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Abstra t

We introdu e a methodology for performing approximate omputations in very omplex
probabilisti systems (e.g. huge pedigrees). Our approa h, alled

blo king Gibbs,

ombines

exa t lo al omputations with Gibbs sampling in a way that omplements the strengths of
both. The methodology is illustrated on a real-world problem involving a heavily inbred
pedigree

ontaining

20;000

individuals. We present results showing that blo king-Gibbs

sampling onverges mu h faster than plain Gibbs sampling for very omplex problems.
Keywords: probabilisti

expert system, graphi al model, Bayesian network, jun tion tree,

pedigree analysis, Monte Carlo.

1 Introdu tion
Over the last de ade or so, fast and exa t methods have been developed for omputation in
graphi al models (Bayesian networks) of omplex sto hasti systems (Cannings, Thompson &
Skolni k 1976, Cannings, Thompson & Skolni k 1978, Lauritzen & Spiegelhalter 1988, Shenoy &
Shafer 1990, Jensen, Lauritzen & Olesen 1990, Dawid 1992, Lauritzen 1992, Spiegelhalter, Dawid,
Lauritzen & Cowell 1993). The su ess of the exa t methods has be ome a reality despite the fa t
that omputation in Bayesian networks is generally NP-hard (Cooper 1990), i.e., there is often
an exponential relationship between the number of variables and the omplexity of omputation.
Thus, for a large lass of real-world problems, exa t omputation is prohibitive.
Sto hasti simulation te hniques (Monte-Carlo methods) have thus be ome in reasingly popular alternatives to exa t methods, sin e they are exible, easy to implement, and their omputational omplexity tends to s ale manageably with the size of the networks under onsideration
(Gelfand & Smith 1990, Thomas, Spiegelhalter & Gilks 1992, Gelman & Rubin 1992, Geyer
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1992, Smith & Roberts 1993). Their main disadvantages are asso iated with diÆ ulty in deiding whether the desired pre ision has been rea hed and the fa t that even moderately sized
problems ompute slowly. Their relian e on pseudorandom number generators may also to some
extent be a problem (Ripley 1987). Using these simple Monte-Carlo methods, omputation
time often ex eeds any a eptable level when onsidering very large networks (e.g. pedigrees of
thousands of individuals).
The present paper suggests and evaluates a variant of Gibbs sampling (Geman & Geman
1984) involving simultaneous sampling of sets of variables using the jun tion tree ar hite ture
for exa t lo al omputations (Jensen 1988, Jensen et al. 1990, Dawid 1992). Sin e the method
simulates sets (or blo ks) of variables, we shall hen eforth refer to it as blo king Gibbs. Further,
Gibbs sampling involving blo ks of size one shall be referred to as plain Gibbs. The evaluation
of our blo king-Gibbs method is ondu ted as an empiri al omparison study of the onvergen e
properties of plain and blo king Gibbs for di erent size networks all of whi h are subnetworks of
a real-world pedigree ontaining 20;000 breeding pigs. The pedigree is heavily inbred and several
animals have an enormous amount of o spring whi h, in parti ular, auses serious problems for
the onvergen e properties of plain Gibbs. Based on the out ome of this study, we present rules
of thumb and general guidelines to obtain an optimal ompromise between omplexity and rate
of onvergen e.
Se tion 2 reviews the exa t lo al omputation s heme for Bayesian networks whi h is used in
our blo king-Gibbs method. The Monte-Carlo methods forward sampling and Gibbs sampling
are also brie y reviewed. Se tion 3 des ribes the blo king-Gibbs method, and Se tion 4 reports
the results of our empiri al study of blo king Gibbs. Se tion 5 raises some yet unresolved issues
and dis usses some perspe tives of the suggested method.

2 Well-known Methods for Belief Updating
Current methods for omputing onditional marginal distributions given ( ategori al) eviden e
(i.e., information about the states of one or more variables) | often denoted belief updating
| are based either on exa t lo al omputations or on various sto hasti simulation te hniques.
Sin e the blo king-Gibbs methodology is based on elements from both ategories, we brie y
review the methods that will be employed in Se tion 3.
2.1

Exa t Lo al Computations

Sha hter, Andersen & Szolovits (1994) have shown that all exa t methods for belief updating in
Bayesian networks an be viewed as variations on a single, general algorithm involving lustering
of variables, thus in e e t reating a se ondary stru ture, whi h is often alled a jun tion tree
(Jensen 1988). The lusters are the nodes of a jun tion tree and the liques of a triangulated
graph obtained by adding edges to the moral graph (Lauritzen & Spiegelhalter 1988) of the
Bayesian network. A triangulated graph is an undire ted graph with no y les of length greater
than 3 without a hord. The moral graph of a Bayesian network is obtained by adding undire ted edges between all pairs of dis onne ted nodes with ommon hildren and by subsequent
repla ement of dire ted edges by undire ted ones.
In the present paper, we shall refer to an obje t-oriented version of the exa t method of
Lauritzen & Spiegelhalter (1988) whi h has been des ribed by Jensen et al. (1990) and implemented in the expert-system shell Hugin (Andersen, Olesen, Jensen & Jensen 1989). In this
s heme, belief updating is implemented through inward/outward message passing in a jun tion
tree, where the interse tions between neighbouring lusters are alled separators. The set of
lusters of a jun tion tree shall hen eforth be denoted by C and the separator set by S . The
omplexity of omputation imposed by a jun tion tree is proportional to the omplexity of the
tree given as the sum of the omplexities of the elements in C [ S . If Sp(v ) denotes the state
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spa e of variable v , then the omplexity of a set A 2 C [ S is given as

