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Abstract— We study the convergence behavior of turbo de-
coding, turbo equalization, and turbo bit-interleaved coded
modulation in a unified framework, which is to regard all
three principles as instances of iterative decoding of two se-
rially concatenated codes. There is a collection of measures
in the recent literature, which trace the convergence of iter-
ative decoding algorithms based on a single parameter. This
parameter is assumed to completely describe the behavior
of the soft-in soft-out decoders being part of the iterative
algorithm. The measures observe different parameters and
were originally applied to different types of decoders. In
this paper, we show how six of those measures are related
to each other and we compare their convergence prediction
capability for the decoding principles mentioned above. We
observed that two measures predict the convergence very
well for all regarded decoding principles and others suffer
from systematic prediction errors independent of the de-
coding principle.

I. INTRODUCTION

Today, there exist error correction codes (ECCs) for
data transmission over standard channels, e.g., the additive
white Gaussian noise (AWGN) channel, yielding a decod-
ing performance close to theoretical limits. Among those
is the family of the concatenated codes, whose potential
was soon discovered [1], but efficient decoding was consid-
ered prohibitively complex. Berrou et al. showed in 1993
that a concatenated code can be decoded almost optimally
with low computational burden using iterative decoding [2].
This finding spawned a huge amount of research on these
“turbo codes” (as a reference, see e.g. [3]). The decod-
ing principle was applied later to other data transmission
systems, which can be regarded as a concatenation of two
or more “encoders” processing the data to be transmitted,
e.g., coded data transmission over an inter-symbol interfer-
ence (ISI) channel [4], [5], [6], bit—interleaved coded modu-
lation (BiCM) [7], trellis coded modulation (TCM) [8], [9],
or coded code-division multiple-access (CDMA) [10], [11].
The receiver of one of the first three systems is said to
perform turbo equalization, turbo TCM, or turbo BiCM,
respectively.

A large body of research has been undertaken to pro-
vide tools for choosing design parameters for turbo codes
and suitable codes have been found, e.g., in [12], [13], [14].
A long time open problem was to understand the conver-
gence behavior of the iterative decoding algorithm. A ma-
jor question was to explain the regions in signal-to-noise
ratio (SNR), where performance improvement over the it-

erations occurs quickly or not at all. These regions are sep-
arated by a transition called “waterfall”. In [15], [16], the
turbo decoder was modeled as a high-dimensional nonlin-
ear dynamic system. By characterizing the fixed points of
the system, the mentioned SNR regions could be explained
and determined. Another approach was to investigate the
probability density functions (PDFs) of the communicated
information between the decoders. Based on the evolu-
tion of these PDFs, thresholds on the convergence of the
iterative decoding algorithm for low density parity check
(LDPC) codes have been obtained [17]. A simplified ap-
proach assumes that the considered PDFs are from a single
parameter Gaussian family, an idea, which has been ap-
plied to study quite successfully the decoding performance
of LDPC codes [18], turbo codes [19], [14], [20], turbo BiCM
[7], and turbo equalization [6]. A similar analysis tool based
on the observation of a single parameter was used in [11],
[21].

It turns out that these analyses on decoding convergence
are based on the same assumptions but they extract dif-
ferent parameters of the considered PDFs. This leads to
different results and to different ranges of the charts de-
picting the parameter evolution. A drawback of all existing
solutions is that the transmitted data is required to derive
the parameter evolution charts. Thus, the analysis must
be offline. However, it can be useful to obtain these charts
online in a receiver, e.g., to select a suitable equalization
algorithm in turbo equalization depending on the quality
of the feedback information as demonstrated in [6]. In this
paper, we compare algorithms predicting the decoding con-
vergence of iterative algorithms in an identical parameter
range, which simplifies the comparison. We introduce an
approach, which does not require the transmitted data.

The paper is organized as follows. In Section II, we define
three data transmission systems used for the comparison.
In Section III, we introduce six measures for predicting
the decoding convergence, whose convergence prediction
capability is investigated in Section IV. From the results
obtained there we draw some conclusions in Section V.

