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Abstra t. We present an improved dynami programming strategy for

and related problems on graphs that are given together
with a tree de omposition of width k. We obtain an O(4k n) algorithm
for dominating set, where n is the number of nodes of the tree de omposition. This result improves the previously best known algorithm of
Telle and Proskurowski running in time O(9k n). The key to our result is
an argument on a ertain \monotoni ity" in the table updating pro ess
during dynami programming.
Moreover, various other domination-like problems as dis ussed by Telle
and Proskurowski are treated with our te hnique. We gain improvements
on the base of the exponential term in the running time ranging between
55% and 68% in most of these ases. These results mean signi ant
breakthroughs on erning pra ti al implementations.
dominating set

Classi ation: algorithms and data stru tures, ombinatori s and graph theory,
omputational omplexity.

1 Introdu tion
Solving domination-like problems on graphs developed into a resear h eld of its
own [12, 13℄. A ording to a year 1998 survey [12, Chapter 12℄, more than 200 resear h papers have been published on the algorithmi omplexity of domination
and related graph problems. Sin e these problems turn out to be very hard and
are even NP- omplete for most spe ial graph lasses ( f. [8, 16℄), a main road of
atta k against their intra tability has been through studying their omplexity
for graphs of bounded treewidth (or, equivalently, partial k -trees), see, e.g., [1,
2, 10, 20, 21℄. It is well-known that for graphs of bounded treewidth k , Dominating Set an be solved in time exponential in k , but linear in the size of
the tree de omposition [7℄. Hen e, a entral question is to get the ombinatorial
explosion in k as small as possible|this is what we investigate here, signi antly
improving previous work [10, 20, 21℄.
?
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Before des ribing previous work and our results in more detail, let us brie y
de ne the ore problem Dominating Set. An h-dominating set D of an undire ted graph G is a set of h verti es of G su h that ea h of the rest of the verti es
has at least one neighbor in D. The minimum h su h that the graph G has an
h-dominating set is alled the domination number of G, denoted by (G). The
dominating set problem is to de ide, given a graph G = (V; E ) and a positive integer h, whether or not there exists an h-dominating set. In the ourse of
this paper, rstly, we will on entrate on Dominating Set and, se ondly, we
show how to extend our ndings to several other domination-like problems. To
better understand our results, a few words about tree de omposition (formally
de ned in Se tion 2) based algorithms seem appropriate. Typi ally, treewidth
based algorithms pro eed a ording to the following s heme in two stages:
1. Find a tree de omposition of bounded width for the input graph, and then
2. solve the problem using dynami programming approa hes on the tree deomposition (see [7℄).
As to the rst stage, when given a graph G and an integer k , the problem to
determine whether the treewidth of G is at most k , is NP- omplete. When the
parameter k is a xed onstant, however, a lot of work was done on polynomial time solutions, ulminating in Bodlaender's elebrated linear time algorithm [6℄|with a hidden onstant fa tor exponential in k that still seems too
large for pra ti al purposes. That is why also heuristi approa hes for onstru ting tree de ompositions are in use, see [15℄ for an up-to-date a ount. In our own
re ent resear h on xed parameter algorithms for problems on planar graphs [1,
2℄ together with orresponding implementation work [3℄ (based on LEDA [17℄)
we are urrently doing, it turned out that, the rst stage above usually an be
done very qui kly, the omputational bottlene k being the se ond stage. More
pre isely, in [2℄ we showed that planar graph input instan es G = (V; E ) of a parameterized problem that satis es the so- alled Layerwise Separation Property
(these problems in lude, e.g., dominating set, vertex
over, independent
p
set) allow for tree de ompositions of width k = O( h), where h is the problem
parameter (su h as the size of the dominating set, vertex over,
pindependent set,
et .). This tree de omposition an be onstru ted in time O( hjV j). Our work
in progress on erning experimental studies on random planar graph instan es
shows that, in this ontext, for parameter values h  1000 (independent of the
graph size), we are onfronted with tree de ompositions of width approximately
15 to 20 [3℄. This stirred our interest in resear h on \dynami programming on
tree de ompositions," the results of whi h we report upon in the following.
To our knowledge, the best previous results for (dynami programming) algorithms on tree de ompositions applied to domination-like problems were obtained by Telle and Proskurowski [20, 21℄. For the time being, let us on entrate on Dominating Set itself. For a graph with a tree de omposition of
n tree nodes and width k , Telle and Proskurowski solve Dominating Set in
time O(9k n). Ten years earlier, Corneil and Keil [10℄ presented an O(4k nk+2 )
algorithm for k -trees. Observe, however, that the latter algorithm is not \ xed
parameter tra table" in the sense of parameterized omplexity theory [11℄, sin e

