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Abstra t. We present a variational integration of nonlinear shape statisti s into a Mumford{Shah based segmentation pro ess. The nonlinear
statisti s are derived from a set of training silhouettes by a novel method
of density estimation whi h an be onsidered as an extension of kernel
PCA to a sto hasti framework.
The idea is to assume that the training data forms a Gaussian distribution after a nonlinear mapping to a potentially higher{dimensional
feature spa e. Due to the strong nonlinearity, the orresponding density
estimate in the original spa e is highly non{Gaussian. It an apture
essentially arbitrary data distributions (e.g. multiple lusters, ring{ or
banana{shaped manifolds).
Appli ations of the nonlinear shape statisti s in segmentation and tra king of 2D and 3D obje ts demonstrate that the segmentation pro ess an
in orporate knowledge on a large variety of omplex real{world shapes.
It makes the segmentation pro ess robust against misleading information
due to noise, lutter and o lusion.
Keywords: Segmentation, shape learning, nonlinear statisti s, density
estimation, Mer er kernels, variational methods, probabilisti kernel PCA

1 Introdu tion
One of the hallenges in the eld of image segmentation is the in orporation of
prior knowledge on the shape of the segmenting ontour. The general idea is
to learn the possible shape deformations of an obje t statisti ally from a set of
training shapes, and to then restri t the ontour deformation to the subspa e of
familiar shapes during the segmentation pro ess. For the problem of segmenting
a known obje t | su h as an anatomi al stru ture in a medi al image | this
approa h has been shown to drasti ally improve segmentation results [15, 8℄.
Although the shape prior an be quite powerful in ompensating for misleading information due to noise, lutter and o lusion in the input image, most approa hes are limited in their appli ability to more ompli ated shape variations
of real{world obje ts. The permissible shapes are assumed to form a multivariate
Gaussian distribution, whi h essentially means that all possible shape deformations orrespond to linear ombinations of a set of eigenmodes, su h as those
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given by prin ipal omponent analysis ( f. [14, 4, 15℄). In parti ular, this means
that for any two permissible shapes, the entire sequen e of shapes obtained by
a linear morphing of the two shapes is permissible as well.
On e the set of training shapes exhibits highly nonlinear shape deformations
| su h as di erent 2D views of a 3D obje t | one nds distin t lusters in
shape spa e orresponding to the stable views of an obje t. Moreover, ea h of
the lusters may by itself be quite non{Gaussian. The Gaussian hypothesis will
then result in a mixing of the di erent views, and the spa e of a epted shapes
will be far too large for the prior to sensibly restri t the ontour deformation.
A number of models have been proposed to deal with nonlinear shape variation. However, they often su er from ertain drawba ks. Some involve a ompliated model onstru tion pro edure [3℄. Some are supervised in the sense that
they assume prior knowledge on the stru ture of the nonlinearity [12℄. Others
require prior lassi ation with the number of lasses to be estimated or spe i ed
beforehand and ea h lass being assumed Gaussian [13, 5℄. And some annot be
easily extended to shape spa es of higher dimension [11℄.
In the present paper we present a density estimation approa h whi h is based
on Mer er kernels [6℄ and whi h does not su er from any of the mentioned drawba ks. In Se tion 2 we review the variational integration of a linear shape prior
into Mumford{Shah based segmentation. In Se tion 3 we present the nonlinear
density estimate whi h was rst introdu ed in [7℄. We dis uss its relation to kernel PCA and to the lassi al Parzen estimator, give estimates of the involved
parameters and illustrate its appli ation to arti ial 2D data and to silhouettes
of real obje ts. In Se tion 4 this nonlinear shape prior is integrated into segmentation. We propose a variational integration of similarity invarian e. Numerous
examples of segmentation with and without shape prior on stati images and
tra king sequen es nally on rm the properties of the nonlinear shape prior: it
an en ode very di erent shapes and generalizes to novel views without blurring
or mixing di erent views. Furhermore, it improves segmentation by redu ing the
dimension of the sear h spa e, by stabilizing with respe t to lutter and noise
and by re onstru ting the ontour in areas of o lusion.

