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The Basins of Attraction of a New
Hop eld Learning Rule
Abstract
The nature of the basins of attraction of a Hop eld network is as important
as the capacity. Here a new learning rule is re-introduced. This learning rule
has a higher capacity than that of the Hebb rule, and still keeps important
functionality, such as incrementality and locality, which the pseudo-inverse lacks.
However the basins of attraction of the xed points of this learning rule have
not yet been studied.
Three important characteristics of basins of attraction are considered: indirect and direct basins of attraction, distribution of sizes of basins of attraction
and the shape of the basins of attraction.
The results for the new learning rule are compared with those of the Hebb
rule. The size of direct and indirect basins of attractions are generally larger
for the new rule than for the Hebb rule, the distribution of sizes is more even,
and the shape of the basins more round.
KEYWORDS: Hop eld neural networks, attraction basins, learning rules.

1 Introduction
Attractor networks such as Hop eld networks[Hop eld, 1982] are used as autoassociative content addressable memories. The aim of such networks is to retrieve a previously learnt pattern from an example which is similar to, or a
noisy version of, one of the previously presented patterns. To do this the network associates each element of a pattern with a binary neuron. These neurons
are fully connected, and are updated asynchronously and in parallel. They are
initialised with an input pattern, and the network activations converge to the
closest learnt pattern.
In order to perform in the way described, the network must have a learning
algorithm which sets the connection weights between all pairs of neurons so that
it can perform this task.
These learning rules can have a number of characteristics. Firstly a rule can
be local. If the update of a particular connection depends only on information
available to the neurons on either side of the connection, then the rule is said
to be local. Locality is important, because it provides a natural parallelism to
the learning rule, which, when combined with the local update dynamics, make
a Hop eld network a truly parallel machine.
Secondly a rule can be incremental. If the learning process can modify an
old network con guration to memorise a new pattern, without needing to refer
to any of the previously learnt patterns, then an algorithm is called incremental.
Clearly incrementality makes the Hop eld network adaptive, and therefore more
suitable for changing environments or real time situations.
Thirdly a rule can either perform an immediate update of the network conguration, or can be a limit process. The former makes for faster learning.
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Fourthly a learning algorithm has a capacity. This is some measure of how
many patterns can be stored in a network of a given size. The absolute capacity
[McEliece et al., 1987] of a network is given by the number of patterns that can
be stored with correct recall as an asymptotic function of the number of neurons.
Finally there is the concern of this paper: the sizes and shapes of the basins
of attraction of the xed points of the network. Patterns must not only be
stored, but be able to be recalled. The recall process involves moving from the
network start state into some xed state. The basin of attraction of a xed
point is de ned to be the set of states that are attracted to that xed point.
Di erent learning rules produce di erent basins of attraction. Clearly capacity
and attraction basins are related. Here we consider what extra information
about the performance of the new learning rule can be gained from the study
of attraction basins.
The following are desirable features of the basins of attraction:
1. They should be large.
2. They should be rounded: states with similar Hamming distances from the
xed point should behave in the same fashion.
3. They should be evenly distributed.
Large attraction basins are desirable, because then more states are attracted
to stored patterns rather than spurious xed points. Round attraction basins
make the network more predictable: whether or not a state is attracted to a
stored pattern is reliably dependent on its Hamming distance away from that
pattern. An even distribution of basin sizes also increases predictability and
ensure there is no large bias against any particular pattern.
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Attraction basins and capacity are not independent, and there have been
methods to try to use the attraction basin size in a capacity-like de nition. One
such method can be found in [Schwenker et al., 1996]. There the concept of a
completion capacity is introduced. This is an information theoretic concept,
and it is used to calculate what is e ectively the maximal information gain
through the action of an associative memory for a given network size. Such
a de nition can be useful to represent the information processing power of a
particular network. The analysis in [Schwenker et al., 1996] assumes both the
independence of the components of the original patterns and the independence
of the components after they have passed through the Hop eld update rule.
This latter case is problematic, as the learning rule mixes the original independent components using the weight matrix. Hence the nal components can be
signi cantly correlated. A result of this problem is that the above approach,
though generally useful, cannot be followed for the analysis undertaken here,
such as that involved with looking at the shape and skew of attraction basins.