(A) =

Y

v2A

jSp(v)j:

The jun tion-tree stru ture an be used as the basis for other kinds of omputations. Dawid
(1992) has des ribed ways to ompute, for example, the most probable instantiation of unobserved variables (i.e., the set of instantiations whi h, in the light of eviden e, has maximal joint
probability) and a random joint sample of the unobserved variables given eviden e. The latter
plays an important role in the blo king-Gibbs method.
2.2

Monte-Carlo Methods

Exa t omputation may be prohibitive due to either ex essive omputational omplexity or
inability to provide analyti al solutions to a given inferen e problem, for example when omputation of a marginal belief involves fun tions for whi h exa t integration is impossible. Various
Monte-Carlo methods often provide su essful approximate solutions in these ases. We shall
brie y review two su h methods, namely forward sampling and (plain) Gibbs sampling both of
whi h have omplexity proportional to the omplexity of the moral graph of the network under
onsideration.
2.2.1

Forward Sampling

Let p be a probability fun tion on Sp(V), where V is a set of (dis rete) variables, su h that it
fa torizes a ording to a dire ted, a y li graph, G = (V; E ). That is, if pa(v ) denotes the set of
parents of v 2 V , then
Y

p(x) =

v2V

p(xv j xpa(v) )

implying that p is Markov with respe t to G ; see e.g. Lauritzen, Dawid, Larsen & Leimer (1990).
A sample from p an be obtained as follows. Let V0  V su h that pa(v ) = ; for all v 2 V0 .
Sin e p is Markov with respe t to G , the variables in V0 an be sampled independently. Let
V1  V n V0 su h that pa(v) n V0 = ; for all v 2 V1 . Now, sin e V1 is a set of onditionally
independent variables given V0 , they an be sampled independently. Continuing in this fashion
until all variables have been sampled, we obtain a sample of the joint distribution. Thus, an
approximation, p^, of p Æan be obtained by reating n samples, x1 ; : : : ; xn , from p and letting
p^(xv ) = fxi : xiv = xv g n. This sampling pro edure is known as forward sampling.
This basi forward-sampling pro edure works well even in the ase where eviden e, xA , is
available for a subset A  V su h that pa(v )  A for all v 2 A. But if there is at least one v 2 A
for whi h pa(v ) 6 A, then only the samples for whi h the A-marginal is identi al to xA should be
taken into a ount. This variant of forward sampling, whi h has been investigated by Henrion
(1988) under the name of logi sampling, gets in reasingly ineÆ ient as p(xA ) de reases. A more
general forward-sampling pro edure, whi h is apable of handling non- ategori al eviden e is
known under the name of importan e sampling (see e.g. Yiannoutsos & Gelfand (1994)).
2.2.2

Gibbs Sampling

When eviden e is available, importan e sampling (of whi h logi sampling is a spe ial ase) is
very ineÆ ient when the probability of the eviden e is small with respe t to the sample density.
In that ase, the sampling te hnique known as Gibbs sampling (Geman & Geman 1984) may
be a good alternative. The basi idea in (plain) Gibbs sampling an be explained as follows.
Given the Markov blanket of a variable v 2 V (i.e., its parents, its hildren and the parents of its
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hildren), v is independent of the remaining variables, and an hen e be sampled independently.
Thus, given a legal instantiation of all unobserved variables, that is, a sample xV su h that
p(xV ) > 0, the next sample an be obtained by visiting all unobserved variables in any order
and drawing from their onditional distributions given their Markov blankets. Sin e the Markov
blanket of v 2 V is identi al to its neighbours in the moral graph of G , Gibbs sampling operates
on the moral graph as opposed to the dire ted, a y li graph.
A legal initial on guration (sample) ompatible with the set of observed variables, A, an
be found using forward sampling. Still, nding one an be problemati when p(xA ) approa hes
zero, sin e the expe ted number of iterations needed is p(xA ) 1 . However, in the ase of dialleli
pedigrees, a simple, fast and non-iterative method is available, see Appendix A.
Ea h iteration of the Gibbs sampler de nes a omponent of a Markov hain whose equilibrium
distribution is the joint distribution from whi h we want to simulate. Therefore, after many
iterations, the samples an be onsidered a draw from the desired distribution. Sin e the initial
sample might not be `suÆ iently representative' of the equilibrium distribution, the rst k
samples are dis arded. The hoi e of k is based on rules of thumb like e.g. `5-10 % of the
samples', and these k iterations are often denoted the burn-in.