II. A GENERALIZED SERIALLY CONCATENATED SYSTEM

Figure 1 depicts three serially concatenated systems con-
sisting of two component codes separated by an interleaver,
which all transmit data over an AWGN channel. The con-
catenation of two encoders for a convolutional ECC, one



|
w |
*n|Encoder | Y0 1 | )
| - - >
o . I
) 0 i !
} |
s |L

. Receiver |
; Decoder| Lt &) | Deinter-| L (€5) [Decoded—_da2

- | estimate

leaver I |

|

|

Xn) Inter— Ly(n) |

leaver |

1

configuration

en-/decoder I (outer code)

en-/decoder II (inner code)

turbo code

ECC en-/decoder

ECC en-/decoder

turbo equalization

ECC en-/decoder

IST channel/detector

turbo BiCM

ECC en-/decoder

mapper/demapper

Fig. 1.

encoder for a convolutional ECC and an ISI channel, or
one encoder for a convolutional ECC and a signal mapper
is considered and the receiver performs iterative decoding,
iterative equalization and decoding, or iterative demapping
and decoding, respectively. We refer to these systems as
turbo code system, turbo equalization system, and turbo
BiCM system.

For all systems, the (binary) data is encoded blockwise
with the (binary) convolutional “outer” encoder I to N
code bits ¢, € B, B={0,1}, n=1,2,..., N1. The interleaver
permutes these bits to z,, n=1,..., N;. The deinterleaver
reverses the interleaver permutation.

For the turbo code system, the z,, are encoded with the
(binary) convolutional “inner” encoder II to N code sym-
bols y, € B, B= {+l, -1}, n=1,2, ..., Ny, which are trans-
mitted over an AWGN channel. The PDF of the noise
samples w,, is given by fu(w)=¢q ,2 (w),

G (w) = e TR \ore? w, e R o? € R,

i.e., the noise variance is 012”. Received is z, =y, +w,.

For the turbo equalization system, the z,, are mapped to
the signal alphabet B and transmitted over an IST channel
with impulse response hln] = ,]:/LB] hidln — k], hy € R,
assumed to be known to the receiver. Received are the
symbols z, = (Zi\/igl hiTp—r)+w,. For turbo equalization
using higher order signal constellations see e.g. [22].

For the turbo BiCM system, the x,, are mapped to sym-
bols y, € C from a Q-ary signal alphabet. Received is
Zn =Yn+wWy, w, € C, where the real and the imaginary part
of w,, are distributed with ¢ ,2 (w).

In the receiver, we assume that symbol-based maximum
a-posteriori probability (MAP) decoding algorithms, e.g.
the “BCJR” algorithm [23], are used. The decoder II
processes the received symbols z, and outputs the log-
likelihood ratio (LLR)

P(z,=0)
P(z,=1)’

P($n:0|217227“' 7ZNII) 71

=In
7ZNII)

Ly (z,

H(T ) P(l'n:1|217227"'
which is the a-posteriori LLR minus the a-priori LLR
L(z,) = In(P(z, = 0)/P(z, = 1)). We refer to [2], [3],
[24] for turbo codes, [4], [5], [6] for turbo equalization, and
[7] for turbo BiCM for more information on how to obtain

A generalized serially concatenated system.

or approximate Lir(z,). After deinterleaving, Li(z,) is
considered a-priori LLR L(¢,) = In (P(¢, =0)/P(c, =1))
for the decoder I, which outputs

P(c,=0]|L(c1),---,L(cny))

Li(cn) =In Plcn=1|L(c1),-- -, L(cn,))

—In

P(e,=0)
P(c,=1)’
and estimates of the transmitted data. The LLR L;(c,) is
often called extrinsic information in the literature [3]. Ap-
plying the turbo principle, the LLRs L;(¢,) are interleaved
and regarded as a-priori LLR L(z,) for decoder I. After
an initial decoding step, where L(z,)=0, for all z,, is as-
sumed, the receiver iterates between decoder I and IT until
a termination criterion stops the iterative process.

