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Abstract
Nowadays, there is a lack of existing practical modeling tools suitable for specification of free-form implicit shapes. In this paper, we
propose a new interpolation technique supplemented by interactive
tools aimed at shape modeling by feature preserving metamorphosis of two-dimensional implicit shapes. The metamorphosis is controlled by global parameters and a set of correspondence vectors
that are drawn directly to the scene. The underlying environment
is the XISL package for definition and manipulation of implicit objects, which offers additional modeling and rendering possibilities.
CR Categories: I.3.5 [COMPUTER GRAPHICS]: Computational
Geometry and Object Modeling—Curve, surface, solid and object
representations;
Keywords: implicit surfaces, metamorphosis, geometrical modeling

1 Introduction
Recent progress in computer graphics has put much effort in exploring shape transformation techniques. Considering initial and destination geometric shapes, the problem is to find a suitable method
that creates continuous transformation (metamorphosis) between
them. Metamorphoses can be thought as temporal (animations) and
spatial.
Several approaches were proposed for creation of a 2D metamorphosis of polygonal shapes [Sederberg and Greenwood 1992;
Shapira and Rappoport 1995; Cohen-Or et al. 1996]. A detailed
survey on 3D metamorphosis can be found in [Lazarus and Verroust 1998]. However these techniques assume certain preconditions: equivalent topology, polygonal shape representation, shape
alignment and overlap. The techniques of metamorphosis of implicit shapes were addressed in several works and can be classified
in two main categories.
First, methods of metamorphosis were proposed for the so-called
soft-objects [Wyvill and Wyvill 1986] which are build on a set of
skeletal primitives. Here, a weighting function is attached to each
primitive. In the process of surface in-betweening the weighting
function, in case of the source object, progressively increases from
zero to one and, in case of the destination object, decreases from
one to zero. The metamorphosis of soft-objects was studied later
by Galin and Akkouche [Galin and Akkouche 1996]. Their approach was based on creation of a bijective graph of correspondence between carrier skeletons and then, using Minkowski sum,
distance and field functions of intermediate shapes were characterized. Techniques based on soft objects together with CSG operations were generalized in the advanced modeling concept, which
was elaborated as the BlobTree system [Wyvill et al. 1999]. Metamorphosis of the BlobTree was studied by Galin et al.[Galin et al.
2000]. The whole transformation is characterized by a generic
BlobTree that provides a correspondence between nodes of the
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input trees. Its instantiations interpolate the initial and the final
shapes. The specification of the tree correspondence provides a fine
control of the final metamorphosis.
The second class of metamorphosis methods is based on functional representation of objects [Pasko et al. 1995]. In function representation defining functions have no special limitations. It combines numerous different models like skeleton based implicit surfaces, set-theoretical solids, sweeps, volumetric objects, parametric and procedural models. Savchenko and Pasko proposed general framework of metamorphosis based on extended space mapping [Savchenko and Pasko 1998] (discussed later in Section 2).
Further, bounded blending techniques were applied for metamorphosis of implicit shapes [Pasko et al. 2002]. The authors use an additional bounding implicit solid in which the metamorphosis takes
place. As the bounding solid the authors propose to use intersection of half-spaces placed in parallel near the locations of original
implicit shapes. The blending material is then added only within
this intersection and creates a smooth transition between the given
shapes. Pasko et al. also propose to apply Minkowski sums to implement metamorphosis [Pasko et al. 2003]. First, the Minkowski
sum is created for two real valued functions representing the initial shapes. Second, using Minkowski sum operator, the metamorphosis is achieved by interpolating of coordinates of input shapes.
Schmitt et al. introduced controlled metamorphosis between two
implicit shapes [Schmitt et al. 2005]. Their approach is based on the
creation of non-overlapping space partitions, which control metamorphosis by specific time schedule. The time schedule and special
global and local dynamic variables control the behavior of metamorphosis in each partition.
In this paper we propose a new object modeling technique by
spatial metamorphosis between a set of 2D implicit shapes which
are organized in a system of parallel planes. In the paper remainder, the term implicit shape stands for a 2D implicit shape. The
main motivation is to create tools, which provide for developing of
an arbitrary metamorphosis interactively using only a small amount
of parameters. Note, the aim is to create a 3D object; i.e. not an animation. Nevertheless, the 2D animation can be also thought as a
result. In this case, the central transformation axis can be considered as a time parameter.
The remainder of the paper is organized as follows: In Subsection 1.1 we introduce the XISL modeling tool. The Section 2
describes modeling techniques based on extended space mapping
and a basic method for metamorphosis of objects based on functional representation. The theoretical background of our method
is introduced in Section 3. The Sections 4 and 5 involve description and demonstration of our modeling environment. Application
of the presented method to current research is described in Section
6. The future work is introduced in Section 7 and we conclude in
Section 8.