2 The Hop eld network
The Hop eld network is an attractor neural network governed by the di erence
equation

xi (t + 1) = sgn(

Xw
j 6=i

ij xj (t))

where xi (t) is the 1 state of neuron i, wij is the symmetric weight matrix and

xi (n) = 1 is the nth update of the ith neuron where updates are performed
asynchronously. The network is set up in an initial state, released, and the
dynamics will take the network to the closest xed point. The job of the learning
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rule of a Hop eld network is to nd some weight matrix wij which stores the
required patterns as xed points of the network dynamics so that patterns can
be recalled from noisy or incomplete initial inputs.

2.1 Di erent learning rules
Three learning rules are referred to in this paper. The Hebbian learning rule
is local and incremental, but has a low absolute capacity of mc (n) = n=(2 ln n)
where n is the number of neurons [McEliece et al., 1987]. This capacity decreases signi cantly if patterns are correlated.
The pseudo-inverse rule [Kanter and Sompolinsky, 1987] has a higher capacity of mc (n) = n , but does not have the functionality of the Hebb rule. It is
not incremental or local, because it involves the calculation of an inverse. It has
very small attraction basins for the higher network loadings.

2.1.1 The new learning rule
In order to overcome the problems of both of these learning methods we reintroduce the following new learning rule [Storkey, 1997].

De nition 1 (The new learning rule) The weight matrix wij of an attractor
neural network is said to follow the new learning rule if it obeys

wij0 = 0 8i; j and wij = wij ?1 + n1 i j ? n1 i hji ? n1 hij j
where hij =

Pnk

?1 
;k6=i;j wik k

=1

(1)

is a form of local eld at neuron i (the input to

the neuron i) , and   is the new pattern to be learnt (i = 1)

This rule is local: wij depends only on information available at the two adjacent
neurons (the values of i ; j ; hi ; hj ). It is clear from the recursive nature of (1)
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that it is also incremental. It has an absolute capacity of mc (n) = n= 2 ln n
[Storkey, 1997] and performs better than the Hebb rule with correlated patterns
[Storkey and Valabregue, 1997].
It should be noted that the weight matrix obtained is not independent of
the presentation order. This important matter is discussed in another paper
[Storkey, 1998]. There it is shown that this rule (or rather a minor variant of
it) acts as a palimpsest or forgetful learning rule: it does not su er from catastrophic forgetting when capacity is reached, but instead retains recent memories
at the expense of old ones.
The dependence of the weight matrix on the presentation order will not
a ect the following analysis of macroscopic properties such as the size of attraction basins. This is because the patterns we will use will be statistically
independent and identically distributed. Hence there is no structural order to
the patterns, and they can perfectly well be interchanged without changing the
relevant probability distributions.

2.2 The patterns
Here we consider training the network with the usual m patterns i = 1 of
length n (i = 1; : : : ; n;  = 1; : : : ; m) with each bit chosen independently to be
1 with probability 1=2.

3 Direct and indirect basins of attraction
There are two fundamentally di erent types of basins of attraction. These are
commonly called direct and indirect attraction basins. A state is within the
direct basin of attraction of a xed point if the dynamics of the network will
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always take the system state to the xed point, and the network state will never
move away from the xed point throughout this process.
On the other hand a state not in the direct attraction basin, but which
is eventually attracted to the xed point (with a high probability) is said to
be within the indirect attraction basin. We use the term complete attraction
basin (or sometimes just attraction basin) to denote the union of the direct and
indirect attraction basins.
It is one thing to know whether a state is within the attraction basin of a xed
point, and another thing to measure the size of the attraction basin. Here we represent attraction size by the hamming radius of the basin of attraction as is common in the literature [Forrest, 1988, Horner et al., 1989, McEliece et al., 1987,
Viana and Coolen, 1993]. (Note that the hamming radius is equivalent to the
overlap radius up to a linear transformation.) This in itself is not well de ned,
because attraction basins tend not to be Hamming hyper-spherical. One common measure is the minimum radius [Forrest, 1988, McEliece et al., 1987]:

r(p) = inf fd =< p; q >; p 2 Basin(q)g

(2)

where < p; q > is the Hamming distance between states p and q in Q, and Q
is the set of all stored patterns. Then to compare two learning rules, we can
compare the average size of attraction basin over all the stored patterns

r = jQ1 j

X r(p)

p2Q

(3)

