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Abstract. We present methods for constructing polygonal approximation of parametric curves
based on adaptively sampling the parameter domain with respect to curvature. An important
feature of these methods is the use of random probing for handling aliasing. We also discuss
numerical applications of this method.
Introduction
Parametric curves occur frequently in geometric
modeling and other applications of computer graphics to science. Models and images of parametric
curves are usually created from piecewise linear approximations because these approximations can be
easily computed and rendered.
To compute a piecewise linear approximation of a
parametric curve, it is enough to discretize the parameter domain; we call this process sampling. The
various methods for piecewise linear approximation
di er, of course, in the way the domain is sampled.
An ecient method should be able to construct precise approximations using small samples (as usual,
these are con icting goals).
The most popular sampling method is uniform sampling, which can be very inecient if high precision is
needed. In this paper, we present a class of methods
for sampling the parameter domain adaptively with
respect to curvature. This means that samples are
more concentrated where the curve has high curvature and less concentrated where the curve is almost
at, resulting in a more ecient approximation.
Previous work on adaptive sampling either was restricted to special curves, such as Bezier curves [Farin
(1990)], or used more expensive sampling criteria [Chandler (1990), Lindgren{Sanchez{Hall (1992),
Wuthrich (1992)]. In this paper, we extend this work
by discussing several sampling criteria; random probing play an important part in implementing these
criteria and handling aliasing. We also discuss applications of this sampling method to rasterization, numerical integration, arc length parametrization and
data reduction.

Polygonal approximation
Let : U = [a; b] ! Rd be a parametric curve. To
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construct a piecewise linear approximation for (U ),
it is enough to choose sample points a = t0 < t1 <
: : : < tn = b in U and take the polygonal line with
vertices p0, p1, : : :, pn , where pi = (ti ).
The eciency of approximation methods depends on
the sampling done on U . The number of times the
function is evaluated is a good measure of complexity for comparing approximation methods. Note
that minimizing the size of the sample is equivalent
to minimizing the number of evaluations of . Thus,
the challenge is to choose sample points t0 , t1 , : : :, tn
which induce a good approximation, while keeping n
small.
Aliasing
Polygonal approximation is actually a reconstruction
problem: a continuous curve is to be reconstructed
from a discrete sample. An intrinsic problem in reconstruction is aliasing: the behaviour of the curve
between two consecutive sample points cannot be
completely controlled, possibly resulting in a lower
frequency approximation which ignores local high
frequency oscillations in the original curve.
Classical work on signal processing shows that the
e ects of aliasing can be diminished by using ne
sampling, but aliasing cannot be completely avoided,
specially in the presence of high frequencies [Foley{
van Dam{Feiner{Hughes (1990)]. For example, consider (t) = (t; sin5t) on U = [0; n=2]. Then, the
sample t0, t1 , : : :, tn, given by ti = i=2, is not representative of on this interval but is representative
of (t) = (t; sin t), a lower frequency curve (Fig. 1).

Figure 1: Aliasing.
1

Uniform sampling

uniform sampling with a non-uniform sampling that
is adapted to the function , using curvature as a criThe most popular sampling method is uniform terion for sampling re nement, i.e., sampling nely
sampling: choose  > 0, divide the interval U uni- only where has high curvature. In this section, we
formly into pieces of size  and take the extremes describe a class of methods for adaptive sampling.
of these sub-intervals as the sample points, i.e., take
ti = a + i , for i = 0, : : :, n, where n = d(b ? a)= e
(Fig. 2). Equivalently, instead of choosing a mesh
size  , we can choose a number n of divisions of U
and set  = (b ? a)=n. Because it is unlikely that
b ? a is an integral multiple of  , some correction is
needed if we choose  instead of n: either set xn explicitly equal to b, shortening the last sub-interval,
or use  0 = (b ? a)=n instead of the original  , where
n = d(b ? a)= e.
Figure 3: Adaptive approximation.

Figure 2: Uniform approximation.
This method is very simple and deservedly popular
for its simplicity, but its eciency depends on the
choice of  (or n), because is always evaluated n +1
times, regardless of the curve. Moreover, it is necessary to choose a small  (or large n) to obtain a
good approximation, but, in practice, this choice can
only be made by trial and error. However, if  is too
small, and the approximation is being built for rendering, then the sample will be inecient because
many sample points will contribute a single pixel in
the image. Large uniform samples are inecient for
other applications as well (e.g., modeling), because
objects built from them tend to require large data
structures. Thus, uniform sampling can be very inecient if high precision is desired.

