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Abstract—A nonlinear multiscale pyramidal transform based
on nonoverlapping block decompositions using the median operation and a polynomial approximation is considered. It is shown that
this structure can be useful for denoising of one– and two-dimensional (1-D and 2-D) signals. Various denoising techniques are analyzed, including methods based on spatially adaptive thresholding
and partial cycle-spinning algorithms. An analytical method for
deriving the distribution function of the transform coefficients is
also presented. This, in turn, can be used for the selection of thresholds for denoising applications.
Index Terms—Denoising, multiresolution, nonlinear filter, pyramidal transform.

I. INTRODUCTION

I

N recent years, multiscale techniques have been popular in
many signal and image processing applications. Some directions in this field have focused on pyramidal transforms [1]–[6].
A number of applications based on such transforms have been
proposed in compression [3], [7], coding [1], [8], [9]–[11], and
denoising [5], [6], [12]–[14].
In the pyramidal decomposition scheme, a signal is successively decomposed into a decimated “lowpass” version and a
signal containing residual information [1], [5]. This residual
signal is computed as a difference between the signal on a finer
scale and the interpolated signal from a coarser scale. An important distinguishing feature of such a scheme is its overcompleteness, which means that the size of the transform coefficients is
larger than the size of the initial signal. The framework of pyramidal decomposition allows the construction of multiresolution
structures based on a variety of nonlinear operations, resulting
in a rich set of efficient tools for many applications.
For example, in [2] and [5], the techniques of design of morphological pyramids are described. In [3], the distance orderstatistic filter is used as a basis for the pyramidal transform.
In [5] and [7], the pyramidal median transform (PMT) is proposed with applications to astronomical image processing. Another example of a pyramid using the median operation is the
median-interpolating pyramid transform (MIPT) [6], [15]. It not
only utilizes median filtering but also makes use of a nonlinear
interpolation based on median imputation [6]. Multiscale structures can be based on critically sampled nonlinear multiresoManuscript received August 16, 1999; revised October 24, 2000. The associate editor coordinating the review of this paper and approving it for publication
was Dr. Kenneth Kreutz-Delgado.
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lution schemes. For example, one such scheme is proposed in
[16].
In this paper, we consider a block-median pyramidal transform based on a nonoverlapping block decomposition and polynomial interpolation [17]. For this transform, the median filter
used at the decomposition stage is applied to nonoverlapping
blocks only. The outputs of the median operation, applied iteratively, constitute the signals at consecutive scale levels.
One direction of our work deals with the application of pyramidal transforms for noise removal. Techniques of pyramidal
denoising are similar to those in wavelet-based methods. In
order to remove noise, they use the thresholding of transform
coefficients [5], [6]. For wavelet techniques, this field of application is well studied. At the same time, pyramidal techniques,
being less popular than their wavelet counterparts, require more
detailed investigation and analysis.
For example, an important problem connected with the
applications of pyramidal transforms is the analysis of statistical properties of the transform coefficients [6]. For the
block-median pyramidal transform, we present an analytical
method for deriving the probability distribution of transform
coefficients. This, in turn, permits us to make an appropriate
choice of threshold values for denoising.
In addition to hard and soft thresholding, we also consider
other denoising techniques based on partial cycle-spinning algorithms and local adaptation. Cycle-spinning algorithms provide
a shift-invariance property of multiscale transforms and are successfully used for wavelet denoising [18]. The proposed local
adaptation permits different treatment of details and homogeneous regions of the image in the pyramidal transform domain.
In Section II, we give a detailed description of the block-median pyramidal transform (BMPT). Section III is devoted to the
analysis of statistical properties of transform coefficients. Finally, the methods of denoising using pyramidal transforms are
analyzed in Section IV.
II. BLOCK-MEDIAN PYRAMIDAL TRANSFORM
A general structure of pyramidal transforms, consisting of
decomposition and reconstruction stages, is depicted in Fig. 1
for two levels of decomposition. It is seen from Fig. 1 that the
on some scale level
filter operator is applied to signal
followed by downsampling by . This constitutes the shrunk
at the next, coarser scale
. Clearly, the
signal
size of the signal on each successive scale is reduced by . Afand the interpolation operator are
terwards, upsampling by
. The difused to predict the data on scale from scale
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Algorithm 1: BMPT Decomposition
1) Let
represent the signal on scale level . Start with
, which is the original signal
of size
.
into nonoverlapping blocks of size .
2) Divide
on scale
is obtained by applying
3) The signal
.
the median operator to each nonoverlapping block of
to make the prediction
of the
4) Interpolate
signal on scale .
5) Compute and store the differences
.
. If
(
), go to 2.
6) Let
7) Collect the set of transform coefficients, where
.

