiple ontologies/IS are not being merged/integrate, but rather information
from one source is being assimilated by another. Stuckenschmidt [34] provides
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an additional nice motivating example of this, in the use of local ontologies for
agents, and at the same time provides some testimony to the potential appeal
of our approach by actually using Distributed Description Logics, as these were
presented in an earlier workshop.

This paper has also identified other desirable properties of aligned DL, such
as “no backflow”, and localizing the effect of inconsistencies so that one IS does
not “infect” the reasoning of the entire system.

Among the interesting results obtained are a translation of DDL reasoning to
DL reasoning. The representation of the target DL knowledge base requires only
the presence of the qualified existential restriction DL-constructor 3p.C and the
ability to reason with (acyclic) background axioms, over and above the needs
of the local IS. This allows both complexity results and reasoning algorithms to
be transferred for DDL whose local theories come from decidable logics such as
SHIQ and DLR.

Finally, we have taken a closer look at the case of DDL without concept
constructors, i.e., ones in which there are only atomic concepts organized in
a subsumption hierarchy. These are of interest since they correspond to the
majority of the ontologies currently used, especially on the web. In this case,
we showed that there is indeed no “backflow”, and the reasoning needed to
compute d-entailment is like that needed to compute regular entailment, with
the addition of a relatively small number of pre-computed links to the hierarchy
of the ontology that “imports” information.

Among the many open questions are ones concerning the behaviour of DDL
with more than two local T-boxes, both in the presence and absence of cycles in
the domain relations. And the investigation of a greater variety of bridge rules,
especially ones that are of both practical use and can preserve the very useful
DDL-to-DL translation theorem.
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A Proof of theorems

A.1 Reasoning in Description Logics

Standard reasoning questions involving descriptions include checking subsump-
tion and satisfiability. Most reasoning algorithms for DLs fall into one of two
categories:

1. Normalize-and-compare: concepts are put into some normal form which re-
duces redundancy and makes explicit information that is implicit; subsump-
tion is then checked by comparing normalized concepts. The later tends to
be an efficient operation, so such implementations work for languages whose
expressive power is limited (and hence computational complexity is low),
or in cases when the reasoner is incomplete. In this case unsatisfiability of a
concept is detected when it is normalized to the empty/inconsistent concept.

2. Tableaux: the satisfiability of a concept is tested by trying to construct a
model for it—an interpretation in which the denotation of the concept is
not empty. This approach has been applied to more expressive DLs, and one
of its chief advantages is that the reasoner can be proven to be complete.
In tableaux provers, determining whether a subsumption C'C D holds, is
reduced to testing the concept C'M—D for unsatisfiability.
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In this paper we will be interested in tableau reasoning, and particularly the
details for ALC, because it supports complete reasoning with theories [8]. This
is useful for demonstrating indirectly certain properties of more restricted DLs,
for which standard completeness proof techniques would not apply because, for
example, they lack negation. A typical DL tableau algorithm starts by taking
the description M to be tested for satisfiability, and starts a partial model by
asserting M of some individual named o (written M[zo] here). The algorithm
then repeatedly takes some candidate partial model (a.k.a.” constraint system”),
and tries to grow it into a more complete one by repeatedly using expansion
rules 7. An example of an expansion rule, is adding A[z] and B[z] to the partial
model/set containing the assertion A M B[z]. If all attempts to construct a model
lead to a contradiction (e.g., the co-occurrence of inconsistent descriptions, Blx]
and —B[z]), then the original concept is unsatisfiable.

Some of the expansion rules are “nondeterministic”, in the sense that they
suggest alternative successor partial models. For example, the expansion rule for
concept disjunction adds either A[x] or Bx], when A LI B[z] is present. Since, as
we said, we want to examine all attempts to find models, we will keep track of all
the expansion rule applications in a proof tree, whose nodes n, are associated with
partial models P(n), and whose edges are implicitly labeled by the expansion
rule application producing it.

Each partial model will be a collection of assertions of the form afz] or p(w, 2),
where z,w, z are called individuals, and « is an arbitrary description, while p is
a role identifier. The application of an expansion rule will introduce one or two
nodes n, whose P(n) will contain a new individual and/or an assertion about it.