3 Blo king-Gibbs Sampling
The blo king-Gibbs sampler, whi h is a generalization of the plain Gibbs sampler, will be des ribed in detail in this se tion.
The rate of onvergen e of any sample estimate based on sto hasti simulation depends
heavily on the degree to whi h the samples are independent. Gibbs samples are obviously
dependent, whereas forward samples are independent. Therefore the rate of onvergen e of the
Gibbs sampler is less than or equal to the rate of the forward sampler, whenever eviden e is
absent. The degree of dependen e among the samples is often expressed through the notion
of mixing rate. A sampling s heme is said to mix slowly if the degree of dependen e among
onse utive samples is high, and, onversely, to mix qui kly if the samples are independent or
almost independent.
An obvious improvement of plain Gibbs sampling to obtain faster mixing an be a hieved
through simultaneous sampling of sets of variables. The ost of su h a generalization lies in
the in reased omplexity implied by omputing the ne essary joint probabilities. Our job is
therefore to make an optimal hoi e of s heme in the range given by the following two extremes:
(1) Sampling one variable onditional on its Markov blanket is omputationally simple but
leaves the samples `rather dependent' (slow mixing).
(2) Sampling all variables simultaneously makes the samples independent but is generally
omputationally intra table (fast mixing).
A set of variables whi h are sampled simultaneously shall be referred to as a omponent. The
union of the omponents must naturally omprise all variables, but they need not ne essarily
be disjoint. Assume that we sele t k omponents, E1 ; : : : ; Ek , su h that the variables
in Ei ,
S
i = 1; : : : ; k, an be sampled simultaneously onditional on V n Ei , and su h that i Ei = V .
For ea h Ei , we de ne Ai = V n Ei . The omponents shall also be denoted the E -sets, and their
omplementary sets the A-sets.
The blo king-Gibbs algorithm now visits the omponents sequentially. When a omponent,
Ei , is visited, it is simulated (i.e., a sample of it is drawn) onditional on the urrent on guration of Ai . When all omponents have been visited, one iteration of blo king Gibbs has been
ompleted. As the union of the omponents is V , we see that all variables must have been
sampled at least on e. It is possible, however, that some variables have been sampled several
times.
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The parameters determining the eÆ ien y of blo king Gibbs is the size of the A-sets and the
number, k , of A-sets. The lower bound on the size of the A-sets is given by the maximum size
of the omponents. We want ea h omponent to be as large as possible to maximize the rate
of onvergen e. On the other hand, the omplexity of simulating a omponent in reases with
in reasing size of the omponent.
The approa h applied to simulate a omponent, Ei , is based on the random propagation
variant of exa t lo al omputations in a jun tion tree (Ploughman & Boehnke 1989, Ott 1989,
Kong 1991, Dawid 1992). The lusters of the jun tion tree are subsets of variables in Ei . We
onstru t this jun tion tree by rst onstru ting a jun tion tree for the entire Bayesian network
(i.e., we moralise and triangulate the dire ted, a y li graph of the network). This large jun tion
tree (whi h is mu h too large for exa t omputations) is then redu ed by removing a suÆ iently
large set of variables from the jun tion tree to allow exa t omputations. This set of variables
is Ai .
The removal of an observed variable v from a set A 2 A = C [ S (a luster or a separator)
imposes a redu tion of omplexity given by

ÆA (A; v) =

8
<
:

0
(A)
(A) 1 (v)

1



if v 62 A
if 9A 2 A n fAg : A n fv g  A
otherwise,

where a redu tion of (A) is obtained when the luster (separator) with v removed is a proper
subset of another luster (separator), in whi h ase A disappears from the jun tion tree. Thus,
the total redu tion of omplexity for a jun tion tree (C ; S ) is then

C;S (v) =

X

C 2C

ÆC (C; v) +

X

S 2S

ÆS (S; v):

In the sequel, we shall use  instead of C ;S ,Pas the relevant jun tion tree shall be understood.
Further, we shall use (A) as shorthand for v2A (v ).
Therefore, to maximize the size of omponent E1 , the variables in the orresponding A-set,
A1 , should be those whi h provide maximal redu tion of the omplexity of the jun tion tree.
The rst variable, v1 , to be in luded in A1 is the one whi h maximizes . This variable is then
removed from all of the lusters and separators of whi h it is a member. As mentioned above,
that might ause some lusters (and their asso iated separators) to be ome proper subsets of
other lusters, and hen e the jun tion tree should be restru tured. Similarly, the next variable,
v2 , to be in luded in A1 is sele ted from the new redu ed (and possibly restru tured) jun tion
tree. This pro ess ontinues until the omplexity of the jun tion tree gets suÆ iently low to
allow exa t omputations. Let (v1 ; v2 ; : : : ; vjV j ) be a total ordering of the variables su h that
(vi )  (vi+1 ) for all i = 1; : : : ; jV j 1, and let A1 = fv1; : : : ; vng.
Provided simultaneous sampling of V is prohibitive, the number of omponents must obviously be at least two. Therefore, sin e the above pro edure sele ts an optimal A-set (A1 ), we
are for ed to let the remaining A-sets, A2 ; : : : ; Ak , be sub-optimal in the sense that jAi j  jA1 j.
However, using A1 as a base set (i.e., A2 ; : : : ; Ak are omposed by substituting some of the
variables in A1 with variables from fvn+1 ; : : : ; vjV j g), the remaining A-sets an be as small as
T
possible. In omposing the remaining A-sets, we must make sure that ki=1 Ai = ;. One way of
omposing the remaining k 1 A-sets based on A1 ould be to de ne