1.1 XISL tool
In our work, we define implicit models using the XISL language
(XML based scripting of Implicit Surfaces [Parulek et al. 2006a])
and tools, which assist developers in construction of arbitrary im-

plicit models. These models are described in declarative text files
by means of the extensible markup language (XML). Each implicit
function class (a primitive, an operation, etc.) is defined by its appropriate XISL tag(s). This ensures the requirement of clear notation of complex implicits. The XISL implicits are defined by the
inequality
f (x) ≥ 0,
(1)
where x = (x1 , x2 , x3 ) ∈ E 3 . This function is also called functional
representation of objects [Pasko et al. 1995] and provides for implementation of various forms of implicits.
In XISL, each implicit object is represented via an n-ary hierarchical tree, leafs of which stand for arbitrary implicit primitives and
inner nodes stand for unary, set-theoretic, blending and interpolation operations.
The whole XISL package is written in C++, includes the individual classes of implicit surfaces and provides high-level C++
API for parsing of XISL tags, voxelization and polygonization.
Several similar modeling systems based on implicits were developed [Adzhiev et al. 1999; Wyvill et al. 1999], nevertheless, XISL
is a compact package, which provides for extensibility and works
well on both Windows and Linux systems.

2

Related work

c0 = f (g(Pn0 )) − o,

G = {Pn : Pn+1 ∈ S, c ≥ 0}.

(2)

The authors presented various methods of transformations of geometric objects defined by the extended space mappings Φ :
E n+1 → E n+1 applied to hypersurfaces S. In general, the mapping
0
Φ(Pn+1 ) = Φ(Pn , c) = (Pn0 , c0 ) = Pn+1
is composed of two parts φ1
and φ2
Φ(Pn+1 ) = Φ(Pn , c) = (φ1 , φ2 ) = (Pn0 , c0 ),
(3)

φ1 (Pn , c) = Pn0
φ2 (Pn , c) = c0
f (Pn ) = c

(4)

The Eqs. 4 can be rewritten in the compact form
c0 = φ2 (φ1−1 (Pn0 ), f (φ1−1 (Pn0 ))).

(5)

According to the possible selection of φ1 and φ2 , authors classified
mappings in three main categories. First, function mappings, which
are defined as
(6)
c0 = φ2 (Pn0 , f (Pn0 )))
and incorporate the operations of offsetting, metamorphosis, etc.;
i.e. operations that affect only function values. Second, geometric
coordinate space mappings are defined by
c0 = f (φ1−1 (Pn0 )).

(8)

where the shape defined by the function f is deformed by the twist
mapping g(·) and the function offset is changed by the scalar o
(Fig. 1). According to [Savchenko and Pasko 1998], the combined

(a)

Savchenko and Pasko presented a mathematical framework of
shape transformations by the form of extended space mappings [Savchenko and Pasko 1998]. When a given function f is
defined in n-dimensional space E n , the space E n+1 is then called
an extended space and can be constructed by adding one more dimension. Consider Pn = (x1 , . . . , xn ) is a point in E n , so-called
hypersurface S is defined by the function f (x1 , . . . , xn ) = c and
Pn+1 = (x1 , . . . , xn , c) is a point in E n+1 . The geometric object G
is then defined as

where

The following Eq. 8 represents an example of the combined form
of extended space mapping

(b)

Figure 1: (a) The original object. (b) The object is deformed by the
combined mapping composed of twisting and offsetting operations.

mapping was used for metamorphosis between two input shapes,
which also provides for controlling of feature correspondences between the input shapes.

2.1 Linear interpolation
Consider two 2D implicit shapes, with the corresponding defining functions f1 and f2 , located in parallel planes at z1 and z2 zpositions. In functional representation the basic method for defining smooth transition between the two given real valued functions
f1 and f2 is linear interpolation (Fig. 2). It can be viewed as function mapping class, where the resultant function is composed of the
functions f1 and f2 :
c0 = φ2 (x, f1 (x), f2 (x)) = (1 − t) f1 (x) + t f2 (x),

(9)

where x = (x, y) is a point in Euclidean space E 2 and t is a parameter of interpolation estimated from a current z-position, e.g. defined
as t = (z − z1 )/(z2 − z1 ). Nevertheless, utilization of the Eq. 9 assumes that the shapes defined by f1 and f2 overlap. For instance, by
applying translation to the shape defined by f1 , which shifts f1 outwards of overlapping, the resultant metamorphosis produces gaps
(Fig. 3).
To ensure gap-free metamorphosis also for the case of nonoverlapping shapes, we proposed a new extended interpolation
method supplemented by an interactive editing application, which
together enable to define the required smooth transformation.

