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ABSTRACTWe investigate CPS translatability of typed �-aluli withindutive and oindutive types. We show that tenablePlotkin-style all-by-name CPS translations exist for sim-ply typed �-aluli with a natural number type and streamtypes and, more generally, with arbitrary positive indutiveand oindutive types. These translations also work in thepresene of ontrol operators and generalize for dependentlytyped aluli where ase-like eliminations are only allowedin non-dependent forms. No translation is possible along thesame lines for small �-types and sum types with dependentase.
Categories and Subject DescriptorsF.3.3 [Logis and Meanings of Programs℄: Studies ofProgram Construts|Funtional onstruts, Control prim-itives, Type struture; F.4.1 [Mathematial Logi andFormal Languages℄: Mathematial Logi|Lambda alu-lus and related systems, Proof theory
General Termstheory
Keywordsindutive and oindutive types, CPS translations, typed�-aluli, lassial logi and ontrol, dependent types
1. INTRODUCTION

BackgroundContinuation-passing style (CPS) is a style of programmingwell suited for program analyses and optimizations, so CPS�On leave from Inst. of Cybernetis, Tallinn TehnialUniversity, Akadeemia tee 21, EE-12618 Tallinn, Estonia,tarmo�s.io.ee.
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languages are ommonly used as intermediate languages inompilers, see, e.g., [3, 18℄. CPS translations are transfor-mations onverting programs into CPS terms. In a sem-inal paper [41℄, Plotkin de�ned all-by-value and all-by-name CPS translations for the untyped �-alulus and es-tablished some of their important properties. Felleisen etal. [17℄ extended the all-by value translation to also overtheir ontrol operator C. Meyer and Wand [32℄ showed thatPlotkin's all-by-value CPS translation is type-orret in asimply typed setting. GriÆn [23℄ noted that Felleisen's Ctypes with the double negation rule of lassial logi andshowed that both Felleisen's CPS translation and its all-by-name version orrespond to well-known embeddings oflassial logi into intuitionisti logi. Subsequently, typedCPS translations and orretness results have been givenfor more powerful typed �-aluli, see, e.g., [27, 28, 8℄, andapplied to the ompilation and optimization of typed lan-guages, see, e.g., [19, 44℄. GriÆn's disovery initiated a seriesof studies on the omputational ontent of lassial proofswhere CPS translations are a frequently employed tool, see,e.g., [13, 33, 38, 39, 34, 12, 4, 42, 24, 25, 35, 36, 6℄.Indutive and oindutive types, see, e.g., [31, 29, 20, 15,40℄, are syntati representations for initial algebras (suhas natural numbers and lists) resp. �nal oalgebras (suh asonatural numbers and streams) in typed �-aluli. Despitebeing pervasive in the type-theoretial literature on fun-tional languages and proof assistants, we are not aware ofany study of CPS translations for (o)indutive types.
ContributionThe purpose of this paper is to present CPS translations for(o)indutive types. Our ontribution is three-fold.First, we extend the typed version of Plotkin's all-by-name CPS translation to (o)indutive types. More pre-isely, we de�ne a type-preserving and redution-preservingCPS translation for ��;� , a simply-typed �-alulus withsum and produt types and positive indutive and oindu-tive types. A salient feature of our translation is that italso applies under � and �. This is required for the trans-lation to enjoy a substitution property for types and henefor saling it up for more powerful type disiplines suh aspolymorphism or higher-order polymorphism. One of thee�ets is that stritly positive (o)indutive types suh asNat = �Z: 1+Z get transformed into (double negations of)non-stritly positive ones suh as Nat = �Z: 1 + ::Z, f.[11℄.Seond, we onsider the CPS translation of ���;� , whih