Ai \ A1 = fvj j (j i + 1) mod (k

and let ri > 1 be the integer su h that

(fvn

+1

1) 6= 0g; 1 < i  k;

; : : : ; vn+ri g)  (A1 n Ai ):

(1)
(2)
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Then

(3)
Ai n A1 = fvn+1 ; : : : ; vn+ri g:
Three parameters determine the omposition of the A-sets, namely the number, k , of A-sets,
the size, n, of the initial A-set, A1 , and the algorithm for omposing the A-sets. In Se tion 4.4,
an empiri al investigation is ondu ted to determine the optimal values of these parameters.

4 Empiri al Investigation
In this se tion we will perform a thorough empiri al investigation of blo king Gibbs. First,
however, we present the real-world problem used as the basis for the experiments, and we
des ribe the prerequisites of the experiments. Two investigations are performed: a omparison
of blo king and plain Gibbs, and a sensitivity analysis of blo king Gibbs with respe t to hoi e
of parameter values.
4.1

A Real-World Problem

The experiments are based on an extremely omplex real-world problem, namely estimation
of genotype probabilities for individuals in a heavily inbred pedigree ontaining approximately
20;000 breeding pigs. The maximum number of generations from top to bottom of the pedigree
is 13. Ea h individual may have a hereditary trait, PSE, whi h auses the meat to be un t
for human onsumption. This trait is aused by a simple geneti e e t. Only two alleles are
important, N and n, yielding three genotypes, NN, Nn and nn. The PSE disease is present if
the genotype is nn.
The geneti model is Mendelian whi h simply means that the o spring have probability 0:5
of re eiving a parti ular gene from one of its parents. If the frequen y of N in the population
is p, and the frequen y of n is q = 1 p, and Hardy-Weinberg proportions are assumed (see
e.g. Thompson (1986)), the prior probability distribution of the genotypes of any founder, A, is
P (A) = (p2 ; 2pq; q2).
If the individuals A and B have o spring C , the onditional probabilities for the genotypes
of C given the genotypes of A and B , are as shown in Table 1. In the experiments we have
assumed no mutation, i.e., when a gene segregates from parent to o spring, it never hanges
into another gene, due to e.g. environmental e e ts.

A
B
C

NN
Nn
nn

NN

1
0
0

NN
Nn

nn

NN

Nn
Nn

nn

0:5 0 0:5 0:25 0
0:5 1 0:5 0:5 0:5
0 0 0 0:25 0:5

NN

0
1
0

nn
Nn

nn

0 0
0:5 0
0:5 1

Table 1: The onditional probability distribution of the genotypes of o spring C given the
genotypes of parents A and B .
4.2

Prerequisites of Comparison

Before des ribing the a tual omparison study we shall des ribe the assumptions and onditions
applied in the omparisons.
The omparisons were arried out on three subsets of the pedigree, referred to as Pedigree A
(455 variables), Pedigree B (704 variables), and Pedigree C (1894 variables). We use these
relatively small networks, sin e, for statisti al purposes, a large number of full omputations are
performed on ea h network. Pedigree B was onstru ted from Pedigree A by adding a suitable
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amount of parents, o spring, and parents of o spring of the individuals in Pedigree A. Similarly,
Pedigree B is ontained in Pedigree C. We hose to avoid eviden e to ease the omparison task.
We ompute the onvergen e rate of a sampling s heme by omparing the resulting approximated distributions with the orre t ones, i.e., the equilibrium distribution of the asso iated
Markov hain. Sin e our investigations are based on absen e of eviden e, the ` orre t' distributions an be obtained by means of forward sampling with a sample size of e.g. n = 106 . Given
n and an estimate p^ij of pij (the probability of variable i being in state j ) obtained by forward
sampling, a on den e interval an be omputed for pij by utilizing the asymptoti behaviour
of the distribution fun tion for p^.
The metri used for al ulating the a ura y of a result is the average mean square error,

jV j
jSpX
v j
X
1
1
mse =
jV j i jSp(vi )j j (^pij
( i)

=1

pij )2 :