Algorithm
k=5
k = 10
k = 15
k
9 n
0:05 se
1 hour
6:5 years
4k n
0:001 se
1 se
18 minutes
Table 1. Comparing our O(4k n) algorithm for dominating

k = 20

3:9  105 years
13 days

with the O(9k n)
algorithm of Telle and Proskurowski in the ase n = 1000 (number of nodes of the tree
de omposition), we assume a ma hine exe uting 109 instru tions per se ond and we
negle t the onstants hidden in the O-terms (whi h are omparable in both ases).
set

its running time is not of the form \f (k )nO(1) ," where f may be an arbitrary
fun tion depending only on k . Our new result is to improve the running time
from O(9k n) to O(4k n), a signi ant redu tion of the ombinatorial explosion.1
We a hieve this by introdu ing a new, in a sense general on ept of \monotoni ity" for dynami programming for domination-like problems. Using this on ept,
we an improve basi ally all running times for domination-like problems given
by Telle and Proskurowski (see Table 2 in the on luding se tion for a omplete
overview). For example, we an solve the so- alled Total Dominating Set
problem in time O(5k n), where Telle and Proskurowski had O(16k n).
To illustrate the signi an e of our results, in Table 1, we ompare (hypotheti al) running times of the O(9k n) algorithm of Telle and Proskurowski [20,
21℄ to our O(4k n) algorithm for some realisti values of k and n = 1000; we
assume a xed underlying ma hine with 109 instru tions per se ond. It is worth
noting that improving exponential terms is a \big issue" for xed parameter
algorithms. For example, mu h attention was paid to lowering the exponential
term for Vertex Cover (for general graphs) from a trivial 2h to below 1:3h [9,
18℄, where h is the size of a minimum vertex over. By way of ontrast, here we
obtain mu h more drasti improvements, whi h, additionally, even apply to a
whole lass of problems.

2 Preliminaries
The main tool we use in our algorithm is the on ept of tree de ompositions as,
e.g., des ribed in [7, 14℄.

De nition 2.1. Let G = (V; E ) be a graph. A tree de omposition of G is a pair

hfX j i 2 I g; T i, where ea h X

alled a bag, and T is a tree
i
i is a subset of V ,
withSthe elements of I as nodes. The following three properties must hold:
1. i2I Xi = V ;
2. for every edge fu; v g 2 E , there is an i 2 I su h that fu; v g  Xi ;
3. for all i; j; k 2 I , if j lies on the path between i and k in T , then Xi \Xk  Xj .
The width of hfXi j i 2 I g; T i equals maxfjXi j j i 2 I g 1. The treewidth of G
is the minimum k su h that G has a tree de omposition of width k .
1

Observe that in our work [1℄ we gave wrong bounds for the dynami programming
algorithm for dominating set, laiming a running time O(3k n). This was due to
a misinterpretation of [21, Theorem 5.7℄ where the orre t base of the exponential
term in the running time is 32 = 9 instead of 3.

A tree de omposition with a parti ularly simple stru ture is given by the
following.

De nition 2.2. A tree de omposition

hfX j i 2 I g; T i is
i

de omposition if the following onditions are satis ed:

alled a ni e tree

1. Every node of the tree T has at most 2 hildren.
2. If a node i has two hildren j and k , then Xi = Xj = Xk (in this ase i is
alled a join node).
3. If a node i has one hild j , then one of the following situations must hold
(a) jXi j = jXj j + 1 and Xj  Xi (in this ase i is alled an introdu e
node), or
(b) jXi j = jXj j 1 and Xi  Xj (in this ase i is alled a forget node).
It is not hard to transform a given tree de omposition into a ni e tree deomposition. More pre isely, the following result holds (see [14, Lemma 13.1.3℄).

Lemma 2.3. Given a width k and n nodes tree de omposition of a graph G, one
an nd a width k and O(n) nodes ni e tree de omposition of G in linear time.

ut

3 Dynami Programming Based on \Monotoni ity"
In this se tion, we present our main algorithm whi h is based on a fresh view on
dynami programming. Compared to previous work, we perform the updating
pro ess of the tables in a more areful, less time onsuming way by making use
of the \monotonous stru ture of the tables." Our main result is as follows.