extends ��;� with a ontrol operator � desribed in [42℄.Sine the CPS translation provides an embedding from lan-guages with ontrol to languages without ontrol, the targetlanguage remains ��;� . This allows us to use the translationto prove that every number-theoreti funtion representablein ���;� is also representable in ��;� , indiating one possi-ble line of appliation for CPS translations for (o)indutivetypes.Third, we study extensions of the suggested translationfor more powerful type disiplines. Building on [8℄, one anshow that the translation sales up to systems with depen-dent types. However, we prove that the translation is ex-tendable neither to small �-types nor to sum types with de-pendent ase. For the latter, we analyse Geuvers' [21℄ proofof inonsisteny of lassial logi in the Calulus of IndutiveConstrutions to onlude that the translation developed inthis paper, whih is the natural generalization of Plotkin'soriginal CPS translation, annot be extended to deal withdependent ase analysis.Besides, our results shed some light on the simulability ofindutive types by oindutive types and vie versa, f. [2℄,and the omputational ontent of ommuting redutions, f.[26℄.
Organization of the paperThe paper is organized as follows. In Setion 2, we re-view CPS translation of the standard extension of simplytyped �-alulus with sums and produts, empty and unittypes. In Setion 3, we generalize this for a soure languagewith natural numbers and streams. In Setion 4, we extendthese translations further to a system with general positive(o)indutive types. In all ases, we onsider a standardCPS translation and an alternative \de Morgan" versionin whih the CPS image of a sum type (resp. an indutivetype) is de�ned via a produt type (resp. a oindutive type).Further we show the translations to be type-preserving andredution-preserving.In Setion 5, we briey disuss extensions of the sys-tems introdued with ommuting onversions. In Setion6, we extend the soure language with a ontrol operator,and prove that the extended CPS is orret wrt. typingand onvertibility, and onlude that every number-theoretifuntion representable in the soure language is also repre-sentable in the target language (without ontrol).In Setion 7, we disuss generalizations of the transla-tion to the Calulus of Indutive Construtions (CIC). We�rst present the translation of the Calulus of Construtions(CC) and then disuss spei� type onstrutions of CIC.In Setion 8, we list some onlusions and diretions forfuture researh.
2. SIMPLY TYPED LAMBDA-CALCULUS

WITH SUM AND PRODUCT TYPESWe start by introduing �+;�, a simply typed �-aluluswith sum and produt types, an empty type and a unittype (in other words, a term alulus for full intuitionistipropositional logi) and looking at its CPS translation. Weuse it as a base for extensions we are interested in and asan instrutive example, sine sum and produt types areprototypial for indutive and oindutive types.The language of the system �+;� (types, objets) is given

by the grammarA;B;C ::= X j A! B j A1 +A2 j 0 j A1 �A2 j 1M;N; P ::= x j �x: M j N P j inl(M) j inr(M)j ase(N; u: P1; u: P2) j r(N)j hM1;M2i j hi j fst(N) j snd(N)The typing and redution rules of �+;� appear in Fig. 1.The most straightforward generalization of Plotkin's [41℄all-by-name CPS translation of � gives a translation of �+;�to itself. This is presented in Fig. 2 in a semi-optimized,\near-olon" version. There and elsewhere below, ? is a dis-tinguished type variable (for the answer type), :A is usedas shorthand for A ! ?. Numerous other generalizationsare possible. To demonstrate this, we look also at a variantwhere +, 0 are treated di�erently, derived from the intu-itionisti de Morgan laws :(A1+A2) �= :A1�:A2, :0 �= 1.This di�erent translation, with �� as the target alulus, isgiven in Fig. 3.Both translations are orret in the sense of preservingtyping and redutions. The proof hinges on a substitutionlemma.Lemma 1 (Substitution lemma).1. (a) ontJAK[ontJCK=:Z℄ = ontJA[C=Z℄K,(b) pstJAK[ontJCK=:Z℄ = pstJA[C=Z℄K.2. (a) (JMK:K)[psJP K=u℄�� JM [P=u℄K:(K[psJP K=u℄),(b) psJMK[psJP K=u℄�� psJM [P=u℄K.Proposition 1 (Corretness).1. If � ` M : A, then(a) pstJ�K ` K : ontJAK implies � ` JMK:K : ?,(b) pstJ�K ` psJMK : pstJAK.2. If M �� M 0, then(a) JMK:K �� JM 0K:K,(b) psJMK�� psJM 0K.
3. NATURAL NUMBERS AND STREAMSWe ontinue by CPS translating the simplest examples ofindutive and oindutive types: the natural number typeNat = �Z: 1 +Z and stream types Str(A) = �Z: A�Z. Tokeep the presentation simple, we equip the natural numbertypes with iteration and ase and stream types with oitera-tion and projetions (as opposed to, say, primitive reursionresp. primitive oreursion). The language of the system�Nat;Str is given by the grammarA;B;C ::= : : : j Nat j Str(A)M;N; P ::= : : : j o j s(M) j niter(N;Po; u: Ps)j nase(N; Po; u: Ps) j soit(M; y: Qh; y; Qt)j ons(Mh;Mt) j hd(N) j tl(N)The typing and redution rules are given in Fig. 4.Translating Nat and Str(A), we keep in mind the isomor-phisms Nat �= 1+Nat, Str(A) �= A�Str(A), proeed from thetranslations of +, � from Se. 2, and strive for preserving theisomorphisms. Suh translations are possible in terms of thetypes Nat = �Z: 1 + ::Z (modulo rejeting ::1 in favorof 1) and Str(A) = �Z: A�::Z, doubly negated modi�a-tions of Nat and Str(A). Note that while Nat, Str(A), just as