=1

Empiri ally, the values of the average mean square errors omputed from the simulations are
tted to the model
mse =  t + noise;
(4)

whi h spe i es a linear relationship between log(mse) and log(t). In theory, for large enough
t, whi h depends on the mixing rate of the Gibbs sampler, this model is supposed to hold

approximately with = 1. If the tted value of is substantially bigger than 1, it is an
indi ation that the parti ular Gibbs sampling s heme is mixing very slowly.
The omparison between blo king and plain Gibbs is performed with suboptimal parameter
values for blo king Gibbs. In Se tion 4.4, we shall ondu t a sensitivity analysis to reveal the
impa t of suboptimal hoi e of parameter values. The A-sets were onstru ted a ording to the
following two methods. Unless stated otherwise, Method 1 has been applied.
4.2.1

Constru tion Method 1

Using Method 1, A1 = fv1 ; : : : ; vn g is onstru ted as des ribed in Se tion 3, with the ex eption
that the ost redu tion imposed by a variable v is given by the number of lusters of whi h it is
a member. The A-sets A2 ; : : : ; Ak are onstru ted as des ribed by (1){(3), with the ex eption
that r2 =    = rk = n=(k 1) + 1 (whi h appeared to be suÆ ient to allow exa t omputation
for all E -sets, E2 ; : : : ; Ek ).
This method has the advantage that A1 an be rather small, as most of the omplexityredu ing variables are ontained in A1 . On the other hand, A2 ; : : : ; Ak have to be larger than A1 .
4.2.2

Constru tion Method 2

Alternatively, the A-sets ould be onstru ted su h that they are all equally sized.
To onstru t k A-sets of size n, we sele t the set, A, of n + r (r > 0) variables appearing in
the largest number of lusters. The A-sets are now given by

A \ Ai = fvj j (j
whereby we make sure that
4.3

Tk

i=1 Ai

i) mod k 6= 0g;

1  i  k;

= ;.

Comparison of Blo king and Plain Gibbs

We will now ompare the rates of onvergen e for blo king and plain Gibbs by measuring the
average mean square errors for various sample sizes. Below we show and dis uss the results of
the omparisons for Pedigrees A{C.
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4.3.1

Pedigree A

Using the above terminology, the blo king-Gibbs parameters are k = 5 and n = 50 for Pedigree A. The results presented in Figure 1 depi ts the average mean square error of the estimates
obtained for various sample sizes.1 From this gure we observe that blo king Gibbs onverges
mu h faster than plain Gibbs. However, if the Gibbs sampling were limited in time to, say, 20
minutes, plain Gibbs would possibly provide the most a urate estimates. After this point, the
pre ision of blo king Gibbs gets in reasingly better than that of plain Gibbs.
1

Average Mean Square Error

Fit
Results
Fit of
Results of

of plain
of plain
blocking
blocking

Gibbs
Gibbs
Gibbs
Gibbs

0.1

0.01

0.001

0.0001

1e-05
0.01

0.1

1
Hours

10

100

Figure 1: Blo king Gibbs vs. plain Gibbs for Pedigree A.
We also observe that the measurements of blo king Gibbs an be tted very ni ely to a
straight line, as opposed to those of plain Gibbs, whi h seem to reside in two or more `modes'.2
We believe that this behaviour is aused by the presen e of a single individual with many
o spring. When su h an individual is present, it will be very diÆ ult to swit h from one subset
to another, thus making the Markov hain get stu k in one of the modes.3
4.3.2

Pedigree B

The blo king-Gibbs parameters are k = 5 and n = 100 for Pedigree B. The results are presented
in Figure 2. Again, blo king Gibbs onverges faster than plain Gibbs, and better pre ision an
be obtained with blo king Gibbs ex ept for very short runs. Here, the measurements of plain
Gibbs do not indi ate two or more distin t `modes' of the Markov hain, probably due to the
fa t that more than one individual of Pedigree B have many o spring, yielding a larger number
of modes.
1 These and all subsequent results were obtained on a Sun 4-40 workstation.
2 The mse measurements have been tted to straight lines ( f. (4)) using linear
3 We will elaborate on this issue later on.

regression.
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0.1

Average Mean Square Error

Fit
Results
Fit of
Results of

of plain
of plain
blocking
blocking

Gibbs
Gibbs
Gibbs
Gibbs

0.01

0.001

0.0001
0.1

1

Hours

10

100

Figure 2: Blo king Gibbs vs. plain Gibbs for Pedigree B.
4.3.3

Pedigree C

The blo king-Gibbs parameters are k = 5 and n = 200 for Pedigree C. The results are shown
in Figure 3. As in the previous ases, blo king Gibbs onverges faster than plain Gibbs, but
here, it is possible that better results an be obtained with plain Gibbs for runs shorter than 10
hours.
1

Average Mean Square Error

Fit
Results
Fit of
Results of

of plain
of plain
blocking
blocking

Gibbs
Gibbs
Gibbs
Gibbs

0.1

0.01

0.001
0.1

1

10
Hours

100

Figure 3: Blo king Gibbs vs. plain Gibbs for Pedigree C.
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4.3.4
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Summary