Notation: In our diagrams, we will sometime write beside node n part of the
P(n) set (e.g., {AN B[z], D[y],...}); and if ny is a child node of ny, then we will
only indicate with +«, that P(n2) = P(n1) U {a}. The expansion rules for the
ALC language are given in Figure 8, where we will leave unexplained technical
terms concerning “blocking” since they will not play a role in our analyses. In the
rules we suppose n; to be some leaf node in a proof tree, and w some individual
in its partial model P(n1). The node ny will be said to have a clash, if for some
individual w either L[w] € P(ny) or {A[w], =A[w]} C P(ny) for some atomic A.

A node will be called closed if it has a clash) on it, and a proof tree will
be called closed if all its leaf nodes have clashes. Such a proof tree represents a
refutation, and it indicates that the formulas at its root form an unsatisfiable set.
Since subsumption is reduced to testing for unsatisfiability, we will be interested
in closed proof trees. Figures 9 shows some examples of proof trees.

We will be using the above expansion rules to check the well-formedness of a
proof tree. Since the secondary conditions (in parentheses) for applying each of
the above rules are present only to make the algorithm terminate, it is therefore
acceptable to have a proof tree that has some superfluous branches resulting
from applying these rules with only the first condition satisfied.

" Qur terminology and ’ notation will be somewhat non-standard, in order to facilitate

presentation of proofs and to reduce confusion with other notation in this paper. For
example. M[x] is normally written x:M, but we are already using : to add labels.

31



and-rule |if MM N[w] € P(n1) (and w is not blocked, and
{M[w], N[w]} € P(n1))
then add to the proof tree a unique child node ns for ni, such that
P(nz) = P(n) U {M[w], N[wl]}
or-rule |if MUN[w] € P(ni) and (w is not blocked, and
{M[w], N[w]} NP (n1) = 0)
then add to the proof tree two child nodes na and ns for ny such
that P(n2) = P(n1) U{M[w]} and P(ns) = P(n1) U {N[w]}
some-rule|if 3p.Clw] € P(n1), (and w is not blocked, and there is no z
such that p(w, z) € P(n1) and C[z] € P(n1) )
then add to the proof tree a unique child node na for ni, such
that P(n2) = P(n1) U {p(w,y),Cly]}, where y is a new indi-
vidual,not appearing anywhere else in the proof tree. Such a
node ny will be called a “y-introduction
all-rule |if Vp.Clw] € P(n1) (and w is not blocked, and there is a y
such that p(y,w) € P(n1) but Cy] € P(n1))
then add to the proof tree a unique child node ns for ni, such that
P(n2) = P(n1) U {C[y]}
theory  [if there is a set T of descriptions that apply to any individ-
ual (because they encode a T-box theory using ~M C N for
MEN)
then every time a new individual z is added, add all assertions
“Mz]UN[z] if MCN €T, as well as N[z] for any N € T,
whose presence is due to axioms of the form T C N. (This
will be denoted T'[[z]], and we will usually leave it implicit.)

Fig. 8. Tableaux rules for ALC

The goal of this section is to prove the following theorem

Theorem 3. Given a DTB ‘3:12 = <T1,T2,%12>, where T1, TQ, and %12 mn-
volve only atomic concepts. Then T=42:G C H if and only if

#EX)F2:GC2:H

where the inference rules are

1CX (bottom) XCT (top)
Ip.LC L (some-bottom) XCX (reflex)
C C C
XLY (some-isa) XLy VEZ (trans)

IpXCapy XCZ

Our approach will be the following: Given a DDL ¥, we know by Theorem 1
that TEqi: M CN if and only if #(%) E #(i, M) C#(,N). So we will be
working with the DL theory #(%).