3 Extended interpolation

(7)

These mappings take into account only modification of coordinates,
which can be used for various deformations. Third, combined mappings use both functions φ1 and φ2 , therefore its general definition
is in Eq. 5.

Our method modifies the approach proposed in [Savchenko and
Pasko 1998], which was based on the combined space mapping
approach. We will explain the new approach on a model defined by transformation between two implicit shapes with their
defining functions f1 and f2 . Assume that each shape contains

lation function d1 (x) is defined by
n

d1 (x) =

∑ λi g(x, pi ) + λn+1 + λn+2 x + λn+3 y,

(11)

i=1

where λi are spline coefficients and g(x, pi ) = |x − pi |2 ln(|x − pi |).
To estimate the spline coefficients λi , we expand Eq. 11 to a (n +
3) × (n + 3) matrix
¸
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Figure 2: (a) Given two 2D overlapping implicit shapes placed in
parallel. (b) A metamorphosis can be defined as a linear interpolation between their defining functions.

where gi j is n × n matrix, gi j = g(pi , p j ), for 0 ≤ i, j ≤ n, M is
4 × 4 zero matrix, Λ = [λ1 , . . . , λn , λn+1 , λn+2 , λn+3 ]T , C = [q1 −
p1 , . . . , qn − pn ]T , N = [0, 0, 0, 0]T and
 x
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The system is solved by the symmetric LU decomposition. The
function d2 (x) is estimated in the same manner, but instead of the
sets P and CP , the sets Q and CQ are used.
To create smooth transformation, the linear interpolation (Eq. 9)
is modified by the displacement functions (Eqs. 10). Now, the resultant combined mapping, originally proposed in [Savchenko and
Pasko 1998], would be defined as
c0 = w1 (t) f1 (φ p (x)) + w2 (t) f2 (x),

(13)

where t is the parameter of interpolation and the weighting functions w1 , w2 define the resultant metamorphosis.
In our work, in order to provide displacement in both directions,
we extend the Eq. 13 by the second displacement function φ q from
the Eqs. 10. The mapping is then defined by
Figure 3: Incremental translation applied to the shape defined by
the function f1 . A metamorphosis, defined as linear interpolation,
in the case of non-overlapping shapes creates the gap.

a set of control points, P = {p1 , . . . , pn } for the function f1 and
Q = {q1 , . . . , qn } for the function f2 . These points are interactively defined by a user, which enables him/her to specify the
desired shape. Moreover, vectors of correspondence are established between these points, CP = {q1 − p1 , . . . , qn − pn } and CQ =
{p1 − q1 , . . . , pn − qn }. The set CP is attached to the set P, and the
set CQ is attached to the set Q. Now, using geometric space mapping notation, we create two weighting displacement functions φ p
and φ q , which represent the transformations of the given shapes in
the directions defined by the vectors CP and CQ . The weighting
displacement functions are defined by
x0 = φ p (x) = x + h1 (t)d1 (x)
x0 = φ q (x) = x + h2 (t)d2 (x),

(10)

where h1 (t), h2 (t) represent weighting proportions within the interval < 0, 1 >, and d1 (x), d2 (x) represent interpolation of control points given by directions CP and CQ . To interpolate the displacement d1 , d2 we adopt volume splines—the so-called thin-plate
function [Duchon 1977; Savchenko and Pasko 1998]. The advantage is that this spline has the minimum bending energy from all
functions which interpolate scattered data. In this case, the interpo-

c0 = w1 (t) f1 (φ p (x)) + w2 (t) f2 (φ q (x)).

(14)

The advantage is that the control points are moved in both directions, which provides better better preservation of features (Fig. 4).
However, using Eq. 14 gaps can still appear. Therefore, to fill
the possible gaps, we extend this formula by an additional blending
term w3 :
c0 = w1 (t) f1 (φ p (x)) + w2 (t) f2 (φ q (x)) + aw3 (t),

(15)

where the parameter a represents the amount of the blending material and the weighting function w3 (t) controls its distribution in the
interpolation direction.