In general, the above results show that blo king Gibbs onverges faster than plain Gibbs for
large, omplex pedigrees. But better results an often be obtained by plain Gibbs when an
upper bound on the time omplexity is imposed.
All the above omparisons were based on suboptimal parameters for blo king Gibbs. Thus,
the superiority of blo king Gibbs over plain Gibbs an be expe ted to be even more pronoun ed
( f. Se tion 4.5). Optimization of the blo king-Gibbs parameters is the issue of the following
se tion.
4.4

Adjusting Parameter Values for Blo king Gibbs

We now ondu t an empiri al sensitivity analysis of the rate of onvergen e of blo king Gibbs
with respe t to hoi e of parameter values. As mentioned previously, the parameters are the
size, n, of A1 , the number, k , of A-sets, and the method applied to onstru t the A-sets. The
sear h for optimal parameter values is ondu ted by varying n, k , and the onstru tion method
(Method 1 or Method 2; see Se tions 4.2.1{4.2.2). We sele t a sample size of 1000 for ea h
on guration of parameter values investigated. The omparison of the di erent on gurations
shall be based on the performan e measure
perf =   log(mse) + log(t):
This performan e measure expresses the fa t that two on gurations yielding, respe tively,
(1) mse = 0:001 in t = 100 se onds, and
(2) mse = 0:01 in t = 10 se onds,

are usually not equally good. If on guration 2 had been run for 100 se onds, we would not
ne essarily have obtained an mse of 0:001, but probably a higher value (lower pre ision). The
oeÆ ient  is hosen su h that two points on a line following (4) have identi al performan e
measures.
We have performed the sensitivity analysis for Pedigree B only.
4.4.1

Size of

A-sets

We present three gures showing respe tively mse, time and performan e as a fun tion of the
size of A-sets, n. In all three gures, results are presented for both Method 1 and Method 2.
The results are as follows.
See Figure 4. The results for Method 1 are denoted `mse (1)',
and likewise for Method 2. For both methods the mse seems to de rease as n de reases.
This behaviour is anti ipated, sin e in the limit, where the A-sets are empty, the samples
be ome independent, and the larger the A-sets, the more blo king Gibbs resembles plain
Gibbs (i.e., the samples be ome `maximally dependent').

Average mean square error.

See Figure 5. As expe ted, the iteration time in reases enormously as n dereases for small A-sets. That is, the size of the E -sets in reases, resulting in large lusters
of the jun tion trees, whi h slows down the omputations.

Iteration time.

See Figure 6. For both methods, optimal performan e is obtained for n ranging
from 27 to 40.

Performan e.
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Figure 4: Pre ision of blo king Gibbs as a fun tion of the size of A-sets using Method 1 and
Method 2.
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Figure 5: Iteration time of blo king Gibbs as a fun tion of the size of A-sets using Method 1
and Method 2.
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Figure 6: Performan e of blo king Gibbs as a fun tion of the size of A-sets using Method 1 and
Method 2.
Noti e two on i ting tenden ies. As n in reases, the iteration time de reases, but the mse
in reases. To nd the optimal on guration, some ompromise must be established. A rule of
thumb may be to hoose the size of the A-sets as small as possible while not in reasing the
iteration time signi antly.
4.4.2

Number of

A-sets

Again, three gures show mse, iteration time and performan e as fun tions of the number of
A-sets, k. The results are as follows.
See Figure 7. The results reveal no obvious pattern, though it
is lear that Method 2 is superior in all ases.

Average mean square error.

Iteration time.

See Figure 8. It is lear that the iteration time in reases when k is less than

4 and greater than 6. The optimal k-value seems to be 4, 5 or 6.

See Figure 9. Again, no obvious pattern an be observed, ex ept for the fa t
that Method 2 is superior.

Performan e.

The results are not as lear as for the size of the A-sets. It seems that the mse does not
depend on the number of A-sets. In this ase the best hoi e may be the number of A-sets that
yields the smallest iteration time. However, further investigations should be ondu ted.
4.4.3

Constru tion of

A-sets

The performan e of the two onstru tion methods may be evaluated through further analysis of
previous results (relative to the size and number of A-sets). The results are as follows.

A-sets. See Figures 4, 5 and 6. Method 2 has the best overall performan e for sizes in
the range 27{40.

Size of
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Figure 7: Pre ision of blo king Gibbs as a fun tion of the number of A-sets using Method 1 and
Method 2.
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Figure 8: Iteration time of blo king Gibbs as a fun tion of the number of A-sets using Method 1
and Method 2.
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Figure 9: Performan e of blo king Gibbs as a fun tion of the number of A-sets using Method 1
and Method 2.
Number of

A-sets. See Figures 7, 8 and 9. Method 2 is best in all ases.