Fig. 1. General stucture of a pyramid transform.

ferences between the actual and predicted values are calculated
. Further decomposiand stored as the residual signal
tion is achieved by iterating this process.
The described structure generalizes the majority of
well-known pyramidal transforms with perfect reconstruction
ability, such as the Laplacian pyramid [1] and the PMT [5]. The
Laplacian pyramid proposed for image processing uses a linear
FIR filter with appropriate weights both as the filter operator
and the interpolator. In that case, the downsampling/upsamis equal to 4, i.e., the horizontal and vertical
pling factor
image dimensions are reduced twofold from finer scales to
coarser scales. The PMT is a nonlinear pyramidal transform
that uses the median filter as the filter operator and splines as
interpolators. The PMT was proposed for the 2-D case with
.
However, some pyramids cannot be represented in such a way
as in Fig. 1. For example, in the iterative median pyramid transform [4], the signal at the output of the median filter, before
downsampling, is used as the prediction from coarser to finer
scales. Thus, perfect reconstruction is not possible in this case.
is needed in order to
In the MIPT [6], the initial signal
obtain the shrunk signal at each scale level. More precisely, the
signal at each scale is obtained by using the median operation
. Clearly, the size of these
over nonoverlapping blocks of
blocks increases with each scale level. The interpolator for the
MIPT is based on a nonlinear procedure called median imputation. However, as mentioned in [15], this interpolation can be
well approximated by linear Lagrange interpolation. The MIPT
has a triadic structure, which means that for 1-D signals, the
is equal to 3.
downsampling/upsampling factor
Below, we consider the BMPT based on nonoverlapping
blocks of the data. In contrast to the MIPT, it can be represented
using the general structure in Fig. 1. Algorithms 1 and 2
describe the decomposition and reconstruction parts of this
transform. The BMPT lends itself to fast implementation. There
is no need to calculate the filter outputs for the entire signal
and then decimate it. Instead, one can collect only the outputs
of the filter applied to nonoverlapping blocks of the signal.

Algorithm 2: BMPT Reconstruction
.
1) Let
to make the prediction
2) Interpolate
.
signal on scale
is obtained by
3) The signal on scale
.
. If
, go to 2.
4) Let
.
5) Let

of the

of transform coefficients for the BMPT as well as
The size
for the general pyramidal transform depicted in Fig. 1 depends
and the number of decomposition levels
. If
on the factor
is equal to
, then we have
the size of the initial signal

(1)
Small decimation rates permit one to decompose the signal into
a larger number of resolution levels. Consequently, it leads to
more accurate separation of the signal details from scale to scale.
On the other hand, larger downsampling/upsampling rates lead
to a decrease in the transform size for a given signal of preand the length of
scribed length. For example, when
, then
when
is
the initial signal is
and
, we have
large. At the same time, for
, indicating a larger size of transform coefficients
with respect to the initial signal length. This is one reason we
favor the use of large decimation rates [9]. Overcompleteness of
pyramidal transforms, being a problem for coding, has little or
no impact in denoising applications. Moreover, one could use
“nondownsampled” multiscale transforms such as those proposed in [5] and [19].
.
Let us first consider the BMPT for the 1-D case when
is obtained by using the median
The shrunk signal at scale
on scale .
operation over triadic blocks of the signal
Analytically, it can be expressed as
med

(2)

. For the purpose of defining the inwhere
terpolating polynomial and without loss of generality, we may
define an arbitrary time axis. For simplicity, let us associate time
with
and times
with
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, respectively. Consider a second-order poly-

which passes through points
,
. Using this polynomial, we make a prediction of
,
, and
on level .
the points
Specifically

After solving for the coefficients of
, the interpolator makes
to the th scale as follows:
the prediction from scale

Fig. 2. Relationships between two consecutive shrunk signals. Shrunk signal
(squares);
values at scale k (circles); shrunk signal values at scale k
prediction values from scale k
to scale k (crosses); polynomial interpolation
(dashed line).

