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ABSTRACT
We study information revelation in scoring rule and prediction market mechanisms in settings in which traders have
conflicting incentives due to opportunities to profit from
the market operator’s subsequent actions. In our canonical model, an agent Alice is offered an incentive-compatible
scoring rule to reveal her beliefs about a future event, but
can also profit from misleading another trader Bob about
her information and then making money off Bob’s error in
a subsequent market. We show that, in any weak Perfect
Bayesian Equilibrium of this sequence of two markets, Alice
and Bob earn payoffs that are consistent with a minimax
strategy of a related game. We can then characterize the
equilibria in terms of an information channel: the outcome
of the first scoring rule is as if Alice had only observed a
noisy version of her initial signal, with the degree of noise
indicating the adverse effect of the second market on the
first. We provide a partial constructive characterization of
when this channel will be noiseless. We show that our results
on the canonical model yield insights into other settings of
information extraction with conflicting incentives.
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1.

INTRODUCTION

Scoring rules and markets are commonly deployed incentive mechanisms to incentivize participants to reveal their

c ACM, 2010. This is the author’s version of the work. It is posted here by
permission of the ACM for your personal use. Not for redistribution. The
definitive version appears in the Proceedings of the ACM EC10 Conference,
June 2010. DOI: http://doi.acm.org/10.1145/1807342.1807350
EC’10, June 7–11, 2010, Cambridge, Massachusetts, USA.
Copyright 2010 ACM 978-1-60558-822-3/10/06.

private information. A recent class of prediction markets,
Market Scoring Rules (MSRs), can be viewed as a sequential
form of a scoring rule, and retain the incentive properties of
individual scoring rules. Thus, they incentivize risk-neutral
agents maximizing their expected reward to reveal their beliefs about future events. This property has led to MSR prediction market deployments in many corporate settings [7].
In this paper we initiate the study of how the composition
of conflicting scoring-rule based incentive mechanisms affect
information revelation in the individual markets.
Due to their attractive incentive properties, prediction
markets are promoted as a fast and accurate method of
forecasting future events. Empirical research has confirmed
their accuracy in practice [18]. This in turn has lead to proposals of prediction market to be used widely as a decision
tool, for subjects ranging from national policy [11] to corporate governance [1]. However, there is one important challenge in making this leap: Theoretical analysis, and most
empirical studies, of prediction market accuracy has been
done in settings where prediction markets are not transparently integrated into a decision process, and hence participants do not have an outside interest in the prediction market prices. If and when prediction markets are integrated
into decision processes, traders may have very strong external incentives to achieve certain market prices. Additionally,
if decision makers rely on information gathered from prediction markets for their own trading actions, they may induce
an incentive for traders to mislead them.
In principle, if the external incentive structure is known,
one can correct the scoring rule for this effect, for example
by using the techniques proposed by Shi et al. [14]; another
seemingly attractive alternative is to provide additional markets that extract all relevant information. In practice, we
never have complete markets, and incentive methods are
deployed by different entities in an ad-hoc rather than coordinated fashion. Further, budgetary constraints may rule
out the deployment of a scoring rule with stakes sufficient
to counteract an external incentive. In this paper, we adopt
the point of view that the existence of conflicting incentive
markets is unavoidable. We therefore take a descriptive approach to characterize the effects of these conflicting incentives, before deriving prescriptive insights. In this way, we
hope to lay a foundation for a more general theory of composition of scoring-rule mechanisms, and incentive mechanisms
more broadly.
In this paper, we formulate and analyze a simple model of
a class of conflicting incentive situation. Our core model is
a three-stage game with two agents, each with private infor-

mation, and two incentive mechanisms. In the first stage,
Alice is offered a scoring rule or a market scoring rule to
elicit her private information relevant to forecasting a random variable U . Upon observing Alice’s report on U , Bob
updates his belief on Alice’s private information. In the second stage, Bob uses this information to trade in a market
scoring rule market for forecasting a different random variable V . Finally, Alice upon observing Bob’s report in this
second market has the opportunity to trade in it by revising
Bob’s forecast. Thus, Alice has a conflicting incentive in
the first-round market: She would maximize her immediate
profit by reporting honestly, but may be able to gain more
by damaging Bob’s forecasts and then making a profit by
correcting them. Bob is aware of this conflict of interest,
and may update his beliefs defensively.
This basic analysis unit provides insight into other situations. It applies directly to situations in which prediction
market operators, or other traders, may rely on the information gleaned to trade in other markets. It also applies to the
analysis of strategies within a single market: In this case,
a security V is identical to the security U , but represents
a future round of trading. As such, our model generalizes
the model in Chen et al. [5]. Our model also applies to the
analysis of settings in which the conflict of interest is not a
market at all, but rather, some unspecified consequence of
Bob’s decision. These applications are described in detail in
Section 6.
We characterize the equilibria of the 3-stage game. Note
that this is not a constant-sum game, because different strategies for Alice lead to different values of expected profit from
the U -market, and hence to different values of total profit.
Somewhat unexpectedly, we find that in all weak-perfect
Bayesian equilibria, the payoff earned by Alice in the U market is the same. Consequently, the total payoffs earned
by Alice and Bob are the same in every equilibrium. There
may be multiple equilibria, but the payoffs are unique, and
the amount of information revealed in the compromised market is unique across all equilibria.
This uniqueness result enables an information-theoretic
view of the conflict of interest situation. The existence of
the second market induces Alice and Bob to behave (in the
first two stages) as if Alice had received a noisy signal. The
noise level is unique in equilibrium, and depends on the nature of the forecast variables U and V , as well as the relative
scale. We formulate an easy-to-compute necessary condition
for this information channel to be noiseless, and derive characterizations for combinations of forecast variables.
The structure of the rest of this paper is as follows: In
Section 2 we discuss the related work. In Section 3, we describe the model we consider in the two sequential market
setting; we analyze this model in Section 4. In Section 5, we
consider the role of information in equilibrium. In Section 6
we describe different applications and extensions of our result, and we conclude and discuss directions for future work
in Section 7.

2.