We will then prove that the inference rules above are sufficient to explain
all refutations produced by the expansion rules of ALC, which are known to be
complete.
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—-Alz], CN-B[x], AU Blz] Ip.Clx]

and-rule some-rule
—A[z],C M -B[z], AL B[x] Ip.Cz]
Clz], -Blz] Clyl,p(z,y)
/ AN
or-rule or-rule

/ AN
—A[z],CN-B[z], AU Bz] —A[z],CM=B[z], AU Blz]
Clz], - Blx] Clz], ~Blz]

Alz] Bjz]

Fig. 9. Examples of proof trees in DL
Notational abbreviations and conventions:

— capital letters A, B,C, D (possibly decorated) will be used for 1-concepts
1:A, 1:B, 1:C, B 1: D and will stand for either atomic identifiers or T, or
1, though we will write 1: T as Topl to emphasize that it is just an ordinary
concept name in the proof, not T.

— similarly, capital letters E, F,G, H will be used to stand for 2: E,2: F,....
Similarly, 1: T will be written as Top2.

— letters L, M, N, P will be used to stand for any concept of the form Y, —Y,
dp.Y, or Vp.=Y, where Y is an atom, Topl, Top2, T or L.

— « will be used for a general description.

— JA will be an abbreviation for 3.5.4, where, recall, S = R{,, because S is the
main role symbol in the theory #(%), and when there are no role symbols
in ¥ itself. (We will continue to write 3 P.Topl);

— similarly, V-G will be an abbreviation for VS.—B.

In the case when DL; and DLy have no concept constructors—only atomic
identifiers or L or T, by the definition of #(), the theory T* = #(%) contains
the following kinds of axioms (alongside their form as descriptions that apply to
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all individuals, and their abbreviated form®):

|Subsumption axiom| Term axiom |Term abbreviati0n|

1:AC1:B -1:AUl1:B -AUB
2:GC2:H -1:GUl: H -GUH
1:AC3S2:H -1: Auis2:H -AU3dH
3S2:GC1:B vVS—-2:GU1: B BUVY-G
3S5.T C Top2 1:¥YS1 UTop2 V1 UTop2
35 -ToplC L VS.——TopllU L V.Topl
1:CCTopl -1:CUTopl -C'UTopl
2:EC Top2 -1:EUTop2 - FE L Top2
TC3IP.Topl ~T U3 P.Topl 3 P.Topl
TEEIP.Top2 —lTI_IEiZAD.TopQ 315.Top2

The proof will require some terminology and several definitions.

Definition 9. An individual zj, is in the family of another individual zq if there
is a chain of individuals z; and roles p;, 0 < i < k, such that p;(zi—1,2;) € P(zg).

The “family” of individual w, family(w), is the set of all individuals who are
in the family of w, together with w.

Basically, the family of individual w is the set of individuals whose intro-
duction in the proof tree (via some-rules) depends on the existence of w. This
definition is only for stating things more succinctly. The following are crucial
properties of proof trees for our proofs:

Definition 10. Let n; be the root node of a proof tree tri. An element M[w]
of P(ny) will be said to be essential if try is closed and one of the following
conditions holds:

- M=1

— M =C,E,—D, or —=F and M participates in a clash with its complement in
try (the complement of X is =X, and of =Y is Y).

— M = 3p.N for some role p, and a some-rule on M is used in try to
add a new node no under ny, where there is a new individual y such that
p(w,y), N[y],3p.N[w] are in P(nz), and the tree rooted at ny is closed. (N
itself might not participate in a clash, but the presence of y may permit a
clash to manifest itself.)

— M =VN, and there is a node ny such that {S(w,y),YM} C P(ns), and an
all-rule was used to add essential N at no from M.

Note that this definition is not circular since the atomic cases are not recursive,
and the last two cases either reduce to the first, or require checking something
else (closedness).

8 These have also been “normalized” by replacing =T with L, ==M with M, and
1 UM with M
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Observe:  If tr is a closed proof tree rooted at m, and o € P(n) is not
essential, then the proof tree obtained by removing a from P(n1) for all nodes
ny in tree tr is also a valid proof tree, which is also closed.

We will need to deal with quasi-minimal proof trees at times, and for this
purpose we introduce the notion of “pruning” which cuts out obviously unnec-
essary parts of the proof tree either at the leaf or by merging 2 nodes, and hence
eliminating at least the path between them:

Definition 11. Let n; be a node in a proof tree.