4 Direct basins of attraction
Direct attraction basins are important because the attraction rate is faster
within the direct attraction basin than outside it. For synchronous dynamics,
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attraction occurs in one step. See section 7.3 for the reasons for this.
The de nitions (2) and (3) were used to compare the size of direct attraction
basins for di erent learning rules at di erent network loadings.
The direct attraction basins were calculated as follows:

 For each pattern,   , nd the state x with the shortest distance d from  
for which

Xw
j


ij i xj

is less than zero for some i. This implies that when the Hop eld update
rule is applied to the neuron i of the network it returns ?i , which is an
incorrect update.

 The radius of the direct basin of attraction is therefore d ? 1.
The graph 1 shows the average direct basin sizes for three learning rules.
Here a network size of 300 neurons was used. The graph for each learning rule
terminates when absolute capacity is reached. The pseudo-inverse is included
for comparison, even though it is neither a local nor incremental rule.

5 Indirect basins of attraction
Of course the direct basin of attraction is not of the greatest importance. The
size of the complete attraction basin is that which most a ects the ability of
the network to perform as an associative memory. In this section we look at the
following characteristics of complete attraction basins:
1. The distribution of sizes of attraction basins across di erent stored patterns.
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2. The shapes of the attraction basins.
3. The e ect that increasing the number of stored patterns has on the above
factors.
Once again we need some way of measuring the sizes of the attraction basins.
This is harder than it was with direct attraction basins. We chose a process
similar to that used in [Forrest, 1988]. Our method is outlined below.
1. Choose some xed point  corresponding to a stored pattern.
2. Choose some initial normalised Hamming radius r = r0 .
3. Let the set A be all states of Hamming radius nr from the xed point.
4. Sample 100 states from A.
5. Calculate how many of these states are attracted to the xed point. Denote
this number t (r).
6. Increment the normalised Hamming radius r by a suitable amount and
repeat from (2)
7. Repeat for each stored pattern, .
The bene t of this method is that t (r) gives an estimate for the percentage
of states distance nr from the xed point  which are attracted to the xed
point. We arbitrarily de ne the radius R of attraction to be the largest value
of r such that t (s)  90 for all s  r. In other words most states within a
Hamming sphere radius R are attracted to the xed point. Note that t (r)
can also give a measure of the skew of the basin of attraction. The skew of
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an attraction basin is some measure of how much it di ers in shape from a
hypersphere. The more elongated or contorted, the greater the skew.
If t (r) decreases rapidly as r increases from R then the basin of attraction is
approximately hyperspherical: at one radius almost all states are attracted, and
at a slightly higher radius very few are attracted. If, however, the gradient of

t (r) is shallow, then the basin of attraction is skew: Some states are attracted
from further away than others.

6 Results
The graphs of gure 2 give the values of t (r) for each pattern , for a network
size of 150 neurons, and a number of di erent network loadings.
From such results we can compare the size of the complete attraction basins
for the Hebb rule and the new learning rule. Figure 4 gives the distributions of
attraction basin sizes for each of the rules for di erent loadings.
Lastly we look at how the skew of each attraction basin varies with the
size of the attraction basin. Here, skew is de ned as t? 1 (90) ? t? 1 (40). This
slightly arbitrary, but simple de nition suces to approximate the gradient of

t(r). The larger the skew, the greater the variety of distances from which states
are attracted to the stored pattern. This implies that the attraction basin is less
rounded. Figure 3 gives a comparison of the skew for the Hebb rule and the new
rule. Note that di erent loadings (m=n) need to be used for the di erent rules.
This is because the network needs to be near capacity to get any variation in
basin size, and the capacity of the new rule is greater than that of the Hebb.
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7 Analysis
7.1 Basin Sizes
It is clear from gures 1 and 4 that the attraction basins are generally larger
for the new rule than for the Hebb rule. The di erence is there, but not highly
signi cant at very low loadings. As the number of stored patterns increases
this di erence becomes more noticeable. Near the capacity of the new rule, the
Hebb rule basin size for most stored patterns has collapsed. On the other hand
the new rule still has large basin sizes for the majority of patterns.