RELATED WORK

In this paper we considered market scoring rule (MSR)
markets introduced by Hanson [10]. Hanson proved that
risk-neutral traders that do not consider future payoffs have
an equilibrium strategy of reporting their true beliefs. A
recent strand of literature [5, 6, 8] examines what happens
when traders trade multiple times in an MSR market and

do consider future payoffs. The authors show that there
is a class of information distributions in which the honest
strategy is not an equilibrium, and another class in which the
honest strategy is an equilibrium of the multi-stage game.
The 3-stage model described by Chen et al. [5] can be viewed
as a special case of the model in this paper, in which the two
forecast variables U and V are identical.
The role of manipulation in prediction markets has been
studied empirically and experimentally; we refer readers to
the survey paper by Wolfers and Zitzewitz [18] for further
pointers to this literature. In summary, Wolfers and Zitzewitz find that manipulation does not have any noticeable
effect on price, except for a short period of time. Hanson et
al. [9] consider the effect of external incentives on manipulation in prediction markets. The authors show that even with
these external incentives, “manipulation has no significant
effect on the accuracy of price.”
Shi et al. [14] proposed the principal-aligned prediction
market mechanisms to remove any external incentives traders
may have on effecting the outcome of the traded event. This
is in a sense orthogonal to our approach of describing and
analyzing the effect of an unavoidable conflict between incentive schemes. The approach we present can help to get
around the weaknesses of the principal-aligned market mechanism: it may lead to unbounded subsidies in general, and
it may be difficult to implement if the external incentives
are not precisely known.
Market scoring rule markets are based on proper scoring rules first introduced by Brier [4], who introduced the
quadratic proper scoring rule to measure the accuracy of
weather forecasters. The logarithmic scoring rule, the basis
of the logarithmic market scoring rule, was later introduced
again to assess weather forecasters [16, 17]. Lambert et
al. [12] show that a larger class of functions may be used to
elicit different properties of a distribution, rather than just
a point estimate of the mean. As observed by Agrawal et
al. [2], a prediction market can be constructed by a larger
class of functions. The techniques we present here can be
extended to a subset of the class discussed by Argawal et al.
because we only use the concavity of the log(.) function to
show our results.

3. CANONICAL MODEL
In this section, we detail our particular model, with two
sequential markets.
There are two players, Alice and Bob. Alice has an information signal described by a random variable X, with
values from a set X ; let x denote the actual realization of
X. Likewise, Bob has an information signal described by a
random variable Y , with values from a set Y; let y denote
the actual realization of Y .
There are two other random variables of forecasting interest. Random variable U has an unknown value u ∈
{0, 1}. Random variable V has an unknown value v ∈ {0, 1}.
Further, there is a prior joint probability distribution over
X, Y, U, and V . Alice and Bob know the prior probability
distribution; at the start of our analysis, they also receive
their own signal realization. However, they do not know the
realization of the other party’s signal.
We assume that there are correlations between the information signals and the forecast variables, so that making an
optimal forecast requires information acquisition/aggregation.
(X and Y may be independent of each other, however.)

Given the structure of the prior distribution, there will be
def
an optimal aggregate. We define fxy = P0 [u = 1|X =
def

x, Y = y]. Likewise, define fx = P0 [u = 1|X = x] and
def

fy = P0 [u = 1|Y = y] For variable V , we can similarly
def

define values gxy , gx , gy . Finally, we let f0 = P0 [u = 1] and
def

g0 = P0 [v = 1] denote the prior expectations of U and V .
We make one additional technical assumption, that the
signal Y is generically V -distinguishable:
Definition 1. The signal Y is generically V -distinguishable if, given any probability distribution p(x) over X , the
expected value of V is different for any two different values
y1 , y2 :
X
X
p(x)gxy2
p(x)gxy1 6=
∀y1 6= y2
x

x

This is a nontrivial assumption that allows us to exclude
degenerate cases in our analysis. We explore the impact of
this genericity assumption not holding in Section 6.1.

Markets. Now, let us consider two markets that are deployed to forecast U and V respectively. Both markets are
organized as market scoring rules: In the U -market, a trader
who changes the forecast from r to q earns a positive or negative profit πU (u, r → q) after the true outcome u is revealed,
according to a market scoring rule:

λU [log q − log r] if u = 1
πU (u, r → q) =
λU [log(1 − q) − log(1 − r)] if u = 0
where λU is a positive constant. We extend this notation
to reflect the expected profit given a probabilistic outcome:
define
def

πU (p, r → q) = pπU (1, r → q) + (1 − p)πU (0, r → q)
Similarly, for a mover in the V -market, the profit is given
by

λV [log q − log r] if v = 1
πV (v, r → q) =
λV [log(1 − q) − log(1 − r)] if v = 0
where λV is (possibly different) positive constant. As above,
we extend this to define a function πV (p, r → q) for all
p ∈ [0, 1].
Without loss of generality, we assume that λU = 1; only
the ratio between λU and λV is important for our analysis.

Sequence of Trade. We initially assume that the following
sequence of actions takes place:
• Stage 1: Alice trades in the U -market
• Stage 2: Bob trades in the V -market
• Stage 3: Alice has an opportunity to trade in the V market

stage 1 by a function σ : X → D, where D is the space
of distributions over [0, 1].
We make the following technical assumption on the
strategies played by Alice: We assume that, for all
x, the support of σ(x) is contained in a pre-specified
finite set R. In other words, we restrict the set of
moves available to points in R instead of all of [0, 1].
We make this assumption for analytical convenience;
of course, any real market is likely to have a finite
number of possible positions as well. The set R can
be arbitrarily large, and is not chosen for its strategic
properties (e.g., we do not assume that we can rule out
certain points to reduce deviations from honesty.) We
denote by σx (r) the probability of moving to r when
the drawn signal is x.
For any given strategy σ, and any position r in the support of σ, we let Pσ,r denote the posterior probability
distribution of the random variables, conditioned on
knowledge of σ and r.
• In stage 2, Bob moves market V from g0 to t ∈ [0, 1].
As Bob trades only once in our model, and as the logscoring rule is honest for myopic traders, Bob’s optimal
moves s and t are completely determined by Bob’s belief about Alice’s signal after observing her move r.
Thus, we describe Bob’s strategy indirectly by his belief function µ : r 7→ µr ∈ D(X ), where D(X ) is the set
of distributions over X . Given a strategy µ, observed
first-stage move r, and his
P own signal y, Bob will move
the V -market to try = [ x µr (x)gxy ].