The result is obvious: Method 2 should always be used.
4.4.4

Summary

From the results in the previous se tions we an list a few rules of thumb for sele ting optimal
parameter values for blo king Gibbs.
(1) The size of A-sets should be as small as possible without in reasing the iteration time
signi antly.
(2) The number of A-sets should be sele ted su h that the iteration time be omes minimal.
(3) Method 2 should be used for onstru tion of A-sets with the possible modi ation that
the optimal ost redu tion metri des ribed in Se tion 3 should be applied.
Obviously, these guidelines are not as lear as we might wish, espe ially Rule 2 ould probably
be lari ed by further investigations.
The investigations were performed without in lusion of any eviden e. However, the presen e
of eviden e does not a e t the results obtained here.
Although the above results were derived from a heavily inbred pedigree of breeding pigs, it
seems likely that they will also apply to other areas of interest, for example, human pedigrees
whi h di er from pig pedigrees in that they are not as inbred and usually mu h more eviden e
is available.
4.5

Impa t of Parameter Adjustment

The impa t of employing optimal parameter values of blo king Gibbs will now be investigated
for Pedigree B. The results of applying the following suboptimal and optimal parameter values
are ompared.
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Suboptimal.
Optimal.

Five A-sets, 100 variables in the initial A-set, Method 1 (used in Se tion 4.3).

Six A-sets, 30 variables in the initial A-set, Method 2.

The result of this omparison an be seen in Figure 10 whi h displays the average mean square
error (mse) as fun tion of iteration time of blo king Gibbs with suboptimal and optimal parameters.
0.1

Average Mean Square Error

Fit with old
Results with old
Fit with optimal
Results with optimal

parameters
parameters
parameters
parameters

0.01
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0.0001

1

10
Hours

100

Figure 10: Blo king Gibbs with suboptimal parameters vs. blo king Gibbs with optimal parameters, Pedigree B.
It appears from Figure 10 that mu h faster onvergen e is obtained with optimal parameter
values. Thus, it seems likely that the hoi e of parameter values has a great impa t on the rate
of onvergen e of blo king Gibbs.

5 Dis ussion
Using an appli ation in geneti pedigree analysis, we have demonstrated how probability propagation (a method for performing exa t omputations) an be ombined with Gibbs sampling
(a Monte-Carlo method) to e e tively solve problems with large omplex network systems. The
strengths of the two methods omplement ea h other. While a rather detailed ase study has
been performed, some general questions about blo king Gibbs have to be addressed. For example, potential users need to understand in what type of situations will blo king Gibbs perform
better than plain Gibbs after adjusting for the extra time needed to perform one iteration. Also,
how to hoose the blo ks and how to e e tively utilize the generated samples are important
pra ti al issues.
In general, plain Gibbs tends to perform very well if the network is not too large and the
unobserved variables are not too highly dependent on ea h other. The empiri al results in
previous se tions show that the performan e of plain Gibbs gets worse as the size of the pedigree
in reases. The following example illustrates the reason for the deterioration and the rate of
deterioration.
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Consider a family onsisting of a father, a mother and k o spring.
Suppose the two alleles N and n are equally likely and there are no observed data on
any member of the family. In that ase, there is probability 1=16 that all members
of the family have genotype NN and, by symmetry, there is probability 1=16 that all
members of the family have genotype nn. Suppose plain Gibbs is applied with an
initial on guration of all NN genotypes. It is lear that any hanges have to start
with one of the parents. Conditioned on the o spring being all NN, the genotype of
the father (or the mother) an either be NN or Nn. The onditional odds of NN to
Nn an be easily al ulated to be 2k 1 : 1. Hen e the probability of hanging from
NN to Nn in an iteration de reases exponentially as k in reases. As a onsequen e,
the expe ted number of iterations needed for this hange to take pla e in reases
exponentially. Furthermore, note that this is only one small step towards moving to
the on guration of all nn.
Example 1:

While the above example demonstrates how qui kly the performan e of plain Gibbs an
deteriorate, with only two alleles, it is at least true that the orre t answer an be obtained if
enough iterations are performed (see Sheehan & Thomas (1993)). This is not ne essarily the
ase with three or more alleles.
Example 2: Suppose a gene of interest has three alleles labeled as 1, 2 and 3. Consider
a family onsisting of a father, a mother and two o spring. Suppose there are no
dire t data on the parents, but the two o spring are observed to have genotypes 11
and 23. It is lear that the genotypes of the father and mother an either be 12
and 13 respe tively, or 13 and 12 respe tively. However, if plain Gibbs is applied,
no matter how many iterations are performed, the genotypes of the two parents will
stay at the initial on guration and never hange. Obviously, if the two parents are
treated as a blo k, the two on gurations will be sampled with equal frequen y.