+1

+1

(3a)
(3b)
(3c)
. Formulas (3a)–(3c) can be
where
rewritten in a general expression, depending on the parameters
as

(4)
and
. Fig. 2 illustrates
where
the above relationships between shrunk signals at scale levels
and
as well as residual signal values and polynomial
interpolation.
The border effects are not accounted for in (3a)–(3c) and (4).
For example, one can assume
Fig. 3. “Doppler” signal decomposition using BMPT.

and

An example of the decomposition of the “Doppler” signal using
the BMPT is presented in Fig. 3.
The BMPT can easily be adapted for image processing applications [20] by applying the median operation to 2-D nonoverlapping blocks of size and using Lagrange interpolation [21].
be the 2-D signal of size
. For
Let
, the shrunk signal on scale
can be
example, if
written as
med
where
erator from scale
by

(5)

. In this case, the interpolation opto scale can be represented generally

(6)

where
,
, and
are the
parameters calculated beforehand using the Lagrange interpolation formula [21].
III. PROBABILITY DISTRIBUTION OF TRANSFORM
COEFFICIENTS OF BMPT
Ultimately, the BMPT is intended for noise reduction. In
order for us to understand the BMPTs ability to suppress
noise, we must analyze the statistical characteristics of the
decomposition of the noise itself, which is assumed to be
comprised of i.i.d. random variables. We stress, however, that
such an assumption in no way implies any restrictions on the
model of the uncorrupted signal.
In this section, we describe a procedure for analytically determining the probability distribution of the transform coefficients
of the BMPT. Because of the above considerations, the input
to the BMPT is modeled as a sequence of i.i.d. random variwith distribution
. The cumulative distribuables
tion function (cdf) of the shrunk signal at each scale level can
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be easily derived from the distribution function of the signal on
by using the formula [22, p. 65]
scale level
(7)

In order to compute
, we use the
well-known formula for the joint distribution of the outputs of two stack filters having i.i.d. inputs with distribution
[24]:

Pr
Our goal is to compute the cdf
of the residual signal
on each scale level . Using the
as
general interpolator in (4), we can express

(10)
where

(8)
, parameter

where

and
Hamming weight of ;
complement of ;
pointwise product of and ;
window width of the stack filters, which is equal to
the block size.
. By direct application of (10), we find that
In this case,
and
is equal to
the joint cdf of

, and

To make the above relationships more clear, see Fig. 2. The
nonoverlapping nature of this pyramidal transform ensures us
that the shrunk signals on each scale level will consist of i.i.d.
and
are
random variables. It is clear that
independent random variables for any given .
Let us begin by deriving the probability density functions
and
of random variables
and
.
These densities are obtained by a simple linear transformation
and are found to be
from random variable

and the joint pdf becomes

(11)
where
.
The next step is to calculate the pdf of random variable
by introducing an auxiliary variable
(9)
This

involves

the

calculation of the joint density
between random variables
and
for
. In other words, this is the joint
density between two corresponding shrunk signal values on
. Note that the Jacobian of
consecutive scale levels and
to
is
the transformation from
and
equal to 1. We begin by expressing
as outputs of different stack filters
and
with the
are three identity filters
same inputs [23]. Specifically,
and
is the median filter
for

where the last equality in (11) is obtained by using (7). Note
does not
that the obtained joint distribution
, we substitute (11) into (9).
depend on . To obtain
on
Finally, the pdf of the values of the residual signal
each scale level can be obtained by convolving the densities
and
since they are independent.
of