Typing rules: � ` x : C if (x : C) in � �; x : A ` M : B� ` �x: M : A! B � ` N : A! B � ` P : A� ` N P : B� `M : A1� ` inl(M) : A1 +A2 � `M : A2� ` inr(M) : A1 +A2 � ` N : A1 +A2 �; u : A1 ` P1 : C �; u : A2 ` P2 : C� ` ase(N; u: P1; u: P2) : C � ` N : 0� ` r(N) : C� ` M1 : A1 � ` M2 : A2� ` hM1;M2i : A1 �A2 � ` hi : 1 � ` N : A1 �A2� ` fst(N) : A1 � ` N : A1 �A2� ` snd(N) : A2�-redution rules: (�x: M) P ! M [P=x℄ase(inl(M); u: P1; u: P2) ! P1[M=u℄ase(inr(M); u: P1; u: P2) ! P2[M=u℄fst(hM1;M2i) ! M1snd(hM1;M2i) ! M2Figure 1: Typing and redution rules of �+;�Translation of types: pstJAK = :ontJAKontJXK = :XontJA! BK = :(pstJAK ! pstJBK)ontJA1 +A2K = :(pstJA1K+ pstJA2K)ontJ0K = :0ontJA1 �A2K = :(pstJA1K� pstJA2K)ontJ1K = :1Translation of objets: psJMK = �k: JMK:kJxK:K = x KJ�x: MK:K = K (�x: psJMK)JN P K:K = JNK:(�n: n psJP K K)Jinl(M)K:K = K inl(psJMK)Jinr(M)K:K = K inr(psJMK)Jase(N; u: P1; u: P2)K:K = JNK:(�n: ase(n; u: JP1K:K;u: JP2K:K))Jr(N)K:K = JNK:(�n: r(n))JhM1;M2iK:K = K hpsJM1K;psJM2KiJfst(N)K:K = JNK:(�n: fst(n) K)Jsnd(N)K:K = JNK:(�n: snd(n) K)JhiK:K = K hiTranslation of ontexts: pstJ�K = �pstJ�; x : CK = pstJ�K; x : pstJCKFigure 2: CPS translation of �+;�



Translation of types: ontJA1 +A2K = :pstJA1K� :pstJA2KontJ0K = 1Translation of objets: Jinl(M)K:K = fst(K) psJMKJinr(M)K:K = snd(K) psJMKJase(N; u: P1; u: P2)K:K = JNK:h�u: JP1K:K;�u: JP2K:KiJr(N)K:K = JNK:hiFigure 3: Alternative CPS translation of �+;�
Typing rules: � ` o : Nat � ` M : Nat� ` s(M) : Nat � ` N : Nat � ` Po : C �; u : C ` Ps : C� ` niter(N; Po; u: Ps) : C� ` N : Nat � ` Po : C �; u : Nat ` Ps : C� ` nase(N;Po; u: Ps) : C � ` M : D �; y : D ` Qh : A �; y : D ` Qt : D� ` soit(M; y: Qh; y: Qt) : Str(A)� ` Mh : A � ` Mt : Str(A)� ` ons(Mh;Mt) : Str(A) � ` N : Str(A)� ` hd(N) : A � ` N : Str(A)� ` tl(N) : Str(A)��redution rules: niter(o; Po; u: Ps) ! Poniter(s(M); Po; u: Ps) ! Ps[niter(M;Po; u: Ps)=u℄nase(o; Po; u: Ps) ! Ponase(s(M); Po; u: Ps) ! Ps[M=u℄hd(soit(M; y: Qh; y: Qt)) ! Qh[M=y℄tl(soit(M; y: Qh; y: Qt)) ! soit(Qt[M=y℄; y: Qh; y: Qt)hd(ons(Mh;Mt)) ! Mhtl(ons(Mh;Mt)) ! MtFigure 4: Typing and redution rules of �Nat;Str



any \normal" (o)indutive types are stritly positive, Natand Str(A) are non-stritly positive. The language of thesystem �Nat;Str is given by the grammarA;B;C = : : : j Nat j Str(A)M;N; P = : : : j o j s(M) j niter(N; Po; u: Ps)j nase(N; Po; u: Ps) j soit(M; y: Qh; y;Qt)j ons(Mh;Mt) j hd(N) j tl(N)The typing and redution rules for this system appear inFig. 5.The two translations of �+;� from Se. 2 lead to two trans-lations for �Nat;Str. The more straightforward translation isgiven in Fig. 6. The other is a derivate from the intuition-isti isomorphism :Nat �= Str(?), an instane of a gener-alization of the intuitionisti de Morgan law for indutivetypes. This translation, presented in Fig. 7, has �Str asthe target system. Observe that the seond translation ofNat is smoother. (In the �rst one, the lumsiness in therendering of niter is due to a misbalane in the number ofnegations; the bureauray marked by an underline replaesthree negations by one. In the seond translation, no suhmisbalane arises.)Again, both translations are orret.Proposition 2.1. If � ` M : A, then pstJ�K ` psJMK : pstJAK.2. If M �� M 0, then psJMK�� psJM 0K.Note that our seond translation provides a simulation ofan indutive type by a oindutive type, whih, however,only works, if the whole language is translated. This an beontrasted with the reent work [2℄ by Altenkirh on repre-senting funtion types with indutive domains as oindutivetypes.
4. GENERAL POSITIVE INDUCTIVE AND