2 Statisti al Shape Prior in Mumford{Shah Segmentation
In [8℄ we presented a variational integration of statisti al shape knowledge in a
Mumford{Shah based segmentation. We suggested modi ations of the Mumford{
Shah fun tional and its artoon limit [17℄ whi h fa ilitate the implementation of
the segmenting ontour as a parameterized spline urve:

N
X





xn B (s) ;
(1)
Cz : [0; 1℄ !
Cz (s) =
n
n=1 yn
where Bn are quadrati B{spline basis fun tions [10℄, and z =(x1 ; y1 ; : : : ; xN ; yN )t

 IR2 ;

denotes the ontrol points. Shape statisti s an then be obtained by estimating
the distribution of the ontrol point ve tors orresponding to a set of ontours
whi h were extra ted from binary training images.
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In the present paper we fo us on signi antly improving the shape statisti s.
We will therefore restri t ourselves to the somewhat simpler artoon limit of
the modi ed Mumford{Shah fun tional. The segmentation of a given grey value
input image f : ! [0; 255℄ is obtained by minimizing the energy fun tional

EMS (C; uo ; ui ) = 21

Z

(f
i

ui )2 dx + 21

Z

uo)2 dx +  L(C )

(f
o

(2)

with respe t to uo , ui and the segmenting ontour C . This enfor es a segmentation into an inside region i and an outside region o with pie ewise onstant
grey values ui and uo , su h that the variation of the grey value is minimal within
ea h region.1
In [8℄ we proposed to measure the length of the ontour by the squared L2 {
2
R
norm L(C ) = 01 dC
ds ds, whi h is more adapted to the implementation of the
ontour as a losed spline urve than the usual L1 {norm, be ause it enfor es
an equidistant spa ing of ontrol points. Beyond just minimizing the length of
the ontour, one an minimize a shape energy Eshape (C ), whi h measures the
dissimilarity of the given ontour with respe t to a set of training ontours.
Minimizing the total energy

E (C; uo ; ui ) = EMS (C; uo ; ui ) +

Eshape (C )

(3)

will enfor e a segmentation whi h is based on both the input image and the
similarity to a set of training shapes.
In order to study the intera tion between statisti al shape knowledge and
image grey value information we restri ted the shape statisti s in [8℄ to a ommon model by assuming the training shapes to form a multivariate Gaussian
distribution in shape spa e. This orresponds to a quadrati shape energy on
the spline ontrol point ve tor z :

Eshape (Cz ) = (z z 0 )t  1 (z z 0 ) ;

(4)

where z 0 denotes the mean ontrol point ve tor and  the ovarian e matrix
after appropriate regularization [8℄. The e e t of this shape energy in dealing
with lutter and o lusion is exempli ed in Figure 1. For the input image f of a
partially o luded hand, we performed a gradient des ent to minimize the total
energy (3) without ( = 0) and with ( > 0) shape prior.

3 Density Estimation in Feature Spa e
Unfortunately, the linear shape statisti s (4) are limited in their appli ability
to more ompli ated shape deformations. As soon as the training shapes form
1

The underlying pie ewise{ onstant image model an easily be generalized to in orporate higher{order grey value statisti s [27℄ or edge information [18℄. In this paper,
however, we fo us on modeling shape statisti s and therefore do not onsider these
possibilities.
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Fig. 1. Segmentation with linear shape prior on an image of a partially o luded

hand: initial ontour (left), segmentation without shape prior ( enter), and segmentation with shape prior (right). The statisti al shape prior ompensates for misleading
information due to noise, lutter and o lusion. Integration into the variational framework e e tively redu es the dimension of the sear h spa e and enlarges the region of
onvergen e.