• In the third stage, Alice’s move will depend on the
extent to which she can infer Bob’s move from the
second-stage market. Assuming generic V-distinguishability (Definition 1), Alice can distinguish all of Bob’s
signals with knowledge of Bob’s second-round strategy
µ. In this case, Alice’s third-stage move is to move the
V -market from try to gxy .
Given a strategy pair (σ, µ), Bob’s payoff can be written
as:
P P
πB (σ, µ) = x y Ph0 (X = x, Y = y)
i
P
r∈σ(x) σx (r)πV (gxy , g0 → try )

In any setting in which Alice knows µ in the final stage,
she will correct the price in the V -market to the optimal
value gxy . We define
def

π̂A (σ, µ) = EffU (σ) + EffV − πB (σ, µ)

(1)

and note that Alice’s profit πA will be equal to π̂A if Alice
knows µ in the final stage; this latter condition will be true in
equilibrium. Here, EffU (σ) is the efficiency of the U -market
(i.e., expected payoff in the U market) conditional on the
strategy σ. It is given by:
XX
EffU (σ) =
σx (r)λU [πU (fx , f0 → r)]
x∈X r∈R

Strategies and Payoffs. The strategic choices that are made
are as follows:
• In stage 1, Alice can move the U -market price from
f0 to a new value r ∈ [0, 1]. The move is in general
dependent on the signal x Alice observed, and perhaps
randomized. Thus, we can denote Alice’s strategy in

Likewise, EffV is the efficiency in the V market, given by:
XX
EffV (σ) =
λV [πV (gx , g0 → gxy )]
x∈X y∈Y

Under the genericity assumption, Alice always moves the V
market to the optimal value, and hence EffV is independent

of σ and µ. For notational simplicity, in the remainder of
this section, we abuse notation by using πA (σ, µ) to denote
the quantity on the RHS of equation 1.
EffU (σ) is linear in σ. πB (σ, µ) is also linear in σ for any
fixed µ. Thus, πA (as given in equation 1) is linear in σ.
The solution concept we use is that of weak Perfect Baysean Equilibrium (wPBE). Informally, (σ, µ) form a wPBE
profile if along any possible path of play that is played with
positive probability, the beliefs µ are consistent with Alice’s
strategy σ, and σ is the optimal strategy given the beliefs
µ. For a technical definition we refer the reader to the book
by Mas-Colell et al. [13].

=

+(1 − fx ) log

−

»

STRATEGIC ANALYSIS OF MODEL

In this section, we show that the wPBE of the 3-stage
conflict of interest game can be characterized in terms of
the minimax value of a related game. The main results, in
Theorems 5 and 6, show that the equilibrium payoffs are
unique and is consistent with minimax play.
The first observation we make is that the space of pairs
(σ, µ) is closed, convex, and compact, as it is the product
space of probability simplices. This shows the existence of
a maximin pair, defined as follows:
Definition 2. A maximin pair (σ, µ) is a pair that solves
the following optimization:
σ

argmax min
πA (σ ′ , µ′ )
′

∈

σ′

µ

µ

argmin πA (σ, µ′ )

∈

µ′

Definition 3. A minimax pair (σ, µ) is a pair that solves
the following optimization:
µ

argmin max
πA (σ ′ , µ′ )
′

∈

µ′

σ

σ

argmax πA (σ ′ , µ)

∈

σ′

Lemma 1. The minimax and maximin values of πA are
the same. There exists a pair (σ, µ) that is both a minimax
pair and a maximin pair.
Proof. We start by observing πA (·, ·) is continuous. We
now show that for a fixed µ, πA (σ, µ) is a concave function
of σ, and, for a fixed σ, πA (σ, µ) is a convex function of µ.
Then using Sion’s minmax theorem [15], we can say
maxσ ′ minµ′ πA (σ ′ , µ′ ) = minµ′ maxσ ′ πA (σ ′ , µ′ ), showing the
desired result.
We start by writing down πA (σ, µ):
πA (σ, µ) =
=

EffU (σ) + EffV − πB (σ, µ)
XX
σx (r)λU [πU (fx , f0 → r)]
x∈X r∈R

−

XX
x

2
4

X

P0 (X = x, Y = y)

P0 (X = x, Y = y) 4

y

gxy log

3

σx (r)πV (gxy , g0 → try )5 + EffV

1−r
1 − f0

X

–

σx (r) λV

r∈σ(x)

try
1 − try
+ (1 − gxy ) log
g0
1 − g0

––

+ EffV

»
r
σx (r)λU fx log
f
0
x∈X r∈R
XX

+ (1 − fx ) log

−

XX
x

y

2

P0 (X = x, Y = y) 4

1−r
1 − f0

X

#

σx (r)λV

r∈σ(x)

P
»
µr (x)gxy
gxy log x
g0
P
––
1 − x µr (x)gxy
+ EffV
+(1 − gxy ) log
1 − g0

Note that in terms of the variables, EffV , is a constant in
πA (σ, µ). More over, for a fixed µ value, πA (σ, µ) is linear in σ. This means, for a fixed µ, πA (σ, µ) is concave
∀σ ∈ Σ. It remains to be shown that for a fixed σ, πA (σ, µ)
is convex ∀µ ∈ M . We recall the following [3]: The sum of
convex/concave functions is convex/concave, the composition functions f (x) = h(l(x)) is concave if h(x) is concave
and non-decreasing and l(x) is concave.
We note that for a fixed σ:
»
–
XX
r
1−r
σx (r)λU fx log
+ (1 − fx ) log
f0
1 − f0
x∈X r∈R
is constant in µ, therefore if we show:
hP
P P
− x y P0 (X = x, Y = y)
r∈σ(x) σx (r)λV
h
ii
P
P
1− x µr (x)gxy
x µr (x)gxy
gxy log
+ (1 − gxy ) log
g0
1−g0

is convex in µ, then we have shown the desired result. Equivalently, we will show
hP
P P
r∈σ(x) σx (r)λV
x
y P0 (X = x, Y = y)
ii
h
P
P
1− x µr (x)gxy
x µr (x)gxy
+
(1
−
g
)
log
gxy log
xy
g0
1−g0
is concave. As sum of concave functions is concave, we will
only show
h
hP
P
µ (x)g
gxy log x rg0 xy +
P0 (X = x, Y = y)
σ
(r)λ
x
V
r∈σ(x)
ii
P
1− x µr (x)gxy
(1 − gxy ) log
1−g0
P

y

r∈σ(x)

2

XX
x

=

4.