In general, plain Gibbs will fail entirely if the indu ed Markov hain is not irredu ible, whi h
means that some of the on gurations annot ommuni ate with ea h other. As demonstrated,
this an happen for a very simple family stru ture in pedigree analysis and, indeed, an also
easily happen to other expert systems. The problem o urs when the unobserved variables, e.g.
the genotypes of the two parents in the above example, are too highly dependent on ea h other.
This example not only highlights the potential superiority of blo king Gibbs, but also points
out the importan e of the hoi e of A sets, or equivalently, the hoi e of E -sets. If the simple
family des ribed above is part of a bigger pedigree, the Markov hain indu ed by blo king Gibbs
will not be irredu ible if none of the E -sets ontains both the father and mother. Hen e, nding
an algorithm for hoosing the A-sets whi h will at least guarantee irredu ibility is a hallenging
and important problem.
Literature on the theoreti al properties of (plain) Gibbs sampling has grown qui kly in the
last few years, but most of the results either do not apply to blo king Gibbs, or do not address
the pra ti al problems. For example, the only theoreti al work, as far as we know, whi h studies
the e e t of blo king is Liu, Wong & Kong (1992) and it only onsiders the ase where the blo ks
(the E -sets) do not overlap. In situations where the blo ks do overlap, some of the variables are
in more than one blo k and so there are multiple samples per iteration y le. As we have done
in the last two se tions, a natural way of utilizing these multiple samples is to take a simple
average of all of them. It is however un lear whether some sort of weighted average may not be
superior. In general, more theoreti al work on blo king Gibbs is ne essary to guide the pra ti al
user.
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A Finding a Legal Instantiation in Dialleli Pedigrees
As pointed out in Se tion 2.2.2, it an be diÆ ult to nd a legal initial on guration for Gibbs
sampling, i.e., an instantiation of all unobserved variables that is ompatible with eviden e. For
dialleli pedigrees, however, it is very simple to nd su h an instantiation.

Let V = fv1 ; : : : ; vn g be the set of variables of a dialleli pedigree with genotypes NN, Nn and nn, and joint probability fun tion p omplying with the assumptions of
Se tion 4.1. Let V0 = fv1 ; : : : ; vj g, j < n, be the set of variables the genotypes of whi h
an be inferred from eviden e either by dire t observation or by logi al impli ations from
eviden e. Then p(xV0 ; xV nV0 ) > 0 when xv = Nn for all v 2 V n V0 .

Theorem 1

Proof: Let Vi = Vi 1 [ fvj+i g for 0 < i  n j . The proof is by indu tion on the number
of instantiated variables. Assume that p(xVk ; xV nVk ) > 0 and let u = vj +k+1 . Now, writing
p(xVk+1 ; xV nVk+1 ) as

p(Xu = Nn j xpa(u) )

Y

v2

h(u)

p(xv j xpa(v)nfug ; Xu = Nn)

Y

v2V n(

h(u)[fug)

p(xv j xpa(v) );

we see, by the indu tion hypothesis, that the last term is positive. (The set h(u) is the set of
hildren of u.)
By inspe tion of Table 1 we on lude that

p(xv j xpa(v) ) > 0

) p(xv j xpa v nfug ; Xu = Nn) > 0:
( )

To see that the rst term is positive, assume that it is zero. From Table 1 it follows that the
genotypes of pa(u) must be either both NN or both nn, implying that the genotype of u must
be either NN or nn, and that pa(u) [ fug  V0 . Contradi tion!
2
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A
B
C

NN
Nn
nn

NN

1
0
0

NN
Nn

nn

NN

Nn
Nn

nn

0:5 0 0:5 0:25 0
0:5 1 0:5 0:5 0:5
0 0 0 0:25 0:5

NN

0
1
0

nn
Nn

nn

0 0
0:5 0
0:5 1

Table 1: The onditional probability distribution of the genotypes of o spring C given the
genotypes of parents A and B .
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Figure 1: Blo king Gibbs vs. plain Gibbs for Pedigree A.
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Figure 2: Blo king Gibbs vs. plain Gibbs for Pedigree B.
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Figure 3: Blo king Gibbs vs. plain Gibbs for Pedigree C.
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Figure 4: Pre ision of blo king Gibbs as a fun tion of the size of A-sets using Method 1 and
Method 2.
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Figure 5: Iteration time of blo king Gibbs as a fun tion of the size of A-sets using Method 1
and Method 2.
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Figure 6: Performan e of blo king Gibbs as a fun tion of the size of A-sets using Method 1 and
Method 2.
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Figure 7: Pre ision of blo king Gibbs as a fun tion of the number of A-sets using Method 1 and
Method 2.

180
Iteration time(1)
Iteration time(2)
160

Seconds

140

120

100

80

60

40

2

4

6

8
10
Number of A sets

12

14

Figure 8: Iteration time of blo king Gibbs as a fun tion of the number of A-sets using Method 1
and Method 2.
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Figure 9: Performan e of blo king Gibbs as a fun tion of the number of A-sets using Method 1
and Method 2.
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Figure 10: Blo king Gibbs with suboptimal parameters vs. blo king Gibbs with optimal parameters, Pedigree B.

Footnotes
(1) These and all subsequent results were obtained on a Sun 4-40 workstation.
(2) The mse measurements have been tted to straight lines ( f. (4)) using linear regression.
(3) We will elaborate on this issue later on.
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