distin t lusters in shape spa e | su h as those orresponding to the stable
views of a 3D obje t | or the shapes of a given luster are no longer distributed
a ording to a hyperellipsoid, the Gaussian shape prior tends to mix lasses and
blur details of the shape information in su h a way that the resulting shape
prior is no longer able to e e tively restri t the ontour evolution to the spa e
of familiar shapes.
In the following we present an extension of the above method whi h in orporates a strong nonlinearity at almost no additional e ort. Essentially we propose
to perform a density estimation not in the original spa e but in the feature spa e
of nonlinearly transformed data. The nonlinearity enters in terms of Mer er kernels [6℄, whi h have been extensively used in the lassi ation and support ve tor
ommunity [1, 2℄, but whi h have apparently been studied far less in the eld
of density estimation. In the present se tion we present the method of density
estimation, dis uss its relation to kernel prin ipal omponent analysis (kernel
PCA) [23℄ and to the Parzen estimator [20, 19℄, and propose estimates of the
involved parameters. Finally we illustrate the density estimate in appli ations
to arti ial 2D data and to 200{dimensional data orresponding to silhouettes
of real{world training shapes.
3.1

Gaussian Density in Kernel Spa e

Let z 1 ; : : : ; z m 2 IRn be a given set of training data. We propose to map the data
by a nonlinear fun tion  to a potentially higher{dimensional spa e Y . Denote
a mapped point after entering with respe t to the training points by

m
X

(z i ) ;
(5)
~(z ) := (z ) 0 = (z ) m1
i=1
and let the Mer er kernel [6℄ k (x; y ) := ((x); (y )) denote the orresponding
s alar produ t for x; y 2 IRn . Denote the entered kernels by
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m
m


X
X
k~(x; y):= ~(x); ~(y) = k(x; y) m1 (k(x; zk )+k(y; zk ))+ m12 k(z k ; zl ):
k=1
k;l=1

(6)
We estimate the distribution of the mapped training data by a Gaussian
probability density in the spa e Y | see Figure 2. The orresponding energy is
given by the negative logarithm of the probability, and an be onsidered as a
measure of the dissimilarity between a point z and the training data:

E (z ) = ~(z )t  1 ~(z ) :

(7)

In general the ovarian e matrix  is not invertible. We therefore regularize it
by repla ing the zero eigenvalues by a onstant ? :

 = V  V t + ? I



V Vt ;

(8)

where  denotes the diagonal matrix of nonzero eigenvalues 1  : : :  r and
V is the matrix of the orresponding eigenve tors V1 ; : : : ; Vr . By de nition of
 , these eigenve tors lie in the span of the mapped training data:

Vk =

m
X
i=1

k ~(zi ) ;
i

1  k  r:

(9)

In [23℄ it is shown that the eigenvalues k of the ovarian e matrix orrespond
(up to the fa tor m) to the nonzero eigenvalues of the m  m{matrix K with
entries Kij = k~(z i ; z j ), and that the expansion oeÆ ients f ki gi=1;:::;m in (9)
form the omponents of the k {th eigenve tor of K .
Inserting (8) splits energy (7) into two terms:

E (z ) =

r
X
k=1


2
k 1 Vk ; ~(z )

+ ?1

r 
X

j~(z )j2

k=1

Vk ; ~(z )

2

!

: (10)

With expansion (9), we obtain the nal expression for our energy:

E (z ) =

r
X

m
X

k k~(z i ; z)
i

k=1 i=1

!2

 k 1 ?1



+ ?1  k~(z ; z ) :

(11)

As in the ase of kernel PCA, the nonlinearity  only appears in terms of the
kernel fun tion. This allows to spe ify an entire family of possible nonlinearities
by the hoi e of the asso iated kernel. For all our experiments we used the
Gaussian kernel:

k(x; y) =

1

(2 2 ) 2

n

exp



jjx yjj2  ; x; y 2 IRn :
2 2

We refer to Se tion 3.4 for a justi ation of this hoi e.

(12)
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Fig. 2. Nonlinear mapping into Y = F
3.2

L

F and the distan es DIFS and DFFS.