»
r
σx (r)λU fx log
f
0
x∈X r∈R
XX

µ (x)g

is concave. Note that l(µ) = x rg0 xy is linear in µ, and
h(x) = log x is
concave and non-decreasing. This means
P
µ (x)g
h(l(µ)) = log x rg0 xy is concave in µ, similarly we can
show log

1−

P

x µr (x)gxy
1−g0

is concave in µ. Recalling that the

sum of concave functions is concave, we note that
hP
P P
x
y P0 (X = x, Y = y)
r∈σ(x) σx (r)λV [
gxy log

P

x µr (x)gxy
g0

+ (1 − gxy ) log

1−

P

x µr (x)gxy
1−g0

ii

is concave. This mens that for a fixed σ, πA (σ, µ) is convex
∀µ ∈ M .

Lemma 2. Let Pσ,r (x) be the posterior probability of x.
If µr (x) 6= Pσ,r (x) for r in the support of σ then µ does not
maximize πB given σ.
Proof. For a given σ, πA (σ, µ) + πB (σ, µ) = Eff(σ) is
fixed independent of µ. Thus, the µ′ that minimizes πA (σ, µ′ )
must also maximize πB (σ, µ′ ). By the myopic honest property of the market scoring rule, if µ′ 6= Pσ,r (x) means Bob
has an incentive to deviate by setting µ′ = Pσ,r (x) and maximize his reward giving us the desired result.
Lemma 3. For any two strategy pairs (σ, µ) and (σ ′ , µ′ )
both satisfying Lemma 1, we must have the total reward from
every report by Alice and Bob be the same. i.e., EffU (σ) =
EffU (σ ′ ) and πB (σ, µ) = πB (σ ′ , µ′ ).
Proof. Here we consider the case where there are two or
more minimax-maximin strategy pairs. If there is only one,
then clearly the statement of the lemma holds. Assume there
are two minimax-maximin strategy pairs, those that satisfy
Lemma 1, say (σ, µ) and (σ ′ , µ′ ), where EffU (σ) 6= EffU (σ ′ ).
As both are minimax-maximin pairs it follows (σ, µ′ ) is also
a minimax-maximin strategy pair. Assume not, then there
are two cases, both leading to contradiction:
πA (σ ′ , µ′ ) < πA (σ, µ′ ) meaning (σ ′ , µ′ ) is not a minimax strategy pair.
πA (σ, µ) > πA (σ, µ′ ) meaning (σ, µ) is not a maximin strategy pair.
Recall that the cases above are exhaustive as πA (σ, µ) =
πA (σ ′ , µ′ ). As (σ ′ , µ′ ) and (σ, µ′ ) are both minimax-maximin
strategy pairs and, by Lemma 1, πA (σ, µ) is linear in σ
for a fixed µ it follows that (0.6σ + 0.4σ ′ , µ′ ) and (0.4σ +
0.6σ ′ , µ′ ) are both minimax-maximin strategies. Moreover,
both (0.6σ + 0.4σ ′ , µ′ ) and (0.4σ + 0.6σ ′ , µ′ ) have the same
support. The support is the same for both strategy pairs because each place non-negative weights on the same r values.
Let rσ be the support of σ and rσ ′ be the support of σ ′ . The
support of any convex combination of σ and σ ′ , will be over
rσ ∪ rσ ′ . As EffU (σ) 6= EffU (σ ′ ) it follows from the linearity
of EffU (·) that EffU (0.6σ + 0.4σ ′ ) 6= EffU (0.4σ + 0.6σ ′ ). As
πA (0.6σ + 0.4σ ′ , µ′ ) = πA (0.4σ + 0.6σ ′ , µ′ ), it follows that
πB (0.6σ + 0.4σ ′ , µ′ ) 6= πB (0.4σ + 0.6σ ′ , µ′ ). Because both
(0.6σ + 0.4σ ′ , µ′ ) and (0.4σ + 0.6σ ′ , µ′ ) have the same support, and the reward of Bob differ it follows that the posterior probability of x, Pσ,r (x), under the two strategies differ.
However, µr (x) = Pσ,r (x) for all minimax-maximin strategies. By Lemma 2 it follows that either (0.6σ + 0.4σ ′ , µ′ )
or (0.4σ + 0.6σ ′ , µ′ ) is not a minimax-maximin strategy,
thus contradicting the assumption EffU (σ) 6= EffU (σ ′ ). This
means that all minimax-maximin strategies must have the
same expected reward at every stage of play.