COINDUCTIVE TYPESThe underlying idea behind the translation of Nat(A) andStr(A) extends to arbitrary positive indutive and oindu-tive types (with iterators and destrutors resp. oiteratorsand onstrutors as the elimination resp. introdution oper-ators). We now sketh this extension. Our soure system ofinterest is ��;� , an extension of �+;�. The language is givenby the grammarA;B;C ::= : : : j �Z: A j �Z: AM;N; P ::= : : : j inZ:A(M) j iter(N; u: P ) j in�1(N)j oit(M; y: Q) j out�1(M) j outZ:A(N)The raw types �Z: A, �Z: A are legal if A is positive wrt.Z, in whih ase an operator MapZ:A is de�ned suh that� ` M : A[D=Z℄ �; x : D ` P : C� ` MapZ:A(M;x: P ) : A[C=Z℄The typing and redution rules of ��;� appear in Fig. 8.Generalizing the translations of Se. 3, we arrive at twotranslations of ��;� , the �rst into ��;� , the seond into �� ;the seond translation draws on the isomorphism:�Z: A[:Z=Z℄ �= �Z::A. The translations are presentedin Figs. 9, 10. Note that here the seond translation of � iseven more smooth than the �rst than in the previous setion,

sine the �rst involves a map operator in the translation ofiter while the seond does not.Both translations are type-preserving; the preservation ofonvertibility depends on the exat de�nitions of the mapoperators.Inonvenienes with map operators are an inherent traitof aluli with positive (o)indutive types. These are over-ome in aluli with (o)reursors �a la Mendler [31, 30, 45℄where the positivity ondition an be dropped and the mapoperators are not needed in order to formulate the redu-tion rules. CPS translations of aluli with Mendler-style(o)indutive types will be disussed in the full version ofthe paper.
5. COMMUTING REDUCTIONSOptionally, the redution alulus of �+;� may be om-pleted with the so-alled ommuting redutions for +, 0.These areelim(ase(N; u: P1; u: P2)) ! ase(N; u: elim(P1); u: elim(P2))elim(r(N)) ! r(N)Here, elim(N) is a general notation for any elimination ob-jet with N as the main argument. In the ase of �+;�,this overs objet forms N P , ase(N; u: P1; u: P2), r(N),fst(N), snd(N). The two CPS translations are orret alsowrt. �-redutions; atually, they ollaps -redutions intoidentities. This fat may be interpreted as evidene in sup-port of the statement that ommuting redutions arry noomputational ontent. In [26℄, the same e�et was ahievedwith a more omplex CPS translation of �+;� to �.To �Nat;Str, one an add a ommuting redution for naseanalogous that for ase {elim(nase(N;Po; u: Ps))! nase(N; elim(Po); u: elim(Ps)){ and the orretness result extends. The ontroversial issueof ommuting redutions for niter and soit will be analysedin the full version of the paper.
6. CLASSICAL LOGICWe now onsider a ombination of indutive types withontrol. For the sake of simpliity, we only onsider naturalnumbers. We extend �Nat with a loal ontrol operator �introdued in [42℄.The language ��Nat is obtained from �Nat by adding anobjet form �x: N with the typing rule�; x : A! 0 ` N : 0� ` �x: N : Aa ommuting redution ruleelim(�x: N) ! �y: N [�z: y elim(z)=x℄and two further redution rules of a spei� nature�x: x N ! N if x 62 FV(N)�x: x �y: N ! �x: N [x=y℄We speak of both types of redutions as �-redutions. Therules presented strengthen those for r from Se. 2, so r isde�nable through �: r(N) = �x: N . From a logial view-point, the typing rule of � is the double negation rule, whihis the lassial elimination rule for falsum, whereas that of