Relation to Kernel PCA

Just as in the linear ase ( f. [16℄), the regularization (8) of the ovarian e matrix
auses a splitting of the energy into two terms (10), whi h an be onsidered as a
distan e in feature spa e (DIFS) and a distan e from feature spa e (DFFS) | see
Figure 2. For the purpose of pattern re onstru tion in the framework of kernel
PCA, it was suggested to minimize a re onstru tion error [22℄, whi h is identi al
with the DFFS. This pro edure is based on the assumption that the entire
plane spanned by the mapped training data orresponds to a eptable patterns.
However, this is not a valid assumption: already in the linear ase, moving too
far along an eigenmode will produ e patterns whi h have almost no similarity to
the training data, although they are still a epted by the hypothesis. Moreover,
the distan e DFFS is not based on a probabilisti model. In ontrast, energy
(11) is derived from a Gaussian probability distribution. It minimizes both the
DFFS and the DIFS; the latter an be onsidered a Mahalanobis distan e in
feature spa e.
3.3

On the Regularization of the Covarian e Matrix

A regularization of the ovarian e matrix in the ase of kernel PCA | as done
in (8) | was rst proposed in [7℄ and has also been suggested more re ently in
[24℄. The hoi e of the parameter ? is not a trivial issue. For the linear ase,
su h regularizations of the ovarian e matrix have also been proposed [4, 16, 21,
25, 9℄. There [16, 25℄, the onstant ? is estimated as the mean of the repla ed
eigenvalues by minimizing the Kullba k{Leibler distan e of the orresponding
densities. However, we believe that this is not the appropriate regularization of
the ovarian e matrix. The Kullba k{Leibler distan e is supposed to measure the
error with respe t to the orre t density, whi h means that the ovarian e matrix
al ulated from the training data is assumed to be the orre t one. But this is
not the ase be ause the number of training points is limited. For essentially the
same reason this approa h does not extend to the nonlinear ase onsidered here:
depending on the type of nonlinearity , the ovarian e matrix is potentially
in nite{dimensional su h that the mean over all repla ed eigenvalues will be
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zero. As in the linear ase [9℄, we therefore propose to hoose 0 < ? < r ,
whi h means that unfamiliar variations from the mean are less probable than
the smallest variation observed on the training set. In pra ti e we x ? = r =2.
3.4

Relation to Classi al Density Estimation

Why should the training data after a nonlinear mapping orresponding to the
kernel (12) be distributed a ording to a Gaussian density? The nal expression
of the density estimate (11) resembles the well{known Parzen estimator [20, 19℄,
whi h estimates the density of a distribution of training data by summing up the
data points after onvolution with a Gaussian (or some other kernel fun tion).
In fa t, the energy asso iated with an isotropi (spheri al) Gaussian distribution in feature spa e is (up to normalization) equivalent to a Parzen estimator
in the original spa e. In the notations of (5) and (6), this energy is given by the
Eu lidean feature spa e distan e

m
X
Esphere (z ) = j~(z )j2 = k~(z; z ) = m2 k(z ; z i ) + onst.
i=1

Up to s aling and a onstant, this is the Parzen estimator.
Due to the regularization of the ovarian e matrix in (8), the energy assoiated with the more general anisotropi feature spa e Gaussian (7) ontains a
(dominant) isotropi omponent given by the last term in (11). We believe that
this onne tion to the Parzen estimator justi es the assumption of a Gaussian
in feature spa e and the hoi e of lo alized kernels su h as (12).
Numeri al simulations show that the remaining anisotropi omponent in
(11) has an important in uen e. However, a further investigation of this in uen e
is beyond the s ope of this paper.
3.5

On the Choi e of the Hyperparameter



The last parameter to be xed in the proposed density estimate is the hyperparameter  in (12). Let  be the average distan e between two neighboring data
points:
m
X
min jz i z j j2 :
(13)
2 := 1

m i=1 j6=i

In order to get a smooth energy lands ape, we propose to hoose  in the order
of . In pra ti e we used
 = 1:5 
(14)
for most of our experiments. We hose this somewhat heuristi measure  for
the following favorable properties:  is insensitive to the distan e of lusters as
long as ea h luster ontains more than one data point,  s ales linearly with
the data points, and  is robust with respe t to the individual data points.
Given outliers in the training set, i.e. lusters with only one sample, one ould
refer to the more robust L1 {norm or more elaborate robust estimators in (13).
Sin e this is not the fo us of our ontribution, it will not be pursued here.
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Fig. 3. Density estimate (7) for arti ial 2D data. Distributions of variable shape
are well estimated by the Gaussian hypothesis in feature spa e. We used the kernel (12)
with  = 1:5 | see de nition (13).
3.6