7.2 Basin distribution and network predictability
Not only do the average radii of the attraction basins di er, but the spread
of the distribution of radii is di erent. For the Hebb rule the distribution of
attraction basin radii is peaked at low network loadings. ( gure 4) As the Hebb
rule capacity is approached, one of the attraction basins suddenly begins to loose
size. The rest of the attraction basins remain in a peaked distribution. One by
one, as the network loading is increased, other attraction basins `leave the pack'
and quickly loose size. At capacity the rst attraction basin disappears. Long
before the network reaches the capacity loading for the new rule, the attraction
basins of the stored patterns have all disappeared.
The behaviour of the new rule is di erent. It also has a tight distribution
of basin sizes for low network loadings. However, as the loading increases,
attraction basins do not loose size quickly. Instead the distribution of basin sizes
slowly spreads out. Capacity is reached when the lower tail of the distribution
of attraction basin sizes touches zero, and one of the stored patterns is no longer
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an attractor. At capacity, most stored patterns still have substantial attraction
basin sizes.
From this we ascertain that the behaviour of the new rule is more predictable
than the Hebb rule: the distribution of basin sizes does not change dramatically
for small changes in network loadings. Furthermore, the distribution of attraction basin sizes is more even: The distribution is a bell-shaped distribution with
a standard deviation that increases slowly as the network loading increases, not
a bimodal distribution like that of the Hebb rule near capacity.

7.3 Direct attraction basins
Not only are the complete attraction basins larger for the new rule than the
Hebb rule, but the direct attraction basins are larger, and decay slower as m
increases. Network performance is better within the direct attraction basins,
because attraction rates are faster. Network states are attracted to the memory
in one synchronous time step. In asynchronous terms this means that the attraction rate is exponential because at each step the probability of moving 1
hamming unit towards the xed point is proportional to the distance from the
current state to the xed point, and the probability of moving away is zero. Outside the direct attraction basin the attraction rate is generally sub exponential,
because the probability of moving away from the xed point is non-zero.
We note that the direct attraction basins are not signi cantly di erent in
size from those of the pseudo-inverse.
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7.4 Shape of attraction basins
Lastly we consider the shape of the attraction basins. Attraction basins for the
Hebb rule are not round but have a convoluted shape [Amari and Maginu, 1988].
This can create problems with misclassi cation because initial states which are
close to a particular stored pattern are actually attracted to another pattern
which is further away. More likely, states are attracted to spurious memories,
and convoluted basins mean that some states close to the stored pattern are
attracted to spurious states, whereas other states initially further away are attracted to the pattern. The results obtained are therefore highly unpredictable.
Note that in general, for a content addressable memory (CAM), hyperspherical attraction basins would not be expected. For example if the three
patterns A,B and C are such that A and B are close, but A and B are far from

C , then the basin of attraction about A would be smaller in the direction of B
than in the direction of C .
However, the attraction basins of the Hebb rule attractors are not skew in
the above way. This can be shown as follows:
Consider m random patterns i = 1 de ned as before. Let the distance
between any two patterns  and  , d(;  ) be the hamming distance.
The distribution of the hamming distance between any two patterns has
mean n=2 and variance n=4. We want to nd the probability that any two
patterns are less than n=2 ? n apart or greater than n=2 + n apart. We
need both of these inequalities to account for the fact that the Hop eld model
e ectively stores both a pattern and its negative.