Typing rules: � ` o : Nat � ` M : ::Nat� ` s(M) : Nat � ` N : Nat � ` Po : C �; u : ::C ` Ps : C� ` niter(N; Po; u: Ps) : C� ` N : Nat � ` Po : C �; u : ::Nat ` Ps : C� ` nase(N;Po; u: Ps) : C � ` M : D �; y : D ` Qh : A �; y : D ` Qt : ::D� ` soit(M; y: Qh; y: Qt) : Str(A)� ` Mh : A � ` Mt : ::Str(A)� ` ons(Mh;Mt) : Str(A) � ` N : Str(A)� ` hd(N) : A � ` N : Str(A)� ` tl(N) : ::Str(A)��redution rules: niter(o; Po; u: Ps) ! Poniter(s(M); Po; u: Ps) ! Ps[�k: M (�n: k niter(n; Po; u: Ps))=u℄nase(o; Po; u: Ps) ! Ponase(s(M); Po; u: Ps) ! Ps[M=u℄hd(soit(M; y: Qh; y: Qt)) ! Qh[M=y℄tl(soit(M; y: Qh; y: Qt)) ! �k: Qt[M=y℄ (�m: k soit(m; y: Qh; y: Qt))hd(ons(Mh;Mt)) ! Mhtl(ons(Mh;Mt)) ! MtFigure 5: Typing and redution rules of �Nat;StrTranslation of types: ontJNatK = :NatontJStr(A)K = :Str(pstJAK)Translation of objets: JoK:K = K oJs(M)K:K = K s(psJMK)Jniter(N;Po; u: Ps)K:K = JNK:(�n: niter(n;psJPoK; u: psJPsK[�k0: u �u0: u0 k0=u℄) K)Jnase(N;Po; u: Ps)K:K = JNK:(�n: nase(n; JPoK:K;u: JPsK:K))Jsoit(M; y: Qh; y: Qt)K:K = K soit(psJMK; y: psJQhK; y: �u0: u0 psJQtK)Jons(Mh;Mt)K:K = K ons(psJMhK;psJMtK)Jhd(N)K:K = JNK:(�n: hd(n) K)Jtl(N)K:K = JNK:(�n: tl(n) K)Figure 6: CPS translation of �Nat;StrTranslation of types: ontJNatK = Str(?)Translation of objets: JoK:K = hd(K)Js(M)K:K = tl(K) psJMKJniter(N; Po; u: Ps)K:K = JNK:soit(K; k0: JPoK:k0; k0: �u: JPsK:k0)Jnase(N; Po; u: Ps)K:K = JNK:ons(JPoK:K;�u: JPsK:K)Figure 7: Alternative CPS translation of �Nat;Str



Typing rules: � ` M : A[�Z: A=Z℄� ` inZ:A(M) : �Z: A � ` N : �Z: A �; u : A[C=Z℄ ` P : C� ` iter(N; u: P ) : C � ` M : �Z: A� ` in�1(M) : A[�Z: A=Z℄� ` M : D �; y : D ` Q : A[D=Z℄� ` oit(M; y: Q) : �Z: A � ` N : A[�Z: A=Z℄� ` out�1(N) : �Z: A � ` N : �Z: A� ` outZ:A(N) : A[�Z: A=Z℄�-redution rules: iter(inZ:A(M); u: P ) ! P [MapZ:A(M;n: iter(n; u: P ))=u℄in�1(inZ:A(M)) ! MoutZ:A(oit(M; y: Q)) ! MapZ:A(Q[M=y℄;m: oit(m; y: Q))outZ:A(out�1(M)) ! MFigure 8: Typing and redution rules of ��;�
Translation of types: ontJ�Z: AK = :�Z: pstJAKontJ�Z: AK = :�Z: pstJAKTranslation of objets:JinZ:A(M)K:K = K inZ:pstJAK(psJMK)Jiter(N; u: P )K:K = JNK:(�n: iter(n; u: psJP K[MapZ:pstJAK[Z=::Z℄(u; x: �k0: x (�x0: x0 k0))=u℄) K)Jin�1(N)K:K = JNK:(�n: in�1(n) K)Joit(M; y: Q)K:K = K oit(psJMK; y:MapZ:pstJAK[Z=::Z℄(psJQK; x: �u0: u0 x))Jout�1(M)K:K = K out�1(psJMK)JoutZ:A(N)K:K = JNK:(�n: outZ:pstJAK(n) K)Figure 9: CPS translation of ��;�
Translation of types: ontJ�Z: AK = �Z: :pstJAK[Z=:Z℄Translation of objets: JinZ:A(M)K:K = outZ::pstJAK[Z=:Z℄(K) psJMKJiter(N; u: P )K:K = JNK:oit(K; k0: �u: JP K:k0)Jin�1(N)K:K = JNK:out�1(�x: x K)Figure 10: Alternative CPS translation of ��;�



r is its intuitionisti ounterpart, Ex falsum quodlibet. Inprogramming terms, �x: x N may be read as ath x in Nand r(x N) as throw x N .Extending the translation of Se. 3 with the lauseJ�x: NK:K = (JNK:(�n: r(n)))[�h: h �j: �i: j K=x℄gives a CPS translation from ��Nat to �Nat (with intuition-isti falsum). It is straightforward to prove the orretnessof the extended CPS translation. Here, only onvertibilityis preserved.Proposition 3.1. If � ` M : A, then pstJ�K ` psJMK : pstJAK.2. If M =�� M 0, then psJMK =� psJM 0K.As an illustration of the appliability of the translation,we show how it is possible to use its orretness to provethat every number-theoreti funtion representable in ��Natis also representable in �Nat;Nat .De�nition 1. Let � be a ongruene on the objets of atyped �-alulus, A be a losed type and j:j a mapping fromN to losed objets of type A. A funtion f : N ! N is(�; A; j:j)-representable if there exists a derivable judgmentx : N ` e : N suh that, for every n 2 N, we have e[jnj=x℄ �jf nj.In ��Nat, the traditional oding for N is Nat with d0e = oand dn+ 1e = s(dne), whereas, in �Nat;Nat , there is anotherpossible oding, namely Nat with V0W = o and Vn+ 1W =s(�k: k VnW). In order to establish the representabilitytheorem, we must �rst relate the two representations. Inthe seond item below, we set ? (an unspei�ed type thusfar) to be Nat.Lemma 2.1. For every n 2 N, we have psJdneK = VnW;2. Let ? = Nat. There exist i : Nat ! Nat and j : Nat !Nat suh that for every n 2 N, we have iVnW =� dneand jdne =� VnW.Proof sketh. In (2), the onversion funtions i and jare i = �x: niter(x; o; u: s (u (�z: z)))j = �x: niter(x; o; u: s (�k: k u))We now turn to the representation theorem.Theorem 1. Every funtion f : N ! N that is (=��;Nat;d:e)-representable in ��Nat is (=�;Nat; d:e)-representable in�Nat;Nat .Proof sketh. The proof proeeds in two steps. Firstone shows that every funtion f : N ! N that is (=��;Nat; d:e)-representable in ��Nat is (=�;Nat; V:W)-represent-able in �Nat;Nat Then it remains to show that, in �Nat;Nat , ev-ery funtion that is (=�;Nat; V:W)-representable in �Nat;Natis also (=�;Nat; d:e)-representable.

7. CALCULUS OF INDUCTIVE CONSTRUC-
TIONSIn [8℄, Barthe, Hatli� and S�rensen showed how the typedversion of Plotkin's all-by-name CPS translation sales upfor a large lass of Pure Type Systems inluding the Cal-ulus of Construtions (CC) and therefore also all smallersystems of Barendregt's �-ube [5℄. For tehnial simpli-ity, most of their work is ast in the framework of domain-free Pure Type Systems [9℄, a variant of Pure Type Systemswhere �-abstrations do not arry the domain of their boundvariable, i.e., are of the form �x: M , in opposition to thestandard, domain-full variant.In this setion, we examine whether the translation of CCfrom [8℄ and Setions 3, 4 are ompatible and an be om-bined and generalized to yield, in partiular, a CPS transla-tion for the Calulus of Indutive Construtions (CIC) [40,46℄, the base system of the Coq proof assistant. It turns outthat the translations are ompatible and an be ombined,but only yield a CPS translation for a fragment of CIC. Inpartiular, we show that small �-types and sum types withdependent eliminations annot be CPS translated.

7.1 Calculus of ConstructionsWe adopt a strati�ed presentation of domain-free CC wherea distintion is made between (raw) kinds, onstrutors,and objets at the syntax de�nition level. The languageof domain-free CC (kinds, onstrutors, objets) is given bythe grammarS; T ::= ? j �x : A: T j �X : S: TA;B;D ::= X j �x: A j B P j �X: A j B Dj �x : A: B j �X : S: BM;N; P ::= x j �x: M j N P j �X: M j N DThe typing rules are given in Fig. 11. Beause of the strat-i�ation, the presentation is slightly more verbose than thosebased on Pure Type Systems [5℄, but nevertheless equiva-lene between the two an be shown easily.The CPS translation of domain-free CC from [8℄ is givenin Fig. 12.The translation preserves typing and redutions.Proposition 4 ([8℄).1. If � ` a : b, then pstJ�K ` psJaK : pstJbK;2. If a�� a0, then psJaK�� psJa0K.It is straightforward to show that the orretness of thetranslation is preserved, if CC is extended with sums, prod-uts, positive indutive and oindutive types in the \non-dependent" forms introdued in previous setions. Stronger,\dependent" versions of these onstrutions, in ontrast,raise a number of diÆulties. These are disussed below.
7.2 Sigma-typesFirst, it is not possible to CPS translate small �-typesalong the same lines as produt types. Consider CC ex-tended with small �-types. The extended alulus featuresa new onstrutor form �x : A: B and new objet forms