Density Estimate for Silhouettes of 2D and 3D Obje ts

Although energy (7) is quadrati in the spa e Y of mapped points, it is generally
not onvex in the original spa e, showing several minima and level lines of essentially arbitrary shape. Figure 3 shows arti ial 2D data and the orresponding
lines of onstant energy E (z ) in the original spa e.
For a set of binarized views of obje ts we automati ally t a losed quadrati
spline urve around ea h obje t. All spline urves have N =100 ontrol points,
set equidistantly. The polygons of ontrol points z = (x1 ; y1 ; x2 ; y2 ; : : : ; xN ; yN )
are aligned with respe t to translation, rotation, s aling and y li permutation.
This data was used to determine the density estimate E (z ) in (11).
For the visualization of the density estimate and the training shapes, all data
was proje ted onto two of the prin ipal omponents of a linear PCA. Note that
due to the proje tion, this visualization only gives a very rough sket h of the
true distribution in the 200{dimensional shape spa e.
Figure 4 shows density estimates for a set of right hands and left hands.
The estimates orrespond to the hypotheses of a simple Gaussian in the original
spa e, a mixture of Gaussians and a Gaussian in feature spa e. Although both

Aligned ontours

Simple Gaussian

Mixture model

Feature spa e
Gaussian

Fig. 4. Model omparison: density estimates for a set of left (+) and right ()
hands, proje ted onto the rst two prin ipal omponents. From left to right: aligned

ontours, simple Gaussian, mixture of Gaussians, Gaussian in feature spa e (7). Both
the mixture model and the Gaussian in feature spa e apture the two{ lass stru ture
of the data. However, the estimate in feature spa e is unsupervised and produ es level
lines whi h are not ne essarily ellipses.

Nonlinear Shape Statisti s in Mumford{Shah Based Segmentation

two obje ts

aligend ontours

proje tion onto
1st and 2nd
prin ipal omp.

9

proje tion onto
2nd and 4th
prin ipal omp.

Fig. 5. Density estimate for views of two 3D obje ts: the training shapes of the



du k (white +) and the rabbit (bla k ) form distin t lusters in shape spa e whi h
are well aptured by the energy level lines shown in apropriate 2D proje tions.

the mixture model and our estimate in feature spa e apture the two distin t
lusters, there are several di eren es: rstly the mixture model is supervised |
the number of lasses and the lass membership must be known | and se ondly
it only allows level lines of ellipti al shape, orresponding to the hypothesis that
ea h luster by itself is a Gaussian distribution. The model of a Gaussian density
in feature spa e does not assume any prior knowledge and produ es level lines
whi h apture the true distribution of the data even in the ase that it does not
orrespond to a sum of hyperellipsoids.
This is demonstrated on a set of training shapes whi h orrespond to di erent
views of two 3D obje ts. Figure 5 shows the two obje ts, their ontours after
alignment and the level lines orresponding to the estimated energy density (7)
in appropriate 2D proje tions.