Theorem 3.1. If a width k tree de omposition of a graph is known, then a

minimum dominating set an be determined in time O(4k n), where n is the
number of nodes of the tree de omposition.

The outline of the orresponding algorithm and its proof of orre tness ll
the rest of this se tion. From now on suppose that the given tree de omposition
of our input graph G = (V; E ) is X = hfXi j i 2 I g; T i. By Lemma 2.3, we an
assume that X is a ni e tree de omposition.

3.1 Colorings and Monotoni ity
Suppose that V = fx1 ; : : : ; xn g. We assume that the verti es in the bags are
ordered by their indi es, i.e., Xi = (xi1 ; : : : ; xi ) with i1  : : :  in for all
i 2 I.
ni

i

Colorings. In the following, we use three di erent \ olors" that will be assigned
to the verti es in a bag:





\bla k" (represented by 1, meaning that the vertex belongs to the dominating
set),
\white" (represented by 0, meaning that the vertex is already dominated at
the urrent stage of the algorithm), and
\grey" (represented by ^0, meaning that, at the urrent stage of the algorithm,
we still ask for a domination of this vertex).

A ve tor = ( 1 ; : : : ; n ) 2 f0; ^0; 1gn will be alled a oloring for the bag
Xi = (xi1 ; : : : ; xi ), and the olor assigned to vertex xi by the oloring is
given by the oordinate t .
For ea h bag Xi (with jXi j = ni ), we will use a mapping
i

i

t

ni

! N [ f+1g:
) 2 f0; ^0; 1g , the value A ( ) stores how many

Ai : f0; ^0; 1gni

n
For a oloring = ( 1 ; : : : ; n
i
verti es are needed for a minimum dominating set (of the graph visited up to
the urrent stage of the algorithm) under the restri tion that the olor assigned
to vertex xi is t (t = 1; : : : ; ni ).
A oloring 2 f0; ^0; 1gn is lo ally invalid for a bag Xi if
i

i

t

i

9s 2 f1; : : : ; n g :
i

s

=0



^

t 2 f1; : : : ; ni g : (xit

2 N (x ) ^
is



t

= 1) :

In other words, a oloring is lo ally invalid if there is some vertex xi in the
bag that is olored white, but this olor is not \justi ed" within the bag, i.e.,
xi is not dominated by a vertex within the bag using this oloring.2 Also, for
a oloring = ( 1 ; : : : ; m ) 2 f0; ^0; 1gm and a olor d 2 f0; ^0; 1g, we use the
notation
#d ( ) := jft 2 f1; : : : ; mg : t = dgj:
s

s

Monotoni ity. On the olor set f0; ^0; 1g, let  be the partial ordering given by

^0  0 and d  d for all d 2 f0; ^0; 1g. This ordering naturally extends to olorings:
For = ( 1 ; : : : ; m ); 0 = ( 01 ; : : : ; 0m ) 2 f0; ^0; 1gm , we let  0 i t  0t for
all t = 1; : : : ; m.
We all a mapping

! N [ f+1g
monotonous from the partially ordered set (f0; ^0; 1g ; ) to (N [ f+1g; ) if
for ; 0 2 f0; ^0; 1g ,  0 implies A( )  A( 0 ). It is very essential for the
Ai : f0; ^0; 1gni

ni

ni

orre tness of our algorithm as well as for the laimed running time that all the
mappings Ai will be monotonous.
2

A lo ally invalid oloring still may be a orre t oloring if the white vertex whose
olor is not \justi ed" within the bag already is dominated by a vertex from other
bags.

3.2 The Algorithm
We use the mappings introdu ed above to perform a dynami programming
approa h. Note that at ea h stage of the algorithm the mappings visited up to
that stage are monotonous. This is guaranteed by Lemmas 3.2, 3.3, 3.4, and 3.5.

Step 1 (initialization). In the rst step of the algorithm, for ea h leaf node i
of the tree de omposition, we initialize the mapping Ai :
for all 2 f0; ^0; 1gn do

+1 if is lo ally invalid for Xi
Ai ( )
#1 ( ) otherwise
i

(1)

By this initialization step, we make sure that only olorings are taken into onsideration where an assignment of olor 0 is justi ed.
It is trivial to observe the following.