Proposition 1 The probability that some pair of patterns, say a and b, can
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be found with jd( a ;  b ) ? n=2j > n is less than

(1=2 ? )( ?1=2)n m2
2n?1(1=2 + )( +1=2)n

Proof Let A be the event that jd(;  ) ? n=2j > n. Then the event
A = [ 6= A
has probability

P (A ) <

X P (A ) < mP (A )


 6=

2
1

using the fact that the distance between any two patterns is identically distributed. Also the event A = [ A has probability P (A) <

P P (A) and so

P (A) < m2 P where P = P (A21 )
def
By symmetry P (A2+
1 ) = P [d(1; 2) > n=2 + n] = P [d(1; 2) < n=2 ? n],

and these two events are mutually exclusive. Hence P = P (A21 ) = 2P (A2+
1 ).
Now

Ej exp[td(1; 2)]j for all t
P = 2P [d(1; 2) > n=2 + n] < 2exp(
nt + nt=2)
+ et )n
= 2(1
2n e nt ent=2
by a Chebyshev inequality [Grimmett and Stirzaker, 1982, p 186]. We have used
the fact that the moment generating function of a binomial(n; 1=2) distribution
is (1 + et )n =2n . By equating the derivative of P with respect to t with zero,
we nd that the P is minimised by choosing t = ln(1=2 + ) ? ln(1=2 ? ).
Substituting this in and using P (A) < m2 P we get the required result. 2
In our case, for the Hebb rule, we have n = 250, m = 19. If we take = 0:2,
then P (A) < 9  10?7. In addition, this probability tends to zero as n ! 1
with m = o(n).
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The above shows the probability that the distance between any two patterns
is signi cantly di erent (more than 0:2n) from n=2 is negligible. This means
that the radius of attraction should not decrease below 0:3n in any direction,
if the variation in the radius is due to the above e ect. Furthermore the skew
of patterns should not be more than 0:1: With the above e ect, the midpoint
between two patterns de nes the boundary of the basins of attraction to each
point (assuming no closer pattern). The distance from a pattern to the midpoint
is half the distance between the two points.
The noticed shape of the attraction basins for the Hebb rule cannot be
attributed to the above e ect. The skew is often larger than 0:1 and the radii of
attraction basins is often well below 0:3 in all directions (see gures 3 and 4).
We nd that the attraction basins for the Hebb rule become more skew as they
become smaller. For the new rule, the attraction basins tend to remain quite
rounded, whatever their size.

7.5 Other details
The use of a xed sample size of 100 might seem small for this application.
However because independent sampling is made every step in radius (of 2 hamming units), the real sample size is actually much larger: results for close radius
sizes are expected to be similar. The di erence between 5 independent runs of
this technique was found to be insigni cant.
The authors experimented with di erent network sizes. The results were
similar, although the di erences between the Hebb and new learning rules became more marked as the network sizes increased.
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8 Conclusions
It is already known that the new learning rule has a higher capacity than the
Hebb rule, and does not su er signi cant capacity loss when patterns with
medium correlation are stored.
In this paper we have established some initial results about the size and
shapes of the attraction basins. Empirical methods (somewhat similar to those
used in [Forrest, 1988]) have been used to gain knowledge of the sizes and shapes
of the basins for independent unbiased storage patterns. This paper has shown
that the new rule has larger, more evenly distributed and more rounded attraction basins than those of the Hebb rule.
This new rule provides a di erent approach to the problem of increasing
capacity and the sizes of attraction basins. Other approaches include the introduction of dynamic or noisy external elds [Wang, 1994, Yau and Wallace, 1991,
Yau and Wallace, 1992], self feedback [Ho and DeWilde, 1995] or the minimum
overlap method of [Krauth and Mezard, 1987, Chang and Wu, 1993]. Here, however, we do not only focus on the sizes of the attraction basins, but the shape
and distribution as well. The warped attraction basins created by the Hebb
rule, and noted in [Amari and Maginu, 1988] are irradicated by this method.
The algorithm we propose achieves its results while maintaining important
functionality: unlike the pseudo-inverse rule or minimum overlap rule, it is
incremental and local, and it is relatively fast because it does not involve the
calculation of an inverse of an m by m matrix.
It should be noted that we have not mentioned the external eld issue in
this paper, but just examined the learning rule as it stands. There is no reason
that the use of external elds cannot also be applied to this rule to increase
15

attraction basin sizes.
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Figure 1: Comparing the sizes of direct attraction basins

Figure 2: The proportion of states at radius r which are attracted (t(r)) for m
stored patterns, and n = 150 neurons

Figure 3: Comparing the skew of attraction basins

Figure 4: Graph shows the distribution of attraction basin sizes across di erent
stored patterns
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