4 Nonlinear Shape Statisti s in Mumford{Shah Based
Segmentation
4.1

Minimization by Gradient Des ent

Energy (7) measures the similarity of a shape C (z ) parameterized by a ontrol point ve tor z with respe t to a set of training shapes. For the purpose
of segmentation, we ombine this energy as a shape energy Eshape with the
Mumford{Shah energy (2) in the variational approa h (3).
The total energy (3) must be simultaneously minimized with respe t to the
ontrol points de ning the ontour and with respe t to the segmenting grey
values ui and uo . Minimizing the modi ed Mumford{Shah fun tional (2) with
respe t to the ontour C (for xed ui and uo ) results in the evolution equation

C (s; t) = dEMS = (e+ e )  n +  d2 C ;
s
s
s
t
dC
ds2

(15)

+=
where the terms e+
s and es denote the energy density es = (f ui=o )2 , inside
and outside the ontour C (s), respe tively, and ns denotes the outer normal
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ve tor on the ontour. The two onstants ui and uo are updated in alternation
with the ontour evolution to be the mean grey value of the adjoining regions i
and o . The ontour evolution equation (15) is transformed into an evolution
equation for the ontrol points z by introdu ing de nition (1) of the ontour as
a spline urve. By dis retizing on a set of nodes sj along the ontour we obtain
a set of oupled linear di erential equations. Solving for the x{ oordinate of the
i-th ontrol point and in luding the term indu ed by the shape energy we obtain:

dxi (t) =
dt

B

1  (e+ e )nx
ij sj sj

 (xj 1 2xj + xj+1 )







dEshape (z ) ; (16)
dz
2i 1

where summation over j is assumed. The y li tridiagonal matrix B ontains the
spline basis fun tions evaluated at these nodes, and nx denotes the x{ omponent
of the normal ve tor on the ontour. An expression similar to (16) holds for the
y{ oordinate of the i{th ontrol point.
The three terms in the evolution equation (16) an be interpreted as follows:
the rst term pulls the ontour towards the obje t in the image, thus minimizing
the grey value varian e in the adjoining regions. The se ond term pulls ea h
ontrol point towards its respe tive neighbors, thus minimizing the length of the
ontour. And the third term pulls the ontrol point ve tor towards the nearest
luster of probable shapes, whi h minimizes the shape energy.
4.2

Invarian e in the Variational Framework

By onstru tion, the density estimate (7) is not invariant with respe t to translation, s aling and rotation of the shape C (z ). We therefore propose to eliminate
these degrees of freedom in the following way: sin e the training shapes were
aligned to their mean shape z 0 with respe t to translation, rotation and s aling
and then normalized to unit size, we shall do the same to the argument z of the
shape energy before applying our density estimate E .
We therefore de ne the shape energy by

R z ;
Eshape (z ) = E (~z ) ; with z~ = jR
zj

(17)



where z denotes the ontrol point ve tor after entering, and R denotes the
optimal rotation of the ontrol point polygon z with respe t to the mean shape
z 0 . We will not go into details about the derivation of R . A similar derivation
an be found in [26℄. The nal result is given by the formula:




z t0 z z0  z ;
z 0  z z t0 z
denotes the Krone ker produ t and z 0  z = z t0 R=2 z .
z~ =

Mz
jM z j ; with M = In

where
The last term in the ontour evolution equation (16) is now al ulated by
applying the hain rule:

dEshape (z ) = dE (~z )  dz~ :
dz
dz~
dz
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3 obje ts

initial

no prior

with prior
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with prior density estimate

Fig. 6. Segmentation of arti ial obje ts (left) with nonlinear shape prior:

the same prior an en ode very di erent shapes. Introdu tion of the shape prior upon
stationarity of the ontour auses the ontour to evolve normal to the level lines of
onstant energy into the nearest lo al minimum, as indi ated by the white urves in
the proje ted density estimate (right).

Sin e this derivative an be al ulated analyti ally, no additional parameters
enter the above evolution equation to a ount for s ale, rotation and translation.
Other authors often propose to expli itly model a translation, an angle and
a s ale and minimize with respe t to these quantities (e.g. by gradient des ent).
In our opinion this has several drawba ks: rstly it introdu es four additional
parameters, whi h makes numeri al minimization more ompli ated | parameters to balan e the gradient des ent must be hosen. Se ondly this approa h
mixes the degrees of freedom orresponding to s ale, rotation and shape deformation. And thirdly potential lo al minima may be introdu ed by the additional
parameters. On several segmentation tasks we were able to on rm these e e ts
by omparing the two approa hes.
Sin e there exists a similar losed form solution for the optimal alignment
of two polygons with respe t to the aÆne group [26℄, the above approa h ould
be extended to de ne a shape prior whi h is invariant with respe t to aÆne
transformations. However, we do not elaborate this for the time being.
4.3