Lemma 3.2. 1. The evaluations in (1) an be arried out in time O(3 n ).
ni

2. The mapping Ai is monotonous.

i

ut

Step 2 (updating pro ess). After the initialization, we visit the bags of
our tree de omposition bottom-up from the leaves to the root, evaluating the
orresponding mappings in ea h step a ording to the following rules.
Suppose i is a forget node with hild j and suppose that
Xi = (xi1 ; : : : ; xini ). W.l.o.g.3 , we may assume that Xj = (xi1 ; : : : ; xini ; x).
Evaluate the mapping Ai of Xi as follows:

forget nodes:

for all

2 f0; ^0; 1g

ni

Ai ( )

do

min Aj (

2f0 1g

d

;

 fdg)

(2)

Note that a oloring f^0g for Xj means that the vertex x is assigned olor ^0,
i.e., not yet dominated by a vertex. Sin e, by ondition 3. of De nition 2.1,
the vertex x will never appear in a bag for the rest of the algorithm, a
oloring  f^0g will remain unresolved and it will not lead to a dominating
set. That is why the minimum in the assignment (2) is taken over olors 1
and 0 only.
The following lemma is easy to see.

Lemma 3.3. 1. The evaluations in (2) an be arried out in time O(3 ).
ni

2. If the mapping Aj is monotonous, then mapping Ai also is monotonous.

ut

Suppose that i is an introdu e node with hild j and
suppose, furthermore, that Xj = (xj1 ; : : : ; xj ). W.l.o.g.4 , we may assume

introdu e nodes:

nj

3
4

Possibly after rearranging the verti es in Xj and the entries of Aj a ordingly.
Possibly after rearranging the verti es in Xi and the entries of Ai a ordingly.

that Xi = (xj1 ; : : : ; xj ; x). Let N (x) \ Xi = fxj 1 ; : : : ; xj g be the neighbors of the \introdu ed" vertex x that appear in the bag Xi . We now de ne
a fun tion  : f0; ^0; 1gn ! f0; ^0; 1gn on the set of olorings of Xj . For
= ( 1 ; : : : ; n ) 2 f0; ^0; 1gn , let ( ) := ( 01 ; : : : ; 0n ) su h that
ps

p

nj

j

j

j

j

j



0 = 0^ if t 2 fp1 ; : : : ; p
otherwise.
t

s

g and

t

= 0,

t

Then, evaluate the mapping Ai of Xi as follows:
for all = ( 1 ; : : : ; n ) 2 f0; ^0; 1gn do

 f0g)
 f1g)
 f^0g)

Ai (
Ai (
Ai (



j

j

Aj ( ) if x has a neighbor xjq in Xi with

+1 otherwise
Aj (( )) + 1
Aj ( )

q

= 1,

(3)
(4)
(5)

For the orre tness of the assignments (3) and (4), we remark the following:
It is lear that, if we assign olor 0 to vertex x (see assignment (3)), we
again (as already done in the initializing step of assignment (1)) have to he k
whether this olor an be justi ed at the urrent stage of the algorithm. Su h
a justi ation is given if and only if the oloring under examination already
assigns a 1 to some neighbor of x in Xi . This is true, sin e ondition 3. of
De nition 2.1 implies that no neighbor of x has been onsidered in previous
bags, and, hen e, up to the urrent stage of the algorithm, x an only be
dominated by a vertex in Xi (as he ked in assignment (3)).
If we assign olor 1 to vertex x (see assignment (4)), we already dominate
all verti es fxj 1 ; : : : ; xj g. Suppose now we want to evaluate Ai (  f1g)
and suppose some of these verti es are assigned olor 0 by , say p1 = : : : =
= 0 (where (p01 ; : : : ; p0q ) is a subsequen e of (p1 ; : : : ; ps )). Sin e the \1p
assignment" of x already justi es the \0-values" of p1 ; : : : ; p , and sin e
our mapping Aj is monotonous, we obtain Ai ( f1g) by taking entry Aj ( 0 ),
where 0p1 = : : : = 0p = ^0, i.e., where 0 = ( ).
Again, it is not hard to verify the following statements.
ps

p

0

0

q

0

0

0

q

0

q

Lemma 3.4. 1. The evaluations of (3),(4), and (5) an be arried out in
time O(3ni ni ).
2. If the mapping Aj is monotonous, then mapping Ai also is monotonous.