Lemma 4. There is a maximin-minimax pair (σ, µ) such
that, for all r in the support of σ, and all x, µr (x) = Pσ,r (x).
In other words, there is a maximin pair in which Bob’s beliefs
are consistent with Alice’s strategy after every realized move
r.
Proof. Fix σ. Then, πA (σ, µ)+πB (σ, µ) = Eff(σ) is fixed
independent of µ. Thus, the µ′ that minimizes πA (σ, µ′ )
must also maximize πB (σ, µ′ ). Based on the myopic honest
property of the market scoring rule, this is guaranteed to
be the case if and only if try is accurate given the posterior
probability of x, Pσ,r (x). By picking µ′r (x) = Pσ,r (x), Bob
can ensure this. If the original (σ, µ) satisfied this, then it
must be the case that, for all r with positive support, the
change from µ to µ′ did not change either sry and try . For
other r, there is no change from µ to µ′ ; hence, for any σ ′ ,
πA (σ ′ , µ) = πA (σ ′ , µ′ ). Thus, (σ, µ′ ) is minimax as well as
maximin.
Theorem 5. Consider a minimax-maximin pair (σ, µ) that
satisfies belief-consistency (Lemma 4). Then, generically, it
is a weak Perfect Bayesian Equilibrium for Alice to play σ
in the first round, Bob to play µ in the second round, and
Alice to correct the price in the V -market in the third round.
Proof. In the third round, conditioned on the play in the
first two rounds, Alice makes the optimal correction; no onestage deviation would be profitable. In the second round,
as (σ, µ) is a maximin strategy, Bob maximizes πB (and
minimizes πA ) by following µ, given that Alice is following
σ. Finally, because it is a minimax strategy, no σ ′ would be
a profitable deviation for Alice from σ.
Theorem 6. Let (σ ∗ , µ∗ ) be a minimax-maximin pair. In
any weak Perfect Bayesian Equilibrium (σ, µ), the payoff of
Alice is exactly πA (σ ∗ , µ∗ ) and the payoff of Bob is exactly
πB (σ ∗ , µ∗ ).
Proof. Consider Bob’s trade in round 2 of the equilibrium strategy profile (σ, µ). By the equilibrium belief
condition, Bob’s optimal strategy is the myopic strategy
conditioned on his beliefs. This is consistent with σ (by
wPBE condition). Consider Alice’s payoff. Given µ, σ must
be the strategy that maximizes πA (σ, µ). Thus, we have:
πA (σ, µ) = πA (σ ∗ , µ∗ ).
∀σ ′ 6= σ,

πA (σ ′ , µ) ≤ πA (σ, µ).

(2)

As µ is consistent with σ, it is the best response to σ.
Thus:
∀µ′ 6= µ
⇒

πB (σ, µ′ ) ≤ πB (σ, µ)
EffU (σ) − πA (σ, µ′ ) ≤ EffU (σ) − πA (σ, µ)
πA (σ, µ′ ) ≥ πA (σ, µ).

(3)

Equations (2) and (3) imply that (σ, µ) is a minimaxmaximin pair. It directly follows that πA (σ, µ) = πA (σ ∗ , µ∗ ).
By Lemma 3 it follows that πB (σ, µ) = πB (σ ∗ , µ∗ ).

5. CHARACTERIZING INFORMATION REVELATION IN EQUILIBRIUM
In Section 4, we showed that the weak perfect Bayesian
equilibria of the 3-stage game have payoffs consistent with
the minimax value of Alice’s payoff function πA (σ, µ). In
this section, we interpret this minimax value in informationtheoretic terms, discuss approaches to computing the equilibrium strategies. We then define a related parameter, the

limiting ratio, of two given forecast variables U and V , that
determines when Alice will be honest in the U market. We
then characterize the limiting ratio of combinations of variables in terms of limiting ratios of the components.

5.1 Interpretation as a noisy channel
One important consequence of Theorem 6 is that the efficiency of the U market, EffU (σ), has the same value at
any strategy σ that is part of an equilibrium strategy profile (σ, µ). Thus, we can use the notation EffU (V, λu , λv ) to
denote the value of EffU in any equilibrium of the game.
Consider an equilibrium strategy pair (σ, µ), and assume
that the space of possible moves R is rich enough for σ to
satisfy Lemma 4. EffU (σ) measures the increase in expected
score in the U scoring rule that results from Alice’s (perhaps
randomized) move in the first stage. Due the use of the logarithmic scoring rule, this has a natural information-theoretic
interpretation: It defines the expected reduction in entropy
of the forecast variable U as a result of Alice’s move.
Note that a strategy σ specifies, for each realized signal x,
a distribution over a subset of R. We can view this process
as follows: The signal x serves as input to a noisy channel,
which generates the randomized output signal r = σ(x). We
can now conceptually decompose Alice’s original private signal x into two signals σ(x) and x/σ(x), where σ(x) = r is
the noisy output of the channel, and x/σ(x) is the additional
information contained in the original x once r is known. The
efficiency EffU (σ) captures the mutual information between
U and the noisy signal σ(x). If σ is the honest strategy, then
σ(x) = x, and the efficiency measures the mutual information between U and x, i.e., the reduction in entropy of U
conditional on knowing x. If σ is not honest, i.e., it does not
reveal all information known to Alice about U , the mutual
information between U and σ(x) will be strictly lower.
The decomposition of the signal x into two components
provides another characterization of the equilibrium strategy σ, as follows. Suppose that the signal x was actually
given to Alice in two parts σ(x), x/σ(x). The first component would be sufficient for Alice to execute her strategy in
stage 1, while the second component would be used in stage
3. Moreover, if Alice only saw the first component, it must
still be optimal for her to follow the same strategy: if further randomization improved her payoff, then σ would not
be a minimax strategy. Thus, if Alice received the signal
σ(x) instead of x, she would honestly reveal it in the first
round. Further, we note that, having revealed σ(x), Alice
cannot profit by choosing to reveal additional information
in the first round. Thus, the equilibrium strategy σ has the
property that σ(x) would be revealed honestly, but any refinement of σ(x) that conveys additional information about
u would not be honestly revealed.

5.2 Computing Equilibrium Strategies
In this section, we illustrate how the problem of computing the equilibrium noise channel σ can be formulated as
a pure optimization problem. The optimization problem is
nonlinear, so this formulation serves as a starting point but
not a complete solution to the problem of how to compute
the equilibrium σ, µ for a given setting. Understanding the
computational properties of the equilibrium strategies is an
important direction for future research.
We consider a special case in which each of the players
only observes a binary signal, i.e. X = Y = {1, 2}. We

also assume that that the support of Alice’s strategy, σ,
has only two points r1 and r2 . Further, we assume that
these points are consistent with honest reporting, i.e., r1 =
P0 [u = 1|X = 1] and r2 = P0 [u = 1|X = 2]. This is
equivalent to assuming that Alice has to report a value that
is consistent with one of her potential signals; of course, she
need not report this honestly.
Alice’s strategy σ can then be represented as follows:
def

σ

=

def

σ(1)

=

def

σ(2)
As

P

r

=

[σ(1), σ(2)]
[σ1 (r1 ), σ1 (r2 )]
[σ2 (r1 ), σ2 (r2 )]

σx (r) = 1, we can rewrite σ as:
def

σ = [σ1 (r1 ), σ2 (r2 )]

(4)