1. If ny is closed, than the application of any expansion rule to it is pruned by
eliminating the subtree below that node.

2. Suppose there is a node ny with child ny, where a non-essential N is being
added to ny. Then rule application is omitted and ny is merged with ns.

3. Suppose there is a node ny with child ny, where a redundant N is being added
to P(n2). Then rule application is omitted, and ny is merged with ns.

4. Suppose ny1 has descendant n3 with individuals © € P(ny) and y € P(n3),
such that © # y, y € family(z) and substituting = for y in the closed proof
tree try at ng yields another closed tree try. Then merge ny with ns, using
trt instead of trs.

Observe:  The pruning of a closed proof tree results in a closed proof tree.

At a high level, the demonstration of the theorem consists of taking the closed
proof tree for the original subsumption E C F rooted at ng, “manipulating” into
a semi-normal form, and then repeatedly reorganizing it to uncover portions
of it that can be translated to derivations in the proposed proof theory. In this
demonstration, we will use a series of Lemmas and Propositions, whose statement
and proof appear later.

By inductively applying Lemma 2, a closed proof tree can be reorganized
into a collection of small trees hanging from each other, where each little tree
trj, j > 0, starts with a z;-introduction, and the rest of the tr; involves only
expansions adding assertions of the form Q[z;].

Furthermore, by Lemma 1 in any subtree ¢r;, the rules adding terms of the
form V-DB|z;] can be postponed till just before the introduction of the z;, in the
next lower subtree try.

Such closed and pruned proof trees will be said to be in semi-normal form.

Propositions 7,8, 9 show that in the original proof tree, starting with { E[zo], = F[z0]},
either

1. E is essential; in which case by Proposition 7, either HF EC F;or - EC 1,
and hence from inference rule (bottom) (- L C F' ) we get again - EC F.

2. Or E is not essential, in which case by proposition 8, =F' is also not essential.
Hence by Proposition 9, F T E L, which together with inference rules (top)
(FECT), and (bottom) yield F E C F again.

This proves the original theorem.
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Lemmas, Propositions, and their Proofs. In several of the results below
we will talk about “reorganizing” a closed proof-tree by moving around certain
subtrees. The key to the permissibility of such reorganization is that for every
subtree trj, P(n;) is contained in P(n)), where n; is the old root node, and n
is the new root node.

Lemma 1. In a closed proof tree, it is possible to exchange the application of
rule R1 creating the child node ny of ny by adding M[w], with the rule R2
creating the child node n3 of na by adding Q[z] (see Figures 10-12), resulting in
a closed proof tree, unless one of the following conditions holds

(i) Q[z] is the result of expanding M|z], which was added by rule R1;

(ii) Qz] is the result of expanding I p.Q[z], which was added by rule R1.
(iii) Q[z] is the result of expanding Vp.Q[z], where z was introduced by rule

R1

tra trs tra tra tro trs

t?"l tTQ t?"l tTQ

Fig. 11. Swapping expansion rules

The proof consists of checking in each case that the reorganization shown in
the diagram is permissible.
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O
(n2) +P] @ +M[2]

(n3) +M[:] (n3) +P]
/\ /\

tri tri

Fig. 12. Swapping expansion rules

Lemma 2. A proof tree try with a y-introduction node inside it, can be reor-
ganized so that the subtree tro hanging from the y-introduction contains only
expansions adding (expressions of the form) Q[y'], where z € family(y).

Proof. First, if an M LU NJz] was expanded at n, then its movement up one
node is blocked only by the possible introduction of z. So, if z & family(y), the
expansion can be repeatedly moved up above the introduction of .

Then, if an IM[z] was expanded at n to add M[w], the upward movement
of the expansion would only be blocked by the introduction of 3M[z]. But such
things are either in the original theory (e.g., EIPTopl) or the result of expanding
N U3 M]z], which had all been moved up above the y-introduction already.

Finally, the movement up of an expansion of V-B[z] into —=Blw] is only
blocked by the addition of V—B]z] or the addition of w. Since w ¢ family(y),
only the first obstacle remains, and all the requisite introductions appear above
the y-introduction already.