ut

Suppose i is a join node with hildren j and k and suppose
that Xi = Xj = Xk = (xi1 ; : : : ; xi ). Let = ( 1 ; : : : ; n ) 2 f0; ^0; 1gn
be a oloring for Xi . We say that 0 = ( 01 ; : : : ; 0n ), 00 = ( 001 ; : : : ; 00n ) 2
f0; ^0; 1gn divide if
1. ( t 2 f1; ^0g ) 0t = 00t = t ), and

2. t = 0 ) ( 0t ; 00t 2 f0; ^0g) ^ ( 0t = 0 _ 00t = 0) .

join nodes:

i

i

i

i

ni

i

Then, evaluate the mapping Ai of Xi as follows:
for all 2 f0; ^0; 1gn do
Ai ( )
minfAj ( 0 ) + Ak ( 00 ) #1 ( ) j 0 and 00 divide
i

g

(6)

In other words, in order to determine the value Ai ( ), we look up the orresponding values for oloring in Aj (whi h gives us the minimum dominating set for needed for the bags onsidered up to this stage in the left
subtree) and in Ak (the minimum dominating set for needed a ording to
the right subtree), add the orresponding values, and subtra t the number
of \1-assignments" in , sin e they would be ounted twi e, otherwise.
Clearly, if oloring of node i assigns the olors 1 or ^0 to a vertex x in Xi ,
we have to make sure that we use olorings 0 and 00 of the hildren j and k
that also assign the same olor to x. However, if assigns olor 0 to x, it
is suÆ ient to justify this olor by at least one of the olorings 0 or 00 .
Observe that, by the monotoni ity of Aj and Ak we obtain the same \min"
in assignment (6), by repla ing ondition 2. in the de nition of \divide" by:
2'.

)

=0

t


( 0t ; 00t 2 f0; ^0g ^ 0t 6= 00t ) .

This observation will be the key to prove the following statement on the
running time for this step.

Lemma 3.5. 1. The evaluations in (6) an be arried out in time O(4 ).
ni

2. If the mappings Aj and Ak are monotonous, then mapping Ai also is
monotonous.

Proof. The se ond statement basi ally follows from the de nition of \divide." As to the time omplexity, note that the running time of this step is
given by
X

2f0 ^0 1g
; ;

f( 0 ;

00 ) j 0 and 00 divide

g:

(7)

ni

For given 2 f0; ^0; 1gn , with z := #0 ( ), we have 2z many pairs ( 0 ; 00 ) that
divide (if we use ondition 2'. instead of 2. (si !)). Sin e there are 2n z nz
many olorings with #0 ( ) = z , again using ondition 2'. instead of 2., the
expression in (7) equates to
i

i

ni
X

z

=0

2

ni


z

ni
z



2

z

=

i

4n :
i

ut

Step 3 ( nal evaluation). Let r denote the root of T . For the domination

number (G), we nally get

(G) = minfAr ( ) j

2 f0; 1g g:
nr

(8)

The minimum in Equation (8) is taken only over olorings ontaining olors 1
and 0, sin e a valid dominating set does not ontain \unresolved" verti es of
olor ^0. Also, note that, when bookkeeping how the minima in the assignments (2), (6), and (8) of Step 2 and Step 3 were obtained, this algorithm
onstru ts a dominating set D orresponding to (G).

3.3 Corre tness and Time Complexity
For the orre tness of the algorithm, we observe the following. Firstly, property 1. of a tree de omposition (see De nition 2.1) guarantees that ea h vertex
is assigned a olor. Se ondly, in our initialization Step 1, as well as in the updating pro ess for introdu e nodes and join nodes of Step 2, we made sure that
the assignment of olor 0 to a vertex x always guarantees that, at the urrent
stage of the algorithm, x is already dominated by a vertex from previous bags.
Sin e, by property 2. of a tree de omposition (see De nition 2.1), any pair of
neighbors appears in at least one bag, the validity of the olorings was he ked
for ea h su h pair of neighbors. And, thirdly, property 3. of a tree de omposition
(see De nition 2.1), together with the omments given in Step 2 of the algorithm, implies that the updating of ea h mapping is done onsistently with all
mappings that have been visited earlier in the algorithm.

Lemma 3.6. The total running time of the algorithm is O(4 n).
k

Proof. This follows dire tly from Lemmas 3.2, 3.3, 3.4, and 3.5.

ut

This nishes the proof for Theorem 3.1.
We remark that Aspvall et al. [4℄ addressed the memory requirement problem
arising in the type of algorithms des ribed above.