3.1 Weighting functions
The weighting functions h1 , h2 , w1 , w2 and w3 from Eqs. 10 and 15
can be specified by an operator in an interactive process by observing of the resultant transformation.
In our case, h1 and h2 , i.e. functions that control the displacement of control points, are defined as
h1 (t) = (1 − t a )b
h2 (t) = 1 − h1 (t),

(16)
(17)

where the parameters a, b modify the slope and curvature of the
transition (Fig. 5). In order to interpolate the given shapes, the both
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Figure 5: Weighting functions h1 and h2 .
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functions h1 and h2 equal zero at the initial shape’s surface positions.
The weighting functions w1 and w2 affect the final transformation. For simplicity, these functions are defined as linear interpolation w1 (t) = (1 − t) and w2 (t) = t.
With respect to our experience, the gaps can originate mainly
in the middle of the transformation and therefore we define the
weighting function w3 (t) by

q

2

w3 (t) = (1 − (2t − 1)c )d ,

(18)

where the parameters c, d modify the slope and the curvature
(Fig. 6). Note that function w3 equals zero at initial positions of
shapes again and therefore it does not corrupt the metamorphosis.
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Figure 6: The weighting function w3 has the maximum in the middle.
(a)

(b)

Figure 4: Top: A given set of control points for both input shapes.
(a) If using Eq. 13, the top shape features vanish in the middle part
of the metamorphose. (b) Using our method (Eq. 14), these features
are preserved better.

4 Interactive modeling
We developed a graphical application which enables to load arbitrary two-dimensional implicit shapes defined in the XISL language
and, using the aforementioned extended interpolation, enables to
create the required three-dimensional smooth interpolation of the
given shapes. Similarly to F-rep, XISL shapes can be defined in
numerous ways. For instance, the presented shapes were created by
the method of of implicit curved polygons [Pasko et al. 1996].
The incorporated shapes are given in parallel planes (Fig. 7). In
this case the shapes do not overlap, and therefore, using the simple linear interpolation (Eq. 9), the resultant 3D implicit object is
not interconnected (Fig. 8). Using simple interaction, we draw several line segments, which represent the correspondence vectors between the input shapes (Fig. 9). Now, by the means of the extended

Figure 7: Left: The incorporated shapes that belong to the same
plane are drawn in the same color. Right: 3D view of the shape
positions.
Figure 10: Interpolation by means of the vectors of correspondence
specified in Fig. 9 using Eq. 14. Note that the undesirable cracks
are still visible.

Figure 8: The resultant transformation obtained by the means of
linear interpolation does not provide for smooth transition.

(a)

(b)

Figure 11: Increasing the blending parameter a (Eq. 15) is used to
fill the cracks (a), nevertheless very high values of a may result in
unwanted bulges (b).

Figure 9: Vectors of correspondence are specified by the operator
by direct drawing of line segments.

interpolation, the resultant function will smoothly interconnect the
given shapes (Fig. 10). However, we sometimes still observe gaps
or cracks in the final model. Therefore, by means of increasing the
blending parameter a from Eq. 15 these cracks can be filled. The
consequence of increasing this parameter is depicted in Fig. 11a.
Nevertheless, the drastically increasing of this parameter can deform the resultant shape and brings unwanted bulges (Fig. 11b).

5 Examples
Let us now consider initial shapes as those depicted in Fig. 12.
Specification of the correspondence vectors and of the blending
term not only enables us to get rid of the unwanted cracks, but also
enables to specify the final shape according to the demands of the
user. The interactive application provides for drawing line segments
easily and, moreover, enables to inspect the model by means of surface polygonization and rendering and to store the resultant object
in a file in the XISL language (Fig. 13). Here, this approach is ex-

(a)

(b)

Figure 12: The initial implicit shapes.

emplified by creation of several configurations of correspondence,
which lead to different shape of the final object (Fig. 14). We can
observe high sensitivity of the resultant transformation shape to the
given configuration of correspondences. Additional modification of
the resultant shapes can be achieved by adjusting the parameters a
and b in the weighting functions h1 and h2 . Moreover, to present
the flexibility of implicit representation, we apply the twist operation on the resultant transformations (Fig. 15). An additional useful
feature resides in the possibility to interpolate through any number
of shape levels. Of course, the user has to draw the required correspondence vectors between each pair of levels (Fig. 16). However,
creation of smooth transitions between each pair of levels is still a
problem.