By Lemma 4, we know that µr (x) = Pσ,r (x), meaning
Bob’s beliefs are consistent with Alice’s strategy. Therefore,
if Alice moves to r1 , Bob’s belief that Alice received signal 1
(r1 )
is µ(r1 ) = σ1 (rσ11)+σ
. With these beliefs, if Bob observed
2 (r1 )
r1 in the U -market and he observed 1 as his signal, then his
(r1 )
(r1 )
g11 + σ1 (rσ12)+σ
g21 .
truthful report would be σ1 (rσ11)+σ
2 (r1 )
2 (r1 )
Recall in equilibrium πA (σ, µ) is given by:
def

πA (σ, µ) = EffU (σ) + EffV − πB (σ, µ)
EffV is constant, therefore in equilibrium Alice will find σ
such that:
σ ∈ argmax EffU (σ ′ ) − πB (σ ′ , µ)

(5)

σ′

Note that as described above, we may rewrite µ as a function
of σ ′ . We can rewrite the optimization problem above for
the binary signal setting, with notation x̄ = 3 − x:
" 2
#
X
argmax
P0 [X = 1]
σ1 (ri )πU (fi , f0 → ri )
σ1 (r1 ),σ2 (r1 )

i=1

+P0 [X = 2]

" 2
X

σ2 (ri )πU (fi , f0 → ri )

i=1

−

2
2 X
X

#

P0 (X = x, Y = y)

x=1 y=1

"

2
X
i=1

σx (ri )
gxy
σx (ri ) + σx̄ (ri )
–
σx̄ (ri )
+
gx̄y
σx (ri ) + σx̄ (ri )

σx (ri )πV (gxy , g0 →

In this way, using the results from Section 4, we formulate
the problem above that corresponds to the two signal, two
values in the support of σ setting. The values of the decision
variables that correspond to the optimal solution dictate Alice’s and Bob’s equilibrium strategies along the equilibrium
path, although it does not directly yield the values for Bob’s
beliefs off the equilibrium path. The complexity of computing this optimal solution is not addressed in this paper.

5.3 Characterizing the Limiting Ratio
Although it is not easy in general to compute the equilibrium strategies of a given game setting, we can define a

related concept, the limiting ratio, that is computable to
any degree of precision.
For given U, V, λU , λV , consider the following question: Is
there an equilibrium in which Alice is completely honest? If
there is an equilibrium (σ, µ) in which this is true, then it
must be that the honest strategy is optimal for Alice, even
knowing that Bob is updating beliefs assuming that Alice is
being honest. A necessary condition for this to happen is
that, for any signal x that Alice has, she cannot profit by deviating to any other point in the support of the honest strategy, i.e., she cannot profit by pretending to have any other
signal x′ 6= x. This condition captures that a bluffing strategy is not a profitable deviation even if Bob is “trusting”.
We conjecture that this may also be a sufficient condition
for honesty to be an equilibrium strategy. However, we have
not been able to formally show this (in principle, Alice may
still have profitable deviations to other points that are not
consistent with any of her signals), and hence it only gives us
a partial characterization of honest equilibrium. This necessary condition can be efficiently checked for a finite pool
of signals.
We can then capture a measure of how aligned two forecast variables U and V are, given an information distribution
P0 , as follows:
Definition 4. The Limiting Ratio LR(U, V ) is defined
as the maximum ratio λV /λU such that, in the conflict game
(U, V, λU , λV ), if Bob plays a strategy that assumes Alice is
honest whenever Alice moves to a point consistent with one
of her signals, Alice would not profit by pretending to have
a signal x′ that is different from her true signals.
(If no maximum exists, LR(U, V ) is defined to be +∞).
This quantity is well-defined because of the following observations. The strategic behavior is clearly unchanged if
both λV and λU are scaled by the same constant. As λV →
0, the payoffs in the V market become negligible relative to
Alice’s loss from bluffing in the U market, and thus
LR(U, V ) > 0. Further, if λV is reduced while λU is held
fixed, Alice’s payoff from the honest strategy is unchanged
while her payoffs from other strategies (for a given strategy µ of Bob) can only reduce, and the relative value of
different strategies for Bob (given Alice’s honest strategy)
is unchanged. This means that if the condition is satisfied
for any given λV , it must also hold for all smaller λV (for
the same λU ). If an upper bound on λV /λU of interest is
known, LR(U, V ) can either be shown to exceed the upper
bound or it can be computed to any desired precision by
binary search, by checking at each value of λV /λU to test if
the condition is satisfied.
As a measure of “alignedness” of incentives, the limiting ratio satisfies some structural relationships that may be
useful in indirect analysis of strategic behavior. We now
consider a more general form of forecast variable: Instead of
restricting U and V to be Boolean functions, we can consider
all U, V with discrete range contained in [0, 1]. The scoring
function is assumed to be linear in the realized value, and to
be maximized in expectation at the true mean value. Such U
and V could be constructed by linear extension of a proper
scoring rule. For example, if U takes the value 0.4, the score
given would be 0.4× score when U = 1 + 0.6× score when
U = 0. The proper scoring rule is then an incentive scheme
to infer the mean value of U .
With this extended setting, we can characterize the limit-

ing ratio of general forecast variables in terms of the simpler
[0, 1] variables: We show that the limiting ratio LR(U, V )
of combinations of forecast variables satisfies the following
properties:
Theorem 7. Fix the signal spaces and the prior joint distribution of signals. Then, for any given forecast variables
U1 , U2 , V1 , V2 with range in [0, 1] we have:
1. If U =