Lemma 3. A seminormal pruned proof tree of size greater than 1, with an es-
sential atom C[z] at the root, ny, can be rewritten to have C encounter its clash-
ing ~C immediately underneath, in the expansion of either —C U M]|z], or of
Vp.=Clw], for some individual w such that p(w,z) € P(ny). And this can be
done without increasing the size of the proof tree, nor affecting its closed, semi-
normal nature. Moreover M will be essential in the resulting tree, even after
pruning.
Similarly, for -C, E, and —E replacing A above.

Proof. Since the pruned tree has size greater than 1, C' cannot be L, nor can
P(ny) already contain —C.

Therefore there must be some node ns in the tree rooted at n; at which the
clashing =C' is introduced, and it can only come from an assertion of the form
—~C'U M or V=C. (There are no (sub)terms of the form VP.X in T*,0s P can be
ignored.)

In the first case, the proof tree can be reorganized so that the clash occurs
immediately below on some child, without increasing the number of nodes. More-
over, because the proof tree is seminormal, M must be essential at no. M is still
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essential, even if we prune the tree again, because the only way the original clash
could disappear is if the path it was on was pruned. But the only difference in
try is that every node now has M on it, so the only reason the path could be
disturbed is because there is —~Mor redundant essential M on the path to tree
try. Either way, a clashing —M is left in the resulting pruned tree.

In the second case, there must have been an essential V=C[w] for some indi-
vidual w & family(x); but by semi-normal form, all introductions of these appear
before the introduction of z, and hence V-C[w] € P(n;), allowing the proof
tree to be begin with the expansion of V-C[z], after which the subtree is already
closed.

The following 3 propositions establish the form of proof subtrees resulting
from y-introductions from 3.5.N.

Proposition 4. Lettry be a seminormal closed tree rooted at ny, possibly having
S(z,y) € P(n1). Then all essential Cly] at ny have the property that either

— F CC 1, and there are no essential ~D[y] or V-D[z] at ny
— or, there is an essential =C*[y] or V-C*[z] in P(n1) such that - C CC*,
and there are no other essential ~C'[z] or V=C'[z] in P(nq).

Proof. The proof is by induction on the number of nodes in the pruned proof
tree. (For convenience, we use a instead of afy] when this does not lead to
confusion.)

Let C be essential on nq. If the tree size is 1, then there must be a clash on
ny, and C' must participate in it, since C is essential. Hence C' is either L, or
—C must be in P(ny), and essential. In the first case, C = L, and v L C 1 by
inference rule (reflex). In the second case, let Cx be C; then we have - C C C by
rule (reflex) again. In either case, since the tree was pruned, there is no further
expansion at a node once the first clash occurs. Hence nothing else than C', and
possibly =C', that can be essential at n;.

Suppose now the tree size is greater than 1. Since C' is essential, it must clash
with =C somewhere in the tree. Since the tree is pruned and not of size one, by
Lemma 3, we can reorganize the tree to introduce =C right under n;, without
increasing its size. The resulting tree under n; can have one of two forms.

1. {C,V-C} C P(n1) and ns is ny’s only child, with =C' added, due to the
expansion of the V. In this case case we have F C'C C by reflexivity; plus
V-C|[x] is the only other essential description in P(n;), because nothing else
is needed to close the child node.

2. Alternatively, C clashes with =C' from (—=C'U M)[y] so that n; has two chil-
dren, one with =C' on it, which is therefore closed, and another one, ns, with
M on it. And this is due to the axiom C T M.

The only axioms of the form =C' U M have M = D (recall that letters A through

D stand for concepts of the form 1:8). Since the tree is pruned, D must itself
be essential. Therefore, by induction at n3, we have two cases.
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One is that H DC 1, which together with the C'C D used in creating the
branch under ny, leads to - C C L by transitivity. Moreover, by induction, there
are no essential = D[y] nor essential Y=D[xz] at n3. Hence there are no such things
at my, because they could only cause clashes below ns.