4 Further Appli ations and Extensions
In this se tion, we des ribe how our new dynami programming strategy an be
applied to further \domination-like" problems as, e.g., treated in [19{21℄.

4.1

Dominating Set with Property

P

In the following, a property P of a vertex set V 0  V of an undire ted graph
G = (V; E ) will be a Boolean predi ate whi h yields true or false values when
given as input V , E , and V 0 . Sin e V and E will always be lear from the ontext,
we will simply write P (V 0 ) instead of P (V; E; V 0 ).
The dominating set with property P problem is the task to nd a
minimum size dominating set D with property P , i.e., su h that P (D) is true.
Examples for su h problems (all also appearing in [20, 21℄) are:



the independent dominating set problem, where the property P (D) of
the dominating set D is that D is independent,






the total dominating set problem, where the property P (D) of the dominating set D is that ea h vertex of D has a neighbor in D,
the perfe t dominating set problem, where the property P (D) is that
ea h vertex whi h is not in D has exa tly one neighbor in D,
the perfe t independent dominating set problem, also known as the
perfe t ode problem, where the dominating set has to be perfe t and
independent, and
the total perfe t dominating set problem, where the dominating set
has to be total and perfe t.

For all these instan es, we obtain algorithms where the base qi of the exponential
term and the number i of olors needed for the mappings in the dynami
programming are as follows:

Theorem 4.1. If a width k and n nodes tree de omposition of a graph is known,

then we an solve the subsequent problems Pi in time O(qik n), using i olors in
the dynami programming step:
 P1 = independent dominating set: q1 = 4, 1 = 3;
 P2 = total dominating set:
q2 = 5, 2 = 4;
 P3 = perfe t dominating set:
q3 = 4, 3 = 3;
 P4 = perfe t ode:
q4 = 4, 4 = 3;
 P5 = total perfe t dominating set: q5 = 5, 5 = 4.
Proof. (Sket h) For problem P1 , in ontrast to the algorithm given in the proof
of Theorem 3.1 (see Subse tion 3.2), after ea h update of a mapping Ai for
bag Xi , we he k, for ea h oloring 2 f0; ^0; 1gni , if there exist two verti es
x; y 2 Xi that both are assigned olor 1 by , and, if so, set Ai ( )
+1.
For problem P2 , one must also distinguish for the verti es in the domination set whether or not they have been dominated by other verti es from the
dominating set. We may use 4 olors:
 1, meaning that the vertex is in the dominating set and it is already dominated;
 ^1, meaning that the vertex is in the dominating set and it still needs to be
dominated;
 0, meaning that the vertex is not in the dominating set and it is already
dominated;
 ^0, meaning that the vertex is not in the dominating set and it still needs
to be dominated.
The partial ordering  on C := f0; 0^; 1; 1^g, a ording to whi h our mappings
will be monotonous, is given by ^1  1, ^0  0, and d  d for all d 2 C .
The various steps of the algorithm for updating the mappings are similar the
ones given in the algorithm of Theorem 3.1 (see Subse tion 3.2). The most ostexpensive part again is a join node. Here, in the assignment (6), we have to
adapt the de nition of \divide" as follows: For a oloring = ( 1 ; : : : ; ni ) 2
f0; ^0; 1; ^1gni for Xi , we say that the two olorings 0 = ( 01 ; : : : ; 0ni ), 00 =
( 001 ; : : : ; 00ni ) 2 f0; ^0; 1; ^1gni divide if

1.
2.

=0
t = 1

t

)
)


( 0t ; 00t 2 f0; ^0g ^ 0t 6= 00t ), and
( 0t ; 00t 2 f1; ^1g ^ 0t 6= 00t ) .

Similar to the proof of Lemma 3.5 the running time for updating a
is given by
X

2f0 ^0 1 ^1g
; ; ;

f( 0 ;

00 ) j 0 and 00 divide

g:

join node

(9)

ni

We use a ombinatorial argument to ompute this expression. For a xed oloring 2 f0; ^0; 1; ^1gn , we have #0 ( ) 2 f0; : : : ; ni g, and #1 ( ) 2 f0; : : : ; ni
#0 ( )g. The number
of olorings 2 f0; ^0; 1; ^1gn with #0 ( ) = z0 and #1 ( ) =

z1 is given by nz0 n z1z0 . Sin e, by de nition of \divide," for ea h position in
with t = 0 or t = 1, we have to onsider two di erent divide pairs, we get
i

i

i

i

X

2f0 ^0 1 ^1g
; ; ;