Coping with Multiple Obje ts and O

lusion

Compared to the linear ase (4), the nonlinear shape energy (7) is no longer
onvex. In general it has several minima orresponding to di erent lusters of
familiar ontours. Minimization by gradient des ent will end up in the nearest
lo al minimum. In order to obtain a ertain independen e of the shape prior
from the initial ontour, we propose to rst minimize the image energy EMS
by itself until stationarity and to then in lude the shape prior Eshape , after
performing the y li permutation of ontrol points whi h | given the optimal
similarity transformation | best aligns the urrent ontour with the mean of
the training shapes. This approa h guarantees that we will extra t as mu h
information as possible from the image before \de iding" whi h of the di erent
lusters of a epted shapes the obtained ontour resembles most.
Figure 6 shows a simple example of three arti ial obje ts. The shape prior
(17) was onstru ted on the three aligned silhouettes shown on the left. The next
images show the initial ontour for the segmentation of a partially o luded
image of obje t 1, the nal segmentation without prior knowledge, the nal
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Segmentation without prior Segmentation with prior Proje ted density estimate

Fig. 7. Segmentation with a nonlinear shape prior ontaining right (+) and
left () hands | shown in the proje ted energy plot on the right. The input image is

a right hand with an o lusion. After the Mumford{Shah segmentation be omes stationary (left image), the nonlinear shape prior is introdu ed, and the ontour onverges
towards the nal segmentation ( enter image). The ontour evolution in its proje tion
is visualized by the white urve in the energy density plot (right). Note that the nal
segmentation (white box) does not orrespond to any of the training silhouettes, nor
to the minimum (i.e. the most probable shape) of the respe tive luster.

segmentation after introdu ing the prior, and a segmentation with the same
prior for an o luded version of obje t 2.
The nal image (Figure 6, right) shows the training shapes and the density
estimate in a proje tion onto the rst two axes of a PCA. The white urves
orrespond to the path of the segmenting ontour from its initialization to its
onverged state for the two segmentation pro esses respe tively. Note that upon
introdu ing the shape prior the orresponding ontour des ends the energy lands ape in dire tion of the negative gradient to end up in one of the minima. The
example shows that the nonlinear shape prior an well separate di erent obje ts
without mixing them as in the simple Gaussian hypothesis. Sin e ea h luster in
this example ontains only one view for the purpose of illustration, the estimate
(14) for the kernel width  does not apply; instead we hose a smaller granularity
of  =  =4.
4.4

Segmentation of Real Obje ts

The following example is an appli ation of the nonlinear shape statisti s to
silhouettes of real obje ts. The training set onsisted of nine right and nine left
hands, shown together with the estimated energy density in a proje tion onto
the rst two prin ipal omponents in Figure 7, right side.
Rather than mixing the two lasses of right and left hands, the shape prior
learly separates several lusters in shape spa e. The nal segmentations without
(left) and with ( enter) prior shape knowledge show that the shape prior ompensates for o lusion by lling up information where it is missing. Moreover, the
statisti al nature of the prior is demonstrated by the fa t that the hand in the
image is not part of the training set. This an be seen in the proje tion (Figure
7, right side), where the nal segmentation (white box) does not orrespond to
any of the training ontours (bla k rosses).
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Fig. 8. Example views and binarization used for estimating the shape density.
4.5