� ` a : s�; x : a ` x : a � ` a : b � `  : s�; x :  ` a : b � ` a : b � ` b0 : s b =� b0� ` a : b0 � ` ? : 2�; x : A ` B : ?� ` (�x : A: B) : ? �; x : A ` M : B� ` �x: M : �x : A: B � ` N : (�x : A: B) � ` P : A� ` N P : B[P=x℄�; X : S ` B : ?� ` (�X : S: B) : ? �; X : S ` M : B� ` �X: M : �X : S: B � ` N : (�X : S: B) � ` D : S� ` N D : B[D=X℄�; x : A ` T : 2� ` (�x : A: T ) : 2 �; x : A ` A0 : T� ` �x: A0 : �x : A: T � ` B : (�x : A: T ) � ` P : A� ` B P : T [P=x℄�; X : S ` T : 2� ` (�X : S: T ) : 2 �; X : S ` A : T� ` �X: A : �X : S: T � ` B : (�X : S: T ) � ` D : S� ` B D : T [D=X℄Figure 11: Typing rules for domain-free Calulus of Construtions
Objets psJMK = �k: JMK:kJxK:K = x KJ�x: MK:K = K (�x: psJMK)JN P K:K = JNK:(�n: n psJP KK)J�X: MK:K = K (�X: psJMK)JN DK:K = JNK:(�n: n psJDKK)Construtors pstJAK = ::psJAKpsJXK = XpsJ�x: AK = �x: psJAKpsJB P K = psJBK psJP KpsJ�X: AK = �X: psJAKpsJB DK = psJBK psJDKpsJ�x : A: BK = �x : pstJAK: pstJBKpsJ�X : S: BK = �X : pstJSK: pstJBKKinds pstJSK = psJSKpsJ?K = ?psJ�x : A: T K = �x : pstJAK: pstJT KpsJ�X : S: T K = �X : pstJSK: pstJT KBox pstJ2K = 2Contexts pstJ�K = ? : ?pstJ�; x :CK = pstJ�K; x :pstJCKpstJ�; X :KK = pstJ�K; X :pstJKKFigure 12: CPS translation of domain-free Calulus of Construtions



hM1;M2i, fst(N), snd(N). The typing rules are� ` A : ? �; x : A ` B : ?� ` �x : A: B : ?� ` M1 : A � ` M2 : B[M1=x℄� ` hM1;M2i : �x : A: B� ` N : �x : A: B� ` fst(N) : A � ` N : �x : A: B� ` snd(N) : B[fst(N)=x℄and the �-rules are the obvious ones.We would like to setpsJ�x : A: BK = �x : pstJAK: pstJBKand JhM1;M2iK:K = K hpsJM1K;psJM2KiJfst(N)K:K = JNK:(�n: fst(n) K)Jsnd(N)K:K = JNK:(�n: snd(n) K)It is routine to hek that the translation preserves re-dution. But it does not preserve typing and the problemarises with the seond projetion. Indeed, onsider a ruleappliation � ` N : �x : A: B� ` snd(N) : B[fst(N)=x℄and assume that the translation property holds for the pre-miss, i.e.,pstJ�K ` psJNK : ::�x : pstJAK: pstJBKThe translation property for the onlusion ispstJ�K ` �k: psJNK (�n: snd(n) k) : pstJB[fst(N)=x℄KFor this to hold, we must (by suessive appliations of gen-eration) havepstJ�K; k : :psJB[fst(N)=x℄K; n : �x : pstJAK:pstJBK` snd(n) : pstJB[fst(N)=x℄Kwhih is not the ase.The diÆulty of CPS translating �-types seems losely re-lated to the diÆulties of extrating the onstrutive ontentof the axiom of hoie, see, e.g., [10℄.Small �-types with small non-dependent split instead ofprojetions, on the other hand, are unproblemati. Insteadof objet forms fst(N), snd(N), they ome with an objetform split(N; (x; u): P ) with the typing rule� ` N : �x : A: B � ` C : ? �; x : A;u : B ` P : C� ` split(N; (x; u): P ) : Cand the �-redution rulesplit(hM1;M2i; (x; u): P ) ! P [M1;M2=x; u℄The CPS translation is:Jsplit(N; (x; u): P )K:K= JNK:(�n: split(n; (x; u): psJP K) K)Also unproblemati for CPS translation are large �-types,i.e. types �x : A:T . (Types �x : T: B are inonsistent.)