=

ni
X

ni

ni

f( 0 ;

00 ) j 0 and 00 divide

g

#0(
X

)



ni



#0 ( )=0 #1 ( )=0 #0 ( )


X
n
2#0 ( ) 3
=
#
(
)
0
#0 ( )=0
ni

i

ni

ni

#0 ( ) #0 ( ) #1 ( )
2
2
#1 ( )

#0 ( )

=

5n

i

This determines the running time of the algorithm.
For problem P3 , in ontrast to the algorithm given in the proof of Theorem 3.1
(see Subse tion 3.2), a vertex is olored \grey" if it is dominated by exa tly one
\bla k" vertex whi h either lies in the \ urrent" bag of the tree de omposition
algorithm or in one of its hild bags.
For problem P4 we an use appropriate ombinations of the arguments given
for problems P1 , P3 .
For problem P5 we an use appropriate ombinations of the arguments given
for problems P2 , P3 .
ut
Note that our updating te hnique whi h makes strong use of the monotoni ity
of the mappings involved yields a basis in the exponential term of the running
time whi h outperforms the results of Telle and Proskurowski. The orresponding
onstants qi0 for the above listed problems that were derived in [20, Theorem 4,
Table 1℄, and [21, Theorem 5.7℄ are q10 = 9, q20 = 16, q30 = 9, q40 = 9, and q50 = 16.
(See Table 2 for an overview.)

4.2 Weighted Versions of

Dominating Set

Our algorithm an be adapted to the weighted version of dominating set
(and its variants): Take a graph G = (V; E ) together with a positive integer
weight fun tion w : V ! N . The weight of a vertex set D  V is de ned as

P

w(v ). The weighted dominating set problem is the task to
v 2D
determine, given a graph G = (V; E ) and a weight fun tion w : V ! N , a
dominating set with minimum weight.
Only small modi ations in the bookkeeping te hnique used in Theorem 3.1
(or Theorem 4.1) are ne essary in order to solve the weighted version of dominating set (and its variations). More pre isely, we have to adapt the initialization (1) of the mappings Ai for the bag Xi = (xi1 ; : : : ; xi ) a ording to:
for all = ( 1 ; : : : ; n ) 2 f0; 0^; 1gn do

w(D) =

ni

Ai ( )
P



i

i

+1 if is lo ally invalid for Xi
w( ) otherwise;

(10)

where w( ) := nt=0; =1 w(xi ). The updating of the mappings Ai in Step 2 in
the algorithm of Theorem 3.1 (or Theorem 4.1) is adapted similarly.
i

t

4.3

t

Red-Blue Dominating Set

We nally turn our attention to the following version of dominating set, alled
red-blue dominating set5 ([11, Exer ise 3.1.5℄):
An instan e of red-blue dominating set is given by a (planar) bipartite
graph G = (V; E ), where the bipartition is given by V = Vred [ Vblue . The
question is to determine a set V 0  Vred of minimum size su h that every vertex
of Vblue is adja ent to at least one vertex of V 0 .
This problem is dire tly related to the fa e over problem (see [5, 11℄). A
fa e over C of an undire ted plane graph G = (V; E ) (i.e., a planar graph with
a xed embedding) is a set of fa es that over all verti es of G, i.e., for every
vertex v 2 V , there exists a fa e f 2 C so that v lies on the boundary of f . The
fa e over problem is the task to nd a minimum size fa e over for a given
plane graph.
The relation between fa e over and red-blue dominating set is as
follows. For an instan e G = (V; E ) of the fa e over problem, onsider the
following graph: Add a vertex to ea h fa e of G, and make ea h su h \fa e
vertex" adja ent to all verti es that are on the boundary of that fa e. These are
the only edges of the bipartite graph G0 = (V 0 ; E 0 ). Write V 0 = V [ VF , where
VF is the set of fa e verti es, i.e., ea h v 2 VF represents a fa e fv in G. In other
words, V and VF form the bipartition of G0 . Observe that G0 an be viewed as
an instan e of red-blue dominating set.

Theorem 4.2. Let a bipartite graph G = (V; E ) with bipartition V = Vred [
Vblue be given together with a tree de omposition of width k . Then, red-blue
dominating set an be solved in time O(3k n), where n is the number of nodes
of the tree de omposition.
5

Observe that red-blue dominating set is not a variant of dominating set in the
sense of the rst subse tion, be ause a solution V 0 is not a dominating set, sin e red
verti es annot and hen e need not be dominated by red verti es.