III. MEASURES OF THE TRANSFER CHARACTERISTICS
A. Definition

The two decoders can be modeled as devices mapping a
sequence of LLRs L;, to a new sequence of LLRS Ly,
where decoder T maps L(cn) to Li(c,) and decoder 1T
maps L(z,) to Lii(z,). The sequence of random variables
(r.v.’s) L;, is assumed to be independent and identically
distributed (i.i.d.) according to a single parameter PDF
fin(l|X = %) conditioned on the value & € B of the r.v. X
representing ¢, (decoder I) or x,, (decoder II), respectively:

.fin(l \ X:f) = ¢2i7m,4m‘n (l): (1)

where we use the following correspondence between the al-
phabets B and B:
- +1,
Tn=
71,

- +1,
Cn =
-1,

We denote f;,(l|X =) briefly as fin(l|Z). The statistics
Win = E(Lin|X =+1) (mean) and o? = Var(L,|X =+1)
(variance) of L;, reveal that ~;, is chosen to be the “signal-
to-noise ratio” (SNR)

Winl 05 = (27in)* ) (47in) (2)

of the LLRs L;,. The PDF f;,(l|%) is motivated by the
fact that the LLR

L(zly) = In (p(zly =+1)/p(zly =-1)) = 2/03, - 2

cn=0, T, =0,

cn=1, T,=1.

(3)



computed from ‘rhe output z of an AWGN channel with
noise variance o2 and input y € B has a distribution of
type (1). The SNR of L(z|y) is equal to 1/c2.

The crucial observation is that the PDF f,,:(I|X = ),
denoted as fout(1|Z), of the output LLRs L,,; is reason-
ably well approximated by a PDF of type (1) for a second
parameter v,.;. Since an output LLR is input LLR to the
following decoder, the PDF of the LLRs communicated be-
tween the decoders retains to be of type (1) and, thus, the
iterative process is completely described by the evolution of
the parameter v,,;. Another assumption is that the input
LLRs L(z,) and L(¢,) are i.i.d. samples of the r.v. L;,,
which is plausible in the receiver for large interleaver block
lengths, at least for several iterations. With these findings
it is possible to describe both decoders with transfer func-
tions mapping a single real-valued input to a single real-
valued output parameter. These functions are obtained by
generating a-priori LLRs L(x,) or L(c,), respectively, ac-
cording to the PDF f;,(l|Z) for some ~;, and presenting
them to each decoder separately. After decoding, the PDF
four(1]Z) is estimated using a sufficient number of output
LLRs Li(¢n) or Ly(z,) conditioned on ¢, or z,, respec-
tively. We do not attempt an analysis of f,,:(I|Z) or even
Yout, Which is rather challenging and furthermore different
for each system introduced here due to the different system
components involved.

There are several measures to extracting and displaying
information from f,,;(1|Z) in the literature [20], [19], [14],
[25], [11], which are differently related to vy,u¢. Six measures
are presented in the following.

M1: In [20], the average mean

ZP(X—:E)-/O;@

icB
from the two output PDFs f,,;(1|Z) is computed, which is
the average of the mean of the output LLRs conditioned
on ¢, Or x,, respectively. Assuming that the ¢, or z,
are equally likely 0 or 1 yields that P(X =+1) = P(X =
—1)=1/2. Estimating f,.:(l|Z) using Ny LLRs Li(c,) from
decoder T yields that

Nout ~ — E

Similarly, using Ny LLRs Li(z,) from decoder II, pou:
2 ZnLi(zy,). Since fou(1Z) is
assumed to be of type (1), the variance at the output is
a function of p,,; and need not be computed. Thus, the
output SNR 7, is given by

Hout = - fou,t(”j) dl

LI Cn) (4)

is approximated by -

Yout = Niut/@ﬂout) = fout /2,

which follows from (2).
M2: In [14], the average variance

=iy [

zeB”

— 1) - four(I]E) dl

e., the variance of the output LLRs, is computed as a
derivation of the measure M1. Estimating f,.:(I|z) using,
e.g., Nt LLRs Li(c,) from decoder I yields that

2 1

out ~2 ﬁ[zn,:1 L] (cn)

where 14, is computed as in (4). Since fo.,.(1|Z) is assumed
to be of type (1), the output SNR 7, is given by