The cumulative distribution is then

As an example, Fig. 4 shows the pdfs of the input signal
,
and of the
which is Normal (0,1), of the shrunk signal
.
residual signal
IV. DENOISING APPLICATIONS OF BMPT
A. Thresholding of Transform Coefficients

med

As in many other multiresolution techniques, the algorithms
of pyramidal denoising are based on a thresholding procedure

368

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 2, FEBRUARY 2001

to the pure noise input signal [15], [25]. The noise is assumed
to be white and additive. In particular, we can choose the “hard”
threshold ,
on each scale level so that the probexceeding it is at
ability of the transform coefficients
being white
most equal to some probability for the case of
noise with some given probability distribution [6], that is
Pr

(14)

The soft and hard thresholding schemes can be applied for
denoising using the introduced block-median pyramidal transform. Moreover, the statistical results obtained in Section III
give the possibility of analytically determining the “hard” and
“soft” thresholds for the BMPT. Rewriting (14) using the disof the residual signal values on scale , we
tribution
obtain
Fig. 4. The pdfs f
(t)
and f
(t) (solid line).



N (0;

1) (dotted line),

f

(t) (dashed line),

of the transform coefficients. Generally, the denoising algorithm
has the following three steps.
by
1) Obtain the set
applying the pyramidal decomposition algorithm to noisy
data.
to the residual signal
2) Apply a thresholding operator
.
values
3) Invert the pyramidal transform by applying the pyramidal
reconstruction algorithm to the set of thresholded coeffi.
cients
The simplest and the most widely used thresholding operators
make use of the so-called hard and soft thresholding schemes
[6], [25]. The hard thresholding scheme can be described by the
function

(15)
Now, one can derive the “hard” thresholds ,
by solving (15) using the technique described in Section III for
.
calculating the distribution
Another possibility is to select the thresholds by estimating
of the noise at each scale [7]. The
the standard deviation
,
“hard” thresholds in this case are calculated as
where is a parameter, which is typically between 2 and 4.
. In
The “soft” thresholds can also be set, depending on
particular, for the BMPT, we propose to set the thresholds close
, i.e.,
. Therefore, we have to evaluate
to the value
on each scale level. For
the values of the standard deviation
the BMPT, it can be done using the expression

(12)
B. Spatially Adaptive and Hybrid Denoising Techniques
is a fixed threshold on scale . The hard threshwhere
olding procedure assumes that the transform coefficients with
can be considered as the ones
amplitudes smaller than
corresponding to noise and, hence, can be set to zero. The
threshold controls the degree of noise reduction.
The soft thresholding operator is expressed as a function depending on the threshold in the following way:

sign

(13)

In [25], it is shown that wavelet denoising based on the soft
thresholding scheme obtains a near optimal recovery of noisy
data for a wide range of smoothness classes. A method of
choosing a fixed threshold based on the standard deviation of
noise is also proposed.
One approach to threshold selection is to make use of statistical characteristics of the transform coefficients corresponding

The considered hard and soft thresholding schemes are effective in many situations. However, adaptive thresholding rules
can significantly improve the efficiency of denoising. They
permit one to adapt to both noise and signal characteristics.
One way to build an algorithm based on such rules is to vary
the characteristics of the thresholding operator in accordance
with the value of an adaptation parameter calculated for every
location at each scale level. Many well-known spatially adaptive denoising techniques can be represented in this context.
The adaptation in multiscale transform domain is often based
on either the derivation of local statistics of the signal in
the transform domain [14], [26]–[28] or the application of
multiscale edge detector operators [29].
We propose to calculate the values of a local activity indicator
(LAI) at each location on each scale. The LAI reflects a spatial
variability of a signal. In other words, the larger the value of
the LAI, the more details are present in the signal at a given
location. Local statistics, such as the local variance, can be used
as the LAI.
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Let us introduce the scale dependent LAI for 1-D signal
based on the local variance and the BMPT with downsampling
by 3 as

(16)

and
is the window size
where
for local variance calculation. In other words, the values
on scale represent the local variance calculated over the shrunk
on the previous scale
. The size of the signal
signal
and the residual signal
coincide. At this point, the
BMPT-based adaptive denoising can use a thresholding operation with spatially varying thresholds, depending on the values
. In particular, a simple adaptive thresholding is obtained
by the function

Fig. 5. One-dimensional test signals.