Alternatively, there is D" such that =D"" € P(ns) or V-D"[z] € P(n3) such
that F D E D", and hence - C E D" by transitivity. Moreover, by induction D"
is the only thing in P(n3) with the property that =D" or V-D"[z] are essential.
Since P(n3) = P(n1)U{D[y]}, so that no assertions of the form = B[y] or V-B|z]
are added, then the above statements about D" hold for ns replaced by ng,
concluding the proof.

Proposition 5. Let ny be a node at the root of a seminormal tree try such
that there are no essential (positive atoms) Cly] € P(ni), but there may be
S(z,y) € P(ndl). Then there can be no essential =D[y] on any node in try,
unless VTopl[z] is expanded to add Toplly] somewhere.

Proof. By induction of the size of the proof tree.

Suppose there is a pruned closed tree with a single node, rooted at ny, such
that =DJy] is essential on it. Then =D must clash with something positive on
ny, since =D is not L (recall =T were normalized to L, and L UM to M, in
constructing the theory T*). Since there are no essential positive atoms of the
form D on nq, this is not possible, contradicting the assumption that there is a
closed tree of size 1.

So assume that there are no seminormal trees of size k or smaller of the kind
described, but suppose there is a pruned tree of size k+ 1, where —D is essential.
Therefore =D must clash with D somewhere below it. This D could only have
come from the expansion of two kinds of sources:

— a VD[z]; but there is only one such axiom: VTopl[z], which is claimed not
have been applied;

— a~CUD, where both ~C' and D are essential, since the proof tree is pruned.
As in the proof of Proposition 1.1, by Lemma 3, we can reorganize the proof
to yield a tree with two children at the top: one with D added, which is
immediately closed, and the other, ng, with =C' added, but where there is
a closed subtree at ns of size less than k + 1. But this means that at ns
we have a closed tree with an essential =C, and no essential positive atom
(there were none at n1, and no positive atoms were added in the step to n3).
This contradicts the inductive assumption, so there is no such tree of size
k+1atng.

Finally, we deal with the case when there are no essential positive or negative
atoms at n;.

Proposition 6. There can be no seminormal proof tree of the form Figures 13,
where Aly] is not essential, and Topl[y] is not essential at ns.
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(6)

Fig. 13. Impossible proof tree, for Proposition 6
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Proof. Because the proof tree is in seminormal form, the tree tr3 can only be
affected by A[y], Top1[y], ; V-B[z] and axioms in T*[[y']] for y' € family(y). (This
is because, by the seminormal structure of the proof tree, any other assertions
afz] cannot be expanded by rules in ¢r3 to create new nodes under n,.) Since
neither A nor Topl are essential, then by Proposition 5 there can be no essential
= Bl[y] in the subtree ¢r;. Hence there are no essential V—B[z] at ng, nor at
ny. Therefore the only thing the proof tree trs depends on is T*[[y']] for y' €
family(y), and so there is a closed version of ¢r3 where y is replaced by z. But
such a situation cannot occur in a seminormal proof tree according to clause 3
of the definition of pruning.

We now repeat variants of the propositions above for nodes with essential
concepts of the form 2: E. The proofs will often be extensions of the ones above,
because there are additional axioms, not just those of the form —-E U F'.

Proposition 7. Let try be a seminormal proof tree rooted at ny. Then all es-
sential E[x] € P(n1) have the property that either

FECL (6)

or
there is essential ~E"[z] € P(n1) such that - EC E" (7)

(Note that z need not be z).

Proof. By induction on the number of nodes in the proof tree. (As before, we
drop [z] for convenience.) Let E be essential on n.

If the tree size is 1, the same argument applies as in Proposition 4

Suppose the tree size is k + 1. Therefore there is no clash yet at the root,
so that there must be = F introduced below n;. Since there are no terms of the
form Vp.2: E in the Corollary). theory T*, the only way such a —=E could have
been introduced is via an expansion of a =F LI M, due to a subsumption axiom
ECM.

Case 1: M = F'; then the same proof applies as in proposition 4, and proof
is completed.