7.3 Sum typesAnother extension for whih CPS translating fails is sumtypes in their dependent version, i.e., with dependent elim-inations. More generally, this failure applies to the depen-dent version of any type onstrutions with ase-like elimi-nations (olimit-like types), e.g., natural numbers with de-pendent primitive reursion or �-types with dependent split.Let CC+ stand for CC extended with a onstrutor formA+B and objet forms inl(M), inr(M), ase?(N; u: P1; u: P2)and ase2(N; u: P1; u: P2). The typing rules are� ` A : ? � ` B : ?� ` A+B : ?� ` M : A� ` inl(M) : A+B � ` M : B� ` inr(M) : A+B� ` N : A+B�; x : A+B ` C : ?�; u : A ` P1 : C[inl(u)=x℄�; u : B ` P2 : C[inr(u)=x℄� ` ase?(N; u: P1; u: P2) : C[N=x℄� ` N : A+B�; x : A+B ` T : 2�; u : A ` P1 : T [inl(u)=x℄�; u : B ` P2 : T [inr(u)=x℄� ` ase2(N; u: P1; u: P2) : T [N=x℄and the �-redution rules are the obvious ones.Just as in the previous subsetion with �-types, it is easyto verify that the obvious andidate CPS translation ignor-ing large ase fails to be type-orret; moreover, for largease, even onstruting a reasonable andidate CPS oun-terpart fails. But one an atually prove a risp result: notype-orret CPS translation for CC+ an exist extendingthat for CC.Reall that in CC, a lassial operator is inonsistent withdependently eliminated sum types, see e.g., [14, 21℄. Indeed,suh a ombination allows one to onstrut a retrat pairfrom ? to the type 1 + 1 of booleans. In CC�+, the type�X : ?: X + (X ! 0) is inhabited bylem = �X: �x: x inr(�z: x inl(z))The two funtions � : Bool ! ?, E : ? ! Bool forming theretrat pair are� = �x: ase2(x; u: 1; u: 0)E = �X: ase?(lem X; u: inl(hi); u: inr(hi))The proofs p1 : �X : ?: X ! � (E X), p2 : �X : ?: � (E X)!X showing that � and E give a retrat pair indeed arep1 = �X: �x: ase?(lem X; u: hi; u: u x)p2 = �X: ase?(lem X; u: �x: u; u: �x: r(x))Further, T. Coquand [14℄ shows that retrat pairs from ? toa small type yield an inonsisteny in CC. Hene CC�+ isinonsistent.Beause of the inonsisteny, there is a losed objet Min CC�+ suh that ` M : 0. Now, if a type-orret CPStranslation existed for CC+ and therefore also for CC�+,then, in CC+, we would have? : ? ` psJMK(�z: r(z)) : ?



whih ontradits its onsisteny.In a reent paper [22℄, H. Geuvers proved a similar result,namely the non-derivability of indution priniples in �P2.Despite being lose in spirit, the results are unrelated, sinewe work in a type system with indutive types and Geuversdoes not. In fat, he shows expliitly that his tehniquesannot be adapted immediately to yield non-derivability re-sults for type systems with indutive types and dependentase analysis.
7.4 SummarySumming up, the CPS translation of arrow types salessmoothly up for �-types, but those of produt and sum donot extend for small �-types in their strong version and sumtypes with dependent eliminations. Further we have shownthat the CPS translation for the �-ube does not admit anytype-orret extension to sum types with dependent elimi-nation. To onlude this setion, we would like to ontrastour results with [47℄, where H. Xi and C. Sh�urmann provethe orretness of a CPS translation for DML, and with[43℄, where Z. Shao and oauthors prove the orretness ofa CPS translation for TL. In these papers, the type systemsunder onsideration have onsiderable expressive power, butare not \deeply" dependently typed. In partiular, DML in-dexes have no omputational role and DML funtions annotbe de�ned by dependent ase analysis.
8. CONCLUSIONThis paper highlights a number of important harateris-tis of CPS translations for (o)indutive types.On the positive side, we showed that feasible CPS transla-tions exist for (o)indutive types in simply typed �-aluliand, moreover, they funtion in the presene of ontrol op-erators and generalize for dependently typed aluli wherease-like eliminations are only allowed in non-dependent forms.On the negative side, we showed that no CPS translationalong the standard lines an be de�ned for the full Calulusof Indutive Construtions, as the projets fails for small�-types and sum types with dependent ase analysis.Issues for further type-theoretial study inlude CPS trans-lations for alternative formulations of (o)indutive typessuh as (o)indutive types with reursors �a la Mendler,ommuting redutions, diret-style (DS) translations andorrespondenes in the style of [7℄, but also the impliationsof our study for program extration.The pratial impliations of our results remain to be in-vestigated, but we believe that our analysis an be of in-terest for pratitioners interested in the use and design and(dependently) typed programming languages.
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