TABLE I
RESULTS OF NUMERICAL SIMULATIONS FOR GAUSSIAN NOISE (

= 3)

(17)
where is the threshold parameter. It is demonstrated in Section IV-D that this thresholding procedure is effective when applying BMPT-based denoising.
Finally, it should be mentioned that different thresholding
schemes can be combined together into a hybrid structure. For
example, there exist wavelet-based and locally adaptive transform-based algorithms, which result in improvement of the detail preservation as well as robustness to outliers [30].

TABLE II
RESULTS OF NUMERICAL SIMULATIONS FOR LAPLACIAN NOISE ( = 3)

C. Translation Invariance
It is worth noting that the pyramidal transforms considered
above, like many other multiresolution decompositions, are not
translation invariant. This means that the errors after denoising
will be sensitive to the positions of discontinuities in the data.
In order to avoid such effects, it is necessary to build translation-invariant versions of these transforms. For example, in [18]
and [31], the time-invariant schemes of wavelet-based decompositions have been proposed and have been often referred to as
cycle spinning. These schemes were shown to be effective tools
for denoising. That suggested to us the use of similar methods
for BMPT-based denoising as well.
The translation-invariant version of the pyramidal decomposition can be based on a procedure that performs all possible
cyclic shifts of the initial signal and stores the transform coefficients of each shifted signal. Obviously, this leads to a redundant representation of the signal. In particular, the number of
, depending on the downdifferent representations equals
and the number of scale levels
. When
sampling factor
the translation-invariant decomposition is used for denoising, it
is necessary to apply the thresholding procedure to all the transform coefficients and then to reconstruct the signal from the set

of representations. There are several reconstruction techniques
that, for instance, can make use of averaging or median operations [18]. The efficiency of a particular technique is determined
by signal and noise characteristics.
One drawback of the translation-invariant pyramidal decomposition is the large size of the set of transform coefficients and,
consequently, a large number of computations in comparison
with the translation-noninvariant transform. Therefore, it is reasonable to consider a partial cycle-spinning (PCS) algorithm. In
the PCS, only some of all possible cyclic shifts are performed
while obtaining the transform coefficients. The number of de.
compositions in the PCS will be referred to as
This approach is based on the assumption that the discontinuities are more likely to be found on finer scales of the pyramid.
D. Numerical Simulations
In order to test the BMPT, we have performed numerical simulations for several test signals. Signals “Doppler,” “Blocks,”
“Hevisine,” and “Bumps” were used for the 1-D case and are
depicted in Fig. 5. The mean absolute error (MAE) and SNR
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Fig. 6. Dependencies of the SNR values versus the number of scales K for
1-D test signals. (a) “Doppler.” (b) “Blocks.” (c) “Bumps.” (d) “Hevisine.”
TABLE III
DENOISING USING BMPT WITH PCS FOR THE “BLOCKS”
SIGNAL CORRUPTED BY GAUSSIAN NOISE (
3)

=

Fig. 8.

Image corrupted by additive Gaussian noise ( = 15).

were calculated as the measures of efficiency of noise reduction. The SNR used is expressed as

SNR (dB)

TABLE IV
DENOISING USING BMPT WITH PCS, N
= 9, FOR DIFFERENT SIGNALS
CORRUPTED BY GAUSSIAN NOISE ( = 3)

Fig. 7. Original image.