Proof. (Sket h) Basi ally, the te hnique exhibited in Theorem 3.1 (see Subse tion 3.2) an be applied. Due to the bipartite nature of the graph, only two
\states" have to be stored for ea h vertex: red verti es are either within the
dominating set or not (represented by olors 1red and 0red, respe tively), and
blue verti es are either already dominated or not yet dominated (represented by
olors 0blue and ^0blue , respe tively).
We onsider our bags as bipartite sets, i.e.,
Xi := Xi;red [ Xi;blue ;

where Xi;red := Xi \ Vred and Xi blue := Xi \ Vblue . Let ni;red := jXi;red j and
ni;blue := jXi;bluej, i.e., jXi j =: ni = ni;red + ni;blue .
The partial ordering  on the olor set C = Cred [ Cblue , where Cred :=
f1red; 0redg and Cblue := f0blue; ^0blueg, is given by ^0blue  0blue and d  d for all
d 2 C.
A valid oloring for Xi is a oloring where we assign olors from Cred to
verti es in Xi;red and olors from Cblue to verti es in Xi;blue . The various steps
of the algorithm for updating the mappings are similar to the ones given in the
algorithm of Theorem 3.1 (see Subse tion 3.2).
Again, the most ost-expensive part is the updating of a join node. For a
orre t updating of join nodes, we adapt the de nition of \divide" that appears
in the assignment (6) a ording to: For a valid oloring = ( 1 ; : : : ; n ) 2 C n
of Xi , we say that the valid olorings 0 = ( 01 ; : : : ; 0n ), 00 = ( 001 ; : : : ; 00n ) 2 C n
divide if
;

i

i

i

i

i

1.
2.

t
t

6= 0blue )
= 0blue )

(
(

0 ; 00 = ), and

0 ; 00 2 f0blue; ^0 blueg ^ 0 =
6 00 ) .
t

t

t

t

t

t

t

For a xed valid oloring that ontains z := #0blue ( ) many  olors 0blue , the
number of pairs that divide is 2z . Sin e there are 2n red n zblue many olorings
with #0blue ( ) = z , the total number of pairs that divide a xed oloring is
upper-bounded by
i;

ni;blue

X
z

=0

2n

i;red



ni;blue
z



2

z

=

2n

i;red

3

ni;blue

i;



3n :
i

This determines the running time of the algorithm. Note that in the worst ase,
for a bag Xi , we may have ni;red = 0 and ni;blue = ni .
ut

5 Con lusion
In this paper, we fo used on solving domination-like problems for graphs that
are given together with a tree de omposition of width k . We presented a new
\monotoni ity" argument for the usual dynami programming pro edure. This

Problem

 q

4
9
4
9
4
9
4
9
5
16
5
16
4
2
4
2
4
Table 2. Summary of our results (Theorems 3.1, 4.1, 4.2) and omparison with
previous work. The entries in the se ond olumn give the number  of olors used
(weighted) dominating set
independent dominating set
perfe t dominating set
perfe t ode
total dominating set
total perfe t dominating set
red-blue dominating set
vertex over
independent set

3
3
3
3
4
4
4
2
2

q0

in our dynami programming step. The third olumn gives the base q for our O(q k n)
time algorithm (k being the width of the given tree de omposition). The entries of the
fourth olumn give the orresponding base values q 0 of the so far best known algorithms
by Telle and Proskurowski [20, Theorem 4, Table 1℄, and [21, Theorem 5.7℄. The results
for vertex over and independent set an be obtained by a strategy similar to the
one for dominating set. However, in ontrast to the other problems, the up-dating
pro ess is straight forward and mu h less involved.

new strategy yields signi ant improvements over the so far best known algorithms. The results, and the orresponding improvements over previous work are
summarized in Table 2.
Observe that we obtained \base values" q whi h are at most  + 1, where 
denotes the number of olors needed in the dynami programming. The orresponding base values q 0 obtained by Telle and Proskurowski all are of the form
q 0 = 2 (see Table 2).
It remains a hallenge for future resear h whether the \base values" q in
Table 2 all an be lowered to mat h the orresponding value  of olors needed
in the dynami programming. For instan e, in the ase of dominating set we
only need three olors in the dynami programming tables, but the updating
pro ess so far invokes the exponential term 4k . Su h an improvement would
imply a signi ant speed-up of our software pa kage des ribed in [3℄.
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