(03111/2)2/0—3111 = Ugu,t/4=

i.e., the mean which follows from (2) is used instead of fyu:
to compute Yout-
M3: In [19], the error probability

e/

z€eB

2
9 — Mout>

Yout =

foui l‘il?)

of a wrong decision sign(Ly(c,)) # ¢, or sign(Li(x,)) # Zn,
respectively, is computed. Estimating f,,:(1|Z) using, e.g.,
N1 LLRs Li(ey,,) yields that

O
ﬁl n=1

From (1) and (2) follows that P, =

Py~ 1/2-(1 — ¢, -sign(Li(cn))) -

where Q(z f ¢0,1(1)d 1, and that the output SNR ~y,u
is given by

Yout = Qil (Pb)Q-
M4: In [14], the mutual information

I(X;Lout = Z/ fout I|
zeB"
2 fout (1| T
log, foullT) 41 (5)

fnui(” +1)+fout(l| _1)

between the r.v. X and L, is computed without imposing
assumption (1) on f,,:(l|Z). The integral above is evalu-
ated by numerical integration using a histogram of, e.g.,
N1 LLRs Li(cn), to estimate fout(1]Z).

MS5: In [25], the fidelity

Gout = = Z/ 7 - tanh(1/2) - four(1]7) d

zeB"

is computed. Estimating f,.:(l|Z) using, e.g., N; LLRs
Ly(¢,) from decoder I yields that

1

¢out ~

. " 6, tanh(Lie)/2)). (6)

This measure is computed from the correlation between a
symbol ¢, or Z, and its soft estimate Ey(é,) or EL(Z,),
respectively, given the output LLR Li(c,) or Li(z,). For
example, the soft estimate E,(é,) of ¢, is given by

Bu(en) = Y e Pea=elLi(c.))

ceB
efq(c,,,) 1 W
- 1+€LI(C") - 1+€L1(5") = tan ( ](c”)/Q)



and the measure ¢, is the expectation E(¢,-EL(¢,)) with
respect to LLRs Ly(c,) distributed with fo,:(I|Z). The fi-
delity measure is similar to the measure used in [11], [21],
where the variance Var(é, — EL(¢,)) is observed. A neg-
ative ¢,y results if the number of wrong decisions, e.g.,
sign(Li(¢pn)) # €n, outweighs the number of correct deci-
sions. This corresponds to a error probability P, larger
than 1/2. The fidelity ¢,y is thus restricted to the range
[0,1], where ¢, = 0 corresponds to a maximally unreli-
able estimate (Li(c,) = 0) and ¢, = 1 to a maximally
reliable estimate (|Li(cn)| = 00). We note that negative
¢out might occur if it is approximated using (6), which is
due to numerical inaccuracies or an insufficient amount of
data.

M6: The measures M1-M5 are based on the conditional
PDFs fou:(1|Z), which requires the knowledge of ¢, or z,,
respectively. This disqualifies their application in a re-
ceiver. However, using convergence prediction could be
advantageous, e.g., to select suitable decoding algorithms
depending on the current state of the iterative process [6].
Assuming that the ¢, and z,, are equally likely 0 or 1, an
approach using the PDF f,,:(1) = (fout (1| +1) + four (1] 1)) /2
would not require these symbols. We introduce a measure
M6 related to M2, which computes the second moment

Nout = / l2 : fou,t(l) dl

— 00

of f,ut(l) to obtain the parameter v,,:. Estimating fo.:(1)
using, e.g., N; LLRs Li(¢,,) yields that

1 N
Nout = F{anlLl(Cn)Q'

Since fout(1|Z) is assumed to be of type (1), the output
LLRs can be thought of being generated from the output
of an AWGN channel with noise variance 1/7,,; using the
equivalence (3). An approach to estimate this variance
from a sequence of LLRs without requiring the transmit-
ted (binary) data is available in [26], where the estimate
was used in a stopping criterion for the iterative process.
The estimation formula (242+v/1+1out) /Nour is used here to

estimate the inverse of this variance, the output SNR ~,,;:

Yout = nnut/(2 + 2\/1 + nou,t) = (\/1 + 770111,—1)/2-

B. Implementation

Repeating the measurements explained above for several
input SNRs v;,, € RT yields a transfer function v;n, = Yout,
Your € RY, (M1-M3, M6), Vi, = I(X; Lout), I(X; Lout) €
[0,1], (M4) or Vin = Pout, Pout € [0,1], (M5) for each de-
coder. To study the convergence behavior based on the
trajectory of the iterative algorithm, i.e., the sequence of
the considered parameter observed after each decoding task
(two per iteration), transfer functions with identical do-
main and range are required, since the output parameter
of one decoder becomes the input parameter for the follow-
ing decoder. This is solved for measure M4 by defining the
mutual information I(X; L;,) =G(7:n) between the r.v. X

and L, distributed with f;,(1|Z), which is a function of
Yin only:

] oo
GiOm) = 3 3 [ ranianna )
icB”
2 ¢2i’7i71747in (l)
(152%',,, 4Yin (l) +¢72’w" 4Yin (l)

Using G1 (i), a transfer function from I(X; L;,) €[0,1] to
I(X; Lout) €10,1] is defined, where v, = Gy ' (I(X; Liy,)).
For measure M5, an input fidelity ¢, = G2(vin), the cor-
relation of estimates obtained from LLRs distributed with
fin(1]Z) with its associated symbol, is defined:

log, dl,

Galrin) =} Y [ - tanh1/2) - i, (DL

zeB"

Using G2 (7in), a transfer function from ¢;, € [0, 1] to ¢out €
[0,1] is defined, where v;, =G5 " (¢in).

In order to compare the six measures, an identical do-
main and range is desired. Rather than R* for the mea-
sures M1-M3 and M6, we propose to use the interval [0, 1],
since here we are able to observe the state of conver-
gence where the decoders decode error-free corresponding
t0 Your = 00 (M1-M3, M6) and @pur = I[(X; Lowt) =1 (M4,
MS5). For the measures M1-M3 and M6 we thus define a
transfer function from Gi(7vin) € [0,1] to G1(Your) € [0,1]
using the mapping G (-).

In the sequel, we will specify two transfer functions ,,; =
Tr(0:n), k€ {L,11}, with input 6,, € [0, 1] and output 8, €
[0,1] for decoder I (k=1) and II (k =1II) to predict the
convergence of iterative algorithms. The transfer function
Ty (0:r) is obtained by v, = G (0in), Yin — Yout, and
Oour = Gf] (Yout) using the measures M1-M3 and M6, by
Yin = Gfl (ezn), Yin — I(X; Lout); and eout = I(X; Lout)
using measure M4, and by 4, :G;] (0in); Yin = Pout, and
0out = Gour using measure M5.

IV. COMPARISON OF CONVERGENCE PREDICTIONS

We computed T1(6;,) and T11(8;,) for the three concate-
nated systems introduced in Section II. All systems use a
rate R=1/2, memory 4 outer convolutional code (encoder
I) with the generator G(D)=[1+D+D* 1+D?+D?3+D*].
The interleaver permutation was obtained randomly.

The turbo code system uses a rate 1, memory 1, recursive
inner convolutional code (encoder IT) with the generator
1/(1+ D). The interleaver size is Ny = Ny; =200000. The
yn € B are transmitted over an AWGN channel at 1.4 dB
Ey /Ny given by E,/(2Ro2)=1/02.

For the turbo equalization system, the x,, mapped to B
are transmitted over a length 5 ISI channel with impulse
response h[n] =0.227 d[n] 4+ 0.46 [n — 1] + 0.688 §[n — 2] +
0.46 §[n—3] +0.227 §[n—4] at 5 dB Ej /Ny defined by 1/02.
The interleaver size is Ny = N =65536.

For the turbo BiCM system, the x,, are mapped to sym-
bols y,, from the 8-ASK alphabet {—7,-5,-3,...,+5,+7}
using an anti-Gray mapping, i.e., the 8 amplitude levels



correspond to {000,111,001,110,010,101,011,100} The
interleaver size is Nt = 311 = 200004. The y,, are trans-
mitted over an AWGN channel at 8.5 dB E, /N defined by
2/8(12+32+5%+7%)/(2Ro2) =21/02,.