U1 +U2
,
2

LR(U2 ,V )
then LR(U, V ) ≥ LR(U1 ,V )+
2

2
, then
2. If V = V1 +V
2
LR(U, V ) ≥ Harm(LR(U1 , V ), LR(U2 , V )), where the

def 2ab
.
a+b

harmonic mean function Harm(a, b) =

LR(U2 ,V ) . We need to
Proof.
1. Let k = LR(U1 ,V )+
2
show that, for λU = 1, λV = k, the honest strategy is
an equilibrium, but this is not true for any higher value
of λV . Testing if bluffing is profitable reduces to checking a finite set of possible deviations for Alice, given
that Bob assumes Alice is being honest: Alice could
pretend to have signal 0 when she had signal 1, etc.
Without loss of generality, we assume that the most
attractive deviation, at the critical value LR(U, V ), is
for Alice to pretend to have 1 when she has 0. Alice
would deviate to pretend to have signal 1 only if the
expected penalty (call it P en(U )) she incurs for this
inaccuracy in the U market is less than the expected
gain kGain(V ) from moving the V -market from g0y to
g1y .
Note that P en(U ) = (P en(U1 ) + P en(U2 ))/2, because
of the linear extension of the scoring rules. Further,
kGain(V ) is the same, whether we are looking at game
(U, V, 1, k), (U1 , V, 1, k), or (U2 , V, 1, k). We know by
definition that LR(U1 , V )Gain(V ) ≤ P en(U1 ), because
the penalty would not be outweighed by the gain; likewise, LR(U2 , V )Gain(V ) ≤ P en(U2 ). Averaging these
yields kGain(V ) ≤ P en(U ), and hence the result.
2. Again, we can focus our attention on a single potential deviation, and testing for honest equilibrium reduces to testing if λV Gain(V ) ≤ λU P en(U ). By def1
P en(U ) ≥ Gain(V1 ),
inition, we have that LR(U,V
)
1

1
and LR(U,V
P en(U ) ≥ Gain(V2 ). Taking the aver2)
age, we have that Harm(LR(U,V1 ),LR(U,V )) P en(U ) ≥
1

Gain(V1 )+Gain(V2 )
2

2

= Gain(V ). This completes the re-

sult.

These results provides a building block to gain insight into
situations in which there are multiple conflicting incentives.

6. APPLICATIONS AND EXTENSIONS
6.1 Extensions of the basic result
Extension to other scoring rules. The results we presented in Section 4 are based on the fact the expected reward Alice stands to earn in either market is concave in
σ for a fixed µ and convex in µ for a fixed σ. Therefore,
any scoring rule that satisfies these conditions will have the

properties outlined in Section 4 and Section 5. For example,
the quadratic scoring rule has these properties and thus has
the same properties.

Extension to Non-Binary Outcomes. As described above,
the model we consider only considers binary market variables. The model can extend to any finite outcome settings,
by extending the definitions of fxy , fx , fy , gxy , gx , gy , f0 , and
g0 . We also need to expand the definition of πU (p, r → q)
and πV (p, r → q) with respect to all possible outcomes.
Here, p is a vector of beliefs on the possible outcomes. For
example,
if there were 3 outcomes, then πU (p, r → q)
h
i =

1−(q1 +q2 )
λU p1 log rq11 + p2 log rq22 + (1 − (p1 + p2 )) log 1−(r
,
1 +r2 )
where pi , qi , and ri are the ith component of p, q, and r respectively. With these definitions, results similar to those in
Section 4 can be obtained.

Other Signaling Mechanisms. The result presented in
Section 4 stemmed from the fact that for a fixed µ, πA (σ, µ)
is concave ∀σ ∈ Σ. Further, we used the fact EffU (σ) is linear in σ to show the payoff in the U-market is the same for all
strategies. We can think of EffU (σ) as capturing the “cost”
of Alice misleading Bob. From our results, we note that any
concave, in σ, signaling mechanism could be used in place
of the U-market and the results we displayed will still hold.
Moreover, if this signaling mechanism was strictly concave,
we note Lemma 3 would be simplified by noting there is a
unique σ for any µ.

Need for Distinguishability Assumption. The genericity assumption described by Definition 1 allows us to only
consider non-degenerate cases of our problem. If the assumption does not hold, there would exist belief distributions µ for Bob for which his move in the V -market does
not reveal his signal to Alice. If the minimax equilibrium
strategies for the specified U , V happened to result in a
µ value for which this was true, Alice could not actually
attain the payoff EffU (σ) + EffV − πB (µ, σ), because she
could not always move the V -market to the optimal point.
Then, the minimax equilibrium would not correspond to a
wPBE of the 3-stage game. Thus, we cannot abandon the
V -distinguishability assumption in our analysis. Note, however, that an arbitrarily small random perturbation of all
the gxy will lead to V -distinguishability.

6.2 Conflicting incentives in two markets
The most direct application of our model is in situations
where there are multiple markets with an overlapping trading community. For example, information that Bob gleans
from a market to forecast interest rates might be very relevant to his beliefs about the price of oil futures. Before
trading in the oil futures market based on this information,
Bob should take into account the possibility that he is being
misled about the common wisdom on interest rates in order
to exploit him in the oil futures market.
Our results suggest that, in situations like this, there is a
minimax strategy µ∗ that Bob can employ to update his beliefs in a non-exploitable way. Moreover, Bob can even publicly announce the strategy µ∗ , while retaining guarantees
on the informativeness of information provided by rational
risk-neutral traders in the interest-rate market: His safety is
not based on obscurity of his belief-updating process. Fur-

ther, if Bob is actually operating the interest-rate market, he
can even set the stakes of this market to optimize some function of the amount of trustworthy information gathered and
the subsidy that must be provided to traders in the interest
rate markets. (As a caveat, we reiterate that the difficulty
of computing the minimax equilibrium (σ ∗ , µ∗ ) has not been
resolved, and hence we do not know which class of market
models can be feasibly solved in this way).

6.3 Non-myopic strategies in a single market
Our model also sheds light on multi-round strategies within
a single market scoring rule market. Consider a special case
of our model, in which the forecast variable V is exactly the
same as the forecast variable U . In this case, the three stages
of our model can be interpreted as three rounds of trade in a
market scoring rule market: Alice trades in the first round,
but she may be trying to mislead Bob who trades next, in order to profit from Bob’s errors by trading in the third round.
The one difference between our model and a true model of a
three-stage market scoring rule is that, in the market scoring
rule, Bob’s payoff in the second round would be measured
relative to the price to which Alice moved the market, rather
than the prior expected value of V . However, the equilibrium characterization is invariant under this change: As Bob
trades only once, his optimal strategy is always to maximize
the expected score of the price he moves the market to, regardless of where it was when he started. Thus, the wPBE
of our model are also wPBE of the single 3-stage market.
In this setting (among others), Chen et al. [5] have shown
that the existence of honest equilibria depends on whether
the information signals are substitutes or complements. The
results of our paper provide additional insight into this problem: We now know that, even if there are no honest equilibria, the payoffs in equilibrium are unique, and correspond
to the minimax payoffs of our model.