Adaptive sampling

We shall adopt the following strategy for adaptive
sampling of an interval:
 choose a criterion for re ning samples.
 evaluate the criterion on the interval.
 if the curve is almost at in the interval
the sample is given by its two extremes;
 otherwise
divide the interval in two parts;
recursively sample the two parts.
This strategy is similar to using the de Casteljau algorithm for Bezier curves, stopping when the control
polygon is almost at [Farin (1990)]. We shall now
discuss heuristic re nement criteria that are applicable to general curves.
Re nement criteria
One implementation of the sampling re nement criterion based on curvature is to choose a point w interior to the interval [u; v] being considered and check
whether the three corresponding points on the curve
p = (u), q = (v) and r = (w) are approximately
collinear; we call this probing. The following numerical criteria are natural for checking local atness:
 the area of the triangle pqr is small;
 the angle 6 prq is large, close to ;
 r is close to the chord pq;
 jp ? rj + jr ? qj is approximately equal to jp ? qj;
 the tangents to at p, q, and r are approximately
parallel.

An approximation based on uniform sampling does
not have the same precision everywhere: the approximation is better where the curve is close to a straight
line, i.e., where the curvature of the curve is low.
In these parts, a ne sampling is not needed and
we can replace many small, almost collinear, consecutive line segments by a single line segment, thus
avoiding evaluating on several intermediate points Note that a tolerance needs to be chosen for eval(Fig. 3). Therefore, it should be possible to replace uating these criteria. Once a tolerance is chosen, a
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criterion holds for p, q and r if and only if r lies in
a certain region around the segment pq (Fig. 4). For
rendering, the tolerance is directly related to the size
of the pixels in the image; the chord distance criterion is specially useful in this case (see below for a
rasterization algorithm).

It is important to point out that these criteria are
heuristic: even if r is in the neighbourhood of pq,
there is no guarantee that the curve is locally at,
because other points in the curve between p and q
may lie outside the neighbourhood. (If additional
information on the curve is available, such as a Lipschitz bound [von Herzen{Barr (1987)], then these
criteria become exact.) In other words, probing does
not avoid aliasing completely. Nevertheless, the criteria are adequate in practice, specially given our
choice of interior point, which we shall now discuss.

Choosing the interior point
The natural choice for the interior point w is the
midpoint of the interval. However, any deterministic
probing is vulnerable to aliasing. For example, consider [u; v] = [?; ] and (t) = (t; sin t). If we take
w as the midpoint, then p, q and r are collinear, but
is certainly not at in this interval (a similar example was given by Chandler (1990)). To avoid aliasing
due to such symmetries in , it is safer to choose a
random interior point, possibly near the midpoint;
we call this random probing. In our implementation, we have taken w = u + (v ? u), where  is a
random number in the interval [0:45; 0:55].
Wuthrich (1992) proposed a similar adaptive
method, based on the chord criterion, which chooses
w satisfying the mean-value theorem for the interval
Figure 4: Tolerance zones for local atness.
[u; v], i.e., such that 0 (w) is parallel to the chord pq.
Only the angle and tangent criteria are invariant un- The point r is thus the point on the curve farthest
der scaling. For the others, if the scale is changed, from pq. His method is exact (not heuristic), but rethen the tolerance must be changed accordingly, in quires the solution of a non-linear equation at each
order to obtain the same results. In practice, they step to nd w.
all seem to be equally e ective in locating pieces of
low curvature. However, the tangent criterion is only The algorithm
useful if the derivative of is available (e.g., if is For the sake of eciency, it is possible to arrange the
given by a formula), because a sampling adequate sampling so that the interior point used for evaluatfor numerical di erentiation is actually ner than is ing the re nement criterion is also used to divide the
required for rendering.
interval, in case it is necessary to do recursion. In
this
way, is evaluated exactly once at each sample
The area criterion is specially ecient to program,
point.
An algorithm for rendering based on these
because, unlike the others, it does not need square
ideas
can
then be written:
roots. On the other hand, this criterion is the weakest in theory because the corresponding neighboursample(u; v; p; q):
hood is in nite and increases in diameter when the
w random point in [u; v]
segment pq decreases in length (i.e., if the chord pq is
r
(w)
short, then the area of the triangle pqr can be small
if at(p; q; r)
even if the point r is far from pq; as a consequence,
line(p; q)
the area criterion is not suited to closed curves).
else
From this point of view, the angle criterion is the
sample(u; w; p; r)
strongest because the corresponding neighbourhood
sample(w; v; r; q)
is tighter than the others. Nevertheless, we have used
the area criterion in our implementation because of A sampling of the domain U = [a; b] using this algoits simplicity, with good results.
rithm starts with sample(a; b; (a); (b)). The funcsubmitted to Computers & Graphics
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tion at implements one of the re nement criteria
suggested above. The function line is the basic rendering function: it draws the line segment pq; this
function must be replaced for other applications.
It is interesting to note that this algorithm generates
the points in the exact order that they occur on the
curve, despite the recursion. In fact, it is possible to
adapt this algorithm to perform a direct rasterization of the curve, instead of relying on a polygonal
approximation. First, use  instead of , where (t)
is the pixel corresponding to the point (t). Next,
check whether p and q are neighbouring pixels, instead of checking for local atness. Finally, plot the
pixel p instead of drawing the line segment pq:
raster(u; v; p; q):
if neighbours (p; q)
plot(p)
else
w random point in [u; v]
r (w)
raster(u; w; p; r)
raster(w; v; r; q)