Case 2: M = JA, with essential M. This means that there is a y-introduction
at some node ng4, with a closed subtree on it, and A or Topl essential at n4 or
just below it (by Proposition 6).

By Propositions 4, there is at most one V—B[z] that introduces =B onto y
in a pruned proof. Consider then two cases.

1. No essential = B[y] was introduced in the proof under n4, which by Propo-
sition 4 implies that - AC L, either because A is essential, or because an
essential Topl was introduced, leading, by Proposition 4, to - Topl C L; this,
together with - A C Topl (ins rule Top) also gives F AC L by transitivity.
Therefore, in this case we have F AC 1, from which we get F 3A.C3.1
by the some-isa inference rule, and in turn - 3 L. C 1, from the some-empty
inference rule, so that by transitivity twice we get - £ C L, as desired.
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+p(z,y), Aly]

t?"g

Fig. 14. Seminormal proof tree after movement up of —=F and then after making onto
and into rules adjacent conflicting with E.

2. =B[y] is introduced by the expansion of Y-B[z]. Since the proof tree is
in seminormal form, recall it has the form in Figure 14. and we have by
Proposition 4 that - AC B, which leads to F JAC 3B, by inference rule
(Some-isa). This, together with transitivity on the two rules building the
tree, lead to - E C G. The problem now is to prove that F G C G" for some
G" € P(ny).

For this purpose, re-organize, without increasing the number of nodes in
it, the proof tree to the second part of Figure 14. (There are two variants
depending on the number of children.)

Since G is essential at n4, by induction either F GC L, or - G C G for some
G" such that =G" € P(n4) = P(n1) U {34, G}. So by transitivity - EC G"
for =G" € P(nq), since ny has only two, non-negated atoms added to it.

Proposition 8. In a semi-normal proof tree there can be no subtree try rooted
at node ny such that P(n1) contains an essential —~E[x], but no essential G[z]

Proof. Same proof as for Proposition 5, except in the inductive case, not only
do we have to consider the case when —F clashes with E from E LI-F, but also
the case when it clashes with E from E LIV=B. Since try is closed and V=B was
essential, then there is some y introduced by 3A, such that —B[y] is asserted of
it. Moreover the tree rooted at the introduction of y must be closed. But such
a 3A can only come from —H LI3A. So the proof tree looks like the one on the
left side of Figure 14, except that tghe rules for V-B and 34 are swapped. As
before we re-balance the tree so that the onto and into rules are successors (see
second tree in Figure 14). But now —H is again essential at its node without any
essential unnegated atoms in P(ns), so by induction such the tree at nz cannot
exist, since size(try) + size(trs) is less than the size of the original tree at n;.
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Proposition 9. If ng is the root of the original seminormal proof tree, with
P(E[zo],~F|xo]), and E is not essential then - TE L .

Proof. By Proposition 8, =F cannot be essential either, so the only relevant part
of P(no) is T*[[z0]]-

Consider the first branch at the root of the proof tree:

If it is caused by the expansion of =E U M or —=C U M, then the left subtree
has only an essential negated atom, contradicting Propositions 5, 8.

The proof might also begin with the expansion of G LI V=B. Since Y-B must
be essential, then the same analysis as at the end of Proposition 8 shows that
there is a subtree with only a single negated essential atom on it, and no positive
ones, which contradicts Proposition 8.

This leaves the case of the first step expanding a formula of the form 3 p.Topi [0].
If Topl is essential, then by proposition 4 - Topl C L is the only possibility. If
Top2 is essential, the by proposition 7 - Top2 C L.

Either way, we have from this that - EIP.Topi C JP.1. Since we also have
a rule of inference (some-isa) providing - 3P.L T 1, and axioms in T* of the
form TC3 p.Topi, the result holds.

This leaves the case when in a seminormal proof tree, the only place where
conflicts can occur are on the node n; caused by the introduction of y by
3 P.Top;, but Top; is not essential. This means that P(ny) = T*[[x0]] U T*[[y]].
But then zq and y are indistinguishable, and hence the original proof tree could
not have been pruned (zg could have been substituted for y), contradicting its
seminormal nature.
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