6.4 Non-market incentive conflicts
Although our model is centered on incentive conflicts that
arise due to future market actions by Bob, it can be used to
derive preliminary insight into situations where the incentive conflict arises due to non-market conflicts as well. In
particular, the second “market” V can be a virtual proxy
for any source of potential gain for Alice. Of course, general
conflicts of interest are unlikely to take the elegant form of
proper scoring rules, and so our results do not apply directly.
As long as they can be approximated by a scoring function
that is optimal at the true probability, and generates a payoff for Alice that is convex in µ, our analysis technique may
still provide useful insights. We now present an example of
such an analysis.
Consider the following situation: A forecaster Alice has
to predict the probability that the company sales will go up
next month. Alice’s information from this month could lead
her to one of two conclusions: either the sales will go up
70% next month (in which case we say signal is ’1’) or sales
will go up 30% next month (in which case we say that her
signal is ’0’). The manager, Bob, needs a reliable forecast
of the sales growth, so he offers Alice a proper scoring rule
based on her forecast. However, Alice has an outside conflict
of interest: If the official forecast announced by Bob is x%,
but Alice got the low signal, i.e., the indicators are in fact
low, Alice will get a bonus of 10(x − 30). Bob has to decide
how to interpret any forecast given by Alice, and Alice has

to decide what (perhaps random) forecast to make when she
gets signal ’1’, and when she gets signal ’0’.
At the surface, this is a substantially different setting from
the two-market models we analyze. The particular differences are: (i) Alice’s conflicting payoff does not take the
form of a proper scoring rule; (ii) Alice profits in the second stage if Bob overestimates the true forecast probability
when the forecast should be low, but not if Bob underestimates the true forecast probability when the forecast should
be high; (iii) Bob’s expected gain or loss in the second stage
need not be precisely the negative of Alice’s gain or loss in
this stage. We now illustrate how these variants can be accommodated within the class of models that we analyze in
this paper.
We first tackle the issue of the scoring function, restricting
our attention to the case when Alice has received a ’0’ signal.
In this case, supposing Alice forecasts r, let µr be Bob’s
belief on the conditional probability that Alice has a ’1’.
Acting according to this belief, Bob will forecast 30 + 40µr ,
and so Alice’s bonus will be 400µr .
Now, consider a “scoring function” S(true p, forecast q) =
−1000|q −p|) that determines the payoff to a forecaster from
saying q when the true probability is p. Unlike the expected
score of a proper scoring rule, S() is not implementable in
expectation – if we did not know the true probability, we
could not implement the payoffs it dictates. However, for
the purposes of analysis alone, this does not matter. We can
analyze Alice’s and Bob’s strategy as if they were paid off
according to a market scoring rule based on scoring function
S(), as long as we restrict our analysis to expected profit.
Moreover, we note that S() satisfies the two properties required for the proof of Theorem 5 and Theorem 6: Alice’s
profit from correcting the market price when she has signal
’0’ is 400µr , which is linear (and hence convex) in µ, and the
value of q that maximizes S() is exactly q = p, so Bob’s optimal strategy is the honest strategy given his beliefs. Thus,
the results on the existence and uniqueness of equilibria still
hold, as does the analysis of the limiting ratio for honesty.
Next, we turn to the second problem: In the market
model, Alice earns a profit when she has signal ’1’ but Bob
believes that she has ’1’ with probability µr < 1. However,
in the real situation we want to model, Alice receives no
benefit in this case. Again, we can handle this problem by
taking advantage of the fact that the scoring function in our
model need not be implementable. In particular, consider
the scoring function S(true p, forecast q) = −1000(q − p)
when q ≥ p, and −ǫ(p − q) when p > q, for some small
ǫ > 0. Again, this function is strictly maximized at q = p.
Further, we note that q ≥ p whenever Alice has signal ’0’,
and p ≤ q whenever Alice has signal ’1’. For a given strategy
σ, and a given r in the support of σ, there are fixed posterior
probabilities σ0 (r) and σ1 (r), and thus Alice’s expected payoff is proportional to σ0 (r)400µr + σ1 (r)0.4ǫ(1 − µr ), which
is linear in µ. Note that for all σ, µ, this is within ǫ of Alice’s
payoff in the original scenario, and hence an equilibrium of
this market model corresponds to an approximate equilibrium of the original situation.
Finally, we consider the fact that Bob’s profit or loss from
the forecast need not be the exact inverse of Alice’s profit
or loss. Note that this does not affect the minimax analysis, which is based on Alice’s profit, but it could affect our
analysis of weak-perfect Bayesian equilibrium of the original game. It may still be a reasonable assumption that

Bob’s profit from a forecast is maximized when the forecast
matches the true posterior probability, i.e., Bob is never
worse off by calibrating his forecasts to Alice’s actual mixing strategy. Under this assumption, a minimax equilibrium
of our analytical model would still correspond to a weak Perfect Bayesian Equilibrium of the original situation.
This example only illustrates some ways in which problem
of strategic forecasts with conflicting incentives could be analyzed within our model. In this paper, we have no results
to suggest that such a reduction can be carried out for any
general class of external conflict of interests. Characterizing
conflicts that are amenable to this reduction is an important
direction for future work.

7. CONCLUSION
In this paper, we initiate the study of composition of
scoring-rule based incentive mechanisms. We formulated
and analyzed a simple model that captures the conflict of
interest at the core of such situations. We showed that the
information revealed and participant payoffs in equilibrium
are uniquely determined, and consistent with a minimax
strategy profile.
Our results suggest several important directions for future
work. First, it will be interesting to develop a computational
theory that addresses how hard it is to compute the optimal
strategy profiles for this class of games. Second, developing a theory of optimal or bounded-regret strategies when
the exact nature of the conflict of interest is unknown but
bounded would be very useful. Third, we consider only a
three round game composed of two markets. It would be
insightful to extend the analysis to a multi-round setting in
which Bob need not honestly reveal his information in his
first move.
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