to aliasing; a better strategy for Chandler's method
would be to use multiple random probing instead.
In any case, the binary recursion scheme proposed
here, based on single random probing, is simpler and
appears to be adequate in practice.

Applications

Adaptive sampling is not only useful for rendering
or modeling, but also for other approximation problems such as numerical integration in various avors:
quadrature of explicit functions; line integrals; rectication and arc length parametrization of curves.
For these problems, we obtain an adaptive integration method in which, unlike classical methods, renement is not based on evaluating and comparing
two numerical methods, or a single method at different resolutions [Forsythe{Malcolm{Moler (1977),
Guenter{Parent (1990)]. In fact, the method implicitly constructs a good piecewise linear approximation
for which the integration problem is very simple and
can be solved exactly. For example, an algorithm for
computing the length of a parametric curve can be
written:
Note that no tolerance needs to be chosen for this
length(u; v; p; q):
algorithm; it depends solely on the zoom factor and
w random point in [u; v]
on the resolution of the image.
r
(w)
if
at
(
p; q; r)
Complexity
return
jp ? qj
If the nal sample has n points, then the algorithm
else
sample evaluates exactly 2n ? 1 times: once at each
return length(u; w; p; r)+length(w; v; r; q)
sample point and once at an interior point in each
nal sub-interval. This number of evaluations should
not be naively compared with the n evaluations used Arc length parametrization
in a uniform sampling with n sample points. A fair Arc length parametrizations are useful in animation
comparison is to compare 2n ? 1 with the number control [Guenter{Parent (1990)]. To compute an arc
of evaluations in a uniform sampling with mesh size length parametrization of a parametric curve, start
 equal to the size of the smallest sub-interval in an with an adaptive sampling t0, t1 , : : :, tn of the domain and set s0 = 0 and si = si?1 + j (ti ) ? (ti?1 )j,
adaptive sampling.
for i = 1; : : :; n. Now, for each s 2 [s0 ; sn], nd
the interval [si ; si+1 ] containing s; this can be done
Multiple probing
binary search in time O(log n). Next, nd
It is possible (and probably safer) to evaluate the re- using
(
s
)
:=
nement criterion on more than one interior point, that: t 2 [ti; ti+1 ] by linear interpolation, i.e., such
either separately or at the same time, resulting
s ? si
= t ? ti :
in higher order recursion. For instance, Chandler
si+1 ? si ti+1 ? ti
(1990) proposes the use of k ? 1 uniformly spaced
interior points and a re nement criterion based on With this de nition of , an arc length parametrizaareas, resulting in a k-ary recursion. He gives ex- tion is given by (s) = ((s)).
amples showing that binary recursion (k = 2) suf- Data reduction
fers from aliasing problems which are solved by using
ternary recursion (k = 3). Chandler does not sug- Digitized polygonal lines, either manually or autogest a criterion for selecting k, but higher values of k matically extracted from images, usually have a large
are probably not needed in practice. Moreover, uni- number of vertices. The ideas present in the adapform probing the interior of the interval is vulnerable tive sampling method can also be used for reducing
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the number of vertices de ning such a polygonal line.
Consider the chord de ned by the two extreme vertices. If all vertices are close to this line, then the
polygonal line can be replaced by the chord. Otherwise, nd the point farthest from the chord, subdivide the polygonal line into two other polygonal lines
and use recursion. This algorithm is actually well
known in digital cartography [Visvalingam{Whyatt
(1990)]; it is also the basis for a hierarchical representation of curves [Ballard (1981)].

Conclusion
We have presented an adaptive sampling method
for parametric curves, based on recursive subdivision controlled by random probing. Although it is a
heuristic method, it performs adequately in practice.
Moreover, it is simple to implement.
The sampling method can be used for computing
polygonal approximations which can then be used
for building geometric models, rendering, and numerical integration and data reduction. It can also
be adapted to provide a method for direct rasterization.
This method also works for surfaces and higher dimensional objects, although care must be taken to
ensure that an approximation based on this sample
is continuous [von Herzen{Barr (1987)].
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