(18)

denotes the true signal, and
is the signal after
where
processing.
For the 1-D case, we considered the multiresolution denoising
algorithms based on the PMT [5], the MIPT [6], the BMPT, and
the wavelet transform using Symmlets. The results obtained for
additive white Gaussian and Laplacian noise sources are listed
in Tables I and II. For all the considered algorithms of denoising,
the hard thresholding scheme was used.
It is seen that the efficiency of the considered techniques depends on the noise characteristics and the signal behavior. In
particular, for the “Blocks” signal, which contains edges and
flat regions only, the nonlinear pyramidal algorithms are superior to the linear wavelet technique for both noise models. On
the other hand, the considered wavelet-based method is more effective for the “Doppler” signal. It also follows from the tables
that the median-based pyramids have smaller MAE values than
the wavelet algorithms for all the signals corrupted by Laplacian
noise.
Analyzing the results for the considered median-based techniques, it can be noted that the PMT is the best method in most
cases under both SNR and MAE criteria. One exception is the
“Bumps” signal, for which the BMPT is more effective. On the
other hand, the MIPT and BMPT result in smaller sizes of transform coefficients and require fewer computations than the PMT,
which is based on a dyadic structure and the sliding median operation. Therefore, the applications of one or another method
can be justified from different points of view.
Obviously, the efficiency of multiscale denoising can depend
significantly on the number of scale levels and on the adjustment
of thresholds. With this in mind, Fig. 6 shows the plots of SNR
for the four test signals
values versus the number of scales
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TABLE V
RESULTS OF THE “CAMERAMAN” IMAGE DENOISING USING THE BMPT AND SEVERAL TRADITIONAL FILTERS

using the MIPT and the BMPT. The signals were corrupted by
Gaussian white additive noise. The multiresolution structure of
the two transforms is close to each other, and consequently, it is
reasonable to compare their performance. It is evident that the
BMPT is more effective than the MIPT, according to the SNR
values for almost all . The results of Tables I and II are also in
favor of the BMPT. Moreover, the BMPT can be implemented
in an easier and more efficient manner than the MIPT.
Translation-invariant denoising can significantly improve the
effectiveness of noise reduction using the BMPT. The data in
Table III illustrate this fact for the “Blocks” signal. The results were obtained using the PCS algorithm for several
values. The number of scale levels of the BMPT was
.
Hence, the right-most column with the number of decomposicorresponds to the full translation-intions
variant BMPT.
It can be seen that the effectiveness of denoising under the
SNR and the MAE criteria is increasing with the growth of
. However, the most essential part of the increase exists
, indicating that the partial cycle-spinfor small values of
ning algorithm is quite useful.
In Table IV, the results of applying the PCS algorithm with
are shown for different signals corrupted by Gaussian
). By comparing these results with those shown in
noise (
Table I, it is evident that the PCS algorithm provides significant
.
improvement, even for small
As a 2-D test signal, we chose the “Cameraman” image cor). The origrupted by additive white Gaussian noise (
inal and noisy images are depicted in Figs. 7 and 8, respectively. The results of BMPT-based denoising are presented in
Table V for different thresholding schemes. In addition to simple
hard and soft thresholding techniques, a hybrid scheme based
on the PCS algorithm and spatial adaptive thresholding using
is presented. For comparison reasons, the results of Wiener filters as well as median filters with window
and
are shown. It can be seen from Table V
sizes
that the use of local adaptation and the PCS algorithm improves
the effectiveness of BMPT-based denoising, according to both
MAE and SNR values. In addition, the above-mentioned hybrid
technique is superior to the considered Wiener and median filters. It should be noted that the advantage of this technique as
compared with the Wiener filters is more evident under the MAE
criterion. Although it is not shown here, the proposed method is
also superior to the considered filters for Laplacian noise. Fig. 9
shows the denoised image using the PCS algorithm and spatial
adaptive thresholding for Gaussian noise.
V. CONCLUSIONS
In this paper, we have proposed a block-median pyramidal
transform based on nonoverlapping block decomposition. This

Fig. 9. Image after denoising using the PCS algorithm and spatial adaptive
thresholding.

transform is based on the median operation and linear Lagrange
interpolation. Several algorithms have been proposed for denoising applications of the BMPT. Numerical simulations have
indicated that these algorithms are effective for noise removal
in 1-D and 2-D signals.
For the given pyramidal decomposition structure, we analytically derive the probability distribution function of the transform coefficients under the assumption of i.i.d. noise. This is
used for selecting thresholds for denoising applications. The
proposed structure can be implemented in an efficient manner.
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