The transfer function 77(6;,,) of the outer code was ob-
tained by decoding 107 a-priori LLRs L(c,) per vin and
computing 6,,; from the output LLRs Li(¢,). The transfer
function T11(#;,) of the inner code was obtained by encod-
ing and transmitting 107 symbols x,, per v;,. The received
2, and 107 a-priori LLRs L(x,) were decoded to specify
0,ut using the output LLRs Li(x,). The ¢, and z, were
equally likely 0 and 1.

To obtain system trajectories of the real systems,
Oout(j, k) was computed from the output LLRs Li(c,)
(k=1) or Ln(x,) (k=II), respectively, available during the
iterative process after the jth, 7=0,1, ..., iteration. For all
measures except M6 the transmitted symbols are required
to compute 0,4 (j, k) for the system trajectory, which is
the sequence {0,y (0,11), 0601 (0,1), Opar (1,11), 8,02 (1, 1), ... .
Since Lyi(zy,) is input to decoder I and Li(c,) is input to
decoder II (next iteration), we have 6;,(j,1) = 0ou:(J,11)
and 6;,(j+1,11) =60,,:(7,1). Initially, no information about
the transmitted symbols is available, i.e., 6;,(0,1I) = 0
for all measures. A measure is accurate when the real
transfer characteristic 8;,(j, k) = 6out(j, k), k € {I,11}, is
well predicted by the transfer function Ty (6:,(j,k)), i.e.
Oout(j, k) —Tr(0:n(j, k)) is small for all j.

Figures 2, 3, 4, show the transfer functions T} (6in),
k€ {I,11}, and the system trajectory for the turbo code, the
turbo equalization, and the turbo BiCM system. The mu-
tual information measure M4 and the fidelity measure M5
are most accurate in all systems followed by the error rate
measure M3. The latter tends to be too pessimistic, since
the system trajectory is outside the predicted range. Con-
vergence to low BERs (0;,(j, k) approaching 1) might still
be possible even though the transfer functions predict that
no such trajectory exists. The measures M1, M2, and M6
are least accurate and tend to be too optimistic, since the
system trajectory is inside the predicted range. We think
that this inaccuracy originates from the Gaussian assump-
tion (1), which is applied at the input and the output of
a SISO decoder. Indeed, the convergence prediction is by
far least accurate for the MAP equalizer in Figure 3 and
the demapper in Figure 4, which both violate (1). Still,
these measures provide useful results for turbo codes and
for turbo equalization using linear equalizers [6], where (1)
approximately holds.

We note that all measures apply (1) at the input of the
SISO decoder but only the measures M1-M3 and M6 at the
output. Given the accurate results for the measures M4
and M35, it seems that a SISO decoder, once excited with
LLRs corresponding to some I(X; L;,) or ¢;,, outputs the
same I(X; Loyut) Or ¢out, respectively, regardless (to some
extent) of the actual distribution of L;,. This was observed
for measure M4 in [14]. This view also explains the less
accurate prediction performance of the measures M1, M2,
and M6, where we first force the distribution of the output
LLRs to be of type (1) and map the parameter ~,,; of this

distribution to the mutual information Gfl (Yout)-

Another aspect for comparison is the computational bur-
den to compute the measures. The measures M1, M2, and
M6 are obtained easily but they might suffer from clipped
LLRs, e.g., in fixed-point arithmetic. The measures M3,
M4, and M5 are robust regarding clipping, since output
LLRs with small magnitude have the strongest influence
on the result of the measurement. The measure M5 shows
a good trade-off between accuracy and computational bur-
den. The measure M4 provides additional insight aside
convergence prediction, e.g., about the achievable informa-
tion rates using a particular system [27]. The measure M6
is the only one, which can be applied in a receiver.

V. CONCLUSIONS

The comparison shows that all introduced measures help
to understand the behavior of iterative algorithms and help
to select system parameters to optimize the overall perfor-
mance despite the apparent assumptions. The aid of a vi-
sualized iterative process to its understanding and the still
achieved accuracy led to their appearance in the literature.
We showed that two measures are fairly accurate for a se-
ries of different decoding algorithms, the fidelity measure
and the mutual information measure, with the latter one
representing a common quantity in communication theory.
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