Tra king 3D Obje ts with Changing Viewpoint

In the following we present results of applying the nonlinear shape statisti s for
an example of tra king an obje t in 3D with a prior onstru ted from a large set
of 2D views. We binarized 100 views of a rabbit | two of them and the respe tive
binarizations are shown in Figure 8. For ea h of the 100 views we automati ally
extra ted the ontours and aligned them with respe t to translation, rotation,
s aling and y li reparameterization of the ontrol points. We al ulated the
density estimate (7) and the indu ed shape energy (17).
In a lm sequen e we moved and rotated the rabbit in front of a luttered
ba kground. Moreover, we arti ially introdu ed an o lusion afterwards. We
segmented the rst image by the modi ed Mumford{Shah model until onvergen e before the shape prior was introdu ed. The initial ontour and the segmentations without and with prior are shown in Figure 9. Afterwards we iterated 15
steps in the gradient des ent on the full energy for ea h frame in the sequen e.2
Some sample s reen shots of the sequen e are shown in Figure 10. Note that
the viewpoint hanges ontinuously.
The training silhouettes are shown in 2D proje tions with the estimated
shape energy in Figure 11. The path of the evolving ontour during the entire
sequen e orresponds to the white urve. The urve follows the distribution of
training data well, interpolating in areas where there are no training silhouettes.
Note that the interse tions of the urve and of the training data in the enter
(Figure 11, left side) are only due to the proje tion on 2D. The results show
that | given suÆ ient training data | the shape prior is able to apture ne
details su h as the ear positions of the rabbit in the various views. Moreover,
it generalizes well to novel views not in luded in the training set and permits a
re onstru tion of the o luded se tion throughout the entire sequen e.
2

The gradient of the shape prior in (16) has a omplexity of O(rmn), where n is
the number of ontrol points, m is the number of training silhouettes and r is the
eigenvalue uto . For input images of 83 kpixels and m=100, we measured an average
runtime per iteration step of 96ms for the prior, and 11ms for the artoon motion
on a 1:2 GHz AMD Athlon. This permitted to do 6 iterations per se ond. Note,
however, that the relative weight of the artoon motion in reases with the size of
the image: for an image of 307 kpixels the artoon motion took 100ms per step.
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initial ontour

no prior

with prior

Fig. 9. Begin of the tra king sequen e: initial ontour, segmentation without prior,
segmentation upon introdu ing the nonlinear prior on the ontour.

Fig. 10. Sample s reen shots from the tra king sequen e.

5 Con lusion
We presented a variational integration of nonlinear shape statisti s into a Mumford{Shah based segmentation pro ess. The statisti s are derived from a novel
method of density estimation whi h an be onsidered as an extension of the
kernel PCA approa h to a probabilisti framework. The original training data
is nonlinearly transformed to a feature spa e. In this higher dimensional spa e
the distribution of the mapped data is estimated by a Gaussian density. Due
to the strong nonlinearity, the orresponding density estimate in the original
spa e is highly non{Gaussian, allowing several shape lusters and banana{ or
ring{shaped data distributions.
We integrated the nonlinear statisti s as a shape prior in a variational approa h to segmentation. We gave details on appropriate estimations of the involved parameters. Based on the expli it representation of the ontour, we proposed a losed{form, parameter{free solution for the integration of invarian e
with respe t to similarity transformations in the variational framework.
Appli ations to the segmentation of stati images and image sequen es show,
that the nonlinear prior an apture even small details of shape variation without mixing di erent views. It opes for misleading information due to noise and
lutter, and it enables the re onstru tion of o luded parts of the obje t silhouette. Due to the statisti al nature of the prior, a generalization to novel views
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Proje tion onto 1st and 2nd
prin ipal omponent
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Proje tion onto 2nd and 4th
prin ipal omponent
Fig. 11. Tra king sequen e visualized: Training data ( ), estimated energy density
and the ontour evolution (white urve) in apropriate 2D proje tions. The ontour
evolution is restri ted to the valleys of low energy indu ed by the training data.



not in luded in the training set is possible. Finally we showed examples where
the 3D stru ture of an obje t is en oded through a training set of 2D proje tions.
By proje ting onto the rst prin ipal omponents of the data, we managed
to visualize the training data and the estimated shape density. The evolution of
the ontour during the segmentation of stati images and image sequen es an
be visualized by a proje tion into this density plot and by animations. In this
way we veri ed that the shape prior e e tively restri ts the ontour evolution
to the submanifold of familiar shapes.
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