Figure 13: Application screen shots demonstrate creation of vectors
of correspondence and polygonized model preview.
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(b)

Application to current research

The presented technique was used for geometrical modeling of
muscle cells [Parulek et al. 2006b]. In order to create the complex system of interconnected tubes of one of the basic muscle cell
structures, sarcoplasmatic reticulum, we applied the transformation
method to a set of scattered spherical implicit shapes. However, the
number of appropriate vectors of correspondence would be in this
case too high for interactive editing. Therefore, we proposed an
automatic method residing in that two sets of control points P and
Q are created on both input shapes. With respect to the fact that
all included shapes are spherical (convex and without holes), these
points correspond to centers of gravity for each shape. Note, these
sets can contain different number of control points; i.e. |P| 6= |Q|.
The second step represents the process of establishing correspondence vectors CP and CQ between the P and Q sets. In this step, the
main problem is to find a way for finding suitable correspondences.
Currently, we simplify the solution by finding for each point p ∈ P
the nearest control point q ∈ Q. However, before that, we compute
a bounding box enclosing the contours in each plane and transform
coordinates of points to the interval < 0, 1 > within the bounding
box (Fig. 17). Now, for each point in P exists the vector q − p. The
same method is performed on the set Q. All sets are then processed
by the proposed extended interpolation method, bringing acceptable results (Fig. 18).
This method is suitable not only for modeling purposes, but
also for reconstruction of biological objects from contour data sets.
The problem can be stated as finding suitable implicit surface approximation from contours. Several works dealing with this problem [Savchenko et al. 1995; Turk and O’Brien 2002; Akkouche and
Galin 2004] were published. Geometric algorithms that directly address the creation of triangulated surface interpolating the contours
face various problems; e.g. correspondence, tiling, branching, etc.
Techniques based on implicit surfaces tackle these problems. However, in case of complex and non-overlapping shapes, even implicit
representation does not solve these problems and additional information has to be included; e.g. by means of the correspondence
vectors introduced in this paper.
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(a)

Future work

In the case of a large number of shapes it would be quite time consuming to interactively draw the desired line segments representing
the correspondence vectors. Therefore, we have already started to
move towards an automation since, specially in a system of simple
shapes as is the case of muscle cells, it is possible to define the basic
correspondence in an automatic way. However, in the case of complex shapes this topic requires further studies. One possibility resides in utilization of the space time blending method that does not
need specification of correspondences [Pasko et al. 2004]. More-

(c)

(e)

(g)

(d)

(f)

(h)

Figure 14: The left column represents possible configurations that
represent the vectors of correspondence. The corresponding resultant models are depicted on the right.

over, the bounded blending technique, proposed by the same authors, can be used to define the blending term in (15), which would
provide for limited influence of the blending material.
It is also possible to use the method of correspondence vectors as
an animation tool. For each vector of correspondence, which represents the initial vector, a user can add a destination vector. The in-

(a)

(b)

Figure 17: The coordinates of both input shapes are clamped to the
unit bounding box.

(c)

(d)

Figure 15: (a) An example of the varying weighting functions,
where we set a = 2, b = 12. (b) The parameters are the same as
in (a), but the functions h1 and h2 were swapped. (c),(d) Addition
operation of twist applied to (a),(b).

Figure 18: A section of a muscle cell model showing sarcoplasmatic reticulum (thin structures) and myofibrils (thick structures).
The system of tubes that represents the reticulum is build from the
set of implicit shapes distributed in parallel planes.

Figure 16: The technique provides for creation of metamorphoses
through any number of levels.

Currently, the weighting functions are limited only to those,
which already exist in the XISL system. However, a simple editor could make possible creation of custom weighting functions as,
for example, spline curves.
The other improvement could be achieved by attaching correspondence curves to the control points, instead of straight correspondence vectors.

8 Conclusion
betweening process based on these vectors produces an animation,
however, pre-computation has to be done for each vector location.
A speed up can be achieved by computation of displacement functions by interpolation between displacement functions in the source
and the destination phase.

We proposed a method and a tool for object modeling by smooth
space metamorphosis between sets of arbitrary two-dimensional
implicit shapes. The method is based on the extended space mapping and enables to represent smooth metamorphosis between both

overlapping and non-overlapping shapes. The space-time blending
approach proposed in [Pasko et al. 2004] deals with the same problem, however, their method is primarily oriented to development
of animations, which do not necessarily require smooth metamorphoses. On the contrary, the resultant 3D model produced by our
method should be smooth everywhere, and our method suits well
for these purposes. The presented graphical tool enables to specify the final shape interactively by sketching vectors of correspondence, to preview polygonized model surfaces and to store the result by means of the XISL language, which can be used for further
modeling and high-quality rendering1 .
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